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Abstract

We analyze the convergence of stochastic heavy ball (SHB) momentum in the smooth, strongly-
convex setting. Kidambi et al. [8] show that SHB (with small mini-batches) cannot attain an accel-
erated rate of convergence even for quadratics, and conjecture that the practical gain of SHB is a
by-product of mini-batching. We substantiate this claim by showing that SHB can obtain an accel-
erated rate when the mini-batch size is larger than some threshold. In particular, for strongly-convex
quadratics with condition number x, we prove that SHB with the standard step-size and momentum
parameters results in an O (exp(—7/y/x) + o) convergence rate, where T is the number of itera-
tions and o2 is the variance in the stochastic gradients. To ensure convergence to the minimizer,
we propose a multi-stage approach that results in a noise-adaptive O (exp (=T/v&) + %) rate. For
general strongly-convex functions, we use the averaging interpretation of SHB along with expo-
nential step-sizes to prove an O (exp (=T/x) + UQ/T) convergence to the minimizer. Finally, we
empirically demonstrate the effectiveness of the proposed algorithms.

1. Introduction

We consider the unconstrained minimization of a finite-sum objective f : RY — R, min,cpa f(w) :=
% > fi(w). For supervised learning, n represents the number of training examples and f; is the
loss of example i. We denote w* to be the unique minimizer of the above problem. We exclu-
sively consider f to be a smooth, strongly-convex function and pay special attention to when f is a
strongly-convex quadratic.

Smooth, strongly-convex quadratics: Heavy Ball (HB) momentum [16] has been extensively
studied for minimizing smooth, strongly-convex quadratics in the deterministic setting. In this set-
ting, HB results in an accelerated linear rate [16, 22]. In the stochastic setting, Kidambi et al. [8]
show that SHB (with small mini-batches) cannot attain an accelerated rate of convergence even for
quadratics. They conjecture that the practical gains of SHB is a by-product of mini-batching. Simi-
larly, Paquette and Paquette [15] demonstrate that SHB with small batch-sizes cannot obtain a faster
rate than stochastic gradient descent (SGD). While Loizou and Richtarik [12] prove an accelerated
rate for SHB in the ” L1 sense”, this does not imply acceleration according to the standard metrics of
measuring sub-optimality. Bollapragada et al. [2], Lee et al. [9] use results from random matrix the-
ory to prove that SHB with a constant step-size and momentum can achieve an accelerated rate when
the mini-batch size is sufficiently large. Compared to these works, we will use the non-asymptotic
analysis standard in the optimization literature, and prove stronger worst-case results.
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Contribution: Our result in Theorem 1 substantiates the claim by Kidambi et al. [8]. Specifi-
cally, we prove that for SHB with a batch-size b larger than a certain threshold b*, using the standard
constant step-size and momentum parameter can achieve an O (exp(—7/y/x) + o) non-asymptotic
convergence rate up to a neighborhood of the solution, where 7' is the number of iterations, & is
the condition number and ¢ is the variance in the stochastic gradients. In the deterministic setting
where o = 0, we recover the optimal accelerated rate in [16, 22]. In contrast, Bollapragada et al. [2,
Theorem 3.1] achieve a convergence rate of O (1" exp(~7/yx) + o log(d)) where d is the problem
dimension. Hence, we obtain a faster convergence rate without an additional 7" dependence in the
bias term, nor an additional log(d) dependence in the variance term. Our results require the batch-
size to scale as O (1/(1/n+1/+2)), and hence, when n >> O(x?), our results imply that SHB with a
relatively small batch-size can attain an accelerated rate of convergence to a neighbourhood of the
minimizer; while Bollapragada et al. [2] require a batch-size larger than O(d £%/2) in the worst-case.
This condition is vacuous in the over-parameterized regime when d > n hence Bollapragada et al.
[2] require a more stringent condition on the batch-size when d > y/k. Lee et al. [9] provide an
average-case analysis of SHB as d,n — oo, and prove an accelerated rate when b > n % where &
is the average condition number. In the worst-case, < = k, Lee et al. [9] require b = n.

In order to counteract the noise, SGD requires decreasing the step-size at an appropriate rate. For
example, Gower et al. [6] assume the knowledge of o2 to set the step-size resulting in convergence
to the minimizer. On the other hand, Aybat et al. [1] propose a multi-stage approach for acceler-
ated SGD that adapts the choice of the parameters of Nesterov’s accelerated gradient [14] at each
stage in order to achieve the optimal rate. Importantly, the proposed algorithm is noise-adaptive and
unlike [6], does not require the knowledge of o2

Contribution: In Theorem 6, we first assume knowledge of o2 and prove that with a sufficiently
large mini-batch, the step-size and momentum parameter of SHB can be adjusted to achieve an e
sub-optimality (for some ¢ > 0) at an O (y/k log(1/e) 4 1/¢) rate. We also propose a multi-stage
SHB method in Theorem 2. This SHB variant achieves a noise-adaptive accelerated convergence

rate of O (exp (—%) + %) to the minimizer.

Contribution: In Section 5, we empirically validate the effectiveness of the proposed algo-
rithms on simple benchmarks. In particular, for strongly-convex quadratics, we consider solving a
synthetic feasible linear system such that interpolation [13, 18] is satisfied. We demonstrate that
SHB attains an accelerated rate when the mini-batch size is larger than a threshold, and that this

threshold depends on the condition number of the problem, thus validating our theoretical results.

Smooth, strongly-convex functions: In the deterministic setting, Wang et al. [23] show an accel-
erated linear convergence rate for 1 dimensional problems. More recently, Goujaud et al. [S] prove
that HB momentum (with any step-size or momentum parameter) cannot achieve an accelerated con-
vergence rate on general (non-quadratic and with dimension greater than 1) smooth, strongly-convex
problems. Hence, for this class of functions, HB and thus SHB can only achieve a non-accelerated
linear convergence rate. For smooth, strongly-convex functions, Ghadimi et al. [4] prove a non-
accelerated linear convergence rate in the deterministic setting. In the stochastic setting, Sebbouh
et al. [17] use a constant step-size and momentum parameter to prove linear convergence rate of
SHB to the neighborhood of the minimizer. They also show that by keeping the step-size constant
for some fixed number of iterations, and then switching to a decreasing sequence, SHB can converge

to the minimizer but with the non-optimal O (53—22 + %2) rate. On the other hand, for SGD, Khaled
and Richtarik [7], Li et al. [10], Vaswani et al. [21] propose noise-adaptive variants that result in an
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O (exp (;NT) + %2) convergence rate. In particular, Li et al. [10], Vaswani et al. [21] use exponen-

tial step-sizes and the knowledge of the problem smoothness to prove the desired rate.
Contribution: In Section 4, we propose a SHB method which combines the averaging per-
spective of SHB [17] and the exponentially decreasing step-sizes to achieve a noise-adaptive, non-

accelerated convergence rate of O (exp (;HT) + ‘7—;) . Importantly, the proposed algorithm provides

an adaptive way to set the momentum parameters, alleviating the need to tune this additional hyper-
parameter. In Appendix E, we study the effect of misestimating the smoothness on the convergence
of SHB, and prove convergence to the minimizer, albeit at a slower rate.

