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ABSTRACT. We present Pontryagin-Guided Direct Policy Optimization (PG-
DPO), a framework for solving continuous-time portfolio optimization prob-
lems involving both consumption and investment decisions. Integrating Pon-
tryagin’s Maximum Principle (PMP) within a neural network pipeline, PG-
DPO bypasses traditional value function approximation and directly optimizes
policy parameters using adjoint processes associated with the current policy,
computed via automatic differentiation. An optional alignment penalty, ex-
plicitly derived from PMP conditions, significantly accelerates convergence and
improves policy stability during training. Numerical experiments validate the
framework’s efficacy: PG-DPO accurately recovers the closed-form solution
for the classical Merton problem and, crucially, demonstrates its capability to
handle more realistic, state-dependent dynamics involving stochastic factors,
effectively capturing intertemporal hedging demands. These results highlight
that the PMP-guided deep learning approach offers an effective and potentially
efficient pathway for direct policy optimization in complex continuous-time sto-
chastic control settings within finance.

1. Introduction. Merton’s portfolio optimization problem [18] remains a corner-
stone of mathematical finance, guiding optimal investment and consumption deci-
sions in continuous time. Classical treatments (e.g., [13, 30, 21]) derived seminal
closed-form solutions under specific assumptions like constant market coefficients
and complete markets. However, real-world markets often exhibit more complex
dynamics, such as time-varying or stochastic investment opportunities driven by
external factors, motivating numerous extensions (e.g., [14, 28, 17, 19, 27]). While
analytical solutions exist for certain classes of these extended models (e.g., affine or
quadratic models, [14, 17]), many realistic scenarios involving intricate dynamics,
multiple factors, or constraints lack tractable closed-form solutions, necessitating
the use of numerical and data-driven methods.
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Parameterizing investment and consumption policies using neural networks and
optimizing via gradient-based methods offers a promising data-driven approach.
This approach is particularly effective for problems involving high-dimensional state
spaces, path dependence, or market frictions [9, 10, 1, 4, 2, 31, 24, 25]. Neverthe-
less, purely empirical or black-box gradient methods may overlook the underlying
continuous-time optimal control structure. Without grounding in classical con-
trol principles, convergence to a theoretically sound policy is not guaranteed (cf.
[24, 25]). Furthermore, some approaches, like model-free reinforcement learning
(RL), often require extensive exploration and may simplify the problem by omit-
ting consumption [6].

In response to these limitations, a prominent alternative is the deep BSDE
methodology (e.g., [10, 29, 12]), which focuses on approximating the value function
by solving the associated backward stochastic differential equation (BSDE) derived
from the Hamilton-Jacobi-Bellman (HJB) equation. The optimal policy is then
inferred from the estimated value function. In contrast, our proposed Pontryagin-
Guided Direct Policy Optimization (PG-DPO) framework is fundamentally adjoint-
based and pursues direct policy optimization. Instead of explicitly approximat-
ing the value function, our framework leverages Pontryagin’s Maximum Principle
(PMP) by computing adjoint (costate) processes associated with current subopti-
mal policies directly through automatic differentiation (AD) and backpropagation-
through-time (BPTT). We then use these adjoint sensitivities to explicitly guide
and update the policy network parameters. This distinction in learning targets
(adjoint process vs. value function) and update mechanisms (direct policy gradient
vs. inferred policy) potentially offers different trade-offs in terms of interpretability,
computational efficiency, and direct control over the policy structure.

Despite significant advances in deep learning methods for finance, existing neural
network approaches (e.g., Deep BSDE, Physics-Informed Neural Networks (PINNs),
RL) have primarily tackled simplified or investment-only portfolio problems. Con-
sequently, developing a unified, theoretically grounded neural framework capable of
simultaneously addressing consumption and investment decisions remains a chal-
lenging open problem. Our work addresses this gap by integrating PMP with a
neural network solver designed to handle the dual controls of consumption and
investment simultaneously and coherently.

We develop the PG-DPO framework, treating the portfolio problem as a continuous-
time stochastic control system solved via direct neural network optimization. By
embedding PMP principles within the training loop, interpreting gradient steps
through the lens of adjoint processes, we provide a control-theoretically motivated
approach to policy improvement that retains the flexibility of deep learning and AD.
A key innovation is the optional alignment penalty derived directly from PMP’s
first-order conditions (FOCs). By explicitly regularizing the policy towards PMP-
derived controls, this penalty significantly enhances convergence speed and training
stability, as confirmed by our numerical experiments.

Critically, our numerical experiments validate the PG-DPO framework on two
benchmarks: the classical Merton problem with constant coefficients and, impor-
tantly, the Kim & Omberg model involving stochastic investment opportunities.
This second experiment explicitly demonstrates the framework’s ability to effec-
tively capture intertemporal hedging demands and state-dependent dynamics. The
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results demonstrate reliable convergence to policies strongly aligned with PMP con-
ditions, achieved within computationally practical training times.

The main contributions of this paper can be summarized as follows: (i) We pro-
pose the PG-DPO scheme, integrating PMP into a neural direct policy optimization
framework for continuous-time portfolio problems. (ii) We introduce an adjoint-
based alignment penalty to improve training dynamics. (iii) We demonstrate the
method’s effectiveness in solving the challenging dual-control (consumption-investment)
problem and, significantly, its capability to handle state-dependent dynamics aris-
ing from stochastic factors. (iv) We explicitly extend the PG-DPO framework be-
yond purely Markovian settings to accommodate non-Markovian, path-dependent
dynamics through Markovization, specifically illustrating how common momentum
factors can be seamlessly integrated via state augmentation and corresponding ad-
joint sensitivities. This extension substantially broadens the applicability and flex-
ibility of our approach, which also holds promise for scenarios involving constraints
and multiple assets.

The remainder of the paper is structured as follows: Section 2 details the gen-
eralized problem formulation including stochastic factors. Section 3 revisits PMP
for this generalized setting. Section 4 explains the PG-DPO algorithm, including
discretization, gradient computation, and the alignment penalty. Section 5 presents
numerical results for both the classical Merton problem and the Kim & Omberg
model. Section 5.2 illustrates the extension of PG-DPO to non-Markovian mo-
mentum dynamics via Markovization. Finally, Section 6 concludes the paper and
discusses future research directions.

2. Problem formulation. We consider a general continuous-time portfolio opti-
mization problem set within a filtered probability space (2, F, {F:}iejo,7], P) sup-
porting a standard two-dimensional Brownian motion Wy = (Wx 4, Wyyt)T. Here,
Wx ¢ drives the risky asset price impacting wealth X, Wy, drives the external sto-
chastic factor Y, and their instantaneous correlation is given by E[dWx dWy,] =
pxydt, where pxy € [—1,1]. An investor allocates wealth between a risk-free asset
and a single risky asset, where the market environment can be influenced by the
external factor. The investor’s goal is to maximize the expected utility derived from
intermediate consumption and terminal wealth over the finite horizon [0, 1.

The market consists of a risk-free asset B; providing a constant interest rate
r, whose price evolves according to dB; = rBdt with By = 1, and a risky asset
S;. The price dynamics of the risky asset are given by the stochastic differential
equation (SDE)
ds,
?t = u(t,Yy)dt + o(t, Y:)dWx 4, (1)
t
where the drift u(t, ;) and volatility o(¢,Y;) (> 0) are adapted processes potentially
depending on time ¢ and the stochastic state process Y;. This process Y; represents
external factors influencing the investment opportunity set, such as stochastic risk
premiums or volatility levels, and is assumed to follow a general It6 process

dY; = b(t, Yy)dt + a(t,Y,)dWy., Yo = yo, (2)

with drift b(¢,y) and diffusion a(t,y). For clarity and to establish the core method-
ology, the theoretical exposition and numerical examples in this paper focus on
cases with at most one stochastic factor (Y;). Extending the framework and anal-
ysis to settings with multi-dimensional factors remains an important direction for
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future research. Similarly, incorporating non-Markovian features arising from path-
dependencies, such as financial momentum, represents another significant extension.
As detailed in Section 5.2, such path-dependent dynamics can often be effectively
handled within the PG-DPO framework by augmenting the state space to con-
struct a Markovian representation, to which our PMP-guided methodology directly
applies.

Let X; denote the investor’s total wealth at time ¢, with Xo = zg > 0. The

investor controls the proportion 7; of wealth invested in the risky asset and the rate
of consumption Cy. The resulting wealth dynamics are governed by the SDE

dXt = [’I”Xt —+ ’/Tt(ﬂ(t, }Q) — T)Xt — Ct] dt + 7Tt0'(t, K)XtdWX,t- (3)

The control processes (¢, Ct)ie[o,r] must be admissible, meaning they are adapted,
satisfy integrability conditions for the existence and uniqueness of a strong solu-
tion to (3), and adhere to any problem-specific constraints such as C; > 0 and
maintaining X; within the domain of the utility function.

