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Abstract
Shampoo-style optimizers approximate gradient covariance matrices using Kronecker-factored
structures. Recent work [11] showed that such approximations can be viewed as projections under
Bregman matrix divergences, leading to different Kronecker-factored preconditioners. However,
it remains unclear what role the choice of divergence plays when the covariance is not exactly
Kronecker-factored. We study this question through the spectrum of the covariance matrix. We
show that Frobenius, von Neumann, and LogDet divergences distribute the unavoidable Kronecker
approximation error differently across the covariance spectrum. We further show that their Kronecker
factors are governed by divergence-weighted residuals rather than the raw approximation error,
explaining how these spectral preferences are realized in the resulting preconditioners. Empirically,
we observe that the top covariance eigenspace is substantially better aligned with the Hessian matrix,
while the tail spectrum is much noisier and unreliable. Motivated by these findings, we propose
a subspace-aware Kronecker optimizer that applies eigenvalue-based preconditioning in the top
subspace and uses an adaptive isotropic acceleration constant in the bottom subspace.

1. Introduction

Shampoo-style optimizers [4] exploit the matrix structure of gradients by replacing dense second-
order preconditioners with Kronecker-factored approximations. For a matrix-valued parameter with
gradient G, this corresponds to approximating the gradient covariance matrix C = E[vec(G)vec(G)⊤]
by a product L⊗R. Lin et al. [11] showed that several bilateral Shampoo variants arise from min-
imizing Bregman matrix divergences between C and L ⊗ R. However, this unification does not
explain what happens when the covariance is not exactly Kronecker-factored. For a generic dense
covariance matrix, nonzero approximation error is unavoidable, so different divergences emphasize
different parts of the spectrum. Furthermore, since the covariance significantly differs from the
Hessian, meaning that not all its spectrum is suitable for preconditioning [10, 16]. We therefore ask:

Q: When exact Kronecker matching is impossible, which parts of the covariance spectrum should
a structured optimizer approximate and trust?

Our work connects two issues: the approximation geometry induced by different Bregman
matrix divergences, and the spectral reliability of covariance-based preconditioning. We make this
connection through three contributions below:

© B. Liu, W. Zhou & C. Zhao.



RETHINKING BREGMAN DIVERGENCES IN KRONECKER-FACTORED OPTIMIZERS

• Spectral geometry of Bregman Kronecker approximation. We characterize the eigenvalue-
dependent penalties induced by Frobenius, von Neumann, and LogDet divergences in covari-
ance approximation, and show that the resulting bilateral preconditioners reflect these spectral
preferences through divergence-weighted residuals on the Kronecker manifold.

• Spectral reliability of covariance preconditioning. We empirically examine the relationship
between covariance and Hessian eigenspaces, and observe that top covariance components are
substantially more aligned with the Hessian than the lower-eigenvalue components.

• Subspace-aware Kronecker optimizer. Motivated by the analysis above, we propose an
optimizer that applies eigenvalue-based preconditioning in the top Kronecker eigenspace and
uses an adaptive isotropic acceleration constant in the complementary bottom subspace.

2. Preliminaries

2.1. Notations

Let Θ ∈ Rm×n be a matrix-valued parameter and G = ∇Θℓ(Θ) ∈ Rm×n its stochastic gradient. We
write g = vec(G) ∈ Rmn and C := E[gg⊤] ∈ Smn

++ for the gradient covariance matrix, where Smn
++

denotes the cone of mn×mn symmetric positive-definite (SPD) matrices.1. We denote the Hessian
by H := ∇2

θL(θ) ∈ Rmn×mn, where θ = vec(Θ). Structured preconditioning approximates C by a
Kronecker product C ≈ L⊗R, where L ∈ Sm++ and R ∈ Sn++. The corresponding preconditioned
gradient satisfies (L ⊗ R)−1/2g ⇐⇒ L−1/2GR−1/2. For a square matrix A, Tr(A) and det(A)
denote its trace and determinant. For matrices of the same size, A⊙B denotes the Hadamard product,
and ∥A∥F denotes the Frobenius norm. We use standard matrix differential notation: DF (S)[H]
denotes the directional derivative of F at S along H , and ∇2F (S)[H] denotes the Hessian operator.

2.2. The original Shampoo algorithm

Shampoo [4] is a matrix-structured optimizer that maintains two marginal second-moment factors,
L = E[GG⊤] and R = E[G⊤G]. In practice, they are updated by EMA: Lt = β2Lt−1 + (1 −
β2)GtG

⊤
t and Rt = β2Rt−1 + (1 − β2)G

⊤
t Gt. The update is Θt+1 = Θt − ηL−p

t GtR
−p
t , with

common choices p = 1/4 or p = 1/2. Thus, Shampoo replaces a dense mn×mn preconditioner
with two smaller factors of sizes m×m and n× n.

