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Abstract

We propose a novel piecewise stationary linear bandit (PSLB) model, where the
environment randomly samples a context from an unknown probability distribution
at each changepoint, and the quality of an arm is measured by its return averaged
over all contexts. The contexts and their distribution, as well as the changepoints are
unknown to the agent. We design Piecewise-Stationary e-Best Arm Identification™
(PSeBAI™), an algorithm that is guaranteed to identify an e-optimal arm with
probability > 1 — § and with a minimal number of samples. PSeBAI™ consists
of two subroutines, PSeBAI and NATIVE e-BAI (NeBAI), which are executed in
parallel. PSeBALI actively detects changepoints and aligns contexts to facilitate
the arm identification process. When PSeBAI and NeBAI are utilized judiciously
in parallel, PSeBAT" is shown to have a finite expected sample complexity. By
proving a lower bound, we show the expected sample complexity of PSeBAI™ is
optimal up to a logarithmic factor. We compare PSeBAI™ to baseline algorithms
using numerical experiments which demonstrate its efficiency. Both our analytical
and numerical results corroborate that the efficacy of PSeBAI™ is due to the
delicate change detection and context alignment procedures embedded in PSeBAT.

1 Introduction

In stochastic multi-armed bandits (MABs), an agent interacts with the environment at each time step.
The agent pulls an arm and observes the corresponding return provided by the environment. The
classical MAB framework assumes a stationary environment where the expected return of each arm
remains unchanged over time. However, we usually face ever-changing environments in real life. For
instance, in investment option selection and portfolio management, fund managers want to select a
subset of good candidate portfolios. However, the market may be bullish, bearish, or in some other
state. The transition between these states can be well-modelled as being stochastic. We wish to select
portfolios that yield the best long-term option under such a piecewise stationary environment. Further
examples such as one based on agriculture in the face of stochastically changing weather patterns
are discussed in detail in Appendix [A] These motivate us to formulate and investigate a piecewise
stationary linear bandit (PSLB) model.

Our PSLB model is equipped with an arm set X, a context set © and a deterministic but unknown
sequence of changepoints C. At each changepoint, the environment samples a context § € © from an
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unknown probability distribution Py, and the returns of arms may change when the context changes.
The return of each arm under each context is determined by its feature x € X" and the context 6. In
particular, the expected return of an arm is the weighted sum ji, = Ep,[z " 6]. While the sequence
of changepoints, as well as the distribution and latent vectors of contexts are not known, the agent
samples an arm and observes the corresponding return at each time step so that it can identify the
best arm arg max,, (., up to some tolerance € with probability > 1 — § and with as few samples as
possible. The agent’s behavior does not affect the sequence of contexts that is drawn from Pp.

Main Contributions. We are the first to study the fixed-confidence best arm identification (BAI)
problem in piecewise stationary bandits (PSB). Given § > 0, we say the arm with the highest
expected return p* is the best, and an arm is e-optimal if its expected return is at least p* — . We
seek to design an (e, §)-PAC algorithm which can identify an e-optimal arm with probability > 1 — ¢
in as few time steps as possible, i.e., with minimal sample complexity.

Our first contribution concerns the formulation of a novel PSLB model, where we measure the quality
of an arm x according to its expected return pi,, = Eq.p, [z " 6] for the following reasons. Consider
that an arm is measured by its average return across time, which is a generalization of the definition in
stationary bandits (SB). A notable feature of PSB models is that the context changes as time evolves,
and hence the arm’s average return across time also changes, in general. Hence, we aim to identify
an arm whose average return across contexts is high, and benefits the agent for interacting with the
environment in the long run after the arm identification task. We are thus inspired to introduce the
distribution of contexts under the PSLB model, define the expected return p,, for each arm, and use
this ensemble (non-time varying) statistic as the benchmark for what we seek to learn. The BAI task
using this statistic is meaningful but challenging, as the agent needs to reliably estimate the context
vectors, changepoints, and context distribution.

Secondly, we propose PIECEWISE-STATIONARY e-BAIT (PSeBAI™), an algorithm designed to
tackle the BAI problem in our PSLB model. We prove that it is (e, §)-PAC and bound its sample
complexity. PSeBAIT samples arms according to a suitably defined G-optimal allocation, and runs
two algorithms: NAIVE e-BAI (NeBAI) and PSeBAI as subroutines in parallel to achieve efficiency
and attain a bound on the sample complexity in expectation.

o Being a baseline but naive algorithm, the complexity of NeBAI grows linearly with the maximum
length between two changepoints L,,,x, motivating us to design a more efficient algorithm, PSeBAI,
to reduce the impact of Ly ax.

e PSeBAI is equipped with two delicately designed subroutines LINEAR-CHANGE DETECTION
(LCD) and LINEAR-CONTEXT ALIGNMENT (LCA) to actively detect changepoints and align
contexts with those observed in the previous time steps respectively. Concretely, in terms of the
design, PSeBAI determines whether samples from two intervals are under the identical context via a
sliding window mechanism, and detects changepoints and aligns contexts accordingly; this facilitates
the estimation of context vectors and their distribution. Combining these elements into the design
of PSeBAI and analyzing them requires some care. On the theoretical side, we prove PSeBAI
identifies an e-optimal arm faster than NeBAI with high probability. The success of PSeBAI relies
on the LCD and LCA subroutines, while a minor drawback is that they require a non-vanishing
failure probability budget which does not allow us to bound the sample complexity of PSeBAI in
expectation. To achieve a complete theoretical understanding, we delicately design the PSeBAIT
algorithm whose efficiency is inherited via the LCD and LCA procedures in PScBAT as well as the
effective utilization of running PSeBAI and NeBAI in parallel.

Thirdly, we derive a lower bound on the complexity of any (&, 6)-PAC algorithm in PSLB models.
To derive this bound, we first lower bound the complexity of an algorithm when the contextual
information (and changepoints) are available, and then quantify the number of arm samples (and
realized contexts) required to reliably infer an e-best arm.We compare the upper bound of PSeBAI™
and this generic lower bound in several instances. The matching (up to logarithmic terms) of bounds
illustrate that our PSeBAI™ algorithm is almost asymptotically optimal.

Lastly, we demonstrate the efficiency of PSeBAI™ with numerical experiments. The first half of
our experiment shows that PSeBAI™ is (¢, §)-PAC and with significantly lower sample complexity
compared to NeBALI, corroborating our theoretical findings. In the second half, we compare PSeBAT™
to NeBAI, and two other benchmarks DISTRIBUTION e-BAI (DeBAI) and DeBAlIg.While contexts
and changepoints are not available to PSeBAI™ and NeBALI, they are observed by DeBAI and
DeBAIg. Nevertheless, PSeBAIT is still competitive compared to DeBAI and DeBAlg in our



empirical experiments. Hence, both experiments justify the necessity of the change detection and
context alignment procedures for boosting the learning of contexts and their distributions, as well as
the identification of the best arm. We also show empirically that misspecifications to the knowledge
of Ly and Ly, .« do not affect the performance of our algorithm significantly.

Related work. Best arm identification (BAI) and regret minimization (RM) are two fundamental
problems in multi-armed bandits. In stationary linear bandits, [1} 2] focus on BAI and [3| 4] aim to
solve the RM problem. An efficient algorithm can choose the G-optimal allocation or X' Y-allocation
rule to quickly identify a good arm [, 5]]. Besides, [6, 7] focus on e-optimal arm identification, which
is a generalization of the standard BAI problem.

The BAI and RM problems are also studied in thr non-stationary bandits (NSB), where in contrast to
the SB model, the context varies with time [8H10]. NSB can be largely divided into two classes: the
drifting bandit (DB) model, where the context changes at each step [8], and PSB, where the context
changes less frequently [[10]. [11] provides an extensive discussion on the definition of NSB models.

On one hand, the RM problem have been investigated extensively in DB models [[12, [13]]. On the
other hand, concerning the BAI task in DB models, [[14] investigated BAI with a fixed-horizon, where
the best arm has the highest average return over this horizon; [[15] assumes the best arm remains
unchanged after certain time step and explores the fixed-confidence setting. Besides, when the
contextual information in NSB models is available, NSB models are known as contextual bandit (CB)
models [16-18]]. [[16] showed that the contextual information accelerates the best arm identification
process. More discussions on DB and CB models are presented in Appendix [C}

Moreover, the context can drift dramatically in a DB model while it remains unvarying in a SB model.
Straddling between the DB and SB models, PSB models assume there is an interim stationary interval
between each two consecutive changepoints, where the context remains unchanged. The context
changes can be characterized in different ways and affect the performance of proposed algorithms in
PSB models. For instance, a changepoint signals the return of at least one arm shift as in [[10], and
indicates the best arm changes as in [19].

In PSB models, a large body of works focus on RM. While [[10,20H22]] equip their algorithms with
changepoint detection techniques to handle the context changes, [23] actively checks the quality of
each arm. However, there is no existing work on the fixed-confidence BAI problem in a PSB model.
To fill this gap in the literature, we design PSeBAI™ for e-optimal arm identification in our proposed
PSLB model. We show PSeBAI™" is almost asymptotically optimal by comparing its complexity to a
generic lower bound of all algorithms, and validate its efficiency through numerical experiments.

2 Problem Setup

For m € N, let [m] := {1,2,...,m}. For a finite set S, let Ag denote the |S|-dim probability
simplex on S. Let A(q) := 3",y ¢zzx' be the matrix induced by q € Ay with X C R%. An
instance of piecewise stationary linear bandit is a tuple A = (X, 0, Py, C). Specifically, z € R? is
an arm (vector) and the arm set X C R? is composed of |X| = K arms that spans R¢. The latent
vector matrix © = (07,...,0%) € RN contains N latent column vectors where the ;"' column
07 is associated with context j € [N]. For the sake of normalization, we assume |xT0;| < 1 for
all z € X, j € [N]. Let Py denote the distribution (probability mass function) of the latent vectors
and p; = Py[07]. We represent the probabilities of latent vectors as p = (p1,...,pn) € An. The
fixed but unknown sequence of changepoints C := (¢, ca, . . .) is an sequence of increasing positive
integers 1 = ¢; < cp < ..., characterizing all the changepoints (time steps).

The return of arm x under latent context j is a random variable Y = J:TQ;‘ + 1, where 7 is
a zero-mean random variable (noise) supported on [—1, 1], and the expected return of arm x is
tz = Egop,[x70] = Z;yzl Py[03]2 " 05. The best arm, which we assume is unique, is denoted as
¥ 1= argmax,c y Uy With mean p* := .. Given a slackness parameter ¢ > 0, we define the
set of e-best arms X. = {x € X : ju, > p* — ¢}. For each pair of arms (x, %) € X2, define the
contextual mean gap between x and Z under latent context j as A;(z, %) := (x — i)TG; and the

mean gap between x and T as A(x, T) := py — [iz-

Given | € N, the interval (c;, ..., c;41 — 1) is known as the I*® stationary segment and its length is
Ly :=c¢i41 — ¢ We assume Lyin < Lj < Liax. Letl; := max{l : ¢; < t} denote the number of



stationary segments up to time step ¢. At time step ¢ € [T'] (see Dynamics|I]),

(i) If t € C, the environment samples a latent vector 0’-; according to Fp, that is, it generates a
(latent) context sample with Py; otherwise the latent vector remains unchanged, i.e., ‘9; = 9;?&71. The
contexts {qu }en are sampled i.i.d. from Py at each changepoint {¢; };en.

(ii) The agent pulls an arm z; and observes the stochastic return Y; ,, = a:tTG;-‘t + 1, where 1 is
drawn independently from a distribution supported on [—1, 1].

The agent uses an online algorithm 7 := {(m, 7¢,7¢) }+en to actively interact with the instance A
and only has access to the arm set X', number of latent vectors IV, the bounds on the length of each
segment Ly, and Ly, the slackness parameter ¢, and the confidence parameter 9.

e sampling rule 7, : Hf := ((xg, YS’ITJ))se[t—u — X samples an arm 2] based on the observation
history H; and observe the corresponding random return Y; ,r;

o stopping rule 7; : H,; — {STOP, CONTINUE} decides whether to stop or continue to execute
given the observation history H, ;. The stopping time under algorithm 7 is denoted as 77

e recommendation rule r : HT,; — A recommends an arm 27 based on HT, ; upon termination.
The stopping time 77 is the sample complexity of the algorithm 7 under instance A. The expected
sample complexity is E[7™], where the expectation is taken w.r.t. the random returns, the realization
of the contexts governed by the latent vector distribution Py, and the randomness of the algorithm 7.

An algorithm 7 is (e, §)-PAC (Probably Approximately-Correct) if
P™ e X]>1-4.

Our overarching goal in this paper is to devise an (e, §)-PAC algorithm that minimizes 7™ with high
probability (w.h.p.) and in expectation.

3 Algorithms

3.1 A Naive Baseline: NceBAI

We first devise the NAIVE €-BEST ARM IDENTIFICATION (or NeBAI) algorithm (presented in
Algorithm[2). In the design of NeBAI, only the choice of confidence radius p; takes the potential
context changes into consideration. Even though NeBAT does not attempt to detect potential changes
in the context, it can identify an e-optimal arm w.h.p. and is with a finite expected sample complexity.

Proposition 3.1. Let Ay, = ming,- A(z*, x),

N = # ln1 and TN = Lmax 1 1

——= —In-.
e+ Amim)’ 0 P e+ Amm)? O
The NeBAI algorithm is (€, )-PAC and its expected sample complexity is O(T%)I +TY).

The upper bound in Proposition [3.1] (also see Appendix [F) consists of two main terms. (i) As NeBAI
samples arms according to the G-optimal allocation (see Appendix [D), the amount of samples needed

to estimate the average of latent vectors Zi:l 0. /t contributes to T%. (ii) 7} quantifies how fast

S ¢/t converges to the expectation of context vectors 23:1 p;i0;.

The sample complexity of NeBAI grows linearly with L,,x, but we surmise that the sample
complexity of a close-to-optimal algorithm should have a reduced dependence on Ly, ,.

3.2 Piecewise-Stationary c-Best Arm Identification

The algorithm PIECEWISE-STATIONARY £-BEST ARM IDENTIFICATION (or PSeBAI) is presented
in Algorithm [l By using a sliding window mechanism, PSeBAI actively detects the change-
points and aligns the current latent context with contexts observed in the previous time steps via
LINEAR-CHANGE DETECTION (or LCD) and LINEAR-CONTEXT ALIGNMENT (or LCA), which
are presented in Algorithms 3|and 4] (see App.[D.2.2), respectively. PSeBAI consists of three phases:
(i) Exploration phase (Exp): Estimate latent vectors and their distribution Py (Lines [8]to and;
(ii) Change Detection phase (CD): Detect changepoints (Lines[I2]to[T6);

(iii) Context Alignment phase (CA): Evaluate the current context and align it with the contexts
observed in previous time steps (Lines[I7]to ).



At time ¢, we estimate © and p with O, = (9},1, e HAt’N) and py = (Pe.1,-- - 7gﬁt,N)T, respectively
We denote the empirical mean gap between x and & under context j as A ; (v, %) := (v — ) " 0, ;.

PSeBAL first computes the G-optimal allocation [1] A* on the arm set X’ and its maximum possible
stopping time 7% (Line . It initializes CDgample and CAjgq. CDgample collects samples to detect
changepoints and CA;q maintains a dictionary of {latent context index : identification samples}
pairs (Line ;E] CAjq[j] is the sequence of CD samples used to identify latent context j. It also
initializes 7; ;, the collection of time indices in [t] in the Exp phases under estimated context j.
Define

Ti=U Ty T=ITl.  T,=ITl, VielN] G.1)

JE[N]

Algorithm 1 PIECEWISE-STATIONARY £-BEST ARM IDENTIFICATION (PSeBAI)

1: Input: arm set X, size of the set of latent 14: Update j’t = j't_l, Ti,; = Te—1,; forall
vectors N, bounds on the segment lengths j € [N].
Lpin and Ly, slackness parameter €, con-  15: if |[CDsample| > w then
fidence parameter 0, sampling parameter v  16: if LCD(X, w, b, CDgample[—w : ])
and window size w, threshold b. then
2: Initialize: Compute the G-optimal allocation 17: CDsample = [ -
A* and 7% = 33400 ED N 1y N2 Lo 18; t=t+3,tca =t tcp = +oo.
3: Set CDsamplc = [ ], CAyq = { } Set 19 Jt,CAig = LCA(X,U},I), CAid)'
tcp = +oo. o
4: Set 7;; = 0 and initialize Ty, T} ;, T} 20: if j: = N + 1 then break.
with forallt <77, j € [N]. 2L Revert Ty ; = 7;_%7]‘ for all
5: Sample ¥ arms {z,}2, ~ A" and ob- j € [N].
. » 22 end if
i(Jerve the aswsomated returns {Ys 5, } 2 ,,t = 2 end if
2otoa =73, . 24:  endif
6: CAig = {1: [(xs,Ys2.)] 21}, ¢ = 1. 25:  Update the estimates using (G-I, (3.2)
7: whilet < 7* do and (3.3).
8 t=t+1 26:  if Condition (3:4) is met and tcp = +00
9:  Sample an arm x; ~ \* and observe return then A
Yz, 27: Record &, = argmax, .y 7' O;P;.
10: if mod (¢t — tca,7y) # 0 then 28: tcp = |CDsample|-
11: Update j; = ji—1, T,5, = T,_1;, U 29:  elseif tcp = [CDgsample| — 5 then
- S ) 30: Recommend arm Z..
{t},Tij = Ti—1,j for j # jq. Al break
12:  else . dr.?a
13: CDsample = CDsample + [(l't, }/t,xt)}- : enc !

33: end while

It then collects 5 samples and stores them in CAjq, which is then used to identify the first latent
context (Lines [5]to [6)).

In the Exp phase, PSeBAI firstly samples an arm x; with A* and observes the return Y; ,, =
z] 6%, + me (Line E[) It then updates the estimated context index and time collectors (Line . It

t

also updates the estimates of value and probability of each context j (Line[23)) with

A )
by 2 Y AN eV ey -

1
, (3.2)
Tt’J SET:,j T:

'"The empirical latent vector-probability pairs [(6:.;, pr.;)] N, can only approximate the unknown pairs
[(05(5ys Pos))] X, up to a permutation o : [N] — [N], which is determined by the occurrence order of latent
vectors. Thus we assume the latent vectors appear in order of increasing indices.

’A sample in CDgample is a CD sample; A dictionary has a pairing structure {key:value} and
dictionary[key] = value. [a;]7; denotes a sequence of elements a1, ..., Gn.



where 6, ; = 0if T, ; = 0. We define ay, &, f;;, and A?}l% (z,%) in Appendix For each
pairs of arms (x, Z), the confidence radius of A(z, Z) at time step ¢ is

N
~ A cli ~ ~
pe(w, &) =2 + &) + Y Be | AL (,8) + Go(w, 2)]; (3.3)
j=1
PSeBALI actively enters the CD phase every «y time steps (Line I'I;ZP It firstly adds a CD sample
to CDgsample (Line [I3). Next, if there are sufficient CD samples (Line [T3)), the LCD subroutine
(presented in Algorithm 3) is called and utilizes the most recent w CD samples to check whether a

changepoint just occurred (Line([16). PSeBAI steps into the CA phase if a changepoint is detected,
and skips the CA phase otherwise, which is illustrated by Figures - and respectively.

Context
<o

Change Detection Phases
< Active CD samples
Inactive CD samples

Exploration Phases & Change Detection Phases Exploration Phases
<& Active CD samples = Context Alignment Phases
Inactive CD samples

Step 3: Revert the statistics

Context

Step 1: No change alarm is raised
Step 2: Check stopping rules
Step 3: Start a new Exp phase ; .
33 I P> S N S . S -
g > [ i i i i ] Gif .
v — 1 samples T ;

Step 2: LCA aligns the context;
w active CD samples : :

in an Exp phase 03 S
i TStep 4: Start a new Exp phase
¢ Step 1: LCD raises a change alarm
t Time step c.l Time step
(a) (b)

Figure 1: (a) No change alarm is raised during a stationary segment. The active CD samples are the
input to the LCD subroutine at current time step ¢. (b) A changepoint is detected by LCD, followed
by a CA phase and a statistics reversion step.

In the CA phase, PSeBAI starts by resetting CDgample (Line , updating the count of time steps
and recording the ending time of this CA phase (Line[I8). Thereafter, the CA subroutine (presented
in Algorithm is invoked, which estimates the current latent context index j’t and updates CAjq
(Line . If j’t = N + 1, i.e., PSeBAI identifies N + 1 latent contexts, which is incorrect under
instance A, it terminates and fails to identify an e-optimal arm (Line [20). Lastly, all empirical
statistics are reverted to those from (w(y + 1)/2) time steps ago, i.e., the most recent (w+y/2)
samples in the Exp phases are abandoned (Line .

The stopping rule is described in Lines [26|to[32] (I) If the following condition is satisfied (Line [26)):

A 2Lmax 2
min Ay(zf,z) — pe(zf,2) > —e and Ty > In (—) 3.4
AT 9 6d=Tt
where the empirical mean gap A, (z},z) = (¢} — )7 Op; and z} = argmax, .y z' O:py,

PSeBAI records the arm with the highest empirical mean as Z. and the number of CD samples tcp
(Lines [27]and [28)) but does not terminate immediately. Besides, a mild forced arm pull procedure is in
the second line of (3.4), which is inspired by Lemma [E.T|and to ensure the performance of PSeBAL
(I1) PSeBAI will execute for another (w+/2) time steps in which w/2 CD samples are collected;
if no changepoint is detected with these w/2 CD samples, the recorded arm . is recommended
and PSeBAI terminates (Lines [29]to[30). Part (II) of the stopping rule assures PSeBAI does not
terminate when a changepoint has occurred but has not been detected, as PSeBAI may fail to identify
an e-optimal arm otherwise.

We remark that even though PSeBAI uses the knowledge of L., our experiments show that
the performance of PSeBAI is robust to small misspecifications in L,y (see Appendix [0.2).
Furthermore, the computational complexity of PSeBAI is computed in detail in Appendix The
derived computational complexity indicates the proposed algorithm depends in a natural manner on
the problem parameters such as d, K, IV, and . Lastly, thanks to the LCD and LCA subroutines, a
slightly modified variant of PSeBAI can also solve the “c-Best Arm Tuple identification problem”,
which aims to identify an e-best arm under each context; see Appendix [Q]for details.



3.2.1 Theoretical guarantee of PSeBAI

To facilitate the analysis of PSeBAI, we propose the following assumptions. Note that our PSeBAI
algorithm may still succeed to identify an e-optimal arm w.h.p. when the assumptions do not hold.