The investor seeks to maximize the objective functional J(mw, C), defined as the
expected total discounted utility from consumption and terminal wealth:

J(m,C) =E l/oT e PU(CY)dt + ke PTU(Xr) | , (4)

where U (-) is a strictly increasing and strictly concave utility function (U’ > 0,U" <
0), p > 0 is the discount rate, and x > 0 weights the bequest motive. Specific forms,
often from the Hyperbolic Absolute Risk Aversion (HARA) class such as CRRA or
CARA, will be employed in our numerical examples.

In our proposed framework, we approximate the optimal policies using neural
networks parameterized by 6 and ¢. These networks take the current state infor-
mation (¢, Xy, Y;) as input to determine the investment proportion and consumption
amount:

Tt :Fe(taXt7}/t)7 Ct = Ctb(taXtv}/t) (5)
Network architectures can be designed to inherently satisfy constraints like Cy > 0
using appropriate activation functions.

For theoretical context, the optimal policies (7*, C*) can often be characterized
using dynamic programming. Let V (¢, z,y) denote the value function, representing
the maximum achievable expected utility from state (¢,z,y). Under sufficient regu-
larity, V satisfies the Hamilton-Jacobi-Bellman (HJB) partial differential equation:

1
=PV + Vi bt 9V, + 5a(ty)*Vyy

T - o)

1
+ 570t y) 2 Veo + pxymo(ty)alt, y)aVey, + U (O)} =0

subject to the terminal condition V(T,x,y) = sU(z). The optimal controls that
attain the supremum in (6) typically take the form:

U'(C) = Va(t,2,y), (7)



PG-DPO FOR CONTINUOUS PORTFOLIO PROBLEM 5691

(u(t,y) =r)Va  pxvalt,y)Vay
o(t,y)?aVys o(t,y)xVi,

Myopic Demand Hedging Demand

(8)

W*(t7$,y) = -

These expressions reveal that the optimal policies depend intrinsically on the value
function and its partial derivatives. While the structure of the optimal policy can
be characterized via the HIB equation (6), obtaining an analytical or numerical so-
lution for the value function V' or its derivatives V;;, Vyz, Vy can still be challenging,
requiring specific techniques tailored to the problem structure. Our PG-DPO ap-
proach, detailed in the subsequent sections, offers an alternative pathway. It aims to
directly learn the policy networks 7y and Cy by leveraging the necessary conditions
derived from PMP within a computational learning framework, thus bypassing the
explicit solution of the HJB equation. This approach provides a unified methodol-
ogy, as demonstrated by its application to both the classical Merton problem and
the Kim & Omberg model presented later.

3. Pontryagin’s maximum principle for the portfolio problem. In this sec-
tion, we detail the application of PMP to the general portfolio optimization problem
formulated in Section 2. PMP provides the necessary conditions for optimality and
introduces the concept of adjoint processes, which are central to our gradient compu-
tation methodology. We first outline the PMP framework for our specific problem
setting (Section 3.1) and then discuss the policy-fixed adjoint processes used for
iterative policy improvement (Section 3.2).

3.1. PMP formulation and necessary conditions. We now apply PMP to
the general portfolio optimization problem defined in Section 2. PMP provides
necessary conditions for optimality by introducing adjoint processes alongside the
state dynamics defined by (3) and (2).

Recall the system state is the vector X; = (X;,Y;)", the control is the vector
u; = (m,Cy) ", and the dynamics dX; = f(t, Xy, u;)dt + o (t, X4, u;)dW, are driven
by the 2D Brownian motion W, = (Wx 4, Wy’t)—'— with correlation pxy. The drift
vector f and diffusion matrix o are explicitly given by:

£(t, (2,y), (1,0)) = (m + W(M(If(t%)_ r)e — c> |

_ (mo(t,y)z 0
o(t, (z,y),m) = ( 0 a(t,y)) .
The objective is to maximize the functional J(m, C) given by (4).

PMP introduces the costate vector Ay = (\¥,A\})T and the associated 2 x 2
matrix process Z;, explicitly given by

7 Z))((,t ZS)}:t
Sz, zn)
where Z§ denotes the sensitivity of dA\{! to dWpg . The Hamiltonian H (¢, X, u, A, Z)
is defined as:

H = e PUC) + X [rz + 7(u(t,y) — )z — C]

+ Ab(t,y) + ZXmo(ty)z + Zy a(t,y). (9)
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Let (77, C) be the optimal controls and (X}, A}, Z;) the corresponding optimal
processes. The optimal adjoint processes satisfy the vector BSDE system:

AN = =V H(t, X; 0 A, Z7)dt + Zi dW, (10)

with the terminal condition A} = (ke PTU’(X%),0)7, derived from the termi-
nal payoff term in the objective function (4). The Hamiltonian gradient ViH* =
(OH*/0x,0H* /0y) T has components:

aH* * * * %k

o =\% [T‘—|—7T(/L—T)]+Z§’7TO’,

87‘[* k[, % * k% *

gy =N a(00/0y)) + X7 (96/9y) + 73" w290 /0y)] + Zy " (9a/Oy).

The PMP condition requires that the optimal controls uf = (7}, C}) must maximize
the Hamiltonian (9) pointwise:

H(t,...,m;,Cf,...) = sup H(t,...,m,C,...).
7,C>0

The FOC with respect to consumption C; yields the familiar optimality condition:

= PU(CH =N =0 = U(C) = e\ (11)

*

aCy

Similarly, the FOC with respect to the investment proportion m;, assuming an
interior solution, is given by the equation:

oH

o | = Nt Y = 1) X) + Z3 ot V)X =0, (12)

*

Y, ) —r
— ZX,*:_)\X,*M( s Lt
X,t t O'(t, }/t*)

These FOCs implicitly define the optimal controls (7}, C;). While the condition
for Cf (11) is straightforward, deriving an explicit expression for 7} from the FOC
(12) requires utilizing the relationship between the adjoint diffusion component Z))gt*
and the derivatives of the costate A;X . which arises from applying It6’s lemma. As
derived in Appendix A , this connection allows for the explicit decomposition of the
optimal investment proportion 7} into two components:

o BEYS) = [ SN ) pxvalt Y)ONT/0Y)
oot Y)? \ X (0NN ox) o(t, V) X7 (0N )0x)

Myopic Demand Hedging Demand

This decomposition into myopic and intertemporal hedging demands aligns per-
fectly with the structure derived from the HJB approach (8), highlighting the consis-
tency between the methodologies. Understanding this theoretical structure derived
from PMP informs the interpretation of the learned policy and the role of the adjoint
processes in our PG-DPO method.
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3.2. Policy-fixed adjoint processes and iterative policy improvement. Wh-
ile PMP characterizes the optimal policy (w;, C;) using adjoint processes (A}, Z;)
derived under optimality, we can define analogous adjoint processes for any fixed,
potentially suboptimal policy parameterized by (6, ¢), as given by m = wo(t, X+, )
and C; = Cy(t,X;,Y:). This concept of policy-fixed adjoints is crucial for our
gradient-based optimization.

For a given policy (mg, Cy), we define the corresponding policy-fixed adjoint pro-
cesses (A?, Z%%) as the solution to the BSDE:

A = =V H(t, Xe,ul? Ay, Z)dt + ZodWy,  Ap = (ke PTU(X7),0)7,  (14)

where X follows the dynamics driven by u’"® = (g, Cy) ", and Vi H = (9K /0z, 0H/dy) "
is evaluated using the current policy and the corresponding adjoints. This adjoint
vector A?’¢ = ()\f(’e“z’, )\Z’O’d’)—r represents the sensitivity of the objective functional
J(6,$) to perturbations in the state X; = (X, Y;)" under the fixed policy (6, ¢),
while the matrix process Zf’¢ reflects how this sensitivity itself fluctuates due to
the underlying stochastic shocks W;.

These policy-fixed adjoints are instrumental in computing the gradients VyJ and
VJ, which guide the policy updates. Applying the chain rule (or adjoint method
for stochastic processes), the gradients can be expressed via expectations involving
the adjoints and policy derivatives:

dJ T (oH O (t, X, Yr)
— =E = ot U 15
89 /0 <87T u91¢7A9,¢)Zay¢> 69 ? ( )
dJ /T OH OCy(t, X1, Y3)
= =E — e P, 16
96 [0 (ao u9,¢7v,¢,z9,¢> 96 (16)

where the relevant partial derivatives of the Hamiltonian, evaluated at the current
policy (mg, Cy) and corresponding adjoint processes ()\f . Zf’¢), represent the devi-
ation from the FOCs derived in Section 3.1. Specifically, the term for consumption
is

g% = e U (Cy) — N, (17)
which corresponds to the left-hand side of the optimal consumption condition (11).
Similarly, the term for investment is

oH
S = A (V) = )X+ 23,0 (Vi) X, (18)

corresponding to the left-hand side of the optimal investment condition (12). These

terms (17)-(18) measure the extent to which the current policy locally deviates from
satisfying the PMP FOCs.

Repeating gradient ascent steps using these computed gradients aims to drive
OH/Om and OH/OC towards zero, thus iteratively improving the policy (mg,Cy)
towards optimality.