2.3. Bregman matrix divergences

Following [11], we measure the discrepancy between C and L⊗R using Bregman matrix divergences.
Let F : Sd++ → R be a strictly convex differentiable generating function. For X,Y ∈ Sd++,

BF (X,Y ) := F (X)− F (Y )− Tr
(
[∇F (Y )](X − Y )

)
.

Different choices of F induce different notions of covariance approximation.

1. Strictly speaking, C is generally positive semidefinite. Following [11], we consider the positive-definite setting, which
can be realized by damping C + κI or by using a sufficiently large batch.
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3. Rethinking Bregman Divergences in Kronecker-Factored Approximation

Lin et al. [11] introduced a Bregman-divergence-based view of Kronecker-factored approximation
to the gradient covariance matrix, providing a unified interpretation of several structured precondi-
tioners. Specifically, given the covariance matrix C = E[gg⊤], one seeks a Kronecker-factored SPD
approximation S = L⊗R by solving minL,R BF (C,L⊗R).

Different generating functions F induce different stationary conditions, and thus derive different
bilateral preconditioners. Table 1 summarizes the main cases considered in this paper.

Table 1: Bregman-divergence view of bilateral Kronecker preconditioners.

Method F (M) Divergence Stationary conditions

KL-Shampoo −1
2 log detM LogDet / KL L∗ = 1

nE[G(R∗)−1G⊤], R∗ = 1
mE[G⊤(L∗)−1G]

VN-Shampoo Tr(M logM −M) von Neumann L∗ = 1
Tr(R∗)E[GG⊤], R∗ = 1

Tr(L∗)E[G
⊤G]

F-Shampoo 1
2Tr(M

⊤M) Frobenius L∗ = 1
Tr((R∗)2)E[GR∗G⊤], R∗ = 1

Tr((L∗)2)E[G
⊤L∗G]

Next, we will interpret the different bilateral preconditioners obtained with different divergences
from three new perspectives.

3.1. Unavoidable Approximation Error

While these optimizers admit a unified Bregman-divergence view, approximating a dense covariance
matrix by two low-dimensional factors generally cannot achieve zero divergence, and hence cannot
yield perfect spectral matching, which is formalized by the following proposition.

Proposition 1 (Strict Positivity of Kronecker Approximation Error) Let C ∈ Smn
++ be a SPD

matrix drawn from a distribution that is absolutely continuous with respect to the Lebesgue measure
on Smn. Let M = {L ⊗ R | L ∈ Sm++, R ∈ Sn++} denote the manifold of Kronecker-factored
matrices. Then, C /∈ M almost surely (a.s.). Consequently, for any Bregman matrix divergence BF ,
the minimum approximation error remains strictly positive: infL,R BF (C,L⊗R) > 0 a.s..

Given that these Kronecker products cannot perfectly approximate the covariance matrix E[gg⊤],
how do these divergences actually differ in matrix approximation? The following subsection shows
the spectral preferences of different divergences.

3.2. Spectral Preferences of Matrix Divergences

According to Proposition 1, exact spectrum matching is impossible for a general dense covariance ma-
trix, since C /∈ M. Therefore, different divergences differ not only in the value of the approximation
error, but also in how this error is distributed across the spectrum.

To characterize this effect, let A = UΛU⊤, B = V ΩV ⊤ with eigenvalues {λi}di=1 and {ωj}dj=1,
and define the eigenspace alignment matrix Pij := ⟨ui, vj⟩2. For any spectral generating function F ,
the corresponding Bregman divergence admits the decomposition

BF (A,B) = Ψ(Λ) + Φ(Ω) +
∑
i,j

gF (λi, ωj)Pij ,
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where the first two terms depend only on marginal spectra, while gF controls the penalty on cross-
spectral mismatch. The proof is given in Appendix B.2. For the divergences studied in this paper,
gFrob = −λiωj , gvN = −λi logωj , and gLogDet = λi/ωj . Thus, Frobenius emphasizes large-
eigenvalue components, von Neumann retains this preference but weakens it logarithmically, and
LogDet is more sensitive to small-eigenvalue components. Table 2 summarizes the differences.

Table 2: Spectral preferences of matrix divergences.

Divergence Coupling term gF Error sensitivity Approximation priority

Frobenius −λiωj absolute, bilinear magnitude strongest emphasis on top spectrum
von Neumann −λi logωj log-damped magnitude soft preference for top spectrum
LogDet λi/ωj relative ratio distortion broad spectrum, including small-eigenvalue directions

3.3. Stationary Conditions Align with the Spectral Preferences

In this subsection, we show that the bilateral optimizers induced by the stationary conditions of
different divergences align with the spectral preferences in Section 3.2.

