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Abstract

We generalize the notion of average Lipschitz smoothness proposed by Ashlagi
et al. [2021] by extending it to Holder smoothness. This measure of the “effective
smoothness” of a function is sensitive to the underlying distribution and can be
dramatically smaller than its classic “worst-case” Holder constant. We consider
both the realizable and the agnostic (noisy) regression settings, proving upper and
lower risk bounds in terms of the average Holder smoothness; these rates improve
upon both previously known rates even in the special case of average Lipschitz
smoothness. Moreover, our lower bound is tight in the realizable setting up to
log factors, thus we establish the minimax rate. From an algorithmic perspective,
since our notion of average smoothness is defined with respect to the unknown
underlying distribution, the learner does not have an explicit representation of
the function class, hence is unable to execute ERM. Nevertheless, we provide
distinct learning algorithms that achieve both (nearly) optimal learning rates. Our
results hold in any totally bounded metric space, and are stated in terms of its
intrinsic geometry. Overall, our results show that the classic worst-case notion of
Holder smoothness can be essentially replaced by its average, yielding considerably
sharper guarantees.

1 Introduction

A fundamental theme throughout learning theory and statistics is that “smooth” functions ought to be
easier to learn than “rough” ones — an intuition that has been formalized and rigorously established
in various frameworks [Gyorfi et al., 2002, Tsybakov, 2008, Giné and Nickl, 2021]. Holder continuity
is a natural and well-studied notion of smoothness that measures the extent to which nearby points
can differ in function value and includes Lipschitz continuity as an important special case.

These global moduli of smoothness, while convenient for theoretical analysis, suffer from the short-
coming of being overly pessimistic. Indeed, being distribution-independent, they fail to distinguish
a function that is highly oscillatory everywhere from one that is smooth over most of the probabil-
ity mass; see Figure 1 for a simple illustration. Moreover, classically studied classes of average
smoothness (e.g. Besov space) typically fix some distribution in advance (predominantly uniform),
and then turn to consider smooth functions with respect to that single distribution. Thus, from a
distribution-free statistical learning perspective — where the underlying distribution is assumed to be
unknown — such classes fall short.
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Figure 1: Illustration of a function and a measure p exhibiting a large gap between “worst-case’
smoothness (occurring in low density regions) and average-smoothness with respect to .

Seeking to address these drawbacks, Ashlagi et al. [2021] proposed a natural notion of average Lips-
chitz smoothness with respect to a distribution. Their average Lipschitz modulus can be considerably
(even infinitely) smaller than the standard Lipschitz constant, while still being able to control the
excess risk. However, the risk bounds obtained by Ashlagi et al. are far from optimal, while the
optimal rates for distribution-free learning of average smoothness classes remained unknown. In
particular, the cost of adapting to the smoothness with respect to the underlying distribution (in
contrast to using classic worst-case smoothness) remained unclear so far.

Our contributions. In this work, we generalize the aforementioned notion of average Lipschitz
smoothness by extending it to Holder smoothness of any exponent 8 € (0,1]. After formally
defining the average Holder smoothness of a function with respect to a distribution in Section 2.1,
our contributions can be summarized as follows:

* Bracketing numbers upper bound (Theorem 3.1). We establish a nearly-optimal distribution-free
bound on the bracketing entropy of our proposed average-smooth function class, serving as the
main crux on which we base our analyses throughout the paper. In particular, although it is known
that asymptotically empirical covering numbers yield sharper bounds than bracketing numbers,' in
the case of average smoothness we reveal that the latter are tight up to a logarithmic factor.

* Realizable sample complexity (Theorem 3.4). We derive a nearly-optimal sample complexity
required for uniform convergence of average-Holder functions in the realizable case, which was
not previously known even in the special case of average Lipschitz functions.

* Optimal realizable learning algorithm (Theorem 4.1). Since our notion of average smoothness
is defined with respect to the unknown sampling distribution, the learner does not have an explicit
representation of the function class, and hence is unable to execute ERM.> We are able to overcome
this obstacle by constructing a realizable nonparametric regression algorithm with a nearly-optimal
learning rate. Such a rate was not previously known even in the special case of average Lipschitz
smoothness.

* Agnostic learning algorithm (Theorem 5.1). We provide yet another learning algorithm for the
fully agnostic (i.e. noisy) regression setting. Once again, our derived rate was not previously known
even in the special case of average Lipschitz smoothness.

* Matching lower bound (Theorem 6.1). We prove a lower bound, showing that all the results
mentioned above are tight up to logarithmic factors in the realizable case, establishing the (nearly)
minimax risk rate for average-smooth classes.

* Illustrative comparisons (Section 7). Finally, we illustrate the extent to which the proposed
smoothness notion is sharper than previously studied notions. We provide examples in which

"Uniform convergence of the L1 (D) distance between the upper and lower bracket functions implies that, in
the limit of sample size, the e-bracket functions are almost surely an empirical (1 + o(1))e-cover; see Section 2
for a reminder of relevant definitions.

*Indeed, the learner cannot know for sure whether any given non-classically Hélder function belongs to the
average-Holder class.



the “optimistic” average-Holder constant is infinitely apart from both its “pessimistic” worst-case
counterpart, or even the average-Lipschitz (8 = 1) constant, exemplifying the substantial (possibly
infinite) speed-ups in terms of learning rates.

1.1 Related work.

The sample complexities associated to distribution-free learning of (classic) Holder classes is well
covered in the literature, see for example the books by Gyorfi et al. [2002], Tsybakov [2008].

Previous notions of average smoothness include Bounded Variation (BV) [Appell et al., 2014] in
dimensions one and higher [Kuipers and Niederreiter, 1974, Niederreiter and Talay, 2006]. One-
dimensional BV has found learning-theoretic applications [Bartlett et al., 1997, Long, 2004, Anthony
and Bartlett, 1999], but to our knowledge the higher-dimensional variants have not. Moreover, the
positive results require  to be uniformly distributed on a segment, and the aforementioned results
break down for more general measures — especially if x4 is not known to the learner.

Sobolev spaces, and the Sobolev-Slobodetskii norm in particular [Agranovich, 2015], bear some
resemblance to our average Holder smoothness. However, Ashlagi et al. [2021, Appendix I] demon-
strate that from a learning-theoretic perspective this notion is inadequate for general (i.e., non-uniform
or Lebesgue) measures, as it cannot be used to control sample complexity. Results for controlling
bracketing in terms of various measures of average smoothness include Nickl and Potscher [2007],
who bound the bracketing numbers of Besov- and Sobolev-type classes and Malykhin [2010], who
used the averaged modulus of continuity developed by Sendov and Popov [1988]; again, these are
all defined under the Lebesgue measure. While it is easy to define these smoothness notions with
respect to arbitrary distributions, we are not aware of any existing work to bound their corresponding
sample complexity (or even their covering or bracketing numbers) in a distribution-independent
manner. Moreover, the smoothness notion studied in this paper is defined over arbitrary metric spaces,
whereas previous notions are typically restricted to Euclidean structures (or variants thereof). Despite
of the considerable generality of our setting, we are able to provide tight bounds for all metric spaces
alike, without requiring specialized analyses.

A seminal work on recovering functions with spatially inhomogeneous smoothness from noisy
samples is Donoho and Johnstone [1998]. Arguably in the spirit of y-dependent Holder smoothness,
some of the classic results on k-NN risk decay rates were refined by Chaudhuri and Dasgupta [2014]
via an analysis that captures the interplay between the metric and the sampling distribution. Another
related notion is that of Probabilistic Lipschitzness (PL) [Urner and Ben-David, 2013, Urner et al.,
2013, Kpotufe et al., 2015], which seeks to relax a hard Lipschitz condition on the regression function.
While PL is in the same spirit as our notion, one critical distinction from our work is that, while
existing analyses of learning under PL have focused specifically on binary classification, our interest
in the present work is learning real-valued functions.