Assumption 1 (Distinguishability Condition). The agent can choose w, v and b such that (1) 2b < A,

where A, 1= Ining;f;ggj max,ecx |z (9;‘ — 9;5)| is the minimum gap between two contexts; and (2)
J

3wy < L. A possible choice is

8d . 2 8 2 \2 24d. 2 6
b=—1 —1 —1 h 1) = — 3.5
3w OFAE +\/(3w . 5FAE) * w OFAE Where. OraAB 42K G-

This assumption guarantees (i) PSeBAI will not abandon all samples during the reversion procedure
(Line 21| of Algorithm ; (ii) each two latent vectors can be distinguished if the window size w is
sufficiently large (e.g., Limin/6). We clarify that this assumption is only for the rigor of theoretical
guarantees and it holds provided that each stationary segment is sufficiently long; this is a feature of
PSB models and similar assumptions are also present in existing works for their analyses [21} 10} 22].
We demonstrate the robustness of PSeBALI to these parameters using experiments in Section [6]

Theorem 3.2. Define the context distribution estimation (DE) hardness parameter

L _
Hpg(ze,z) = ——*  _H(x.,x
DE(Ze, ) B.o) 127 (2e,2)

where H(x.,z) = (Zjvzl /min {16p;, 1/4}A(z., x) + 5\)2. UnderAssumption with proba-

bility at least 1 — 6, PSeBAI identifies an c-optimal arm and its sample complexity is

. d 1 1 N Lyax 1
O — —~In—-+H In-+———"—In-|. 3.6
< Qfg’)“{ (A(z*,z) + ) s +\ pe(ze, 7) In 5,+ A,z +e 0 ) G0
) Ty (2) To(@e,2) Tr(x)

The upper bound comprises three terms which serve distinct purposes:

(i) Latent vector estimation (VE): O (T (x)) quantifies the bulk of samples needed to obtain a good
estimate of latent context vectors such that the returns of z. and = can be distinguished, where x.
is an e-best arm and = ¢ X is a suboptimal arm. Ty (z) recovers the sample complexity in the
stationary linear bandits in [[1], indicating that PSeBAT estimates latent vectors efficiently.

(ii) Context distribution estimation (DE): O (Tp(ze, z)) characterizes the bulk of samples needed to
learn the distribution of latent context vectors.

(iii) Residual estimation (RE): O (Tr(x)) counts the remaining samples needed for VE and DE, in
addition to O (Ty + Tp).

Besides, the max operator is applied to exclude all suboptimal arms. We also see that Ty (x) and
T (2., ) are similar to 73 and T} in Proposition respectively.

Firstly, the bound in (3.6) implies that, in an instance with smaller relaxed mean gap A(z*, z) + ¢,
PSeBALI terminates after a larger number of time steps; in other words, it is more difficult to identify
an e-optimal arm. In difficult instances with small A(z*, ) + ¢, the different orders of this term in
Ty (x), Tp(xe, x) and Tk (x) indicate that, Tk (x) is small compared to Ty (z) and T (z, x).

Secondly, DE solely utilizes context samples generated with P, and they are generated only at
changepoints in C, while all the observations in Exp phases facilitate VE. From this perspective, there
are less samples that can be used for DE than for VE as PSeBAI processes, and hence T (z¢, x) is
supposed to be with larger order than Ty ().

Moreover, for the purpose of DE, PSeBAI needs to observe context samples at

O(% Ini) = O(% In ) changepoints where L,y is the maximum length of a

stationary segment, leading us to Tp (¢, ). Close examination of the definition of H(x., x) reveals
that both the vectors and their probabilities influence the number of samples needed for DE. The
comparison between T (x., x) and Tg in Proposition clearly indicates that PSeBAI mitigates
the influence of L,y by detecting changepoints and aligning the detected context with observed
ones, while NeBAI does not do so.



3.3 PSeBAItT = PSeBAI U NeBAI

We have provided a high-probability result for PSeBALI in Theorem [3.2] The design of PSeBAI
(Line|/|of Algorithm (1)) indicates that PSeBAI will not recommend any arm if it does not terminate
at time 7*. This result is nontrivial, as the high-probability result in Theorem depends on the
success of change detection (Algorithm 3] and context alignment (Algorithm [), which requires a
non-vanishing failure probability (e.g., 6/2). Thus, we cannot derive an upper bound on the expected
sample complexity of PSeBAI. We devise a solution by designing the Piecewise-Stationary e-Best
Arm Identification™ (PSeBAI™) algorithm with a simple but effective trick.

The PSeBATT algorithm samples one arm with the G-optimal allocation A* at each time step, with
which Algorithms|[T]and 2] are executed in parallel (detailed in Algorithm[3)). This is feasible since
PSeBAT and NeBAT algorithms have the same sampling rule.

Theorem 3.3. The PSeBAI™ algorithm is (g, )-PAC and its expected sample complexity is

O(min{ nax Ty(x) + Ip(ze, x) + Tr(x), T\If—i-Tg}).
Te €Xe, TFTe,T™

PSeBAI™ inherits the superiority of PSeBAI to adapt to the piecewise stationary environment, and
employs the stopping rule of NeBAI to maintain a finite expected sample complexity. As a result, the
expected complexity of PSeBAI™ in Theorem is of the same order as the high-probability one
of PSeBAI in Theorem [3.2]and is not larger than the complexity of NeBAI in Proposition[3.1] We
show how our results particularize to the stationary linear bandits BAI problem, as well as additional
discussions on the upper bound, in Appendix [P

4 Lower Bound on the Sample Complexity

Given A = (X, 0, Py, C), define the alternative instance A’ = (X, 0’, Py, C) w.r.t. A, where ©’ =
(01,...,0;,) € RN, Py 0] = Ppl07], and there exists z € X' \ ., such that z[ Eg/p,, [0'] <
x Egro p, [0'] — eforall z. € A.. Let Altg(A) be set of all alternative instances (w.r.t. A).

Theorem 4.1. For all (¢,§)-PAC algorithm T, there exists an instance A = (X, 0, Py, C) such that

1
E[rz] > max {TE(A) In 45 CNC} ,

where
(@7 (6;-01))?
T-(A)~! := max min W I
(A) )jzm:p] s

= J , and
{Uj}j.\[:lA/GAlt(_)(A 2

Ne = max > pi(B; (2%, x) +e)? L
Recall that ¢, is the N¢-th changepoint in the changepoint sequence C, which is lower bounded by
Ne¢ Lin and is Ne L ax in the worst case. To derive the lower bound in Theorem@ we investigate
two environments different from the one defined in Section 2] (and as in Dynamics [1)):
e Dynamics @ the agent observes the index of current context j; (i.e., contextual linear bandits);
e Dynamics 3} the agent observes the changepoints in C and context vector 67, ’s, and hence she
solely needs fo estimate the distribution of contexts.
We bound the sample complexity of an (g, §)-BAI algorithm in Dynamics[2|and [3|respectively, which
when combined, yield the lower bound in Theorem 4.1} this is detailed in Appendix [M]

Note that TE(A)_1 in the lower bound generalizes [16] to the setting of linear bandits. In addition,
Theorem [4.T]can be reduced to a bound in stationary linear bandits with one latent vector [24] (see

the discussion leading to (M.13)).

5 On the Asymptotic Optimality of PSeBAI*

To illustrate the efficiency of our PSeBAI™ algorithm, we compare the upper bound on its expected
sample complexity in Theorem [3.3| and the generic lower bound in Theorem under specific
instances below and in Appendix [N} We also gain further insight into our PSeBAI™ algorithm.
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(a) Sample complexity of PSeBAIT vs. NeBAI. (b) Number of context samples needed for BAI.

Figure 2: Experimental results

Example 1. Instance A = (X, 0, Py,C) is with (i) 2d — 1 arms: x(1) = €1, 2(;) = €;, T(a4i—1) =
ejcosg+e;sing foralli € {2,...,d} where ¢ € [0,7/4), (ii) 2d — 2 contexts: 07, = e cos ¢+
ejr1sing forall j € [d— 1], (iii) Context distribution: p; = 1/N forall j € [N].

Under the instance defined in Examplem x(;) for all i # 1 is inferior to x () under all contexts and
T(;4q) for all i € [d — 1] is marginally better than x(;) by 1 — cos ¢ only under context ;, and
A((1), T(i4d)) = cOsS P — cos? ¢. We expect PSeBAI™ to discover this feature of the instances and
quickly identify an e-optimal arm with a course estimation of the context distribution.

Corollary 5.1. For the instance defined in Example we have Hpg(z., x) = O(NLmax) for all
(xe,x) € X x (X \ Xe). In addition, if e < (cos ¢)(1 — cos ¢), we have

E[r]* ~ d
ln(l/é) © @<(1+f(¢)) ‘ (A$(1):w(d+1)+8)2)7 (51)

where E[1]* is the minimal expected sample complexity over all (¢, 6)-PAC algorithms and f : R — R
satisfies f(¢) — 0as ¢ — 0T. The upper bound in (3.1)) is achieved by PSeBAT™.

The order of Hpg in Corollary indicates that Tp (2 (1), T(44+1)) = O(N Lmax In(1/0)) is not
dominating the sample complexity of PSeBAI™, suggesting that a coarse estimation of the context
distribution is sufficient when ¢ is small. In other words, PSeBAI™ exploits the feature of instances
and utilize samples mostly for estimate context vectors, which is again expected.

Corollary @implies that under such instances, the upper and lower bounds on the sample complexity
of PSeBAI™ match up to logarithmic factors, that is, the performance PSeBAI™ is near optimal.
Besides, the bound of NeBAI in Proposition B;fl is with an extra additive term L,,x compared to
the lower bound in Corollary [5.1] illustrating that Ne BAI is suboptimal and again emphasizing the
significance of detecting changes and aligning contexts for PSeBAI™ to reduce the impact of Ly ax.

6 Numerical Experiments

We now evaluate the empirical performance of PSeBAIT. We utilize the instance defined in
Examplewith d =2, ¢ = w/8, We generate a changepoint sequence C such that ¢; 11 = ¢; + L
with Ly = 3 X 104, Lyax = 5 x 104, P[L; = Lyin] = 0.8, P[L; = Lyax] = 0.2, and fix it
throughout the whole set of experiments. We set the confidence parameter 6 = 0.05 and vary the
slackness parameter € from 0.04 to 0.6 (i.e., ¢ = 0.03 x 1.35* for k € [12]). We set v = 6, the
window size w = Lyin/(3) and compute b via (3.3)) in Assumption For each choice of algorithm
and instance, we run 20 independent trials. All the code to reproduce our experiments can be found
athttps://github.com/Y-Hou/BAI-in-PSLB.gitl

We first compare PSeBAI™ and NeBAI. Both algorithms succeed to identify an e-optimal arm,
while empirically, the complexity of PSeBAI™ is < 1% of that of NeBAI. The empirical averages
and standard deviations of the sample complexities of both algorithms are presented in Figure 2(a)]

3We clarify that (B3) in Assumptionis only for our theoretical guarantees. In practice, our algorithm has
shown robustness w.r.t. the parameters and we can safely neglect the constants in the formula.


https://github.com/Y-Hou/BAI-in-PSLB.git

Figure illustrates that empirically, the termination and arm recommendation of PSeBAI™ are
determined by the execution of PSeBAI as a subroutine, suggesting that in Theorem [3.3] the first
term resulting from PSeBAI actually determines the complexity of PSeBAI™.

Next, we test the efficacy of PSeBAI™ to learn and exploit the latent vectors and the distribution
of contexts. Specifically, we run PSeBAI™ and NeBAI under Dynamics [1| where neither the index
nor the vector of current context is visible to the agent. We also run benchmark algorithms: DeBAI
and its variant DeBAIg under Dynamics where context vectors and changepoints are all observed;
these two algorithms are detailed and analyzed in Appendix [O0.4]

As the changepoint sequence C is fixed in a given instance and ¢/ Lyax <l < t/Lpyy, forallt € N,
we regard the number of context samples /- as a proxy of the sample complexity 7. We present the
number of context samples need by PSeBAI', NeBAI, DeBAI and DeBAlg for arm identification

w.r.t. 1/(Amin + €)% in Figure

Figurecontains three messages. First, the complexity of PSeBAIY scales as 1/(Apin + )2,
corroborating Theorem Second, although PSeBAI* has access to neither context vectors
nor changepoints, it needs roughly the same number of context samples as DeBAI and DeBAlg,
suggesting that it is competitive compared to these algorithms that have oracle information about the
environment. Third, DeBAlIg uses the confidence radius in (3.3 and terminates with fewer context
samples compared to DeBAI, implying that the confidence radius is well-designed.

Furthermore, when ¢ decreases from 0.03 x 1.35'2 to 0.03 x 1.35°, the complexity of PSeBAI
almost remains unchanged while that of NeBAI increases rapidly as presented in instances 9 to 12 in
Figure[2(a)] Meanwhile, the number of context samples need by two algorithms are shown to be with
the same pattern in Figure[2(b)] This contrast indicates that the cost of distribution estimation (11
in (3.6)) for PSeBAI™ has been significantly minimized compared to NeBAI.

To summarize, we emphasize that the empirical superiority of PSeBAIT over NeBAI implies that
the efficacy of PSeBAI™ is inherited from PSeBAI. Our experiments show that actively exploiting the
context information, via changepoint detection and context alignment (as in PSeBAI™ and PSeBAI)
facilitates identifying the e-optimal arm efficiently.

Similar to many existing algorithms in piecewise-stationary bandits [21} [10} [22]], our algorithm
requires Assumption [T]and the knowledge of Ly,.x. These may not be available in practice. Thus, we
conduct more experiments in Appendix to exhibit the robustness of PSeBAT™. Specifically, in
Appendix [0.2] we conduct experiments for the case in which Ly, is misspecified. In Appendix [0.3]
we alter the change detection frequency -y so that w and b change accordingly. In both sets of
experiments, the overall sample complexity of PSeBAI™ does not vary significantly and retains its
superiority over NeBAI. We conclude that PSeBAI™ is robust to slight misspecifications in these
parameters, as long as Assumption [I]is not severely violated. Please refer to Appendix [O]for further
details and experiments.

7 Conclusion and Future Work

We proposed a novel PSLB model and designed the PSeBAI™ algorithm to identify an e-optimal
arm with probability > 1 — 4. The efficacy of PSeBAI™ has been demonstrated both empirically
and theoretically. We argued that this is due to the embedded change detection and context alignment
procedures. There are several directions for further exploration.

Firstly, our PSeBAI™ algorithm provides a fairly general framework for algorithm design. For
instance, in addition to utilization the G-optimal allocation to sample arms as in PSeBAI™, the
X Y-allocation and adaptive X' V-allocation [I]] can also be considered. In other words, our PSeBAI™
algorithm can be generalized to form an entire class of algorithms for BAI in PSLB models. In
addition, deriving instance-dependent guarantees is also of great interest.

Secondly, most of the literature on piecewise-stationary bandits [21} [10] 22]] make assumptions to
provide theoretical guarantees. It would be interesting to remove or reduce these assumptions under
our e-BAI problem setup, and yet still be able to provide similar theoretical guarantees.

Finally, we believe that it is possible to adapt our PSeBAI™ algorithm to the fixed-budget setting,
i.e., to identify an e-optimal arm with high probability in a fixed time horizon in PSLB models.
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Appendices

The contents of the appendices are organized as follows:

In Appendix [A] we provide further motivating examples for our problem.
In Appendix [B| we discuss the limitations of our method.
In Appendix |C| we review more related works on drifting and contextual bandits.
In Appendix D} we provide more details about our algorithms
— Appendix [D.T} pseudo-code of NeBAI in Algorithm 2]
— Appendix more details of PSeBAIT including the precise definition of the confidence radius
p¢ and details of LCD and LCA subroutines.
- Appendix pseudo-code of PSeBAI™ in Algorithm
— Appendix [D.4} the computational complexity of PSeBAI in Algorithm [T}
* In Appendix [E} we provide a useful lemma for estimating the expected return of any arm in linear
bandits when the sampling rule is according to the G-optimal allocation.
* In Appendix [F} we proof the upper bound on the expected sample complexity of NeBAI.
* In Appendices[G|to[Kt we detail the analysis of PSeBAL i.e., we provide the proof of the upper
bound on its complexity in Theorem 3.2]
— Appendix [G} outline of the proof.
— Appendix [H} analysis of the Change Detection (CD) and Context Alignment (CA) procedures.
— Appendix [I[} analysis of the estimation error by decomposing it into three terms: Vector-
Estimation Error (VE), Distribution-Estimation Error (DE), and Residual Estimation Error
(RE).
— Appendix [} proof of Theorem [3.2]based on the analysis above.
— Appendix [K} proof of technical lemmas that are utilized in the analysis of PSeBAI.
* In Appendix we prove the upper bound on the expected sample complexity of PSeBAI™ based
on the analysis of NeBAI and PSeBAI.
* In Appendix[M} we derive the lower bound on the expected sample complexity of any algorithm,
i.e., proof Theorem .1}
* In Appendix [N} we provide more examples to compare the derived upper and lower bounds on the
expected sample complexity, and illustrate the efficacy of our PSeBAIT algorithm.
* In Appendix [Of we provide more details of numerical experiments.
* In Appendix |P} we provide more discussions on
— the related methods for BAI in nonstationary bandits,
— the instance-dependent upper bound,
— the connection between the piecewise-stationary linear bandits model to the stationary linear
bandits model,
— the special case where N = 1.
* In Appendix [Q} we provide analytical results on the “Best Arm Tuple Identification Problem”.

A Further Motivating Examples

We elaborate on the some concrete real-life examples that motivate our problem setup of identifying
the ensemble best arm in piecewise-stationary linear bandits.

In scenarios such as investment option selection and portfolio management also mentioned by [10}20],
there is a multitude of options for fund managers to choose from and typically, they want to find,
in the initial pure exploration process, a small subset of candidate portfolios (or even the “best”
portfolio) based on various economic indicators and the market performance of individual stocks
before further exploitation. In a bearish market, more portfolios tend to incur losses; while in a bullish
market, more portfolios tend to generate gains. The transition between these two contexts can be
effected by stochastic factors, e.g., the weather, or the outbreak of a pandemic, making the market
conditions (contexts) stochastic. In the face of these uncertainties (in the contexts and rewards), we
wish to design and analyze algorithms that selected portfolio to yield the best long-term option under
such a piecewise-stationary environment.

Crop rotation is another example. Since crop yields can be influenced by various factors, such as
weather conditions (analogous to our stochastically generated contexts), selecting the most suitable
crop to grow and harvest from is crucial. Given several candidate crops, crops of similar types (e.g.,
potatoes and sweet potatoes) are correlated as they tend to favor similar conditions, thus, they can be
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modelled by bandits with a linear reward structure. Contextual factors, like weather conditions, are
well-modelled as being stochastic. A fixed weather condition will last a period of time and it will not
change suddenly. Domain knowledge from historical data/records provides us with prior knowledge
on Ly, and Ly, These observations dovetail with our model. Our objective is to choose the crop
that offers the near-highest yield potential over a long time period (an ensemble e-best arm) and is
adaptable to local environment factors, such as weather patterns.

B Limitations

Similar to existing works on piecewise stationary bandits [21} 10} 22], we introduced some assump-
tions to provide theoretical guarantees for PSeBAI™T although PSeBAI™ has shown to be robust even
in the absence of these assumptions. Since an algorithm may not need to differentiate two contexts
with close latent vectors for identifying an e-optimal arm, we surmise it is possible to weaken these
assumptions. For this purpose, we will consider clustering the contexts into a few classes based on
the distances between their latent vectors and design an algorithm that only aims to detect the change
of context class, instead of the change of context.

C More Related Work

In drifting bandits (DB), the regrets of algorithms are affected by the level of nonstationarity of the
environment, which can be measured by various quantities, such as the total variation of the context
sequence and the number of time steps when the return of at least one arm changes [23} 25]].

In contextual bandits (CB), where the contextual information is visible to the agent, [[16} 26,17 [27]
aim to identify the best arm with the assumption that the context changes at every time step according
to a fixed distribution, and the return of an arm is averaged across all contexts. We see that the context
distribution is involved to measure the quality of arms. However, while the agent in CB models can
observe the context information, the agent has no access to the contexts but still aims to identify an
e-optimal arm in our piecewise stationary linear bandit (PSLB) model.

In adversarial bandits, existing works pertaining to the BAI problem only explored the fixed-horizon
setting [28]. Due to the difference between the fixed-confidence and fixed-horizon setting and the
difference between adversarial and piecewise stationary bandits, their results cannot be trivially
extended to solve the fixed-confidence BAI problem in piecewise stationary bandits.

D More Details of Algorithms NeBAI, PSeBAI and PSeBAI*

All proposed algorithms make use of the well known G-optimal allocation (design) [[1, 29], which
is widely used in the linear bandits literature. The G-optimal allocation minimizes the maximal
mean-squared prediction error in all directions [1]]. Given an arm set X, the G-optimal allocation
A* is a distribution over the arm set, which is the minimizer of g(\) = max,cx Hx||i< -1 Where

AN) =3, cx Ma)zz " and A € Ay. Interested readers may refer to Chapter 21 in [29].

D.1 The NAIVE e-BEST ARM IDENTIFICATION (NeBAT) Algorithm

As presented in Algorithm 2] NeBAT samples an arm with the G-optimal allocation at each time
steps; its stopping rule is grounded on the property of G-optimal allocation (see Lemma [E.T)) and
affected by the maximum length of a single stationary segment Ly ax.
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Algorithm 2 NATVE ¢-BEST ARM IDENTIFICATION (NeBAI)

1: Input: the arm set X, the phase length bounds Ly, Limax, the slackness parameter ¢, the
confidence parameter J.

2: Initialize: Compute the G-optimal allocation A*.
3: Compute C3 =y >, n~3 and t* = 3dIn(6dK C3/9).
4: Sample t* arms {x,},_, ~ \* and observe the associated returns {Y; . }'_,. Let t = t*.
5: Compute
o1 d .
0, = n ZA(/\*)_lstsM, & = argmaxz ' 0y,
o TeX (D.1)
8Lmax , 4KCst3 \/ d, 4AKCst3
Oy = 1 54/ —In ———.
pe \/ P e
6: while &0, — p; + ¢ < maxy2;, @' 0; + p; do
7 Sample an arm x; ~ A\* and observe return Y; 5, andlett = ¢ + 1.
8:  Update 6, ; and p; with (D.IJ.
9: end while
10: Recommend arm &, = ;.

D.2 Details about PScBAI
D.2.1 Confidence radius utilized in PScBAI

For each pair of arms (z, &), the confidence radius of A(z, Z) at time step ¢ is

N
pe(@, @) =200 + &) + Y Be AL (2,7) + Cola, 7)),
j=1

where aP2 := min{max{a, —2}, 2} denotes the value of a that is clipped to the interval [—2, 2]
and

d 2 NLmax 2
= —1 e =2 2 1
o ’ Tt " 61},Tt ’ gt 5\[ t " 5m,Tt

. ) 2¢t, 'Lmax 2
B = mln{Q\/ JTt In Sur, 1}7

é in 4 . 25 Lyax 1 2 1
j = min max iy ——— 1N — -
t,7 pt,jv 4 Tt 5d7Tt ) 4 ]

Sot = S = o g = —
ol T sKTE ™ T IsKNTS YT T IBNTE

(t(x, Z) minimizes the last summation. In the final theoretical upper bound on the sample complexity,
we take (;(x, Z) = e for simplicity. In the experiment, we utilize

N N . A . 7
Ct(x,.i‘) — argmin Zﬁt,j (At,j (x,fc) + Ct($>i'))2 _ _Zj:l /BtJAt,J (% 1‘)

N
Ct(xvi)ERjzl Zj:l /Btij

for a simple and effective analytic expression in the experiment.

)

D.2.2 Subroutines of PSeBAI

In the LCD subroutine (Algorithm , two estimates 01 and 0, of the latent vectors are independently
computed from the first and second halves of the input CD samples (Line [2). LCD only raises an

alarm of changepoint (Line when the difference between 6, and 0, is sufficiently large (Line D
and indicates a changepoint occurs w.h.p.