Crucially, our PG-DPO framework utilizes AD applied to the computational
graph of the forward simulation (will be discussed in Section 4.2) to obtain the
necessary sensitivities Ay = 8J/9X}, for the discretized problem. This avoids the
significant challenge of numerically solving the potentially high-dimensional BSDE
(14) at each iteration, while still leveraging the gradient information prescribed by
PMP. This distinguishes our approach from value-based methods like deep BSDE
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[29, 10, 12], as we directly target policy improvement guided by adjoint sensitivities
rather than approximating the value function first.

4. Gradient-based algorithm for stationary point convergence. In this sec-
tion, we describe the practical implementation of our PG-DPO approach for the
general portfolio optimization problem formulated in Section 2. We detail how the
continuous-time system is discretized, how gradients are computed using BPTT, and
how the policy-fixed adjoint processes, A; and matrix Z;, guide the policy networks
mo(t, X¢,Y;) and Cy(t, Xy, Y:) towards a Pontryagin-aligned solution. We also in-
troduce an alignment penalty designed to steer the learned controls towards locally
optimal controls derived from PMP, thereby potentially improving convergence and
stability.

The structure of this section is as follows. We first discuss the single-path ap-
proach for estimating the necessary adjoint information for a given state (¢, Xy, Y;)
(Section 4.1). We then detail the discrete-time gradient computation algorithm
using BPTT (Section 4.2). Section 4.3 explains the formulation and incorporation
of the adjoint-based alignment penalty. Subsequently, Section 4.4 discusses the ex-
tension to handle arbitrary initial conditions (¢, X, Yy) using an extended value
function concept and outlines the two main algorithmic variants: PG-DPO and
PG-DPO-Align. Overall, by integrating PMP principles within a flexible BPTT-
based learning framework, our approach aims to find near-optimal policies for the
continuous-time portfolio problem.

4.1. Single-path approach for each state (t,X;). A central insight of our
method is that a single forward simulation (or single path) starting from a given
state (¢, X;) can produce unbiased estimates of the sensitivities required for gradient
computation. Specifically, AD applied to the simulation path allows us to compute
the components of the adjoint vector \X = 9.J/0X;, which measures how changes
in wealth X; affect the total expected cost J. The matrix process Z;, representing
the sensitivity of the adjoint vector A; to the Brownian motions dWx ; and dWy,
also plays a role defined by the PMP framework. While AD implicitly calculates the
necessary influence of these terms for the policy gradients (as shown in Section 4.2),
explicitly estimating components of Z; (like Z fgt) might be needed for constructing
the alignment penalty (Section 4.3).

Using just one forward simulation path from each sampled state node (tx, Xy)
offers several computational advantages. First, although the estimates derived from
a single path are inherently noisy, averaging over many such paths (e.g., in a mini-
batch) leads to estimates that converge to the true expected sensitivities [16, 3].
Second, the computational overhead per sample is minimal, as we avoid simulating
large ensembles for the same starting node; each node simply triggers one for-
ward simulation run. Third, this approach naturally supports online learning and
adaptation: as the policy parameters (6, ¢) evolve, we continuously generate fresh
simulation paths reflecting the updated policy and potentially changing market
conditions.

However, the primary drawback of this approach is high variance. The adjoint
sensitivity estimates derived from individual paths can fluctuate significantly, lead-
ing directly to noisy averaged gradient estimates (VqJ, VyJ). Such noise can slow
down convergence and often necessitate smaller learning rates. While averaging over
larger mini-batches helps mitigate this issue, variance reduction strategies, such as
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the alignment penalty discussed later (Section 4.3), can offer further stabilization.
We now detail the discrete-time BPTT algorithm that integrates this single-path
simulation methodology (Section 4.2).

4.2. Discrete-time algorithm for gradient computation. We now present a
concrete procedure, in discrete time, for computing the necessary gradient informa-
tion for the policy parameters (6, ¢) in the generalized portfolio problem (Section 2).
This algorithm relies on BPTT applied to discretized state trajectories and utilizes
the sensitivity information interpreted through the lens of the policy-fixed adjoint
processes (¢, Zy).

(a)

Discretize dynamics and objective. Partition the interval [0,7T] into N
steps of size At = T/N. Define t, = kAt for k = 0,..., N. Approximate
the state SDEs (3) and (2) using the Euler—-Maruyama scheme. Let X; =
(XK, Ys)". Generate correlated Brownian increments (AWx i, AWy )" ~
N(0,At - Sy ), where Sy = [[1, pxv], [pxv,1]]. The state update is:

Xit1 = Xi + [r Xy + m(p(te, Yi) — 1) X — Cr) At + w0 (th, Vi) X AW g,

Yit1 = Yi +b0(tr, Yi) At + a(te, Yi) AWy i, (19)

where 7, = 7 (tk, Xk, Yi) and Cy = Cy(tx, Xk, Yi). While this Euler-Maruyama
scheme is generally applied, ensuring non-negative wealth (X} > 0) requires
particular attention when specific utility functions, such as the CRRA are
employed. For such cases, we implement the exponential Euler method to
log X;. This approach is often combined with parameterizing consumption
as a fraction of wealth, i.e., Cy = ¢, X where ¢y = c4(tg, X, Yy). The
continuous-time cost (4) is discretized as:

N—1

J(O,8) ~E | > e P U(Cy) At + ke T U(Xy)
k=0

Forward path simulation and sensitivity computation via BPTT.
First, generate a full simulation trajectory {Xj}évzo starting from an initial
node (tg, Xo) and running until time T, using the dynamics in step (a). This
simulation defines a computational graph mapping the parameters (6, ¢) and
the initial state Xy to the final objective J(6,¢). Applying AD, specifically
BPTT, to this graph yields the overall policy gradients VyJ and V4J. Cru-
cially, the BPTT process also computes the sensitivity of the objective J with
respect to the state at each intermediate time step k& (0 < k < N), denoted
0J/0Xy, = (0J/0X},,0J/0Y:) . Consistent with the Pontryagin interpreta-
tion, we identify the key component Ay = 9.J/0X}, as the adjoint variable
related to wealth at time ¢.

Compute higher-order derivatives (for PG-DPO-Align only). For
the PG-DPO-Align variant (will be discussed in Section 4.3), constructing
the alignment penalty typically requires additional information beyond the
standard gradients. This may involve computing higher-order derivatives (e.g.,
O JOx and O /Oy) using further applications of AD, which incurs extra
computational cost. Standard PG-DPO does not require this step.

Update network parameters. The policy gradients VgJ and Vg4J com-

puted via BPTT correspond to the theoretical expressions (15)-(16), which
involve the Hamiltonian derivatives defined in Section 3.2 (cf. Egs. (17) and
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(18)). AD directly yields the numerical values for these gradients. Note that
AD, by differentiating through the stochastic term in the wealth dynamics
(3), implicitly incorporates the sensitivity corresponding to the Zfék. term in
the theoretical gradient expression (18). Finally, the parameters (6, ¢) are
updated using a stochastic optimizer (e.g., Adam, SGD) with the computed
policy gradients (Vg.J, V¢j ). The expectation E[---] inherent in the theo-
retical gradient expressions (cf. Egs. (15)-(16)) is approximated empirically
by averaging the gradient contributions calculated from a mini-batch of M
independent simulation paths:

E[...}gﬂl/[g;[...}i.

This iterative process of gradient estimation and parameter update is repeated
until the policy converges.

This algorithm effectively performs BPTT on the forward dynamics (3)-(2) dis-
cretized using the Euler-Maruyama scheme (step (a) above). Crucially, instead of
explicitly discretizing and solving the full coupled forward-backward system implied
by the continuous-time PMP (Section 3.1), our approach instead leverages AD. Ap-
plying AD directly to the discretized forward computation automatically yields the
required policy gradients and sensitivities such as A\;¥ = 9.J/0X.

The resulting gradient estimates, averaged over a mini-batch, are then used
within the stochastic approximation framework described in step (d) and analyzed
in Appendix B to update the policy parameters towards a stationary point. Inter-
preting the AD-computed sensitivities through the PMP lens, as discussed, offers
valuable insights beyond black-box gradient computation and facilitates techniques
like the alignment penalty (Section 4.3).

Remark: The sensitivity computed by AD, A = 0.J/0X, satisfies the discrete
adjoint BSDE required by PMP. A detailed derivation and justification are provided
in Appendix C.

4.3. Adjoint-based regularization for pontryagin alignment. As discussed
in Section 4.2, our approach utilizes AD to compute sensitivities, including estimates
of the adjoint component Ay = 9J/9X). To implement the alignment penalty,
we may need additional information derived from the PMP necessary conditions,
specifically the locally optimal controls based on the current state and estimated
adjoint information.