As previously mentioned, the main feature setting this work apart from others studying regression
under average smoothness is that our notion is defined with respect to a general, unknown measure
1. The notable exception is, of course, Ashlagi et al. [2021] — who introduced the framework of
efficiently learning smooth-on-average functions with respect to an unknown distribution. Although
extending their definition from Lipschitz to Holder average smoothness was straightforward, optimal
minimax rates are likely inaccessible via their techniques, which relied on empirical covering numbers.
Estimating the magnitude of these random objects was a formidable challenge, and Ashlagi et al. were
only able to do so to within an additive error decaying with sample size; this sampling noise appears
to present an inherent obstruction to optimal rates. Thus, our results required a novel technique to
overcome this obstruction, which we did by tightly controlling the bracketing entropy. Our Holder-
type extension is a direct adaptation of the Pointwise Minimum Slope Extension (PMSE) developed
for the Lipschitz special case by Ashlagi et al., which in turn is closely related to the one introduced
by Oberman [2008].

2 Preliminaries.

Setting. Throughout the paper we consider functions f : 2 — [0, 1] where (€2, p) is a metric space.
We will consider a distribution D over  x [0, 1] with marginal p over 2, such that (€2, p, 1) forms a
metric probability space (namely, u is supported on the Borel o-algebra induced by p). We associate



to any measurable function f : Q — [0,1] its L; risk Lp(f) := E(x,y)~p |f(X) — Y], and its
empirical risk Lg(f) := 23" | |f(X;) — Y;| with respect to a sample S = (X;, ;)" ~ D".

More generally, we associate to any measurable function its Ly norm || f[|z, () := Ex~p | f(X)]s
and given a sample (X1,..., X,) ~ u™ we denote its L, norm with respect to the empirical measure

1Ly ) o= 5 2oimy [F (XD

We say that a distribution D over 2 x [0, 1] is realizable by a function class F C [0, 1]*? if there
exists an f* € F such that Lp(f*) = 0. Thus, f*(X) =Y almost surely, where (X,Y) ~ D.

Metric notions. The diameter of A C Q is diam(A) := sup, ,.c4 p(z,7), and we denote
by B(z,r) := {2’ € Q : p(z,2’) < r} the closed ball around z € € of radius » > 0. For
t>0, A, B C(, we say that A is a t-cover of B if B C |, 4 B(a,t), and define the t-covering
number N (t) to be the minimal cardinality of any ¢-cover of B. We say that A C B C Qisa
t-packing of B if p(a,a’) > tforalla # o' € A. We call V a t-net of B if it is a ¢-cover and a
t-packing. The induced Voronoi partition of B with respect to a net V' is its partitioning into subsets
sharing the same nearest neighbor in V' (with ties broken in some consistent arbitrary manner). A
metric space (€2, p) is said to be doubling if there exists d € N such that every r-ball in {2 is contained
in the union of some d r/2-balls. The doubling dimension is defined as ming>1 log, d where the
minimum is taken over d satisfying the doubling property.

Bracketing. Given any two functions [, u : 2 — [0, 1], we say that f : Q@ — [0, 1] belongs to the
bracket [I,u] if | < f < u. A set of brackets B is said to cover a function class F if any function
in F belongs to some bracket in 3. We say that [/, u] is a ¢-bracket with respect to a norm || - || if
lu —1]| <t. The t-bracketing number Njj(F, || - ||,t) is defined as the minimal cardinality of any
set of ¢-brackets that covers F. The logarithm of this quantity is called the bracketing entropy.

Remark 2.1 (Covering vs. bracketing). Having recalled two notions that quantify the “size” of a
normed function space (F,|| - ||) — namely, its covering and bracketing numbers — it is useful to
note they are related through

N]:(E)S./\/[](]:, ||H325)a (D

though no converse inequality of this sort holds in general. On the other hand, the main advantage of
using bracketing numbers for generalization bounds is that it suffices to bound the ambient bracketing
numbers with respect to the distribution-specific metric, as opposed to the empirical covering numbers
which are necessary to guarantee generalization [van der Vaart and Wellner, 1996, Section 2.1.1].

Strong and weak mean. For any non-negative random variable Z we define its weak mean by
W[Z] := sup,~o tPr[Z > t], and note that W[Z] < E[Z] by Markov’s inequality. In the special
case where Z has finite support of size N > 3 where each atom has mass 1/N we have the reverse
inequality E[Z] < 2log(N)W[Z] [Ashlagi et al., 2021, Lemma 22].

2.1 Average smoothness.

For 8 € (0,1]and f : Q — R, we define its -slope at © € 2 to be A?(w) '= SUDPyO) {2} %

Recall that f is called S-Holder continuous if || f|| gz = sup,eq A?(x) < o0, with this quantity
serving as its Holder seminorm. In particular, when 5 = 1 these are exactly the Lipschitz functions
equipped with the Lipschitz seminorm. For a metric probability space (€2, p, i), we consider the

average (-slope to be the mean of A/; (X) where X ~ p. Namely, we define

K?(,u) = EXN,U«[A?(X)] )

AT (1) == Wx o [AF(X)] = sup ¢ - j(x : A(z) > 1)

Notably,

Ny < K7 () < 1 g @)



where each subsequent pair can be infinitely apart — as we demonstrate in Section 7. Having defined
notions of averaged smoothness, we can further define their corresponding function spaces

HoL7 () := {f : Q= [0,1] ¢ [[fllume < L},
HB1, (2, 0) = {0 = 10,1] s Kj(w) < 1},

HOI (€, ) = { £ 2 [0,1)  Aj(u) < L}.

We occasionally omit ; when it is clear from context. Note that Holﬁ(ﬂ) C Hol, (Q,u) C

=B L .
Hol, (2, 1) due to Eq. (2), where both containments are strict in general. The special case of

B = 1 recovers the average-Lipschitz spaces Lip; () C Lip, (9, ) C Lip, (€, 1) studied by
Ashlagi et al. [2021].

3 Generalization bounds

Our first goal is to bound the bracketing entropy (namely, the logarithm of the bracketing number) of
average-Holder classes. We present this bound in full generality in terms of the underlying metric
space, as captured by its covering number (see Corollary 3.5 for the typical scaling of covering
numbers). As we will soon establish, this bound implies nearly-tight generalization guarantees in
terms of the average smoothness constant.

Theorem 3.1. For any metric probability space (2, p, ), any B € (0,1] and any 0 < € < L, it holds
R =8
log Ny (BT (€. ), L (1) 2) < log A (8l (2 ), La (1), 2)

<0 (i) ) e (22,

Crucially, the bound above does not depend on 1, allowing us to obtain distribution-free generalization
guarantees. We defer the proof of Theorem 3.1 to Appendix B.1. We start by showing that bounding
the bracketing entropy implies a generalization bound in the realizable case:

Proposition 3.2. Suppose (Q, p) is a metric space, F C [0,1]? is a function class, and let D be a
distribution over @ x [0, 1] which is realizable by F, with marginal i over Q. Then with probability
at least 1 — 6 over drawing a sample S ~ D™ it holds that for all f € F :

2051log N[y(F, L1 (p), a)) N 2051og(1/0)

Io(f) < 101Ls(7) + inf (a+ n

Remark 3.3 (Constant is arbitrary). In Proposition 3.2 and in what follows, the constant multiplying
Ls(f) is arbitrary, and can be replaced by (1 + ) for any v > 0 at the expense of multiplying the
remaining summands by y~1. In the next section we will provide a realizable regression algorithm
that returns an approximate empirical risk minimizer f for which Ls(f) = 0, thus this constant will
not matter for our purposes.

n

We prove Proposition 3.2 in Appendix B.2. By combining Theorem 3.1 with Proposition 3.2 and
setting o = £/2, we obtain the following realizable sample complexity result.

Theorem 3.4. For any metric space (2, p), any 8 € (0,1] and any 0 < € < L, let D be a distribution
over Q x [0, 1] realizable by ﬁ\'d/li(Q, ). Then there exists N = N(8,¢,0) € N satisfying

1/B
No ((256L1c€>g(1/5)) ) + log(1/0)

3

N=0

such that as long as n > N, with probability at least 1 — & over drawing a sample S ~ D" it holds

that for all f € I/-fgli(ﬂ,,u) :
Lp(f) <1.01Ls(f) +¢.

The same claim holds for the smaller class ﬁi (Q, ).



Corollary 3.5 (Doubling metrics). In most cases of interest, (2, p) is a doubling metric space of
some dimension d,® e.g. when §) is a subset of R (or more generally a d-dimensional Banach space).

