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Abstract

We investigate the non-stationary stochastic linear bandit problem where the re-
ward distribution evolves each round. Existing algorithms characterize the non-
stationarity by the fotal variation budget B, which is the summation of the change
of the consecutive feature vectors of the linear bandits over X rounds. However,
such a quantity only measures the non-stationarity with respect to the expectation
of the reward distribution, which makes existing algorithms sub-optimal under the
general non-stationary distribution setting. In this work, we propose algorithms
that utilize the variance of the reward distribution as well as the By, and show that
they can achieve tighter regret upper bounds. Specifically, we introduce two novel
algorithms: Restarted WeightedOFUL ™ and Restarted SAVE™. These algorithms
address cases where the variance information of the rewards is known and unknown,
respectively. Notably, when the total variance Vi is much smaller than K, our
algorithms outperform previous state-of-the-art results on non-stationary stochastic
linear bandits under different settings. Experimental evaluations further validate
the superior performance of our proposed algorithms over existing works.

1 Introduction

In this work, we study non-stationary stochastic bandits, which is a generalization of the classical
stationary stochastic bandits, where the reward distribution is non-stationary. The intuition about
the non-stationary setting comes from real-world applications such as dynamic pricing and ads
allocation, where the environment changes rapidly and deviates significantly from stationarity [4. [10]].
Most of the existing works in stochastic bandits consider a stationary setting where the goal of the
agent is to minimize the static regret, i.e., the summation of suboptimality gaps between the agent’s
selected arm and the fixed, time-independent best arm that maximizes the expectation of the reward
distribution [3} 2} 26| 135[36, 137, 147]]. In contrast, for the non-stationary setting, the emphasis shifts to
minimizing the dynamic regret, which represents the gap between the cumulative reward of selecting
the time-dependent optimal arm at each time and that of the learner [[10}[11}142,/43]]. As we can always
treat a stationary bandit instance as a special case of the non-stationary bandit instance, designing
algorithms that work well under the non-stationary setting is significantly more challenging.

There have been a series of works aiming to minimize the dynamic regret for non-stationary stochastic
bandits, such as Multi-Armed Bandits (MAB) [4, 20,7, 138]], linear bandits [10}11}143}|39,34], general
function approximation [17} 129, 30], and the even more challenging reinforcement learning (RL)
setting [28} 133} 19, 12, 39]. In this work, we mainly consider the linear bandit setting, where each
arm is a contextual vector, and the expected reward of each arm is assumed to be the linear product

*The Chinese University of Hong Kong; zhiyongwangwzy@gmail . com

THong Kong University of Science and Technology; jxiebj@connect.ust.hk
*Hong Kong University of Science and Technology; yichen@ust . hk

$The Chinese University of Hong Kong; cslui@cse. cuhk.edu.hk

YIndiana University Bloomington; dz13@iu.edu

ICML 2024 Workshop on Foundations of Reinforcement Learning and Control.



of the arm with an unknown feature vector. Most existing dynamic regret results for non-stationary
linear bandits depend on both the non-stationarity measurement and the number of interaction rounds.
Specifically, assume K is the total number of rounds in bandits, and for each k € [K], x is one of
the arms, 0 and 0y, are the feature vectors at k and k + 1 rounds, satisfying ||x||2 < 1. Then, the
non-stationarity measurement is often defined as the summation of the changes in the mean of the
reward distribution, which is

K K

Bk ¢:;ﬂ%|<xﬂk*9k+l>|:];Hek*OkHHW (1.1)

Existing works for non-stationary linear bandits [31} 122} 144 [33,|10}43] achieved a regret upper bound
~ 1
of O(d"/®B K i ), where d is the problem dimension. A recent work [39] proposed a black-box

~ 1
reduction method that can achieve a regret upper bound of O(dB}. K 3 ), yet in a slightly limited
setting with a fixed arm set across all rounds. Such regret bounds clearly demonstrate that the regret
grows as long as the non-stationarity grows, which is aligned with intuition.

Although existing works clearly demonstrate the relationship between the By and the regret, we claim
that it is not sufficient for us to fully characterize the non-stationary level of the reward distributions.
Consider applications such as hyperparameter tuning in physical systems, the noise distribution may
highly depends on the evaluation point since the measurement noise often largely varies with the
chosen parameter settings [25]]. For linear bandits, such examples suggest that the non-stationarity
not only consists of the change of the mean of the distribution, but also the variance of the distribution.
However, none of the previous works on non-stationary linear bandits considered how to leverage the
variance information to improve regret bounds in the above heteroscedastic noise setting. Therefore,
an open question arises:

Can we design even better algorithms for non-stationary linear bandits by considering its variance
information?

In this paper, we answer this question affirmatively. We assume that at the k-th round, the reward
distribution of an arm x satisfies 7 ~ (0, x) + €, where €, is a zero-mean noise variable with
variance . Our contributions are:

« For the case where the reward variance o7 at round & can be observed and the fotal variation budget
By is known, we propose the Restarted-WeightedOFUL™ algorithm, which uses variance-based
weighted linear regression to deal with heteroscedastic noises [46, 45]] and a restarted scheme to
forget some historical data to hedge against the non-stationarity. We prove that the regret upper
bound of Restarted-WeightedOFUL™" is O(d"/8(Bg Vi )'/*VK + d*/ 6B;(/?’K 2/3). Notably, our
regret surpasses the best result for non-stationary linear bandits 6(dB}(/3K 2/3) [39] when the
total variance Vx = O(1) is small, which indicates that additional variance information benefits
non-stationary linear bandit algorithms. It is worth noting that our algorithms could also work in

the more general setting with the arm sets vary through rounds, unlike [39], which only addresses a
fixed arm set.

¢ For the case where the reward variance a,% is unknown but the total variance Vi and variation

budget By are known, we propose the Restarted-SAVE™ algorithm. It maintains a multi-layer
weighted linear regression structure with carefully-designed weight within each layer to handle
the unknown variances. We prove that Restarted-SAVE™ can achieve a regret upper bound of

~ 2 1 1 ~
O(ds Vi B;K% +d3 B%K% ). Specifically, when Vi = O(1), our regret is also better than the
existing best result 19) (dB}(/?’K 2/ 3) [39]], which again verifies the effect of the variance information.

« Lastly, we propose Restarted-SAVE"-BOB for the case where both the reward variance o2 and By
are unknown. Restarted-SAVE™-BOB equips a bandit-over-bandit (BOB) framework to handle
the unknown B, and also maintains a multi-layer structure as Restarted-SAVE ™. We show that

~ 2 1. 1 1
Restarted-SAVE"-BOB achieves a regret upper bound of O(d 3 Ve B K i+diB K i4+dsKTo ),

and it behaves the same as Restarted-SAVE™ when Vi = O(1) and By = Q(d~ "4 K/10),

* We also conduct experimental evaluations to validate the outperformance of our proposed algorithms
over existing works.



Variance Varying

Model Algorithm Regret _Dependent Arm Set Require B
Linear Bandit S“[]_IIOI]C B 1) (d% Bé( K %) No Yes Yes
1?3)1]3 6(d§B§K%) No Yes No
Resﬁr;[]}CB O(diBiK?) No  Yes  Yes
ReSta“Eig]B'BOB %) (d% BLK %) No  Yes No
LB'Wfsiik]‘tUCB ) (d% BiK?} ) No Yes Yes
MASTF{%}’ OFUL %) (dB,‘%K%) No No No
Restarted-WeightedOFUL™ O (d% (BxVk)iK?=
(Ours) 1k BI%(K%) Yes Yes Yes
Restarted SAVE ™+ O(dtvi Bkt
(Ours) Y 1%< K%) Yes Yes Yes
Restarted SAVE*-BOB  O(d# ViBLK?
(Ours) +aiBiKE pabxh) X Y R
MAB Rerun-UCB-V O( 141 BRViKs
[38] n |A|% BI%{K%) Yes No Yes
v ™ Q(BRviKt £ BEKY)  Yes o .

Table 1: Comparison of non-stationary bandits in terms of regret guarantee. K is the total rounds, d
is the problem dimension for linear bandits, B is the fotal variation budget defined in Section |3|(for
the MAB setting, Bx = Zle Itk — tkt1 oo, Where py is the mean of the reward distribution at
round k), Vi is the fotal variance defined in Section 3] [.A| is the number of arms for MAB.