From the PMP FOC (11), which states U’ (C}) = e?! A", the Pontryagin-derived
optimal consumption CPMP at state (¢, X = (Xg,Y%) ') can be expressed using
the inverse of the marginal utility function, denoted by (U’)~!, given the estimate
)\kX :

CPMP (11, X3, Vi) = (U)) 1P AY). (20)

The Pontryagin-derived optimal investment proportion, 7F™MP

more general formula (13) derived in Section 3.1:

PMP Hr —T A pxy ar (9N} /9y)

tiey Xk, Yi) = - , 21
T e Xy Vi) = =0 <Xk(aA§ /0z) o1 Xn(ONX /0x) 1)
where p, = u(ty, Vi), ok = o(te, Vi), ar = a(tg,Yy), and the terms A\X, Oy /Oz,
and O\ /Oy represent estimates obtained at state (t, Xy,Y:). Computing the

, is given by the
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partial derivatives A\ /Oz and dA;X /9y typically requires applying higher-order
AD to the objective J with respect to the state components X and Yy, as described
in Section 4.2(d).

The neural network policies g (tx, X, Y%) and Co(ti, Xi, Y} ) might deviate from
these PMP-derived target controls CPMP and 7PMP. To encourage alignment, we
introduce a penalty term:

Latign(0,0) = Bc Y |Cop(try X, Yie) — C™MP (b, X, Vi) |
k

+ﬁwZ|7T9(tk,Xk7Yk)—WPMP(fk,Xk,Yk)L (22)
k
where B¢, Br > 0 are weighting coefficients, and the sum runs over sampled nodes
(tx, X)) in the mini-batch. This penalty measures the discrepancy between the
learned policy and the controls suggested by the PMP necessary conditions using
the current adjoint estimates.

We then define the augmented objective function:

Jalign (97 ¢) = J(ga ¢) - Ealign(gv ¢)

Optimizing Jaiign involves updating the parameters (6, ¢) using its gradient:
V(0,¢)Jatign (0, ) = V(9.6)J (0, 0) — V(9,6)Lalign (0, D).

This combines the original utility maximization objective with a component
that actively pushes the learned policies (Cyg, my) towards the PMP-derived targets
(CPMP 7PMP),

The weights Sc and [, control the strength of this alignment pressure. Moder-
ate values can encourage the policy to adopt characteristics consistent with PMP
optimality without overly restricting the neural network’s flexibility, potentially im-
proving convergence speed and stability. Conversely, very large values might enforce
strict adherence, which could hinder exploration or slow down learning if the adjoint
estimates are noisy or inaccurate, especially early in training.

This regularization strategy is conceptually similar to other methods that in-
corporate domain knowledge or theoretical priors into machine learning models
through penalties or soft constraints. Examples include PINNs using PDE resid-
uals [23], PDE-constrained optimization techniques employing adjoint information
[8, 11], and imitation learning methods in reinforcement learning that regularize
against an expert policy [26]. Our aim here is analogous: to leverage the theoretical
structure provided by PMP to guide the neural network training process effectively,
while retaining the benefits of data-driven policy representation and optimization.

4.4. Extended value function and algorithmic variants .

4.4.1. Extended value function and discretized rollouts . In Section 4.2, we intro-
duced a discretization scheme for the portfolio problem over a fixed interval [0, T
starting from a specific initial state. Here, we extend that approach to accommo-
date any initial state (to, Xo) where Xy = (Xo, Yy) ", by defining an objective based
on an extended value function concept over a broader state-time domain.

Many continuous-time control problems require finding a policy (mg, Cy) that is
valid for any admissible initial condition (¢g9, Xg). To train such a policy, we define
an objective function that averages the expected utility over a distribution 7(-) of
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initial nodes (tg, X) within the relevant domain D C [0,7] x (0,00) x R (or the
appropriate range for Y). Concretely, we aim to maximize:

J(97 ¢) = E(to,Xo)N’r] [‘](t07 XOa g, C¢)]

where

T
J(to, Xo;m9,Cyp) =E / e U (Cylu, Xu, Yu)) du+ me_”TU(XT)

to

th = X0‘| .
Maximizing J (0, ¢) yields a policy (w9, Cy) applicable across various starting times
to € [0,7] and initial states X.

Sampling initial states (to, Xo) from a suitable distribution 7 (e.g., uniform over
D) prevents overfitting to a single starting scenario and ensures the learned policy
generalizes across a broad region of the state-time domain. This sampling strategy
is common in reinforcement learning and numerical methods for PDEs and control
problems aiming for a single policy function valid over the entire domain (cf. [10]).

The practical implementation involves sampling a mini-batch of initial states,
performing a discretized simulation (rollout) from each sampled state to the termi-
nal time T, calculating the objective for each path, and then performing backprop-
agation to update (6, ¢), as detailed in Algorithm 1.

4.4.2. Gradient-based algorithmic variants. Based on the extended value function
objective and the PMP-guided gradient computation, we propose two main algo-
rithmic variants:

(a) PG-DPO (No Alignment Penalty).
The baseline version (Algorithm 1) maximizes .J (6, ¢) using standard BPTT
gradients without the alignment penalty. This approach is computationally
simpler but might converge slower, exhibit more variance, or find suboptimal
solutions compared to the guided approach of PG-DPO-Align.

(b) PG-DPO-Align (With Alignment Penalty).
This enhanced version (Algorithm 2) optimizes the augmented objective

jalign = j* ]E[ﬁalign]v

incorporating the alignment penalty from Section 4.3. While calculating the
PMP targets requires estimates of adjoint sensitivities and their derivatives
at (to, Xp). (typically obtained via higher-order AD, incurring extra compu-
tational cost), this alignment term often yields more stable and faster conver-
gence to theoretically sound policies.

Both PG-DPO and PG-DPO-Align naturally handle the random initial nodes
(to,Xo) drawn from 7, enabling the learned policy (mg,Cy) to cover the intended
operational domain. The strategy of computing the alignment penalty based only
on the initial state information (tg,Xg) for each sampled trajectory remains effi-
cient. Since Xy is sampled from a distribution covering the relevant state space,
performing BPTT with respect to Xg (including computing second derivatives if
needed for the penalty) allows us to estimate the necessary initial adjoint sensitivi-
ties (AL, 02, 9y AL). This avoids storing or computing adjoint information along
the entire path for the penalty term, saving memory and simplifying implementation
while still providing a rich set of alignment targets across the domain.
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Algorithm 1 PG-DPO

1: Inputs:
: Policy networks mg(t, X,Y), Cy(t, X,Y).

Step sizes {a?, a’f}, total iterations K.

2
3
4:  Domain sampler 7 for (téi),X(gi),YO(i)) over D C [0,7] x (0,00) x R.
5: Fixed integer N (number of time steps per path).

6 Market and utility parameters (r, p, k, v, functions u, o, b, a, correlation pxy ).

7: for j=1to K do
8: (a) Sample mini-batch of size M: Foreachi e {1,..., M}, draw initial

(1, X5, ¥3") from 7.
9:  (b) Local Single-Path Simulation for each i:
i) Define local time steps: Set AtV Tt /N, and V) = 0 4k AL®
0 k 0
for k=0,...,N, with t) = T.

(ii)  Indtialize state: X(()i) (X(()i) Y(i )T

(iii)  Puler-Maruyama Simulation: For k=0,...,N—

(iv) Generate correlated noise (AW)(; RWAN W( Q) p) T~ (O At(‘i) . EW)
(v) Get controls 7T](€) =y (t( )‘X,g ),Y( ), C,il) = Cy(t, ¢(%) X,EZ),Yk(Z)).
(vi) Update state X,(CJ)r1 = (X,EQI,YICZ)I)T using:

X0 = x4+ [rx® 410 (e, v - nx® - ] A
+ 1ot Y(”)X Dawd),,
Yk(-io—)l =YD + 0t ) AtD 4 at (Z),Yk(i))AW}(,?C

(vii)  Calculate local cost:

N-—1 _ _ ' _
T0,0) = 3 e UCD)AD 4+ ke T UXY).
k=0

13:  (c) Compute Average Objective and Gradients via BPTT:

LM
7 - (@)
6.)= 37 29700
Vo, ngj% Compute gradients of J wrt. 6, ¢ using BPTT.

14:  (d) Parameter Update:
0 0+alVel, &< ¢+alVyl.

15: end for
16: return Final policy (mg, Cy).

5. Numerical results. This section demonstrates our Pontryagin-guided direct
policy optimization (PG-DPO) framework on two benchmark problems with known
analytical solutions: the classical Merton problem (with consumption and invest-
ment) and a single-factor Kim & Omberg model [14] (investment only). The Merton
case allows direct comparison, while the Kim & Omberg case tests applicability to
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Algorithm 2 PG-DPO-Align

1: Inputs:
All inputs from Algorithm 1.
Alignment weights (8¢, Br)-

2
3
4: Requires:
5 Ability to compute the following derivatives via AD:

NS =0J/0Xo, 0.2 = 02T/0X3, O, = 07T/ (0Y0X0)

6: for j =1to K do
7. (a) Sample mini-batch and Simulate trajectories:
Perform steps (a) and (b) from Algorithm 1 to obtain trajectories and costs
JD(@,¢) fori=1,..., M.
8:  (b) Retrieve Adjoint Information (requires extra AD pass):
For each sample ¢:

(i)  Compute initial adjoint component and its derivatives using AD:

A\ oJ@ \X00) 92 J@ g AK) _ 52 J ()
0 (@ TE70 (i)yp> Y70 i) gy (i)
0X, 0(Xy"7)? 0Y, " 0X,

Calculate PMP target controls at (t(()i),X(()i)) using (20) and (21):

(ii
CéDMP,(i) - (U/)*l(epté” /\é(,(i)).