Theorem 2 (Divergence-induced geometric bias on the Kronecker manifold) Let C be a target
SPD matrix, and let M denote the manifold of Kronecker-factored SPD matrices. Suppose (L∗, R∗)
is a stationary point of minL,R BF (C,L⊗R), and let S∗ := L∗⊗R∗ ∈ M. Then, for every feasible
first-order perturbation in the tangent space of M at S∗, i.e., H ∈ TS∗M,

DSBF (C, S)[H]|S=S∗ =
〈
∇2F (S∗)[S∗ − C], H

〉
= 0,

where ⟨A,B⟩ := Tr(A⊤B). Consequently, we have ∇2F (S∗)[S∗ − C] ⊥ TS∗M.

Theorem 2 shows that a stationary Kronecker approximation is determined not by the raw residual
S∗ − C, but by the divergence-weighted residual ∇2F (S∗)[S∗ − C]. Hence, different generating
functions generate different local error geometries, and the resulting Kronecker factors align with the
corresponding spectral preferences given in Section 3.2, as stated in the following corollary.

Corollary 3 Consider the problem of minimizing BF (C,L⊗R) over Kronecker factors L and R,
where C ∈ Smn

++. Let (L∗, R∗) be a stationary point and set S∗ = L∗ ⊗R∗. If the divergence gener-
ated by F induces a specific spectral weighting on the approximation error, then S∗ is stationary with
respect to that weighted geometry. Consequently, different choices of F yield stationary Kronecker
factors governed by different weighted geometries, leading to different spectral preferences.

This is reflected directly in the stationary conditions. Frobenius yields bilinear terms such as GR∗G⊤

and G⊤L∗G, which emphasize dominant subspaces. LogDet yields inverse-weighted terms such as
G(R∗)−1G⊤ and G⊤(L∗)−1G, which increase sensitivity to small eigenvalues. The von Neumann
case is intermediate: it favors dominant directions through trace-normalized moment matching, but
avoids the inverse weighting of LogDet. Thus, the stationary equations directly show the spectral
preferences of the underlying divergences.

4. On the Covariance and Hessian Matrix

The empirical Fisher, gradient covariance, true Hessian, and exact FIM are generally different [5, 10,
16]. However, prior work shows that the top eigenspaces of the gradient covariance and Hessian can
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still exhibit strong alignment [20, 25, 26]. This suggests that the top spectrum of covariance may
contain useful curvature information, even when the full spectrum is unreliable.

We verify this by measuring Hessian–covariance eigenspace alignment on a small Transformer
trained on SST-2-1k [15]. The results are reported in Table 3; details are given in Appendix C.

Table 3: Hessian–covariance eigenspace alignment on Q/K/V projection blocks.

Metric Step 100 Step 1000

Q K V Q K V

Overlap@5 0.825 0.763 0.896 0.804 0.748 0.855
BandOverlap@180-200 0.091 0.102 0.098 0.097 0.105 0.103

5. Combining Bregman Divergence and Covariance Reliability: New Optimizers

Sections 3 and 4 highlight two observations. First, Kronecker factors cannot perfectly match a dense
covariance spectrum, with residuals distributed differently across Bregman divergences. Second, the
top covariance eigenspace aligns better with the Hessian, making bottom components unreliable.
Prior work also showed that full-covariance preconditioning can perform poorly [10, 16]. Motivated
by these observations, we propose a subspace-aware Kronecker preconditioner. The method chooses
Kronecker factors via a top-sensitive divergence, such as the von Neumann or Frobenius divergence,
applies eigenvalue-based scaling only in the top eigenspace and employs an adaptive isotropic
acceleration constant in the bottom subspace. This design uses the reliable top spectral information
while avoiding using the noisy bottom space directions.

The full procedure of BregTop is given in Algorithms 1 and 2. Algorithm 1 maintains divergence-
specific Kronecker factors and their eigenspaces, where STATS returns the factor updates (∆L,∆R)
induced by the chosen Bregman divergence. Algorithm 2 then applies the proposed subspace precon-
ditioning rule. The explicit forms of (∆L,∆R) for different divergences are given in Appendix B.3.