For d-dimensional doubling spaces of finite diameter we have Ng(g) < (%)d [Gottlieb et al., 2016,
Lemma 2.1], which, plugged into Theorem 3.4, yields the simplified sample complexity bound

~ /8
N=0 (5(d+5)/ﬂ> ’

~ [ [4/(d+B)
Lp(f) < 101Ls(f)+ O (nﬁ/(d+ﬂ)> ’

or equivalently

up to a constant which depends (exponentially) on d, but is independent of L, n.

Remark 3.6 (Tightness). The bounds in Theorem 3.1 and Theorem 3.4 are both tight up to logarithmic
factors, as we will prove in Section 6.

4 Realizable learning algorithm

Recall that without knowing p, the underlying distribution over {2, we cannot know for sure whether
a function f belongs to @[Z(Q, 1) (except for the trivial case f € Hélg (€2)). This gives rise to the
challenge of designing a fully empirical algorithm — since standard empirical risk minimization is
not possible. To that end, we provide the following algorithmic result with optimal guarantees (up to
logarithmic factors).

Theorem 4.1. For any metric space (2, p), any 3 € (0,1] and any 0 < € < L, let D be a distribution

over Q x [0, 1] realizable by @i (Q, ). Then there exists a polynomial time learning algorithm A,
which, given a sample S ~ D™ of size n > N for some N = N(f,¢,8) € N satisfying

1/8
- Ne ((256L10g(1/6)> ) + log(1/6)
N - O ’
€

constructs a hypothesis f = A(S) such that Lp(f) < e with probability at least 1 — 4.
Remark 4.2 (Doubling metrics). As mentioned in Corollary 3.5, in most cases of interest we have
Na(e) < (%)d. In that case, the algorithm above has sample complexity

~ /8
N=0 (5(d+5)/ﬁ> ’

~ ([ LA4/(d+B)
Lp(f)=0 (nﬂ/(dJrﬂ)) ,

up to a constant which depends (exponentially) on d, but is independent of L, n.

or equivalently

Remark 4.3 (Computational complexity). The algorithm constructed in Theorem 4.1 involves a
one-time preprocessing step after which f(x) can be evaluated at any given x € Q in O(n?) time.
We note that the computation at inference time matches that of (classic) Lipschitz/Holder regression
(e.g. Gottlieb et al., 2017). Furthermore, the computational complexity of the preprocessing step is
similar to that in Ashlagi et al. [2021, Theorem 7] for the average Lipschitz case, where it is shown to
run in time O(n?). The complexity analysis of our prepossessing step is entirely analogous to theirs,
and we forgo repeating it here.

We will now outline the proof of Theorem 4.1, which appears in Appendix B.3. The key idea is to
analyze a natural fully-empirical quantity that will serve as an estimator of the true unknown average

*Namely, any ball of radius r > 0 can be covered by 2¢ balls of radius r /2.



smoothness. To that end, given a sample S = (X;,Y;)"_; ~ D" and a function f : Q — [0,1],
consider the following quantity which can be established directly from the data:

X 1 ¢ |f(X3) = £(X))]
A =2 sup e L7 AL A o
f n i:ZlngéXi P(XivXj)ﬁ

Namely, this is the empirical average smoothness with respect to the sampled points. It would suit
us well if the empirical average smoothness of a function did not greatly exceed its true average
smoothness, with high probability. The fact something like this turns out to be true is somewhat
surprising and may be of independent interest:

Proposition B.1. (Informal) Let f* : Q0 — [0, 1]. Then with high probability A7}. < Kﬁ* .
The proposition above implies that restricting to the sample, and letting f(X ;) := Y} yields a function
over {X1,..., X, } which is empirically average-smooth over the sample (with high probability).

We then turn to show that any such function can be approximately extended to the whole space, in a
way that guarantees its average smoothness with respect to the underlying distribution.

Proposition B.3. (Informal) Let | : {X1,...,Xn} — [0,1] where (X))~ ~ u™ Then itis

possible to construct f : Q — [0, 1] such that with high probability f(X;) = f(X;) forall i € [N],
7ﬂ ~

and Ay (p) S A?.

We will now sketch the procedure described in Proposition B.3, which serves as the main challenge in
proving Theorem 4.1. Roughly speaking, the algorithm sorts the sampled points with respect to their
relative slope to one another. Then, it discards a fraction of the sampled points with largest relative
slope, which can be thought of as “outliers”. Then, the algorithm proceeds to extend the function in a
smooth fashion among the remaining “well-behaved” samples. A careful probabilistic analysis shows
that disregarding just the right amount of samples induces small error, while being average-smooth
with high probability.

Overall this procedure yields a function f : € — [0, 1] which is an approximate empirical-minimizer

(since f(X;) = f(X;) =Y;), while guaranteed to be averagely-smooth with respect to the unknown
distribution. Thus we can apply the uniform convergence of Theorem 3.4, proving Theorem 4.1.

S Agnostic learning algorithm

Noticeably, up to this point, both the uniform convergence result we derived (Theorem 3.4) as well as
the algorithmic result (Theorem 4.1) are tailored for the realizable regression setting. Inspired by a
recent result of Hopkins et al. [2022] that showed a reduction from agnostic learning to realizable
learning, we provide an algorithm for agnostic (i.e. noisy) regression of average-smooth functions.
It is worth noting that the following algorithm does not require any prior assumption on the noise
model, unlike many nonparametric regression methods, due to our distribution free analysis.

Theorem 5.1. There exists a learning algorithm A such that for any metric space (82, p), any
B € (0,1], 0 < € < L, and any distribution D over §) x [0, 1], given a sample S ~ D™ of size
n > N for some N = N (S, ¢, ) satisfying

R 1/B
~ No (Wg(l/s)) + log(1/6)
N=0

£2

the algorithm constructs a hypothesis f = A(S) such that Lp(f) < inff*e@ﬁ(sz,u) Lp(f*)+e
with probability at least 1 — 0.

Remark 5.2 (Doubling metrics). As mentioned in Corollary 3.5, in most cases of interest we have
NMa(e) £ (é)d. In that case, the algorithm above has sample complexity

~ La/8
N=0 (g(d+26)/ﬂ> ’



or equivalently
p(f) = in D i
£+ €HBLL (Q,1) nB/(d+28)

up to a constant which depends (exponentially) on d, but is independent of L, n.

Though our agnostic algorithm is similar in spirit to that obtained by the reduction of Hopkins
et al. [2022], our analysis is self-contained and crucially relies on the bracketing bound given by
Theorem 3.1, as well as analyzing the empirical smoothness estimator as provided by Proposition B.1.
We also note that unlike our algorithm for realizable learning, the agnostic algorithm is not computa-
tionally efficient. This seems to be inherent for such reductions, and we do not know whether this
blow-up in running time can be avoided or not.

We will now describe the proof of Theorem 5.1 which appears in Appendix B.4. Given a sample
S of size n, consider dividing it into two sub-samples S; U Sy = S of size n/2 each. We first use
S in order to construct an empirical e-net hy,... Ay : S; — [0, 1], namely a set of functions
which are sufficiently empirically smooth over the sample, yet far away enough from one another
when averaged over the sample. Recalling that bracketing numbers upper bound covering numbers
(Eq. (1)), and since Theorem 3.1 holds true for every measure (in particular for the empirical
measure), we can bound log N < N ((e/L)*/?). Moreover, using Proposition B.1 we know that

f* :=argmin Lp(f) is likely to be O(L) average-smooth over Si, so there must exist

FEMBI] (2,11)
some h; with ¢ excess empirical loss (since f* is in the class we are e-covering). Thus running
the realizable algorithm of Theorem 4.1 over all {hy, ..., hx}, producing fi,..., fx : Q@ — [0,1],
yields at least one function which has both small excess empirical error, while being smooth with
respect to the underlying distribution. Finally, running ERM over { f1, ..., fv} with respect to the

fresh sample S, reveals such a good candidate function within w samples by applying
standard uniform convergence for finite classes (i.e. Hoeffding’s inequality with the union bound).

6 Lower bound

We now turn to show that the bounds proved in Theorem 3.1, Theorem 3.4 and Theorem 4.1 are all
tight up to logarithmic factors. In fact, since the bracketing entropy bound of Theorem 3.1 implies the
generalization bound of Theorem 3.4 and the latter implies the sample complexity in Theorem 4.1, it
is enough to show that the latter is nearly optimal.