Contribution: Our experimental results using the standard benchmarks with both the squared
and logistic loss in Appendix F demonstrate that SHB with exponential step-sizes results in stable
convergence to the minimizer at the same rate as SGD, and that it can be easily combined with
SLS [20] or other alternative methods to estimate the smoothness constant.

2. Problem Formulation

Throughout the paper, we assume that f and each f; are differentiable and lower-bounded by f* and
., respectively. We also assume that each function f; is L;-smooth, implying that f is L-smooth
with L := max; L;. Furthermore, f is considered to be u-strongly convex while each f; is convex.
We include definitions of these properties in Appendix A. In order to prove accelerated results,
we will focus on strongly-convex quadratic objectives where f;(w) := %wTAiw — (d;, w) and
fw) = wlAw — (d,w) = 137 fi(w), where A, A; are symmetric positive definite matrices.
In this case, L = Apax|A] and g = Apin[A], Where Apax and A, refer to the maximum and
minimum eigenvalues. We define the condition number & := £ and [T] := {0,1,..,T}.
In each iteration k € [T], SHB selects a function f;; (typically uniformly) at random, computes
its gradient, and takes a descent step in that direction together with a momentum term. Specifically,
the SHB update is given as:

Wet1 = wi — oV fir(wg) + B (wp —wi—1) 5 w_1 = wp )]

where w41, wg, and wy_1 are the SHB iterates, and V f;x(+) is the gradient of the loss function
chosen at iteration k, and {ak}Z;& and { 5k}£;01 are sequences of step-sizes and momentum param-
eters respectively. Each stochastic gradient V f;;(w) is unbiased, implying that E; [V f;(w)|wg] =
V f(w). We will also make use of the mini-batch variant of SHB that samples a batch B of examples
(|B| = b) in every iteration and uses it to compute the stochastic gradient. In this case, we abuse the
notation V f;x(wy) to refer to the average stochastic gradient for the batch By, sampled at iteration
k, meaning that V f;;. (wy,) = % > ien, Vfi(wk). In the next section, we analyze the convergence of
SHB for strongly-convex quadratics.

3. Strongly-convex Quadratics

Our first result substantiates the claim in Kidambi et al. [8]. Specifically, in Appendix B, we prove
that for SHB with a batch-size b larger than a certain threshold b*, using the standard constant step-
size and momentum parameter can achieve an O (exp(—7//x) + x) non-asymptotic convergence
rate up to a neighborhood of the solution. The proof heavily relies on the non-asymptotic result for
HB in the deterministic setting, coupled with an inductive argument over the iterations.
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Theorem 1  For L-smooth, i strongly-convex quadratics, SHB (Eq. (1)) with o, = o = ¢ for
a<lpBr=p8= (1 — %,/QM)Q, batch-size b s.t. b > b* :=n max{ L } has the

1
oy TREE
following convergence rate,

E Jlwr — '] < fff exp (=2 T ) w7+ 2% i f1,

where x = /I ||V fi(w*)||? is the noise in the stochastic gradients, { = /3 ”n—_bb captures the

dependence on the batch-size and C := 3°25 is the constant in the batch-size constraint.

We conjecture that the dependence on the constant C' is loose, whereas the dependence on 2 in the
definition of b* can be improved to . The above result only implies convergence to a neighbourhood
of the solution. In Theorem 6, we first assume knowledge of x? and prove that with a sufficiently
large mini-batch, the step-size and momentum parameter of SHB can be adjusted to achieve an €
sub-optimality (for some ¢ > 0) at an O (\/k log(1/e) 4 /) rate.

Multi-stage SHB: When the noise is unknown, we propose to use a multi-stage approach (Algo-
rithm 1) similar to [1] in order to achieve convergence to the minimizer.

Algorithm 1 Multi-stage SHB

Input: T (iteration budget), b (batch-size)
Initialization: wg, w_1 = wg, k=0

se 1 = [ (257

/* W(.) is the Lambert W function! */
To=1%
T, = [2225 (/2 + 5)In(2) + In(vR) | vie 1,1
fori=0;:<I;1=1+1do
Seta; =27, a; = %, ;= (1 — /@)
fort=1;t<T;;t=t+1do
Wiy1 = wi — 4V fig(wg) + Bi (wg — wi—1)
Update k =k + 1
end

end

In Appendix C, we theoretically analyze Algorithm 1 and prove Theorem 2. We see that Algo-
rithm 1 achieves a convergence rate of O (exp <—%) + %) to the minimizer. In the deterministic
setting when x = 0, we recover the optimal accelerated rate. This method does not require knowl-
edge of o and is thus noise-adaptive. We note that the choice of T; is similar to that for Accelerated
SGD using Nesterov’s method [1, Theorem 3.4]. In the next section, we consider the convergence
of SHB for general smooth, strongly-convex objectives.

1. The principal branch of the Lambert W function can be defined as: for z,y € R, y = W(z) = yexp(y) = =.
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Theorem 2  For L-smooth, p strongly-convex quadratics with k > 1, for
T > max { 521;0(;)\/E ) 3.2;?;)\% } Algorithm 1 with batch-size b such that

b > b* :=n max

results in the following convergence,

1 1
n na
ez 1+t

E ||wp — w*|| < Gﬂ\/a\/ﬁlT exp (— D) VT

Vi

293 n<1+2 log? (T3é2(g> ))
In(2)

24 C
)wm—ww+MX“V1

where Cq := and C := 3526,

4. Strongly-convex Functions

For general strongly-convex functions, we develop an SHB method that (i) converges to the min-

imizer at an O (exp (—7/x) + o°/T) (ii) is noise-adaptive that it does not require knowledge of o2

and (iii) does not require manually tuning the momentum parameter. We use an equivalent form of

the SHB update as Sebbouh et al. [17], showing that SHB can be interpreted as a moving average of
. . A 1

the iterates wy, i.e. for 2o = wop, Wi = /\ki;lrlwk Rab v R e S NV fir.(w). In par-

ticular, for any {n, A} sequence, and o, = 1++12+1’ Bk = 1+§7]Z+1’ the above update is equivalent
to the SHB update in Eq. (1) [17]. The proposed SHB method combines the above interpretation of
SHB [17] and the exponentially decreasing step-sizes [10, 21].

Theorem 3 For 7 > 1, set np, = vg v where v = v = i, v o= (%)VT and v = 7’”1.

Define )\, := % (1 - (1- nku)k). Assuming each f; to be convex and L-smooth and f to be
w strongly-convex, SHB with the above choices of {ny, \i.} results in the following convergence:

Ty 32Lo%ca(? k3 (In(T/7))?
2k In(T/r) e2cy, v2T

(&)
Blhwr-1— 'l < 2 oo - w e

where ( = 4/ %—bb captures the dependence on the batch-size, co := exp <i277) and cy, :=

111(T 7‘)
- e (-57)).

The above theorem implies that SHB with exponentially decreasing step-sizes achieves an

O (exp (‘TT) + %) convergence rate. This rate is optimal since Goujaud et al [5] show that for

T
%)
We note that the momentum parameter 5 does not require tuning as it is automatically and adap-

tively inferred from 7, and A;. Hence, we effectively eliminate the need to tune the momentum
parameter, one of the key hyper-parameters of SHB. Finally, we reiterate that the proposed method
does not require knowledge of o and is hence noise-adaptive.

general strongly-convex functions, we cannot get an accelerated O (exp ( ) convergence rate.

