Hyperparameter Transfer Laws for Non-Recurrent Multi-Path Neural
Networks

Haosong Zhang ' Shenxi Wu"! Xingjian Ma' Shirui Bian! Yichi Zhang? Xi Chen? Wei Lin'

Abstract

Deeper modern architectures are costly to tune,
and the base learning rate is often one of the
most sensitive hyperparameters. Maximal Up-
date Parametrization (uP) helps explain why
many hyperparameters transfer across width. Yet
depthwise learning-rate scaling is less under-
stood for modern architectures with convolu-
tion, residual aggregation, and attention. To
unify various non-recurrent multi-path neural
networks such as CNNs, ResNets, and Trans-
formers, we introduce an architecture-dependent
notion of effective depth. Under stabilizing
initializations and a maximal-update criterion,
we derive a shared leading-order -3/2 law for
the base learning-rate scale as effective depth
grows. Here, the budget controls typical one-step
representation-update energy at initialization,
and effective depth counts sequential update-
bearing units while absorbing fixed local struc-
ture into constants. Experiments across diverse
architectures confirm the predicted slope and en-
able reliable zero-shot transfer of learning rates
across depths and widths, turning depth scaling
into a predictable hyperparameter-transfer prob-
lem.

1. Introduction

In the process of scaling deep learning, training cost grows
not only with the number of parameters and data(Hoffmann
et al., 2022), but also because hyperparameter tuning is
expensive and remains largely experience-driven in prac-
tice(Cohen et al.l |2021; Hayou & Yang, 2023} |Godbole
et al., [2023; |[Kalra & Barkeshlil |2024). Hyperparameters,
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including learning rate, regularization, initialization, etc.,
often require repeated trials at the target scale. Nowa-
days, this step has become a non-negligible computational
and engineering bottleneck. Recently, an important idea is
“tuning” on a smaller proxy model and transfer. Under a
suitable parameterization, one can identify effective hyper-
parameters on a small model and transfer them zero-shot to
the large one, which significantly reduces the overall tuning
cost.

-
(a) Prior work:
Sequential MLP

(b) Our work: Non-Recurrent Multi-Path Neural Networks
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Figure 1. Overview of prior work and our results on depth-wise
learning-rate scaling. 1 denotes one depth unit, d and D denote
width. (a) Prior work mainly analyzes sequential networks or spe-
cial cases, and Transformers are often discussed only under width
scaling. (b) We treat CNNs, ResNets, and Transformers as non-
recurrent multi-path networks and obtain a unified depth law for
the maximal-update learning rate.

The key to this paradigm is to find a parameterization under
which training dynamics remain comparable as the model
scale changes. |Yang et al.|(2021) showed that Maximal Up-
date Parametrization, denoted uP, aligns update scales un-
der width scaling, motivating the zero-shot hyperparameter
transfer paradigm pTransfer, where one tunes on a narrow
model and transfers to a wider one. However, changing
depth introduces more complex scaling effects than those
from width scaling. Even in sequential networks like ReLU
MLPs, existing analysis suggests that the pP maximal-
update learning rate depends on depth L and scales as
L=3/2 (Jelassi et all 2023). Modern high-performance
models have more complex connection patterns such as
spatial convolution and weight sharing in CNNs, resid-
ual connections in ResNets, attention modules and resid-
ual branches in Transformers. For these models, a unified
depthwise learning-rate scale is still missing. Without such
a scale, changing depth still requires costly learning-rate
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re-tuning.

Unlike recurrent architectures such as RNNs (Elman), [1990;
‘Werbos), 2002), LSTMs (Hochreiter & Schmidhuber, |[1997)
and GRU (Cho et al.,, 2014}, these models are non-
recurrent. They can be viewed as feedforward computa-
tion graphs with multiple parallel paths and branch aggre-
gation. This multi-path view is especially explicit in resid-
ual networks (He et al.l 2016} |Veit et al.l [2016) and re-
cent work has shown cross-depth transfer in specific set-
tings. For example, ? combine a 1/+/depth residual-branch
scaling with uP, enabling hyperparameter transfer across
both width and depth in convolutional ResNets and Vision
Transformers(ViTs). Meanwhile, [Yang et al.| (2023) pro-
pose Depth-uP and further points out that existing infinite-
depth analyses would face new challenges when the block
structure is deeper, for example, in Transformers (Vaswani
et al) [2017; Wang et al [2019). Thus, the main idea of
this paper is to develop a unified vision of depth scaling for
non-recurrent structures.

This paper unifies CNNs, ResNets, and Transformers as
parallel-structured non-recurrent architectures and studies
how pre-activation update scale is allocated under paral-
lel aggregation.(Fig. . Under this framework, we de-
rive a shared leading-order -3/2 law for the base learning-
rate scale. Operationally, the rule calibrates a learning
rate at a reference depth and rescales it to a new ef-
fective depth. Theoretically, we develop a depth-scaling
framework for parallel-structured networks that absorbs the
maximal-update idea of uP and extends sequential-MLP
depth—LR arguments to CNNs, ResNets, and Transformers.
Empirically, we build an automated learning-rate search
and fitting pipeline to evaluate the finite-depth law across
architectures, datasets, and training variants, with addi-
tional checks for proxy widths, later epochs, and direct
zero-shot depth transfer. We summarize the resulting trans-
fer guidance in Table

Main contributions.

* We introduce the concept of effective depth unit for
non-recurrent multi-path networks, including sequen-
tial MLPs, CNNs as well as ResNets, and Transform-
ers under architecture-specific conventions.

* We generalize the maximal-update principle of uP to
heterogeneous multi-path graphs via a global update-
energy budget, yielding a practical parameterization

"For a scaling variable s, f o g means f(s)/g(s) — K €
(0,00), i.e., f(s) = kg(s) (1 + o(1)) with x independent of s;
hence f = ©(g) (not conversely). Operationally, we use this as a
transfer rule by calibrating x at a reference scale and extrapolating
with the power-law exponent. Our theory yields the proportional
form for MLP/CNN; otherwise we state the more conservative
O(-) result. See Sec.for the definition of O ().

and a learning-rate scale under parallel aggregation.

» Under stabilizing initializations and the network-wide
criterion, we prove a unified depth—-LR power law with
exponent —3/2 for CNNs, ResNets, and Transform-
ers, enabling a zero-shot cross-depth transfer rule.

* We build an automated learning-rate search and fit-
ting pipeline and validate the law across architectures,
datasets, and training variants; we summarize transfer
guidance and its boundaries in Table[I]and Table

Organization. Sec. [2] reviews related work. Sec. [3] in-
troduces our framework and theoretical analysis for depth-
aware learning-rate scaling. Sec. 4| presents the automated
learning-rate search pipeline and experiments. Sec. 5] con-
cludes, and Sec. [f] discusses limitations and future work.
Appendices show proofs and additional results.

2. Related Works

Initialization and signal propagation. Training very
deep networks often requires controlling signal and gradi-
ent scales at initialization. Classic fan-in scaling schemes
such as those of |Glorot & Bengio| (2010) and He et al.
(2015) are designed to keep activations and gradients
from vanishing or exploding in deep feedforward net-
works. Mean-field analyses further characterize trainabil-
ity through depth scales and dynamical isometry condi-
tions (Schoenholz et al.| 2016} |Xiao et al., [2018)). For con-
volutional and residual architectures, several works study
how initialization or residual-branch scaling should depend
on depth, including analyses of deep ResNets (Zagoruyko
& Komodakisl 2016; Xie et al., 2017 [Taki, 2017), Sta-
ble ResNet and depth-dependent residual scaling for sta-
ble signal propagation (?), and normalization-free variants
such as Fixup (Zhang et al [2019), SkipInit (De & Smith}
2020), and ReZero (Bachlechner et al., 2021). In Trans-
formers, stability is also closely tied to normalization and
residual scaling. This has motivated both theoretical and
practical adjustments, such as analyzing LayerNorm place-
ment (Xiong et al., [2020) and proposing DeepNorm with
derived initialization for very deep Transformers (Wang
et al.} 2024) . We adopt these widely used initialization and
scaling principles throughout, and we build our theoretical
framework on top of them; see Sec.

Hyperparameter transfer and maximal-update param-
eterizations. The cost of tuning large models has mo-
tivated work on transferring hyperparameters from small
proxy models. A prominent theoretical approach is Max-
imal Update Parametrization, or pP, introduced in Ten-
sor Programs V by [Yang et al|(2021). By aligning up-
date scales under width scaling, 4P makes many training-
critical hyperparameters stable across widths, enabling the
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zero-shot transfer paradigm pTransfer. Recent theory has
begun to formalize this width-transfer principle: Hayou
(2026) proves learning-rate transfer under pP in width-
scaled linear MLPs, showing that the optimal learning rate
converges as width grows, while analogous transfer can fail
under standard or NTK parameterizations. These width-
wise results are complementary to our setting, where the
scaling variable is effective depth rather than width. Practi-
cal tooling and recipes include the open-source mup pack-
age (Microsoft Researchl|[2022a)) and Transformer-oriented
P parameterizations released in accompanying codebases
(Microsoft Research, [2022b). Complementary viewpoints
connect hyperparameter scales to feature-learning dynam-
ics and offer a more flexible lens on transfer across regimes
(Chizat & Netrapalli, [2024).

Extending transfer laws from width to depth is more sub-
tle (Hestness et al., |2017; [Kaplan et al. |2020), since
changing depth can alter effective path counts, normal-
ization statistics, and residual accumulation. In the se-
quential ReLU MLP setting, Jelassi et al.| (2023) show
that the maximal-update learning rate depends nontrivially
on depth and scales as L~3/2. Architecture-aware analy-
ses provide another route by deriving topology-dependent
maximal learning-rate prescriptions for general computa-
tion graphs, such as PathSum-based rules (Chen et al.,
2024). For residual architectures, the 1//depth residual-
branch scaling used in depth-transfer methods is closely
connected to the stability perspective of Stable ResNet
(Hayou et al., 2021). Building on depth-normalized resid-
ual scaling, Bordelon et al.| (2023) empirically demon-
strate cross-depth and cross-width hyperparameter transfer
in residual architectures, including convolutional ResNets
and Vision Transformers, and motivate the behavior us-
ing dynamical mean-field descriptions. From the Tensor
Programs perspective, [Yang et al.| (2023)) propose Depth-
P and discuss challenges that arise for infinite-depth fea-
ture learning when block structures become more com-
plex. Recent MoE-Transformer work studies a different
but related transfer problem, where width, depth, number
of experts, and expert hidden size are varied jointly under
MoE-specific parameterizations (Jiang et al., [ 2026). Min-
imal models, such as the deep linear analysis of |Bordelon
& Pehlevan| (2025)), further clarify how data, width, depth,
and parameterization interact behind hyperparameter trans-
fer. Overall, these works show that depthwise transfer can
be achieved in several important settings. We build on
this line by combining an effective-depth convention with
a network-wide maximal-update budget to obtain a com-
pact depthwise learning-rate scale for CNNs, ResNets, and
Transformers.