Notation We use lower case letters to denote scalars, and use lower and upper case bold face letters
to denote vectors and matrices respectively. We denote by [n] the set {1, ..., n}. For a vector x € R?
and a positive semi-definite matrix ¥ € R4*4, we denote by ||x||2 the vector’s Euclidean norm and
define ||x||s = Vx T Xx. For two positive sequences {a, } and {b,} withn = 1,2,..., we write
a, = O(by,) if there exists an absolute constant C' > 0 such that a,, < Cb,, holds for all » > 1 and
write a,, = (b,,) if there exists an absolute constant C' > 0 such that a,, > Cb,, holds for all n > 1.

We use O(-) to further hide the polylogarithmic factors.

2 Related Work

Non-stationary (Linear) Bandits There have been a series of works about non-stationary bandits
(4120, 17,138, 11} 1314154 19) 29,1431 1231139, 130% 18, 116} 132, 27, [1} [14]. In non-stationary linear bandits, the
unknown feature vector 8, can be dynamically and adversarially adjusted, with the total change upper
bounded by the total variation budget By over K rounds, i.e., Zf:_ll |10x+1 — Okll2 < Bg. To
address this problem, some works proposed forgetting strategies such as sliding window, restart, and
weighted regression [[L1} 131, 43]]. Kim and Tewari [23]] also introduced the randomized exploration

~ 1 .
with weighting strategy. The regret upper bounds in these works are all of O(Bj K i ). A recent
work by [39] proposed the MASTER-OFUL algorithm based on a black-box approach, which can

~ 1
achieve a regret bound of O(B} K %) in the case where the arm set is fixed over K rounds. To the
best of our knowledge, none of the existing works consider how to utilize the variance information to



improve the regret bound in the case with time-dependent variances. The only exception of utilizing
the variance information in the non-stationary bandit setting is Wei et al. [38]], which proposed the
Rerun-UCB-V algorithm for the non-stationary MAB setting with a regret dependent on the action set
size |.A|. To compare with, the regret upper bounds of our algorithms are independent of the action
set size, thus our algorithms are more efficient for the case where the number of actions is large.

Linear Bandits with Heteroscedastic Noises Some recent works study the heteroscedastic linear
bandit problem, where the noise distribution is assumed to vary over time. Kirschner and Krause [25]
first proposed the linear bandit model with heteroscedastic noise. In this model, the noise at round
k € [K] is assumed to be o-sub-Gaussian. Some follow-up works relaxed the o-sub-Gaussian
assumption by assuming the noise at the k-th round to be of variance oﬁ 146, 140, 24, |45, (15 141]].
Specifically, Zhou et al. [46] and Zhou and Gu [45]] considered the case where oy, is observed by
the learner after the k-th round. [40] and [24] proposed statistically efficient but computationally
inefficient algorithms for the unknown-variance case. A recent work by [41] proposed an algorithm
that achieves both statistical and computational efficiency in the unknown-variance setting. Dai et al.
[L5] also considered a specific heteroscedastic linear bandit problem where the linear model is sparse.

3 Problem Setting

We consider a heteroscedastic variant of the classic non-stationary linear contextual bandit problem.
Let K be the total number of rounds. At each round k¥ € [K], the learner interacts with the
environment as follows: (1) the environment generates an arbitrary arm set D), C R? where each
element represents a feasible arm for the learner to choose, and also generates an unknown feature
vector 0y; (2) the leaner observes Dy and selects a € Dg; (3) the environment generates the
stochastic noise €, and reveals the stochastic reward r = (0, ar) + ¢ to the leaner. We assume the
{5 norm of the feasible actions is upper bounded by A, i.e., for all k € [K], a € Dy: ||a|l2 < A.

Following Zhou et al. [46], Zhao et al. [41], we assume the following condition on the random noise
€), at each round k:

P(lex] < R) =1, Elexlarg, err-1] =0, Elei|arg,err_1] = op. 3.1

For the case with known variance, we assume that at each round k, the variance oy, is also revealed to
the learner together with the reward r; in the unknown variance case, the o, can not be observed.

Following [10} [11} 31} [43]], we assume the sum of /5 differences of consecutive 0’s is upper

bounded by the roral variation budget B, i.e., ZkK;ll |10x+1 — Okll2 < Bk, where the 6}’s can
be adversarially chosen by an oblivious adversary. We also assume that the total variance is upper

bounded by Vi, which is Zszl 0% < V. The goal of the agent is to minimize the dynamic regret
defined as follows: Regret(K) = 3~ ¢ ((af,0k) — (ag, Or)), where aj = argmax,cp, (a, 0))
is the optimal arm at round & which gives the highest expected reward.

4 Non-stationary Linear Contextual Bandit with Known Variance

In this section, we introduce our Algorithmunder the setting where the variance o7 at k-th iteration
is known to the agent in prior. We start from WeightedOFUL™ [43]], an weighted ridge regression-
based algorithm for heteroscedastic linear bandits under the stationary reward assumption. For our
non-stationary linear bandit setting where 8}, is changing over the round &, WeightedOFUL™ aims to

build an ék which estimates the feature vector 8, by using the solution to the following regression:
0), < argming Y1~ 57 2((0,a;) — )% + A|0]13, 4.2)

where the weight is defined as in {@.I)). After obtaining §k, WeightedOFUL ™ chooses arm aj, by
maximizing the upper confidence bound (UCB) of (a, 8), with an exploration bonus £ ||a||s-1,
k

where X, is the covariance matrix over a. The weight &7 is introduced to balance the different past

examples based on their reward variance o, and such a strategy has been proved as a state-of-the-art
algorithm for the stationary heteroscedastic linear bandits [45]. However, the non-stationary nature

of our setting prevents us from directly using é\k defined in (#.2) as an estimate to 8. Therefore,
inspired by the restarting strategy which has been adopted by previous algorithms for non-stationary



Algorithm 1 Restarted-WeightedOFUL ™

Require: Regularization parameter A > 0; B, an upper bound on the ¢2-norm of @y, for all k € [K|; confidence

radius [y, variance parameters «, -y; restart window size w.

13 <—A1,B1 0,6, < 0,5 =B
2: fork=1,...,K do
3 if k%w == 0then
4: S« AL by < 0,0, < 0, B, = VB
5: end if R
6:  Observe Dy and choose aj, < argmax,cp, (a, O) + Brllax| g1
k
7:  Observe (rk, ok), set 5y as
o1+ max{o, @, v[lar]| L2 } (4.1)
k
8: f)k+1 S+ aa, /G2, Bk+1 b+ rray /o, §k+1 — 21;1_15164—1
9: end for

linear bandits [43]], we propose Restarted-WeightedOFUL T, which periodically restarts itself and
runs WeightedOFUL™ as its submodule. The restart window size is set as w, which is used to balance
the nonstationarity and the total regret and will be fine-tuned in the next steps. Combined with the

restart window size w, we set {5x }x>1 to

5 _ (w42 L W)
B = 12\/d10g(1+ X ) log(32(log( o T

2 2
)+ 30 1og(32(log(%) +1) (k%éw) )% +VAB.
4.3)

We now propose the theoretical guarantee for Algorithm 8] The following key lemma shows how
nonstationarity affects our estimation of the reward of each arm.