The LCA subroutine (Algorithm [ estimates the latent vector of current context and updates the
dictionary CA;q. Specifically, it firstly samples w/2 samples with \* (Line . It then checks
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Algorithm 3 LINEAR-CHANGE DETECTION (LCD)

1: Input: arm set X', detection window w, threshold b and w arms with the associated observations
[('ila Ys,i1)a MR (i’wa Yw,{iw )}
Compute 6y = 232 | A(X\*)713,Y, ;, and b = 2 Z;”:%H AN 8 Y 5.

w s=1
if 32 € X, s.t.|2T (0, — 61)] > b then
Return True
else
Return False
end if

AR AN S

Algorithm 4 LINEAR-CONTEXT ALIGNMENT (LCA)
1: Input: arm set X, detection window w, threshold b and context ids CAyq.

w
2

2: Sample ¥ arms {Z,}2 ; ~ A\* and observe the associated returns {Y; ;_} where

{(%7)/;.,1.@)}2:15—%-1-1 ={s Ysz. b1
for j € CAjy do
if not LCD (X, w, b, [(Zs, Ys,2,)] 2 + CAialj]) then
CAialj] = [(Zs, Ys,2. )] 51
Return j, CAy4.
end if
end for
index = len(CAjq) + 1.
CAiq[index] = [(Z, Y5 2, )]
Return index, CAiq.

s=1 >

nlg

s=1-*

T2 YRR AW

—_—

whether the current latent context has been visited in previous time steps by scanning through CA;q
(Line E]) In order to learn if the current context can be aligned with context j, the LCD subroutine is
called with the w/2 recent samples and CA;q[j] as input:

(i) If the current context is aligned with CA;q[j] (Line , the current latent context is j w.h.p. Thus

the LCA subroutine updates CA;q[j] and returns the index j (Lines|5|to |§I) which would be j’t in
Line[I9] of Algorithm[I] Note that in Lines 10 and 11 of Algorithm [T} all the collected samples will

be assigned to context j; (until the next changing alarm) and will be used to estimate 9;“ and all p;’s.
t
Therefore, aligning contexts allows PSeBAI to make good use of observation history.

(i) If the current context is not aligned with any observed context, i.e., it has not been visited, CA;q
gets extended with a new index-samples pair and is returned along with the new index (Lines [9]to[TT).
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D.3 The PIECEWISE-STATIONARY £-BEST ARM IDENTIFICATIONT (PSeBAI") Algorithm

To help understand PSeBAI™ algorithm, we highlight the differences between PSeBAI and
PSeBAI™, and the differences between subroutines LINEAR-CONTEXT ALIGNMENT (LCA) and
LINEAR-CONTEXT ALIGNMENT' (LCA™).

Algorithm 5 PIECEWISE-STATIONARY £-BEST ARM IDENTIFICATIONT (PSeBAI™T)
1: Input: arm set X', number of latent vectors /N, bounds on the segment lengths Ly, and Ly,
slackness parameter ¢, confidence parameter §, sampling parameter -y, window size w and

threshold b. )
2: Initialize: Compute the G-optimal allocation A* and 7* = 38400 ln(ff N Lo |y N I(;(E%m‘“‘ .

3: Set CDgample = [ ], CAiq = { }, tep = +o00. Set T; ; = 0 and initialize T;, T} ;, T; with (3.2)
forallt < 7%, j € [N].

4: Compute C3 = >~ n~ 3 and t* = 3dIn(6dKC5 /).

5. Sample w/2 arms {z,}"/% ~ X\* and observe the associated returns {Y; ;. }"*/2.

6: Sett =%, toa = w/2, CAy = {1: [(zs, Ve )2}, Ji = 1.

7: Setiy = 0, pp = 2¢ and &, = —oo. Compute 6; with (D.T).

8: while True do

9: t=t+1

10:  Sample an arm z; ~ A* and observe return Y ,, .

11:  Compute 0;, @, pr = EU(¢,6,_1,t*,C3).

12: if,i‘,‘ 0: — pr + € > maxy 2z, T g, 4 p¢ then

14: Break

15: end if

16: ift > 7* then

17: Continue

18:  end if

19: if mod (¢ —tca,7) # 0 then

20: Update j; = j,_1, Tiso =T 1 Ulth Ty =T, forj # J-

21:  else

22: CDsample = CDsample + [(Ita )/t,rf)]

23: if |CDsample| > w then

24: if LCD(X, w, b, CDgample|—w : |) then
25: CDsample = []

26: t=t+ % tca =t top = +oo.

27: /, CAjq = LCAT (X, w,b,CAjq)
28: if j; = N + 1 then break.

29: Revert 7; ; =7, wOID forall j € [N].
30: end if

31: end if

32: endif

33: if . # —oo then

34: Break

35:  endif
36:  Update the empirical estimates by (3.2) and (3.3).
37:  if condition (3.4 is met and tcp = +oc then

38: Record &, = argmax,cy ' ©;P;.
39: tcp = ‘CDsamp1e|-

40:  elseif tcp = |CDsample| — 4 then
41: T, = Te

42: Break

43:  end if

44: end while
45: Recommend z. = ..

18



Algorithm 6 ESTIMATE UPDATE (EU)

1: Input: time step t, vector 9~t,1, threshold ¢* and constant Cs.

- 1 -
2: Compute Gt = ? |:(t — 1)9,5_1 + A()\*)_lxtYs,xt} s jﬁt = 07 ﬁt = 2¢.
3: if ¢t > t* then

~ 8L max . 4KCst3 d. 4KCst3
4:  Compute £; = arg max xTHt, Pt = \/ In 3 + 5\/ In —22°
5: end if
6: Return 0;, &, p;.

Algorithm 7 LINEAR-CONTEXT ALIGNMENT = (LCA™)

[

: Imput: arm set X, detection window w, threshold b, context ids CA;q, time step ¢, vector 6;,
threshold ¢* and constant C5.

2: Sets =0, ., = —o0.

3: for s < w/2do

4: s=s+1,t=t+1.

5: Sample an arm & ~ A* and observe return Yy ;.

6:  Set (w¢,Yia,) = (Ts, Ys.z.)

7. Compute 6, i¢, pr = EU(¢,0;_1,t*,C3).
. if ,i',TH/ — P + € > max, g, z "6, + p, then

9: e = &y, index = len(CAjq) + 1.

10: Return index, CA;q, ., 0;.
11: end if
12: end for

13: for j € CAjq do

14:  ifnot LCD(w,b, [(Zs, Ys.5.)] 2, CAjals]) then
15: (j~\i(1 [/} S [(;\ s y:“,‘.‘ )LT*I

16: Return j, CAiq.

17: end if

18: end for

19: index = len(CA;iq) + 1.
20: CAjqlindex] = [(Zs, Ys,5.)] 21-

21: Return index, CA;q, T, (},.

D.4 Computational Complexity of PSeBAI

We provide analysis for the computational complexity of PSeBALI in this subsection.

We consider the number of these operations: arithmetic (addition and multiplication) operations, logic
operations and comparison operations and we also regard In(-), 1/ and sampling from a distribution
as one step of operation.

We decompose the main loop of Algorithm as follows, where the lines with O(1) operations are
omitted:

* Exploration phase (Lines 8 to 11): O(1).
* Change Detection phase (Lines 12 to 16):
— The LCD subroutine in Line 16 needs O(wd? + K d) operations.
* Context Alignment phase (Lines 17 to 21):
— The LC A subroutine in Line 19 needs O((wd? + Kd)N) operations, as the LC D subroutine
will be invoked IV times in the worst case in Line 4 of LC' A.
— The reversion procedure in Line 21 needs O(ywd) operations.
 The updating procedure and the stopping rule checking (Lines 25 to 32):
— Updating 9},]— needs O(d?) operations, as we need to incorporate the latest sample into the
estimate.
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— Updating p; ;,j € [N] requires N operations.
— Updating the confidence radius and the empirical best arm need O(K N) operations.
— The stopping condition in Equation (3.4) requires O(K) operations.

We remark that some intermediate results can be stored to avoid repeated computations and we
believe the algorithm is efficient overall. In particular, since the reward structure is linear, there are
K arms, and N contexts, O(d?), O(K), and O(INV) operations probably cannot be be avoided.

From the above analysis, in the decreasing order of the number of operations:

» The Change Detection phase requires the most budget as it will be invoked every -y time steps.

* The Context Alignment phase requires the second many operations. While it requires many
operations when it is implemented, it will not be called during a stationary segment.

* The updating procedure uses small portion of the operations, as w is usually much greater than K
and N.

 The exploration phase demands constant operations in each loop.

E Auxiliary results

Lemma E.1. Let X be the arm drawn with the G-optimal allocation \* at time step s and Y . =
x] 0%+ 15 be the corresponding return with En, = 0, 2] 07 | < 1 and |ns| < 1. Then we have

17l
P|= TAN) 2,Y, . — 20"
[n;x (N) " 2sYs 0, — .

forall e > %ln% + \/(% In %)2 + %d In %. In addition, if n > %ln %, we have

>6]<5

17’L
P|= TAN)Y 2., — 20"

Proof. Note that the arms are selected according to the G-optimal design, and thus E, - [zz
A(N*). Therefore, for all s € [n],

n

>5 dln?} <4

']

E[z"AN) "2 Yeo, —2'05] =0 (E.1)
and
|2 T AN Yo p, — 20| (E.2)
< ‘xTA()\*)_lxsx;rG;S + |xTA()\*)_1xSnS’ +1
< ‘J:TA()\*)_lstx;rQ; + ’xTA(/\*)_lstns‘ +1
< 2|xTA()\*)’1xS| +1
<2l a1 llwsllagn - +1
< 3d
where we make use of the property of the G-optimal allocation in the last inequality
215 ey -1 < d, Vo € X. (E.3)
Additionally,
[(xTA()\*)_lstsyzs)g} (E.4)

E
T *)—1 T p* 2
—E (a7 AN) 2y (@] 0, + 1))
=E [(mTA(/\*)_lxsxsTQZ)Q} +E [(J:TA()\*)_lxsns)Q}
+2E [xTA()\*)_lxsxsTG;S . acTA(/\*)_lxsns}

CE[(2TAN) 2)” (2065)°] + B [0 (2T AN) )]

=

s 7Js
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(b)
< 2E [(2TA() )]
© 2 a:TA()\*)*lx

(d)
< 2d

where we make use of the fact that 7, is zero-mean and is independent of other random variables
in (a); |zJ 07| <land P [n2 <1] = Lin (b); 2, ~ A" in (c); and the property of the G-optimal

S
Ze]

allocation (E.3) in (d).
According to the Bernstein’s inequality with (E.I), (E-2) and (E-4),

1 - T *\—1 T p*
P[n‘;a“ AN oY ., — a0 0]

< 2exp (W>

n - 2d + dne

e [
TP\ T d ¥ 2de )

In order to upper bound the error probability by §, we need

n€2
2exp (- ) <
eXp( 4d+2de)_6

= >glng—|— glnz 2—|-4fd1ng
‘=as nJ n o J

In addition, if n > % 1n 2, we have

A 2 b fdy 2 fad 2l dy 2 fld) 2\F ad 2
nn5—2max n s Nt s (Tt n s nots

This finishes the proof. O

F Analysis of NeBAI

To analyze the theoretical performance of NeBAI, we first show that it can identify an c-optimal arm
with probability 1 — ¢ and derive a high-probability upper bound on its stopping time in Lemma[F.1]

Lemma F.1 (High-probability upper bound of NeBAI). With probability 1 — §, the NeBAI algorithm
identifies an e-optimal arm after at most

A Lmax d 1
19) 7+2 In =
(5 + Amin) 0
time steps, where Apin = n;éu*l Az — ;).

Next, we prove that after a sufficiently large number of time steps, the probability that Ne BAI does
not terminate is small in Lemma [E2]

Lemma F.2. Let
T768(8 Linax + 25d) . 768K C3(8Lmax + 25d)
TQ = 3 In 3
(5 + Al‘nin) (5 + Amin) 1)
with C5 = > 7, n=3. Fort > Ty, the probability that NeBAI does not terminate before t time

. )
Steps A} W

Lastly, we apply Lemmas[F.T|and [F.2]to prove Proposition 3.1}
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Proposition 3.1. Let A, = mingz,- A(z*, z),

d 1 Loax 1
Tyzﬁlnf and ngﬁlnf.
(5 + Amin) 0 (E + Amin) 0

The NeBAI algorithm is (¢, 5)-PAC and its expected sample complexity is O(TY + TY).

The detailed analysis is presented as below.

F.1 Detailed analysis of NeBAI
Proof of Lemma The result is to be proven with the following procedures.

First step: Prove ‘IT]EQN p,0 — 270, | can be bounded with high probability.

Let 6, = %Zt 0% . (i) For all € > 0, we have,

s=1"7s
Ny
th]E(;Npge —z' (Z Lle*jq>
=1

(a) t2€2
>te| < 2exp | ———x———
2502 (2L0)?

> te

| S

P [ |xTE9Np69t — xT§| > 8] =P [
N,

=P [ > L (z"Bop,0 — Liz"0%jo,)
=1

(<b) 5 te?
< 2exp | —g L)

Since |z TEgp,0| < 1and x760*j.,| < 1 for all I, we obtain (a) by applying Hoeffding’s inequality.
‘We obtain (b) from the fact that ZlNz’l L; =tand L; < L. for all [. In other words, for all 6 > 0,

5 8Lmax | 2
}P[ |z Eop,0 — 2 0] > . 1n5‘| <.

(ii) Besides, according to Lemma ift > % In % we have

- _ / 2 1

(iii) For all ¢ > 0, all x € X, since

‘.’ETEQNPGH - xTét‘ < ’mTE(;NpsH - .Z‘Té‘ + ‘xTét — 20,

)

t
Z JUTA(/\*)_lstsJS — a:TO;fS
s=1

>5 flnzl < 4.

)

we have
~ . d., 4KC,t*
P HmTEQNPﬁ - xTGt‘ > pt(a)} < K when t> Zln 750‘ ,
where
. 8Lmax , AKCyt> \/d 4K Cyte >
= I - In———— => n" 2.
o) \/ ;o 5 +5 ;I 5 Cy n:1n ;o>

For simplicity, we set & = 3 and write p;(3) as p; in the following analysis. We now show that
t > %ln % holds when ¢ > 3d1n % with the following lemma (the proof of which is
presented by the end of Appendix [FI)).

Lemma F.3. Let a,b,c > 0 and ac > 1/2, then
t > max{2alnb, 4acln(2ac)} = t > aln(bt).

With
d 4KC, 4KC(C3
a = —, b = =

4 d § 7
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Lemma [F3]implies that
6dKC'3
)

t > dacln(2abc) = 3d1n = ¢ > max{2alnb, 4acln(2ac)} = ¢ > aln(bt®).

Define event F; = N {‘xTngpeﬂ — 276,
zeX

[ ] KCta: 6ta’ P[EC}gi {C} i

t=t*

< ﬁt(a)} fort > t*and F = N E,. We have
1>t

We assume £ holds in the second and third steps in this proof.
Second step: Prove NeBAI recommends an e-optimal arm when it stops.
If the algorithm terminates and returns . # x*, we have

il 0y —pr+e> g&xxTét + P

Since
x, Engeﬁ +e>i, 1o, — pr +¢e and maxxTét + Py > maxxTEngeﬁ > x*Tngpeﬂ,
THTe THTe
we have

il Eoup,0+e > 2" Egup,0,
implying that . € X,. Hence, we always have =, € X..
Third step: Derive the stopping time of NeBAI.

(i) Let 7(3) = argmax, 4, x Epup,6 and A i, = ming,« A(z* —x) = (z* — x(g))TEngee.
We apply the following lemma to show that NeBAI stops when p; is sufficiently small.

Lemma F.4 (|30, Lemma 3]). Denote by i the index of the item with empirical mean is i-th largest:

ie., w(l) > ... > w(L). Assume that the empirical means of the arms are controlled by ¢ : i.e.,
Vi, |w(i) — w(i)| < e. Then,

Vi,w(i) —e < (i) < w(i) +e.

Lemma [F.4]implies that
@) 0p— pr+e > 3" Boup,0 — 25y + € = 3/ Eop,§ — 25+ + Apyin and
maxz ' 0; + ot < x(Q)EgNPBH + 2.

THT

When p; < (e + Amin)/4, we have

€+ Amin

f:ét_ﬁt‘F&ZxErz)ét-i- >l’(2 0t+2pt>n;éax-73 0 + pr,

THT

which will lead to the termination of NeBAI.
(i1) According to the definition of p;, we have
pr(a) < (€ + Amin) /4
- \/ 8Lmax | AKCat® \/ d, AKC,t~

Zp 2T < .
; In 5 ” In 3 < (e+ Apin)/4

o 1/; 4K0t (\/SLmax+5f) (€ + Amin) /4

(\st,m + 5\/8) AKC,
(e + Amin)? /16 TS

. 32(8Lmax +25d) | 4K Cyt”
(e 4 Amin)” g

S t>
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192(8 Lyax + 25d) In 768K C3(8 Limax + 25d)
(e + Amin)’ (6 +Amin)’6
We apply Lemma [F.3]to invert the last line above. With
. 32(8 Linax + 25d) b 4KC,

) = T C:O[:?),
(e + Amin)° §

=t >

Lemmal[E3]indicates that
384(8 Linax + 25d) | T68KCs(8Luma + 25)

(5 + Amin)2 (5 + Amin)2 )
= ¢ > max{2alnb, dacln(2ac)} = ¢ > aln(bt®).

t > 4acln(2abc) =

Altogether, we show that with probability 1 — d, NeBAI identifies an e-optimal arm after at most
384(8Lax + 25d) 1 768 K C3(8 Lmax + 25d)
n
(5 + Amin)2 (5 + Amin)2 )

time steps.

Proof of Lemma|F2] To begin with, let
_ T68(8Lumax +25d) | T68K Cs(8Lnax + 25d)
(5 + Amin)2 (5 + Amin)2 5

1o

Forany T > Ty, let T = [T/2].
(I) If NeBAI terminates within T time steps, there is nothing to prove.

(IT) Assume NeBAI does not terminates within T time steps. According to the analysis in the proof
of Lemma[FT] if NeBAI does not terminate before 7" time steps, i.e., the stopping time 7 satisfies

_ -1 _
that 7 > T, thenevent () F} does not hold. This indicates
t=T+1
B T-1 T-1 } -1 5 T
Plr>Tir>T) <P| |J B| <> P[E] < Catagcj/%t—adt

< é < _ 1 B 1) (a) é
T (a=1)Cy \(T)*t To) = (a—=1)Co(T/2)>—1"
(a) results from the fact that T > T /2.
Altogether, for T' > Ty, the probability NeBAI does not terminate before T' time steps is

[
(a=1)Ca(T/2)> 1"
O

Proof of Proposition[3.1] First, Tonelli’s Theorem implies that

T +oo t+oo +oo
E[T]:E{/ 1d4:]E{/ H(T>$)d$:|=/ E [I(1 > z)] da:z/ P(r > z) dz.
0 0 0 0
Next, we apply Lemma[F.2]to show

“+o0
ETSTo—‘r]E[T‘TZTo—l—l]'P[TZTo—f—l]STO—F/ P(r > z) dz
To
<7 +/+°° g do =Ty + i E1)
xr = . .
=0T (@ 1)Ca(a/2)eT "Ta—1)(a—2)(To/2)°?

Besides, Lemma 1] indicates that NeBAI can identify an e-optimal arm with probability 1 — 4. [
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Proof of LemmalF3] For xz > 0, let

1 1
f@)=z—aln(bz®) =z —alnb—aclnzx =2z (1 _alnb _ac nx) .

T x
Since
alnb < 1
fl@)>0 < r — 9 N x> 2alnb
aclnx <1 x> 2aclnz
r T2

Let d = 2ac, x = dIn(dy), then
x> 2aclnz =dlnz < dln(dy) > din(dIn(dy)) < In(dy) > In(dln(dy)) < y > In(dy).
Since 294 > In z for all z > 1, we have In(dy) < (dy)* < \/dy and

y>In(dy) <= y>dy < y>d
when yd > 1. Hence, when ac > 1/2, y > d = 2ac > 1, we have y > In(dy). Furthermore, for =
such that > max{2aInb, 4acln(2ac)}, we have f(z) > 0.

O

G Proof Outline of Theorem [3.2]

Step 1: PSeBAI (Algorithm|1) depends on the success of change detection and context alignment
(Algorithm [3] and ). We firstly upper bound the failure probability of these two subroutines via
Lemma[G.I] Lemma[G.2] Lemma|[G.3and summarized in Lemma[G.4] More details about these
two subroutines are provided in Appendix and the proof of the Lemmas are postponed to
Appendix [H]

Step 2: Subsequently, conditioned on their success, we provide a theoretical guarantee for the choice
of the confidence radius p;(x, ) for A(z, ) at time step ¢ in Lemma|G.5] The proof is detailed in
Appendix

Step 3: Lastly, utilizing the above elements, we provide a sufficient condition for the stopping rule,
and upper bound the number of time steps in Exp phases 7’- via Lemma|G.6] whose proof is presented
in Appendix [J] As the total number of time steps 7 is upper bounded by a constant multiple of 77,
the high-probability upper bound on the stopping time 7 is obtained. This finishes the proof of
Theorem [3.2) (please refer to Appendix [J).

A proof outline of Theoremis provided in this section. It consists of three steps:

Step 1: We borrow the terminology in hypothesis testing to define the errors. Let the null hypothesis
be: the algorithm has undergone a changepoint within the last w CD samples. For Algorithm 3| we
will characterize the type I error: the algorithm has experienced a changepoint within the last w CD
samples but it fails to raise a changing alarm, and the type Il error: a changepoint has not occurred
but Algorithm[3|raises a changing alarm. We refer to the event Failed Alarm (FA) and the event False
Alarm Error (FAE) as that a type I error occurs and that a type II error occurs, respectively:

FA, := {a type I error occurs at changepoint ¢; },1 € N,

FAE; := {a type I error occurs time step t},t € TraEg,

FA := U FA;, and FAE:= U FAE,,

{l:cr<7} tETFAE
where Tpag = {t : tin CD phase,t < 7,[t — wv,t] N C = (0} and 7 is the stopping time. In
term of Algorithm define the event MI; := {Algorithm {] misidentifies 07 }, | € N and MI :=
U{t:e;<r} MLi. Define the good event
Good := {FA° N FAE® N MI°}. (G.1)

We upper bound the failure probability of Goodin Lemma|G.1] Lemma|G.2] Lemma|G.3|and conclude
the results in Lemmal[G.4

25



3w OFAE

makes no false alarm before the stopping time T with probabtltty at least

P[FAE?] > 1 — ~ Kdopag.
v

2
Lemma G.1. For any dpag € (0,1), withb > Sd In +=— —+ \/( In -2 ) 24dln ,LCD

Lemma can also be stated as, fix b,

T 3wb wb2
c > — — 1 -
]P)[FAE] 1 2Kexp( mln{20 ,150 })7

which indicates we can always decrease the error probability by enlarging the window size w.

Assume ¢; is observable, i.e., 9; l #* 9; L and denote ¢; as the alarm time of ¢; from Algorithmﬁ
c c +1

Lemma G.2. Conditional on FAES, for any dpa € (0,1), if % > 4 < In 5FA +
2
d 2 4d 2
\/(w 1n TFA) + Eh’l TFA,

P{Cz§61§01+?|61201} > 1 — 6pa-

In addition, P [FA|FAEC] < I, 0FA.