Non-recurrent multi-path architectures and depth scal-
ing. Many modern vision and language models are non-
recurrent feedforward computation graphs with multiple

parallel paths and branch aggregation. Residual networks
make this structure explicit through skip connections (He
et al.,|2016;|Balduzzi et al., 2017)), and can be interpreted as
ensembles over paths of different lengths (Veit et al.,[2016)).
Mean-field studies of randomly initialized ResNets further
analyze how depth interacts with stability and signal prop-
agation (Yang & Schoenholz, 2017). Transformers also
follow a residual multi-branch pattern that alternates atten-
tion and feedforward sublayers (Vaswani et al.,[2017). This
multi-path viewpoint motivates the dense non-recurrent ar-
chitecture class used in our effective-depth convention.

Automated hyperparameter optimization and proxy
training. Hyperparameter optimization has a long history,
with methods ranging from Bayesian optimization (Snoek
et al., |2012) to multi-fidelity and early-stopping strategies
such as Hyperband (Li et al 2018)). At large scale, sys-
tem efforts such as Hydro use surrogate models and scal-
ing techniques to reduce end-to-end tuning cost in clusters
(Hu et al.| |2023). Learning-rate schedules and warmup are
themselves important hyperparameters, and recent work
studies when warmup is needed and how it can be re-
duced in GPT training (Kosson et al., 2024). Our em-
pirical pipeline uses automated learning-rate search as a
calibration and evaluation tool for the proposed depthwise
learning-rate scale across architectures.

3. Methods

This section establishes the common setup shared by our
theoretical analysis and experiments. We first introduce
architecture-dependent depth units, notation, and the ini-
tialization conventions used throughout (Sec. B.I). We
then define our network-wide maximal-update criterion,
Arithmetic-Mean pP, which provides a single width-robust
learning-rate scale for heterogeneous multi-path architec-
tures (Sec. @]) Finally, under this unified framework
we derive depthwise learning-rate scaling laws for CNNgs,
ResNets, and Transformers, and discuss when architectural
details only affect constant factors (Secs. [3.3H3.5).

Throughout this section, * denotes the base learning-rate
scale selected by the pP update budget. This is the quantity
that will later be calibrated empirically by early-training
learning-rate sweeps in Sec. ]

3.1. Initialization and architectural conventions

Depth units and notation. We study non-recurrent feed-
forward models and use a unified depth index ¢ to de-
note depth units, i.e., the units with respect to which we
state depthwise learning-rate scaling laws. The mapping
from implementation details to depth units is architecture-
dependent, but follows a common convention: we count se-
quential update-bearing units along the input—output back-
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bone after contracting fixed local branch templates. A plain
affine or convolutional transform followed by a pointwise
nonlinearity contributes one depth unit, and each residual
aggregation/update contributes one depth unit. Fixed O(1)
internal structure inside a branch or block is absorbed into
the local template. Operations such as reshaping, pool-
ing, concatenation, and normalization placement do not by
themselves create new depth units when their Jacobians re-
main bounded at initialization; they affect constants in the
update budget rather than the leading depth exponent.

Fan-in and activation statistics. For a weight tensor W,
we denote by fan;, (W) the number of inputs contribut-
ing to one output. For a linear layer W € RoutXdin e
have fan;,(W) = d;,. For a convolution with kernel sup-
port K C Z< of size |K| = k and Cj, input channels,
fan;,(W) = kCi,. Throughout, o(-) denotes a point-
wise activation function. We also define the gating factor
q = E[o'(Z)?)] for Z ~ N(0,1). In our theoretical proofs
we use ReLU, in which case ¢ = 1/2. Under the mean-
field normalization where pre-activations are O(1) at ini-
tialization, fan-in initialization can be written as

1
oA (0 Tmm) O

which reduces to the standard He initialization Var(W;;) =
2/ fan;, (W) for ReLU. The initialization will be used in
this paper and serves as the basis for our framework.

MLPs and homogeneous CNNs. For sequential models,
we write 2(9) (z) = 2 and

2O(z) = w® U(z(g_l)(x)) , (=1,...,L, (2

where L is the number of depth units.

For homogeneous CNN W® denotes a convolutional
kernel followed by a pointwise nonlinearity. At depth
¢, the feature map has C} output channels indexed by
j € {1,...,C;}, and a spatial index set A, C Z< col-
lecting all spatial locations. For example, in 1D we may
take Ay = {0,1,..., Ny, — 1}, while in 2D we may take
Ay = {O,...,H@ — 1} X {O,...,Wg — 1} with N, :=
|A¢| = H;W,. The convolution at location p € A, aggre-
gates inputs from locations p + A, where A ranges over
a kernel offset set K, C Z¢ (e.g., for a 3 x 3 kernel,
K¢ = {-1,0,1}% and k, := |K,| = 9). With circular
padding, p+ A is interpreted modulo the spatial grid (torus
indexing), so boundary effects are absent in the idealized
setting. In our main derivations, we first consider the ho-
mogeneous case where (Cy, Ay, K¢) do not vary with ¢; we
keep the subscripts for compatibility with variants.

>Terminology: “homogeneous” means depth-stationary archi-
tectural statistics, not positive homogeneity / scale equivariance.

With stride 1, for £ = 1,..., L, we write 2(?) (z) = z and
the pre-activation recursion as

Cr-1
d0@ =3 Y wilio(ZA@) . o

i=1 AEK,

where p € Ayand j € {1,...,C,}. The classifier is global
average pooling followed by a linear head, which uses lin-
ear fan-in initialization.

Residual networks. We index depth at residual-block
boundaries. Let (9 (z) = zand for £ = 1,..., K,

X0@) = D@+ B(:CV@), @

where F) is the residual branch, whose internal architec-
ture is fixed as K grows. We count the residual addition
itself as one depth unit and absorb the fixed O(1) internal
structure of F} into the residual-block template. Thus K
denotes the number of residual update units along the min-
imal path, while the internal branch design affects constants
in the scaling law. For the weights on residual branches, we
use a depth-scaled fan-in initialization inspired by stabil-
ity analyses of deep residual networks and Stable ResNet-
style residual scaling (Taki, 2017; ?): each residual-branch
weight tensor with fan-in ny, is initialized as

1
Wrcs NN(O» M) ) (5)

equivalently applying fan-in initialization and scaling
residual-branch weights by K ~1/2. Weights outside resid-
ual branches (e.g., stem/head) use the standard fan-in rule.

Transformers. We consider standard Transformer archi-
tectures, including both language Transformers and Vision
Transformers as special cases, and covering both pre-norm
and post-norm variants. Let z(?) (x) denote the token rep-
resentations produced by the embedding stem (e.g., token
embedding in language models, or patch projection in vi-
sion models). A Transformer block contains two sequen-
tial residual updates: a self-attention branch followed by
a position-wise feedforward branch. For concreteness, we
write the update in the pre-norm form:

z + z+ Attn(LN(2)), z + z+ FFN(LN(2)),

where LN is layer normalization, Attn denotes multi-head
self-attention, and FFN denotes the feedforward subnet-
work. The post-norm variant is obtained by moving LN af-
ter each residual addition. Accordingly, each Transformer
block contributes two depth units, one for the attention
residual update and one for the FFN residual update. If
a Transformer has D blocks and fixed stem/head compo-
nents, then Ly, = 2D + O(1). In our experiments we use
a consistent counting convention for the O(1) stem/head



Hyperparameter Transfer Laws for Non-Recurrent Multi-Path Neural Networks

units; changing this constant-level convention only changes
finite-depth offsets and does not affect the leading expo-
nent.

We initialize linear projections in patch embedding, the at-
tention projections, and MLP layers using fan-in initializa-
tion. Positional embeddings and the class token are initial-
ized with a small-variance truncated normal distribution,
and LayerNorm parameters use unit scale and zero bias.

3.2. Maximal-update parameterizations and the
arithmetic-mean criterion

One-step pre-activation updates. Let 6 denote all train-
able parameters and let £3(6) be the training loss on a
mini-batch B. A single (S)GD step with base learning rate
7 updates

9+ =0 — nV9£B(9). (6)

For an input = and depth unit ¢ (as defined in Sec. 3.1),
we write z(9) (x; 0) for the layer-¢ pre-activations. We use
zy) (x; 0) to denote a scalar coordinate of z(“)(x; ), where
1 indexes units within layer ¢ (neurons in MLPs, channel-
location units in CNNs, and token—feature coordinates in
Transformers). To connect learning-rate scale to represen-
tation update magnitudes, we study the linearized one-step
change of pre-activations at the start of training. Index
scalar parameters by a and write 9, := 0/90,. Define
A, :=0F — 0, and

Azﬁz)(x) = Z(@azi([)(x;e)) Ad,,

a (7
= - Z (&lzy) (2;0)) (0.L5(0)).

It is the starting point of maximal-update analyses (Yang
et al., [2021}; Jelassi et al.| [2023)). All quantities above will
be evaluated at initialization unless stated otherwise.

Classical maximal-update learning rates. The maximal-
update heuristic chooses a learning rate such that the one-
step pre-activation change has an O(1) scale. Concretely,
we define the layerwise second moment

Se(n) = E{(ABZEZ)(Z‘))2:|, (8)

where the expectation is over random initialization and the
sampling of (x, B). Under our symmetric random initial-
ization, S¢(n) does not depend on the coordinate choice .
In the original pP setting, one sets a reference-layer con-
straint such as Sy(n) = 1 for a typical hidden layer (or
equivalently, for all hidden layers in homogeneous mod-
els), which yields a width-robust learning-rate scale and
supports zero-shot width transfer of training-critical hyper-
parameters, including the base learning rate (Yang et al.|
2021).

A network-wide update budget for multi-path architec-
tures. For non-recurrent multi-path architectures, layer
statistics are not homogeneous. Residual additions and
branch aggregation can make Sy(n) vary with depth, so en-
forcing an identical per-layer constraint can be unnecessar-
ily restrictive or ill-posed. This viewpoint is aligned with
architecture-aware analyses of maximal learning rates that
explicitly depend on network topology (Chen et al., [2024).

Arithmetic-mean pP. We therefore use a network-wide
average update budget. Let L denote the number of depth
units under our conventions (Sec. 3.I). We define the
network-wide average second moment

L
So) = £ S, ) = E[ (852 @)°] - ©)
=1

We say the network is in the arithmetic-mean pP (AM-uP)
regime if S(n) = 1, and define the AM-yP learning-rate
scale n* by S(n*) = 1.