5. Experiments

For strongly-convex quadratics, we consider solving a synthetic feasible linear system such that in-
terpolation [13, 18] is satisfied. Our experiments will be conducted on randomly generated synthetic
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datasets of shape (10000, 20). With the generated datasets, we can control the L-smoothness and
p-strong-convexity hence we are able to manually set different « for each experiment. The baselines
used for comparison include: SGD with constant step-size (SGD), Accelerated SGD using Nesterov
acceleration with constant step-sizes [18] (Nesterov), SHB with constant step-sizes (SHB). For
each dataset, we will run the experiments with a set of distinct batch-sizes. Each experiment will
be run 5 times independently, and the average result and standard deviation will be plotted. We will
use the full gradient norm as the performance measure and plot it against the number of iterations.
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Gradient Norm (log)

2

s
5

4000 5000 6000

[ 500 1000 1500 2000 2500 3000 0 500 1000 1500 2000 2500 3000 0 1000 2000 3000
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Figure 1: Comparision of the above methods for square loss on synthetic datasets of shape
(10000, 20) with different ~ and batch-size b. Observe that SHB attains an accelerated
rate when the mini-batch size is sufficiently large.

When employing sufficiently large batch-sizes, SHB and ASGD demonstrate an accelerated
convergence rate, surpassing that of the conventional SGD method. ASGD, which incorporates
Nesterov acceleration parameters, performs slightly better compared to SHB. Our experiments for
strongly-convex setting is deferred to Appendix F.

6. Conclusion

We showed that for strongly-convex quadratic objective functions, if the mini-batch size is above a
certain threshold, then SHB can achieve an accelerated convergence rate upto a neighborhood of the
minimizer. We proposed a multi-stage SHB approach that can achieve a noise-adaptive accelerated
convergence rate for quadratics. For general smooth, strongly-convex functions, we developed a
novel SHB algorithm that uses exponentially decreasing step-sizes and achieves an optimal noise-
adaptive convergence rate.
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Supplementary Material

Organization of the Appendix

A Definitions

B Proof of SHB for quadratics

C Proofs for multi-stage SHB

D Proofs for non-accelerated rates

E Proof of SHB with smoothness mis-estimation

F Additional experiments

Appendix A. Definitions

Our main assumptions are that each individual function f; is differentiable, has a finite minimum
., and is L;-smooth, meaning that for all v and w,

fiw) < fi(w) + (Vfi(w),v —w) + % v —w||?, (Individual Smoothness)

which also implies that f is L-smooth, where L is the maximum smoothness constant of the indi-
vidual functions. A consequence of smoothness is the following bound on the norm of the stochastic
gradients,

IV fiw)|* < 2L(fi(w) = f7).

We also assume that each f; is convex, meaning that for all v and w,

fl(v) > fl(w) - <sz(w), w — ’U>, (Convexity)

Depending on the setting, we will also assume that f is p strongly-convex, meaning that for all v
and w,

f(v) > f(w) + (Vf(w),v —w)+ g o —wl?, (Strong Convexity)
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Appendix B. Proof of SHB for quadratics

Lemma4 For L-smooth and 1 strongly-convex quadratics, SHB (Eq. (1)) with oy, = o = }

anda <1, B = (1 — 7,/ ) batch-size b satisfies the following recurrence relation,
T—-1 T-1
1 aC b 1
E[[| Az} < Cop” [|80]| + 2aCo ¢(0) [ PR A | + 0 [Z a ’“] ,
k=0 k=0

whereAk::[wk *},CO<3IC =4/3 bbandp—l—%

Wg—1 —

Proof With the definition of SHB (1), if V f;(w) is the mini-batch gradient at iteration k, then, for
quadratics,

[wk+1 - w*} _ [(1 + B)1q — aA de] [ wy — w* ] ‘o [Vf(wk) — V fir(wr)
wy — w* 1 0 Whp—1 — W* 0
AVEE] H Aj O
Ak+1 = HAk + aék

Recursing from k& = 0 to T'— 1, taking norm and expectation w.r.t to the randomness in all iterations.

|

Using Theorem 7 and Corollary 8, for any vector v, H’H’%H < Cp p* ||v|| where p = /. Hence,

Z TTRE [0l

T-1

Z HT—I—k’ék

k=0

E[|Ar|] < |[|H" Ao|| + oF

E[| Arl] < Cop” 1Al + 22

10
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In order to simplify Jx, we will use the result for sampling with replacement from Lohr [11],

(wr) — V fi(wy)|”

Exll64]%] = Ex[lIV £ (wi) = V fir(w) |*] =

(Sampling with replacement where b is the batch-size and n is the total number of examples)

= nT_bb E; |Vf(wg) — VF(w*) = Vfi(wg) + Vi(w*) — Vfi(w)]]?
(Vf(w*) =

<3 nT_bb {El IV f(wr) — VFw)|?+Ei |V fi(wg) — V fi(w*) || +E; |V £ (w

((a+b+c)* < 3[a® +b* + ?))

n — b * £ *
< 8" T2 B s — w4 L2 B o — |+ B |V ()|
(Using the L smoothness of f and f;)
—br
<35 222 fluy — w'|* + x|
nb L
(wy, is independent of the randomness and by definition x2 = E; ||V fi(w*)||%)
n — b [ * * *
<3V o — 0t s — w32 e 0t 2 0)
—br
— E[]0:)?] < 3”—6 2L2 || Ag)* + XQ] (Definition of A)
n
n—>b
— Blllonl] < /35— [V2L2||A] + ]
%,_/
=((b)

(Taking square-roots, using Jensen’s inequality on the LHS and v/a + b < y/a + /b on the RHS)
= Eu[ll6kll] < V2L C(0) [|AK] + ¢ (0) x

Putting everything together,

-1
PR AR +
k=0

T—1
C
E[|Ar]] < Cop” | Aol + v2aCo ¢ (D) a oxc [ i k]

k=0

11

II?
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Theorem 1 For L-smooth, u strongly-convex quadratics, SHB (Eq. (1)) with oy, = o = { for

. * L 1 1
a <1, B = (1 — *«/ ) batch-size b s.t. b > b* :==n max{ g 1+%} has the

following convergence rate,

B — w7 < 2R exp (<50 o -+ 2L i 1,

where x = /I ||V fi(w*)||? is the noise in the stochastic gradients, { = /3 ”n—_bb captures the

dependence on the batch-size and C := 3°25 is the constant in the batch-size constraint.