(iii

)
)
iv)
)

(IV M(()Z) — M(t(()l)’ YO(Z))’ 0-(()2) A U(t(()Z)’ }/b(l)>7 a‘E)Z) A a(t(ol)7 }/0(1))'
(v WPMP’(i) g —r A" Y S G
0 @2 \ X020 D) ] 7 aIx P (0,A5)

12:  (c) Compute Alignment Loss and Augmented Objective:
For each sample i, get policy outputs C\” = Cy (15, X, v{") and #{") =
o (tél), Xél), YO(Z)). Calculate alignment loss for sample i:

£(z) _ 6C|C(()Z) . C(I)DMP,(Z)| + ﬁﬂ‘ﬂ_(()z) . WgMP,(i)|.

align
Compute average augmented objective:
M

:]valign(ev ¢) = % Z |:J(Z) (97 (b) - ES%gn} :
i=1

13:  (d) Compute Gradients and Update Parameters:
ngahgn, Vd,jalign + Compute gradients of jalign w.r.t. 6,¢ using BPTT.
0 < 9+C¥? v0=7align7 (b(_ ¢+O‘f v(bj;dign'

14: end for
15: return Final policy (mg,Cy).

state-dependent dynamics. We also present value function approximations for the
Merton problem, estimated via Monte Carlo simulations using the learned policy
and fitted with a separate network (V) clarifying this two-stage approach.

5.1. Merton problem with consumption and investment. We first apply our
method to the standard Merton portfolio problem [18] incorporating both consump-
tion and investment decisions. This corresponds to a special case of the general
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formulation presented in Section 2 with d = 1 risky asset, constant market co-
efficients (u(t,Y;) = p, o(t,Y:) = o), and no external stochastic factor (Y;). The
investor aims to maximize J(m, C') in (4) using a CRRA utility U(z) = 2177 /(1—7)
with k = 0.1. This problem admits a closed-form solution, providing a benchmark.
Although our framework accommodates time-varying coefficients, we use constant
parameters for direct comparison.

We consider a one-year horizon T' = 1 and restrict the wealth (state) domain to
[0.1, 2]. The model parameters are r = 0.07, 4 = 0.18, 0 = 0.3, y = 2, and p = 0.1
(discount rate). Two neural networks, Cy and 7y, approximate the consumption
rate and portfolio proportion, respectively. Both networks take the state (¢, X3)
as input and consist of two hidden layers with 200 nodes each and Leaky-ReLU
activation. Training utilizes mini-batches of 10,000 initial states (to, Xo) sampled
uniformly from the domain D = [0,T] x [0.1,2]. At each iteration, fresh trajecto-
ries are simulated using the Euler-Maruyama scheme (with log-Euler for wealth to
ensure positivity) starting from these sampled initial states, mitigating overfitting.

We compare two variants of our approach:

(a) PG-DPO: The baseline algorithm (Algorithm 1) maximizing J (6, ¢) without
an explicit alignment penalty.

(b) PG-DPO-Align: The enhanced version (Algorithm 2) incorporating the
adjoint-based alignment penalty Laiign (cf. Section 4.3) with weights (8¢, =) =
(1073,1071), controlling the penalty strength, chosen after preliminary tun-
ing. For the Merton problem, the PMP targets in Lajign are given by

CPMP _ (gpto \X)=1/7 pMp _ M~ Ti
o T % o T T T e ONS oz

Both variants use the Adam optimizer with learning rates 1x107° (Cy) and 1x1073
(mg) for up to 100,000 iterations. Performance is evaluated using relative MSEs
against the known Merton solution, empirical utility (averaged over 500 validation
rollouts), and elapsed training time.

Table 1 summarizes the performance metrics. For the policy networks, PG-DPO-
Align generally achieves lower relative MSEs compared to the baseline PG-DPO,
particularly at higher iteration counts (10k and 100k), indicating faster or more
accurate convergence towards the optimal controls. Both methods demonstrate
good accuracy in approximating the value function itself and rapidly converge to
high levels of empirical utility. Notably, significant accuracy (low MSEs and near-
maximal utility) is achieved by just 10,000 iterations, requiring less than 10 minutes
of computation for both methods on our hardware (8.92m for PG-DPO, 9.60m for
PG-DPO-Align). The additional computational cost for the alignment penalty in
PG-DPO-Align is modest (7-8% increase in total training time). These findings
suggest that near-optimal policies can be learned efficiently, and the benefits of
alignment (accuracy, stability) come at a small overhead.

Figure 1 visually confirms the close match between the learned results (using PG-
DPO-Align after 100k iterations) and the exact Merton solutions for consumption,
investment, and the value function. This demonstrates the framework’s ability to
accurately capture optimal controls and the associated expected utility, despite the
challenges of simultaneous optimization.
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FIGURE 1. Neural vs. exact solutions for consumption policy, invest-
ment policy, and value function under the Merton model. The learned
plots (left column) are from our PG-DPO-Align run at iteration 100,000;
the exact plots (right column) show the corresponding closed-form Mer-
ton solutions.
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TABLE 1. PG-DPO vs. PG-DPO-Align in the Merton problem.
We compare relative MSEs (consumption/investment/value func-
tion), empirical utility, and Elapsed Time at various iteration mile-
stones. Learning rates are 1 x 1072 (mp) and 1 x 107° (Cy). PG-
DPO-Align uses alignment weights (3¢, 3x) = (1073,1071).

Iterations 1,000 10,000 100,000

Rel. MSE PG-DPO 3.14e+00  5.73e-01  9.65e-02
(Consumption)  PG-DPO-Align  3.00e+00  3.75e-01  3.46e-02

Rel. MSE PG-DPO 2.39e-02 2.13e-02 1.19e-02
(Investment) PG-DPO-Align  7.22e-02 1.57e-02 8.43e-03

Rel. MSE PG-DPO 4.33e-02 1.49e-04 1.21e-04
(Value Func.) PG-DPO-Align  3.37e-02 1.04e-04 2.18e-04

Empirical PG-DPO 6.5420e-01 6.4795e-01 6.4791e-01

Utility PG-DPO-Align 6.5434e-01 6.4793e-01 6.4791e-01
Elapsed PG-DPO 1.33m 8.92m 53.45m
Time PG-DPO-Align 1.43m 9.60m 57.55m

While our methods demonstrate computational efficiency (see Table 1), careful
consideration is required when comparing runtime with existing literature. For ex-
ample, Nguwi et al. [20] report runtimes of approximately 1 hour for Deep Branch-
ing and 3 hours for Deep BSDE [10] in solving the 1-dimensional Merton problem
(cf. Table 5 in [20]), whereas our PG-DPO methods achieve high accuracy in un-
der 10 minutes. However, direct comparison remains challenging due to differences
in hardware environments, implementation details, chosen model parameters (e.g.,
variations in u, 0,7, p,T), and the problem formulations themselves (e.g., Nguwi et
al. learn the value V' (0.1, ) at a fixed initial time ¢ = 0.1, while we learn policies
across the entire (¢, X) domain and subsequently approximate the value function
V(t,X) in a separate step). Despite these caveats, the significant gap in observed
computational times indicates a potential advantage of our direct policy optimiza-
tion framework. Our primary goal remains the efficient learning of optimal controls
(mg, Cy), with the approximation of the value function mainly used for validation.

5.2. Single-factor kim & omberg model (investment only). To evaluate our
framework in a setting with stochastic investment opportunities, we consider a
model inspired by Kim and Omberg [14]. In this model, the risky asset price S;
and a stochastic factor Y; follow the SDEs:

d

% = (r+oaYy)dt + odWx 4, (23)
¢

dY; = ky (0y — Yy)dt + oy dWyy, (24)

where Y; is an Ornstein-Uhlenbeck (OU) process representing the stochastic invest-
ment opportunities. Here, 7 is the risk-free rate, o is the constant volatility of the
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risky asset, « is the factor loading, and Ky, 6y, oy are the mean-reversion speed,
long-term mean, and volatility of the factor Y;, respectively. The Brownian motions
Wx + and Wy, have an instantaneous correlation pxy .

This setup corresponds to the general framework of Section 2 with u(¢,Y:) =
r+oaYs, o(t,Y:) = o, b(t,Y;) = ky(0y — Yy), and a(t,Y;) = oy. Similar to the
Merton problem, we focus on maximizing the expected utility of terminal wealth,
corresponding to the general objective (4) with C; = 0 and k = 1, ie., J(7m,C =
0) = E[le=?TU(Xr)] using the CRRA utility U(z) = 217 /(1—~). This model, while
representing a more complex, dynamic environment, admits a known closed-form
solution for the optimal investment policy 7*(¢,Y;), serving as our benchmark.