This choice has three properties that are important for our
setting. First, it reduces to the classical maximal-update
criterion in homogeneous models: if Sy(n) ~ S(n) for all
¢, then S(n) = S(n). Second, S(n) can be interpreted as an
update-energy per depth unit and is the natural quantity that
appears in our recursive depth analyses of multi-path net-
works. Third, as an average, S(n) is stable under constant-
level redefinitions of depth units (e.g., adding or removing
O(1) stem/head components), and it yields a single global
learning-rate scale that remains width-robust while allow-
ing heterogeneous layers to reallocate update magnitudes.
Importantly, AM-u P does not require every layer to have
the same update energy; it controls the typical update en-
ergy per depth unit while allowing architecture-dependent
redistribution across stems, branches, residual updates, and
heads.

A more detailed rationale, including comparisons to alter-
native aggregations, is deferred to Sec.[A]

3.3. Depthwise learning-rate scaling for CNNs

Setup. We consider 1D/2D CNNs under the conventions in
Sec. We analyze the one-step update at random initial-
ization under the AM-uP budget. Recall that 7, denotes the
AM-1P maximal-update learning rate defined in Sec. [3.2]
i.e., the (architecture-wide) learning-rate scale that keeps
the one-step AM-/P update budget S at O(1) at initializa-
tion. Here B denotes the mini-batch size used to form the
gradient in this one-step update.

Boundary fraction for zero padding. For a spatial index
set A C Z% and a kernel offset set K C Z<, define the
K-boundary set

A == {peA:IAekst.p+AgA},
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Residual connection

Input Output

__________ ) —)E)

MLP/CNN MLP/CNN | | MLP/CNN

Aresidual block counts as depth 1
Depth = minimal path length.

Figure 2. Depth convention for residual networks. Depth is de-
fined as the minimal path length. Along the minimal path, each
plain layer and each residual block contributes one depth unit. If
the backbone has m plain layers and K residual blocks, then the
effective depthis L = m + K.

and the boundary fraction

bdry(A,K) = |‘9’X|A .

For circular padding, bdry(A, K) = 0.

Proposition (Depthwise LR scale for 1D/2D CNNs). Con-
sider a depth-L CNN with stride 1, fan-in initialization
(Eq. equation|I)), and pointwise activation o. Assume the
homogeneity conditions stated in Sec.[3.1] (up to padding-
induced boundary non-uniformity and finite-width effects).
Then there exists a constant k = O(1) (depending on o
and the initialization statistics such as ¢ = E[o'(Z)?], but
not on L) such that the AM-uP maximal-update learning

rate 1, (Sec.[3.2) satisfies
0e(L; {Ce, A, Ko}, B) = k L=3/2
. (1 + O(m?x Ci + m?dery(AgJCg) + %))

4
In particular, the leading depth exponent is —3/2, and the
listed terms only affect the prefactor.

Proof. Deferred to Appendix [B]

Rectangular grids. We record two common special cases.
If Ay is a 1D interval of length N, and Ky has half-span
s¢ 1= maxack, |Al, then bdry(Ag, K¢) = O(sg/N¢) un-
der zero padding. If Ay is a 2D rectangle of size Hy x W,
and Ky has axial half-spans s , := gle% |Ap| and sg, ==

inef}é( |Aw|, then bdl”y(/\g7 Kg) = O(S@JJH( + Sgﬂw/Wg).
’

3.4. Depthwise learning-rate scaling for residual
networks

We use standard asymptotic notation: f(L) = O(g(L))
means that there exist constants ci,co > 0 and Lo such
that c19(L) < f(L) < cag(L) forall L > L.

Setup. We consider a residual-network backbone that con-
sists of m plain depth units (e.g., a linear or convolutional
layer followed by a pointwise nonlinearity) and K residual
blocks inserted along the backbone. A residual block is a
depth unit with one residual addition, as defined in Eq. 4]

We measure depth by the minimal path length, counting
each plain layer and each residual block as one depth unit
(Fig.[2). Accordingly, we define the effective depth as

Lres == m+ K.

In common ResNet families, the plain part typically in-
cludes an input stem and an output head; under our con-
vention these components are simply counted in m rather
than being hidden.

For initialization, weights in plain layers use the fan-in rule
in Eq.|1} Weights on residual branches use the depth-scaled
fan-in initialization in Sec. 3.1} i.e., standard fan-in ini-
tialization together with a multiplicative K ~'/2 scaling on
the residual branch. We study the AM-uP maximal-update
learning-rate scale 7, defined in Sec. i.e., the learning-
rate scale that keeps the one-step AM-uP update budget S
at O(1) at initialization.

Proposition (Depthwise LR scale for residual networks).
Consider a ResNet-style network of effective depth L. =
m + K in the above sense. Assume fan-in initializa-
tion (Eq. [I) for weights outside residual branches, and
the residual-aware depth-scaled fan-in initialization from
Sec. 3] for residual-branch weights (equivalently, ap-
plying standard fan-in initialization and scaling residual-
branch weights by K—'/2). Then the AM-uP maximal-
update learning rate 1, (Sec. satisfies

n(Lres) = O(Lg*).

The hidden constants depend on the activation and initial-
ization statistics and on the residual-block template (e.g.,
the fixed internal structure within each block), but not on
the effective depth Lyes.

Proof. Deferred to Appendix [C]

3.5. Depthwise learning-rate scaling for Transformers

Setup. We consider Transformer architectures under the
conventions in Sec. and analyze the one-step update at
random initialization under the AM-u.P budget. We denote
the resulting effective depth by Ly, .

Proposition (Depthwise LR scale for Transformers). Con-
sider a Transformer of effective depth Ly, with fan-in ini-
tialization (Eq. [I)) for attention and FFN linear maps, fol-
lowing Sec.[3.1} Under the mean-field, weak-dependence,
and LayerNorm-stabilized tangent-propagation assump-
tions used in our AM-uP analysis, there exists a constant
k independent of Ly, such that the AM-uP maximal-update

learning rate 1, (Sec. satisfies
—3/2
W*(Ltr) = @(Ltr / )

The hidden constants depend on the activation and initial-
ization statistics and on the fixed Transformer-block tem-
plate, but not on Ly,.
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Proof. Deferred to Appendix [D]

4. Experiments
4.1. General Protocol

To evaluate the predicted depth dependence of the base
learning rate, we design CNNs, ResNets, and ViTs with
varying effective depths and measure the learning rate se-
lected by an early-training grid search. Inspired by (Chen
et al.[(2024)), we conduct experiments on three image clas-
sification datasets: CIFAR-10, CIFAR-100 (Krizhevskyl,
2009)), and a subset of ImageNet (Deng et al.,2009), which
span a range of task difficulties, allowing us to demonstrate
the robustness of our theory across different data regimes.

For each network depth L, we perform a logarithmic grid
search over learning rates 7 and record 7*, the one-epoch
optimum that minimizes the training loss. We treat this
grid-searched one-epoch optimum as an empirical proxy
for the maximal-update learning-rate scale n* defined in
Sec. Thus the sweep is used to calibrate the base
learning-rate scale, not to claim optimality of a complete
learning-rate schedule. We then fit the depth-dependent
scaling law on the log—log scale via

logiyn* = Bo + alogy L + e,

and report the fitted slope &. All experiments use stan-
dard multi-class cross-entropy loss with mean reductionﬂ
To ensure statistical robustness, we repeat each experi-
ment with three random seeds, compute the depth-wise
mean + 95% confidence interval for log;, *, and perform
weighted least squares fitting with weights inversely pro-
portional to the sample variance at each depth.

Table |1{ summarizes the fitted depth exponents & for base-
line configurations. The leading-order theoretical predic-
tion is @« = —1.5. Across the 9 architecture—dataset
combinations, the empirical exponents range from —1.18
to —1.57, with a mean of —1.38. Although the experi-
ments are finite-depth while the theory is asymptotic, the
independently tuned optima consistently organize around
a common power law across CNNs, ResNets, and ViTs.
We view this as strong evidence for the shared leading-
order L—3/2 depth scale, with the remaining variation re-
flecting finite-depth offsets, fixed stem/head components,
and architecture-dependent constants. Additional trans-
fer checks in Appendix [E.4] support the same depth signal
across ViT proxy widths and later-epoch LR selection. In

3We adopt a single-epoch protocol for computational effi-
ciency and comparability, consistent with the architecture-aware
scaling protocol (Chen et al.l [2024) and the uP perspective that
optimal learning rates are primarily governed by early-training
dynamics (Jelassi et al., [2023)).

4See Appendixfor compatibility between CE-based experi-
ments and our MSE-based derivation.

a direct zero-shot test, calibrating a source LR at one ViT
depth and transferring it with the L—3/2 rule reduces the
median log-LR error to independently tuned oracle LRs
from 0.314 to 0.057 decades and gives lower unrounded
epoch-3 transfer loss than raw transfer on 6/7 non-source
target depths.

Table 1. Main results: fitted depth exponents & for baseline
configurations. All models use SGD optimizer without momen-
tum. CNN and ResNet use ReL.U activation without normaliza-
tion or dropout. ViT uses Post-LN configuration. The theoretical
prediction is o« = —1.5.

Model CIFAR-10 CIFAR-100 ImageNet
CNN —1.339 —1.392 —1.329
ResNet —1.435 —1.355 —1.567
ViT —1.441 —1.371 —1.178
Theory a=—15

4.2. Convolutional Networks

We first validate our theory on plain CNNs(O’Shea &
Nash, 2015} |Krizhevsky et al.l [2012). Following the ho-
mogeneous CNN conventions in Sec. [3.1} we use L identi-
cal 2D conv+o blocks with stride 1 and circular padding,
followed by global average pooling and a linear classifier.
Networks are initialized with He fan-in and trained using
SGD without momentum (batch size 128). We sweep 7
over 80 log-spaced points from 10~* to 10' and take n* to
be the one-epoch training-loss minimizer.

As shown in Fig.[3(a), the optimal learning rate n* exhibits
a clear power-law relationship with depth on CIFAR-10,
yielding a fitted slope of & = —1.339. Notably, the expo-
nents remain stable across datasets: —1.392 on CIFAR-100
and —1.329 on ImageNet (Table[I]), confirming the cross-
dataset robustness of our theory.

4.3. Residual Networks

We define depth L by the number of residual blocks, each
containing a 3 x 3 conv layer (64 channels, stride 1) with an
identity skip. Networks are initialized with scaled He fan-
in, where conv weights on residual branches are multiplied
by 1/ \/E for K blocks to stabilize variance.