Lemma 4.1. Let 0 < § < 1. Then with probability at least 1 — ¢, for any action a € R?, we have

d ~
a7 (B — 0] < 2y [ 16 = 812+ Billallss - -

t=w- Lk/wJ+1 ——

Stochastic term

Drifting term

Here we provide a proof sketch of Lemma4.1|to show the technical challenge we need to overcome.
Without loss of generality, we prove the lemma for & € [1, w]. We have

ate
la’ (8 — 01)| < +lalls luz ”Hz 1+fB\|a||2 1, (44

a' S 12"“”“ (6: — 61)
0%

For the first term, it gets involved by the nonstationarity of 8. By rearranging the summation orders
and several calculation steps, we have

N *aa) = a dw
D P RS RIED BTSN LT ||Z (0.~ 0.l < 2y [ 10 Zue 0l
t= t t=1

We would like to highlight the subtleties in both our algorithm design and analysis to get the desired
improvement First, from here, we can see the necessity of introducing « in the design of oy in
Eq , which makes it possible to upper bound &, ! and get a tunable « in the drifting term, which
can subsequently be used to optimize the regret bound. Second, we show that it is essential to split
the term &, 2 as how we did. Only by doing that can we bound the f 15 TE ! 2 L term by d with

the elliptical potential lemma. Otherwise, we can a 1/a? term rather than the A / a term which will
hurt the final regret bound. For the second term in Eq.(#.4), a vanilla way to control it is adopting a
self-normalized concentration inequality from [2l]. However, it can not utilize variance information,
but just the magnitude of the noise, which fails to get a tight bound with the variance information.
Inspired by [45] 146] 41]], we adapt a variance-adaptive concentration inequality in Theorem [FI]to get
a tighter bound. Similar arguments also hold for the proof of Theorem [5.1|for the unknown variance
case. We refer to Appendix B|for the full proof.




Lemma[4.1] suggests that under the non-stationary setting, the difference between the true expected
reward and our estimated reward will be upper bounded by two separate terms. The first drifting
term charcterizes the error caused by the non-stationary environment, and the second stochastic term
charcterizes the error caused by the estimation of the stochastic environment. Note that similar bound
has also been discovered in Touati and Vincent [33]]. We want to emphasize that our bound differs
from existing ones in 1) an additional variance parameter « in the drifting term, and 2) a weighted

convariance matrix X rather than a vanilla convariance matrix.
Next, we present our first main theorem.

Theorem 4.2. Let 0 < § < 1. Suppose that for all ¥ > 1 and all a € Dy, (a,0;) € [—1,1],
|6*]]2 < B, ||all2 < A. With probability at least 1 — d, the regret of Restarted-WeightedOFUL™" is
bounded by

2A2Brws [d  ~ Kdi  4diKBy?  4diK
Regret(K)gasz\/:—HLB\/m wb+ me + UL} . @)

where ¢ = log(1 + ;"/\—‘322), and B = O(Vd + R/v* + V/AB). Specifically, by treating A, \, B, R as
constants and setting 72 = R/ V/d, we have

Regret(K) = O(Bgw®/?d"?a™" + dKa/v/w + d\/K Vi Jw + dK Jw). (4.6)

Proof. See Appendix [C] O

Remark 4.3. For the stationary linear bandit case where Bx = 0, we can set the restart window

size w = K and the variance parameter v = 1/v/K, then we obtain an O(dv/Vi + d) regret for
Algorithm@ which is identical to the one in Zhou and Gu [45]].

Next, we aim to select parameters « and w in order to optimize (@.6).

Corollary 4.4. Assume that By, Vi € [©2(1), O(K)]. Then by selecting

w = d"*\/Vk /B, dve > K*B%,
w = dY°(K/Bg)'/? otherwise.

and o = d*1/4B}</2wK*1/2, the final regret is in the order

Regret(K) = O(d"/* (B Vi) /*VEK + d°/° B}/ K2/3). 4.7)

Remark 4.5. We compare the regret of Algo[8]in Corollary .4 with previous results in the following
special cases.

« In the worst case where Vi = O(K), our result becomes O(d"/3B}/* K3/%), matching the
state-of-the-art results for restarting and sliding window strategies [[10} 43]].

 In the case where the total variance is small, i.e., Vi = 5(1) assuming that K 4 > d, our result
becomes O(d‘r’/GB}(/ng/S), better than all the previous results [[10} 143} [34, [39].

Remark 4.6. Wei et al. [38]] has studied non-stationary MAB with dynamic variance. With the
knowledge of Vi and By, Wei et al. [38] proposed a restart-based Rerun-UCB-V algorithm with a
~ 1 1 1

O(|A\% BiVEK EE |A|% BrK 2) regret, where A is the action set. Reduced to the MAB setting,
our Restarted-WeightedOFUL ™ achieves an O(|.A|"/8(Bx Vi) V/*VE + |A|5/GB}(/3K2/3) regret,
which is worse than Wei et al. [38]]. We claim that this is due to the generality of the linear bandits,
which brings us a looser bound to the drifting term in Lemma[4.1] When restricting to the MAB

setting, our drifting term enjoys a tighter bound, which could further tighten our final regret. To
develop an algorithm achieving the same regret as Wei et al. [38]] is beyond the scope of this work.

~ 1 1 1
Remark 4.7. Wei et al. [38] has established a lower bound Q(B2 V2K i+ B K 2 ) for MAB with
total variance Vi and total variation budget B . There still exist gaps between our regret and their
lower bound regarding the dependence of K, Vi, By, and we leave to fix the gaps as future work.



Algorithm 2 Restarted SAVE™"
Require: o > 0; the upper bound on the £2-norm of a in Dy (k > 1), i.e., A; the upper bound on the ¢>-norm
of 0 (k > 1), i.e., B; restart window size w.
1: Initialize L + [log,(1/a)].

2: Initialize the estimators for all layers: f]l,g — 272, Bu 0, él,g 0, B\l,e 27 ‘/I}l,z <+ ( for
all £ € [L].
3: fork=1,...,Kdo
4:  ifk%w ==0then N N N
5: Set g 272 . Lbre 0,050 0,P1,0 27, Wy, « Qforall £ € [L].
6: endif N R
7: Observe Dy, choose a; < argmax,cp, Minge(r)(a, Ok,e) + Brcllallg-1 and observe ry.
kL
8 Setlp <+ L+1
9:  Let Ly« {€€[L]: ||lakllg—1 > 27}, set £x < min(Lg) if Ly # 0
k£
10 Wi,  Yie, U{k}
11:  if L # () then
12: Set wy, + 2% and update
Tarllg—1
K, Ly
§k+1,lk — ik,lk +wiaiay, Bk+1,£ — Bk,ék + Wi - TRk, §k+1,£k — ﬁ]zil,gkgk+1,lk-

13: Compute the adaptive confidence radius Bkﬂ,lfor the next round according to (5.1)).
14:  endif

15: For ¢ 75 Ek let §k+17g — ik,z, Bk+1,g < Bk,e, §k+1,g — é\k,e,@wﬂ,e < Bkl-
16: end for

5 Non-stationary Linear Contextual Bandit with Unknown Variance and
Total Variation Budget

By Theorem[4.2] we know that Algorithm [§]is able to utilize the total variance Vi and obtain a better
regret result compared with existing algorithms which do not utilize V. However, the success of
Algorithm [§]depends on the knowledge of the per-round variance oy, and it also depends on a good
selection of restart window size w, whose optimal selection depends on both Vi and By . In this
section, we aim to relax these two requirements with still better regret results.

5.1 Unknown Per-round Variance, Known Vi and By

We first aim to relax the requirement that each o3 is known to the agent at the beginning of k-th round.
We follow the SAVE algorithm [41] which introduces a multi-layer structure [13| 21] to deal with
unknown 0']%. In detail, SAVE maintains multiple estimates to the current feature vector 6y, which we

denote them as §k71, ey §k,L in line Each é\kf is calculated based on a subset \TI;M Clk—1]of

samples {(a¢, 7¢) }. The rule that whether to add the current k to some T k¢ 1s based on the uncertainty
of a;, with the sample set {(a;, )}, ¢, ,- Aslong as ay, is too uncertain w.r.t. some level ly, (line

@), we add k to U k,¢ and update the estimate 51@ ¢, accordingly (line . Each 5;6’ ¢, 1s calculated as
the solution of a weighted regression problem, where the weight wy, is selected as the inverse of the

uncertainty of the arm ay, w.r.t. the samples in the /-th layer. Maintaining L different ék o, L€ [L],

Algorithm 2|then calculates L number of UCB for each arm a w.r.t. L different 8y, o, and selects the
arm which maximizes the minimization of L UCBs (line[7). It has been shown in Zhao et al. [41]
that such a multilayer structure is able to utilize the Vi information without knowing the per-round
variance a,%. Similar to Algorithm E in order to deal with the nonstationarity issue, we introduce a
restarting scheme that Algorithm 2[restarts itself by a restart window size w (line[5).