For the numerical tests presented here, we set the horizon T = 3 years and
use a risk aversion coefficient v = 2. The specific parameters used are » = 0.05,
ky =0.1,0y =0.02, oy = 1.0, 0 = 0.3, = 1.0, and pxy = 0.8. The state domain
for sampling initial conditions covers the time horizon [0, 7] and relevant ranges for
wealth X; and the factor Y;. We sample X; uniformly from [0.1, 3] and Y; uniformly
from [—0.48,0.52] (corresponding to 6y £ 0.50y).

The investment policy g (t, Xy, Y;) is parameterized by a neural network. This
network takes the state vector (¢, X;,Y;) as input, incorporating time-to-maturity
T — t, wealth, and the stochastic factor. It consists of three hidden layers, each
containing 200 nodes and utilizing the Leaky-ReLU activation function. The final
output layer produces the scalar investment proportion.

Similar to the Merton experiment, we compare PG-DPO (Algorithm 1) and PG-
DPO-Align (Algorithm 2), both adapted here to maximize the expected utility of
terminal wealth only (C; =0,k = 1). For PG-DPO-Align in this K&O setting, the
alignment penalty Laien only targets the investment policy mg. The target ﬂ'g MP/
calculated at the initial state (to, Xo,Yo), uses the general form from Eq. (21) (or
(29)):

7T(1)PMP _ _fo—rT Ao _ pxy oy (0N /dy)
02 Xo(ONf/0x) o Xo(OXS /0z)
where po = r + oaYy. Unlike the Merton case, the hedging term persists due to
the factor Y;. Calculating this target requires estimates of the initial adjoint state
MY and its derivatives ONS /O0x = 92J/0XE and ONS /Oy = 02T /(0Y,0Xo) via AD.
The alignment weight is set to 8, = 10~* after tuning.

Key differences in training compared to the Merton experiment include: the
Adam optimizer uses a lower learning rate of 1 x 10~7 for my; mini-batches contain
M = 1000 samples; each trajectory is simulated for N = 20 time steps using
Euler-Maruyama (adapted for OU and log-wealth dynamics) with antithetic variates
employed for variance reduction. We train for up to 50,000 iterations to keep the
total runtime under approximately one hour. Performance is primarily measured
by the relative MSE between the learned policy 7y and the closed-form solution 7*,
although empirical utility is also reported in Table 2.

The numerical results for the Kim & Omberg model are presented in Table 2.
Both PG-DPO variants successfully learn effective policies, achieving similar high
levels of empirical utility that stabilize as training progresses. Notably, PG-DPO-
Align consistently yields a lower relative MSE for the investment policy 7y compared
to the baseline PG-DPO, indicating a closer match to the optimal solution 7*. This
advantage in accuracy is particularly evident around the 10,000 iteration mark
and is maintained throughout training. The improved accuracy from the alignment
penalty comes at a modest increase in computation time (approximately 10% longer
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TABLE 2. Performance of PG-DPO vs. PG-DPO-Align on the
Kim & Omberg investment-only problem (one risky asset and one
stochastic factor). Relative MSE for the investment policy 7y and
Empirical Utility, and Elapsed Time are compared across different
iteration counts.

Tterations 1,000 10,000 50,000

Rel. MSE PG-DPO 3.59¢-01 3.50e-01  1.84e-01
(Investment) ~ PG-DPO-Align  3.58e-01 3.38¢-01  1.09¢-01

Empirical PG-DPO 1.0888e+00 1.0605¢+00 9.3780e-01
Utility PG-DPO-Align 1.0875e+00 1.0477e400 9.0350e-01
Elapsed PG-DPO 2.25m 11.20m 57.98m
Time PG-DPO-Align 2.75m 12.33m 59.37m

runtime for Align), which aligns with the expected overhead from calculating the
penalty term involving hedging demands.

Overall, these results demonstrate that the PG-DPO framework, especially when
enhanced with the Pontryagin-guided alignment penalty, can successfully learn near-
optimal investment strategies in environments with stochastic investment opportu-
nities driven by factors like Y;, closely replicating the known theoretical solution
structure without relying on external comparisons for this specific setup.

Extension to non-markovian dynamics with markovization

The preceding sections have demonstrated PG-DPOQO’s efficacy in Markovian se-
tups (e.g., the Kim & Omberg model). However, many empirically relevant phe-
nomena, such as price momentum, are inherently path-dependent and thus non-
Markovian in nature. For example, Liu (2022) recently showed that optimal dy-
namic momentum strategies explicitly depend on historical asset price paths, high-
lighting the practical relevance and importance of addressing path-dependent dy-
namics in continuous-time portfolio optimization. When a path-dependent signal
admits a finite-dimensional Markovian embedding (so-called Markovization), PG-
DPO-Align applies without structural changes: we only augment the state vector
and include additional adjoint sensitivities in the alignment penalty. Below, we
illustrate this with two common momentum filters, exponentially weighted moving-
average (EWMA) and simple moving-average (SMA), both of which can be cast
into finite-dimensional Markovian form.

5.3. Exponentially weighted moving-average momentum. Consider the aug-
mented state X; = (X, M;), where X is the wealth and M; represents the EWMA
of past asset returns. For a fixed decay rate 8 > 0, M, is defined by
t
5 dSs S ds
M; = B/ e Plt=s) 225 which implies dM; = —8M;dt + 3 "y
o Ss St

If the asset price S; follows dS;/S; = pidt + odW, with constant volatility o > 0,
then M, is an OU-type process with diffusion coefficient So, driven by the same
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Brownian motion W;. Consequently, the pair (X;, M;) forms a two-dimensional
Markovian state vector.

Introducing the costate pair A; = (AX,AM) T, the Pontryagin FOC mirror those
in Appendix A. In particular, adapting equation (29) by identifying Y; = M,
w(t,Yy) = f(My), a(t,Yy) = Bo, o(t,Y;) = o, and pxy = 1 (since M; and S;
share W}), we obtain the optimal investment proportion:

f(My) = - B (ONY /Om)
=T <Xt (OAX /837)) "X, (07X Joz)’

This expression decomposes into a myopic demand (first term) and an intertemporal
hedging demand against shifts in M; (second term).

The policy network my and Cp now receive the augmented state (¢, Xy, M;) as
input. AD during the BPTT step provides the sensitivities A\;X, d\X/dz, and
XX /Om. These are then substituted into (25) and the consumption FOC U’(C}) =
eP!AX to compute the Pontryagin targets 7*MP and CPMP for the alignment loss
Lalign. Other than the expanded input dimension for the policy networks and the
corresponding derivative calculations for the alignment targets, the core PG-DPO
optimization loop and network architecture remain unchanged.

(25)

5.4. Fixed-window simple moving-average momentum. A K-period SMA
of returns, while inherently path-dependent, can be represented as a Markovian
system through a lag-stack embedding. Fix a time step A = Tine/K, where Tjag is
the look-back period. The lagged returns are defined by

ds RV~ RY

drR” = 2L, 4RV =

dt, 1<j<K
St A ) 7;7 )

where R§°) denotes the most recent instantaneous return, so that R,gj ) approximates
the return from roughly jA time units ago. The SMA factor is then

=
MSMA — e Z R§])~
§=0

In this construction, only the lead component Rgo) directly shares the Brownian mo-
tion Wy with the asset S;. Hence, the augmented state is X; = (Xt, REO), Rgl), e,
RgK_l)). Following a similar PMP application as in the EWMA case (Section 5.3),

where the asset’s expected return i is now a function of the SMA factor, f(M>MA),
the optimal investment proportion is:

O f(MPMAY — —AK o for©®
N o? X (ONX ) 0z) X (ONY /0x)
The structure of (26) shows a single intertemporal hedging term, associated with

REO). This arises because REO) is the only component among the jo ) whose dy-

(26)

namics are directly driven by dWy, the remaining lags jo ) (j > 1) influence only
the drift of the system.

Remark 5.1 (Hedging Structure with a Single Noise Source). In this Markovian
embedding driven by a single underlying Brownian motion W, for the asset price,
the optimal policy features one hedging component. This is linked to the factor
dynamics (RIEO)) that share this common noise source, irrespective of the augmented
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state’s overall dimension (K + 2). Additional independent noise sources would
typically introduce further hedging terms.

The PG-DPO-Align implementation is analogous to the EWMA case: the net-
works now receive the lag-stack state (¢, Xy, R§O), . ,RgKfl)), and the same AD
step supplies the required derivatives for (26) and the consumption FOC.

The EWMA and SMA examples illustrate that PG-DPO can accommodate path-
dependent momentum signals by casting them into finite-dimensional Markovian
representations. A key observation is that the optimal policy in these extended
settings retains the fundamental myopic-plus-hedging structure derived from the
general PMP formulation in Appendix A. The specific form and number of hedg-
ing terms are determined by the way factors share common noise sources with the
primary asset(s). Investigating scenarios with multiple independent Brownian dri-
vers, which would naturally lead to richer hedging structures, remains an interesting
direction for future research.

6. Conclusion. In this paper, we introduced PG-DPO, a framework that syner-
gizes PMP from classical control theory with modern neural network-based policy
optimization. Our approach directly learns optimal policies for continuous-time
portfolio problems by utilizing suboptimal adjoint processes, computed efficiently
by leveraging AD, thereby offering an alternative to methods centered on value func-
tion approximation. The framework is designed to generalize effectively across the
state-time domain by sampling initial states and employing mini-batch simulations
during training.