Lemma guarantees a prompt change alarm will be raised within %' time steps after a changepoint
occurs. This also explains why “Z' samples are abandoned at line 16 of Algorlthml so that 7; ; only
keeps samples from context j.

Lemma G.3. Conditional on FAE® and FA®, based on the conditions in Lemmal|G.1|and Lemmal|G.2)|
P [MI|FAE®, FAC] < I, [(N — 1)dpa + Kdpag] -

The intuition of Lemma|[G.3]is simple: change alarm should not be raised when the samples are from
the same context and, change alarms should be raised when the samples are from the other (N — 1)
contexts. The error made by Algorithm 3]and ] can be concluded as follows
Lemma G.4. Assume the instance satisfies Assumption|[]
) é
P[Good]| >1— —>1— —.

(Goodj 21 =52 213
Step 2: To give an upper bound on 7', we firstly prove that the estimate of A(x, Z) at time ¢ is within
distance p;(z, &) from the ground truth w.h.p. Define the event CI as the estimates of all the mean
gaps locate in the high-probability Confidence Interval

CL = {|As(z,2) — Az, 7)| < pi(,7),Y2,7 € X}

and CI := ), CI,, where p, is defined in (3.3).

Lemma G.5. IfT; > 2LpaxIn

5d T

P [CLy|Good] > 1 — (Kby 1, + Nbar, + KNép 1) -

In addition,

1)
P [CI|Good] > 1 — 3

In addition to an estimation over the latent vector which is sufficient under the stationary case (o
in p;), we also need to control the derivation between the empirical distribution p; and the ground
truth p (5; in p;), as well as the interactions between the latent vectors and the distribution (&; in p;).
This is reflected by K6, 1,, Néq,1, and K N, 7, which bound the the failure probability of Vector
Estimation, Distribution Estimation and Residual Estimation, respectively.

Step 3:

Lemma G.6. Conditional on Good and CL the recommended arm z. € X. and when Algorithm[]]
terminates, the order of T; is upper bounded by (3.6).

The detailed proof is presented in Appendix [J}
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H Analysis of PSeBAI: Change Detection and Context Alignment

As the output of Algorithms [3] and ] depends on random samples, the output may not meet our
expectation with some probabilities. We will characterize the probabilities of the three “bad” events:
FAE in Appendix [H.T] FA in Appendix [H.2]and MI in Appendix and finally upper bound the
failure probability of the good event Good in this section.

Lemma G.4. Assume the instance satisfies Assumption ||

519
2% T 2

P[Good] > 1 —

Some notations are introduced first

* 01.00 1= (07,)72 is the latent vector sequence.
t
+ ¢; indicates the time step when we raise alarm for the [*" changepoint.
According to the dynamics (see Dynamics [I)) of the problem, at a changepoint ¢; € C, the next latent
vector will be sampled from Py. Therefore, it may happen that G;fCl = 0}11 _,» L.e, this changepoint ¢

is hidden and these two consecutive stationary segments are observed as one stationary segment. In
order to upper bound the errors made by Algorithm |3} we make the following assumption, which
yields the worst-case scenario in terms of the error probability.

Assumption 2. Given 01.c and the changepoint sequence C, 67 l # 03 L vlie N
. .

In this section, we do not consider the randomness of 01..., i.€., we consider a realization of the
sequenceE] The results do not involve any parameter depending on the specific sequence and thus can
be applied to any latent vector sequence.

H.1 False Alarm Error

2
Lemma G.1. For any dpag € (0,1), withb > g—jj In ﬁ \/(Sd In =2 ) + %dln ﬁ LCD

3w OFAE

makes no false alarm before the stopping time T with probability at least

P[FAE?] > 1 — _ Kdpag.
v

Proof of Lemma|G.1} Note that within a stationary segment of length ¢, the observations are i.i.d.,
and thus the time segments between two consecutive false alarm time {¢; — él_l}le (where ¢g = 0)
are i.i.d. i.e., it is a renewal process. Thus, it is sufficient to bound the error probability under the
stationary case, i.e. C = () and ;... = (9;-; = 9;‘1);?21.

Assume that we are under a stationary segment of length {. We wish to upper bound the error
P[FAE] = P[¢; < ¢]. This is given by Lemmal[H.1]

Lemma H.1. Given w CD samples from the same context [(Zs,Ys z.)|Y_, in a CD phase at time
step t, Algorithm[3|makes a false alarm error with probability upper bounded by K dpag, i.e.

P[FAE,] < Kdpag

2
: 8d 2 8d 2 24 2
oz gyngs + \/(?)wln 5FAE) +wings

Assume + divides ¢. In the case of a stationary segment, the input samples to Algorithm [3] are

{[(@sy, Yer.a., )it }Zzl if no changing alarm is raised (We ignore the initialization at Line
in Algorithm 1] for simplicity). Denote I';(t) := {kv : k =4 mod w,ky < t},i=0,1,...,w—1.
Givenanyi = 0,...,w—1,forany k1 # ko € I';(t), the two list of samples, [(24, Ysy 2., ) et

5 S:kl
’ -1
i

and [(Zsy, Yey,z.., , do not overlap (thus, they are independent). Therefore, P[k] := P[¢; =

“This can also be taken as, we are conditioning on 61 ..., as the realization of the sequence is independent
from the behavior of any agent/algorithm.
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kv +1i,¢é1 € Ty(t)] is a geometric distribution with parameter upper bounded by K 4. We have
Plé; € Ti(t)] < 1— (1 — Képag) .
Hence, the cumulative false alarm error is
P[FAE] =P[é <{]

1
=2 [1 — (1= Kdpa)
=0
1

<
I

g

< T (t)| K Opar
0

Kopag.

.
Il

IN
2~

Proof of Lemma[H.1} According to Algorithm [3] given w CD samples from the same context
[(Zs,Ys,5,)]"2; and z € X, we need to bound

w

‘ZJA B Yer - > @ AN 8 Yi s,

s:ﬁ—i-l
The proof is similar to Lemma Forany s € [¥]and § = s+ 5
E[zTAN) aYs s, —a AT mYI] =0

b

>

no| 8

and
leTAN) Yz, — 2T ANY) T Y5 g, |
< |eTAW) a2 05 | + [o T AN) T Eans| + |2 T AN T B3] 6],
< 4d.
By making use of (E-4),
E [(ITA(A*)*:;;SYQ@S - xTA(A*)*I;zEYg,ig)Q}
—E (=T AN) '3 Ye) | +E (2T AN 55V s,) ]
—2E [zTAN) i Yo, ca T ANY) T 855,
<4d+2E[|z"0; -2 0] ]
< 6d.

According to the Bernstein’s inequality,

+ |$TA(/\*)_1j§775’

(|35 (b, A )2
2

§2exp< O 6d 4w,
2

€
=2exp | ——=—+—
p( 12d + %6

In order to upper bound the error probability by dpag, we need

w2
2ex 2" )<
p( 12d + 8¢ | = TAF
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2
= €> 4dw In 2 4 <4dwln 2 ) +12~zdln 2 .
3% fpap 3-%  OFAE w OpAE

2
: 8d 2 8d 2 24 2
Bythe ChOlCC Osz SwlnéFAE—l-\/(ln ) —‘rgdh’lm,we have

3w OFAE
P ‘ziﬂA(A*)*lf Ve, - 2 zw: T AN 2, Yo 5. | > b| < Opar
w sts,xg w stsxzs| = =~ .
s=1 s=g+1
A union bound over the K arms yields the final result. O

H.2 Failed Alarm

Lemma G.2. Conditional on FAES, for any épa € (0,1), if % > 42 4

= w7 dFa
d 2 2 4d 2
(E hl OFA ) + w ln OFA’

P{Cléézﬁqﬁ-%‘ézzq} > 1— opa.

In addition, P [FA|FAE®] < I.0pa.

Proof of Lemma Conditioned on FAE®, the detection at the changepoints is independent. Thus
we can assume there is only one changepoint ¢; within a certain number of consecutive time steps.

Algorithm[3]is given w CD samples which are collected under two different context. Without loss of
generality, we assume the sample selected at time c; is among the CD samples (otherwise, we can
regard the time step of the first sample from the second context as ¢;). We wish to bound

w
P 61§61§C1+%|51201}

which is the probability of the event that, after a changepoint occurs, a changing alarm will be raised
within %5 time steps (or % CD samples). Here, ¢; > c; can be guaranteed as we are conditioning on
that there is no false alarm error (FAE®).
Theeventcy < ¢é; <c1 + % indicates, at least one of the CD sample list in

w w

will trigger the changing alarm in Algorithm[3] In particular, in Lemma[H.2] we consider the failed

arm probability when the CD samples are composed by exactly half samples from each contexts,

|:($c1+(5717%)'y7 K1+(5717%)7’x61+(5*17%)w>:| 3—1.

Lemma H.2. Given w CD samples from the two different contexts [(Zs,Ys z.)]%_, in a CD phase,
where [(Zs,Ysz,)] 2y is from latent vector 0% and [(JES,Y;@S)];”:%H is from latent vector 9;5,
Algorithm|3|raises a changing alarm with probability lower bounded by

1 —dpa

2
e A—b 2 2 4 2 — it
if8st > 41y o \/(3) In K) + 4d In 5= where A, 1= maxgex |:ET(9; - 9;5)| and it is

assumed to be greater than b.

By making use of Lemma[H.2]
P[Cl <& SQ%—%‘& 261}
:P[er{%+1,...,w},

LCD ('UJ; b, [(xcl—i-(s—k)'ya chl+($—k)%9ﬁcl+(s,k>,y)];U:l) = True|61 > 01:|
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>P {LCD (wa b7 [(xcl—ﬁ—(s—l—%)'wYcl—&-(s—l—%)'y,gcq+(S_1_Lé,>,y)];u:1) = True|61 > Cl}
>1—dpa

where A, = max,¢cx \xT(H;f - 9;‘)| and 07, 9; are the latent vectors. Hence,

P [FA|FAE®] = 1 — P [FA°|FAE?] <1 — (1 —dpa)"™ < I,0pa

O
Proof of Lemma[H.2] According to the design of LCD, there exists an z € X,
P EixTA()\*)_ljj V. -2 Zw: T AN) T2 Ye s | > b
W s48,xg w §58,Ts | —
s=1 9:%-{-1
5 w
*\—1 ~ *\—1 ~ w * *
>1 —Pl ZxTA()\ )Y, — Z e T AN, Ye s, — §x—r(9j - 93)
s=1 s=%+1
w w T /p* *
> |50 5T 0 - 6) 1
5 w
—1- 1@[ S @TAN) 8 Yep, 20— S (xTA()\*)_lstsjs - xTe;f)
s=1 s=g+1
w W T/ % *
> |G- 576 -0 1
> 1—0pa
2
. . Ac=b ~ d 1, 2 d . _2 ad .. 2
where the last inequality holds as == > & In axt \/ (E In E) +3%In o O

H.3 Context Alignment

Lemma G.3. Conditional on FAE® and FA®, based on the conditions in Lemmal|G.1|and LemmalG.2]
P [MI|FAE®, FA°] <, [(N — 1)dpa + Kopax] -

Proof of Lemma|G.3| The error of the context alignment procedure can be derived from the FAE and
FA analyses. Conditioned on FAE®, FA€ and that the previous / — 1 contexts are correctly identified,

ie., ﬂiﬁ;ll MI{, we have the following statements.

Firstly, according to Lemma[H:T] the change alarm at Line 4 in Algorithm ] will not be triggered
with probability at least (1 — Kdpag) if the current context is context j. This error has been taken
into account in the FAE (see Remark [H.3)).

Secondly, if the current context is not j (which will occur at most N — 1 times), a change alarm will
be raised with probability at least 1 — g by Lemma

Therefore, the error probability at ¢; is upper bounded by
P [ML|FAE®, FA°, N}, MIj] < (N — 1)dpa + Kdpag
and by a union bound, the cumulative error probability bounded by
P [MI|FAE®, FA¢] = 1 — P [MI°|FAE®, FA€| (H.1)
<1—(1— (N —1)dpa — Kdpar)"
<l ((N —1)0pa + Kopag) -
O

Remark H.3. Note that (1) we will only bound the FAE when the CD samples are from the same
context; (2) in the analysis of FAE, we bound the error probability on the whole horizon up to time t
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as we assume there is no changepoint. In particular, there will be unused and redundant 5 K 0pAg
errors budget for FAE at each changepoint, which accumulates to .5 K0pag before time step T.
Therefore, the second error term in @, I Kdraw, can be covered by the unused ZT%K OFAE error
budget from FAE, and thus it can be neglected in (H.I).

Proof of Lemma According to Lemma|[G.1] [G.2} [G.3] Assumption[T|and Remark [H.3] given a
time 7, the total failure probability is upper bounded by

P [Good®] = P [FAE U FA U MI] (H2)
< %KdFAE 10k + Ly - (N = 1)dpa

— %KdFAE + 1. Nbga.

In particular, when 7 is upper bounded by 7* in Line 2 of AlgorithmT]

. NLpax, N?KLpay/c?
T< 1" =¢ 3 In
€ 1)
where ¢y = 3 - 6400 In 6400. The number of changepoints till 7 is upper bounded by /-« < Lz:n'

OFAE

2
By Assumption whenb = 84 1n 2 4 \/(8’1Z In 2 ) + %dlnﬁ and Spap = ﬁ,
the conditions of Lemma are met. And we can upper bound %K OFAE by % < %.

By making use of Assumptionand setting dpp = ﬁ, we have dpp > dpar and

Be=b b dd, 2 + Ad, 2 2+Edln 2
2 - 273 OFAE 3w OpAR w OFAE

d. 2 d 2\% 4d. 2
> Cln— 44/ ZIn-"2) +
w 5FA w 5FA w JFA

Thus, Lemmacan be applied. I« Ndga can be upper bounded by 4f* < %.
Therefore, according to (H:2), P[Good] > 1 — 2. > 1 — &.

2% —

I Analysis of PSeBAI: Estimation Error

Lemma[G.3]is proved in this section. We will upper bound these three error terms (see ([I))): VE
error in App [[.I] DE error in App[[.2] RE error in App[[.3] and finally we will prove Lemma [G.3]
which upper bounds the failure probability of CI at the end of this section.

Lemma G.5. IfT; > 2Lpax In 2

da,1,’

P [CL|Good] > 1 — (Kby 1, + Ndarx, + KNép 1) -
In addition,

P [C1|Good] > 1 ©.

Given any two arms z,Z € X, by the triangular inequality, the deviation between At(x, Z) and
A(x, T) can be upper bounded by three terms: the Vector-Estimation Error (VE) term, the Distribution-
Estimation Error (DE) term, and the Residual Estimation Error (RE) term:

Ay(x, ) — Az, )| @
=|(z — f)Tétf)t — (- f)T®P|
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N N
A ~ i
< ‘Z (At,j(fﬂ,m) *Aj( )pt,j ’Z Clp? pt] pj)
j=1 j=1
VE term DE term
N
li - A
\Z( — A (0,8)) (o — )],

RE term

where a!'Pz := clip,(a) := min{max{a, —2},2} is a shorthand notation for the value of a that

is clipped to the interval [~2,2]. The reason the value A, j(z, %) is clipped is the ground truth
A (2, 2)] < 2.

Recall the event CI

CL = {|A(2,2) — A2,7)| < pi(,7), V2, & € X},
CI:= () CIL,
t

and the confidence radius

N
pe(w, @) =2 + &) + Y Bl AT (@, 7) + G, 7)), 12)
Jj=1
d 2 2¢t max 2
h =5,/ —1In— = J 1
where T, n5v,Tt’ Bej: \/ T ndd,Tt’

N Lpax 2 . . 25 Lpax 2 1
= 25V2 —ln —— F— 4 o — — ln— _
& \f T, n St , Gt mln{ max {pm, 1T n Sur, } , 4} ,

and (;(z,Z) € R can be any value. In particular, it can be the value that minimizes

Z;V:l Bt Am(x, Z) + (¢ (x, Z)| or it can be taken as €. For simplicity, we will take (;(x, %) =
; N A - ~ T BeiBei(z@) . .
argming, , zyer 21 Bt,j (A j (2, )+ (2, 7))* = —W for a simple and effective

analytic expression in the algorithm.

I.1 Vector-Estimation Error

For the VE term ’ Z;\Izl (At,j (,2) — Aj(z, :i)) Dt,j |, note that

N
‘ Z (At’j(m’ ) = A, f)) Dt

LemmaLl. Givenz € X and T, > $1n

< |zT (O — O)pe| + |27 (6: — O)pp¢]

O, 1’

P [W(ét —O)p| > at|Good} <o,

Proof of Lemmal[ 1] By the definition of the estimators in (3.2),

N
(ET(ét — 9)pt = ZI'T(Qt] - oj)ptj
7j=1
N
T ;
T * * t,j
= x A A Ts swb -0 |
jz:; tj S;—;] / T;
72 ST aTAMN)” o —x' 0]
Jj=1s€T:,;
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By Lemmal [E.T}
P[laT (00~ ©)Bi] = ar]01:nc, Good| < 8,1,

By the property of conditional probability, we have the desired result. O

Therefore, conditional on Good, with probability at least 1 — K4, 7, VE < 2¢; for any z, & € X.

1.2 Distribution-Estimation Error

Lemma L.2. Given Good and T; > QL“““‘ In =~ for any j € [N],
P [|pe,; — pil = ﬁt,j|G°0d] < 0a,1-

Additionally, with probability 1— Néba,r,,

‘ Z Achp2 pt - ’ Z ﬁt,g |AChp2 i-) + Ct ((E, j)|

where (i (x, &) can be any value.

Proof of Lemmall.2] Given any j € [N], and the stationary segment [, we denote X, ; := L 14 0z, =
0;} — p;L;, where L is the total length of the Exp phases in the /th stationary segment. Note that
E[X;[{L}it,, Good] = 0,|X;| < Liax a.s. and Var[X;,|{L;}i, Good] = p;(1 — p;)L? <
pj(1 — p;)LiLmax. By Bernstein’s inequality,

le

A 62
| E X1 > €e|{Li}!,, Good| < 2exp | —
" by 230 Var[X; ,|Good] + 2 Lpaxe

T22

= <2exp | — 7
235, Var[X;;|Good] + LmaXTte

ly
1 .
\i > Xjal = e[{Li}i,, Good
=1

AsT, ;= Zg’:l f)ﬂl{@;—‘l = 9;-‘}, T, = Z;’:l L; and Z;’:l L, = T, we have
T2 2
2570 Var[ X |{L;}!,, Good] + LmaXTt6>

P {|ﬁt7j —p;l > €|{I:[}§t:1,GOOd:| < 2exp (

T2 2
< 2exp 2
2Zl 1pj( _pj)Lleax + %Lmax/—rt6

Tt€2
<2exp|— 3
2pj(1 - pj)Lmax + ngax6

As the last bound is independent of {L;}!* |, we have

Tt€2 )
P|p:; —pi|l > €|Good| < 2exp | —
[Pr; =5l 2 | Good] < 2exp ( 2p;(1 = pj)Limax + 2 Lmaxe

If we want to upper bound the above by d4.7, € (0,1), i.e

Tt€2
2 exp (— ) <ar,
2pj(]- - pj)Lmax + %Lmax6

we require

2
%Lmax In 75,1,2735 + \/(éLmax In Tfﬂ ) + 2Ttpj (1 — pj)Lmax In Tth
= T,

1.3)
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In particular,

= 5 Lmax 2 2p i (]— —p ')Lmax 2
=By :== 1 J J 1
e =B 5 max{ 3T, n . \/ T n Som

satisfies the condition, we have
P [[pns — pil > fus| Good| < bu,. (14)

A problem here is we do not have access to p; during the dynamics, therefore, we adopt Lemma
to further upper bound 3, ; by 3; ;.

Lemma K.1. Given any j € [N] and T; > 2Lm‘“‘ In 5d ﬂtj < Btj-

Therefore,
P [|pe; — p;| = B.j|Good] < bar,.

In addition, with probability at least 1 — Nd4 7,, we can upper bound DE term as:

‘ ZACIIPQ (@, Z)(py, g —Dj) ‘ N ’ i (A?;l% (x, &) + (t(acj:)) (ﬁt’j - pj)) (-

j=1

< 6t]|AChp2 {E 7 +Ct(x (E)|

Mz

Il
—

J
where (;(z, %) € R can be any value. O

1.3 Residual-Estimation Error

J
as the time step ¢ becomes large, we expect it will converge to zero fast. Thus, it is sufficient to have
a coarse estimation of it.

. o ~\ Acl . .
RE is composed by the product of two deviations, i.e., (Aj(x, T) — A7 P2 (, :U)) and (Pr,; — pj)s

Lemma L3. For any x € X, conditional on that |p, ; — pj| < B:,;,Vj € [N],

‘Z ( —AL (e ’i)) (Pe.j *Pj)‘ > &

where & = 25\/5%‘:‘“ In

Good| < Nép, 1,

5m,,Tt :

Proof of Lemmal[l.3] According to Lemma[E-1} for any z € X, j € [N] we have

|Good | < by, (1.6)

R d
Pllz" (0% —6, ) >5,/—1
l|x ( J t7])| = Tt,j nfsm’Tt

ith_jidlné (2, %) € [~2,2], hence,

Aj(w,7) - A;?};"z (2.)] < |85, 8) = By, 3)| <1270 = 0u)] + 157 (0] — buy). A7)

And |27 (0% — 6, ;)| < 3d with probability 1. Denote

d 2

wt j,1 -= Inax {ﬁ I In } ) wt, j,2 -= max {ﬁt, j )
\J 2% AT, 5m7Tt J J

25 L 2
5 Linax | } (18)

— n
4 T 0,1,
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We haveE|

‘ zN: (Aj(;v, z)— Af};pz (50,53)) (Pt _pj)’
j=1
< > |(a@a-ARea) s+ Y | (a8 - AR @) b

Jie, 51> Pt Jt,5,1=Pt,j,
Vt,5,2>Dt,j

F Y (A - A ) 6]

Jipt,5,2=Pt,j
(a) - Acli ~ - Acli -
< Y (M@ AR @) s+ Y (@8 - AL @,8)) Bl
Jipe, i 1>Pt 3t j,1=Pt,j,
Vi, 5,2>Dt,j
+ > a0 = 00)Beg| + 12705 — 0:5)Bu ] 1.9)
Jibt,j,2=D¢,;

In
T, da,T,

(®) 5 5v2 Linax 2
< 4.=.
X by

e, 5,1>Pt,

2 2 Liax 2
+ Z min{4,2-5 iln }~5-5\f X In

G j1=Pt. [2%] 5m,Tt 2 2 T; 5d,Tt
Vi, j,2>Pt,j
d 2 5 81325 'Lmax 2
+ 2.5,/ =—In 2 g In
. th ) \/Tt:j 6m;Tt 2\/ Tt 6d7Tt
Jbe,5,3=Dt,j
L 2
S 25\[2 max 1117
. Z . T; da,T,
Jbe,j1>Dt, 5

2 25v/2 Linax 2
+ Z min{4,10 Tiln } 5v2 Lina In

e b, tj  OmT 4 Ty dar
i, j,2>Pt,j
Vv dLmax 2
50V 2 1 1.10
o) VT (110
Jipe,j,2=Pt,j ’
N Lpax 2
< 50v2 | =2
< 502 T, n St &t

where (a) adopts (L7) and (b) is obtained by the following derivations:
(1) g1 > Py indicates py; < %ln 2 < %%ln 2 and thus Brj < 2.