Next we show the theoretical guarantee of Algorithm[2] We call the restart time rounds grids and

denote them by g1, ga, . . . gy 1_1, Where g;%w = 0 for all i € [[E] — 1]. Let i, be the grid index

w

of time round &, i.e., g;, <k < g;,+1. We denote (I\/k,g ={t:t € g,k —1],¢ = ¢}. We define



the confidence radius B\k ¢ at round & and layer ¢ as

4w?L
w6 y4+27°B,

- — 4 1)2L 4w?L
Br,e =16 - 2_2\/(8Vark1g + 6R2 log(%) + 2*“*4) X \/log( w§ ) +6-2 “Rlog(
(5.1

Sicn,, W (ri — Brr,a))’ I 2> 64 [log (AHIL)

R2

where Vary, :=
L\

) otherwise.

Note that our selection of the confidence radius Bk,é only depends on @k,g, which serves as an
estimate of the total variance of samples at (-th layer without knowing o3.

We build the theoretical guarantee of Algorithm [2]as follows.

Theorem 5.1. Let 0 < § < 1. Suppose that for all ¥ > 1 and all a € Dy, (a,0;) € [—1,1],
02 < B, |lalla < A. If {Bre}e>1,0er) is defined in (3.1, then the cumulative regret of
Algorithm 2]is bounded as follows with probability at least 1 — 34:

Regret(K) = 6<M + (wa2 +d) - gVK +(1+R)- (Koz2 + Kd)) (5.2)

a w
Specifically, regarding A, R as constants, we have
Regret(K) = O(Vdw'® By /o + o2 (K + VwK Vi) + dvVEK Vi Jw + dK Jw).

Proof. See Appendix [D]for the full proof. O

Remark 5.2. Like Remark [4.3] we consider the case where B = 0. We set w = K and a? =
1/K+/Vk, then we obtain a regret O(d+/Vi + d), which matches the regret of the SAVE algorithm
in Zhao et al. [41]].

Corollary 5.3. Assume that Bx, Vi € [€2(1), O(K)], then by selecting
w = d*3(K/Bg)'/?, K?>Vid/Bg,
w = d*P(KVi)'/®/B° otherwise.

and o = dV/6\/wB}/® /(K3 4 (Vic Kw)/6), we have

Regret(K) = O(dY/PV2/°By/P K2/5 4 d*/3 B}/ K/3). (5.3)

Remark 5.4. We discuss the regret of Algo[2]in Cgrollary@]in the following special cases. In the
case where the total variance is small, i.e., Vi = O(1), assuming that K 2 > d, our result becomes
5(d2/3B}{/3K2/3), better than all the previous results [10} 43} [34] 39]. In the worst case where
Vic = O(K), our result becomes O(d*/>B}/° K*/5).

Unknown Per-round Variance, Unknown Vi and By In Corollary we need to know the
total variance Vi and total variation budget By to select the optimal w and «. To deal with the
more general case where Vi and By are unknown, we can employ the Bandits-over-Bandits (BOB)
mechanism ([[11, 34, 43]]). We name the Restarted SAVE™T algorithm with BOB mechanism as
“Restarted SAVET-BOB”. Due to the space limit, we put the algorithm design, descriptions, and
theoretical analysis of Restarted SAVE"-BOB (Algo in Appendix

6 Experiments

To validate the effectiveness of our methods, we conduct a series of experiments on the synthetic
data. All the experiments are run on an AMD Ryzen5 7640H CPU. About 60 hours are needed to
implement all the experiments.
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Figure 1: The regret of Restarted-WeightedOFUL™, Restarted SAVE™, SW-UCB and Modified
EXP3.S under different total rounds.

Problem Setting Following the experimental set up in [11], we consider the 2-armed bandits setting,
where the action set Dy, = {(1,0), (0,1)}, and

9. — [ 05+ 3 sin(5Bxmk/K)
7 \0.5 + & sin(r + 5BgTk/K) )

It is easy to see that the total variation budget can be bounded as By . At each round k, the ¢, satisfies
e ~ Bernoulli(0.5/k) — 0.5/k. We can verify that under such a distribution for e, the variance of
the reward distribution at k-th round is (1 — 0.5/k) - 0.5/k, and the total variance Vi ~ log K.

Baseline algorithms We compare the proposed Restarted-WeightedOFUL ™ and Restarted SAVE ™
with SW-UCB [11]] and Modified EXP3.S [6]. For Restarted—WeightedOFUL+, we set A = 1,
B = 10, w = 1000, and we grid search the variance parameters « and 7y, both among values {1, 1.5,
2,2.5, 3}. Finally we set & = 1, and v = 2. For Restarted SAVE™ we set w = 1000, Bk,é =2~ t+1
and grid search L from 1 to 10 with stepsize of 1 and finally choose L = 6. For SW-UCB, we set
A =1, w = 1000, B = 10. The Modified EXP3.S requires two parameters & and 7, and we set
¥ =0.0land & = .
To test the algorithms’ performance under different total time horizons, we let K vary from 3 x 10*
to 2.4 x 10°, with a stepsize of 3 x 10%, and plot the cumulative regret Regret(K ) for these different
total time step K. We set Bi = 1,10, 20, and K/ to observe their performance with different B

Result We plot the results in Figure[T] where all the empirical results are averaged over ten indepen-
dent trials and the error bar is the standard error divided by v/10. The results are consistent with our
theoretical findings. It is evident that our algorithms significantly outperform both SW-UCB and
Modified EXP3.S. Among our proposed algorithms, Restarted-WeightedOFUL " achieves the best
performance. This can be attributed to the fact that it knows the variance and can make more informed
decisions. Although Restarted SAVE™ performed slightly worse than Restarted-WeightedOFUL™, it
still outperforms the baseline algorithms, particularly when Bx = K'/3. These results highlight the
superiority of our methods.

7 Conclusion and Future Work

We study non-stationary stochastic linear bandits in this work. We propose Restarted-
WeightedOFUL™ and Restarted SAVE™, two novel algorithms that utilize the dynamic variance
information of the dynamic reward distribution. We show that both of our algorithms are able to
achieve better dynamic regret compared with best existing results [39] under several parameter
regimes, e.g., when the total variance Vi is small. Experiment results backup our theoretical claim.
It is worth noting there still exist gaps between our current obtained regret and the lower bound [38],
and to fix such a gap is left as our future work.
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A Restarted SAVE"-BOB

In this section, we provide the details of our proposed Restarted SAVET-BOB algorithm. The
Restarted SAVET-BOB algorithm is summarized in Algo We divide the K rounds into [%]
blocks, with each block having H rounds (except the last one may have less than H). Within each
block i, we use a fixed (o, w;) pair to run the Restarted SAVE™ algorithm. To adaptively learn the
optimal (o, w) pair without the knowledge of Vi and Bk, we employ an adversarial bandit algorithm
(Exp3 in [4])) as the meta-learner to select «;, w; over time for ¢ € [%1 blocks. Specifically, in each
block, the meta learner selects a («, w) pair from the candidate pool to feed to Restarted SAVET,
and the cumulative reward received by Restarted SAVE™ within the block is fed to the meta-learner
as the reward feedback to select a better pair for the next block.