As shown in Fig. [3(b), the optimal learning rate follows a
clear power law with & = —1.435 on CIFAR-10, closely
matching our theoretical prediction of —1.5 and confirm-
ing that residual connections do not alter the depth expo-
nent. In contrast, PathSum (Chen et al., [2024) shows in-
creasing deviation from empirical optima at larger depths.
Across datasets, the exponents remain consistent: —1.355
on CIFAR-100 and —1.567 on ImageNet.
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(a) CNN (b) ResNet (c) ViT and transformer variants
Figure 3. Depth-LR scaling on CIFAR-10. (a) CNN: grid-searched optima with 95% CIs and weighted global fit (& = —1.339).
(b) ResNet: our AM-uP theory (& = —1.435) closely matches empirical data, while PathSum (Chen et al.| [2024) shows increasing
deviation at larger depths. (C) Transformer: Depth-LR scaling for ViT variants ViT (& = —1.44), BEiT (& = —1.35), and CCT
(& = —1.45) all exhibit clear power-law scaling consistent with our theoretical prediction of —1.5.

4.4. Vision Transformers

Finally, we extend our analysis to Vision Transformers. For
vanilla ViT(Dosovitskiyl [2020), we adopt the standard ar-
chitecture with patch embedding, learnable positional en-
coding, and a classification token. Following the Trans-
former depth convention in Sec. we measure depth by
the effective Transformer depth L.,. For CIFAR datasets,
we use patch size 4, embedding dimension 384, and 6 atten-
tion heads; for ImageNet, we use patch size 16, embedding
dimension 768, and 12 attention heads. The learning rate is
searched over 80 log-spaced points from 107> to 10°.

The baseline ViT (Post-LN) achieves & = —1.441 on
CIFAR-10, —1.371 on CIFAR-100, and —1.178 on Ima-
geNet (Table/[I)).

ViT variants. Beyond vanilla ViT, we evaluate two repre-
sentative variants: BEiT (Bao et al., [2022)) and CCT (Has-
sani et al.l 2021). BEIT replaces absolute positional em-
beddings with relative position bias in the attention mech-
anism. CCT replaces the patch embedding with a con-
volutional tokenizer and uses sequence pooling instead of
the class token, thereby combining the inductive biases of
CNNs with the global modeling capacity of transformers.

As shown in Fig. [3] (c), all three variants exhibit clear
power-law scaling with fitted exponents of & = —1.44
(ViT), —1.35 (BEIT), and —1.45 (CCT). Notably, CCT
achieves the closest agreement with our theoretical predic-
tion of —1.5, with only 3.3% deviation.

The loss landscape analysis in Fig. [] corroborates these
findings. For all three variants, the loss curves exhibit sys-
tematic stratification: as depth increases (from purple to
yellow), the loss-minimizing learning rate shifts leftward,
and the curves become steeper in the high learning rate
regime. This consistent leftward shift across Transformer
variants supports the shared leading-order depth trend pre-
dicted by the theory.

We attribute CCT’s strong agreement with theory to its
hybrid architecture. CCT’s convolutional tokenizer intro-
duces CNN-like components at the input stage, while its
transformer encoder captures global dependencies. Since
both CNNs (Section B.2) and transformers independently
follow the n* oc L~3/2 scaling law, it is natural that their
combination in CCT also adheres to this relationship. This
observation suggests that hybrid architectures combining
analyzed building blocks are a natural target for future tests
of the same effective-depth rule.

4.5. Ablation Studies

To assess the robustness of our theoretical predictions, we
conduct systematic ablation studies examining the effects
of optimizers, activation functions, normalization, and reg-
ularization. Table[3]in Appendix [E.T|presents 9 representa-
tive configurations spanning CNNs, ResNets, and ViTs.

Overall robustness. All tested configurations yield expo-
nents within the range [—1.8, —1.1], with a mean of —1.39,
demonstrating strong agreement with the theoretical pre-
diction of « = —1.5. This consistency across diverse ar-
chitectural and optimization choices validates the broad ap-
plicability of our depth scaling law.

Activation functions. Comparing ReLLU and GELU on
CNN/CIFAR-10, we observe & = —1.339 versus —1.379
(3% difference), showing the choice of activation has min-
imal impact. This aligns with our theory, where activations
enter primarily through the gating factor ¢ = E[o”(Z)?].

Optimizers. Switching from SGD to Adam reduces |&| by
10-12% on both CNNs (—1.339 — —1.207) and ResNets
(—1.435 — —1.269). While Adam’s adaptive learning
rates partially compensate for depth scaling, the power-law
relationship persists, confirming that depth-dependent ini-
tialization remains essential even with adaptive optimizers.

Normalization and regularization.  BatchNorm on
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Figure 4. Loss landscapes for ViT variants on CIFAR-10. Color encodes depth (purple: shallow, yellow: deep). All three variants
show systematic leftward shifts in optimal LR as depth increases, consistent with the predicted depth—LR scaling relationship.

ResNets increases |&| from —1.435 to —1.701, while
dropout increases it to —1.568, both bringing the exponent
closer to the theoretical —1.5. In ViTs, Pre-LN and Post-
LN yield similar exponents (—1.131 vs —1.178, 4.0% dif-
ference), indicating that normalization placement has min-
imal effect on depth scaling.

These ablations confirm that the L~3/2 scaling law pro-
vides a robust first-order approximation across diverse
training configurations, with secondary modulations typi-
cally within £20%.

5. Conclusion

We studied depthwise learning-rate scaling for dense
non-recurrent multi-path neural networks.  Using an
architecture-dependent effective-depth convention and a
network-wide update-energy criterion, we derived a shared
leading-order -3/2 law for the base learning-rate scale in
CNNs, ResNets, and Transformers. This gives a simple
operational rule: calibrate the learning rate at a reference
effective depth L( and rescale it to a new effective depth

by
0(L) = n(Lo) (LL)/ .

Empirically, independently tuned learning-rate optima or-
ganize around this law across architectures and datasets.
Additional checks across proxy widths, later epochs, di-
rect zero-shot transfer, and common training variants sup-
port the rule as a practical first-order learning-rate rescaling
method. The finite-depth variation we observe is consistent
with fixed stems and heads, block-template constants, opti-
mizer effects, and other architecture-dependent prefactors.

6. Limitations and Future Work

Training dynamics and optimizers. Our analysis iden-
tifies a base learning-rate scale from one-step representa-

tion updates at stabilizing random initialization. This focus
is natural for maximal-update scaling, since early activa-
tion, gradient, and normalization statistics are largely con-
trolled by architecture and initialization. At finite depth,
tuned optima may fluctuate around the leading law be-
cause fixed stems, heads, block-template constants, and
data-dependent effects are not asymptotically averaged out.
Later in training, these quantities become increasingly
data-dependent, coupling the appropriate learning rate to
the training state and schedule; a natural next step is to
combine the present depthwise scale with warmup, cosine
decay, adaptive target learning rates, or feedback-based
control views over the full training trajectory. In practice,
calibration constants should be transferred within the same
optimizer and schedule family. Extending the framework
to more optimizers, including Adam-style preconditioning
and Muon-style matrix updates, is a promising direction.

Beyond fixed architecture families. The formal deriva-
tions in this paper cover CNNs, ResNets, and Transform-
ers under the effective-depth conventions studied here. A
longer-term goal is to obtain a more general graph-level
scaling rule that applies across heterogeneous computation
graphs. Architectures with concatenative skips, multi-scale
fusion, graph-transformer hybrids, neural fields, Mixture-
of-Experts, or learned aggregation may require merge-
aware or graph-aware depth coefficients beyond the current
minimal-path convention. Testing and refining the rule on
more realistic tasks and models, including language, au-
dio, multimodal learning, reinforcement learning, and pre-
trained or fine-tuned systems, is also an important future
direction.

Broader impact. The main expected benefit of this work is
to reduce repeated learning-rate sweeps when scaling mod-
els in depth, lowering tuning cost, engineering effort, and
associated energy use. Because cheaper scaling methods
can also lower the barrier to training large models, respon-
sible deployment of downstream systems remains impor-
tant.
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Impact Statement

This paper studies learning-rate scaling rules for train-
ing deeper neural networks. The main positive impact is
to reduce the cost of repeated learning-rate sweeps when
scaling models in depth, which can lower compute us-
age, engineering effort, and associated energy consump-
tion. By making depth-scaling experiments less dependent
on expensive trial-and-error tuning, the proposed rule may
also make such experiments more accessible to resource-
constrained research groups.

The work is methodological and does not introduce new
datasets, deploy models, or target a specific application do-
main. Its risks are therefore mostly indirect. More effi-
cient tuning methods can lower the barrier to training larger
models, including models that may be misused in down-
stream applications. We therefore view this work as com-
plementary to standard responsible deployment practices
for the models trained using these methods.
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Notation
Table 2. Notation summary.
Symbol Meaning
Depth / architecture
L Network effective depth (number of depth units).
l Depth-unit index, £ = 1,..., L.
m Number of plain (non-residual) depth units along the minimal path.
K Number of residual blocks along the minimal path.
Lies ResNet effective depth, Lyes := m + K.
Ly, Transformer effective depth (2 depth units per transformer block).
Data / optimization
T Input example.
y Target / label.
B Mini-batch (set); when used as a scalar, it denotes mini-batch size.
L5(0) Training loss on mini-batch B.
0 All trainable parameters; ™ parameters after one (S)GD step.
n Base learning rate.
n* maximal-update learning rate defined by S(n*) = 1.
Forward pass / initialization
29 (z;0) Pre-activations at depth unit £ for input x.
zfé) (z;0) Scalar coordinate of z(® (unit index 7).
o) Pointwise activation; o’ (+) its derivative.
q Gating factor q := E[o”’(Z)?] for Z ~ N(0,1) (for ReLU, ¢ = 1/2).
fan;, (W) Fan-in of a weight tensor.
w® Weight matrix / kernel tensor at depth unit £.
Whes Residual-branch weights .

One-step updates / AM-pP

a

Ab,

Az (x)
Se(n)

5(n)
CNN-specific
d

Ce

Ag

WJ'(,l;),A

M,

Ox A
bdry(A, K)
Se

S0,hy Stw

Partial derivative 9/90, for scalar parameter 6.

One-step parameter change, Af, := 0} — 0,.

One-step change of pre-activation coordinate 7 at depth £.
Layerwise second moment S¢(n) := E[(Aszy) (x))?].
Network-wide average second moment, S(n) := 1 Sory Se(n).

Spatial dimension (d = 1 or 2).

Number of channels at depth ¢.

Spatial index set at depth £; Ny := |A,|.

Number of spatial locations at depth ¢ (e.g., N, = H,W,; in 2D).
Height/width of a 2D feature map at depth /.

Kernel offset set (subset of Z%); ke := | Kol.