Theorem 6.1. Forany 3 € (0,1], € € (0,1) any metric space (2, p) and L > ﬁl(ﬁ)’ there exists

a distribution D over Q x [0, 1] which is realizable by ﬁi (Q) such that any learning algorithm
that produces f = A(S) with Lp(f) < € with constant probability, must have sample complexity

€

Remark 6.2 (Typical case). In most cases of interest it holds that Nq(g) 2 (%) ¢ for some constant d,

e.g. when ) is a subset of non-empty interior in R? (or more generally in any d-dimensional Banach
space).* That being the case, Theorem 6.1 yields the simplified sample complexity lower bound of

Ld/8
n=0 <E<d+ﬂ>/ﬁ)
Equivalently, we obtain an excess risk lower bound of
1,4/ (d+8)
Lp(f)=9Q (n,e/(d+,8)) :
We will now provide a proof sketch of Theorem 6.1, while the full proof appears in Appendix B.5.
Suppose K C Qs a (¢/L)"/P-net of most of Q, yet xy € § is some “isolated” point at constant

“Note that assuming a subset has nonempty interior implies that it cannot be isometrically embedded to a
lower dimensional space. Hence, this d encapsulates the “true” intrinsic metric dimension.



distance away from K (we show that such x(, K always exist). Let i be the measure that assigns
1 — ¢ probability mass to x(, while the rest of the probability mass is distributed uniformly over
K. Now consider a (random) function that independently assigns either O or 1 to each point in K
uniformly, and is constant over xo. Since points in K are (¢/L)'/# away from one another, the local
[3-slope at each point in K is roughly 1/((¢/L)*/#)8 = L /e, while the slope at 2 is small since it is
far enough from other points. Averaging over the space with respect to i, we see that the function is
u(K) - L/e = L average-Holder. Now, we imitate the standard lower bound proof for VC classes
over K: Since any point in K is sampled with probability £ /| K|, any learning algorithm with much
fewer than |K|/e ~ Nq((¢/L)"/?)/e examples will guess wrong a large portion of K, suffering
L1 -loss of at least order of u(K) = e.

7 Illustrative examples

Having established the control that average-Holder smoothness has on generalization, we illustrate the
vast possible gap between the average smoothness and it’s “worst-case” classic counterpart. Indeed,
in the examples we provide, the gap is infinite. Moreover, we also show that classes of average-Holder
smoothness are significantly richer than the previously studied average-Lipschitz, motivating the
more general Holder framework considered in this work. Finally, it is illuminating to notice that
both claims to follow actually consist of the same simple function f(z) = 1[z > 3] though with
respect to different distributions, emphasizing the crucial role of the underlying distribution in terms
of establishing the function classes.

Claim 7.1. Forany L > 0,5 € (0, 1), there exist f : Q — [0, 1] and a probability measure y such
that

» fis average-Holder: f € ﬁi(ﬂ, 1)
o [ is not Holder with any finite Holder constant: Forall M > 0: f ¢ Hél?w Q).

. i\le not (even) weakly-average-Lipschitz with any finite modulus: Forall M > 0 : [ ¢

Thus, TOIL (2, 1) ¢ Ui (HO15,(2) U Lipys(2.12).
Claim 7.2. Forany L > 0, € (0, 1), there exist f : Q — [0, 1] and a probability measure y such
that

 f is weakly-average-Holder: f € ITI\o/li (Q,u).

o [ is not strongly-average-Holder with any finite modulus: Forall M > 0: f ¢ mﬁd(Q) .

. I\l/s not (even) weakly-average-Lipschitz with any finite modulus: For all M > 0 : [ ¢
Lip (2, ).

Thus, Hol, (€2, 1) & Upr—o (HOIM(Q» ) U Lip (€2, #))

‘We prove both of the claims above in Appendix B.6.

8 Discussion

In this work, we have defined a notion of an average-Holder smoothness, extending the average-
Lipschitz one introduced by Ashlagi et al. [2021]. Using proof techniques based on bracketing
numbers, we have established the minimax rate for average-smoothness classes in the realizable
setting with respect to the L; risk up to logarithmic factors, and have provided a nontrivial learning
algorithm that attains this nearly-optimal learning rate. Moreover, we have also provided yet another
learning algorithm for the agnostic setting. All of these results improve upon previously known rates
even in the special case of average-Lipschitz classes.



A few notes are in order. First, the choice of focusing on L; risk as opposed to general L,, losses is
merely a matter of conciseness, as to avoid introducing additional parameters. Indeed, the only place
throughout the proofs which we use the L; loss is in the proof of Proposition 3.2, where we show
that the loss-class L := {z — |f(z) — f*(z)| : f € F} satisfies

A/'[]([’}'yLl(u)’O‘) < /\/-[](‘F7L1(M)’a) :

It is easy to show via essentially the same proof that for any p € [1,00), the L,-composed loss-

class satisfies N[ (Lx, L1 (p), @) < Nj(F, L1(p), '/P), and the remaining proofs can be invoked
verbatim. This yields a realizable sample complexity (in the typical, d-dimensional case) of order

N=0 (ﬁ%), or equivalently L,-risk decay rate of Lp(f) = 9] (%) which are also

easily translatable to their corresponding agnostic rates.

Focusing again on L; minimax rates of average-Holder classes, it is interesting to compare them
to the minimax rates of “classic” (i.e., worst-case) Holder classes. Schreuder [2020] has shown the
minimax risk to be of order n~?/¢, whereas we showed the average-smooth case has the slightly
worse rate of n~8/(4+8) (which cannot be improved, due to our matching lower bound). However,
comparing the rates alone is rather misleading, since both risks are multiplied by a factor depending
on their corresponding Holder constant, which can be considerably smaller in the average-case result.
Still, it is interesting to note that in the asymptotic regime there is a marginal advantage in case the
learned function is worst-case Holder, as opposed to Holder on average.

Our work leaves open several questions. A relatively straightforward one is to compute the minimax
rates and construct an optimal algorithm for the classification setting, which is not addressed by
this paper. Moreover, there is a slight mismatch between our established upper and lower bounds
in the agnostic setting, ranging between O (n~/(4+28)) and Q(n—A/(4+8))_ Closing this gap is an
interesting problem which we leave for future work.
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A Minimal S-slope Holder extension

In this section we describe a procedure that extends Holder functions in an optimally smoothest
manner at every point, as it will serve as a crucial ingredient in our proofs. That is, given a subset of
a metric space A C € and a function f : @ — [0, 1], it produces F4 : 2 — [0, 1] such that

1. It extends f|A : FA‘A = f|A
2. Forany F : Q — [0, 1] that extends f

A, it holds that A?;A (z) < A%(x) forall z € Q.

Such a procedure was described for Lipschitz extensions (namely when 5 = 1) in Ashlagi et al.
[2021]. The purpose of this section is to generalize this procedure to any Holder exponent.

Throughout this section we fix 8 € (0,1], # # A C Qand f : Q — [0, 1], and will always assume
the following.
Assumption A.1. || f|4|lgss < oo and diam(A) < oo.

Keeping in mind that the case we are really interested in is when A is finite (i.e. a sample), the
conditions above are trivially satisfied. Nonetheless, everything we will present continues to hold in
this more general setting. For u,v € A we introduce the following notation:

f(v) = F(u)
o, 0)P + pla, u)?
Fo(u,v) = f(u) + Ra(u,0)p(z, )’

R: = sup Ra(u,v),
u,vEA

Wy(e) :={(u,v) € Ax A: Ry(u,v) > R; —¢}, 0<e<R]
D, (2) = {Fy(u,v) : (u,v) € Wp(e)} .

Definition A.2. We define the S-pointwise minimal slope extension (5-PMSE) to be the function
Fya: Q — R satisfying

R, (u,v) :=

)

Fy(z) := El_i>r(1)1+ D,(e) .

In the degenerate case in which f(u) = f(v) for all u,v € A, define Fa(x) := f(u) for some (and
hence any) u € A.
Theorem A.3. Let ) # A C Q, f:Q — [0,1], such that Assumption A.1 holds. Then Fy : Q —
[0, 1] is well defined, and satisfies for any x € Q) : Ag}; (x) < A? (x). Furthermore, if A is finite,
then Fa(x) can be computed for any x € Q within O(|A|?) arithmetic operations.
Remark A.4. When R, (-, -) has a unique maximizer (ul,v}) € Ax A, the definition of F' 4 simplifies
to ( )ﬁ
* P\ZL, U?; * *
Fa(z) = f(uy) + vy) — fluy)) . 3

a(0) = F03) + O (7(02) = f(02) ®
We conclude that under Assumption A.1, we can assume without loss of generality that for each
x € Q) there is such a unique maximizer (since the function is well defined, thus does not depend on

the choice of the maximizer). Furthermore, this readily shows that when A is finite, we can compute
Fu(z) for any x € Q within O(|A|?) arithmetic operations — simply by finding this maximizer.