Proof Using Theorem 4, we have that,

T-1 T—1
E[|A7]| < Cop" Aol +V2aCo ¢ | D p" I TE | A pT—l—k]

k=0 k=0

We use induction to prove that for all 7" > 1,
2CyCa
E[lAr] <200 [p+vava] a0 + (gé‘_;;

where p + /(y/a < 1.
Base case: By Theorem 7, Cy > 1 hence HAOH < 2Cy || Aol| + 2Lctiaép§<
Inductive hypothesis: For all k € {0,1,...,T — 1}, | Al < 2Co [p+ \fg\f] 1Al + 2LColag;)§<

Inductive step: Using the above inequality,

T-1 T-1
E [ Az|| <Cop” [|A0]l + vV2aCo ¢ | D p" IR Al 3 pT—l—k]
k=0 k=0
T ~ o1k aCo(x [\ = &
<Colp+ v/ <¢Val" [ Aoll + V2aCo ¢ p E | A ’ S
k=0 k=0

(Since (,a > 0)

T—-1
<Colp-+ VEVaT gl + Y20 [ o7t (260 [o+ vava) 1a] + 00X fi,’;)]
k=0

CoCx1—p
+ aClo & X P (Sum of geometric series and using the inductive hypothesis)

L 1—0p
2
—Colp+ Ve ValT Aol + Mjc“f [Z (p“ff) 120l
k=0
+2\/§CL200C2>< r [ 1( >k aCo¢x 1 —p"
pL(1—p) — L 1-p

12
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k
First, we need to prove that % pT [Z;}F:_ol <Wf<‘/a> } Aol < Co [p+ \/E\/&]T | Aoll-

prveva\"
2\/§CLC2 T - p+f\[ ||A H:2\/§CLC§< T( P ) 1HA H
0 P Vv 0

= 1

k=0
(Sum of geometric series)

T
< 2V2vaCV/C (p+ VCva) |12l
Hence, we require that,

WIVaCEC < Co — (< st
8C§ a

Hence it suffices to choose ( s.t.

a 1 .
— C < mg (Slnce C() < 3\/5)

— 3223k

n—=>b 1 b 1 . ..
= 3 < 3596 1.2 - > Fpr—— - (Using the definition of ()
Since the batch-size b satisfies the condition that: % > (o + for C' := 15552 = 326, the above
Cn
requirement is satisfied, and ¢ < 3223
._ 2fa202 Cx 7 T-1 (1 Colx 1 20y ac
Next, we need to show D := == 7r3=05= [ o <;> ] + aColx L pp < L(%ap§(
2012 2 T-1 k T
D 2v/2a%C2 ¢ XpT Z <1> +aCOCX1—p
pL(1 — p) = \p L 1-p
AT
2v2a*C3 (*x T(E) -1 L aCo¢x1 —p"
= P
pL(1—p) (%)_1 L 1-p

(Sum of geometric series)
QﬂaQCgCQX 71—=p" p aCo( x
pL1—p) " 1—p o7 "L p)
2v2a2C3 (2x | aCo(x
L(1-p3?  L(1-p)
2aCo ¢ x

Since we want D < L(i=p) > Ve require that

2v2a*CF *x _ aColx
L(1-p)* ~ L(1-p)
2
. \fCOCLC
L—p

13
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Ensuring this imposes an additional constraint on {. We require ¢ such that,

1—p 1 1
‘= 2v/2Cha ‘< 42 \/a+/k Co (Since 2/%)

Hence it suffices to choose ( such that,

1
< — Since Cp < 3,/
< ovan ( <3V
Since the condition on the batch-size ensures that { < ﬁ, this condition is satisfied. Hence,
2CpaCx
E Al < 2Co [o+ \Eﬂ I8l + 1y

This completes the induction.
In order to bound the noise term as % min {1, f} we will require an additional constraint

on the batch-size that ensures ( < y/a. Using the definition of (, we require that,

/3n—b§\/&
nb
1

T+

b
:}—2
n

which is satisfied by the condition on the batch-size. From the result of the induction,

2C,
BlAr < 2C0 [p+ VOva] 8l + T2
2C, 2
:200[ a} HA0||+%CX \\g (p= 2\//7‘%)
B f va 1" 200 a (X 2V |
<20y [1 NG \/W] HAQH-FTW (€ < 325355)

S
oo s B )
7<4andg<f)

— Byl < 2 e (<YLY g 2 i fy

(for all z, 1 — z < exp(—2x))

14
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Corollary 5 For L-smooth, u strongly-convex quadratics, under interpolation, SHB (Eq. (1))
with a, = o = %, By = B = (1— 54/Q ) batch-size b s.t. b > b* =

n 1% where
_l'_i
Ck

C := 3525 has the following convergence rate,

2 T
E [lur — w*] < G‘ff exp (=2 ) un - ')

Proof Under interpolation x = 0. This removes the additional constraint on b* that depends on the
constant a, finishing the proof. |

Corollary 6 Under the same conditions of Theorem 1, for a target error € > 0, setting a :=

min {1, (ﬁ)%} and T > % log (%W) ensures that |wy — w*|| < /e

Proof Using Theorem 1, we have that,

VarT

2
Bllur — 'l < O2 VR e (- L

N 12+/ax
) o — w4 2

Using the step-size similar to that for SGD in [6, Theorem 3.1], we see that to get /€ accuracy first
we consider 12[X < \/ that implies a < (54~ ) e. We also need 6‘[\/% exp (—il) ||lwo — w*|| <

%. Taking log on both sides,

(5 7)< (5 55 o)
WE (wffuwo— *|)

= T >

Va | Vae

15
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B.1. Helper Lemmas

We restate [22, Theorem 5] that we used in our proof.

1+ 8)I;—aA Bl
Iy 0
tive semi-definite matrix. Fix a vector vy € R™. If 3 is chosen to satisfy

1>38> max{(l — a)\min(A))Q, (1 - \/m>2} then

Theorem 7 Let H := [( € R?2n_ Suppose that A € R™" is a posi-

o < (V)" coto

where the constant

L VB3 +1) .
0= - =
vmin {h (8, aAmin(A4)) , b (B, tAmax(A))}
and h (8,z2) = — (5 —(1- \5)2) (5 - (1+ \ﬁ)2)
Lemma 8 For a positive definite matrix A, denote r = % = % Set @ = 3~y = 1 for
a<1and ) 5
8 (1 3 aAmm(A)) (1 wg) - Then, Co = i (A B =

3/ Ewhere h(B,2) = — (8- (1—+2)?) (8- (1+2)?).

Proof Using the definition of & (3, z) with the above setting for 3 and simplifying,

h(B, ap) = 3ap (1 - 1\/OTM - 3au>

2 16
a Va 3a
= 90— 1— —_ = a
3/@( 2 /R 16/@) (@=17)
a 1 3
>3- (1——=—— <1
—3;@( NG 16/-;) @<1)
a 1 3
>3- (1—-=—-— >1
—3m< 2 16) (k=>1)
_1ba
16k

V2(1+8) _ 2v2 82k "
- m(ﬁ,amgﬁgg‘ Ve =V

16
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Now we need to bound V2(1+8)

ViGal)” Using the definition of & (3, z) and simplifying,

h(3,aL) = (2VaL — J/api — aL + iau)(\/@ +2VaL + oL — lau)

4
3/2 1 a3/2 1 1
PR [ ]

K VE 2 13/2

EETRETT
(setting @ = a/ L and expanding above)

A 1 2(11/2 1al/? . 1 1
B \/E+2,@3/2_a< _2/£+16/£2>

1 2 1 1 1
—“[4‘{@(@‘%3/2)—a<1—zﬁ+16ﬁz>}

Sincele,%—%%/z>Oand1—i+ﬁ>0,henee
1 2 1 1 1
h Ly>ald————=—-———=)—-(1—-—— < <1
(8,0 )_a[ K <\/E 2/@'3/2> < 2/<;+16/<a2)} (@asvasl

_ 4_ l_i — 1+L+L
- Jr 232 2% | 162

Both % — 2’@%/2 and 1 + i + 16% are decreasing functions of x for x > 1.

