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Abstract

Large Language Models (LLMs) have shown strong potential in healthcare, but their
medical deployment remains limited by challenges in uncertainty quantification and in-
terpretability. Although probabilistic uncertainty estimation has been widely studied, for-
mal graph-theoretical frameworks for quantifying uncertainty in LLM reasoning are still
lacking. This paper proposes a novel mathematical framework that models LLM reason-
ing as traversals over knowledge graphs and defines uncertainty using graph-theoretical
properties. The framework decomposes uncertainty into epistemic (model) and aleatoric
(data) components, derives theoretical bounds on uncertainty estimates, and enables for-
mal comparison with existing probabilistic approaches. We further demonstrate its use in
medical reasoning tasks, including diagnosis, treatment planning, and prognosis, showing
that graph-based properties provide more interpretable and theoretically grounded uncer-
tainty estimates. Finally, through mathematical analysis and simulation, we empirically
validate the theoretical bounds and relationships established by the framework.
Keywords: Uncertainty quantification, medical knowledge graph, epistemic uncertainty,
clinical decision support.

1. Introduction

Large Language Models (LLMs) have demonstrated strong potential in healthcare, including
medical question answering, diagnosis support, and treatment planning Chen et al. (2025);
Singhal et al. (2023), yet their safe medical deployment remains limited by challenges in
uncertainty quantification and interpretability. In healthcare, reliable confidence estimation
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is not only a technical necessity but also an ethical requirement Hosseini et al. (2023). Recent
medical LLMs such as Med-PaLM 2 Singhal et al. (2023) and Med-R1 8B Lai et al. (2025)
have shown near-expert performance on medical reasoning tasks, but they may still produce
overly confident incorrect answers, which is problematic for medical decision support Chen
et al. (2025). Although uncertainty quantification has been widely explored in deep learning
through Bayesian, ensemble, and dropout-based methods Abdar et al. (2021), applying these
techniques to LLMs in healthcare remains challenging. Prior work has begun addressing
this issue by studying epistemic and aleatoric uncertainty in medical LLMs Chen et al.
(2025), and knowledge graphs have also been incorporated into healthcare LLM systems
Pan et al. (2024).

However, a formal graph-theoretical framework for quantifying uncertainty in LLM rea-
soning is still missing. To address this gap, this paper proposes a mathematical framework
that models LLM reasoning as paths in knowledge graphs, defines graph-based uncertainty
measures, distinguishes epistemic and aleatoric uncertainty through graph structure, and
establishes theoretical uncertainty bounds grounded in graph properties.

2. M-OKG Framework Algorithm 1 M-0KG Computing Protocol

. Require: Medical query ¢, medical knowledge

M'?KG mode_ls medical knowledge graph GG, number of reasoning paths k

as a directed, weighted, labeled graph Epnsure: Total uncertainty ¢(Ur)
G = (V,E,Lv,Lp,w), where ver- 1. Construct reasoning graph G, = (V;, E;) from
tices represent medical concepts, edges G based on g
represent relations, and w : E — 5 Generate k paths P = {P, ..., P} in G4 using
[0,1] assigns confidence scores. For LLM

a medical query ¢, the relevant sub- 3. Compute C(P), H(P;), L(P;) for each P; € P
graph is the reasoning graph G,

and an LLM’s reasoning is repre- 4. Compute Up(Gy), Uc(Gy), Ucp(Gy)

sented by one or more paths P = 5. Compute D(P), Unrp(P)
(vi,e1,...,en—1,0y). Path-level uncer- . Compute Ug(G,) = a1Up(Gy) + axUc(G,) +
tainty is captured through path con- a3Ucp(Gy)
fidence C(P) = l_z[:?__lllw(zei), path eI;— 7. Compute  Ua(Gy, P) = B1D(P) —+
tropy H(P) = — Y i1 w(e;) logw(e;), (l Egp ) (l kor(p
and path-length complexity L(P) = Ba kZizl (72) + kZizl (P)

— AP - i i -
1 e Graph leve}. eplsterr.nc un s Compute  Ur(Gy, P) _ WUEB(Gy) +
certainty is measured using density un- 12UA(Gy, P)