We further proposed an enhanced variant, PG-DPO-Align, which incorporates
an adjoint-based alignment penalty. This penalty leverages PMP’s necessary con-
ditions to guide the learning process, effectively regularizing the policy towards
theoretically grounded PMP controls computed via runtime adjoint estimates. Our
numerical experiments clearly validated the efficacy and robustness of the proposed
framework. First, it successfully solved the classical Merton benchmark involving si-
multaneous optimization of consumption and investment, accurately recovering the
known closed-form solution. Second, extending beyond constant-coefficient settings,
the framework proved effective on the Kim & Omberg model, successfully learning
the optimal investment strategy, including intertemporal hedging demands, in an
environment with stochastic investment opportunities driven by an external factor
(Y;). The alignment penalty consistently enhanced training stability and final policy
accuracy across these problems, with runtime increases typically under 10% relative
to the unregularized PG-DPO method, highlighting an acceptable computational
trade-off. Our experiments also suggest promising computational efficiency rela-
tive to existing value-based deep learning methods such as Deep BSDE and Deep
Branching methods, though detailed benchmarking under identical conditions re-
mains to be performed.

Moreover, we analytically established a clear methodology for extending PG-
DPO beyond purely Markovian dynamics. By explicitly augmenting the state vec-
tor and appropriately adapting the PMP-based adjoint framework, PG-DPO natu-
rally incorporates important path-dependent phenomena such as EWMA and SMA
momentum factors, preserving the myopic-plus-hedging decomposition structure of
optimal policies. This established capability highlights the adaptability and broad
applicability of our PMP-guided approach.
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While demonstrating effectiveness on these important benchmarks, this research
also highlights areas for future exploration. Further theoretical work remains neces-
sary to establish convergence guarantees for the discrete-time PG-DPO algorithm,
particularly clarifying its consistency with continuous-time optimality conditions
derived from PMP. Such analysis would provide formal backing for the empirical
convergence and stability observed in our numerical results. Extending the PG-DPO
methodology presents several compelling avenues. Particularly promising directions
include: (i) scaling the framework to high-dimensional asset universes with multi-
ple stochastic factors; (ii) incorporating realistic trading constraints such as short-
selling bans or borrowing limits; and (iii) conducting comprehensive empirical vali-
dation of PG-DPOQO’s performance in broader classes of non-Markovian settings, in-
cluding long-memory momentum dynamics and multi-factor path-dependent struc-
tures. Although Section 5.2 already provides a foundation for such non-Markovian
extensions through state augmentation (Markovization), future research will fur-
ther investigate genuinely non-Markovian scenarios which may require alternative
approximation techniques beyond direct Markovization.

In conclusion, by effectively integrating the adjoint perspective of PMP within
contemporary deep learning paradigms, PG-DPO offers a powerful and potentially
efficient direct policy optimization approach for complex continuous-time stochastic
control problems. Ultimately, our work demonstrates that bridging classical control-
theoretic insights with deep learning offers a flexible and promising approach for
addressing sophisticated decision-making problems in finance and beyond.

Appendix A. Derivation of optimal portfolio decomposition via PMP.
This appendix provides a derivation demonstrating how the optimal investment
proportion 7} obtained from the PMP necessary conditions (Section 3.1) can be
explicitly decomposed into myopic and intertemporal hedging demand components.
This derivation utilizes the relationship between the adjoint diffusion process Z;
and the gradients of the costate vector A}, obtained via It6’s Lemma.

We start from the FOC with respect to the investment proportion m;, derived
from maximizing the Hamiltonian (9) and evaluated at the optimal processes (X},
up AL Z):

OH

3| = Nt Y =) XF + 2ot Y X = 0. (12 revisited)
Tt | ’

This equation relates the optimal adjoint component Z;g: (sensitivity of d)\tX’* to
the asset noise dWx ;) to the optimal costate /\f(’*:

X, * /J(t,Y;*) —T

5% = —\ 27
X,t t (T(t, Y;*) ( )

Separately, we can derive an expression for Z))gt* by applying It6’s Lemma to the

costate )\tX’*. Assuming sufficient smoothness and identifying \;X with the par-
tial derivative of the value function V(¢, X;,Y;) with respect to wealth, A\ =
Ve (t, X, Y:), 1t0’s lemma gives:

AN = (o) dt 4 Viegd Xy + Vi dYs

1 1



PG-DPO FOR CONTINUOUS PORTFOLIO PROBLEM 5709

The diffusion part of d\;¥ (terms involving dWx ; and dWy-;) arises from the V,.,dX;
and V,dY; terms. Substituting the SDEs (3) and (2), and decomposing dWy,; =

pxydWx ¢ + /1 — ,og(deVzﬁt7 where Wy is independent of W.

This relationship, connecting the diffusion term of the adjoint process to the
derivatives of the value function, is a standard result derived from It6’s lemma in
the context of BSDEs and stochastic control theory (see e.g., [21, 30]):

coeff of dWx 4 in d)\f( = Vaa(moXy) + Vay(apxy).

By definition, this coefficient is Z ))ét. Replacing the value function derivatives with

costate derivatives (Vo = 0;A", Vi = 9,\ ) and evaluating at the optimum

yields:

IN
ox

ONS*
Jy

Zyt = (rfo(t, Y) X)) + (a(t, Y,)pxy ). (28)

Now, equating the two expressions for Z))((t* from (27) and (28):

X,*,u(tvy;f*) —-r _ 6>\;5X*

X, *
_ _ t
At o(t,Yy) Ox

(mioX[) + 9y (apxy)-

We solve for the optimal investment proportion m;:

AN Xaf—T  OXST
To o Xy = A5 ~ 2 oxy
oz T t o dy pxy

Assuming ON " /0x £ 0 (ie., Vap # 0), we divide by (OA™/0z)o X}

Y - A _ pxvalt, Y1) (@ON"/0y)
oot Y)?T \ X7 (NS o) a(t, Y ) X7 (ONS" /0)

(29)

This derivation rigorously shows the explicit decomposition of the optimal invest-
ment proportion 7; within the PMP framework. The first term represents the my-
opic demand, driven by the instantaneous risk premium adjusted for risk aversion
(captured by the ratio involving AX and its derivative). The second term represents
the intertemporal hedging demand, accounting for the desire to hedge against un-
favorable movements in the stochastic factor Y;, incorporating its volatility (a), its
correlation with the asset (pxy), and the cross-sensitivity of the marginal utility
of wealth to the factor (OAX/dy). This decomposition aligns perfectly with the
structure derived from the HJB approach (8), confirming the consistency between
the two fundamental methodologies of optimal control.

Appendix B. Stochastic approximation and convergence analysis. In this
Appendix, we provide a convergence result for our stochastic approximation scheme,
building on classical Robbins—Monro theory. We first analyze the baseline objec-
tive and then extend the result to handle the augmented objective that includes
the alignment penalty. The core results rely on standard assumptions, including
Lipschitz continuity of the gradients, which holds rigorously for utility functions
like CARA (Constant Absolute Risk Aversion). We discuss the implications for
CRRA (Constant Relative Risk Aversion) utility, used in our main experiments,
where global Lipschitz continuity does not hold.
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B.1. Convergence analysis for the baseline objective J (8, ¢). We begin with
the baseline problem of maximizing J in (4), viewed as a function of the parame-
ters J(0,¢) = J(mg,Cy), where (0, ¢) parametrize the policy networks 7y and C.
In practice, as discussed in Section 4.2, the continuous-time Merton objective is
discretized by a time-step At = T/N and approximated by a mini-batch or single-
path sampling scheme, thus yielding gradient estimates g (6, ¢). Strictly speaking,
when At > 0 is finite, a small residual discretization bias may remain. However, as
At — 0, this bias diminishes, and under a well-designed mini-batch sampling, g is
regarded as an unbiased (or nearly unbiased) estimator of VJ.

Key Assumptions (cf. [16, 3]).

(A1)

(A2)

(A3)

(Lipschitz Gradients) The mapping VJ(0,¢) is globally Lipschitz on a
compact domain © x ®. That is, there exists some constant Lj; > 0 such that

IV1(0,6) = VIO, &) < Lyll(0,¢) — (', &)

for all (0,¢) and (¢',¢’) in © x ®.

Note: This assumption holds rigorously for problems involving utility func-
tions with bounded derivatives, such as the CARA utility U(x) = —e™%".
However, the CRRA utility function U(z) = 2'77/(1 — v) used in our main
experiments does not have a globally Lipschitz gradient, particularly near
x = 0. The following convergence proof applies directly to the CARA case or
other settings where (A1) is satisfied.

(Unbiased, Bounded-Variance Gradients) For each iteration k, the gra-
dient estimate g (6, ¢) satisfies

E[§e(6,0)] = VJ(0,0) + 0k, E[1ge(8,9)[%] < B,

where [|0;]] — 0 as At — 0 (eliminating discretization bias). This vanishing
bias relies on the convergence properties of the Euler-Maruyama scheme used
for the FSDE discretization under standard regularity conditions for the SDE
coefficients [22, 15]. In typical mini-batch SGD, gy, is unbiased at each iteration
(assuming i.i.d. sampling from the underlying distribution), and the variance
is uniformly bounded by B > 0.