Om, Ty T Sar, ’
5v2 Limax In L'In addition
2 T da,1,

2

25 L
0d, Ty

A . . A~ 2 N o 3 N max
(2) Y151 = Py,j indicates Py j < f%t In e and tpy 5,2 > Py j implies py; < =2 In , thus

() can be applied and 3, ; < 3 - %%ﬁ“ In -2

da,1;

>The last inequality can be loose. When each context has been visited at least once, the first summation
in (CI0) can be ignored. For empirical performance, (CI0) should be used, while ¢ is adopted for theoretical
guarantees.

SThis demonstrates the usefulness of the clipping technique. Without the clipping technique, we can only get
an upper bound of 6d by utilizing (E:2) which introduces another d factor in &;.
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(3) 142 = Prj indicates fy; > 32 Lpex In 5fﬂ > 4% In 52—, thus can be applied and

8Pt,j Lmax 2
Brj < 2 o Ing

Therefore, conditional on Good, with probability at least 1 — K N6, ,, RE < 2&;. O

Proof of Lemma[G.5] By Lemma [L1] [.2]and [[.3] conditional on Good, with probability at least
1— (Kéyr, + Négq, + KNOp 1), (x,2) — Az, )‘ < pi(x, ). This finishes the proof of
the first result in LemmalG.3l

We then accumulates all the error probabilities. By the choices of d, 7, = %, da1, =
t

) ) _ )
5NTZ “mTe — T5SKNT??

b
C15KNT}?

00 oo
5 5
K&y, + N& KNbpr, =Y K- N - KN
Tz::l 1, + NoaT, + oTe TZ:l I5KT} * I5NT} *

=2 15T3

Ty=1

<

S

Note that there is an reversion step at Line 18 Algorithm (T} for each T € N, there are at most two
time steps t1 < to with T, = T},. Therefore,

o0 o0 6
> Kbu1, + Noaq, + KNopr, <23 Kby, + Noag, + KN 1, < 3
t=1 Ty=1

This proves the second statement. O

J Upper Bound of PS¢BAI: Proof of Theorem

Theorem [3.2)is proved in this section by three steps.

* Firstly, we show that the recommended arm Z. is an e-best arm upon the termination of the
algorithm in Lemma
» Secondly, we present a sufficient condition for the termination of the algorithm in terms of 7} in

Lemmal[G.6l
* Lastly, we show that 7"- is bounded by a constant fraction of 7 and thus, obtain an upper bound on
T.

Step 1:

According to Lemma- G.5] CI, holds with probability 1— (K6, 7, + Nd41, + K N6y, 1,). Conditional
on the good event Good in (G.T) and the event CI, (the mean gaps are well approximated at time step
t), we expect the recommended arm will be an e-optimal arm. This is formalized in the following
lemma.

Lemma J.1. Conditional on Good and Cl,, if the algorithm stops at time step t, the recommended
arm . = xj is an c-best arm.

Proof of LemmalI 1} If . = x*, the lemma holds.
If . # z*, according to the termination condition (3.4)

min A (&, z) — pi(de, z) > —¢

T:XFTe
we have
A(-i'ayx*) > At(js;$*> - pt(i‘m ) > min At(mE’ ) - pt(i'evx) > —€

T:XFTe

where the first inequality holds due to CI;. This indicates A(z*,Z.) < ¢ and thus the recommended
arm I, = xj is an e-best arm. O
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Step 2:

Lemma G.6. Conditional on Good and C, the recommended arm &. € X. and when Algorithm|]|
terminates, the order of Ty is upper bounded by (3.6).

Proof of Lemma[G.6] By Lemma[l.I] #. € X.. Note that for any  # &., when
201(7, %) < A(x,3e) +¢, T #x"andz =17, a1
pi(Ze, ) + pe(z*,x) < A(x*,x) + ¢, otherwise. '

By utilizing CI;, we have
At(ieax*) - pt(‘%a»x*) Z At(x*a ‘%E) - pt(:ﬁsvm*) 2 At(x*vie) - 2pt(x*a ‘%E) 2 —&,
T Zax"and z = 27,
Ap(de, ) — pi(dc,x) = Ay(a*, 2) — po(de, ) > A2, 2) — pi(a*, @) = py(de, ) > —¢,
otherwise.
Therefore, if @) hold for all = # Z., the algorithm must have stopped, i.e., it is sufficient to have
the following for any = # Z.:
A(z*, 2,
pe(T*, %) < M7 e # 2" and x = ¥,
Ax*,z)+¢€ Alx*,z)+¢€
2 2 ’
Lemma([J-2) gives an upper bound on the total number of time steps in Exp phases at which (I_T)) must
hold for any two arms . € X, x € X \ {z.}.

pt(Ze, ) < ype(x¥,x) < otherwise.

Lemma J.2. For any two arms (z.,x), where © # x.,x*, when

_ 64001n6400-d | Kd/(A(z*,x) + £)?

C (A +e) 5
NH e
+ 6400 In 6400 - Hpp (2., ) In w
32001/2103200y/2 - N Linax - A(ee 3
In (J.2)
Alx*,z)+¢€ )
~ d 1 1 NL 1
=0 ——5h-+H sr)ln- + ——=In—
<<A<m*7x>+a>2 Wy e DG R e “6)
where
N 2
Hpg(z., z) Linax > 4 mi {16 1}|A( )+ el
Te, ) 1= —————— min D, — i(Te,x ,
T A+ \ S T
we must have A
¥, x)+e
,Dt(xE,z) S ( 2 )
By taking the maximum of (J.2)) over all e-best arms and the suboptimal arms, we get
. 6400106400 - d . Kd/ (A(z*, z) +¢)*
= max 5 In
T E€EXe , XFAT e, T* (A(J}*,JI) _|_5) 1)
NH
+ 6400 In 6400 - Hpg(z., z) In W
32007/2103200v/2 - NLinax . AG-3%2
In (J.3)
Alx*,z)+e )
- d 1 1 N Liax 1
=0 —— —In-+H In—-+———""—In=-|.
(xSEXr:}S;{xE,x* (A(l‘*,$)+5)2 n(s + DE(xean) n(S + A($*7£C)—|—E H(S)
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Proof of Lemma[J2] Let c,, cq,c¢n € (0,1) be constants, satisfying ¢, + cq + 2¢,, = 1. By the
definition of p;(z., z) in (3:3), it is sufficient to have

A *
Sy < ¢, 2T FE
2
N
< cli A(z*,x)+¢
3 Bl B0 e, ) 4 e )] < (e + o) 2D HE
j=1
2, < CmA(x , )+ e
where we take (;(z.,x) = ¢ for theoretical simplicity, but we adopt (i(z,Z) =
~ N A (x,E) . . .
argming, , z)cr Zjvzl Br i (A (. 2) + G, ) = _2]:1;&7—6;2() in the algorithm, which
j=1Pt,
still enjoys the theoretical guarantee.
VE Term According to the definition of o, we need to bound:
o < o, 2T FE
4
d 2 Alz*,z) +¢€
& 5y =1 < e,
VT s = 1
By a coarse estimation, it is sufficient to have
Cyd Kd (A(a* ? d Kd/ (A(z* 2
TtZ c 211,1 /( (ZL’,.’E)+€) :O 2111 /( (x,l’)‘i‘e)
(A(z*,z) +¢€) g (A(z*,z) +¢) g
where ¢, = %490 In 8490,

1 v

DE Term The difficulty lies at the DE term.

N

~cli
> Bl AL (e, x) + Gulae, x)]
j=1

j=1
~ cli
< Y BulAL (e x) + e
Jipt i >Pe 5
A clipsy
+ Y BuslAj(ae, @) + el + B AL (1) — Aj(e, 7))
Jipt,i=Pt,;
~ cli
< D Bura+ D BulAl (e a) - Ay, 0)|
Jipe, i >Pt Jipe, =Pt j
+ D Buyld(ae,w) +¢f
Jipe,j=Pt,;
S 2§t + Z ﬂt7j|A]‘(I5,l’) + 5‘
e, j=Pt,j

We will upper bound 2¢; by ¢, % first; the second term will be included in the RE term and

analyzed later. Therefore, it is sufficient to have

> B

Jibe,j=DPt,;

Alx*,z)+¢€
2

Aj(ze,z)+e| <cq J.4)
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By the definition of 3, ; in ([2) and Lemma[K3] we get

2 max 2 5 2mi 16 '7l Lmax 2
by = 2 [P0y 25 200 {169, 1) D (1.5)
T; dar, ~ 2 T; da,1,
Lemma K.3. If v, ; = Dy j, then
1
¢¢,; < min {16pj, 4} .
Therefore, in order for (T:4) to hold, it is sufficient to have
5 [2min{16 4,1 Linax 2 Ax*,
Z e { pj 4} a. lIl ‘A](IEE, )+€|<Cdm
2 04,1, 2
Jit,5,2=Pt,j
5 2Lmax
S = min 16pj7 |A Te,x) +e| <cg——————— A, :z:)+€
2 6d T i p
t,5,2=Dt,j

2Lmax A(SC*,I) + €
= 2\/ 5thZ mm{lﬁpj, }|A (ze,x )“‘dﬁ%f

i=1

NH - NH )
< T, >cqHpr(ze,z)ln w =0 (HDE(mE,x) In DE(S(;EQC)>
where ¢; = 1600 In 192,
d

RE Term By the definition of & in ([.2)), it is sufficient to have
NLax 2 A(z*,z)+ ¢
25v'2 1 <
\[ T, . Om T, Cm 2
KN Ly KN Liyax
- T > Cm * N Limax In A(z*,@)te _ 0 N Lax In A(z*,x)+e
S A, ) 4 e ) A(z*,z) +¢ B

400\/5 In 400\/5

where ¢,,, =

By taking ¢, = 4 ,Cd =3 Landc,, = %, the upper bound on T} can be concluded as

" 2
_ 6400In6400-d ,  Kd/ (A" 2) T | 6100106400 - Hpp (e, 2) In ~IPE e 2)
(Aa*,z) +¢) 0 4
KNLII!&X
3200v/21n 32002 - N Lyyax |y D@ a)te
Alx*,x)+¢€ )
Kd/ (A(z* 2
_0 d I d/ (A(z*,x) +¢)
(A(z*,x) +¢) d
KNLy,.
NHDE(Z‘E, l‘) NLmax A(z*,;;:)—(s
+HpE(ze, #) In 5 + Ax*,z)+ e n )
- d 1 1 NL 1
=0 ——— - +H r)ln < 4 2 g2 ).
<(A(:c*7ff)+6)2 AT A R n5>

Step 3:

Theorem 3.2. Define the context distribution estimation (DE) hardness parameter

L _
Hpg(ze, z) = ——2% ___H(x.,x
DE(Ze, T) Ba.2) 1o (2, )
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where H(x.,z) = (Z;Vﬂ /min {16p;, 1/4}A (2., x) + 5\)2. UnderAssumption with proba-

bility at least 1 — §, PSeBAI identifies an c-optimal arm and its sample complexity is

) d 1 1 NLm'lx 1
5 _ood 1y In= 4 trimax  0° ) 3.6
(élgfi* (A(x*,a:)+€)2 n5+M+A(m*7ﬂc)+gn5> (3.6)
, P Tp(ze,x) Tr(x)

Proof of Theorem[3.2] By Assumption[I] and the choice of the parameters, Lemma [G.4] indicates
Good is guaranteed with probability at least 1 — g.

Note that some arm pulls are not counted in 7;:

* In every y time steps, Algorithm [I]enters the CD phase to select a CD sample.

* When a changepoint is detected, Algorithm steps into the CA phase, where 3 arms are sampled
in Algorithm 4]

* During the CA phase, we abandon %5 samples.

Therefore, when ¢ is large (or after the first stationary segment)
Lmin Lm
"y - S Tt . ’Y IHSw .
’Y*]-Lminfwv*f Pyilein_T’y
Lmin

Asy > 2 and wy are set to be upper bounded by =22, so the fractions above is upper bounded by an

absolute constant 4, e.g., with v = 2 and w = LT, the constant is 4. Therefore, ¢ is of the same

order as T;. By Lemma|[G.6] holds with probability 1 — 4. O

t<T,-

J.6)

K Analysis of PScBAI: Technical Lemmas

Lemma K.1. Given any j € [N] and T > %% In ﬁ, Bt,j < Bij-

Proof of Lemma[K.1] Recall

. . 25 Liax 2 1
¢¢,; = min {4max {pt)j, ZT: In 5th} , 4}

The proof is scheduled in 2 steps.

Step 1: Upper bound \/ 21’-7’(1—713:‘)Lmax o -2

0d, Ty

Limax 2 M 2
When 3 In < \/ T In ar we have

0d, Ty
~ 5 [2p;(1 —p;)Lmax 2
ﬁt,jzf p]( p]) a, In
2 T; 0a,T,
1 . . P 5 2'l'Lmax 2
As pj(1 —p;) < 3,Vp; € (0, 1), this naiVe bound gives ; ; < 5 A n g
If Ty ; > 0, according to Lemma ,
s 5 2p 1- pj Lmax 2
Bt,j . J( J) In
2 T: da,1,
§ § 2pjTt,ijax In 2
2 TtTt,j 6d,Tt
5 2}315 ijax { 25 Lmax 2 } 2
—y ) —>=—— -4max< 1, — In In ,
- 2\/ T; 4 Tt,j 5d,Tt 6d,T,,

40



thus we have

T; 0a.1,

If Ty ; = 0, i.e., the latent context j has never been observed and p; ; = 0, we have

~ 5 2]9]‘(1 — pj)Lmax 2
2 1
e 2\/ T, Yo,

5\/2ﬁ~t,j(1 - 5t,j)Lmax In 2
2

2% i L - 2
Brj < 2\/ Ptjlmax | (K.1)

- Ty da,,
25
g Lmax In 25 L 2
= Fit.0) < — ‘“Tf < 22 Zmax gy
Tt + Lmux lIl 8 Tt 5d7Tt
Take the trivial bound into consideration and observe that qﬁt, j = min{=7max 25L"‘ax In 7= f} and that

In In In

8 T da1, — 2T da,1, T; da.1,
Thus, (K.1) also holds for T} ; = 0.

To conclude, we have

5 Lmax 2 2p j (1 — P ')Lmax 2
= 1 J j 1
By g { 3T . da1,’ \/ T; " da,1,

< ) ma: Lmax In 2 2¢t,ijax In 2
= X
-2 3T, dar,’ T; 0d,1,

Step 2: Simplify the bound. Recall that

. . 25 Loax 2 1
¢¢,; = min § 4max q P 5, ZTIH Sar, 1

As T, > 2Lmax I 2 e have
= 9 dd,T,
At

Lmax 2 2- iLmax 2
In < In
3 da, T: 0a,1,

25 Linax ;2 _ 25V2Lonax 25 \/2¢t,ijx 2
T2

According to the definition of ¢, if i, ; > 27 £zex In 2, we have

Loax . 2 5V2Lpax . 2 2 4y i Loax - 2
In < V2 In < Pt.j In

3y dam, T: da,, T: 0a,,
If pp; < 2 Ln Lmax In 5 , we have

Lo 2 25V2Lmas ) 2 \/2Lmax 2o Lmax 2
3T, da, T; Oa,T, T; 0a,T, T; 0a,T,
Thus
. {Lmax 2 \/2¢t,ijax 2 }: \/2<z>t,ijax 2
3T, dar,’ T: 04,1, T; da,,
This gives us the desired result. O

Lemma K.2. When f3; ; = %\/W In 52 and T, ; > 0, we have

by Bl 2 )
EJ Tt 16 Tt] 5d,Tt
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Proof of Lemma|K.2]

pi _ pilt
Ti; Ti;Ty
PeiTi + 2. /2p;(1 — ;) Linax Ty In 2
g+t 1 p] p] max-+t Sa.1
< At

- Ty ;T

1 5 Dy 1 pj 2Lmax ] 2
4 2P [P h_
T, AVTy,; Ty, Ti, Ty Od,T,

; 4 25 Linax 2
= pj<max{1 —5 ln}

Ti; — Ty 16 T; ; da,1,
O
Lemma K.3. If v, ; = Py j, then
1
¢¢,; < min {lﬁpj, 4} .
Proof of Lemma[K.3| Recall to the definition of ¢, ; in and v, j in (L.8),
. 25 Lmax . 2 1 25 Lpax . 2
ey = min {aoms s, P50 28 v = 3
we have
25 Linax 2 . 1
> 22 1 _ 4h, . =
pt,j = 4 Tt n 6d7Tt7 ¢t,] mll’l{ pt,]7 4}
We only need to upper bound p; ;.
By (.4,
~ 5 Lmax 2 2p(1 7p')Lmax 2
o h, < pad o 1 j j 1
Vrg =Pej Sbit g max{ 3T, bar,’ \/ T N o
5 4 8
=Yg < pj+ 5 max { r \/Pj(l - Pj)%%,j}
4
= pj + max 1*51/%.,3‘, 2pj (1 — pj)t,;
= P < 4p;
Thus p; ; = ¥ ; < 4p;, and ¢; ; < min {16pj, %} O

L Upper Bound of PScBAI*: Proof of Theorem 3.3
Theorem 3.3. The PSeBAI™ algorithm is (e, §)-PAC and its expected sample complexity is

O(min{ max Ty (z) + Tp(ze, ) + Tr(2), T\1>I—|—TDN}>.
Te€Xe, AT, T*

Proof. We let 7 denote the stopping time of PSeBAI, 72 denote the stopping time of NeBAI, and 7
denote the stopping time of PSeBAIT™ when an identical sequence of samples and returns are applied
to them. By the design of these algorithms, we have

7 < min{r, 2}
Part I: Prove that P(z. ¢ X.) < ¢.

Letevent & = 1{1; < 72} N 1{PSeBAI returns arm x. when it terminates}. Recall that z. denotes
the recommended arm of NeBAI when it terminates and Z. denotes the recommended arm of
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PSeBAI™ when it terminates. The design of algorithms indicates that:
Z. = z- when & occurs, and . = &. when £ occurs.

Moreover, with the performance guarantees of NeBAI and PSeBAI(shown in Proposition [3.T|and
Theorem [3.2]individually), we have

P[acjs ¢ Xs] = ]P[i‘e ¢ X5|51] 'P[gl] +P
=Plx. ¢ X&) -P[E1]+P
< 5.PlE] +6-PlET] =

(*%e ¢ Xa‘gﬂ : P[fﬂ
[x.e ¢ Xa|€ﬂ P[glf]
5 - (P[&1] + PIES)) = 6.

Part II: Derive the expected sample complexity of PSeBAT™.

We first derive the conditional expectation of the stopping time of PScBAI. By the same argument
as in (IL6), T3 < ¢ < 4T, for any t. Therefore, it is sufficient to upper bound E[T7, ] and E[r;] can be
upper bounded by 4E[T, ].

According to Lemma|G.6]and Lemma|G.6] when both events Good and CI occur, PSeBAT terminates
with T, satisfying T, < T, where T is defined in (J.3) and as below:

. 6400106400 - d . Kd/ (A(z*, z) +¢)
= max 5 In
ve€Xeatvea (A(z*, x) +€) 0
NHpg(ze, )
5

3200v/21n 320072 - N Liyax - B b

A(z*,x)+¢ )

+ 6400 1n 6400 - Hpp (., ) In

Given time step ¢ with T; > 2T (thus ¢ > 8T'), we will upper bound P[7; > ¢] in the following. We
firstly upper bound P [T, > T]. Note that

T, T,
P[T, > T =P [Tﬁ > T,|T,, > ?t + 1} P [Tﬁ > Et +1]

T T,
+IP’[TT1 > T|T,, < ;+1]P[Tﬁ < ;H}

T,
<P [Tﬁ > T[T, > 2’41} :
If PSeBAI fails to terminate with 7}, < Zt, it implies that event Good (] (1,7 CI) fails, where
I:{s:%+1§Ts§Tt}.Hence,

T,
P [T}, >Tt]§]P’{TTl > Ty| T, 22‘41}

<P |Good’| | (U Clﬁﬂ
s€Z
< P[Good] + P |Good ﬂ (U CI§>
s€L

< P[Good’]| + P

(LEJI cxg) ‘Good]

@ § Tt
< E
S 9 +2 (K(SU,TS —+ N(Sd,TS + KNém,TS)

Te=T¢/2+1
® g L L 5 36
< 2 — < — 42 — dr= — + —
— Q7 + Z 5T3 = Qr* + /Tt,/Q 51,3 x Qr* + 5Tt27

T.=Ty/2+1 %
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where (a) is obtained by applying Lemma to time steps in Z N 7y (i.e., the Exp time steps in Z)
and note that there are at most two time steps ¢ < t3 with Ty, = T}, due to the reversion step; (b) is

derived by substituting &, 7, = ﬁ, da1, = ﬁ, Om, 1, = W which are used to define

the confidence radius p in (3.3). By using the fact that 47, > 7, for any 7, > 2T, we have

) 30
P[Tl>4Tt]§P[Tn >Tt}§ﬁ+57Tt2
= Pln >4T; +14] < 30 —0.1.2.3
1 t ¢ -2 5Tt27 1=V, 1,4
é 486 -
= P t . BT <t <7t
[7—1> ]_2*+5(t—4)2’ <t<rT

This indicates for ¢ > 8T, the probability that PSeBAI does not stop after ¢ time steps is 27* + = (fSZ)Q .
Therefore, by Tonelli’s Theorem, we have

) g [ 485
E[n|8T <m <77 < t;g:TP[Tl > 1] < t§8:T (27* + 5(15_4)2>

Tl 485
<1 +/ - dt<2. L.1
si—1 Ot —4)? D

Next, we bound E7, the expected sample complexity of PScBAI'. E7 can be decomposed as
below:

Er < 8T +E[r|8T < 7 < 7*] + E[r|r > 7*]. (L.2)
Since 7 = min{7, 72} and Pmin{r, 72} > t] < P[ry > ¢] for all ¢, we have
TF—1 T -1
E[r[8T <7<7)= Y Plr>t= > Pmin{r,n} > 1
t=8T t=8T
< Z Plr > t] = E[n|8T <7 < 77]. (L.3)
t=8T

Besides, since PSeBAI will terminate after 7* time steps, i.e., P(7y < 7*) = 1. We have

E[r|r > 7] = IP’[T>t | <1+ Z Plre > t] = 1 4+ E[ra|me > 7. (L.4)
t= t=r*+1

LemmalF.1|indicates that P[5 > t| < % for all t > Ty, where
(a=1)C5(t/2)

_ T68(8Luax + 225d) . 768KC’3(8LmaX2+ 25d) RO S
(5 + Amin) (5 + Amin) 5

Since the order of T is apparently larger than 7%, we have T, < 7*. Then, with the same method
as in the proof of Proposition[3.1] the conditional sample complexity of NeBAI can be bounded as
follows:

—+oo —+oo 6

. s
]E[7—2|7-2 >T } S Z—* P(TQ Z «I) dI’ S [—* W dx = CST*' (LS)

Substituting terms in (C:2) with (L), (C3), (C:4) and (C3), we have

Er < 8T +3 )
T < +3+ Corr
Besides,
Er <Enm 2T 0
TR S T G T e - ) (T2
Where (a) is shown in (EI).
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Altogether, we have

J
E7 < min {87 + 3 , 8T +3 .
T_mln{ + +C’ + +CT}

M Analysis of Lower Bound: Proof of Theorem {4.1]

The dynamics for under our PSLB model is displayed in Dynamics ]

Dynamics 1 Dynamics for piecewise-stationary linear bandits

1: The instance: A = (X, 0, Py,C)
2: while the algorithm does not stop at time step ¢ do
3: ift € C then

4: The environment samples 67, ~ Py

5. else

6: 9* = 9;; , (the environment does not change)
7: end 1f

8:

The agent samples an arm x; based on the history up to time ¢ — 1.
9:  Thereward Y; ,, = x] 0%, + m is revealed to the agent.