Hence, RHS(k) := {4 — (% — ﬁ) ~(1+4+

h(B,aL) > RHS(k) > RHS(1) forall k > 1,

161,# )} is an increasing function of . Since,

1 1 1] 15a

> - - | == <
h(ﬂ,aL)_a[él 2+2 1 5 16} G B<
Using the above lower-bound for V2145) we have
h(B,aL)
V2(1+6) _ 8v2 _ 3
Vh(B,aL) ~ V15a ~ Va
Putting everything together we get,
Co < 3,5 2 — <3 /"
max - — —
0> (I’ \/& 0= a
|

17
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Appendix C. Proofs for multi-stage SHB

Theorem 2 For L-smooth, p strongly-convex quadratics with k > 1, for

T > max { 321;0(,;)\@7 32;?;)\/5 } Algorithm 1 with batch-size b such that

* . 1 . .
b > b* :=n max jEmy 1+na1 results in the following convergence,

1 T 24 xk /O
E _ * < 2 _— — * - N T = -
lwp —w*|| < GWE\/Eﬁ eXP( 8\/E> lwo =w'll+ 7225 7

9 2( T In(v2)
where C1 1= i 3\/H<1+21r(i)( ks )) and C := 3526,

2
Proof Stage zero consists of Ty = % iterations with o« = % and g = (1 - ﬁ) . Let T} be the
last iteration in stage ¢, I = T'. Using the result of Theorem 1 with a = 1 for Ty iterations in stage

zero and defining A; := w; — w*,

B — w7 < 2k exp (<502 o -+ 200 i 1,

Va 1 Ve ' Va
E||Ag] < 6vV2V/k exp( 83%) |lwo — w*|| + ?min{l,ja}
< 6V2vVk exp< 8?) ||wo — *H—l—lix

We split the remaining % iterations into I stages. For stage i € [1, I], we set a; = 5 and choose
a; = 27", Using Theorem 1 for stage i,

BllAn] < 62 = exp (G TL ) Bllag ) + 2L win {1,
(3

Vi N
< 6V2VR exp (- s ) Bl Aral + 20
< exp ((i/2+5)1n(2)+1n(f) 2/214[)1&3” H+:;/X2
Now we want to find 7; such that (¢/2 + 5) In(2) + In(y/k) — 21’/2T4i\/g < —2<i+1)T/24\/E.
4 oy el (i n n(/r
= T2 552 V(724 5) In(2) + In(Vk))
|t Ly k(i n n(v/xk
— T | G2 VR 5) n(2) + ()|
— ST 2 75\ 5 + (VR) > 2@ +5) + 2n(VR) > (/24 5) + )
= exp( Z+11/;4f> 1 exp( (i/2 +5))

18
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Define p; := L exp(—(i/2 + 5)). If we unroll the above for I stages we have:

1
12x i
E|Az ) < [[ pE A7+ == Zz /2 H oy
=1 j=i+1

I I
12
= exp (— g (i/2—|—5)—Iln/£)>IE||ATO|—|— X E 27/ 2 exp | — g (j/245) —ilnk

i=1 j=it1
12>< !
<exp (—I1*/4—Ilk) E||Agq ||+ —= ZQ 2exp | — Z(j/2)—iln/<;
j=it1

12 (L +1+1
<exp(—I?’/A—Ilk) E||Ag| + XZ2 o2 Xp( Z)(4+Z+ )—ilnli)

(szb +I— 7,)

<exp(—I?/4— Ilnﬂ)EHATO|+12XZQ i/2 ( * )exp(—z'lnﬁ;)

(since 2 < e)

12
= exp (—I%/4 — I'nk) B||Ag | + =X 22 (=1) exp (—ilnk) (since I2 > i2)

12X/< 1 TP
< exp (—12/4 —Ink) E[|Agql + PCE) >0 (Simplifying > %
12 xk 1
< I?/4) E||A ——
_exp( /) H T0||+ (/{ 1) 2(&)

Putting together the convergence from stage 0 and stages [1, [],

12 12 vk 1
)nm—ww+ X>+ X
7 u

EllArl] < exp (~1%/4) (6B exp (~ 5

S (1) 207
< 7 (ovavm e (~ ) o — w4 20) 52X
< iy (ovavi e (—go= ) o=l ) + X% @

19
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Now we need to bound the number of iterations in Zi[:l T;.
I I 4 4
DY {2”%/%(@/2 +5)In(2) + In(v/k)) + 1
i=1 i L2- V2)

I
<8 22V/k((if2+ 5)In(2) + In(v/k)) + I

i=1

I
<8R 2i/2{4z' + 1n(\/E)} + 1 (Fori > 1)
=1

I
< 8\/E{4I + 1n(\/E)} » 2Py
=1

o(I+1)/2

< 8\/E{4I + 1n(\/E)} 5
< 16v/k 51 + In(y/rk)] 27/

Assume that I > In(y/k). In this case,

+1

I
Z T, < 192/k I 2072 (3)

We need to set [ s.t. the upper-bound on the total number of iterations in the I stages is smaller than
the available budget on the iterations which is equal to 7°/2. Hence,

T > ﬂ\/ﬁ exp (ln(\/i) I) (I ln(\/i))

2~ In(v2)
— exp (m(\/i) I) (I 1n(\f2)) < 1;’)?132(\/\/? — IIn(V2) <W (1;);;(\\/2))

(where W is the Lambert function)

Hence, it suffices to set I = { Ly (T ln(ﬂ))J . We know that,

In(v/2) 384 /K
1 T In(v2)
£> 1n(ﬁ)W< 384f ) -1
5 =
/(2In(v2
— ex { > ex T ln
P 2 = P 384f
T In(v/2) 1/(21n(+/2))
Y . .
T 1n(\f (since exp(W(z)) = W)

384 f

20
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For 2 > e%, W(x) < 4/1 + 2log?(x). Assuming T' > 384f 2 5o TIn(v2)

n(v2) ¢ 50 Bsiyk > e,
1/1n(2)
7 T In(v/2)
exp <2>2 1/e 381V
Lo (Gh2)
Since 2% = (exp(z))™?),
In(2)/In(2)
T In(v/2)
2(%) (exp(]/2 )ln > ( /1/e>1n(2) 384 /K
2 Tln(\/i)
\/1+210g (384\/E)
T In(v/2)
n n 384 /K
= (exp(1/2))"® > (v/1]e)"® —
2 n
\/1+210g (384\/E)
2 (T In(
, 2\/1+2log N IEDG
— <
21/2 = Tn(V/2)
9 2 (T In(v2)
23 (1+2108 (S22
B In(2) T
293, [k (14210g? (L 2)
Define C := ( ln(2)< Ve >> , meaning that 7 /2 < % Using the overall convergence
rate,
T 24 Kk 1
E[||wr — w*||] < 6\[\/Eexp( >w—w*>+
loor = 1) < 2 sz ) o=l ) + 2
< < T ) ) 24 xk  /Ch
< VG (65 T 2xe VG
> \/7 \/Eexp ] ||U)0 || ( _1) \/T
T 24 xk Ch
E —w*]] <6v2 — - —w* —
— B lur — )| 6VEVAVE = exp (g0 ) fun - |+ X5 Y

We assumed that I > In(4/k) meaning that we want 7" s.t.