Kernel size / number of offsets (k¢ = | K¢|).

Spatial location index (p € Ay).

Kernel offset (A € Ky).

Conv weight from input channel ¢ to output channel j at offset A.
Effective width of a conv layer, M, := CyNy.

K-boundary set under zero padding: {p € A : 3A € K, p+ A ¢ A}
Boundary fraction bdry (A, K) := |0k A|/|A].

1D kernel half-span s, := maxack, |A|.

2D axial half-spans max |Ap,| and max |A|.

ResNets / Transformers (selected)

Fe(+)
Attn, FEN
LN

)

Te(pa, p12)

Asymptotic notation
o()
e()

X

Residual branch mapping in depth unit £.

Attention branch and feedforward branch in a Transformer block.
LayerNorm; ~, 3 are its affine parameters; € is the numerical constant.
Pre-LN residual sum in post-norm analysis: u(? = 2= 4 F(2(¢=1),
Averaged overlap of directional derivatives at depth ¢ (used in proofs).

Big-O: f(s) = O(g(s)) if 3¢ > 0, so such that | f(s)| < c|g(s)| forall s > sq.

Big-Theta: f(s) = ©(g(s)) if e1,c2 > 0, so such that c1g(s) < f(s) < cag(s) forall s > so.

Asymptotic proportionality: f o< g means f(s)/g(s) = k € (0, 00).

13
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A. Rationale for the Arithmetic Mean in ;P

This appendix supplements Sec. [3.2]and gives a more for-
mal rationale for using an arithmetic mean to aggregate lay-
erwise maximal-update energies in AM-pP.

Setup and notation. We follow Sec. Let Azl@ (z)
denote the one-step change of a representative pre-
activation coordinate zy) (z) at depth unit ¢ after one gradi-
ent step at initialization (with  ~ D). Define the layerwise

energy

Se

L
E[(Azy)(a:)ﬂ, S = %ng, (10)
=1

where the expectation is taken over data (and, when rele-
vant, initialization and mini-batch sampling). AM-uP fixes
a network-level budget S = C for an O(1) constant C' (and
we may set C' = 1 by absorbing constants into the learning-
rate scale).

(A1) Merge consistency and characterization. Let
M(S1,...,SL) be a network-level aggregator that sum-
marizes the collection {S,}%_, into a single scale used to
set the global learning rate. We require three minimal prop-
erties:

e Permutation invariance. M is invariant under per-
mutations of the inputs.

e Scale equivariance. For > 0,

M(cSl,...,cSL) = CM(Sl,..

any
. SL).

* Merge consistency. For any partition {1,...,L} =

c

|_|§=1 G, define each group’s per-layer energy by

Z SZ7

LeGy

mj -

_ L
e

so that the total energy of group G is preserved when
replacing it by |G| identical copies of m,. Merge
consistency requires

) SL)

M(Sl,... M(ml,...

|G1]

sy MMy e oo s My -

|G|

(1)

In addition, we adopt the standard normalization for a
“mean’:
M(e,...,c)=c, Ve > 0. (12)
Consequence. Applying equation |l 1| with the single group
Gi1={1,...,L}yields M(Sy,...,5.) = M(S,...,S).
By equation this equals S. Hence the arithmetic mean

is the unique aggregator satisfying the above properties.

.,mk).
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(A2) Why S is the right “energy budget.” The quan-
tity .S has a direct probabilistic interpretation: if ¢ is drawn
uniformly from {1, ..., L}, then

§ = EeSe = Eea[(a2

2
@)’].
Thus fixing S O(1) controls the typical depth-unit
update energy, while allowing heterogeneous allocation
across layers, which is essential in multi-path architec-

tures (residual accumulation, convolutional coupling, at-
tention/FFN branches).

(A3) Heterogeneity: what is controlled and what is not.
The arithmetic mean is monotone and satisfies the sharp
bounds

m}nSg < 8 < mZang.

Therefore, when layerwise energies remain within constant
factors, S remains within the same range. More impor-
tantly, if some layers become anomalously large, S reflects
this increase, which is appropriate when S is meant to rep-
resent an honest second-moment budget. This contrasts
with multiplicative aggregates that can hide large outliers.

(A4) Failure of the geometric mean: multiplicative can-
1/L
Let G (HeL=1 Sg) . Consider S

(e,e71,1,...,1) withe | 0. Then G = 1 stays constant,
while

cellation.

S

%(5—1—5_1—&—1/—2) — 0.

Hence fixing G does not control the additive second-
moment budget ), S¢. In heterogeneous settings, G' can
severely underestimate the presence of large-update layers.

(A5) Failure of the harmonic mean: hypersensitivity to
-1
small layers. Let H := (% S S 1) . A direct dif-

ferentiation gives

OH
0S;

_H? 1

0H

0S;

> 0,

1 o0.

Thus the harmonic mean becomes dominated by the small-
est layers and can force disproportionate allocation deci-
sions when used as a global budget.

(A6) Granularity and effective depth (split/merge com-
patibility). In our paper, “depth units” are defined at an
architecture-dependent granularity (Sec. 3.1), e.g., resid-
ual additions along the minimal path. One may equiva-
lently analyze the same network at a coarser granularity
by grouping depth units into blocks (e.g., treating a Trans-
former block as two sequential residual updates). Merge
consistency equation [T1] formalizes the requirement that
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the global budget should be invariant to such regrouping
as long as group totals are preserved via per-unit aver-
ages. The arithmetic mean satisfies this invariance exactly,
whereas geometric/harmonic means generally do not.

(A7) Homogeneous limit. When S, ~ S for all ¢, the
constraint S = C'is equivalent to S, ~ C, recovering
the classical per-layer maximal-update viewpoint in set-
tings where it is well posed.

Takeaway. The arithmetic mean is the only network-
level aggregator that is simultaneously compatible with
additive second-moment budgeting and consistent under
split/merge (coarse-graining) of depth units. This motivates
the AM-pP constraint S = C used throughout the paper.

B. Proof of Proposition [3.3|for CNNs

Setup and scope. We prove the depth exponent in Propo-
sition by analyzing the first (linearized) SGD step at
initialization, which is the standard setting for maximal-
update calculations. We work under the CNN conventions
in Sec. @ stride 1, pointwise nonlinearity o, fan-in initial-
ization (Eq. equation [I)), and the homogeneous (stationary)
setting under circular padding. The 2D case follows by the
same counting argument and is stated at the end.

For a layer /¢, let Cy be the channel count, A, the spatial
index set, Ny := |Ay|, and define the effective width

M@ = CgNg.
We flatten a channel—position pair into a single unit index
a € {1,...,M;} when convenient; this is purely nota-
tional.

One-step pre-activation increments and the AM-uP
budget. Let 6 collect all trainable parameters (weights
in convolutional layers and the linear head). Write 6+
0 + AQ for the parameters after one SGD step with learn-
ing rates {n,} at each scalar parameter direction p. For
each depth unit ¢ and input z, define the (linearized) pre-
activation increment

A0 (z) = Z 9,29 (z) Ap,

HEP<y

where P<, denotes parameters that influence 2 (ie., pa-
rameters in layers up to £), and J,, denotes the derivative
w.r.t. the scalar parameter p.

We use the layerwise energy (averaged over units)

| M , 1
Sy = E[ (Az‘(f)) ] , S = = Se.
oS 23
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The AM-xP maximal-update learning-rate scale 7, is the
scale of {n,} that keeps S ©O(1) at initialization

(Sec.[3:2).

Loss model (for analytic convenience). As in prior one-
step maximal-update analyses, we use a mean-squared er-
ror (MSE) surrogate to make the second-moment expan-
sion explicit. This choice only affects constant prefactors
and does not change the depth exponent. (If desired, a short
cross-entropy-at-initialization justification can be included
elsewhere.)

Let the output layer have dimension My, and define the
per-sample loss

1
2Mp 41

=59 ) = ol

We assume E[y] = 0 and Var(y;) = o, for each output
coordinate ¢, independent across ¢ and independent of the
network at initialization.

B.1 A top-layer reduction identity for CNN Jacobian
overlaps

For two parameter directions 1, 4o and a depth h, define
the averaged Jacobian overlap

My,
1
Th(pa, p2) = ﬁhzangh) D2, (13)
a=1

Lemma 1 (Top-layer reduction for CNN overlaps). As-
sume RelLU (¢ = E[o'(Z)?] = 1/2), stride 1, circular
padding, and independent, zero-mean fan-in initialization
(Eq. equationl[l). Fix integers 0 < ¢ < h < L+ 1. For any
parameter directions |11, 42 that belong to layers at most £,

B[ Tu(u ) | 2©] = Tupne). (14

Proof. We follow the same induction structure as the
sequential-network argument and only highlight CNN-
specific points.

Step 1: one-layer expansion. Condition on z("~1) and take
expectation over the weights of layer h only. For y < £ <
h, the chain rule gives

9z = wih (J'(z(hfl)) @3“2(}“1)),

where W) is the convolution operator (flattened as a
sparse matrix), and ® denotes pointwise multiplication.

By independence and zero mean of distinct kernel parame-
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ters, only diagonal terms survive, yielding

E[T}L(NI,MQ) ‘ Z(hfl)}

J/(Z((lhfl))z aﬂlzt(lhfl) 3ﬂ22gh71)'

15)

Here the factor 1/¢q comes from the fan-in variance in
Eq. equation|[T] and the kernel-size dependence cancels be-
cause under circular padding each spatial location is visited
exactly ky, times, matching the fan;, factor.

Step 2: averaging out the gate using symmetry. Now con-
dition on the earlier representation z(*) with £ < h — 1.
Under ReLU and symmetric (zero-mean) initialization,
the distribution of the pre-activations z(*~1) given 2(¥) is
symmetric about 0. Moreover, flipping the sign of all
weights in layer (h — 1) ﬂips 2= while simultane-
ously flipping each 9, 2(=1) for ;i < ¢. Hence the prod-
(h=1)g  (h=1) ;
a2 ®
l{z(h RIS 0} is odd in the sense that it
(h—1)

uct amza
o' (2{V) =

is even under the sign flip, while

swaps with 1{2,1 < 0}. This implies the factorization

E[a'(z 029,21 9,2

=q- E[aﬂlztgh_l) 811«22((1h_1) ‘ Z(Z)} :

thgﬂ

Plugging this into Eq. equation[T5]yields
E[Th(uhm) ‘ Z(e)} = E{Thfl(lilalm) ’ Z(e)} .