Proof. (of Theorem A.3)

We will assume that there exist u,v € A such that f(u) # f(v), since the degenerate (constant
extension) case is trivial to verify. This assumption implies that R} > 0. It is also easy to verify that
SUp,eq Ry <00 = || f|[gar < oo

Lemma A.5. Fy is well defined. Namely, under Assumption A.1 the limit lim,_,o+ ®,(¢) € [0,1]
exists.
Proof. Fix x € Q (we will omit the x subscripts from now on). Let ¢ < R*/2, (u,v), (uv/,v") €
W (g). Note that R(u,v) > 0 and that F(u,v) = f(v) — R(u,v)p(z,v)?. Hence

f(u) < Fu,v) < f(v), )
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and the same clearly holds if we replace (u,v) by (u’,v"). Assume without loss of generality that
F(u,v) < F(u',0), hence f(u) < F(u,v) < F{u',0/) < f(1/). We get

R(u',v") +e > R*

f) = fw)
= plz,v)P + p(z,u)P
_ W) = F,v) + Fu,v) = f(u) | Fu',v') = Fu,v)
pla,v")? + p(z,u)? plx,v")? + p(z, u)?
_ R(u',v")p(z,v")? + R(u,v)p(x,u)? n F(u',v'") — F(u,v)
o )P T ol )P o P T o, )
o R\ v)p(@,v')? + (R, v') — e)p(w,w)?  F(u/,v) = F(u,v)
- p(z,v")8 + p(x,u)? 2diam(A)P
o F(u',v") = F(u,v)
z Rlw',v) —e+ 2d1am(A)5

— |Fp(u,v) — Fp(u',0v")| < 4e diam(A)7 .
We conclude that if diam(A) < oo then lim, g+ ®,(¢) indeed exists.
O

It remains to prove the optimality of the 3-slope. Throughout the proof we will denote for any

uFove:
[Fa(u) — Fa(v)|

S =
(0) = = )P
and for any point z € €, subset B C € and function g : Q — [0, 1] we let
l9(2) —9(y)l

A(z,B) = sup
s(@:B) veB\{z} P(T,y)°

The proof is split into three claims.

ClaimL VzeQ\A: A} (z,4) < Af(z,A).

Letx € Q\ A, and let (u*,v*) € A x A be its associated maximizer of R,. Recall Eq. (4) from
which we can deduce that F4 (u*) < Fu(x) < Fa(v*). Also note that a simple rearrangement based
on Eq. (3) (and the fact that f and F4 agree on A) shows that S(u*, z) = R, (u*,v*) = S(z,v*).
Furthermore, we claim that A[;A (z, A) == supyc o\ (5} S(2,y) = S(x,u”). If this were not true then
we would have S(z,y) > S(z,u*) = S(z,v*) for some y € A\ {z,u*,v*}. Using the mediant
inequality, if f(y) > f(x) this implies

ey T = fw) Fay) = Fa(z) + Fa(z) = Fa(u®) N .k
Bl = e ple P~ g plwayy o) = RO
while if f(y) < f(x) then

o JO)=fly)  _ Fa(") = Fa(x) + Fa(z) - Fa(y) . -
Bl ) = o olel? sl rpmyp ) SR
both contradicting the maximizing property of (u*,v*) - so indeed Alﬁ;A (x,A) = S(z,u*) =

S(x,v*). In particular, we see that if Fi4(x) > f(x) then

8 _ fy) = f@)|  f0) = flx) _ Fa(w") = Fa(z) _ 8
MEA = R Ty = ey 2 ey et T,
while if Fis(x) < f(x) then

) @) = f@)] _ f@) = ) | Fal@) = Fa@?) _ A (oA
B E ) I o L e C )

proving Claim I in either case.
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ClaimIL Vze Q\A: A (2,Q\ A) <AL (2, A), in particular Ay, (2,9Q) = A}, (z, A).
It suffices to show that for any z,y € Q\ A :
S(w,y) < min{A, (z, 4), Ap, (v, A)} .

since taking the supremum of the left hand side over y € ) \ A shows the claim. Let (u}, v}), (uy;, vy)
the associated maximizers of R, R, respectively, and note that by definition we have

A?,A(z,A) sup  S(z,2) > max{S(z,uy),S(z,v,)} . 5)
z€A\{z}

We assume without loss of generality that Alﬂ% (z,A) < AgA (y, A), and recall that by Eq. (4) we
can deduce that Fia(u}) < Fa(z) < Fa(vy) and Fa(u;) < Fa(y) < Fa(vy). Now suppose by
contradiction that S(zx,y) > A%A (z,A). If Fy(x) < Fa(y) then

Fa(vy) = Fa(@) + pla,y)°S(z,y) + ply, v}) AL, (y, A)
> Fa(z) + p(z,y) AL, (2, A) + p(y, v})P AL, (z, A)
> Fa(z) + plz,v3) AL (2, A),

|Fa(@)—Fa(vy)|

thus S(z,v;) = o(z.07)P

Fa(x) > Fa(y) then
Fa(z) = Fa(uy) + p(u
> Fa(uy,) + p(u
> FA(uZ) o(u

|Fa(z)—Fa(uy)|
p(z,uy)P

> AI;A (z, A) which contradicts Eq. (5). On the other hand, if

)AL (3, A) + ply, )P S(z,y)
VAL (2, A) + ply, x)P AT, (x, A)
)P (2, A)

thus S(z,uy) = > A?’A (z, A) which contradicts Eq. (5), and proves claim Claim II.

ClaimIIL Yz € A: A} (z,Q) =A% (v, 4) < A(2,9).
Let x € A. Assume towards contradiction that there exists y ¢ A such that
Ap, (2,9) > S(z,y) > A (z,A) .

We denote by (uy,v;) € A x A the maximizer of R, (-, ). Recall that since z € A, in the proof of
Claim I we showed that S(z,y) < S(y,u;) = S(y,v y) If Fa(z) < Fa(y) < Fa(vy) then

Fa(vy) — Fa(z) - Fa(vy) — Fa(y) + Fa(y) — Fa(z)
plog, @)~ p(vy, ) + p(x,y)?
> min{S(y, v}), S(z,y)} = S(z,y) > A}, (2, A)
while on the other hand if Fia(z) > Fa(y) > Fa(uy) then
Fa(x) — Fa(uy) - Fa(x) — Fa(y) + Fa(y) — Fa(u;)
plz,up)f ~ p(z,y)? + p(uy, y)P
> min{S(x,y), S(y,up)} = S(x,y) > AL, (,A),

where in both calculations we used the mediant inequality. Both inequalities above contradict the
definition of A?A (z, A), thus proving Claim III.

S(z,v)) =

Y

S(z,ul) =

*Y

Combining the ingredients. We are now ready to finish the proof. For x € Q, if x € A then Claim
III provides the desired inequality. Otherwise, if 2z € Q0 \ A then

Claim II Claim1
A (2,) T2 AL (0, 4) < Az, A) < A(2,9)
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B Proofs

B.1 Proof of Theorem 3.1

2

We start by stating a strengthened version of the triangle inequality (also known as the “snowflake
triangle inequality) which we will use later on. For any 8 € (0,1],  # y,z € (&

p(z,y)” < p(x,2)" + p(z,y)" . (6)

Indeed, this follows from

p(z,2)P +p(z,y)" _ plx,2)’ +p(z,y)° p(z, 2) ’ p(z,y) ’
p(z,y)P = (p(x,2) + p(z,y))" < (1‘,2)+p(z7y)) N (p(aaz) +p(z7y))

(o) () =

Let 0 < e < 1, denote K := [log,(1/¢)], ¢’ := W and note that

, 1 € €
> = > .
~ (logy(1/e) +2) 221/ 2 (logy(1/e) +2) ~ 4log,(1/e)

(7

;\1/8 . N\ 1/B
Let N = {x1,...,7n|} be a (:;TL) -net of 2 of size |N| = N (ﬁ) ,and let IT =