1 T In(v/2)
Ln(\/i) W( 384 /s )J 2 In(vk)

21
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Since W(z) > log (7““';1“) for x > 0 we need to have:

1 )W<Tln(ﬂ)>_12mﬁ

In(v/2 384 /K
T In(v/2)
4ZE0D 141
= log ( 5 ) = In(Vk)+1
T > 384yK. ((glﬂ(\/@-ﬂ —2)2 - 1)
41n(v/2)

Hence, it suffices to choose

96\/E 16 . 21H(H)
In(v/2)

= T >

Since e > 2

96\/E 16 - eln(ﬁ) _ 3- 29%\/E
n(v2) n(v2)

Therefore to satisfy all the assumptions we need that

e 3- 2%k 384\/E62

h= {m(\/i) (VD) }
_ 3-20/k 3-28¢%\/k
‘max{ ) ' @) }

= T >

22
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Appendix D. Proofs for non-accelerated rates

We will require [17, Theorem H.1]. We include its proof for completeness.

Theorem 9 Assuming convexity and smoothness of each f;, strongly-convex f. Suppose (ny )y is
1-2nL

a decreasing sequence such that ng = nand 0 < 1, < i Define \j, := (1 —(1- nk,u)k),
% & = A+ 2 (f(wr—1) = f(w7)), o o=
Br == M\ 11_:)7\7:51, 02 = E;[f;(w*) — ff] > 0 and iy, is a mini-batch of size b. Then SHB Eq. (1)
converges as

Ak = ||wk —w* + Ak(wk — wk_l)

El€ki1] < (1 = mu)E[E] + 2Lk nio” 4)

n—>b

where ¢ = /">,

Proof
A1 = w1 — w* + Mgt (w1 — wy) ||

= |Jwp — w* — iV fip(wg) + Br(wy, — wp—1) + A1 [~V fir(wr) + Br(wi — wp—1)]||?
(SHB step)

= [Jwp — w* — ar(1 + Moy 1)V fie(wi) + Br(1 + Mes1) (wp — wi_1)|?
= |Jwp — w* — iV fir(wr) + A (1 — mepe) (wp — w_1) ||
(definition of v, and ()
= [Jwy, — w* + M (wi — wr—1) — 7 [Pk (wr — wr—1) + V fir(wp)]|?
= Ap, + 12 | (wy, — wi—1) + V fir(wg) ||
— 2wy, — w* + N (W, — wi—1), pAg(wi — wi—1) + V fir,(w))
= Ay + 17 IV fir(wi) |12 + ng® A3 lwk — wp—1 )
—~
<ngp
+ 2m A (wr, — wi—1, V fir(Wi)) — 20k (g, — w*, wy — wy_1)
— 2 (wg — w*, V i (wr)) — 2mA(wy, — wi_1, V ik (wi)) — 2p3 [[wg — wi_q ||
<A — nip (/\% [wi — wr—1||* + 2\ (wy, — w*, wg — wk—1>) —2n(wy, — w*, V fir.(wg))
+ 2|V fa(wp) || 20t pn(wr, — wi—1, V fix(wi)) — 20wy, — wi—1, V i (wg))
— —
<2Ln2 [ fir (wi)— 13
(by L-smoothness of f;)

Add Biy1 = 2011 k41 (f(wg) — f*) on both sides

A1+ By <A —mep <)\% Jwy — wi—1]|* + 2\ (wy, — w*, wy — wk71>> — 2wy, — w*, V fir(wy))

+ 2R fin(wi) — fir] + 20 pe(wi — w1, V fix(wy,))
— 2 Ak (w — wr—1, V fin(wi)) + 20641 A1 (f (wr) — f7)

<A — nip <)\% Jwy — wi—1]|* + 2\ (wy, — w*, wy — wk71>> — 2wy, — w*, V fir(wg))
+ 2Ln3 [ fir(wi) — fi] = 20 (1 — npop) (wi — wi—1, V fie(wr)) + 2001 M1 [f (wi) — 7]
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Taking expectation w.r.t iy, firx(wi) — fi = [fie(wr) — fir(w*)] + [fie(w*) — f5.] then

E[Ag41 + Bpg1]) <E[Ai] — E [nk/ﬁ ()\i Jwy, — wi—1]|* + 2 (wg, — w*, wy, — wk—l>>}

— 2 E[(wy, — w*, V f(wy))] + 2LkC0® + 2L E[f (wy) — f7]
= 2me Ak (1 — mep) E[{wr, — wr—1, V f(wr))] + 20kq 1 e 1 E[f (wr) — f7]
(Using Lemma 11)

Since f is strongly-convex, —2ng(wy, — w*, V f(wg)) < —mpepe |[wy, — w*||* — 2np[f(wi) — £4],
then

E[5k+1] SE[Ak] — nk,uIE[Hwk — w*H2 + )\z Hwk — ’wkfl”Q + 2)\k(wk — w*, WE — wk,l)] + 2LI€C27]£U2

Apg
+ 2LnRE[f (wi) — f*] = 206X (1 — i) E [(wy, — w1, V f (wg))]
— 20k E[f (wg) — f*] + 20k 1 A1 B f (wi) — f7]
< (1 — mep)E[AR] 4 2L6CPnp0? + 2LniE[f (wi) — f*] = 2mkde(1 = mot)E [(wi — wp—1, V f (wy),
=20k E[f (wg) — '] + 20k 11 A1 B[ f (wi) — f7]

By convexity, —(V f(wg), wp — wi—1) < f(wp—1) — f(wg) = [f(wr—1) — f*] = [f(wr) — 7]

E[Er+1] < (1 — mep)B[AR] + 2Lk nio” + 2LnRE[f (wi) — £*] +2mede (1 — mep) B[ (wr—1) — f7]
<ALZE[f (wy)— f*]
= 2 Ak (1 = mep) E[f (wi) — f7*] = 20k B[ f (wi) — 7]+ 201 e 1 ELf (wr) — 7]
< (1 — mi)E[Ag + 2 X[ f (wi—1) — f] + 2LKCPn70% + ALnE[f (wy) — f*]
By
= 2 Ak (1 — nep)E[f (wi) — 7] = 20k B[f (wi) — £7] + 2nk1 A1 E[f (wi) — f7]
< (1 = nen)E[E] + 2LeCnio”® + 2E[f (wi) — £*] (2Lnj — meAk(L = mt) = Mk + M1 Met1)
(Theorem 9 first part)
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We want to show that 2Lm7 —ng A\ (1—1k i) =Mk +7k-+1 A1 < O which is equivalent to 7y41 Ag1 <
M (1= 2L 4+ M (1 — neps)).