Step 3: induction from h down to (. Tterating the last iden-
tity from h down to £ + 1 proves E[T}, (1, ) | 2] =
Ty(u1, p12), as claimed. O

Remark (Zero padding and boundary corrections). If cir-
cular padding is replaced by zero padding, the uniform
coverage argument is violated only near the spatial bound-
ary. Using the boundary fraction bdry (A}, Kp,) defined in
Sec.[3.3) Eq. equation[I3]acquires an additive error term of
order O(bdry(Ap, Kp,)). This produces only lower-order
multiplicative corrections to n, and does not change the
depth exponent.
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B.2 A/B decomposition for one-step pre-activation
changes

Define the output-layer quantities

1 Mr 41
L+1 L+1
TL+1(//41»/1'2) = M Z a}uztg 1) a}mztg * )7
L+1 =1
(16)
My 1 Mpya
Sppapnspa) i= =— > >
L+1 t1=1 tp=1
L+1 L+1 L+1 L+1
(aﬂlzt(1 ) (1 )) (aﬂ’z t(z )2752 ))
a7

Lemma 2 (Second-moment decomposition). Fix a depth
£ < L and a unit a in layer £. Under the MSE model above,
after one SGD step at initialization,

E[(a:)"] =

= 0'2 El

"7/11 nuz

D

#17#267332

AL 4+ BY

cnn?

(18)

where

B

cnn

>

H1,pu2€P<e

9, 2.

Nla

) 0,28 TL+1(M17M2)], (19)

AWO .

cnn

9y, 2t

Mpa Mpa amza 2%, SL+1(N17N2)]- (20)

Proof. Let g := z(F+1(z) —
loss satisfies

y. The gradient of the MSE

1 (L+1)
0.L = 9,z Ap=—n,0,L.
i Mr s tz:; Gt Opzy ) K M O

Substitute Ay into Az((f) Z,LLG'P<@ Oy za Au, expand
the square, and take expectation over y using E[y;] = 0
and E[y,ys] = 021{t = s}, independent of the network.
The diagonal label contribution produces the B-term with
Tr+1, and the remaining terms produce the A-term with
Sr41. O

Remark (Top-layer reduction inside the B-term). By
Lemma (l|with h = L + 1, for pi, e € P<¢ we have
E[Tp 1 (p1, p2) | 29 = Typ(ps, p2). Thus B, can be
rewritten in terms of the layer-£ overlaps, which is the key
step for extracting depth scaling.
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B.3 From overlap counting to the —3/2 depth exponent

Negligibility of the A-term for the depth exponent.
The term A,(gfl)n does not alter the depth exponent because
it grows at most quadratically in ¢ under standard weak-
correlation/diagonal-dominance bounds (the same heuristic
used in the sequential analysis). Concretely, under homo-
geneity and finite-moment assumptions at initialization,
A =0O(n*¢*)  while

cnn

B, =0(n* %),

cnn

1)
so averaging over ¢ = 1,..., L the B-term dominates and

sets the depth exponent. We therefore focus on Béﬁ)n

Overlap counting. Using Lemma [I| homogeneity (sta-
tionarity under circular padding), and the same overlap-
counting argument as in the sequential case (adapted to the
effective width M, = CyN,), one obtains

BY

cnn

= ko n? Z Z min{hq, ho} - (1+O(max ))
hi=1hy=1
(22)
where k9 = O(1) depends on activation/initialization mo-
ments (including ¢) but not on £ or L.

The combinatorial identity

Z Z min{hy, hy} = w = 0(?)

h1 1 hg 1
(23)
implies Béﬁ)n = 0(n?e?).
Averaging over depth and solving for 7, (L). Combin-

ing Eq. equation [T8] Eq. equation 21} and Eq. equation 23]
we obtain

M,
1 .
=E|— Oy2| = 2 43

Si=E|5p ;Zl:(Aza ) ] pun £ (14 0(1)),

and therefore

L
S = %ZSzZH2n2L3<1+O(1))a

£=1

for constants 1,k = O(1). Imposing the AM-yP
maximal-update constraint S = O(1) yields

(L) = k L=3/2 (1 n 0(1)),

with kK = O(1) independent of L. This proves the depth
exponent —3/2 in Proposition Boundary effects under
zero padding contribute only multiplicative corrections as
in Remark [B] and do not change the exponent.
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2D case. The 2D CNN proof is identical after replacing
the 1D index set by A, C Z? and the kernel offset set by
K¢ C Z2. Under circular padding, each spatial site is again
visited exactly ky := |Ky| times, so the kernel-size cancel-
lation and the overlap counting remain unchanged. Under
zero padding, the correction is controlled by bdry(Ag, Ky)
as stated in Sec.

Lemma 3 (Boundary missing-term bound for zero
padding). Let A C Z¢ be a finite spatial index set and
K C Z% be a kernel-offset set with k = |K|. Define the
K-boundary set

OcAh:={peA:FAest.p+A¢ A},

|Oxc Al
Al

bdry (A, K) :=

Extend any array f : A — R by zero outside A. Then

Zf

u€eA

|Z > fp+a) -

peA AEK ‘A|

(24)
k- bdry(A, K) - || f]lco-

In particular, under circular padding the left-hand side is
0.

Proof. Under circular padding, each pair (p,A) € A x K
maps to an in-domain index, and each u € A is hit exactly
k times, so the equality holds exactly.

Under zero padding (with the zero-extension convention),
the only discrepancy comes from missing terms for which
p € Oc/Aand p+A ¢ A, in which case f(p+A) = 0. Each
boundary site p € Ox A can miss at most k offsets. Hence
the total number of missing summands is at most k|0 Al,
and each missing summand has magnitude at most || f|o-
Dividing by |A| gives equation[24] O

Lemma 4 (Mini-batch averaging: O(1/B) correction in
second moments). Let {(&,(p) 2., be iid. pairs with
finite second moments. Define the mini-batch averages

% ZbB:1 &b andi = % Zle Cp. Then

EIEC) = BIGJEIG] + 3 Covi6n G). (29

In particular; if Cov(&1,¢1) = O(1), then E[¢C] differs
from the B = oo limit by O(1/B).

Proof. Expand
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For b # I/, independence gives E[¢,(y] = E[¢1]E[(1]. For
b=V, E[&,¢] = E[¢1¢1]. Thus
B€(] = =5 (BEEG] + B(B - D EIGIE))
= Bl ELG] + (Bl - El6JEG)).
which is equation 23} m

Remark. The O(1/B) correction is stated at the level of
second moments of mini-batch averages. The interpreta-
tion as a multiplicative factor 1 + O(1/B) assumes that
the B — oo contribution to the one-step AM-uP budget
at initialization is non-vanishing. In degenerate settings
where this leading contribution vanishes (e.g., a zero mean-
gradient term at initialization), the variance term can dom-
inate, and the learning-rate prefactor may acquire a /B
dependence. This does not affect the depth exponent de-
rived in Proposition[3.3]

Lemma 5 (Finite-channel correction for T,%). Fix a layer
h € {1,..., L} and two parameter directions 1, pr2 whose
associated parameters are not in layer h. Let

Z Z (r)
M1 JP 8N2ZJP’

Jj=1peAs

T(:uh,uQ C |Ah|

as in Lemmall| Condition on the sigma-algebra F,_ gen-
erated by all weights up to layer h — 1, so that 2"~V and
ausz(h_l) are fixed under the conditional expectation.

Assume the weights in layer h are independent across
output channels j and have zero mean, and assume the
channel-wise second moments are uniformly bounded at
initialization:

]E[Xl2 | ]—";L_ﬂ <y a.s. for some constant Cy < 00,
(26)

where
(h (h
Xj = |Ah Z O %, p) Oz, p)

pEAR

Then

E[Th(p1, p2)? | Faoa] = (E[Th(uh p2) | J:hfﬂ)Q

, @7
¥ O(ch)

where the implicit constant depends only on Cyy (and not on
depth). Consequently,

E[Th (11, 12)?] = E[(E[Th(ﬂhﬂQ) |fh71]) } + O(Oh)

Proof. Given Fj,_1, the only randomness comes from the
weights in layer h. By independence across output chan-
nels, the random variables {X j}f:hl are i.i.d. conditional

on Fj,_1. Since Ty, = C} Zc’l X, we have
1
Var(Th ‘]:hfl) = th Var(X1 |]:h71)
1
— E[XZ| Fi_
Ch, [ 1’ h d

Co
Cr

IN

IN

Therefore

E[T2 | Fua] = (E[Th | fh,l})Q + Var(Ty, | Fr1)

- (E[Th | fh,l]) +O<Oh>

which is equation[27] Taking expectations over F3_1 gives
the final displayed statement. O

Completion of the proof of Proposition 3.3} Lemma 3|
yields the max,bdry(As, KCp) correction under zero
padding, Lemma W4 yields the 1/B correction for mini-
batch gradients, and Lemma [5| yields the max, 1/C} cor-
rection from finite-channel averaging. Combined with the
overlap-counting derivation in Sec. [B| these establish the
correction factor .y, in Proposition

C. Proof of Scaling Law for ResNets

We prove the depthwise learning-rate scaling for residual
networks under the same one-step-at-initialization regime
used in Appendix [B] Throughout this appendix, we con-
sider ReLLU activations unless stated otherwise, and we

write ¢ = E[o'(Z)?] for Z ~ N(0,1) (so g = 3 for
ReLU).
A simplified homogeneous residual model. We first an-

alyze a homogeneous residual network with K residual
blocks and width n. For £ = 1,..., K, the ¢-th block is

L0 — =1 + 17740 U(Z(f—l)), (28)
where z(Y) € R™ and each W) € R™*™ has independent
entries with

Ewi] =0, var(wi) = (29)

Kn’
for a constant ¢ = O(1). This matches the residual-branch
scaling rule in Sec. (up to fixed constants such as 1/q).
C.1 Residual-block recursion for 7}

For a parameter direction 1, we write the directional deriva-
tive of the pre-activation at depth £ as 8,,2(@) € R"™. For two
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parameter directions p1, po, define

1
TE(NlaNQ) = E <aulz(5)’ 8“22(5)>

17’L
:ﬁ;

Lemma 6 (One-block conditional recursion for Ty). Fix
¢ € {1,...,K} and two parameter directions i, fio
whose associated parameters are not in block { (equiva-
lently, their layer indices are < £). Condition on the sigma-
algebra Fy_, generated by all weights up to block ¢ — 1, so
that 2=V and ausz(f_l) are fixed under the conditional
expectation. Define the diagonal gate matrix

30
a# Z(e) aﬂ Z(Z) 30)
144 244

DY = diag(o’ (271)).