10: end while

11: Recommend an e-best arm Z..

To derive the lower bound in Theorem[4.1] we investigate two environments different from the one
defined in Section 2] (and as in Dynamics|[I)):

e Dynamics [2} the agent observes the index of current context j;, and the environment reduces to
contextual linear bandits; the definition of Dynamics E] and the lower bound under it are detailed in
Appendix [M.1]

e Dynamics [3} the agent observes the changepoints in C and context vector ¢7 s, and hence she
solely needs fo estimate the distribution of contexts; the definition of Dynamics [3]and the lower
bound under it are detailed in Appendix [M.2]

We first derive a lower bound for (g, §)-BAI algorithms in Dynamics 2] that is, in contextual linear
bandits.

Corollary M.1. For any (g,0)-PAC algorithm 7, there exists an instance A = (X, 0, Py, C) with
Dynamics 2] such that

1
Elr] 2 T(A)log 5=
where T.(A)™' =  max min Zp Z v; 9;))2
c {v; €A}, NEAlte(A) & jzeX ”

is defined in Theorem In addition, when | X:| = 1,

N * 2

=1 pilleT — x5, -

T.(A) = min  max ZJ 1 A; 2~
{v;EAx}N |z (A(z*,z) +¢)

This lower bound generalizes the result of [[L6] to the linear bandit setting.

We next study Dynamics [3] In this setting, the agent solely needs to estimate the distribution of
contexts Py with context samples. Once the agent obtains a good estimate of Py, she can identify
an e-optimal arm w.h.p. Hence, the lower bound on the complexity of an (g, §)-BAI algorithm is
the product of the minimum length of a stationary segment and the minimum number of context
samples/changepoints needed for distribution estimation.

Corollary M.2. For any (,9)-PAC algorithm m, there exists an instance A = (X, 0, Py,C) with
Dynamicssuch that BT > cp,,, where cn,, is the Néh changepoint in the changepoint sequence C.
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Altogether, the sample complexity of an (g, §)-BAI algorithm in Dynamics [2| and [3| build up the
lower bound in Theorem [£.11

M.1 Lower Bound for s-BAI in Contextual Linear Bandits

In this section, we consider a sub-problem where the index of the current context j; is revealed at
each time step t. The original piecewise-stationary problem becomes a contextual problem whose
dynamics is presented in Algorithm[2] As more information is provided to the agent, the lower

Dynamics 2 Dynamics for contextual linear bandits

1: The instance: A = (X, 0, Py,C)
2: while the algorithm does not stop at time step ¢ do
3: ift € C then

4: The environment samples 67, ~ Py

5. else

6: 9; = 9;;71 (the environment does not change)
7:  endif

8:

Reveal j; to the agent.

9:  The agent samples an arm x; based on the history up to time ¢ — 1.
10:  TherewardY; ,, = x: 93: + 1, is revealed to the agent.

11: end while

12: Recommend an e-best arm Z..

bound for this sub-problem is smaller than the one for the original problem.

Corollary M.1. For any (e,9)-PAC algorithm , there exists an instance A = (X, 0, Py,C) with
Dynamics 2] such that

1
> —_—
El7] 2 T.(A) log 5=
N T (p* /\\2
(x' (07 —07))
where T.(A)"! = max min ; Vjg——I I
() {v;eAx Y, A'eAlt@(A);pijZX ” 2

is defined in Theorem In addition, when |X.| = 1,

N
Zj:l pjllz™ - 55”31(%.)—1

(A(z*, @) +¢)”

T.(A)= min max
{ijAx}f;l THT*

For simplicity, we consider the noise model is the Clipped Gaussian Distribution CN (1), i.e.,
n~CN(1)or P, =CN(1).

Definition M.3. A random variable x follows the Clipped Gaussian Distribution with parameter o,
denoted by x ~ CN (o), if it has the probability distribution function

1 22
1) = G T v O (—20) Vo e [-1,1]

where ®(x) is the cumulative distribution function of the standard Gaussian distribution.

Some notations are introduced here:

* Given an instance A = (X, 0, Py, (), define the alternative instance A’ = (X, 0’, Py, C) with
respect to A, where ©' = (0},...,0,) € RN and Py (0] = Pp[6;], s.t. there Iz € X'\
X, Vx. € X, s.t., x;r]Eg/Npe, < xT]Eg/Npe, — €. We denote the set containing all the alternative
instance (w.r.t. A) as Altg(A).

e Hy = (24, Ys 3, js)i;ll is the observation history up to but not include time ¢.

* N,,(t) = 22:1 1{zs = z,js = j} is the number of times arm in which z is sampled under
context j. And N;(t) := >, N;.(t) is the number of times in which context j appears.

* kl(p,q) = KL(Bern(p), Bern(q)) is the KL divergence between two Bernoulli distributions with
parameters p and q.
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Therefore, the probability of the observation history Hy1 = (x5, Ys 4., js)';:1 is
L1

P {(xs, YoaorJs)ee 1} H Py[6; H T(Terts|Heits) Py (Yerswe, v [T, 05,)
s=0
Then the log-likelihood between the two instance up to time ¢, given the observed data, is
Ly [(%, Ys,zsvjs)i:J
Pea [(@s: Yoses 3o
Pox [(a:s, Vi de)'

* 1 *
(a) Pe[ejcl] Hs 0 W(xCHrs|H61+8)P(Y01+s,zc,+s|x61+57 ejcl)
- L;—1
1:1 Py [ejcl] [1:% 77(9501+s|Hc;+s)P(Yq+s,:rcl+s

l L;—1
=1 oo Pn(YCHrs,crcﬁs - x;JrS@;CZ)
l L;—1
zt:1 HSLO P”I(}/Cl‘i’syzcl+s - x;Jrse;'Cl)
Iy Lj—1
B IO = ey
- exp(—(1g, 44)%/2)

ly Li—1 T * T /2
e _(YCHrs Tej+s C,+593L) +(Yq+s’rcl+s - c,+sejcl)

vy y Lo :

= log

/
Lep+ss ajcl )

=1 s=0
Ll l 050 (2 0
(_C) cz+s ]Cz( Ney+s + xclJrs Jcl>
=22 3
=1 s=0
where (a) utilizes Py [H;Cl] = Py [0;01], (b) makes use of the relationship between the arm and
observation and in (c) ¥;,, = 05., — 9;61. Thus, the expectation of the log-likelihood is (in the

following, the expectation is taken under instance A and algorithm 7)

t Li—1 T
[Z ZX: cl+579Jcl (20c,+5 +'r(,l+éll9.7ul)‘|
2

1 s=0
Li—1y
_ﬂiif%MW%]
=1 s=0
1 lt Ll—l
_ T T
_i]E Zﬁjcl Zxcﬁsxcﬁs ﬁjc,
=1 s=0

Li—1
%E Z ]l{xCVFS - J}} Z ]l{ch - J}Z Jey (Z xcz+5‘rcl+s> ﬁjcl

zeX

:fZZIE i 19 xxTﬁ

zeX j=1
1 L E[N, E[N;.
— 5]E[t]jzl [E[tgt” ;e;{ E[[Nj (S])]ﬁ;mwj (M.8)

As the lengths of all the stationary phases are upper bounded, i.e., L; < Ly, Vl € N, then by
Wald’s Lemma,

= Py[0%] = p; M.9)



The above also holds for ¢ = 7 where 7 is a stopping time. According to Lemma 19 in [31],
E[L,] > sup kl(PrA[€], Pras[€]) (M.10)
EeF,

where 7. = o(H,41). In addition, let £ = {the recommended arm Z. ¢ X}, as the algorithm 7 is
0-PAC, then

KI(PraAlE], Pras[€]) = KI(1 — 6, 0) >10g246 (M.11)
From (M_.8)), (M.9), (M Iii)andm we conclude that
1
+
— I S _
E Z Z acx ﬁj*10g2,45
= reX
al 1
7E ” T9; > log ——
VR N g Z E[N j oz 8545
= max min Z V)2V aja:Tﬂ > log ——= L
{v,€Ax}N | AEAlte (A j:1 =, Jx 2.46

&  E[7] 2T(A)log24(S

where

T.(A) ' = max min ij Z vj, xﬂ xr’

{1)jEAX}JN=1 A eAlte (A i
The solution to the above optimization problem is in general intractable, even for the stationary

case [32]. We can establish a connection of the above problem to the stationary e-best identification

problem in linear bandits when we assume the change of the latent vectors are the same, i.e.,
1 =...=9n.

M.1.1 Connection with the Stationary Case

In the alternative instance Altg(A), 3z € X'\ X, for any arm z. € X, s.t.

N
Zp]x 0’ +€<ij$T9; (M.12)
j=1
& Zp] c—x)' 0 +e<0

N
& —ij(xs—:r)—r92-+2pj( 0*>Zp] T9*+€
i=1 j=1

= ij( — )", >ij T0*+5fA(x5,x)+5

Thus,

Altg (A)
N

= (X, 0, Py,C): 0, =05 —9;,Fw € X\ X, > pj(ae — )"0, > Alwe,7) + ¢,V € X
j=1

Define Alt(A)restricted C Alte(A), with the additional constraint that 1 = 95 = --- = ¥ y. Then

we have

Alt(A)restricted
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N
=< (X,0,P,0C): 9} =07 —v,3x € X\XE,Z;D]‘(JUE —JJ)Tﬁj > A(xe,z) + e,V € X
j=1

Note that in stationary linear bandits, the instance can be characterized by the arm set X C R?
and the latent vector § € R?. Define the alternative instance in linear bandits [32]] for the instance
(X ;Eop,0 )

Alt((X, EONPg 9))stationary
- {(X,G’) 0 =Fgp,0 — V1, (xe —2) 91 > (2. — ) "Egup, +6,Va. € XE} )
Note that

1
max 5 v 19 xx !
{v;eax}, A’eAIto(A)Q z_:pﬂg;{ Jsx

. 1
< max min —E[r]¥ Z ijvj A
{v;€Ax}N | AEAI(A)restrictea 2 s \ 2

(a) E
—~ max min 19T szx
DEA x A EALL(A)restricted 2

reX

= ma min I[“Z[T]ﬁ;r E vixx! |V
T UEAN A EAI((X.Egmpy ) seasionssy 2 =

where in (a) we denote ¥ := Zjvzl p;v; as a mixture of {v;}7_,. In other words, the max-min
problem becomes the one for the e-best arm identification problem in stationary linear bandits.
According to [32], the solution to the last optimization problem above is in general intractable.

However, the optimization problem can be simplified under some simple cases, e.g., the set of e-best
arm is a singleton [32]. In the next subsection, a lower bound for the original problem with & being
a singleton will be derived.

M.1.2 A Simple Case: |X.| =1

Assume that the set of e-best arm is a singleton, i.e., X = {x*}, we will solve the original
optimization problem:

v 19 zx!
A'eAlto (A) 2 ij Z ¥
reX
we extend the procedures in [1] to the plecew1se stationary setup.
Lemma M 4.
X 2
T (A(z",z))
, min ZpJZULﬁ zx Y > min —
AeAlie(A) 2 o aex 2 z#z* Zj:1 pjlla* — x”zA(Uj)il

Proof. Note that A’ differs from A in the context matrix ©. By the derivations in (M.12)), there exists

arm T # x*, s.t.,
N

ij(x* — )" > Aze,x) +e
j=1
Therefore, the optimization problem becomes

mm ij Z v, m19 Tz

Jj=1 TEX
N
st. Jre X\ {x*},ij(x* —2)T9; > A(z*,2) +e+a=: Ayic(z*,2) (M.13)
j=1
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where a > 0. The Lagrangian function for this problem is

L(%1,...,9n, ) ijZvjmﬁ zx 9 + N~ Z (@ —2) "9 + Agpe(a®, 2))
= reEX j=1
Then
L
0 =0 = pJZ’UJL.r.’E W — Apj(z* —x) =0 = A(v;)Y?9; = \(v;) "V (2" — z)
819 zeEX
oL . .
N =0 = ij(m —x)Tﬂj:AaJrE(x ,T)

j=1
This indicates that

N
ij > etz =" pilldi A,
j=1

J=1 reX

N 2
(zjzlpnwau(@j)ux* a1
s willz — 2%, )

B (Z 1pﬂ9 (z~ _95))2
il =23,

(AaJrs(x*vx))z
- N
Z_j:l pj||il?* - $||?4(Uj)_1

Let a — 0, we have

A(x*,x +¢)?
Z%Z%xﬂ w2l > N(( ) +e)

=1 zex > j=ipiller =l )

Due to (M:13)), we only require there exists x # z*, such that the constraint is satisfied, therefore,

N 1 (A(z*, x) +€)2
*Zp]” JHA(UJ) =9 m;ﬁm*

N
=1 Zj:l pille* =zl -

By Lemma[M.4] the stopping time can be lower bounded as

N * 2
1 2= Pille™ = 24,
E[r] > 2log —— oy =1 A(;]) 1
2.40 {vJeAX}N rhe (A(z*,x) +e)
This lower bound indicates that, (1) a good algorithm should actively detects and makes use of the

contextual information to facilitate the arm identification process. (2) our lower bound extends the
result of [16] to the linear bandits case.

The above lower bound can be further lower bounded if we restrict v; = ... = vy.

Lemma M.5. Let SPD(d) := {A: A € R¥*4 A > 0} denote the set of SPD matrices of dimension
d x d. Given any x € RY, define the function f : SPD(d) — R, f(A) = 2" A™1x, then f is convex.

Proof of Lemma[M.3] Given any A, B € SPD(d), define
g:{teR:A+tBecSPD(d)} > R,g(t) =z (A+tB)™*
It is suffice to prove g is convex.
gt)=—-x"(A+tB)"'B(A+tB) 'z
g'(t) =22 (A+tB)"'B(A+tB)'B(A+tB)!
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=2(z"(A+tB)"'B) (A+tB)"' (B(A+tB) '2) >0

Therefore, g is convex. O

Given Lemma[M.3} we have

N N
Yopilla” =z, = @ —2)T | Do piAw) | @ - a)
j=1 j=1
-1
N
> (@ —2) " (Y piAwy) | (@ —2)
j=1

-1

= (z* — x)T ij Z v;, LTT (" — x)

= reX
—1
N
SRR D3N 5T Pr e
zeX \j=1

= (2" —2) " A(v) (2" ~ 2)

where v := Z;V:1 pjv; € Ay and the inequality becomes equality when v; = - - - = v,,. Thus,

N * 2
1 2= bille” = la -
E[r] > 2log —— max —=177 A(2 i)
2.46 {vJeAx} | TET (A(z*,z) +¢)
1 lz* = %)
> 2log —— min ma X—Am;
2.40 veAx z#z* (A(x*,z) + €)
The last term mimics the lower bound in the stationary linear bandits with the latent vector Eg.. p, 6.

(M.14)

In addition, if we let p; = 1 and p; = 0 for all j # 1 in the instance, our lower bound can be
simplified to the lower bound in stationary linear bandits with latent vector 67 [24]

N *
Zj:l pjllz _mHi(UJ)—l
max 5
2.4 {y]eAX} | TAT* (A( *, ) + 5)

E[r] > 2log —

lz* = 2%y,

=2lo X—.
g 2 45 V1 EAX z;é:p* (Al(x x) _|_ 5)

(M.15)

M.2 Lower Bound on the Number of changepoints

In this section, we consider an even easier problem: all the contextual information is known to the
agent, except for the distribution Py. The dynamics is displayed in Dynamics|[3]

Dynamics 3 Dynamics for an easier problem

1: The instance: A = (X, 0, Py, ()

2: while the algorithm does not stop at time step ¢ do
3:  ift € C then

4 The agent acknowledges t € C.

5: The environment samples 67, ~ P
6

7

8

else
9; = 9;-‘“1 (the environment does not change)
end if
9:  The agent observes 07,
10: end while
11: Recommend an e-best arm Z..
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We are going to consider the alternative instances with respect to the distribution on 6, i.e., A’ =
(X,0,P;,C). where 3z € X\ X.,Vz. € X,,s.t., x, Eng/ <z EQNP’ — £. Denote the set
of all the alternative instance (w.r.t. A) as Altp(A). Accordlng to the Plnsker s inequality, let
& := {the recommended arm &, ¢ X}, then for any §-PAC algorithm 7,
1
Pﬂ—A[g] + P [56} > B} exp (_KL(PWA>P7rA’)) , VA’ € AltP(A)
= 45 > exp (—KL(Pra, Prar)), VA € Altp(A)

= KL(PﬂA,Pﬂ-A/) > In i YA’ € AltP(A)

45’
1
i KL(Prp, Prpr) > In —
= A/elﬁltg(/\) (Pra, Prav) 2 In 49
1
Ell i KL(Py, P)) > In —
= Bl 2nin ) KL Fo) 2 g
= E[l;] > ! lni (M.16)
"= mingcarpa) KL(Po, P) - 46 '
We will give an upper bound on the denominator. Note that
min  KL(P, Pj) = min min KL(Py, P§) (M.17)

A’€Altp(A) 2EX\X. Ay
where A, is an alternative instance with distribution Py s.t. z ' Egps0 —e > 2! Egps0, V. € X..

Given any z ¢ X, we denote the shorthand notation g; = F7[07]. We have

qu (x,x:) > e+a, foranya > 0,2, € X

Fix a > 0 which is sufﬁmently small, we have the following optimization problem:

e,
N
s.t. qu =1

qu (e, ) +e+a <0,V € X

If such alternative distribution ¢ exists, let L denote the augmented Lagrangian function

L(g, A { Az }acen.) ij ln + )‘<qu - 1) Z Az (jAj(2e,2) + € +a)

T E€EXe
By the KKT conditions, we have.

oL  —p;

TR Y M A, 2) =0, V) € [N] (M.18)
Jq; q; ey

or, &

oL

N
BN Z j(@e,x) +e+a=0,Vr, € X,

or \,, = 0 for some z, € XE, which indicates some conditions are not satisfied. The equations
above give

Dj
1+ ZIEEXE Ao (Aj(ze,z) +e+a)

4 = Vj € [N] (M.19)
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By solving
N

pj
—-1=0 (M.20)
]; L4 5 cx o (A (@e,a) + e +a)

which is a polynomial with N — 1 degree. Thus, an explicit solution for any instance is not applicable.
However, there are some cases where we can get an estimate of A,

Lemma M.6. Denote jo = argmin;c iy Aj(2*,2) and j1 = argmax;cy) Aj(z*, ). When
|X| =1, —Aj (2%, 2) —2e > Aj, (%, 2) > e and Z] 1pj(Aj(z*,2) +e+4a)® <0, the solution
fo is upper bounded by
U Alz*,z)+e+a
2= Pi(Aj(*,2) + €+ a)?

Proof of Lemma[M.6] When the e-best arm set is a singleton, (M.20) becomes (where a is sufficiently
small)

N
Dj

1=
32:21 14+ A+ (Aj(z*,2) + e+ a) 0

As (M.19) is a probability distribution, we need 1 + A« (A, (z*,2) + £ 4+ a) > 0, which indicates
Ao < WM By the condition on jy and jq, 0 < Ag- (A, (:c z)+e+a) <1,Vje[N].

Therefore, by using = ﬂ =1l-z+a2?—-23+ for |z| < 1, we can expand the equation as

follows

1+x

Pj
14+ X« (Aj(z*,2) + e+ a)

I
-

1

J

WE

> Dj ((1—)\w*(Aj(x*,a:)+5+a)+()\,;*(Aj(x*,x)—&—s—&—a))z

=1

—(Az(Aj(2", )+ e+ a))?’))
N N

& 0> -\ ij (z*,2) +e+a)? +)\E*ij r*, 1) + ¢+ a)?

j=1 Jj=1

721)‘7 +€+a)

Z;V:lpj(Aj(l‘ ;) +€+a) _ A(z*,x)+e+a

= )\w*g N - N .
j=1Pj ;L7 X erTa =1 Pj\\2", T ETa
2P (A, x) +e+a)® 3, pi(Ay(a*, @) + €+ a)?

O

In general, when we get the {\,_},_cx. and plug it in (M:I9), the alternative distribution ¢ is
obtained. Finally, we let a — 0.

This gives the lower bound for the number of changepoints that need to be observed. A coarse
estimation of the KL divergence without solving (M.20) can be done as follows

ijln ijln <1+ Z Ao (Aj(ze, @ )+6)>

T E€EX:
<ij Z Azs xsa )+5)
Jj=1 T E€EXe
Z Ao (A(ze, ) +€).
T EX:
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Note that the solution of ,_ depends on A(z., z) (e.g. Lemma|M.6)), so the final solution is of order
(A(ze,x) +€)? for a given = ¢ X. This is the solution to the inside minimization problem in (M.17).
The final lower bound will be

min  KL(Py, Pj)) = min min KL(Py, P})

A eAltp(A) TEX\X: Az
< mi A .
—iglxns Ao (A(ze, ) +€)
r.EX,
The lower bound is
1 1
E[l;] > max In —
] 2 08X 3y e Mo (A(ze,m) +2) 40

where \,_ is the solution to (M.20).

With the setup in Lemma[M.6] we have

KL(P, P})) = i in KL(Py, PT
yenin | KL(Ps, Pp) = min minKL(P, Fy')

* 2
< min — 2@ ¥eE)
w#ve 3 i pi(Ag (2, x) + €)?

and the lower bound is

E[l;] > max Zévzlpj(Aj(x*’x) o) n L
B = ot (A(z*,x) +¢)2 46°
Remark M.7. We give some comments on the existence and uniqueness of the solution to (M.20).

Existence:

e It is possible that (M.20) does not have a solution. For instance, consider a three-arm instance:
x1y = (1,0.5), 22y = (0.5,1),2(3) = (0.6,0.6),67 = (1,0),05 = (0,1), Pp = (0.5,0.5),¢ =
0.1. We have x(l)TE‘nge = x(g)TIEngg = 0.75 and x(g)TE5~p9 = 0.6, thus z(3) is not an
e-best arm. Furthermore, there does not exist an alternative distribution g, such that x 3y is the
best arm and neither x (1, T (2) is €-best. Under such case, the lower bound on E[l4] is O (we regard
min, g f(z) = 400 by convention).

e Itis possible that (M.20) does not have a solution and it is unnecessary to estimate Py. For instance,
consider a two-arm instance: x(1y = (1,0.5),z(3 = (0.5,0.1),07 = (1,0),05 = (0,1), Py =
(0.5,0.5),e = 0.1. Arm T (1) is better than arm x 2y under all contexts. Therefore, no matter what
Py is, arm x(qy is the e-best arm. Under such cases, there may exist an algorithm and it is sufficient
for it to determine the best arm if the context vectors are well-approximated. There is no need to
estimate Py.