Algorithm 1: Unified subspace-aware optimizer

Require: G,M, γ, β1, β2, T, ρ, q, c
1: M ← (1− β1)G+ β1M
2: (∆L,∆R)← STATS(G,UL, UR, λL, λR)
3: L← (1−β2)∆L+β2L, R← (1−β2)∆R+β2R
4: λL ← (1− β2)diag(U

⊤
L ∆LUL) + β2λL

5: λR ← (1− β2)diag(U
⊤
R∆RUR) + β2λR

6: if iter mod T = 0 then
7: UL ← qr(LUL), UR ← qr(RUR)
8: end if
9: M̂ ← KRONPRECOND(UL, UR, λL, λR,M, ρ, q, c)

10: θ ← θ − γ vec(M̂)

Algorithm 2: Kronecker-based preconditioning

Require: UL, UR, λL, λR,M, ρ, q, c
1: M̃ ← U⊤

L MUR, S ← λLλ
⊤
R , K ← ⌈ρmn⌉

2: Ωρ ← indices of the top-K entries of S
3: Bρ ← {(i, j) : (i, j) /∈ Ωρ}
4: χρ,q ← c ·Quantileq{S

−1/2
ij : (i, j) ∈ Bρ}

5: for each (i, j) do

6: Wij ←

{
S

−1/2
ij , (i, j) ∈ Ωρ,

χρ,q, (i, j) ∈ Bρ
7: end for
8: M̃pre ← M̃ ⊙W , M̂ ← ULM̃preU

⊤
R

9: return M̂

In Algorithm 2, the retained set Ωρ contains the largest ⌈ρmn⌉ entries of the joint Kronecker
spectrum S = λLλ

⊤
R. The complementary set Bρ is treated isotropically using the adaptive constant

χρ,q, chosen as c times the q-quantile of {S−1/2
ij : (i, j) ∈ Bρ}. Thus, the top subspace uses

eigenvalue-based scaling, while the bottom subspace uses a uniform accelerating scale.
The following theorem formalizes the decomposition implemented by Algorithm 2: it applies

eigenvalue-based damping in the top subspace and a uniform acceleration in the bottom subspace.
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Theorem 4 (Equivalent decomposition of the preconditioner) Let L = ULΛLU
⊤
L and R =

URΛRU
⊤
R , and define S = λLλ

⊤
R. For a retained ratio ρ ∈ (0, 1], let Ωρ contain the indices

of the largest K = ⌈ρmn⌉ entries of S, and let E be its indicator matrix. Define Pρ
top(M) :=

UL

(
(U⊤

L MUR)⊙ E
)
U⊤
R . Then Algorithm 2 returns

M̂ = UL

(
(U⊤

L MUR)⊙ E ⊙ S−1/2
)
U⊤
R + χρ,q

(
M − Pρ

top(M)
)
.

Thus, the top Kronecker eigenspace is scaled by its eigenvalue-based inverse curvature, while the
orthogonal bottom space is scaled by the adaptive acceleration constant χρ,q given in Algorithm 2.

Remark 5 While Song et al. [15] showed that learning primarily occurs in the Hessian’s non-
dominant (bottom) subspace, our work studies the spectral alignment between the Hessian and its
Kronecker covariance approximation. The optimizer design is consistent with the training dynamics
observed in [15]: preconditioning in the top subspace dampens noisy updates along high-curvature
directions, while isotropic acceleration in the bottom subspace preserves the standard gradient flow,
which is necessary for the learning progress.

6. Experiments

We compare Shampoo, KL-Shampoo, VN-Shampoo, F-Shampoo, and BregTop on full SST-2. The
model is a 4-layer Transformer with hidden dimension 128 and 8 attention heads. For all methods,
Adam is used for the embedding, bias, normalization, and classification-head parameters, while
the Shampoo-type optimizer is applied to the remaining matrix weights. More details are given
in Appendix D. BregTop-VN and BregTop-F use the algorithm in Section 5 with VN/F-induced
Kronecker factors, respectively. We report the number of steps required for the EMA-smoothed
training loss to fall below 0.05 with EMA 0.98. No weight decay is used.

Table 4: Steps to EMA-smoothed train loss < 0.05 on full SST-2.

Shampoo KL VN-v1 VN-v2 F-v1 F-v2 B-VN-v1 B-VN-v2 B-F-v1 B-F-v2

Steps 1119 1092 1141 1127 1598 1602 1018 1003 1084 1059

BregTop-VN-v2 reaches the target loss fastest. The BregTop variants improve over their corre-
sponding VN/F baselines, supporting the benefit of our algorithm.