{C1,...,C)n|} be its induced Voronoi partition. We define B = {[l;,u;]};cs C [0,1]% x [0,1]% to
be the pairs of functions constructed as follows:

e lu are both constant over every cell C; € II, and map each cell to a value in
{0, <, /’ 3¢’ 1}
* Choose some cells Sy C I such that y(Ug, ¢, Ci) < €’ and set forany C; € S : |, =

0, U‘Ci =1.
* For m = 2,...,K choose some “unchosen” cells S,, C II \ |J;_,, S; such
that (Ug,es, Ci) < 2™7'¢’ and set for any C; € S, : o €
12 2m 2
{07W727mu"'72777u

* In the "remaining” cells Sk 41 := I\ ;< g S setforany C; € Sk :

1 2 2K+l _ 9 1
0’2K+1’2K+1""’ 2K+1 7’U,CL:l+27K
Notice that for any [I, u] € B we have
K+1
=l = 3 / ) = u()du@) = >° 3 [ @)~ uta)ldu(o)
C,ell m=1C; €S, ¥ Ci
K+1 K+ 1
=Y ¥ [ gdn) = Y g 3w
m=1C;€S,, m=1 C;€Sm
K+
2m—1€/ 1
:Zw=€’(K+l) 3% <€
m=1

Furthermore, we can bound |B| by noticing that any such [ is defined by its values over |N| cells
who all belong to {0, 5-,¢’, ..., 1}, and that once / is fixed then any associated u has at most K + 1
possible values over each cell since it equals [ + 2n—1_1 for some m € [K + 1]. Thus

B < (K +1) (j)m < log, (i) . (Mﬂ/@)”((mf”) |

3
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where the last inequality uses Eq. (7) and definition of K. In order to finish the proof, in remains to
show that 3 indeed cover ﬁai(ﬁ, ) as brackets. Namely, that for any f € ﬁai(ﬁ, 1) there exist
[l,u] € Bsuchthat! < f < w. To thatend, let f € }’I\gllz(Q,u). Denote
: L
s! :{cyen : VxEC’i:A?(a:)ZE,}
and notice that | J{C; € S} C {z : A?(m) > L/e'y = u(U{C; € ${}) < &' Hence we can
pick [, u] € B such that (I|¢,, u|c,) = (0,1) forany C; € S{ (serving as Sy in their construction).

Clearly any such [, u bound f over these cells. Furthermore, for m = 2, ..., K we denote
st={cien\ s :veel :Alw)> L
T o= = \U Ve el f(l’)_m )

j<m

and notice that |J{C; € S} C {z : A?(m) > L/(2m )} = w(U{Ci € Sf,}) <2m-le.
Consequently we can let S,,J; serve as .Sy, in the construction of [[, u] € B, assuming we will show
such a choice can serve as a bracket of f over such cells. Indeed, for any z € C; we have

Eq. (6) [ 2¢’ 1
, Bly). B - = -
@) = FE) S M) ple, ) S 5 e = s
which by the triangle inequality shows in particular that for any x,y € C; :

7@~ F)] < 1£(x) — )+ 17 () ~ FO)| < gy = g -

So clearly there exists a;; € {0, 5, 52, . - ., 27;,;2} suchthat a; < flc, < a;+ 57—, and by setting
lley,ule, = (o, i + 5= ) forany C; € S, we ensure the bracketing property. Finally, for any of

the remaining cells S{(H =\ U<k S]f we get by construction that 3z; € C; : A?(zl) < oH

(otherwise they would satisfy the condition for some previously constructed Sy,). Hence for any
z € C; we have

Eq. (6) [ 2¢’ 1
A By B —
|f<x)_f(zz)‘ SAf(ZZ)'p<x7ZZ) < 9K g/ ’ 391 T 9K+4”

which by the triangle inequality shows that for any z,y € C; :

1 1
So as before, there clearly exists a; € {0, 3757, 32, - - - » 2;(;152} such that a; < fle, < i+ 3,

and by setting l|¢,, u|c;, = (a4, o + 2%() for any C; € S;, we ensure the bracketing property over
all of 2, which finishes the proof.

B.2 Proof of Proposition 3.2

Recalling that the realizability assumption ensures a “perfect” predictor f* € F, we start by
introducing the loss class £ C [0,1]% :

Lr={Us(z):=|f(x) - [ (=) : feF}.
Fix o > 0. We observe that £~ is no larger than F in terms of bracketing entropy, namely
-/\[[](’C-Fle(/J')aa) SA/[](-Fle(/j')va) : ®)

Indeed, suppose we are given an a-bracketing of F denoted by B,, and denote for any f € F by
[lr,uf] € By its associated bracket. Then any ¢y € L is inside the bracket [ls,, u¢,] where

le, = max{0, min{ly — f*, f* —uy}},
ug, := min{l, max{uy — f*, f* —ls}} .
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It is straightforward to verify that [|u,, — l¢, ||, (u) < luy — Ifllz,(u) < @, and clearly the set of all
such brackets is of size at most | B,|, yielding Eq. (8).

Now notice that for any f € F :
LD(f) - 1'01L5(f) = H£f||L1(l‘«) - 1'01H€f||L1(Mn) Sa+ ||l€f||L1(M) - 1'01HlffHL1(ltn) ’

hence

sup (Lp(f) = LOLLs(f)) < o+ max(flle, |2, o) — 1O, Ml 24 () - ©)
S f

In order to bound the right hand side, fix some I, and note that Var(l,,) < Hl?f 2y < Wepllzy ()

since I7, (z) € [0,1]. Thus by Bernstein’s inequality and the AM-GM inequality we get that with
probability at least 1 — ~y :

log(1 2|l ||y () log(1/7)
Ne Moy — Wz uny < g(1/7) +\/ s (p)

n n
2021log(1/7) 1

< — ﬁHlZfHLl(H)
2051og(1/7)

= ey ) — 1-01lley || 2y (i) < -

Setting v = 0 /N[j(F, L1(u), ) and taking a union bound over /;, whose number is bounded due to
Eq. (8), we see that with probability 1 — § :

2051og Nj1(F, L1 (i), o) + 205 log(1/8)
max (e .oy = 101ley 2 ) < - :
f

n

Plugging this back into Eq. (9), and minimizing over o > 0 finishes the proof.

B.3 Proof of Theorem 4.1

Proposition B.1. Let f : Q — [0, 1]. Then with probability at least 1 — §/2 over drawing a sample
it holds that
n 41og®(4n /)

n

N B
RY < 41og?(4n/6)R} (1)

Corollary B.2. If D is realizable by f&i(ﬂ, ), then for f* : Q — [0,1] such that Lp(f*) =0
it holds with probability at least 1 — §/2 : N3, < 5log?(4n/8)L. Hence, f(X;) := f*(X;) = Y,
satisfies Ls(f) = 0 and /A\? < 5log?(4n/d)L .

Proof. (of Proposition B.1) Fix f : Q — [0, 1]. Given a sample (X;)?"_; ~ p" which induces an
empirical measure p,,, we get

s 1y |f(Xi) — f(2)] 8 8
A< =N qup YD R OA(X)] < 21og(n)W e, [AS(X)],  (10)
PSR I Tk AT 0] < 2108 W, [N (X)]
where the last inequality follows from the reversed strong-weak mean inequality for uniform measures.
We will now show that with high probability W x .., [A}(X)] £ Wx.,[A}(X)] = A}. To that
end, we denote for any ¢t > 0 : M(t) = {z : A?(m) >t C Qlet K = K?(,u)7 N =
[21log(4n/d)loglog(4n/d)] and note that

W x oy, [AF(X)] = sup tpn (Mg (t)) (11)

< sup by (Mg(t)) + 2 max 29 K (Mp(27K)) 4+ sup tun(M(1)) .
0<t<K j€{0,1,...,N—1} t>2NK

We will bound all three summands above. We easily bound the first term by
sup tun (M (t)) < K -1 =A(p) . (12)

0<t<K
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For the second term, denote for any ¢ > 0 by M;r (t) D Mjy(t) a containing set for which % <

w(M f+ (t)) < u(My(t))+ L. We can always assume without loss of generality that such a set exists.’
By the multiplicative Chernoff bound we have for any ¢, > 0 :

6&

+ +
Pripn(My (1)) = (1 +a)u(My (1))] < Aoy

hence by the union bound we get with probability at least 1 — ﬁ :
max 29K (M (27K)) < max QjKun(Mf(ZjK))

jG{O,l ..... Nfl} jE{O 1,..., 1}
1 VLM (2K
<( +a)je{07§§§N_l} (M (2 K))

, , 1
<@ WK W(M;(2TK)) + —
<) o 9K (W00 K) + )

~ 14+«
§(1+a)A?(u)+7.