RHS =7y, (1 — 2L + Ai(1 — mrpt))
= k(1 = 2Lnk) + e (1 — nrp)

1—-2nL
=nk(1 —2Lny) + Tﬁ (1 - (1= Uku)k> (1 — nrp) (definition of \;)

1—2nL 1—-2nL
=n,(1 —2Ln) — ,un Mheft + Mn (1_(1—77kﬂ)k+1)

1—92nL .
— " (1 —(1- nku)k“) + 2Lnk(n — Mk) (since > )
H >0
1—92nL
> (1 —(1- nku)k“)
7
1—2nL .
> Tﬁ (1 - (1~ TIkHM)kH) (since Ny > Ng41)

=Mk+1 \k+1 = LHS

Hence,
E[&1] < (1 — mep)E[E] + 2Lr(Pri0”

Theorem 3 For T > 1, set N, = vy, v, where v = v, = i v = (%)VT and i, = v**1. Define
AL = 1;§ZL (1 —(1- nku)k). Assuming each f; to be convex and L-smooth and f to be y

strongly-convex, SHB with the above choices of {n, \i.} results in the following convergence:

ol 32L0202C2K:3 (ID(T/T))2
2k In(T/r) ) e2er, v2T

C
Blhwr-1— 'l < 2 oo - w e

where ( = 4/ %—bb captures the dependence on the batch-size, co := exp ( 1 277) and cy, =

2% In(7/7)
S0 [1— exp (—47)].

Proof From the result of Theorem 9 we have

E[&k) < (1 — mpp)E[Ep—1] + 2Lk nio?
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Unrolling the recursion starting from wg and using the exponential step-sizes

o !
2k

120

1L~ (-57)

T [
k=1 Li=k+1

k T
E[Er] <E[&] [] <1 — ’;’2) +2LK(%0% )
k=1

k=1 i=k+1

T T T
<o Posp | 234 | + 200207 S 1 e (—2‘2 5 ¢>
k=1

C =D
(M =0and 1 —z < exp(—zx))

Using Lemma 12 to lower-bound C' then the first term can be bounded as

*112 —K * 12 T v
||lwo — w*||* exp <2LC> < JJwo — w*||” e2 exp <_2f<;1n(T/r)>

where Kk = % and c; = exp (iln(QTT/T)) Using Lemma 13 to upper-bound D, we have D <

16K2ca(In(T/7))2
e2y2T

then the second term can be bounded as

32L0%co?k3 (In(T/7))?

2Lk(%0%D < > T
e g

Hence

2 2,.3 TT 2
E[gT] < ”’LUO _'UJ*HQCQ exp < il ) + 32Lo" ek (hl( / ))

2k In(T/r) e? v2T

By Theorem 10, then

N c N 32Lc%ca¢?k3 (In(T/7))?
EHwal —w ||2 Si ||’lU0 —w ||26Xp< 7 ) ZC ( ( / ))

2k In(T/r) e2ey, v2T

D.1. Helper Lemmas

Lemma 10 For & = ||wr — w* + Ap(wp — wr—1)||* + 200 0 (fwi—1) — fw*)), Ep >

cr, ||wr—y — w*||* where ¢, = % [1—exp (—57)]

Proof

E[ér] = E[Ar] + E[Br] > E[Br] = 2Arnr E[f (wr-1) — f7]
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Hence, we want to lower-bound A7 17 and we do this next

-9 | py TN
Arnr = T 1-— (1 Y3 ) (Using the definition of 7, and \y)
1 _ -
> T h- exp <—T o %)} (Since 1 — z < exp(—x))
ILI, L
L= Py , IN1T
e () -
w L exp\ =57 (Since y = (7))

We restate [21, Lemma 2, Lemma 5, and Lemma 6] that we used in our proof.

Lemma 11 If
o? = E[fi(w") - £,

and each function f; is p strongly-convex and L-smooth, then

* * n—>b
op = Eg[fp(w*) — f§] < & o>,
=2
Lemma 12
T
T 2T
A= ¢ > i —

;’V “ (/7)) W(T/)

Lemma 13 For~ = (%)I/T and any k > 0,

T T

1 ; 4/%20 (1!1(7/7'))2
E 2k 2 : 3 2
1 P <_l€ ) = 62— ’)/22

i=k+1

where cy = exp (% ln%; /T)
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Appendix E. Proof of SHB with smoothness mis-estimation

Similar to the dependence of SGD on smoothness mis-estimation obtained by [21], Theorem 14

shows that with any mis-estimation on L we can still recover the convergence rate of O (exp (_TT) + %)
to the minimizer w*. When vz, < 1, In(v) < 0, the last term will be zero which implies that the
rate matches Theorem 3 up to constant that depends on vy. When v, > 1, we pay a price of
mis-estimation of the unknown smoothness as In(v7,) > 0 so the last term is non-zero and the

convergence rate slows down by a factor that depends on vy,.

Theorem 14 Under the same settings as Theorem 3, SHB with the estimated L = % results in
the following convergence,

E |wr—y —w*|*

c2 min{vy, 1}T  ~
< k|2 2 o
< o = | 2 exp (- PEGLT

Lo 32Lk3¢2 In(T/-) y [ (max {1 vi } In(T /7)02>

cr e2y2T "4L

+ <max{0,ln(VL)} <02 Fon, 1)”

VLK

In(vr)

where cog = exp (ilnfﬁ) ko = Tirrsy and Ay = maxep,) E[f(wi) — f*] and ¢, =

1o (-57)]

Proof Suppose we estimate L to be L. Now redefine

1

= 5

~  1—2nL

Ak:i(l—(l—nku)k)
ik

. - 2
Ak = Hwk — w* + )\k(wk — wkfl)H
By = 2 M (f (wi—1) — f(w"))
ék = Ak + Bk
Follow the proof of Theorem 9 until Theorem 9 first part step with the new definition,
Elé1) < (1 — mep)B[E] + 2Lk¢nio” + 2E[f (wy,) — f7] (QLWI?; — Ak (1= mep) — me + 77k+1>\k:+1>

G

®)
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G can be bound as

G = 2Ln} — mMie(1 — ) — N + M1 Mot
= k(2L — 1) — e AR(1 — Mept) + Mes1 Mo

. 1—2nL .
= k(2L — 1) + (1 — 2Ln) — 1 (1 - (1= nku)k“) + M1 M1
(definition of ):k)
R 1—2nL .
< 277k(L77k; - L77) - 7 (1 - (1 - ﬁk+1#)k+1> + N1 A k1 M1 < Mk)

= 20k (L — Ln) — M1 Mo+ 1 + D1 Mot
= 20 (Lny, — Ln)

Hence Eq. (5) can be written as
E[ri1] < (1= me)B[E] + 2Lk nio” + 4B[f (w) — f*]nw(Li — Ln)

First case if v, < 1 then Ly — f/n < 0 and we will recover the proof of Theorem 3 with a slight
difference including vy,.