Then we have the exact conditional identity

¢ ~
E[Ty(p1, po) | Foor] = To—1(pa, p2) + }Teq(m,#z),

(3D
where
~ 1
Too1 (1, p2) = E<D(2—1)amz(é—1)’ D(€_1)8H2z(€_1)>
1o =12 ¢ ¢
-1 -1 -1
= ﬁ U/(Zl(c )> aﬂlzl(c )8H2Zl(c )'

k=1
(32)

Proof. For s € {1,2}, since p is not in block ¢, equa-
tion 28] yields
9,20 = 9, 2=V f WODE-1g (=),
Let a(®) := D=1, »(*~Y € R™. Then
8,20 = 8, 2D £ WO,

Plugging into equation [30]and expanding gives

1 _ _
Ty, p2) = ﬁ<amz(z D, 8,2 1)>
1
2 (=1 42
+ n<a’“2 , Wa >
1 _
" E<W(%(1)’ B,y 2 1>>
<W<e a, W<e>a<2>>,

Taking conditional expectation given F,_;: the first term
is exactly Tp—1(u1, 2). The two middle terms are linear

in W) and vanish since E[Wi(,f)] = 0. For the last term,

(33)

19

using independence across (i, k) and equation

)|

E{1<W<e>a<1>, W) ‘;H]
n

IS (imsf>as>><2w5ﬁ
3 k=1

k'=1

o2

C ~
= =T

K (N17M2)'

which together with equation [33] yields equation [31] O

Remark. 7o obtain a closed recursion for E[Ty], we use
the same mean-field approximation as in Appendix [B} at
initialization, the gate o' (z ,(f_l))Q is asymptotically inde-
pendent of the product 0,,, 2, LD Ous z,(f_l). Define the de-
viation

co—1(p1, p2) = E{fi—l(ﬂlal@)} = qE[To—1(p1, p2)] 5

which satisfies 91 (p1, po) = o(1) as width — oo under
the same approximation. Taking expectation in equation[31]
yields

E[Ty(u, pa)) = (1472

C
% ) ETe-1(uy, p2)l+ 52 €e-1(p, pa2)-

(34)
For ReLU, q = %

Corollary. Under the same approximation as in Remark|C]

define
Ty 1= (1 + CT?)[

Then forany £ € {0,1,..., K},

{—1
ElTe(p1, p2)] = re E[To(pa, )]+ 72 =3 v aen( ),
t=0

B (35)
where ¢, is defined in Remark[C] Moreover, 1 is uniformly
bounded in K :

1+ —

cq)K .
< e“.
K <

1§re§rK=(

In particular, if sup,< g |e¢(p1, p2)| = o(1) as width —
o0, then the error term in equattonﬁzs also o(1) uniformly
forl < K.

C.2 Depth scaling

Corollary. Consider the residual network equation
equation 29 with K residual blocks (each block counts as
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one depth unit). Under the same one-step update decom-
position and weak-dependence assumptions used in Ap-
pendix@ and using the O(1) propagation control in Corol-
lary[C] the AM-pP maximal-update learning rate satisfies

ne(K) = 6(K~%/2).

Proof. Appendix [B| shows that for sequential (and homo-
geneous convolutional) models, the dominant contribution
to the one-step pre-activation update second moment can
be written in terms of Ty(u1, p2)? and yields the overlap-
counting growth

>

{=1

1 ]E[(Az(e))ﬂ = 0(n*K?).

K

For residual networks, the same decomposition applies.
Corollary[C|shows that the propagation of T} across a resid-
ual block differs from the sequential case only by an O(1)
factor uniformly in ¢/ < K, which affects only the prefactor

in the ©(-) scaling and does not change the depth exponent.
Therefore,

% eXZE [(22)2] = oK),

and enforcing the AM-uP budget S
n.(K) = O(K /).

O(1) yields
O

Extension to mixed backbones. If a backbone contains
m plain depth units and K residual blocks along the min-
imal path (as in Fig. 2), then the same argument applies
with K replaced by the effective depth L,es := m + K,
since plain units satisfy the layerwise invariances proved in
Appendix [B| and residual units contribute only O(1) prop-
agation factors across depth.

D. Proof of Scaling Law for Transformers

We prove Proposition We follow the same first-step
analysis as in Appendix [B| and the same residual-unit re-
cursion logic as in Appendix [C} with LayerNorm being the
only new technical component.

D.1 Transformer definition of 7}

We use the same quantity as in Appendix E Let 29 ¢
R™ denote the (flattened) representation after depth unit £.
In Transformers, one may take n = Nd where N is the
number of tokens and d is the model width. For two pa-
rameter directions (i1, f42, define

Ty(pr, p2) 82V (36)
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D.2 LayerNorm Jacobian bounds

We consider the standard LayerNorm(Ba et al., 2016) map
on a d-dimensional vector. Let Z := 21" 2 and

1
s(x) :=\/E||x—f1||§+e, e > 0.

With affine parameters v, 3 € R?, define

r—Tl
LN(z) =~y ® 1. (37)
s(x)
We write [|Allop := supj,,=1 [[Av[|2 for the operator

(spectral) norm.

Lemma 7 (Jacobian of LayerNorm and an operator-norm
bound). Let Jix(z) denote the Jacobian of equation [37]

Then
Jin(z) = diag(y) — JEE T
LN - g ,Y S(Jj) d
B (r—21)(z—z1)" (38)
d s(z)? '
Moreover, if [|Y]lco < Ymax then
2’Vmax
- < .
1 (@)llop < =275 (39)

Proof. Write P := I — 1117 (centering projection), so
Pz = x — z1. Then LN(z) = v ® (Pz/s(z)) + B.
P

Differentiating gives
1\T
Px-V|{—— .
s (d@))

Since s(z) = y/ 4[| Pz||3 + €, we have

V(i@)“dgf

Substituting yields equation [38]

Jin(z) = diag(y) (

Pzx.

1
d

For equation note that P is an orthogonal projection,

$0 || P|lop = 1. The rank-one matrix % has opera-
2
tor norm (‘1'1:(’; ”)g < 1 by the definition of s(x). Hence the

bracketed matrix in equation [38 has operator norm at most
2. Finally, ||diag(y)llop = [[7llec < “Ymax, Which gives
equation[39 O

D.3 A residual depth unit with LayerNorm

We analyze post-norm depth units; the pre-norm case is
analogous. A depth unit is written as

20 = LN(N*U ¥ Fg(z“*l))), ¢=1,..., L,

(40)
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where F, is a residual branch (either attention or feed-
forward), and has O(1) internal depth. Define u() :=
2= 4 Fy(2*=1). For notational convenience, write the
post-norm depth-unit map as

Gi(z) := LN(z + Fy(2)).

For 0 < h < ¢ < L, define the input-output Jacobian
from depth h to depth ¢ by

Bp.p, := DGz )DGy 1 (21572 ...

(41)
DGh+1(Z(h)), (I)h:h = 1.

A structural assumption on LayerNorm-stabilized
propagation. The following assumption summarizes the
same mean-field / weak-dependence closure used through-
out Appendix [BHC| now applied to the LayerNorm-
stabilized Transformer depth units. It is stated directly for
the tangent directions that enter the one-step update expan-
sion.

Assumption 1 (LayerNorm-stabilized tangent propagation
at initialization). Fix 0 < h < ¢ < Ly, and condition on
Fn, the sigma-algebra generated by all parameters up to
depth unit h. For any two parameter directions (i1, ia €
P<p, set

Vg 1= 8#52(}”7 s=1,2.

We assume that

1
E - (Popv1, Ponvz)

1
Ful = po.n —(v1,
h:| pe:h n(m v2) “2)
+ 1.0 (v1,v2).
where py.p, is Fr-measurable and satisfies

0<co <ppp <Cp <00

with constants independent of Ly, h, and {. The remainder
satisfies

[[o ]l flvll
n )

[7en(v1,v2)| < ep en — 0 43)

as the model width grows. We also assume the correspond-
ing overlap fluctuations are negligible:

[va [ fl2]?

1
Var(n (Po.pv1, Ponva) . (44)

]:h)ggn

The constants may depend on the fixed Transformer-block
template, the number of heads, the activation function, Lay-
erNorm parameters, and sequence length, but not on the
effective depth Ly,.
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Why the assumption is reasonable. Assumption [I] is
the Transformer analogue of the propagation-control con-
ditions used for CNNs and ResNets. LayerNorm keeps
tokenwise feature scales O(1) at initialization, while fan-
in initialized attention and feedforward projections are ap-
proximately isotropic in the large-width mean-field regime.
Although the LayerNorm Jacobian has low-dimensional
null directions, the parameter-derivative tangent directions
appearing in the one-step expansion are high-dimensional
random directions, and their projection onto these special
directions is negligible at large width. The assumption
therefore rules out exponential growth or decay of tangent
overlaps with depth, which is precisely the stable Trans-
former regime considered in the experiments.

Proposition (One-unit propagation of 7, in post-norm
Transformers). Fix £ € {1,..., L, } and two parameter
directions i1, po whose associated parameters are not in
depth unit {. Assume Assumption[I} Then

E[Te(p1, p2) | Fe—1] = pezo—1 To—1(p1, p2)

+ ree_1 (é)ﬂlz“_l), am,z(é_l)) .

(45)

where 0 < cp < ppy—1 < Cg < o0, with constants in-

dependent of Ly,, and the remainder is controlled by equa-

tion In particular, up to the vanishing remainder, one

Transformer depth unit changes the relevant tangent over-
lap only by a depth-independent constant factor.

Proof. Differentiate equation Since p is not in depth
unit /,

8HSZ(Z) = DGy(2\Y) (“)Hsz(é_l) =®pp aﬂsz(é—l)_

Plugging this identity into equation [36| gives
1 _ _
T[(Hl,ﬂz) = E <(I)€:€—16/le(f 1)aq)€:€—1ap,gz(z 1)> .

Applying Assumptionwith h=0—-1v, = ausz(é_l),
s =1,2, yields
1
B[y (1, 12) | Feot] = prie—1 (027D, 827V
+7rpe1 (8#1z“*1), ((9”22(571)) .

The inner product term is exactly Ty—1 (1, p2), proving
equation [43] O

D.4 Depthwise scaling

Corollary (Depth exponent for Transformers). Under As-
sumption [I| and the one-step maximal-update decomposi-
tion used throughout Appendix[BHC| the AM-{.P maximal-
update learning rate 1), (Sec.[3.2)) satisfies

Me(Lix) = (L, *?).
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Proof. Appendix [Bfshows that, under the one-step decom-
position used throughout, the AM-uP update budget for
sequential depth units is governed by overlap sums of the

form
0

J4
Z Z min{hl, hQ},

hi=1ho=1
and hence scales as

S =6(1’Ly,)

up to architecture-dependent constants.