Letting o« = log(4n/d) — 1, by our choice of N = [2log(4n/d)loglog(4n/d)] we get that with
probability at least 1 — 6 /4 :

2 max 2jK,un(Mf(2jK))SQlog(4n/5)K?(u)+M. (13)

je{o,1,....N—1} n

In order to bound the last term in Eq. (11), we observe that the empirical measure satisfies for any
ACQ:pp(A) <2 = p,(4) =0, and that My(s) C My(t) for s > t. Furthermore, by

definition of K = K? (n) we have p(My(t)) < %, hence by Markov’s inequality

P [supn (M(9) 0| < Brlun (0170 0] = Br [ 0170 = 1] < 5

s>t n
For t := 2V K yields Prg [Sup,sqn i fin(My(s)) # 0] < g% < $. Combining this with Eq. (12),
Eq. (13) and plugging back into Eq. (11), we get that with probability at least 1 — §/2 :

2log(4n/0) 2log(4n /)

< (1+2log(4n/5))K?(u)+ n

Wy, [AF (X)) < (142 log(4n/6)) A7 (u)+
Recalling Eq. (10), we get overall that

A7 < 2log(n) |(1+ 2log(4n/6))K} (1) + 210%(:"@] _

Simplifying the expression above finishes the proof.
O

Proposition B.3. Under the same setting, for any v > 0 there exists an algorithm that given a sample
S ~ D" and any function f : S — [0, 1], provided that n > N for N = 9] (M),
constructs a function f : Q — [0, 1] such that with probability at least 1 — §/2 :

* 1 = Fllsquny <A1+ 280, In particular Ls(f) < Ls(f) + (1 + 2A7).

iﬁ -~
« Ap(p) < 5A€.

3Such a set does not exist only in the case of atoms o € Q with large probablhty mass p(xo). If that is the
case, consider a “copy” metric space Q with zo split into two pomts T, T2 € Q at distance & apart and each of
mass ((xo)/2. Any function f : Q — R is extended to f Q — Rvia f(z1) = f(z2) = f(x0). Repeating

the split if necessary and taking € | 0, we obtain a space Q with all of the relevant properties of {2 but no atoms
of large mass.
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Proof. Throughout the proof, we denote for any point « € €2, subset B C {2 and function g : B —
[0,1] :
l9(z) — 9(y)
Ag(m,B) = sup
yer\{z} P(@,9)

Give the sample S = (X;,Y;)™,, we denote S, = (X;)"_,. Let v > 0. The algorithm constructs
f:Q —[0,1] as follows:

1. Let 53(7) C S consist of the | yn| points whose A (-, S;) values are the largest (with ties
broken arbitrarily), and S, () := S, \ Sz(7y) be the rest.

2. Let A C S (v) be ay'/B-net of S (7).

3. Define f : Q@ — [0,1] to be the 5-PMSE extension of ffrom A to Q as defined in
Definition A.2 (and analyzed throughout Appendix A).

We will prove that f satisfies both requirements. For the first requirement, since f|4 = f| 4 and
Sy = SL(7) WSy (y) we have

1= Fllza e = Zm @l=> ¥ @-F@l+ Y @)
z€5z(Y)\A zeS; (V\A

The first summand above is bounded by ~ since 0 < f,f < 1 = |f(z) — f(x)| < 1 and
|Sz ()] < yn. In order to bound the second term, we denote by N4 : S7(y) — A to be the mapping
of each element to its nearest neighbor in the net, and note that p(z, N4 (z)) < /2. Then

1 " 1 . N
o Z |f(z) = f(z)] < = Z m“@)—f@?”

vESL(\A " zesim\a
ol f(x) = F(Na(@))| + | f(Na(z)) — f(z)]
=5 M%\A p(w, Na(2))?
_ 3 |f(z) — f(Na(z))] n |f(Na()) — f(2)]
Mo AENA@)E e, Na(@)?
<13 M4 + A, 4)
n €S, (v)\A
[Theorem A.3] < 2% Z Aﬁ(x A)
zeS!(
<2vL.

So overall we get || f — ﬂ|L1(un) < v+ 2yL = (1 + 2L) as claimed in the first bullet.

We move on to prove the second bullet. Let U C Q) be a "’14/ ’ -net of , II be its induced Voronoi

partition and let m := |TI| < N (y/#/4). Let Consider the following partition of IT into “light” and
“heavy” cells:
I :={C €l : pu,(C) <my/m}, I :=1\II;.

We will now state three lemmas required for the proof, two of which are due to [Ashlagi et al., 2021].

Lemma B.4. Suppose A C Qand that | : Q — [0, 1] is the 3-PMSE extension of some function from
A10Q. Let E C Q such that diam(E)P < J mingoc 4 p(x,2)P. Then sup, . cp v ((;,)) <2

Proof. Let u},v; € A be the pair of points which satisfy Aﬂ () = %. By

assumption on E, we know that 2diam(E)? < p(vi,u%)? < p(vi,x)? + p(ul,x)?, hence
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(03, )° + plus, )" + 2diam(E) < 2(p(ur, 2)? + pluct, 2)7). We get
B fwi) = fug)
A @) 2 e T g, )P
> ) — fu)
= p(vi, )8 + diam(E)P + p(us, 2)8 + diam(E)?
fi) = f(ug) _1
= 2p(vy, )P + p(ug,2)?) 27

Lemma B.5 (Ashlagi et al., 2021, Lemma 16). If n’yz > m, then

. pa(C) 1]
Zl>1 = _
Sfén Lnélﬁlh ite) > 2] 2 1 — mexp(—ny/4m) ,

pn (C) |
m >1— —
Sflr)n |:CE%§ u(C) < 2_ 2 1—mexp(-ny/3m),

o lz u(C) <2y > 1—exp (—n(v - m/71)2/2) :

Cell

Lemma B.6 (Ashlagi et al., 2021, Lemma 17). || flgze < %

Equipped with the three lemmas, we calculate

/AB du_Z/AB du+Z/Aﬁ (14)

Cell, Celly

The first summand above is bounded with high probability using Lemma B.5 and Lemma B.6, since
under the event described in Lemma B.5 we have:

/Aﬂ Ydp < Z/—du_— > u(C)

Cell; CEHZ Cell
9 L

g=—

4

In order to bound the second term in Eq. (14), let C € TI, 2’ € C and note that by applying
Lemma B.4 to E := S, N C we get that A? (') < 2mingeg, ne A? (). Thus, under the high
probability event described in Lemma B.5 we have

B B B
Z /A x)du < Z /216%1120A x)dp =2 Z min _ A (2)p(C)

zeS,NC
Celly, Celly,

<4
P Z 2 min Ar)
CGHh z'eS,NC

3%2 > A <fZA5 <4L,
Celly, a’e€SNC z' €S,

where the last inequality is due to the extension property of Theorem A.3. Overall, plugging these
bounds into Eq. (14) and using the union bound to ensure all required events to hold simultaneously,
we see that the desired second bullet holds holds with probability at least 1 — m exp(—n~y/4m) —

exp (—n(7 —\/m/n)?/ 2). A straightforward computation shows that by our assumption on n
being large enough, this probability exceeds 1 — /2 as required.

O

We are now ready to finish the proof of Theorem 4.1. Let v > 0. By Corollary B.2, we can
construct f : S — [0,1] such that with probability at least 1 — §/2 : Lg(f) = 0 and AI;A <
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5log? (4n/6)L. Assuming n is appropriately large, we further apply Proposition B.3 in order to
obtain f : 2 — [0, 1] such that with probability at least 1 — §/2 : f € Hiélg5 log? (4n/5)1, () and also

o~

Ls(f) < Ls(f) +~v(1+2L) = v(1 + 2L). By the union bound, we get that with probability at
least1 — 9 :

Lp(f)

1.01Ls(f) 4+ (Lp(f) — 1.01Ls(f))

v(1+2L) + sw  (Lo(f) — L01Ls(f) .
feHsl Q)

IN

’ (
251og2(4n/8)L

e ¢
-2 2
where () is justified by setting ~y

()
< < :67

= ©(e/L) and applying Theorem 3.4 for appropriately large n.