(Robbins—Monro Step Sizes) The step sizes {«ay} satisfy

o0 oo
E Q= 00, E i < 0.
k=0 k=0

This ensures a standard Robbins—Monro (stochastic gradient) iteration.

Under these assumptions, our parameter update is

(Oks1, Prt1) = (O, k) + rgr Ok, dr),

where the term 0y (if any) shrinks as At — 0.

Theorem B.1 (Baseline Robbins—Monro Convergence for Lipschitz Case). Suppose
Assumptions (A1)-(A8) hold (e.g., for CARA utility), and that ||0x| — O as
At — 0. Then, with probability one,

(0k7 ¢k) f_’_}so‘:) (01-7 ¢T)a

where VJ(0T,¢") = 0. In other words, (0%, 6") is a stationary point of J in the
parameter space.
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Proof. As At — 0, each i (6, ¢) becomes (approximately) unbiased with bounded
variance. Under the Lipschitz condition (Al) and the step size conditions (A3),
the classical Robbins—Monro argument [16, 3] guarantees that the iterates (0%, ¢x)
converge almost surely to the set of points where V.J = 0. (Assuming uniqueness of
the stationary point within the convergence region, it converges to that point). [

This result ensures that, under the specified conditions (including Lipschitz gra-
dients, valid for CARA utility), our parameter sequence converges to a stationary
point in the parameter space (6, ¢).

Discussion on CRRA Utility: While the global Lipschitz condition (A1) does not
hold for the CRRA utility function used in our main experiments, we empirically
observe robust convergence to policies closely aligned with the known global opti-
mum. This might be attributed to the algorithm operating within regions where the
objective function exhibits locally Lipschitz properties, or the inherent robustness
of stochastic gradient methods in deep learning contexts [7]. A convergence analysis
for the CRRA case under potentially weaker assumptions (e.g., local Lipschitzness,
specific properties of the neural network optimizer) remains an important direction
for future research. The non-convex nature of the neural network objective surface
[5] also implies convergence is generally to a local optimum or stationary point,
although in the Merton problem with concave utility, this often corresponds to the
global optimum in practice.

B.2. Convergence analysis for the augmented objective Jaiign(6, ¢). We
now extend the convergence analysis to the augmented objective Jajign which in-
cludes the adjoint-based regularization term Lajign (see Section 4.3). Recall

Jalign(97 ¢) = '](0’ ¢) - [-:align(ev ¢)a

where L,1ign penalizes deviations from Pontryagin-derived controls (
The gradient is given by

V(G,(b) Jalign(ea ¢) = v(9,¢)<](97 (rb) - v(9,¢)£align(9> ¢) (30)

Key Assumptions for the Augmented Objective. Let §x (6, ¢) be the estimator for
VJ(0,¢) as in (A2), and let hi(0,¢) be an (approximately) unbiased, bounded-
variance estimator of V Laiign (6, ¢).

(B1) (Lipschitz Gradients for Jaiign) Suppose V Laiign is also globally Lipschitz
on O x ®. If the policy networks and the functions defining the PMP targets
aPMP CPMP (which depend on M, d,\;) result in a Lipschitz gradient for
Lalign, and assuming (A1) holds, then VJ,jgn is globally Lipschitz. Similar
to (Al), this assumption needs careful verification depending on the utility
function; it holds more directly for CARA than for CRRA.

(B2) (Approximately Unbiased, Bounded-Variance Gradients for Jaiign)
We define the gradient estimate for Jyjign as

Ju(0,0) = x(0,0) — hi(9,9),

mirroring (30). Assuming hy is also approximately unbiased with bounded
variance, and ||0;x| — 0 for bias terms as At — 0, then f) is an approxi-
mately unbiased estimator of V.Jjign with uniformly bounded variance (by
some constant B’ > 0).

7.[.PMP ) OPMP) .
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(B3) (Robbins—Monro Step Sizes) The step sizes {«y} satisfy

o0 o0
Z Qp = 00, Z ai < 00.
k=0 k=0

Under these assumptions, the parameter update is

(Ors1, drs1) = (On, dk) + aun fr(On, 1)

Theorem B.2 (Stationarity of Juign for Lipschitz Case). Suppose Assumptions
(B1)-(B3) hold. Then, with probability one,

(O, 01) = (67,67),

where VJaign (01, 01) = 0. In other words, (0%, ¢1) is a stationary point of the
augmented objective Jaign.

Proof. If VJalign is Lipschitz (B1), the gradient estimates fk are approximately
unbiased with bounded variance (B2), and the step sizes satisfy Robbins—Monro
conditions (B3), then the same argument as in Theorem B.1 applies, guaranteeing
almost sure convergence to the set of stationary points where VJ,jign = 0. O

Theorem B.2 establishes that, under appropriate Lipschitz conditions (more di-
rectly applicable to CARA utility), adding the alignment penalty Laiign still leads
to an algorithm that converges almost surely to a stationary point of the augmented
objective Jaiign. As discussed for the baseline case, while CRRA utility does not
satisfy the global Lipschitz condition, empirical results suggest stability and conver-
gence, motivating further theoretical investigation for this setting as future work.
In classical Merton settings, the unique global optimum of J also optimizes Jalign,
and the penalty term aids numerical stability in finding this optimum.

Appendix C. Discrete adjoint BSDE via AD sensitivities. We define the
following pathwise objective:

N—-1
IO = 3 U () A+ ke U (X)),
=0

To clarify why the sensitivity )\kX = %LX"‘:‘ computed by AD satisfies the discrete

adjoint BSDE structure required by PMP, we consider simulation paths over the
time grid 0 =tg < t; < --- < ty =T with step At.

For notational simplicity within this appendix, the following derivation focuses
on the component A\X (sensitivity with respect to wealth X}) and denotes it simply
by Ak. Similarly, Z; herein refers to the component Z ))(( i related to the noise driving
Xy, (typically dWx i, in the context of the main text).

We distinguish between pathwise adjoint variables, evaluated along a single
Monte-Carlo trajectory (i), and their filtered counterparts obtained by conditioning
on the information available at time t;. Pathwise quantities carry a superscript (),
e.g. )\S), whereas filtered quantities omit it, e.g. A\y. These filtered variables are
Fi,-adapted; moreover, the accompanying noise coefficient Zj is required to be
predictable, ensuring that the stochastic integral [ Zj, dW is well defined.
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1. Pathwise adjoint process via AD. For each trajectory the Euler—-Maruyama step
is

X (@)

O X0 4 XD 42 (0 - 0 x® - O AL+ 1P XD AW,

AD of the pathwise objective Jéa)th gives the pathwise sensitivity

W O (i) 0
A= WY = ke TU(XY).
ox

A single backward chain-rule step yields
/\(l = )‘k:+1 + /\k+1 [r+ 77( (- r)] At + /\k+1 7Tk UAW
Setting

g

20 1= Nl

leads to the pathwise BSDE
M = A0 A [ (n =) A - 2 AW,

2. Adapted Ay and predictable Zj. Passing from pathwise quantities to their filtered
counterparts, we set

Ak = E[/\z(j) | Forl Zk = KE[/\I(;HAW(Z | P (31)

Here, Ay is F;, -measurable, hence adapted; Zj, belongs to the predictable o-algebra
(a stronger requirement), so that the stochastic integral f Zy, AWy, is well defined.
We now proceed with the algebra. Let us start with the pathwise BSDE

M =M = AL+ (- A - ZP A, (32)
Taking the conditional expectation of the drift term in (32) gives
BN [+ (= )] At | F ] =END | F] (r b mlp— 1)) At
= A1 (7 + 7 — 1)) At.
For the stochastic term in (32), we use Zéi) = —)\,(jllwka and the covariation defi-
nition Z = 5 E[A SJ)FIAW(” | il
]E[Zk)AW,gl) | o] = —mo B AW | F,]
= —m, 0 2, At.
Substituting the two conditional-expectation results and grouping terms,
Ak — Mot = M [r + i (p — 1)] At + mpo Z At + O((A1)*/?). (33)
Then, by martingale representation theorem, we may write (32) as
Ae = A1 + N1 (7 + e (p = 7)) + T 0 Z | At — Zi, AWy, + O(At),
and dropping the O(At) term yields the discrete predictable BSDE
Ao = A1 + O H bk, Xio, uky A1, Zi) At — Zy AW,

where 0, H = Agq1[r + m(p — 7)) + 7 0 Zg..
One can alternatively set

Zk = IE[ZS) | ‘Ftk} = — 0Tk A\it1, Z,gi) = —)\,(jrlﬂ'ka.
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A short calculation shows
Zy = Z), + O((An)Y/?),

so the two notions coincide as At — 0. However, inserting Z), in place of Z, in the
discrete BSDE leaves a residual drift of order O((At)%/2), whereas the covariation
form (31) eliminates this error and gives an exact discrete BSDE on the time grid.
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