5 T v 32Lk(20%cak? (In(T/7))?
E[&] < [Jwo — w*||? et
[€k] < flwo —w[| ez exp < 2K ln(T/r)) €2 v2T

Second case if vy, > 1

Letko =T IT((;/LT)) then for k < ko regime, Ly, — Ln > 0

Elékt1] < (1 — nep)E[Ex] + 2Lu(nio?® + 4E[f (wy) — f*]m(Lne — Ln)

Let Ay = max;e,) E[f(w;i) — f*] and observe that Ly, — Ln< Lnk”fj—:l then

A A vy —1
E[Ek11] < (1 — mep)BIE] + 2LrCnio” + 4Lni Ay LVL
v 4 v —1
= (1= EEMEIE + 2L(r¢%0? + 20,7 n}
C5
Since vy, > 1
Effii] < (1~ 577" ElE] + esn}
Unrolling the recursion for the first kg iterations we get
ko—1 B ko—1  ko—1 i
5 5 k 2
Elén] <El&] [T (1-557%) +s 2% IT (1-57%)
k=1 k=1 i=k+1
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Bounding the first term using Lemma 12,
ko—1

_ ~ko
Iz k) my—
11— — < -
[1 ( o —eXp< oL 1—~ )
k=1
Bounding the second term using Lemma 13 similar to [21, Section C3]

ST (1 o)) i
k 2L ") ~ 26(1 —7) ) e2~? T2

k=1 i=k+1

Put everything together,

5 — Ao ko 16r2 ko In(T/r)?
EIE 1< llon — w2 By g 0
i) < o = wlPexp (~ 2 50 ) s+ cnen (5 ) e

Now consider the regime k > ky where Ln; — f,n <0

Elf] < (1 — LB + 2Lrcto? L

21 AL
2 2
o ky@ré VLo 2
<(1—-IA"E
<(1- LA ElE] + L7
Unrolling the recursion from k = kg to T'
T 7 v /@'C o?
5 5 VLRG0
E[ér) <E&,] [T (1 - op Tk Z H (1- *%
k=ko k=ko i=k+1

Bounding the first term using Lemma 12,

T ko T+1
p k;) poyko — o
1— < L At
11( 21" —eXp< oL 1—~ )
=Ko

Bounding the second term using Lemma 13 similar to [21, Section C3]

T T
o 1l ( - %) exp ( g ) 16 (T = ko +1) In(T/r)”
_ 242 2
P e 2L 2k(1—7) ) e%y T

Hence, put everything together
w yko — 7T+1> N viK(2o? exp < '(yT‘H )) 16x2 (T — ko + 1) In(7/r)?
Y

2L, 1—~ 2L €22 T2

Combining the bounds for two regimes

ko T+1 ko ko 2 2
5 poyt =y 2 py = g 1657 ko In(7/r)
E[&r] < exp (— ) <||wo — w*||“ exp < 5T S ) + c5exp (2 ( ) 5 T2

E[ér] <E[&g,] exp <

2L 1—+~ 1- k(1 —7)) ey
V2 k(202 ATH1 16x% (T — ko + 1) In(T/r)?
ex
2L P 2k(1 —7) ) e24? T2

T+1 T+1 2 2
2 By gl 16x% ko In(7/7)
= ||lwp — w*|| exp( oL 1-o >+C5exp(2ﬂ(1’y)> o T2
g )?

Vi k(o2 T+l 1652 (T — ko + 1) In(T/~
o, P 2k(1 —7) ) e242 T2
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Using Lemma 12 to bound the first term and noting that % < mfﬁ, let co = exp <i m?ﬁ)

3 16cok2 ko In(T/7)? 21262 16cok2 (T — k 1) In(T/+)2
E[ET]S||wo—w*||2eXp< vy > : cok” ko In(T/7) +VLI€<O' cak? ( 0+ 1) In(7/7)

2k In(T/r) e2~2 T2 2L e?4? T2
Substitute the value of c¢5 and kg we have

V2 k(202 8cok? In(T/7)?

. T
E[ér] < |jwo — w*|)? exp ( il ) n

2k In(T/r) LT €22
— 1\ L k21 In(T/r
+32 (%202 + oA, 2k ) . D(ZL)z ne)
vy T e<ry

Combining the statements from vy, < 1 and vy, > 1 gives us

min{vy, 1}T  ~ )
2K In(7/7)

E[ér] < |lwo — w*||* ca exp <—

32Lcok? In(T/7)
e2~2T

<max {17 ﬁ} In(7/7)k¢%0? + max{0, In(vz)} <:‘€C202 +on 1>>

vp

The next step is to remove the L from the LHS, and obtain a better measure of sub-optimality. By
Theorem 10,

1=cy,

Note that c;, > 0 is constant w.r.t T". Hence,

nfv 4T
E < ) _mln{VL,
L L e

c 32LK% In(T/7)
cr,  e€292T

(maX {17 V%} In(T/r)r¢?0? + max{0, In(vr)} <HC202 +2A¢ L~ 1))
4L L

Appendix F. Additional experiments

To conduct experiments for smooth, strongly-convex functions, we adopt the settings from [21].
Our experiment involves the SHB variant and other commonly used optimization methods. The
comparison will be based on two common supervised learning losses, squared loss for regression
tasks and logistic loss for classification. We will utilize a linear model with ¢s-regularization % | w]|?
in which A = 0.01. To assess the performance of the optimization methods, we use ijcnn and rcvi
data sets from LIBSVM [3]. For each dataset, the training iterations will be fixed at 7' = 100mn,
where n is the number of samples in the training dataset, and we will use a batch-size of 100. To
ensure statistical significance, each experiment will be run 5 times independently, and the average
result and standard deviation will be plotted. We will use the full gradient norm as the performance
measure and plot it against the number of gradient evaluations.
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The methods for comparison are: SGD with constant step-sizes (K—CNST), SGD with expo-
nentially decreasing step-sizes [21] (K-EXP), SGD with exponentially decreasing step-sizes and
SLS [19, 21] (SLS-EXP), SHB with constant step-sizes [17] (SHB-CNST), SHB with exponen-

tially decreasing step-sizes (SHB-EXP), SHB with exponentially decreasing step-sizes and SLS
(SHB-SLS-EXP).

ijcnn rcvl

Gradient Norm (log)
=
o
&
Gradient Norm (log)
=
o
b

107
107
10°°
10-6 10-5
[ 5000 10000 15000 20000 25000 0 1000 2000 3000 4000 5000 6000 7000 8000
(Gradient evaluations) / 1000 (Gradient evaluations) / 1000
(a) ijcnn (b) revl
— K-CNST —— SHB-CNST K-EXP —— SHB-EXP SLS-EXP SHB-SLS-EXP
(©)
Figure 2: Squared loss on ijcnn and rcv1 datasets
ijcnn 10-1 rcvl
10°
K
£107 £ L
21073 g1o
2 1074 g 10-¢
5} 105 Iy il rmj'_‘“ﬂmwm,,,‘,,w‘w"‘__ I 5} s
1073 5000 10000 15000 20000 25000 0 1000 2000 3000 4000 5000 6000 7000 8000
(Gradient evaluations) / 1000 (Gradient evaluations) / 1000
(a) ijcnn (b) revl
— K-CNST —— SHB-CNST K-EXP —— SHB-EXP SLS-EXP SHB-SLS-EXP
(©)

Figure 3: Logistic loss on ijcnn and rcv1 datasets
We observe that exponentially decreasing step-sizes for both SHB and SGD have close perfor-

mance and they both outperform their constant step-sizes variants. We also note that using stochastic
line-search by [19], SHB-SLS-EXP matches the performance of the variant with known smoothness.
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