* A necessary condition for the existence of the solution of (M.20) is: there exists x ¢ X., for any
T € X, there 3j(x.) € [N], s.t.Aj(, (2, x) < —¢. In other words, for each e-best arm .,
there is at least one context in which the alternative arm x is better than x. by at least .

* A sufficient condition for the existence of the solution of (M.20) is: there exists x ¢ X. and j € [N],
st.Aj(ze,x) < —¢, Vo € X.. In other words, x is better than any e-best arm under context j. In
the alternative instance, we can lift Py[07] close to 1 so that arm x becomes the e-best arm and
xXnx.=0.

Uniqueness:

* The uniqueness of the solution is not guaranteed, as the KKT conditions (M.18)) is only a necessary
condition for the solution. We need to look for the solution that minimizes the KL divergence.
* A sufficient condition for the uniqueness of the solution is (if it exists, which indicates 35 €

* . N j
[N],s.t.Aj (2", x) < —¢): |Xe| = 1. Specifically, denote f(Ay) := 3, 1+Am*(Ajfm*’m)+g+a),

we have

Of S —pi(1+ M- (Aj(z*,7) + £ +a))

ONg = 1+ Ao (Aj(z*,2) + €+ a)
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Pf ZN: 2pi (14 Ao (A (2%, 2) + € + a))?

= >0
ON2. 1+ X+ (Aj(z*,2) + e+ a)

As f(0) =1, %(0) = —1and 88;; > 0, so there is exactly 1 solution Ay« > 0.

N More Examples and Details

In this section, we firstly provide one more example to illustrate the tightness of our derived upper
bound lower bounds, indicating the efficiency of our PSeBAI™ algorithm. In addition, we can
observe how the upper and lower bounds are affected by the level of piecewise non-stationarity and
whether our PSeBAI™ algorithm can reduce the influence manifested by L,,... After that, we
present a proof sketch of the results in Corollaries [5.1]and in Appendix

Example 2. Instance A = (X,0, Py, C) is with

» darms: x;) = e;,i € [d].

« N = d contexts: 05 = (a,0,0,...,0)", 65 = (a,b,b,...,b)" —bej,j > 2, whereb > a >
eb—a>e¢

* Context distribution: p; =p,j > 2andpy =1 — (N — 1)p, where p € (0, (1\(/1:2)1;)'

Under Example[2} we have
Alzay,z@) = (1= (N=2)p)-a=(N=2)p-(b-a)>¢
Aj(fl?u),m(i)) =—bta<—e 1>2,j#1,i

Thus, (1) x(1) is the unique e-best arm; (2) {7 () }i>2 are equivalent, and Apin == A(2 (1), T(3)); 3)
forany ¢ > 2, T(;) can be an e-optimal arm under some alternative distributions.

Corollary N.1. Firstly, for the instances defined in Example[2] we have

16(N - 2)Lmax 2 2
Hpp < ——— 222 (g + &)+ (b—a—e)? |,
DE > (Amin T 5)2 (( ) ( )

and the sample complexity of the PSeBAT™ is tight up to (N Luax/Lmin) and logarithmic factors.
We also further observe some specific instances: (i) when p — 07, with A i, = mings,« A(z*, ),

we have
Bl o mind — 9 Mmax  Lnax +d
In(1/6) (Amin +)°  Dmin +&" (Ao +¢)°

ﬂ 0 3 max d Lyin(b—a—¢) .
(Amin + 5)2 ’ Amin +e

) )\~ 3 NI
(ii) When p — (m> and (a +¢)* + (b—a—¢)? = Q(1), we have Hpg, = (AGzay,e)te)’

m c O<mm{HDE,d+EL2m”‘}> Ne <d+5LZm) |

The upper bounds are achieved by the PSeBAI™ algorithm.

and

We can observe from Corollary [N.T] that

e Incase (i), whenp — 0, p; — 1 — % and p; — ((;\lf%;))b), and thus the instance tends
to be non-stationary and Ap,;;, — €. We will obtain

lnéEl;6) €O ((Amij+ 6)2) ’

indicating that our algorithm can also reduce the impact of L ax.
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* In case (ii), the upper and lower bounds are with the same order, and the difference is solely
manifested by a additive term L,y — Lmin, suggesting that PSeBAI™ is near optimal and again,
PSeBAI™ mitigates the impact of Lp.y.

N.1 Analysis of examples

Recall the instance A = (X, 0, Py,C) in Example[T}

Example 1. Instance A = (X, 0, Py,C) is with (i) 2d — 1 arms: x(1) = €1, 2(;) = €;, T(d4i—1) =
ejcosp+e;sing foralli € {2,...,d} where ¢ € [0,7/4), (ii) 2d — 2 contexts: 05, = e cos ¢+
ejy18in¢g forall j € [d— 1], (iii) Context distribution: p; = 1/N forall j € [N].

Corollary 5.1. For the instance defined in Example we have Hpg(x., z) = O(N Lynax) for all
(xe,x) € X x (X \ Xe). In addition, if e < (cos ¢)(1 — cos ¢), we have

s € 8(1H0) ). 5.0

L(1),%(d+1)

where B[T]* is the minimal expected sample complexity over all (¢, 6)-PAC algorithms and f : R — R
satisfies f(¢) — 0as ¢ — 0T. The upper bound in (3.1)) is achieved by PSeBAI™.

Proof of CorollaryBd} As fiz,, = €08 §, pie,) =0, fig,,,, = cos* ¢ fori=2,... dande € (1—
Ccos ¢, cos @), x (1) is the best arm and x(;),7 = 2, ..., d are not e-best arms and 2 (44,7 = 2,...,d
are e-best arms. A i, = cos ¢ — cos? ¢.

When € < cos ¢ — cos® ¢ = Apin, (1) is the unique e-best arm. By solving (M:14), we see that

there exists a continuous function f(¢) such that f(¢) — 0 as ¢ — 0 and we can get the lower bound
for the VE term as

d 1
Q{1+ f(o))- ln> . (N.1)

(0700 Gy e
As (m(1) — x(i))TQ;i > 0fori =2,...,d,j € [d— 1], x(; cannot be an e-best arm under any
alternative distribution, we only need to consider T (q4),? = 2,. .., d, which are equivalent. Given

any (q.), by solving (M:20), we can upper bound
Amin +e+ SiIl2 ¢
—(Ai+ (l’(l) y x(d+i)) + 5) (Azf (m(l) ; x(d+i)) + E) ’
and thus the number of change points or context samples can be lower bounded as
—(Ai(z1), Zati) — €)(Ai(2(1), T(ats) + )
(Amin + € +sin? ) (Amin + €)
 (1—cos¢p—e)(1+cos¢p—2cos’p+¢) 1—cosgp—e

= = = 0(1).
(Amin +e+ Sin2 ¢) (Amin + 5) Amin +e ( )

A

T(1) —

E[l,] >

According to Theorem [3.3] the upper bound is
d 1 1 NL

In = + Hpg(A(zn),z In- + mex ln>

((A(x(m T(at)) +€)? 0 oA, Zarn)in g Alzqy, z@+) +e 0

d 1 1 NLax 1 )
In -

O

-0 <(Amin+6)2 In < + Hpe(A(za), 2(+n)) In 5 + Amin+e 0

where
16N Ly, e>1—rcos¢
Hpe(A(za1), T(a+1)) = § 16N Liax (Amin + € + 2(1 — cos ¢)/N)?
(Amin + 5)2 ’
AS Apin = cosé — cos’¢ = cosp(l — cos@), thus 1 — cos¢p = ﬁ)w < V2A,n, and
Hpe(A(z(1), T(d41)) < 144N Lyax for any choice of €.

e<1—rcos¢
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Hence, the upper bound is

~ d 1 1 N Ly ax 1
Elr] =0 ——mh-+NLjasxIn -+ —In—
7 <(Amin+s)2 i AR N—— n(s)
~ 1 N Lpax 1
=0 In - —1In— ).
((Amin+g)2 n5_'_Amin"'_5 n5>
As ¢ — 0, the first term (the VE term) dominates and it matches the lower bound in (N.I)). Therefore,
the upper bound is asymptotically tight up to logarithmic terms. O

Corollary N.1. Firstly, for the instances defined in Example[2] we have

HDESW((&+6)2+(1)CL5)2>,

and the sample complexity of the PSeBAT™ is tight up to (N Luax/Lmin) and logarithmic factors.
We also further observe some specific instances: (i) when p — 0T, with Ay, = Ming g Ax*, ),

we have
]E[T]* € O min d + N Linax Lax + d
ln(l/é) (Amin + 8)2 Arnin + 5’ (Amin _|_ 8)2

d Lmin(b—a—e)
ﬂQ{maX{<Amin+€)27 Amin+5 }}

B a—e) \ . _ N Lmax
(ii) When p — (m) and (a +€)? + (b — a — )* = Q(1), we have Hpg, = (A(zay,e)te)’

< o(mfrs 2230 (5).

The upper bounds are achieved by the PSeBAI™T algorithm.

and

Proof of Corollary[N.1} Under Example[2] we have
Azay, @) =1 —=(N=2)p)-a—(N—=2)p-(b—a)>¢
Aj(a:(l),x(i)):—b+a<—e, 1>2,7#1,
Thus, (1) z(1) is the unique e-best arm; (2) {(;) }i>2 are equivalent, and Apin = A(2 (1), T(5)); 3)
forany ¢ > 2, Z(;) can be an e-best arm under some alternative distributions.

_ Az ,m)te

@y — m and the

For any i > 2, by solving (M.20) with z. = 2(1), ® = x(;), we obtain A
alternative distribution

D
Pjlo%] = 1 .
0[ J] 1+/\z<1)(A]‘(IC(1),x(i))+€)
The lower bound on the expected number of changepoints is
b—a— 4
E[l;] > ate)b-a 6)2 lng.
(Alz) @) +e)
Thus the time complexity is lower bounded by
2 Lmin : (a+€)(b_ “a= 8)2 h’lé
(A@ay,z@) +e)” 0
Furthermore, by solving (M.14)), we obtain the lower bound on the expected sample complexity when
the context index j; is revealed:

E[r]

1 1
E[r] > ZIOgL min max 5 > 1 (Vd—1+1)2 2
2.40 veAK £l (A(z1y, zs)) +€) 2.46 (A, ) + )
d
2’ .
(A(zy, z@s)) +¢) 2.46
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We get the lower bound on the expected sample complexity:

E[r] > max { ————— -2lo L, Lumin(a+)(b —2a —¢) 1né .
(Amin + 5) 246 (Amin + 5) d

According to Theorem [3.3] the upper bound on the expected sample complexity is

- 1 1 NLpax . 1 Lipax 1
O(min{(Adln—l—HDEln—i—aln d+dln}> (N.3)

(N.2)

min +5)2 5 5 Amin+5 5, (Amin +5)2 6
B d 1 NLmax<(a—|—g)2 + (b—a—5)2) )
< O| min ——In-+ 5 In -
(Amin + 5) o (Amin + 5) 1)

+ NLmax lnl Lmax+d lnl
Amin te 6, (Amin + 5)2 0
where we utilize

L ax . 1 . 1
DE B )2< mln{ 6p;, }|a+5|+,/m1n{ 6p, }|a+5

2
}|b —a— 5|)
= 16(N = 2) Ly

a+e)P+(b-—a—e)?). (N.4)
Ao+ ) (( )"+ ( ) >
By comparing the lower bound in (N.2)) and the upper bound (N-3), we conclude that

+ (N —2)4/min {16]9,

B~

] ] 1 N Lpax
* the sample complexity of PSeBAI™ is tight up to 7

and logarithmic factors.

» When the mean gap is small, the sample complexity of PSeBAI™ is dominated by the former term,
i.e., the design of PSeBAI.

e When p — 0T, then p; — 1,p; — 0 for j > 2, so the instance tends to be stationary and
Amin — a. The lower bound in (N.2)) becomes

E[T]>max{ a olog - Lmn(b—a—¢) 4}

min

. * _ ]
(Amin + 6)2 o8 245’ Amin +e€ n 1)

and the upper bound in (N.3) turns into

O| min %lnl—i—hlnl,%—kdzlnl )
(Amin + 5) 4 Amin + € ) (Amin + 5) )

The vector estimation term dominates the sample complexity and our upper bound is tight.

* When p — (%)7, thenp; — 1 — % and p; — (ﬁ), so the instance tends to

be non-stationary and Ap,;,, — €. The lower bound in (N.2)) becomes

d 1 Lpm(ate)b—a—e), 4
E[r] > L 2log —— In =
7l = max{4s2 B4 4¢? )

and the upper bound in (N.3) turns into

~ d 1 1 NLpax., 1 Lpax+d, 1
O| min{ —In—-+Hpg-ln—- + In —, + In -
42 0

4] ) 2e 4e2 ]
where Hpp, is upper bounded by (N.4).

(D If ((a +e)?2+(b—a— 5)2) = O(4€% + N Lyax), DE is independent of € and VE increases

as € decreases, thus the expected sample complexity is dominated by vector estimation term when
¢ is small;

) It ((a +e)2+(b—-a-— 5)2> = Q(1), the expected sample complexity is dominated by
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distribution estimation term.
Under both scenarios, our upper bound is tight.

O Experimental Details

For the computation of the G-optimal allocation, we adopt the Wolfe—Atwood Algorithm with the
Kumar-Yildirim start introduced in [33]], where the input to the function is the arm set and the output
is the G-optimal allocation. All experiments are conducted via MATLAB R2021b on a MacBook Pro
with Apple M1 Pro chip and 16 GB memory.

To shorten the execution time,

» Before PSeBALI stops, PSeBAI and NeBAI are conducted in parallel (i.e., we run PSeBAI™).
After PSeBAI stops, NeBAI continues and is run in a batch manner, i.e., we sample L,;,, samples
according to the G-optimal allocation one time and update the statistics. As the sample complexity
of NeBALI is of order at least 107 and each stationary segment is of order 10%, the effect of this
batch sampling procedure can be largely ignored.

* DeBAI and DeBAlIjg are both conducted in segments, because the latent context vector can be
observed by the two algorithms and the latent vector does not change within a stationary segment.

* As the experiment in Section [6]illustrates that PSeBAI outperforms NeBAI and dominates the
PSeBAIT algorithm, we run PSeBAI instead of PSeBAI* for the addition experiments in
Section and Section

To increase the robustness of the algorithm, the window size for LCD is doubled. Note that this will
only influence an absolute constant in the sample complexity of the proposed algorithm and the order
of the sample complexity remains.

0.1 Modification of Confidence Radii in PSeBAI and PSeBAI™

During the proof of the upper bound, we have relaxed the absolute constants in the confidence radii to
simplify the proof and increase the readability. In the experiments, we utilize the tighter confidence
radii to gain better empirical performance. Note that when these tighter confidence radii are utilized
by our algorithm, it still enjoys the current theoretical guarantee. The choice of confidence radii are
as follows:

* ay: according to Lemma|[.T|and Lemma|E.T] « can be tightened to be

, d 2 d 2 \? 4d. 2 d 2
ale _ = | =1 <5 —1 )
“ Tt " 5v,Tt + \/<Tt . 5U,Tt ) + Tt " 5U,Tt - Tt . 61},Tt

* B4,;: according to ([.3) and Lemma[K.1] 3; ; can be tightened to be

2
1 2 1 2 2¢t,j Limax 2
§Lmax In da,1, + \/<3Lmax In Sat, ) + T, In

0a,T,
alg . At
Bt,j = min Tt I 9
25 Linax 2 1
where ¢; ; := min{4max< p; i, ———In—— 5, — 5.
¢t,] { {pt,j7 4 Tt (Sd,Tt ) 4
* & instead of using 25\/5%'?“ In 5 2T , we turn to bound the residual error by ([.9):
m,T¢
e X wate X wn{ugn)o
J:e, 51> Pt 3t j1=Pt,j,
Vt,j,2>Dt,j

d 2 1

Y10y
* . . Tt,j n(sm,Tt kg
J~'¢’t,],3fpt,1
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Figure 3: Misspeficied Ly ax and Lyiy.
where

w R d 1 2 w N 25 LmaX 1 2
i1 := max iy T I ——— ¢, Py 50 1= max A ’
t,j,1 btj, 4Tt 6m,Tt t,3,2 Pt.j 4 Tt 5d7Tt

- d 2 d 2 \? 4d 2 d 2
alg _ 2 gy % (—ln—) + - <5/ m—=
bd Tt,j 5m,Tt \/ Tt,j 6m,Tt Tt,j 5m,Tt - J

Falg . e lg cal . .
& % is obtained in a similar manner as a3™®. £® characterizes the confidence radii of each context
at a finer level.

These finer confidence bounds can save a constant of 2.5 when ¢ is large.

0.2 Misspecified L. and Ly

As PSeBATI™ requires the knowledge of Ly,,x, we empirically test the robustness of the algorithm
towards L, on the instances in sectionlﬂ We run PSeBAI with imin = v Ly and Emax = vlnax
where v = 0.8 or 1.2. An e-best arm is recommended in all experiments. The sample complexities
are presented in Figure The result indicates that PSeBAI (thus PSeBAI™) is robust towards the
knowledge of L,.x and its superiority over Ne BAT is maintained.

0.3 Robustness towards w and b

According to the distinguishability condition (Assumption i , point (2) indicates we can set w = LS‘?;;" ,
where 7 is the change detection frequency, and (3.3)) indicates w and b are coupled. We denote
~ L .
W = =min

18

To exam the robustness towards w and b, we choose to vary the choice of v, thus, w and b will change
accordingly. Specifically, we select v € {2,3,6,12} and the corresponding w € {3w, 2w, w, 5 }.
The other parameters remain unchanged. The experiment result is presented in Figure @l When
y=18w=7%, Assumptionis severely violated and the result is not desirable.

The result indicates that, while smaller -y and greater w can result in slightly greater sample complexity,
the overall sample complexity does not vary much and the superiority of our algorithm over the naive
uniform sampling algorithm NeBAI is maintained. We conclude that our algorithm is robust against
these choices, as long as Assumption [I]is not severely violated.
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Figure 4: Robustness towards w and b.

0.4 Benchmarks: DeBAland DeBAlIjg

We present the Distribution e-Best Arm Identification (DeBAI) in Algorithm |§| and its variant
DeBAlj in Algorithm 9] According to Dynamics (3| the agent has access to the context vector 7,
and the changepoint ¢t € C. Thus only the distribution P remains unknown and the agent needs to
estimate it via the observed contexts.

Algorithm 8 DISTRIBUTION -BEST ARM IDENTIFICATION (DeBAI)

1: Input: the arm set X, the latent vector matrix O, the slackness parameter ¢, the confidence
parameter 9.

2: Initialize: Compute the G-optimal allocation \*.
3: Compute C3 =y >°  n™3
4: Observe 07 .
5: Compute
N
1 =c;
g =30 =G argmaxaT 0 ©.1)
l—=1 t TEX
. 203N} .
In . A
ﬁt QZt 5 9 Pt(mt,$> C(xrfrfg)lGRZ | .’Et, + C(xt7 >|
6: while min,;, (£, — 2)TOp; — py < —cort ¢ C do
7. Observe 07, and 1{t € C} update t =t + 1.
8:  Update i; “and / pr with (O:I) and update [, if ¢ € C.
9: end while
10: Recommend arm &, = ;.

The design is straightforward except for ((#,x). It minimizes the summation ((#;,z) =
arg min, cp Z _1 1A (&, ) + ¢(&4, z)|. This trick has also been utilized in the design of PSeBAI
(see @) It helps to better exploit the structure of the latent vectors © and facilitates the identification
process. For easy implementation, we choose a proxy ((i¢, ) = argmin, g Z =1 (8@ ) +

(i, 2)? = =% S0 Ay, )
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Algorithm 9 DISTRIBUTION e-BEST ARM IDENTIFICATION-3 (DeBAlg)

1: Input: the arm set X, the latent vector matrix O, the slackness parameter ¢, the confidence
parameter 4.

2: Initialize: Compute the G-optimal allocation A*.
3: Compute C3 = > .7 n™ 3.
4: Observe 07 .
5: Compute
le
o L ]l = Cj o o
P = Z LiMa, = o} C]}, Iy = argmax ' Op,, (0.2)
’ l=1 t reX
2 .
° - %Lmax In (th + \/(éLmax In 6%) + 72¢tdthax In 5%
ﬁt’j = mm{ ; , 1}7
° . o 25 Lpax . 2 1 1)
¢y j := min {4max {ptvj, T 3 In 51&} , 4} , 0 = CNE
N [e]
pelEee) = min Y |Aj(@2) + ((7,2)|B, ;-
C(xt;x)eRjzl
6: while mingﬂﬁt (2, —2)TOp, — p, < —¢ do
7. Observe 0 and 1{t € C} and lett = ¢ + 1.
8 Update 2, and p, with (0.2).
9: end while . .
10: Recommend arm z. = x;.

DeBAlg utilizes the techniques we have used to bound the deviation between the true dis-
tribution p; and the estimated ones ;)t,j for all j € [N]. Similarly, we let ((z,z) =
N 3 °
\ A . .
M for efficient computing.

X051 Be

As the theoretical guarantee of DeBAlg can be derived following a similar manner as the proof of the
DE term of PSeBAI in Appendix[[.2]and in the proof of Lemma|G.6] for simplicity, we just present
the result and omit the proof here here.

. N 2 ° °
argmin, o o ijl By (Aj(ze, ) + ((z, )% = —

Theorem O.1. DeBAlg identifies an e-best arm within

02

~ LmaxH (x57 x) 1

0 Zmax’t \Feyr) g -
:cEEXH,lf;z(xs@* (Amin + 5)2 ! 5’

time steps with probability at least 1 — § and in expectation, where

N
° 1 o o
H(z.,z):= min E 1/min{16p;, Z}|Aj(x5,x) + ((ze, x)|.
((@-,@)€R G2

We present a theorem, along with a proof sketch, for the theoretical guarantee of DeBAI below.

Theorem O.2. DeBALI identifies an e-best arm within

~ Lmaxfp(xg x) . 1
0] e e In-
(15€X11:1wa$z67w* (Amin + 5)2 . 5 ’

time steps with probability at least 1 — § and in expectation, where H (ze,x) =
mln((ig,w)ER Z_j:l |A](x57x) + C(CC,;-,JC)‘
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Proof. For the sake of conciseness and simplicity, only a proof sketch is provided for this Theorem.
Similar results can be found in the referred contents. The proof is composed by 4 steps.

* Step 1: bound the deviation of Py[0}] by Lemma and Remark

» Step 2: prove the recommended arm is an e-best arm. Conditional on Step 1, we can prove this
following the procedures in Lemma[J.1]

 Step 3: give a sufficient condition and then obtain a high probability upper bound. This can be seen
from (J.I)) and by solving

Amin +e

o(Ze, @ 5tZ|A (&, 2) + (@, 2)| < 5

~ [ H*(z.,7) 1
= O ((Arnin n &‘)2 ln 6) .

~ LmaxH (xea ) 1
Y e RIS B
= O( (Amin+5) n(5>

The high probability result is obtained by maximizing the above over z. € X,z # z.,x

» Step 4: the expected result can be derived in a similar method as in the proof of NeBAI in
Appendix [F] The expected sample complexity and the high-probability sample complexity is of the
same order.