7. Conclusion

We studied Bregman-induced Kronecker preconditioning under unavoidable covariance approxima-
tion error. Our analysis shows that different divergences impose different spectral preferences, while
our empirical results suggest that only the top eigenspace is reliably aligned with the Hessian. Based
on this, we proposed a subspace-aware optimizer that trusts the top eigenspace and treats the bottom
space with adaptive isotropic scaling. Experiments show that this design improves the step efficiency.
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Appendix A. Related Work

Matrix-Based Optimizers. Element-wise optimizers, such as Adam [9, 12], have long dominated
large-scale neural network training, but they ignore the natural matrix structure of gradients. This
limitation has motivated a growing line of work on matrix-based optimizers, including bilaterally
preconditioned methods such as K-FAC [13], Shampoo [4], SOAP [17], and FISMO [23], as well as
one-sided optimizers such as Muon [6, 8], ASGO [1], and SSO [22]. These methods have shown
strong empirical performance and increasing practical relevance in large-scale training.

Anisotropic Training Dynamics. A growing body of work has shown that the loss landscape of
neural networks is highly anisotropic and ill-conditioned. In particular, the Hessian spectrum typically
consists of a small number of large eigenvalues forming a dominant top subspace, while the vast
majority of eigenvalues are close to zero and form a low-curvature bulk subspace [18, 19]. Although
a substantial part of the gradient energy lies in the dominant eigendirections, these components often
exhibit strong oscillation and may slow down optimization [5, 15]. In contrast, some low-curvature
directions can be important for sustained progress, but their curvature estimates are often noisy
and require careful stabilization. Motivated by this observation, several recent optimizers have
explicitly adopted a top-space damping and tiny-subspace acceleration design to improve training
efficiency [24, 25].

Understanding Structured Preconditioners. While Shampoo [4] and its variants have achieved
remarkable empirical success [7], a recent line of work aims to theoretically explain their effectiveness.
In particular, [3, 14, 21] interpret Shampoo-like preconditioners through the lens of Kronecker-
product approximations L⊗R to the gradient covariance matrix E[gg⊤], typically evaluated under
the Frobenius norm. More recently, Lin et al. [11] have further generalized this perspective by
studying these preconditioners through the framework of matrix divergences. This view shows that
different bilateral Shampoo variants can be interpreted as minimizing different Bregman divergences
between the dense covariance matrix and its Kronecker approximation. It therefore provides a unified
language for comparing Frobenius-, von Neumann-, and LogDet/KL-induced preconditioners.

Appendix B. Proofs and Additional Details

B.1. Proof of Proposition 1

The dimension of the ambient space Smn
++ is mn(mn+1)

2 − 1 = O(m2n2). The Kronecker manifold
M is parameterized by L and R, yielding at most m(m+1)

2 + n(n+1)
2 = O(m2 + n2) degrees of

freedom. Because dim(M) ≪ dim(Smn
++), M is a strictly lower-dimensional submanifold, which

has Lebesgue measure zero in Smn
++.

Since C admits a density with respect to the Lebesgue measure, we have P(C ∈ M) = 0,
so C /∈ M almost surely. For the Bregman divergences considered in this paper, BF (C, S) → 0
implies S → C. Since the Kronecker-factored SPD family is closed under positive-definite limits,
infL,R BF (C,L⊗R) = 0 would imply C ∈ M, which contradicts C /∈ M almost surely. Therefore,
we can derive

inf
L,R

BF (C,L⊗R) > 0 a.s..
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B.2. Proof of Section 3.2

By the definition of the Bregman matrix divergence generated by a strictly convex, differentiable
function F , we have:

BF (A,B) = F (A)− F (B)− Tr
(
∇F (B)(A−B)

)
.

For a spectral generating function F (M) =
∑

k f(λk(M)) = Tr(f(M)), its matrix gradient is com-
puted directly via the scalar derivative applied to its eigenvalues: ∇F (M) = f ′(M). Consequently,
given the spectral decomposition B = V ΩV ⊤, the gradient can be written as ∇F (B) = V f ′(Ω)V ⊤.
Using the linearity of the trace, we can expand the cross-term:

Tr
(
∇F (B)(A−B)

)
= Tr

(
∇F (B)A

)
− Tr

(
∇F (B)B

)
.

The second term depends only on the spectrum of B:

Tr
(
∇F (B)B

)
= Tr

(
V f ′(Ω)V ⊤V ΩV ⊤) = Tr

(
f ′(Ω)Ω

)
=

d∑
j=1

f ′(ωj)ωj .

For the cross-trace term Tr(∇F (B)A), we substitute A = UΛU⊤ and apply the cyclic property
of the trace:

Tr
(
∇F (B)A

)
= Tr

(
V f ′(Ω)V ⊤UΛU⊤) = Tr

(
f ′(Ω)V ⊤UΛU⊤V

)
.