We set H to be [d% K 3], and set the candidate pool of (e, w) pairs for the Exp3 algorithm as:
P={(w,a) :weW,a€ T}, (A.D)
where

) 1 2 . 2
W = {w; =d32"" i € [3 logz KT+ 1} U {w; = d32i )i e [Flog K1+1}, (A2
and
) 1 ) 11
T ={a; =d527" )i € [3loga K1+ 1} U {ay = ds02 )i € [3glog K1 +1}. (A3)

The algorithm also labels all the |P| = ([ 4 log, K]+ [£log, K]+2)- ([ logy K+ [ 45 log, K1+
2) candidate pairs of parameters in P,i.e., P = {(w;, az)}yjl The algorithm initializes {sj,l}‘jzll
tobes;j; =1, Vj=0,1,...,|P|, which means that at the beginning, the algorithm selects a pair
from P uniformly at random. At the beginning of each block 7 € [[K/H ], the meta-learner (Exp3)
1P|
j=1

calculates the distribution (p; ;). over the candidate set P by

Sj,i Y .
=(1— [ . Vi=1,...,IP|, A4

where y is defined as

. (IP|+ 1) In(|P| + 1)
¥ =min< 1, . (A5)
{ ¢ (e ~ DIK/H]
Then, the meta-learner draws a j; from the distribution (pj,i)ljzll, and sets the pair of parameters in

block i to be (wj, , ;, ), and runs the base algorithm Algo[2|from scratch in this block with (w;,, ;,),

min{s-H,K }

then feeds the cumulative reward in the block 7}, to the meta-learner. The meta-learner

k=(i—1)H+1
min{i-H K} Zmin{.i-H,K} T
rescales 3,7 3"y L) T to Lt to make it in the range [0, 1]

H+R\/g log (K (45 +1)) +2-Rlog (K (45 +1))
with high probability (supported by Lemma|[F.7). The meta-learner updates the parameter s, ;11 to
be

min{s-H,K}
v 1 D k(i) A1 Th

Sjiyi+1 = Sjiji * €XP 51

(IPI+Dpii \ 2 g4 R\/g log (K (£ +1)) + 2 - Rlog (K(£ + 1))
(A6)

and keep others unchanged, i.e., sy, j+1 = Su,i, Yu # j;. After that, the algorithm will go to the next
block, and repeat the same process in block 7 4 1.

We have the following theorem to bound the regret of Restarted SAVE™-BOB.

Theorem A.1. By using the BOB framework with Exp3 as the meta-algorithm and Restarted SAVE™
as the base algorithm, with the candidate pool P for Exp3 specified as in Eq.(A.1), Eq.(A.2), Eq.(A.3)),
and H = [d5 K37, then the regret of Restarted SAVET-BOB (Algo satisfies

Regret(K) = O(d"/5VZ/* BYP K*/5 1+ d*/3 B3 K2/3 4 d?/5 K7/10). (A7)
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Algorithm 3 Restarted SAVET-BOB

Require: total time rounds K; problem dimension d; noise upper bound R; o > 0; the upper bound
on the ¢5-norm of a in Dy (k > 1), i.e., A; the upper bound on the ¢5-norm of 0 (k > 1), i.e
B.

I: Initialize H = [d8K3]; P as defined in Eq.(A.1), and index the [P| = ([4log, K] +
[21og, K] + 2) - ([41logy K] + [L1ogy K] + 2) items in P, ie., P = {(wy, i)}
~ = min {1, %}; {33‘71}‘]-7;'1 issettos;1 =1, Vj=0,1,...,|P|.

2: fori=1,2,...,[K/H] do

.t

. . . P s
3:  Calculate the distribution (pj,,»)ljzl1 by p;;=(1— )Z‘ -~ + FhT
4:  Set j; < j with probability p; ;, and (w;, ;) + (w;,, aﬁ)
5: Run Algol2|from scratch in block i (i.e., inrounds k = (i — 1)H + 1,...,min{i - H, K})
with (w, a) = (w;, o).
SR

_|_

el

6:  Update s, j+1 = Sj,.i¢xp | 7pr-—
(IPH+1ps,.: H+R\/H log (K (4+1)) +2-Rlog (K (4 +1))
and keep all the others unchanged, i.e., Sy,i+1 = Sy, YU # Ji.
7: end for

Proof. See Appendix [E|for the full proof. O

Remark A.2. We discuss the regret of Algo[3|in Corollary in the following special cases. In
the case where the rotal variance is small, i.e., Vi = 6(1), assuming K 2 > d, our result becomes
O(d?*3B}/*K?/3 1 dV/5 K7/19) when d*B10 > K, it becomes O(d?/3B}/*K?/3), better than
all the previous results [[10} 43} 34, [39]. In the worst case where Vi = O(K), our result becomes
O(d*/5B}/° K1/%),

B Proof of Lemma4.1]

For simplicity, we denote

2
R
+VAB.

) )'y
(B.1)

212/\) 10g(32(log( —|— 1);) +30 10g(32(10g( ) + 1)

Bi= 12\/d10g(1 +
It is obvious that B > Bk for all k € [K]. We call the restart time rounds grids and denote them by
91,92 - - gxq_, where g;%w = 0foralli € [[£] — 1]. Let i;, be the grid index of time round k,
ie, gi, <k <gi+1.

For ease of exposition and without loss of generality, we prove the lemma for k € [1, w]. We calculate
the estimation difference |aT(t§;€ — 0;)| forany a € R, ||a||s < A, k € [1,w)]. By definition:

k—1 k—1 k—1

-
~ a_ ao ra o a;a, 0 aze
0, =50, =51 () ) =510 T N ), (B.2)
=1 Ot =1 Ot =1 7t
aaj
where £, = AT + Zt o ’6% .
Then we have
~ aa) 2 ae
O — 0, =3 (Y (0, = 0) + D —5) — AZ6x (B.3)
t=1 ¢ t=1 t

Therefore

a.a L€
la” (6, — 0,)] < aTEklz to,t (6: — 6k)| + llalls - IIIZ - tHz 1+ Aalls- S 204]ls,
(B.4)
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where we use the Cauchy-Schwarz inequality.

For the first term, we have that for any k € [1, w]

k k—1 k—1
anllz Z *at (0, — 6y)| < Z |aTE ! af| |— (Z(Os —0,1+1))| (triangle inequality)
t=1 t=1 s=t

k—1 a a k-1
" t
<> @IS 2 1) (0 = a4 2
t=1 ot gt s=t

(Cauchy-Schwarz)

k—1 k—1
A a_1a _
<= Z TS D20 = Oz (adl < A5 > )
s=t

Ak : a
a22| a S0, — 0.
s=1t=1
k—1 k—1 s
(Zt=1 Zs:t = Zs:l Zt:l)

k—1 r s e s
A = a
< = Ty—1 . hiaid 13 _
=y > a'Sila [Z§t D } 165 — Osy1]]2
s=1 \ Lt=1 4 L=
(Cauchy-Schwarz)
A k—1 - S R B
=% -1 -;aTElzla_ “d-[|0s = Osq1]l2 (%))

S || ”2\/&Z t 1 Hes - 03+1H2 ()\max(zkl) S %)

d
\/ wZHe Oeiillz. (B.5)

where the inequality () follows from the fact that _;_, 2 TE '8t < { that can be proved as fol-
lows. We have Y, ac T3 -tar — s~ tr( E_laf) =tr (Ek Shlaca ) Given the

EX 2 B Tt Ot
eigenvalue decomposition Elel ;—z;—i = dlag()\l, ..., A) T, wehave ), = diag( A1+ A, ..., A+
NTandt (S0 e ) =50 Ay <a
For the second term, by the assumption on €, we know that
ler/ok| < R/a,
ler/ok| - min{1, ag/oxl|g 1} < Rllarlls 1 /0% < R/,
Elex|aik, e1:i—1] = 0, E[(ex/0%)?|ark, e1u—1] < 1, law/okl2 < A/a,

Therefore, setting G, = o(ay.k, €1.5—1), and usmg that oy, is Gx-measurable, applying Theorem-
to (xg,mk) = (ak/0k, €x/0k) with € = R/+? , we get that with probability at least 1 — &, for all
ke [1l,w],

k—
aie; (k%w) A2 (k%w)? .2 () R
thl s < 12\/dlog( W)log(?)z(log( S ) soton(aaton 2 ) W) B
(B.6)
For the last term
~_ 1 1 1
Mlallg-1 155 2 8xll> < Alallg-1 55 * 21812 < Mlallg -1 ————8l2 < fB”a”z N
)\mm<2k)
(B.7)
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where we use the fact that Amin(f]k) >\
Therefore, with probabilty at least 1 — d, we have

~ A2 [dw &2
la’(6x — i) < Vo > 16— 011l

t=1

+ ||a||§;1 <12\/dlog(1 + %)1 (32(log( Jr 1) (k(%;w)z)

+30 1og(32(1og(12) 1) (k%;w) )5

dw %
*\/ Z [0 — 011l +5k||a||g 1, (B.8)

where Ek is defined in Eq..

fB>

C Proof for Theorem 4.2]

For simplicity of analysis, we only analyze the regret over the first grid, i.e., we try to analyze
Regret(K) for K € [1,w]. Denote &, as the event when Lemmaholds. Therefore, under event
&1, for any K € [1,w], the regret can be bounded by

~ K
Regret(K) = » [(aj, — ay, 0)]

=1

o

K
=> [(a}. 0k — 0k) + ((af, O1) + Orllakllg-1) — ((a, Ok) + Prllarllg-1) + (ak, Ok — Ok)
=1

+ Brllakllg—r — Brllaills-1]

K k-1
S e - 9t+1||2+22mm{1 Bullarlls, | (R

k=1 t=1

where in the last inequality we use the definition of event &1, the arm selection rule in Line 7 of
Algof8] and 0 < (aj, ") — (ay,, 0%) < 2.