I

O

Lemma O.3. With probability at least 1 — 6, SUpje(n] lpj — Prj| < Bt forallt € N, where

Bo— /271,y 2 _ _9
By = \/ 1 In 5, and ), = iR

Proof. We may define the cumulative distribution function (CDF) and the empirical CDF for Py as

Fo(j) Zk 1 Pol03] and Fi(j) = Zz _1 Ha, =¢j,1s < j} respectively for j € [N]. According
to the DKW 1nequa11ty, we have

P

sup |Ft F(])| > e} < 2exp (—21t62) .
JEIN]

By the implication
e <|pj =Pl = |F(G) = F(j — 1) = B,(j) + Fi(j — 1))
<|F() = B+ [F(G = 1) = Fy(j — 1)

. 2 L € . €
= |FG)-EG)z5 o |[FG—-1) - FG-1) = 3
we have that
. . . € €\2
P sup |p] pt,j| >e|l <P|sup |Ft(j) —F(])| > 5 < 2exp< 2y (§> )
JE[N JE[N]

This is equivalent to

P| sup ‘pj —I')'t,j’ > 3| <.
JE[N]

A union bound gives an upper bound of the failure probability ZZC:1 o, = 6. O

Remark O.4. The use of the DKW inequality gives a union bound over the deviation of the distribution

estimation all contexts. This avoid the N factor in the logarithm in By and is beneficial when the
number of contexts N is large.
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When there are a few contexts, it is also possible to directly bound the deviation for each context via
Azuma-Hoeffding’s inequality, i.e.,

P [|pj — Pr,j| < ﬁt} <4,

where [, 1= v/ 2% In 20361\”?. A union bound gives that with probability at least 1 —0, |p; —py, ;| < B
forallt € N,j € [N]. As this new confidence radius is the same as the one in Lemma up to
constant and logarithmic terms, the sample complexity should be of the same order.

1 1. 2C3NI3

We adopt this confidence radius Bt =\ In =5~ in the experiment.

P Additional Discussions

In this section, we provide additional discussions on

* the related methods for BAI in the nonstationary bandits literature in subsection [P.1]

* the upper on the sample complexity in Theorem [3.2]and Theorem [3.3]in subsection [P.2]

* the connection between the piecewise-stationary linear bandits model to the stationary linear bandits
model in subsection|[P3]

* the special case where the number of context N = 1 in subsection[P.4]

P.1 Discussion on the Related Methods in Nonstationary Bandits

To the best of our knowledge, there is limited literature investigating the BAI in the nonstationary
bandits setup (there is comparatively a much richer literature for regret minimization in non-stationary
environments): [14] studies BAI in the fixed-horizon setup and [15] assumes the best arm remains
unchanged after certain time step and explores the fixed-confidence setting. Both of the works are
not directly comparable to our proposed piecewise-stationary setup.

Additionally, we provide strong baselines algorithms De BAI and De B Al in Section [6} which
are detailed in Section[0.4] These two baselines are given oracle information about the context
(see Dynamics [3), while PSeBAI™ is not. As indicated by Figure PSeBAI™ is competitive
compared to these strong baselines and is much better than the naive approach.

P.2 More Discussions on the Upper Bound

Firstly, we emphasize that the sample complexity in Theorem [3.2] and Theorem [3.3] are instance-
dependent, in particular, the term Hpg characterizes the difficulty in estimating the distribution of the
context. Furthermore, the presence of the gaps A(z, 2*) also underscores that our upper bounds are
functions of the instance.

Secondly, our algorithm adopts the G-optimal design, which is minimax optimal for the BAI in
standard linear bandits problem [} 2]. Although we have not proved it, we believe that the sample
complexity of the proposed algorithm may not be instance-dependent optimal.

Lastly, we provide some remarks on the instance-dependent optimal algorithms:

(1) The G-optimal design is the cornerstone for the more efficient and adaptive rules like X' )-
allocation and X'Y-Adaptive Allocation in [1l]. Therefore, our algorithm provides a framework
for more sophisticated algorithms in the piecewise-stationary linear bandits problem with the BAI
task. Empirically, one can attempt to replace the G-optimal design by the X'Y-allocation during
implementation, which can possibly yield empirical benefits.

(2) The current lower bound is established with two simpler problems (see Section El]), which is
sufficient to show our algorithm is minimax optimal. However, a tighter instance-dependent lower
bound based on the original problem may be required if one wishes to show an algorithm is instance-
dependent optimal. This can be challenging because the distribution of the arms, the contexts and the
changepoints are unknown, and the characterization of the "alternative instance" (i.e., the e-best arm
set is changed) is difficult.

To conclude, we believe an instance-dependent optimal algorithm is appealing and can lead to future
research.
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P.3 Connections to the Stationary Bandits

Firstly, we would like to clarify that, in the piecewise-stationary linear bandits model, the instance
tends towards a stationary one when max;e(nypj — 1, instead of the scenario in which L4« — 00.

When Ly, and Ly, are large, estimating each latent vector becomes easier since there are more
observations in a single stationary segment. However, the overall reward of an arm also depends
on Py, the distribution of latent context vectors, which is also assumed to be unknown in the setup.
In order to estimate Py, a learning agent can get one (unobservable) sample from Py only at the
(unobservable) change points. In other words, L. charaterizes the “sparsity” of the context samples:
the larger L. 1S, the sparser the context samples are. A larger L., indicates that samples from
Py are likely to be generated less frequently, which will result in the increase of the overall sample
complexity. Consider an extreme example of Dynamics [3| where the context vector is revealed at
every time step and Ly,;, and Ly, are very large. If at least [ context samples from P are required
to identify the best arm, then a sample complexity of [, L,;, is unavoidable in the our setup under
this extreme case.

Secondly, while max;c (] P; 1S important in characterizing the (non)stationarity of the instance,
we would like to emphasize that both the distribution P and latent context vectors are essential in
characterizing the sample complexity, as shown in the term H (x., z) in Theorem To further
illustrate this, we provide a simple but illuminating instance as follows: The instance is composed
by N = 3 contexts and K = 2 arms, and A; denotes the mean gap between arm 1 and arm 2 under
context j € [N] (to be specified below) and A := 3.y p;A; denotes the weighted mean gap
between arm 1 and arm 2. The probability of context 1 is p; = max;enyp; =1 — p2 — p3, and p;
is close to 1. Let & denote the empirical version of the statistics « in the following arguments.

In such a case, consider this question: if an algorithm has only detected context 1 in the first t time
steps and t is large, should it stop or not?

As no change point has occurred, the current dynamics behaves similarly to that of a stationary bandit
environment up till now. Thus the empirical probabilities of the 3 contexts are p; = 1,ps = p3 =0

and the empirical mean gap under context 1 Ay is close to Ay. Consider the following two cases:

e Case I: A; = py and Ay = Az = —p;. The true weighted mean gap between arm 1 and arm
2is A = Zje[N] p;A; = —pips < 0, and thus arm 2 is the best arm. This indicates that, in
order to estimate A, and Ag, an algorithm needs to observe contexts 2 and 3 despite their small
probabilities. But currently pa = p3 = 0,A = Ay = Ay > 0, so the algorithm should not
terminate. R

e Case 2: Ay = 1and Ay, Az € [-2,2]. Thus A = A > p; — 2py — 2p3 > 0. This indicates
there is no need to observe contexts 2 and 3, because arm 1 is the best even in the worst case
(A = Az = —2). In this case, as long as the algorithm gets a good estimate of A, it can
confidently terminate.

As these two cases indicate, in addition to Py, the latent vectors (which determine the means of the
arms) are equally important for the stopping time. Our algorithm takes both factors into account, as
reflected by the summation term in equation (3.4) and At(mf, x) in (3.5) for the algorithm design,
and by H(x., z) for the theoretical upper bound.

We conclude that

* The unknown distribution Py and the latent vectors jointly determine the sample complexity.
H(z.,z) in Theorem [3.2|characterizes their roles, where the contexts with larger probabilities have
commensurately greater influence on the sample complexity of the algorithm.

* When max;e () p; — 1 with other parameters fixed, the piecewise-stationary linear bandit instance
reduces to a stationary one. Hpg(z.,x) in Theorembecomes Linax /4, which implies that a
constant number of change points need to be observed, and thus T (., x) can be regarded as a
constant. The dominant term in our upper bound, the T (x) term, recovers the upper bound in the
stationary bandits, that is, max;,- W In(1/4) [32].
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P.4 Special Case: N =1

We only consider NV > 1 as the bandit model is only truely piecewise-stationary when N > 1.
Thus, we did not specifically derive upper and lower bounds for the extreme case where N = 1.
Nevertheless, our analysis can cover this case due to the following reasons:

* The (minimax) lower bound in Theorem[4.1]is not directly applicable since it is not derived for this
extreme instance. However, if we step back to the analysis equation (M.16)), the feasible set in the
optimization problem is empty, and thus the lower bound on E[l;] (N¢ in Theore is 0. In this
case, the lower bound in Theorenf.I|reduces to the lower bound in the stationary bandits.

* Regarding the upper bound in Theorem when N = 1, we have p; = 1l and Hpg = % In
this case, as Hp g does not depend on the mean gaps and the mean gaps are among the fundamental
quantities to characterize the difficulty of an instance, the Tp term can be regarded as a constant.
Therefore, the dominant term in the upper bound is 73,. This recovers the bound in the stationary
setup.

* In addition, as we assume N is an input to our algorithm, when we are aware N = 1, we can
actually adopt the algorithms for the stationary setting, e.g., the G-allocation or &' Y-allocation
rule [1]].

Q -Best Arm Tuple Identification Problem

In the main paper, we consider the identification of an e-best arm in terms of the “ensemble” quality
fho = Boop, [z 0] = Z;»V:l Py [GJ]mTGJ*-. The curious reader may wonder whether we can identify
the e-best arm tuple X' = (a5,...,2%), where x5 is an e-best arm under context j, i.e.,
xj e{x: xTﬁj > maXgcx xTG; — ¢}. Given the tools we developed in this manuscript, we answer
this problem in the affirmative.

Intuitions: Let 2] := argmax,c y xTG; and A} := ming,> Aj(z}, ). We expect to have an
upper bound taking the form of

~ LIl’l‘(lX d 1
O| max . 5 In =
EINT Pi o (A% +€) Ly O

where O(m In %) is an upper bound on the number of context samples 7 and context j will
J min

Ooccur once among every

1

5> contexts in expectation.
J

Analysis of the problem: The change detection and context alignment subroutines are only effective
within 7* time steps (Line 2 in Algorithm [I). However, if a context is with small occurrence
probability p;, it may not appear before 7* time steps.

Regarding this scenario, we only expect to obtain a high-probability upper bound on the sample
complexity, whereas the expected sample complexity requires more techniques beyond our parallel
execution trick (which is used to design PSeBAI™") and is an interesting direction left for future
research.

Besides, it is more feasible to consider the identification of e-best arms under contexts with high
occurrence probability, i.e., we aim to identify

1 _
X;}lﬁpe = {z5 :p; > p}

where p is a threshold on the occurrence probability of contexts. Let ©5 = {9;‘ : pj > p} denote
those context with high occurrence probability.

Goal: We aim to devise an algorithm with the minimum sample complexity (arm pulls) to ascertain
either (1) an e-best arm under context j, or (2) 67 ¢ Op.

With the above goal, we expect to identify an e-best arm for all j with 07 € Oj; for those j with
07 ¢ Oy, either an e-best arm is identified or 07 ¢ © is ascertained.

We propose Algorithm [I0]for this problem, which is quite similar to Algorithm[I] except for a few
changes:
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Algorithm 10 PIECEWISE-STATIONARY £-BEST ARM TUPLE IDENTIFICATION

1:

s

el

9:
10:
11:
12:
13:

14:
15:
16:
17:
18:

19:

20:
21:

22:
23:
24
25:
26:
27:
28:

29:
30:
31:
32:
33:
34:
35:
36:
37:
38:
39:
40:
41:
42:

Input: arm set X, size of the set of latent vectors [V, bounds on the segment lengths L,,;, and
Lmax, slackness parameter €, confidence parameter d, sampling parameter y and window size w,
threshold b, probability threshold p.
Initialize: Compute the G-optimal allocation \* and 7% =
Flag = [N] and Hold = [ ] and Output = [ ].
Set CDsample = [], CAiq = { } Set tcp = +o00.
Set 7;; = () and initialize T;, T} ;, T with B.I) forall t < 7%, j € [N].

% w w

t =

w % * 1 —
Sample % arms {x,}” ; ~ A* and observe the associated returns {Y; ;, } 2 ;. T,tca = 4.

38400 1In(80) N Limax 1,, N2K Lyax
= In =—5mex and

6: CAijg = {1: [(ws, Y )] 21 }o e = L.
7:
8

while ¢ < 7* and Flag # 0 do
t=t+1
Sample an arm x; ~ A* and observe return Y; ,, .
if mod (¢t — tca,7y) # 0 then
Update jt = jt—la 7; = 7;71’;75 U {t},’];j = 72_1,]‘ fOI'j 75 jt-
else
CDsampAle = stample + [(Q’Jt, Y;f,a:t)]-
Update j; = ji—1, Tr,j = Ti—1,; forall j € [N].
if |CDsample| > w then
if LCD(X, w, b, CDgample|—w : |) then
CDsample = H
t=1t+ %,tCA =1t,tcp = +o00.
3157 CAid = LCA(X, w, b, CAid).

Je

if 7, = N + 1 then break.
Revert 7; j = 7, wii+n ; forallj e [N].
et
end if
end if
end if

Update the estimates with (3.1)), (3.2) and (Q-I).
if 3j € Flag condition is met for j and tcp = +oo then
for j € Flag do
if minm:w¢$;j Am(x;j, x) — oy ; > —¢ then

Record j and £ . := argmax, ¢ » xTém in Hold.
Flag = Flag \ {j} and tcp = |CDsample|~

elseif p; + 8, ; < p then
Record j and £ . = NAN in Hold.
Flag = Flag \ {.7} and tcp = |CDsample|-

end if

end for
else if tcp = |CDsamp1e| — % then

for (j,2;.) in Hold do
Output[j] = 2,
end for
end if
end while

Recommend Output

* On Line 7, the algorithm stops when an e-best arm or p; < p is identified for all contexts.
* On Line 25, it computes the confidence radii for the arms in context j; as well as the confidence
radii for the occurrence probabilities

d. 2 d. 2\ 4d_ 2
At n . 5’U,Tt, * \/(n " 6717Tt ) * n . 611,Tt ’ (Q )
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: 5 2¢t ij'lx 2
= — : — 1 1
/BtJ min { 2 \/ Tt n 5d’Tt ’ )

25 Lmax 2 1
where ¢, ; 1= min{4max {ﬁt7j,4 T lné} }7
t d, T,

* On Line 26 to 40, the stopping rule is changed:
* Stopping condition (I) on Line 26

( min At,j(x;j,x) — Qi = —€ Or ﬁj +ﬁt7j < p)

ar:x;éx;‘,j

and Ty > (2Lmax/9) In(2/84.1,)

Q-2

where z} ; := argmax, ¢ » xTétJ.

* Lines 27 to 35: identify an e-best arm or ascertain p; < p among the remaining contexts, and
record these observations in Hold for easy access in stopping condition (II).

 Lines 36 to 40: the recommended e-best arm is recorded, where we adopt NAN to flag those
contexts with small occurrence probabilities.

Theorem Q.1. Given an instance A, with probability at least 1 — §, Algorithm[I0|can recommend an
e-best arm for all context j € ©p with sample complexity

) = in {p;, & } Lmax In(1/8
max < O [ max max<{ Lyax, d B . In(1/9) O max min {p;, g1 | e n(1/9) ’
s (A5 +e) Pi 4 #0/> (pj —p)

3 in{p;, &1 Liax In(1/6
O max  min < max { Lyax, d 3 hl(l/é)’ — {pﬂ’64} ma. n( / ) 7
07€65/2\6p (A% +¢) Pj (pj —p)

J

O (max {Lmax, 52} . hl(l;‘”) :

Proof of Theorem|[Q.1] We provide a concise proof sketch for this theorem.

which can be simplified as

By adapting the stopping rule for best arm identification in stationary linear bandits to e-best arm
identification, we observe that the number of arm pulls needed for e-best arm identification under

context j is
~ d 1
T, = 0(2111 )
(A;f +¢) o

The remaining problem is to determine how many context samples/changepoints are needed such that
the above number of arm samples can be achieved.

Recall that p, ; = Tji—: (3:2) and Lemma , we have
IPJ [|Tt1j — Ttpj‘ Z Ttﬂt,j|G00d] S 5d,Tt~

In addition, we have an upper bound on f3; ; as in (I.5), so there would be sufficient arm samples for
e-best arm identification under context j if

2min {16p;, 1V Lax 2 - d 1
T, - pj2.5\/ min {1605, 1} Lmax zo<21n>
2 T; 0a,T, (A;f—i—s) 4

By solving this inequality in terms of 7}, we obtain

T, = 0) (max {Lmax d } . ln(1/6)> .
(A%t e)’ Pj
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As we aim to identify the -best arms under each context 67 € ©p, the upper bound is at least

T, =0 <0max max {LmaX7 ( d } . 1n(1/5)> (Q.3)

7€Os A%+ 5)2 Dj

even if the set ©j is given.

Similarly, for those contexts with small occurrence probability 67 ¢ ©p, by Lemma and (J.5)), we
can identify them when

5 [2min{16p;, iV Liax 2
pj+2-\/ min {169, g} bmax ), 2 _

2 T, 04,1,
~ (min{p;, LV Linax In(1/6
S Y
(pj — D)
Careful readers may notice that the denominator depends on a “probability gap”, which can be very

small. In practice, if we can actually identify the c-best arm in those contexts, it is also acceptable.
Therefore, we instead only choose not to identify the e-best arm in those contexts 67 € ©;/2, which

yields an upper bound
~ i j 9 &= Lmaxl 1/6
T,=0 < max —— {ps: 51} n(l/ )> . Q4

0140,/ (pj — D)?

In this case, the bound is at most O (%}1(1/5» For the rest contexts 07 ¢ ©/5 \ Op, either
identifying the e-best arm or ascertaining its small occurrence probability suffices, that is,

_ i A Do In(1/6
T, =0 max  min < max { Lyax, d 5 ln(l/é)’ o {p]7 64} — n( / ) .
07€6,,2\0; (A7 +¢) p; (pj — D)
(Q.5)

The above bound is upper bounded by O (max {Lumax, £} - %) .

By taking the maximum of (Q.3), (Q.4) and (Q.5), we can obtain a high-probability problem-
dependent upper bound on the sample complexity. In addition, we can get a high-probability
problem-independent upper bound

0 (e { L 4} )

By setting the threshold p carefully, the algorithm is guaranteed to terminate before 7* given the good
event Good (G.T). O
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The abstract and introduction accurately reflect the paper’s contributions and
scope.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims made
in the paper.

» The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or NA
answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how much
the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: Empirical experiments are conducted to show that Assumption 1 is needed for
theoretical proof and the proposed algorithm is robust to mild violations of the assumptions.
The limitations are discussed in Appendix

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings, model
well-specification, asymptotic approximations only holding locally). The authors should
reflect on how these assumptions might be violated in practice and what the implications
would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was only
tested on a few datasets or with a few runs. In general, empirical results often depend on
implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution is
low or images are taken in low lighting. Or a speech-to-text system might not be used
reliably to provide closed captions for online lectures because it fails to handle technical
jargon.

¢ The authors should discuss the computational efficiency of the proposed algorithms and

how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to address

problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an important
role in developing norms that preserve the integrity of the community. Reviewers will be
specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: The problem setting is clearly introduced in Section[2]and all theoretical results
are accompanied with proofs or proof outlines.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

e All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if they
appear in the supplemental material, the authors are encouraged to provide a short proof
sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

¢ Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: The procedures of the algorithms are clearly presented. All experiment details
are provided in Section [6|and Appendix

Guidelines:
* The answer NA means that the paper does not include experiments.
If the paper includes experiments, a No answer to this question will not be perceived well
by the reviewers: Making the paper reproducible is important, regardless of whether the
code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken to
make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may be
necessary to either make it possible for others to replicate the model with the same dataset,
or provide access to the model. In general. releasing code and data is often one good
way to accomplish this, but reproducibility can also be provided via detailed instructions
for how to replicate the results, access to a hosted model (e.g., in the case of a large
language model), releasing of a model checkpoint, or other means that are appropriate to
the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how to
reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct the
dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case authors
are welcome to describe the particular way they provide for reproducibility. In the
case of closed-source models, it may be that access to the model is limited in some
way (e.g., to registered users), but it should be possible for other researchers to have
some path to reproducing or verifying the results.

. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer: [Yes]
Justification: The code is released. Please refer to Section[@l

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

¢ Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how to
access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized ver-
sions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: Please refer to Section[6]and Appendix [O]

Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: Error bars (standard deviations) are included in all experiment results.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confidence
intervals, or statistical significance tests, at least for the experiments that support the main
claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall run
with given experimental conditions).

¢ The method for calculating the error bars should be explained (closed form formula, call
to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error of
the mean.

* Itis OK to report 1-sigma error bars, but one should state it. The authors should preferably
report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis of Normality
of errors is not verified.
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* For asymmetric distributions, the authors should be careful not to show in tables or figures
symmetric error bars that would yield results that are out of range (e.g. negative error
rates).

* If error bars are reported in tables or plots, The authors should explain in the text how they
were calculated and reference the corresponding figures or tables in the text.

. Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: Please see Appendix [O]

Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster, or
cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute than
the experiments reported in the paper (e.g., preliminary or failed experiments that didn’t
make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]
Justification: The authors conform with the NeurIPS Code of Ethics.

Guidelines:

* The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consideration
due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification: The work is mainly theoretical, thus there is no identifiable societal impact.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal impact
or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations (e.g.,
deployment of technologies that could make decisions that unfairly impact specific groups),
privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied to
particular applications, let alone deployments. However, if there is a direct path to any
negative applications, the authors should point it out. For example, it is legitimate to point
out that an improvement in the quality of generative models could be used to generate
deepfakes for disinformation. On the other hand, it is not needed to point out that a
generic algorithm for optimizing neural networks could enable people to train models that
generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is being
used as intended and functioning correctly, harms that could arise when the technology is
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being used as intended but gives incorrect results, and harms following from (intentional
or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks, mecha-
nisms for monitoring misuse, mechanisms to monitor how a system learns from feedback
over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The work is mainly theoretical.

Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

» Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do not
require this, but we encourage authors to take this into account and make a best faith
effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: The MATLAB code for the computation of G-optimal allocation used existing
code, and has been mentioned and cited in Appendix

Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a URL.

¢ The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of service
of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the package
should be provided. For popular datasets, paperswithcode.com/datasets|has curated
licenses for some datasets. Their licensing guide can help determine the license of a
dataset.

* For existing datasets that are re-packaged, both the original license and the license of the
derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to the
asset’s creators.

New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.

Guidelines:
* The answer NA means that the paper does not release new assets.
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* Researchers should communicate the details of the dataset/code/model as part of their sub-
missions via structured templates. This includes details about training, license, limitations,
etc.

 The paper should discuss whether and how consent was obtained from people whose asset
is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: This paper does not involve crowdsourcing nor research with human subjects.

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribution
of the paper involves human subjects, then as much detail as possible should be included
in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation, or
other labor should be paid at least the minimum wage in the country of the data collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: This paper does not involve crowdsourcing nor research with human subjects.

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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