Let Q = U⊤V represent the orthogonal transition matrix between the eigenspaces of A and B. By
definition, squaring its entries gives the eigenspace alignment matrix P , such that Pij = Q2

ij =

⟨ui, vj⟩2. Thus, the cross-trace becomes:

Tr
(
∇F (B)A

)
= Tr

(
f ′(Ω)Q⊤ΛQ

)
=

d∑
i=1

d∑
j=1

f ′(ωj)λiQ
2
ij =

d∑
i=1

d∑
j=1

f ′(ωj)λiPij .

Substituting these decoupled components back into the Bregman divergence definition, we obtain:

BF (A,B) = F (A)− F (B) + Tr
(
∇F (B)B

)
− Tr

(
∇F (B)A

)
.

We can now clearly see the three distinct parts of the decomposition:

Ψ(Λ) = F (A) =

d∑
i=1

f(λi), Φ(Ω) = Tr
(
∇F (B)B

)
− F (B) =

d∑
j=1

(
f ′(ωj)ωj − f(ωj)

)
,

d∑
i=1

d∑
j=1

gF (λi, ωj)Pij = −Tr
(
∇F (B)A

)
=⇒ gF (λi, ωj) = −λif

′(ωj).

For the three divergences considered in this paper, the coupling terms are:
Frobenius Divergence: Let F (M) = 1

2Tr(M
2) =⇒ f(x) = 1

2x
2, yielding f ′(x) = x.

gFrob(λi, ωj) = −λi(ωj) = −λiωj .

10
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von Neumann Divergence: Let F (M) = Tr(M logM − M) =⇒ f(x) = x log x − x,
yielding f ′(x) = log x.

gvN(λi, ωj) = −λi(logωj) = −λi logωj .

Log-Determinant Divergence2: Let F (M) = − log detM = −Tr(logM) =⇒ f(x) =
− log x, yielding f ′(x) = −1/x.

gLogDet(λi, ωj) = −λi

(
− 1

ωj

)
=

λi

ωj
.

This completes the proof.

Remark 6 The function gF serves as the “exchange rate” for approximation errors. By analyzing
gF , we can derive the spectral bias of each divergence:

• Absolute-error emphasis (Frobenius and von Neumann). In both BFrob and BvN, the cross-
spectral term is weighted by the target eigenvalue λi, either linearly through λiωj or through
λi logωj . As a result, mismatches of small eigenvalues contribute relatively little to the
divergence, while errors on large eigenvalue components are penalized more strongly. There-
fore, these divergences are biased toward the top spectrum: when approximation error is
unavoidable, they are more likely to fit the dominant eigenspace.

• Relative-error emphasis (Log-Determinant). For BLogDet, the coupling term is λi/ωj . The
penalty depends on relative scale rather than only on absolute magnitude. As a result, small
eigenvalue components are not ignored, and the divergence puts more weight on preserving
relative spectral accuracy across the whole spectrum.

B.3. BregTop Algorithmic Details

The statistics (∆L,∆R) = STATS(G,UL, UR, λL, λR) in Algorithm 1 are given as follows. These
updates follow the divergence-induced Kronecker statistics derived in [11]:

(∆L,∆R) :=



(
GG⊤, G⊤G

)
(Original)(

GG⊤/Tr(R), G⊤G/Tr(L)
)

(VN-v1)(
GG⊤/

n∑
i=1

λR,i, G
⊤G/

m∑
i=1

λL,i

)
(VN-v2)(

GRG⊤/Tr(R2), G⊤LG/Tr(L2)
)

(F-v1)(
GURDiag(λR)U

⊤
RG⊤/

n∑
i=1

λ2
R,i, G

⊤ULDiag(λL)U
⊤
L G/

m∑
i=1

λ2
L,i

)
(F-v2)

2. Up to an irrelevant positive scaling constant, we take F (M) = − log detM for the LogDet case.
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B.4. Proof of Theorem 2

Define the reduced objective

ϕ(L,R) := BF (C,L⊗R).

Stationarity of (L∗, R∗) implies that, for any feasible perturbation (∆L,∆R), the first-order direc-
tional derivative of ϕ is zero:

Dϕ(L∗, R∗)[∆L,∆R] = 0 ∀∆L ∈ Sm, ∆R ∈ Sn.

We first characterize the tangent space of M at S∗ = L∗ ⊗R∗. Consider the smooth curve

S(t) := (L∗ + t∆L)⊗ (R∗ + t∆R).

Then
d

dt
S(t)

∣∣∣
t=0

= ∆L⊗R∗ + L∗ ⊗∆R.

Hence, the tangent space is

TS∗M = {∆L⊗R∗ + L∗ ⊗∆R : ∆L ∈ Sm, ∆R ∈ Sn} .