Then we will bound the two terms in Eq.(C.I).

For the first term, we have

2A2 K k-1
o )\ 2N ST 60— a2
k=1 t=1
24 [dw A E
oV > 110 — 612
t=1 k=t
K-1
)\ S Z 0 — Opi1]l2 - (C.2)

To bound the second term in Eq. ll we decompose the set [f( ] into a union of two disjoint subsets
[K] =7, UZ,.

L= {kelR): |2 s 21} T = {ke[K]: |25 <1f. €3)

Then the following upper bound of |Z; | holds:

_ . ag 2
T = 3 min {1, 17515 }

k€I
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<me{1 |2k ||2 }
deL, (C4)

where ¢ = log(1 + Mz) the first equality holds since || 3% [|g-1 > 1 for k € Zy, the last inequality
k
holds due to Lemmatogether with the fact |25 |[; < % since 51, > «and |lag|2 < A.

Then, we have

fjmm{lﬁuakngkl}
k=
= Z mln{l O'kﬁkH } Z mln{l Ukﬁk‘” || }

ke, ke,
_ ok
< e
< [Z 1} +> UkﬂkHa_kHEkl
keZy ke€Zs
<2i+BY 0k||—||2 1 (C.5)
k€Zs Tk

where the first inequality holds since min{1l,z} < 1 and also min{1, z} < z, the second inequality

holds by Eq.(C.4), and the fact the B\ > B, forall k € [K] (B is defined in Eq.(B.1] ) Next we further
bound the second summation term in (C.3). We decompose Z = J1 U Jo, Where

.,71:{]€€I220'k:0'ku0k:a}, JQ:{kGIQ:Uk:%/|ak||)5;1}.

Then 3 ez, ol 5% H =D ke OkllZE ||§;;1+Zk€j2 6’“”%112”221' First, for k € 71, we have
A ,
> ol S lss < 3 (on o) min 1, | 2 5
keJy k keJ,
K 2
< ZUk-l-oz Zmln{l = ||2 }
K K a
- k
< QZ(J,%JraQ) me{l,”m@'%;l}
k=1 k=1 ’

(C.6)

where the first inequality holds since 75, < o} + a for k € J; and || 5+ Hz: 1 < lsincek € J3 C

7>, the second mequahty holds by Cauchy-Schwarz inequality, the th1rd 1nequa11ty holds due to
(a +b)? < 2(a® + b?), and the last inequality holds due to Lemma

Finally we bound the summation for k € J>. When k € 7, we have 64, = 72| 2& ”2—1 Therefore
we have

> GkH Hz—l = 2II*IIE—l

keJ> k€TJ2

K
2. Ak 12
< ;7 mln{l, |Uk||§;1}

< 2v2du, (C.7)
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where in the first inequality we use the fact that ||2& ”2—1 < 1since k € J> C Iy, and in the last
inequality we use Lemma[F2]

Therefore, with Eq.(C.1), Eq.(C-2), Eq.(C.5), Eq.(C.6), Eq.(C.7)., we can get the regret upper bound
for K € [1,w]

3
w2

Regret(K \/7 Z 16k — O]z + 48V de Z o? +wa? + Adiy2B + 4de .

ke[K]
(C.8)

Therefore, by the same deduction, we can get that

2A 3 gi+1—1 N git1 ~
Regret([g;, gi+1]) = \/7 > 116k = Orsalla + 4BV, | > 0F + wa? + 4duy® B + 4du,

k=g; k=g;
(C9)
where we use Regret([g;, g;+1]) to denote the regret accumulated in the time period [g;, g;+1]-
Finally, without loss of generality, we assume K %w = 0. Then we have
K1

Regret(K) = Z Regret([g;, gi+1])

24 w% et 105 — 0 A \ﬁﬁ o s o2 4dw BK 4dK.

< gkzg 0r — Ory1ll2 +45Vd ; kzgak‘f'w + o

IN

3 K_q . ~
2423 \/’ K &K 4diy?BK 4dK.
— AV | = 2 2
g 0r — Ori1ll2 + 45 ” E ( E o7 +wa?) + +

. w w
=0 k=g;
242 szK\[ 43 [Kdu
w

where in the second inequality we use Cauchy-Schwarz inequality, and the last inequality holds due
0> kerr—1) 10k — Ors1ll2 < Bi.

I /\

4dy* K 4dK.
> o o HOPH 2050,

D Proof for Theorem

Recall that we call the restart time rounds grids and denote them by g1, 92, ...grxy_,, Where
g;%w = 0 forall i € [[£7 —1]. Let iy, be the grid index of time round k, i.e., g;, <k < g;, 1. We
denote \/I\IM ={t:t € g, k—1],0 =L}

For simplicity of analysis, we first try to bound the regret over the first grid, i.e., we try to analyze
Regret(K) for K € [1, w]. Note that in this case, for any k& € [K| with K € [1,w], we have g;, = 1,
NeJ \Ifkyg = {t it e [1,]{3 — 1},& = E}

First, we calculate the estimation difference |a " (é\k’g — 6y,)| for any a € R%, ||a/|s < A. Recall that
by definition, ¥, , = 2721 + Zte@k , wfata:, by = Zte@k , w?rsa;, and

Hkngkugf ,M E wtrtat H E wtatatet—i— E wtatq

tG\I/k)( te\Ijk,l’. te‘lfkyg
Then we have
Z Z 2051
gk 0 — Ok k E wt atat Ot Ok U)t atet EMOk . (Dl)
tE‘I/kj tG\I/k,[
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Therefore, we can get

~ ~ ~ 1
AT G600 < [a S} Y wiaal (0, — 0| +lallg 1| Y wiarels 112 flallg |55 20l
te‘ik,e Y tEE’k,z 1 »
(D.2)
where we use the Cauchy-Schwarz inequality.

For the first term, we have that for any k € [1, w]

k—1
a3} > wiaal (0 - 6p)| < D [al B wa] - [wal (O (0s — 0:41)))
teTy 0 teﬁ\/k,z s=t
(triangle inequality)
k-1
< Y fa' S pweay] - wallz > (0 — 0.11)|2
teﬁ}k,e s=t
(Cauchy-Schwarz)
R k—1
<A fa S warl D (05— 0.41)ll2
teWy s=t
(ladl < A wy, = 2— < 1)
t Et,l}t
k-1 R
<4 a2 jwia| - (|05 — Ostal2
s=1teW, ,
k-1 [T = ~
<A Z aTi;ja . Z wtatTZI;%wtat [10s — Osy1]2
s=1\ “¢eT,, T telyy,
(Cauchy-Schwarz)
k-1 [T N
<AY || D aTE al - d-[16s — 6sill: (*)
s=1 TteWUy . .
k—1
< AlallsVdY 2203 14110, = Ol
s=1 tE‘T’k,Z
()\max(g:lz,;) < 2—1% = 22@)
k-1
< A22Vdw ) ([0, — 0,442, (D.3)
s=1

where the inequality (x) follows from the fact that Zte@“ wtatTiﬁwtat < d that can

_ Tsi-1 - _ Tsi-1 —
be proved as follows. We have Zte%e way Bpwiay = Zte\ljw tr (wtat Ek’ewtat) =
tr (Z],;é 3 ey, , wfatatT). Given the eigenvalue decomposition »_ e, , wfatatT =

diag(A1,...,Aq) ", we have ikl =diag(A\+ A, ..., A\g+A) ", and tr (2;; Zte‘i“ wfatatT) =
d X
Sy <d