B.4 Proof of Theorem 5.1
Given a sample S = (X;,Y;)?; ~ D", denote the empirically smooth class
Hol := {f X1 Xy} = [0,1] 2 A9 < 510g2(4n/6)L} .

Consider the following procedure:

1. (Empirical cover) Construct hy,...,hy € Ho6l for maximal N such that Vi #* j €
(NT = [lhi = Plly oy = § -

2. (Run realizable algorithm on cover) For any j € [N], execute the realizable algorithm

Arealizable Of Theorem 4.1 on the “relabeled” dataset (X, hj(Xi))iLE{zJ, and obtain f; :
Q — [0,1].

3. (ERM) Return argming, .y > i |,,/0 41 |f5(Xi) = Yil.

We will now prove that the algorithm above satisfies the theorem. Let f* €
arg min TR () Lp(f), and note that by Proposition B.1 (as explained in Corollary B.1) we
oly (€2,

have f* € Hol with probability at least 1 —§/2. By construction, hy, ..., hy is a maximal {-packing

of ﬁ& which is known to imply that it is also a -net [Vershynin, 2018, Lemma 4.2.8] with respect
to the metric L; (uy,). In particular, this implies that there exists j* € [IN] such that

£ — R

€ €
Li(un) S 7 = Ls(hj-) < Ls(f*) + 1

Further note forany j € [N] : h; € ﬁgl, so our realizable algorithm (as manifested in Proposition B.3
for v = O(e/L)) when fed the “smoothed” labels (X, h; (Xz))zLZ{QJ will produce f; such that
Ls(f;) < Lg(hj) < % and K?j (n) < 57\57 < 251og®(4n/8) L. In particular

Ls(fj) < Ls(hj-) + i < Ls(f*) + g .

Finally, by Eq. (1) and Theorem 3.1 (which holds for any measure, in particular for the empirical
measure fi,)

log N < log Nz (€/2)
< logJ\f[](P/IgL Li(pn),€)

5 1/6 161ogy(1/¢)
< log Vo ((64010g2(4n/6)L10g(1/5)) )'log< . ) '

Hence, by a standard Chernoff-Hoeffding bound over the finite class { f1, ..., fn }, step (3) of the
log(N)+log(1/6>>
€2 .

algorithm yields § excess risk as long as 5 = (

SWe assume without loss of generality that the infimum is obtained. Otherwise we can take a function whose
loss is arbitrarily close enough to the optimal value and continue with the proof verbatim.
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B.5 Proof of Theorem 6.1

We start by providing a simple structural result which we will use for our lower bound construction,
showing that in any metric space there exists a sufficiently isolated point from a large enough subset.

Lemma B.7. There exists a point xy € ) and a subset K C ) such that

'VxeK:p(xo,x)Zdia%(Q).

«Vr#yeK:ple,y) > (/L)
. |K|= {st«e/;)l”)J .

Proof. Denote D := diam(2), let xg, x; be two points such that p(zg,z1) > D/2, and let II =
{Co, C1} be a Voronoi partition of 2 induced by {z¢, z1 }. Fory > 0, let N, be a maximal y-packing
of Q. By the pigeonhole principle there must exist a cell C; € II such that |C; N N,| > |N,|/2,
which we assume without loss of generality to be C. Now note that any = € C satisfies p(z, zg) >
1p(x,20) + 2p(z,21) > Lp(x0,21) > D/4. Finally, set v := /% and let K C C; N N,, be any

subset of size LMJ ) Y

Given g, K from the lemma above, we denote K = {z} U K and define the distribution ; over
Q supported on K such that pi(zo) = 1 — § and p(z) = 377 forall z € K. From now on, the
proof is similar to a classic lower bound strategy for VC classes in the realizable case (e.g. Kearns
and Vazirani, 1994, Proof of Theorem 3.5). To that end, it is enough to provide a distribution over

functions in ﬁi (€2, ) such that with constant probability any algorithm must suffer significant loss
for some function supported by the distribution.

We define such a distribution over functions f : K — {0, 1} as follows: Pr[f(zo) = 0] = 1, while
forany z € K : Pr[f(z) = 0] = Pr[f(z) = 1] = 1 independently of other points. We will now
show that any such f : K — {0, 1} is average Holder smooth with respect to zi. Indeed, for every

reK: B B
o /
Aé(x): sup Mgi:£7
s z'eK\{z} p(xv €T ) E/L 3
while B B
_ / 1 4
AP () — Fwo) = T _ _
f(xO) z’esﬁu\r{)zo} p(zo, )%~ diam(Q)/4  diam(Q2)’
hence ) s
i _ B Jé]
Af(z) = H(JTO)AT(UEO) + Z u(x)AT(x) < ) + 5 <L.

TEK

Finally, we define the (random) function f* : Q — [0, 1] to be the 3-PMSE extension of f from

K to  as defined in Definition A.2, and note that f* satisfies the required smoothness assumption.
Setting D over 2 x [0, 1] to have marginal ¢ and Y = f*(X), we ensure that D is indeed realizable

by Tl ().

Now assume A is a learning algorithm which is given a sample S of size |.S| < % and produces

A(S) : Q — [0,1]. Wecall apoint # € K "misclassified" by the algorithm if | A(S)(z) — f*(z)| > 2,

and denote the set of misclassified points by M C K. Recalling that Vo € K : Pr[f(z) = 0] =
13

Pr[f(z) = 1] = 7 independently, and that yi() = 5%, we observe that with probability at least 3

the algorithm will misclassify more than |K|/2 points.” Thus, we get that with probability at least £ :
K| ¢ 1 ¢

Lp(A(S)) = B [IAS)X) - (Xl 2 > @) JAS) @) = fH @) = = K] 278
zxeM
"Indeed, denoting C = K \ M we see that Pr[|C| > |K|/8] < I%\ -E[|IC]] = |87| . @ cu(K) <
BIE e 1
K] 8 "2~ 2
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By rescaling e, we see that in order to obtain Lp(A(S)) < e the sample size must be of size

0 (m) g <NQ<<s£L>1/3>) |

Proof of Claim 7.1. Let 5 € (0,1). Consider the unit segment {2 = [0, 1] with the standard

metric, equipped with the probability measure p with density d—“ = Ll — %| = (where Z =

B.6 Proofs from Section 7

1
f |x — <ooisa normahzmg constant). We examine the functlon flx) =1z > 5] which is
clearly not Holder continuous since it is discontinuous. Furthermore,

W (Lt 2 e e
p{z : Ap(z) > t}) = p x < = x? dext 2
2| =% Z J,

= /~\} =supt-u({z: A}c(x) >t}) = supt% =00,
t>0

>0
hence f ¢ Lip,, (2, ) for all M > 0. On the other hand, A?(w) = ﬁ S0
2
1 1182 1
T — 5| 2 1 1 (B<1)
o |r—3l ZJo |z—37=

thus f € ﬁ[z (€) for some L < oo. Note that by normalizing the function, the claim holds even for
L=1

Proof of Claim 7.2. Let 5 € (0,1). Consider the unit segment 2 = [0,1] with the standard
metric, equipped with the probability measure p with density % = %|x — %|B —! (where Z =
fol |z — §|°~'dx < oo is a normalizing constant). We examine the function f(z) = 1[z > £]. Note

that for any x # 5 : Aj(z) = Flé\’ hence

e Ayt = ) = ({o: o= g1 < 1) = 2 [Tt

This shows that _
Ay =supt - p({x: A}(x) >t}) =supt' ™ =0,
>0 >0

hence f ¢ EBM(Q,/J) for all M > 0. Furthermore, for z # 1 : A?(m) =

1 1
8 1 1 1

A :/ 7du:—/ ————dx = 0
o e3P Z Jo |z =3

hence f ¢ IfIgli(Q, ) for all M > 0. On the other hand

1
5 SO

-1

il M@ = ) = plfle =gl <y = 2 [ @t e

— Al =supt-p({z: Aj(2) > 1}) < o0,
t>0

=8
thus f € Hol; (€2) for some L < oo. Note that by normalizing the function, the claim holds even for
L=1
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