Next, by the chain rule,

Dϕ(L∗, R∗)[∆L,∆R] = DSBF (C, S
∗)
[
∆L⊗R∗ + L∗ ⊗∆R

]
.

Since the left-hand side is zero for all (∆L,∆R), we obtain

DSBF (C, S
∗)[H] = 0 ∀H ∈ TS∗M.

We differentiate the Bregman divergence with respect to its second argument. From the definition,

BF (C, S) = F (C)− F (S)− ⟨∇F (S), C − S⟩.

Fix any direction H ∈ Smn. Using Fréchet differentiation, we derive

DSBF (C, S)[H] = −⟨∇F (S), H⟩ −
(
⟨∇2F (S)[H], C − S⟩ − ⟨∇F (S), H⟩

)
.

The two first-order terms cancel, yielding

DSBF (C, S)[H] = ⟨∇2F (S)[H], S − C⟩.

Using the self-adjointness of ∇2F (S) under the Frobenius inner product, we equivalently write

DSBF (C, S)[H] = ⟨∇2F (S)[S − C], H⟩.

Evaluating at S = S∗ gives

DSBF (C, S
∗)[H] =

〈
∇2F (S∗)[S∗ − C], H

〉
.

Combining all the proof above, for every H ∈ TS∗M we have〈
∇2F (S∗)[S∗ − C], H

〉
= 0,

which is exactly

∇2F (S∗)[S∗ − C] ⊥ TS∗M.

Thus the divergence-weighted error is orthogonal to all feasible first-order directions on the Kronecker
manifold. This completes the proof.

12



RETHINKING BREGMAN DIVERGENCES IN KRONECKER-FACTORED OPTIMIZERS

B.5. Proof of Theorem 4

Let M ∈ Rm×n be the input momentum matrix. Let UL ∈ Rm×m and UR ∈ Rn×n be the orthogonal
matrices from the eigendecomposition, satisfying ULU

⊤
L = Im and URU

⊤
R = In. Let S ∈ Rm×n be

the eigenvalue matrix where Si,j = λ
(L)
i λ

(R)
j .

Algorithm 2 rotates M into the Kronecker eigenspace to obtain M̃ = U⊤
L MUR. We define the

top eigenspace set as Ωρ, the indices of the largest K = ⌈ρmn⌉ entries of S. Let E ∈ {0, 1}m×n be
the indicator matrix for the top space, where Ei,j = 1 if (i, j) ∈ Ωρ, and 0 otherwise. Consequently,
the indicator matrix for the orthogonal bottom space is E⊥ = 1− E, where 1 is the matrix of all
ones.

By construction, the scaling matrix W decomposes as

W = (S− 1
2 ⊙ E) + (χρ,q1⊙ E⊥).

Since 1⊙ E⊥ = E⊥ = 1− E, we have:

W = (S− 1
2 ⊙ E) + χρ,q(1− E).

The final output of the algorithm M̂ , is computed by applying the mask and rotating back:

M̂ = UL(M̃ ⊙W )U⊤
R

Substituting the decomposed W into the equation and utilizing the distributive property of the
Hadamard product:

M̂ = UL

(
M̃ ⊙

[
(S− 1

2 ⊙ E) + χρ,q1− χρ,qE
])

U⊤
R

M̂ = UL

(
M̃ ⊙ (S− 1

2 ⊙ E)
)
U⊤
R + UL(χρ,qM̃ ⊙ 1)U⊤

R − UL(χρ,qM̃ ⊙ E)U⊤
R

Notice that M̃ ⊙ 1 = M̃ . The second term can be simplified by the orthogonality of UL and UR:

UL(χρ,qM̃)U⊤
R = χρ,qUL(U

⊤
L MUR)U

⊤
R = χρ,q(ULU

⊤
L )M(URU

⊤
R ) = χρ,qImMIn = χρ,qM

By rearranging the terms, we obtain:

M̂ = UL

(
M̃ ⊙ (S− 1

2 ⊙ E)
)
U⊤
R + χρ,qM − χρ,qUL(M̃ ⊙ E)U⊤

R .

We now verify that Pρ
top(M) := UL(M̃ ⊙ E)U⊤

R is an exact orthogonal projection of M onto
the top eigenspace.