For the second term in Eq.(D.2), we can apply Theorem [F.3|for the layer ¢. In detail, for any k € [K],
for each t € Wy, 4, we have

||wtat||§;;_; =27" Ewie|F] < wiE[€|F] < wio}, |wel <l <R,
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2t
llasllg—1
0

where the last inequality holds due to the fact that w; = < 1. According to Theorem [F.3|

and taking a union bound, we can deduce that with probability at least 1 — ¢, for all £ € [L], for all
round k € Upyq g,

2

L
). (D4

w2L 4w
2 —¢ .y
I Z wtatetHi;;; <16-2 Z wio 1og 5 ——) +6-27"Rlog(
tEVL,e teWy .
For simplicity, we denote Eqont as the event such that Eq.(D-4) holds.
For the third term in Eq.(D.2), we have

—2¢ o3 —2¢ o3 —2¢ 1
2 allg 1155 £ 0cll < 2 Jlallg 1 15 12042 < 2 [alls

o \/ )\mm(zk é)

16x]l2 < 27*Bllallg -+,

(D.5)
where we use the fact that Apin (2 ¢) > 2-2¢,

For simplicity, we denote £* = [1 log, log (4(w + 1)2L/8)]+8. Then, under Eop, by the definition

of Bk,l in Eq., Lemma and Lemma with probability at least 1 — §, we have for all
Cr+1<e<LL,

2

w?L 4L
= 46 2*5Rlog(wT) +27'B. (D6

Bro>16-27"1 1
Br,e > Z“’t og 5

tG\I/kyz

Therefore, with Eq.(D.2), Eq.(D.3), Eq.(D-4), Eq.(D.3), Eq.(D.6), with probability at least 1 — 34, for
all /* +1 < ¢ < L we have

k—1
[a" (Or.e — )| < A2°Vdw Y104 — Ouial2 + Brellall-s - (D.7)

s=1

Then for all k¥ € [K] such that £* + 1 < ¢, < L, with probability at least 1 — 35 we have

k—1
(@5 00) < puin(ai, Ons) + A*2'Vidw 3 110, — Ouiallz + Bslails,
s=1
k—1
< A22VAw Y 16~ Ouiallo + mindal, Bi) + Beslaills,
s=1

29L i 0, B
< A%2 \/@Z [0s — Osi1]|2 +EII€1[l£l]<ak,0k,£> + Bk,(f“akHi,;lZ

k-1
< A%28Vd ZH@ —93+1||2+<ak,9k le—1) +5uk 1||akHE Ly (D.8)

s=1

where the first inequality holds because of Eq.(D.7), the third inequality holds because of the arm
selection rule in Line 8 of Algo[2]

We decompose the regret for K € [1,w] as follows

Regret(f() = Z ((ag, Ok) — (ax, Ox))
ke[K]

Z Z ((ag, Or) — (ax, Or)) Z Z ((ay, 0:) — (ag, Or))

el kel , Ce[LN\[E*] ke

K+1,¢

+ > (a5, 6k) — (k. 0k)) . (D.9)

ke‘l’?+1,L+1
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We will bound the three terms separately. For the first term, we have for layer ¢ € [¢*] and round

ke T~ we have

K+1,00

Z ((ak, 07) — (ax, 07)) < 2[ Wi s 4|

_ 920+1 Z 2
lwrarllg-

kG\I/K+1 0

4(w +1)2L
<2.1282 log(%) > flwraklE

ke\IlK+1 P

4 1)2L 22w A?
(w%))ﬂdlog(l—i— Z’ )

=0(d), (D.10)

< 2-128%log(

where the first inequality holds because the reward is in [—1, 1], the equation follows from the fact
that || wiag||g-1 = 2= holds forall k € ¥ K+1,¢, the second inequality holds due to the fact that
k£

20" < 128,/log(4(w + 1)2L/5), and the last inequality holds due to Lemma

Therefore

Y Y ((ag,0k) — (ak,01) = O(d). (D.11)
el kel ,

For the second part in Eq.(D.9), we have

Z Z ak70k <ak59k>)

(eI ke, ,
Z Z <<aka§k,£—1> + Bk,£_1||ak‘|§);1271
(€N ke, , ,

SRV ST <ak,9k>)

ke K+1 £

<2 Y Y Buelalsy v AV@ Y Y 2LZH0 —Os1lla

CE[LNIE] ke, , CE[LNIE) ket

(D.12)

where the inequality holds due to Eq.(D-8), the second inequality holds due to Eq.(D.7). We then try
to bound the two terms.

For the first term in Eq.(D.12)), we have

YooY Buelalsy < D Y B2

CE[LNE T keP g, , Ce[LN[E keV iz, ,
~ e
< Z ﬁf(,@—l'Q ‘\I/I~<+1,€‘
Le[LI\[£¥]
= Z /BK[ 1 Z ”wkak”;;;
Le[L\[er] k€U Z, '
=R 92 7 A2
¢
< > By 28 2dlog(l+ )
Ce[LI\[e*]

=0(d-2"- Bf(,eq)
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I
Za,§+R+1)), (D.13)

k=1

where the first inequality holds because by the algorithm design, we have for all k € e Vicin, /

Hak||§71 <2 ¢; the second inequality holds because for all k € \IIKJrl 0 Bk -1 < BK 1

the first equality holds because for all k € W~ R0 HwkakHE : = 272%; the third inequality
holds by Lemma[F.2} the last two equalities hold because by Lemma@ and Lemma[F.5] we have

ﬂf(,eﬂ = O( - (\/Zkzlok + R+ 1)).

For the second term in Eq.(D.12), we have

AVdw > > 2LZ||9 — 0,1l < A%2MVdw Y 2”9 — 0412

Ce[LN[C] ke, , ke[K —1] 5=1

AQ\fw% K-
Z 0 — 01112 (D.14)
Therefore, with this, Eq.(D.12)), and Eq.(D-13), we have

2wt = -
Z Z ak,Ok <ak,0k>) A f Z |0k_9k+1||2+0(d(
k=1

CelLN] ke, ,

Finally, for the last term in Eq.(D-9), we have
> ((ag,60) = (ar,60))

K+1,L+1

< Z ((ak,ek,L> + ﬂk,L||ak||§;1L

kew

kel

K+41,L+1

k-1
+ A22Lvdwz 105 — Osq1]]2 — <aka0k>>
s=1

k—1
2T S 6. 0.
s=1

IN
g
N

ke\IjK+1,L+1
k—1
< AZ <2L+16k,L + A22E T dw > 10, — es+1||2)
ke¥gii 41 s=1
2A2\[w% k- L+173
S — Z\|9k—9k+1|\2+ Z 276k L
k=1 keqj}?+1,L+1
242wt = ~
_ﬂ 10) — Orqrll2 + w200 - B
a k=1
242/duwt ' ~
=$ > Iek—0k+1lz+o<wa2-( (D.16)
k=1

where the first inequality holds due to Eq.(D.8), the second inequality holds due to Eq. (D7), the third
inequality holds because by the algorithm design, we have for all k € U Fiio: llak ||2_1 <27L,
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the fourth inequality holds due to the same reasons as before, and the fact that B\ T 2 Bk, 1, for all

k € B, ; the last inequality holds due to 5 , | = 6(@@ +R+ 1)).
Plugging Eq.(D.15), Eq.(D.16), and Eq.(D.11) into Eq., we can get that for K € [1, w)]

Regret(K) =

A2 §I~(1
< Viu: 16k — Oria]2 + (wa? +d) - (

k=1

I3
Za +R+1) ) (D.17)

k=1

By the same deduction we can get

~ AQ\/aw% AAR, 2 : 2
Regret([gi, gi1]) = O — — > 116k = Orsall2 + (wa® +d) - ( Z o} +R+1) ).

k=g;
(D.18)
Finally, without loss of generality, we assume K %w = 0. Then we have
K1
Regret(K) = > Regret([g;, g+1))
i=0
AQf 3 K _ K _
dw?z 3 X
_0( Z\|9k—0k+1||2+(wa2+d)'2( +R+1))
i=0 k=g, i=0