For Transformers, the corresponding sensitivity terms con-
tain the Jacobian propagation from an insertion depth h to
a later depth ¢. By Assumption |1} this propagation is con-
trolled by the composed LayerNorm-stabilized Jacobian
(I)g; h+

1
E -~ (Pe:nv1, Penva)

where
0<cap < pepn <Cp <00

with constants independent of Ly, h, and ¢, and the remain-
der is negligible in the large-width limit. Thus, relative
to the sequential overlap calculation, Transformer depth
units modify the relevant tangent overlaps only by depth-
independent constants. The fluctuation bound in Assump-
tion [I] ensures that the same replacement is valid at the
second-moment level entering the AM-u P budget.

Consequently, the same overlap-counting argument gives

S =0e(nLy,)

for LayerNorm-stabilized Transformer depth units. Enforc-
ing the AM-uP budget S = O(1) therefore yields

me(Lie) = (L, ).

Remark. For pre-norm units of the form
20 = 27D 4 F(LN(z(7D)),

the same argument applies after redefining the depth-unit
map as
Gy(z) := z+ Fy(LN(z))

in the definition of ®y.,. In this case, Assumption
is imposed on the corresponding pre-norm LayerNorm-
stabilized Jacobian propagation. Under this analogous
tangent-propagation stability condition, the depth exponent
is unchanged.

1
]:h:| = pPu:h g<’l}17’02>+7a€:h(v1702)7
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E. Additional Experimental Results
E.1. Ablation Study Details

Table [3| summarizes all ablation study configurations and
their fitted depth exponents. Figure [5] presents the corre-
sponding log-log fitting curves, demonstrating consistent
power-law relationships across all tested configurations.

E.2. CNN Padding Ablation

We compare circular padding and zero padding under iden-
tical CNN settings on CIFAR-10 with ReLU activation.
Figure [6] shows that both padding modes follow essen-
tially the same depth—learning-rate power law, with expo-
nents close to the theoretical L—3/2 prediction. The pri-
mary difference manifests as a small vertical shift on the
log scale (i.e., a constant prefactor change) rather than a
slope change, confirming that padding strategy has mini-
mal impact on the scaling exponent(Xiao et al., 2018)). This
validates zero padding as a practical default in engineering
applications while maintaining the theoretical scaling law.

CNN Scaling Law: Effect of Padding Mode

Fit (0=-1.474)
15)

Optimal Learning Rate n*

10'
Depth L

Figure 6. CNN padding comparison on CIFAR-10. Depth-LR
scaling curves for circular padding and zero padding with ReLU
activation. Both exhibit similar slopes (& ~ —1.5), differing pri-
marily in vertical offset.

E.3. Kernel-Size Ablation

Proposition [3.3] predicts that for stride-1 CNNs under AM-
uP, the maximal-update learning rate follows n*(L) =
kL=3/2 at leading order, where kernel size affects the
learning rate primarily through the prefactor « rather than
the depth exponent. To test this prediction, we repeat the
CNN/CIFAR-10 protocol with kernel sizes k € {3,4,5}
while keeping all other settings fixed.

Figure [/| shows that n* exhibits clear power-law de-
cay for all kernel sizes, with fitted exponents & €
{—1.74,-1.44,—1.46}. Importantly, varying k does not
produce a monotonic trend in &; instead, it primarily in-
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Table 3. Ablation study: depth exponents for representative configurations. Fitted slopes ¢ for the depth-LR scaling law log,, n* =

Bo + alog, L. Theory predicts o = —1.5. Base configuration uses SGD, ReLU, and no regularization unless otherwise specified.
Model Configuration Optimizer Dataset Details &
Baseline SGD CIFAR-10 ReLU, None, — —1.339
CNN + GELU(Hendrycks, 2016) SGD CIFAR-10 GELU, None, — —1.379
+ Adam(Kingma & Ba, [2017) Adam CIFAR-10 ReLU, None, — —1.207
Baseline SGD CIFAR-10 ReLU, None, — —1.435
ResNet T BatchNorm(loffe & Szegedyl 2015) SGD CIFAR-10 ReLU, BN, - ~1.701
+ Dropout(ISrivastava et al.l |2014I) SGD CIFAR-10 ReLU, None, Dropout —1.568
+ Adam Adam CIFAR-10 ReLU, None, — —1.269
VIT Pre-LN SGD ImageNet ReLlU, Pre-LN, — —1.131
Post-LN SGD ImageNet ReLU, Post-LN, — —1.178
CNN Baseline ( a=-1.339 ) CNN + GELU (a = -1.379) CNN + Adam (a = -1.207)
a 1 ;Ea\,: . ®
g. . \'\i::\\: .
g 2
; L] . 1074

ResNet + Dropout (a =-1.568)

>~ @® Grid S h
° Eore L e & SR casen
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g D e N _ e
5 =3 1072 RIS
2 S <@
_ e oo o
{5‘ R s
5 e, ° Y.
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N e e~
§ SR 10 e -~
@ x N
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* b Y
10!
ViT Pre-LN (a =-1.131) ViT Post-LN (a =-1.178)
107 4x10°2{ SO @ Grid Search ~._ ©® @ Grid Search
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Figure 5. Depth—-LR scaling curves for ablation configurations. Each subplot shows log;, * versus log,, L with the fitted power-
law line. Configurations correspond to Table[3} All configurations exhibit clear power-law relationships with exponents close to the
theoretical prediction of —1.5.
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Table 4. ViT/CIFAR-10 width and later-epoch robustness. Each
entry is & with R? in parentheses.

Width Epoch 1 Epoch 2 Epoch 3

small (288) —1.352(0.938) —1.531(0.943) —1.207(0.739)
base (384) —1.360(0.980) —1.444(0.928) —1.501(0.898)
large (480) —1.345(0.990) —1.647(0.961) —1.550(0.924)

duces a vertical shift (prefactor change) while the exponent
remains close to the theoretical 3/2. We therefore inter-
pret the variation in fitted slopes (within £20% of 3/2) as
finite-sample fluctuations rather than evidence of a kernel-
dependent depth exponent, confirming that kernel size has
minimal impact on the scaling law.

CNN Scaling Law: Effect of Kernel Size

@  Kemel Size 3 Actual

ual
5 Fit (a=-1.460)

Optimal Learning Rate n*

10'
Depth L

Figure 7. Kernel-size ablation on CIFAR-10. Maximal-update
learning rate n* versus depth L for kernel sizes k € {3,4,5}.
Dashed lines show log-log linear fits with exponents close to the
theoretical —1.5.

E.4. Additional Transfer Checks

Proxy width and later epochs. Table {4 repeats the
ViT/CIFAR-10 sweep across three proxy widths and selects
the best LR after epochs 1-3. The fitted slopes remain con-
centrated around the predicted leading exponent v = —1.5.
The smallest-width epoch-3 fit is noisier, while the base and
large settings remain close to the predicted trend.

Direct zero-shot depth transfer. We next test the rule as
a transfer procedure. A source LR 19 = 2.462 x 1073 is
calibrated at source block depth Dy = 12 and transferred
either unchanged or after depth rescaling,

L

—3/2
)

Nse(L) = 1o (L

where Ly is the corresponding source effective depth. Or-
acle LRs are obtained by independent grid search at each
target depth under the same three-epoch budget. Across
all non-source target depths, the scaled rule reduces the
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Table 5. Representative direct zero-shot transfer results on
ViT/CIFAR-10. Here 7o is the independently tuned oracle LR,
Nsc 18 the theory-scaled LR, and log-LR errors are measured in
decades. Losses are epoch-3 training losses.

D Nor

6 5.360x1073
8 4.874x1073
10 3.249x1073
20 1.194x1073

raw / sc. loss

1.780/1.768
1.772/1.770
1.785/1.785
1.833/1.833

Craw €sc

0.338 0.065
0.297 0.057
0.120 0.012
0.314 0.002

Nsc

6.231x1073
4.274%x1073
3.163x1073
1.199%x1073

median log-LR error from 0.314 to 0.057 decades and
achieves lower unrounded epoch-3 training loss than raw
transfer on 6/7 targets. Table shows representative target
depths.

Preliminary non-vision check. As a preliminary non-
vision sanity check, we run an audio classification sweep.
The fitted slope is @ = —1.578 with R? = 0.891, close to
the predicted —1.5 trend.

Table 6. Preliminary audio classification depth-LR sweep.

Effective depth L Best LR
6 6.31x1072
10 2.39x1072
14 2.39%x1072
18 9.03x1073

F. Why GELU Can Appear Slightly Steeper
than ReLU in Finite-Range Fits

Empirically, when we fit a single depth—learning-rate
power law over a finite depth range, the fitted exponent for
GELU can be marginally more negative than for ReL.U for
the same architecture and training setup. This does not nec-
essarily indicate a different asymptotic exponent. Rather, it
suggests that subleading (finite-depth/finite-width) correc-
tions are more pronounced for GELU.

Activation—derivative statistics and sensitivity. Let
Z ~ N(0,1) denote the Gaussian proxy used in the mean-
field calculations. For ReLU, E[o’(Z)?] = 1. For GELU
o(z) = z®(z) with ¢’ (x) = ®(x) + z¢(x), we have

E[¢/(Z)?] ~ 0.456.

If one keeps the ReLU-calibrated He variance Var(W) =
2/ fan;, (W) when switching from ReLU to GELU, then
the linearized backward gain per layer becomes x
2E[¢'(Z)?] ~ 0.912 < 1, which increases the tendency of
deeper layers to attenuate gradients at initialization. When
fitted as a single power law over a limited depth range, this
attenuation can bias the estimated slope.
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Drift at finite depth and width Even with activation-
aware fan-in scaling, the pre-activation distribution is only
approximately stationary at finite width and finite depth.
For smooth activations such as GELU, the effective quan-
tity q(z) = E[¢'(2)?] is more sensitive to small variance
drifts across layers. This induces a slowly depth-dependent
prefactor (L) in 1, (L) ~ x(L) L=3/2. A log-log regres-
sion that enforces a single power law can therefore return a
slightly more negative fitted exponent.

G. On the Loss: Cross-Entropy vs. MSE in
the One-Step Derivation

Our one-step maximal-update derivation uses MSE for an-
alytic convenience, while the main experiments use multi-
class cross-entropy (CE)(Janocha & Czarnecki, 2017). In
the one-step initialization regime, this choice does not
change the depth exponent, because the derivation only re-
quires that the logit-gradient has an O(1) second moment.

At initialization, logits are near zero, so p = softmax(z) is
close to uniform. For one-hot targets y with C classes, the
CE logit gradient is

g=pr-Y

and thus

3= (1-4) +(©-1(&) =1-4 =0

Therefore CE provides O(1)-scale per-sample gradients at
initialization. In our derivation, the depth dependence of
1. (L) is governed by Jacobian products through the net-
work, while the loss enters only through such O(1) output-
gradient statistics. Replacing MSE by CE consequently
rescales the overall prefactor x but does not change the
depthwise power-law exponent.
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