. B \E,| >

certainty Up(Gq) = 1 = i o Calibrate: o(Ur) = ——tr—s
connectivity uncertainty Uc(G,) = 10: return ¢(Ur) e

1 - ifggz%, and centrality divergence

Ucp(Gy) = ﬁ ZvEVq |BC'(v) — CC(v)|. For multi-path reasoning, agreement between two
. VPOV (P)]  qoeoer k k

paths is A(P;, Pj) = W, diversity is D(P) = 1 — ﬁZizl > imiv1 AL, Py,

and multi-path uncertainty is Upyrp(P) = D(P) (1 — 1 Sk C(R)) M-0KG decomposes

total uncertainty into epistemic and aleatoric parts: Ug(Gy) = aqUp(Gy) + axUc(Gy) +

a3Ucp(Gy), Ua(Gy, P) = B1D(P)+ B2 <% 25:1 H(Pz)) +033 (% Zle L(R)) , and combines
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them as Ur(Gq, P) = 11Ugp(Gq) + 12Ua(Gy, P). Finally, the uncertainty is calibrated into

an interpretable probability using ¢(Ur) = :

3. Empirical Validation

This section empirically validates the pro-
posed graph-theoretical uncertainty frame-
work through simulation. We implemented a
simplified Python framework using NetworkX,
generated random medical knowledge graphs
with controlled numbers of vertices and edge
probabilities, simulated reasoning paths from
symptoms to diagnoses, and computed the
uncertainty measures. The results confirm
the theoretical upper bound on epistemic un-
certainty, with all measured values satisfying
Up <1-— V1q| as illustrated in Figure 1. In
addition, the knowledge graph representation
for the MedQA setting, the simulation used
graphs with |V| = 110, |E| = 341 for diagno-
sis and treatment (258 for prognosis), k = 5
reasoning paths, and 29 connected compo-

te—oUr—n)*

1 Refer to algorithm 1.

Empirical Validation of Epistemic Uncertainty Bound
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Figure 1: Empirical validation of the the-
oretical upper bound on epistemic uncer-
tainty on MedQA. The scatter points repre-
sent epistemic uncertainty values computed
for reasoning graphs of varying sizes, while
the dashed line represents the theoretical
upper bound 1 — qul established.

nents. The corresponding path-based metrics

were average path confidence C'(P) = 0.950, path entropy H(P) = 0.070, path complex-
ity L(P) = 0.095, path diversity D(P) € {0.767,0.933,1.000}, and multi-path uncertainty
Uyp € {0.038,0.047,0.050}. The graph-based metrics were Up = 0.979, Uc = 0.016,
and Uop = 0.040, which yielded epistemic uncertainty Urp = 0.345, aleatoric uncertainty
Ua € {0.311,0.366,0.389}, total uncertainty Ur € {0.328,0.356,0.367}, and calibrated un-
certainty ¢(Ur) € {0.457,0.464,0.467}. These results show that the framework can consis-
tently quantify both epistemic and aleatoric uncertainty in LLM reasoning while empirically
satisfying the theoretical bounds.

4. Conclusion

This paper presents a novel graph-theoretical framework for uncertainty quantification in
LLM reasoning for healthcare. By formalizing LLM reasoning as traversals through knowl-
edge graphs, the framework defines uncertainty measures grounded in graph-theoretical
properties and provides a more interpretable and theoretically rigorous alternative to con-
ventional probabilistic approaches. We establish theoretical bounds on uncertainty esti-
mates, compare the framework formally with existing methods, demonstrate its applicabil-
ity to medical reasoning tasks such as diagnosis, treatment planning, and prognosis, and
validate its behavior through simulation. Overall, the proposed framework strengthens the
foundation for trustworthy Al in healthcare by enabling more reliable uncertainty estimates
for high-stakes medical decision-making. Future work may extend this framework to real-
world medical datasets, dynamic and multimodal knowledge graphs, and hybrid models
that integrate graph-based and linguistic uncertainty measures.
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