Although the retained index set Ωρ typically forms a staircase shape rather than a rectangle, the
orthogonal projection property holds for any arbitrary subset. For notational convenience and without
loss of generality, we assume E isolates a top-left b× c block:

M̃ ⊙ E =

[
M̃b×c 0
0 0

]
.
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Write UL = [ŨL UL⊥] and UR = [ŨR UR⊥], where ŨL ∈ Rm×b and ŨR ∈ Rn×c contain the
retained eigenvectors. Then block multiplication gives

UL

[
M̃b×c 0
0 0

]
U⊤
R = [ŨL UL⊥]

[
M̃b×c 0
0 0

] [
ŨR UR⊥

]⊤
= [ŨLM̃b×c 0]

[
ŨR UR⊥

]⊤
= ŨLM̃b×cŨ

⊤
R .

Substituting the projection M̃b×c = Ũ⊤
L MŨR into the expression yields:

Pρ
top(M) = (ŨLŨ

⊤
L )M(ŨRŨ

⊤
R ) = PLMPR,

where PL = ŨLŨ
⊤
L and PR = ŨRŨ

⊤
R are the orthogonal projectors onto the top subspaces of L and

R, respectively. By the properties of the Kronecker product, this is equivalent to:

vec(Pρ
top(M)) = (PR ⊗ PL)vec(M).

Since the Kronecker product of two orthogonal projectors is itself an orthogonal projector, this
confirms that UL(M̃ ⊙E)U⊤

R is the exact orthogonal projection of M onto the subspace spanned by

the top bc eigenvectors of L⊗R. Consequently, the term UL

(
(M̃ ⊙ E)⊙ S− 1

2

)
U⊤
R represents the

preconditioned momentum where each eigen-component within this top subspace is scaled by the
inverse square root of its corresponding eigenvalue.

By definition, the projection onto the orthogonal bottom space is Pbot(M) = M − Pρ
top(M).

M̂ = UL

(
(M̃ ⊙ E)⊙ S− 1

2

)
U⊤
R︸ ︷︷ ︸

Precise eigenvalue damping on top space

+ χρ,q

(
M − Pρ

top(M)
)︸ ︷︷ ︸

Uniform acceleration on bottom space

The expression explicitly demonstrates that the global masking operation is mathematically
identical to projecting the gradient onto the top eigenspace for precise damping, while independently
applying an adaptive uniform acceleration χρ,q to the remaining orthogonal bottom space.

Appendix C. Details of Hessian–Covariance Alignment Experiments

We follow the same setup used in prior Hessian studies [2, 15]. The model is a two-layer Transformer
with hidden dimension 64 and 8 attention heads, trained with SGD on the first 1000 samples of SST-2
dataset using the MSE loss. For each checkpoint, we evaluate the Q/K/V matrices of the second
Transformer layer.

For each selected block, we collect N = 200 mini-batch gradients and form the empirical
second-moment matrix C = N−1

∑N
b=1 gbg

⊤
b , where gb is the batch-averaged gradient vector of

the corresponding Q/K/V block. We compute the top covariance eigenspace from the SVD of the
stacked gradient matrix, without explicitly forming C.

The Hessian block is computed with respect to the same Q/K/V parameter block. We use
Hessian-vector products and the Lanczos routine to obtain the top Hessian eigenvectors. The Hessian
loss is evaluated on the same SST-2 subset. We report the top-space alignment(

Overlap@5 = ∥(U1:5
H )⊤U1:5

C ∥2F /5
)1/2

,
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where U1:5
H and U1:5

C denote the top-5 Hessian and covariance eigenspaces, respectively. To probe
lower-spectrum covariance directions, we also compute the spectral-band overlap(

∥(U180:200
H )⊤U180:200

C ∥2F /21
)1/2

.

Appendix D. Additional Details for the SST-2 Optimization Experiment

Task and model. We conduct the optimization-speed comparison on the full SST-2 training set.
The model is a randomly initialized Transformer with 4 layers, hidden dimension 128, and 8 attention
heads, containing approximately 4.7M parameters. The classifier is trained with mean-squared error
loss on one-hot class targets, following [2, 15].

Parameter grouping. For all Shampoo-type methods, we use the same parameter grouping. The
embedding layer, bias terms, normalization parameters, and classification head are optimized by
Adam. The remaining matrix weights in the are optimized by the corresponding Shampoo-type
optimizer. No weight decay is used.

Selected hyperparameters. All methods use batch size 128, learning rate 10−3 for both the matrix
optimizer and the Adam group. For BregTop-VN, we use ρ = 0.06, c = 3.0, and q = 0.01. For
BregTop-F, we use ρ = 0.05, c = 1.6, and q = 0.01. These values are used for both the v1 and v2
variants of the corresponding BregTop optimizer. For the remaining hyperparameters, such as β1 and
β2, we follow [11].

Evaluation metric. We compare optimization speed by measuring the number of steps required
for the EMA-smoothed training loss to fall below 0.05. The EMA coefficient is set to 0.98.
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