E— 16k — Op1ll2 + (wa® +d) - (
k=1

_ 2 %K 1
SO<A\/cflw

~ [ A2 3
< O(A \/;ZU Bx + (wa® +d) -

where the first inequality holds due to the Cauchy-Schwarz inequality, the last inequality holds
K—1
because >, |0k — Ory1]]2 < Bk

E Proof of Theorem[A.1]

With the candldate pool set P designed as in Eq Eq Eq ,and H = [d% K %] , wWe
have |P| = O(log K), and for any w € W, w < H

We denote the optimal (w, ) with the knowledge of Vi and By in Corollary as (w*, a*).
We denote the best approximation of (w*, «*) in the candidate set P as (w', a™). Then we can
decompose the regret as follows

K K [ iH
Regret(K) = Y "(af,0k) — (a;,0) = Y (aj,0k) — Z > (a(wt,ah),6r)
k=1 k=1 =(i—1)H+1
(1)
[ iH

+ Z (ar(wT, a™),0;) — (ag(wi, i), 0k)

i=1 k=(i—1)H+1

(2)
(E.1)
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The first term (1) is the dynamic regret of Restarted SAVE™ with the best parameters in the candidate
pool P. The second term (2) is the regret overhead of meta-algorithm due to adaptive exploration of
unknown optimal parameters.

By the design of the candidate pool set P in Eq.(A.T), Eq.(A.2), Eq. , we have that there exists a
pair (wt,a™) € P such that wt < w* < 2w™, and ot < a* < 2a™. Therefore, employing the
regret bound in Theorem[5.1] we can get

1

OWdw > B; /ot + at?(H 4+ \/wtHV;) + dv/HV; Jw* + dH w™)

1

T

(1)

IN

7

% 4]
- K K

+1.5 + +2 : - +
OWdwt'* By Ja™ + a™?(K + \|wtH— ;:ljvl)jud H Z§:1:%/w++dK/w)

= O(WVdw™ Bk /ot + oK + Vwt KVi) + d\/K Vi Jwt + dK /w")
=0

(Vdw*' B o + oK + Vw* K Vi) + d\/KVi Jw* + dK Jw*)
= OV BP K + P Bl K3, (E2)
where we denote B; as the total variation budget in block ¢, V; is the total variance in block i, the

[

second inequality is by Cauchy—Schwarz inequality, the first equality holds due to ), ' B; = By,

IA

K
Zgjﬂ V; = Vi, the second equality holds due to wt < w* < 2w™ and at < o* < 2a™, the last
equality holds by Corollary [5.3]

We then try to bound the second term (2). We denote by & the event such that Lemma [F.7) holds, and
denote by R; := Z;@Ii(i—l)H+1<at(w+’ a™),0;) — (a;(w;, a;), B) the instantaneous regret of the
meta learner in the block 7. Then we have

=O(dsK™), (E.3)
where Ly 1= max; ¢ K7 L;, the first inequality holds due to the standard regret upper bound result

for Exp3 [4], the third equality holds due to Lemma the last equality holds since H = [d% K %1,
and |P| = O(log K).

Finally, combining the above results for term (1) and term (2), we have

Regret(K) = O(d*/5V/° B/ K2/5 + d*I* Bl K?/3 + ds K0). (E4)

F Technical Lemmas

Theorem F.1 (Theorem 4.3, [45])). Let {G;}72, be a filtration, and {xj, 7 }x>1 be a stochastic
process such that x; € R9 is G,-measurable and N € Ris Gpy1-measurable. Let L, o0, A\, e > 0,
p* € R Fork > 1, let y, = (u*,x1,) + 15, and suppose that 7y, x;, also satisfy

E[nk|Gr] = 0, E[ni|Gk] < o?, |mk| < R, |[xxll2 < L. (E1)
Fork > 1,let Z, = AL+ 2 x;x/, by = SF | yixi, pe = Z;, by, and
Br = 12+/02dlog(1 + kL2/(d))) log(32(log(R/€) + 1)k2/6)
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+ 241og(32(log(R/€) + 1)k /) 11;1?;<k{l77i| min{1, [|x;]|z-1 }} + 6log(32(log(R/e) + 1)k*/)e.

Then, for any 0 < § < 1, we have with probability at least 1 — ¢ that,

k * *
Wk > 1 kim0 < B sk — 7Nz < B+ VA2

Lemma F.2 (Lemma 11 [2]). For any A > 0 and sequence {x;}X_, C R? for k € [K], define
Zp =M+ ZZ 1 x;x; . Then, provided that ||xx||2 < L holds for all k € [K], we have

Z min {1, [|x]|2- } < 2dlog (1 + KL?/(dN)).

Theorem F.3 (Theorem 2.1, [41]]). Let {Gy}72, be a filtration, and {xj, 7 }»>1 be a stochastic
process such that x;, € R? is G;,-measurable and 7, € R is G 1-measurable. Let L, 0, \, e > 0,
p* € RY Fork > 1, lety, = (u*,x3) + ny, where n, X, satisfy

k
ElnelGi] = 0, me| < R, S E2|G] < vi, for¥k > 1

i=1
Fork > 1,letZy = \I + Z XX T b, = Zle YiXi, b = Z;lbk., and
Br = 16p+\/vy log(4w?/6) 4 6pR1og(4w?/6),
where p > supy~ ||Xk||z-1 . Then, for any 0 < ¢ < 1, we have with probability at least 1 — § that,
= k—1
k * *
vk >1, ||Zi:1Xi7]i||Z;1 < Bis Ik — 1|z, < B + VA *|2-

Lemma F.4 (Adopted from Lemma B.4, [41])). Let weight w; be defined in Algorithm 2] With
probability at least 1 — 20, forall k > 1, £ € [L], the following two inequalities hold simultaneously:

Z wio? <2 Z w?e? 4 Rzlog(4w2L/6)

z€‘Pk+1,e 1€‘llk+1,e
3 7
Z w?e? < 5 Z w?o? + gRQ log(4w?L/6).
i€®k+1 ¢ i€®k+1 ¢

For simplicity, we denote Ey as the event such that the two inequalities in Lemma [F.4] holds.

Lemma F.5 (Adopted from Lemma B.5, [41]]). Suppose that ||0*||2 < B. Let weight w; be defined
in Algorlthml On the event Econt and Ey (defined in Eq.(D.4)), Lemma ), forall k > 1, ¢ € [L]

such that 2¢ > 64/log (4(w + 1)2L/5), we have the following 1nequal1t1es

2
Z w?o? < 8 Z ( 0k+1 ¢ az>> + 6R?log(4(w + 1)2L/8) + 2722 B2,

i€EWki1,0 €Wk 1,0
2 2 3 2 2 7 2 2 —20 R2
Z w; (rl (Brs1, g,az)) < B Z wio; + 3R log(4w=L/6) + 27" B=.
1€Wg 11,0 €Wkt e

Lemma F.6 ([18]). Let M, v > 0 be fixed constants. Let {z;}7_; be a stochastic process, {G; }; be a
filtration so that for all ¢ € [n], ; is G;-measurable, while almost surely

Elzi|Gi1] =0, |o;] <M, Y E[z}|Gi1] <v.

i=1

Then for any § > 0, with probability at least 1 — §, we have

zn:xi < /2vlog(1/6) +2/3 - Mlog(1/9).
i=1
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Lemma F.7. Let N = (%1 Denote by L; the absolute value of cumulative rewards for episode i,
ie, L; = Z;fi(i_l)Hﬂ rL, then

. H K 2 K 1
Proof. By Lemmal|F.6] we have that with probability at least 1 — 1/K
Y a<.2 Y ollog(NK)+2/3- Rlog(NK)
k=(i—1)-H+1 k=(i—1)-H+1
R2
< \/2H— log(NK) +2/3 - Rlog(NK)
H K 2 K

§R\/2log(K-(H+1))+3'Rlog(K-(H+1)), (F.3)

where we use union bound, and in the second inequality we use the fact that since |ex| < R, we

have o7 < RTQ. Finally, together with the assumption that r;, < 1 for all k& € [K], we complete the
proof.
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