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Abstract

Ensuring that classifiers are well-calibrated,
i.e., their predictions align with observed fre-
quencies, is a minimal and fundamental re-
quirement for classifiers to be viewed as trust-
worthy. Existing methods for assessing mul-
ticlass calibration often focus on specific as-
pects associated with prediction (e.g., top-
class confidence, class-wise calibration) or uti-
lize computationally challenging variational
formulations. In this work, we study scalable
evaluation of multiclass calibration. To this
end, we propose utility calibration, a general
framework that measures the calibration er-
ror relative to a specific utility function that
encapsulates the goals or decision criteria rel-
evant to the end user. We demonstrate how
this framework can unify and re-interpret sev-
eral existing calibration metrics, particularly
allowing for more robust versions of the top-
class and class-wise calibration metrics, and,
going beyond such binarized approaches, to-
ward assessing calibration for richer classes of
downstream utilities.

1 INTRODUCTION

Calibration is a fundamental property of probabilistic
predictors. A calibrated model produces predictions
that, on average, align with observed frequencies. For
instance, if a weather forecaster predicts a 30% chance
of rain on a given day, rain should occur on approxi-
mately 30% of such days. In multiclass classification
problems, calibration ensures that the predicted proba-
bilities reflect the true likelihood of each class. Formally,
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let X denote the input space, Y = {eq,...,ec} the out-
put space, where e; is the i-th canonical basis vector
in RY, and A1 := {z e RY|>, z; = 1} denote the
simplex in R®. A predictor f : X — A®~! is said
to be perfectly calibrated with respect to a distribu-
tion D over X x Y if E[Y | f(X)] = f(X). The most
direct metric for quantifying the deviation from per-
fect calibration is the Mean Calibration Error (MCE)
(Vaicenavicius et al., 2019).

Definition 1.1 (Mean Calibration Error). For a dis-
tribution D such that (X,Y) ~ D and a predictor f,
the mean calibration error is defined as

MCE(f) i=E [JE[Y | F(X)] - F(O] -

Without further assumptions, the MCE is fundamen-
tally impossible to estimate, even in the binary setting
(Lee et al., 2023; Duchi, 2024). While assumptions like
Holder continuity of E[Y]f(X)] allow for consistent
estimators of E[Y|f(X)] or minimax optimal tests for
MCE(f) (Lee et al., 2023; Popordanoska et al., 2022;
Tsybakov, 2009), their sample complexity scales expo-
nentially with the dimension C.

Due to the difficulty of measuring MCE, multiple re-
laxations have been proposed, falling into two main
categories: binarized and variational. First, binarized
approaches (Gupta and Ramdas, 2022; Panchenko et al.,
2022; Guo et al., 2017) simplify the problem by focus-
ing on specific binary events derived from the multi-
class predictions, e.g. top-class or class-wise calibration.
However, these methods are by nature presumptive of
downstream tasks. Moreover, their reliance on binning
schemes or kernel estimators for the underlying binary
subproblems introduces sensitivity to estimator choices
and can suffer from high bias (Roelofs et al., 2022).
Second, variational approaches (Jung et al., 2021; Bla-
siok et al., 2023; Gopalan et al., 2024; Kumar et al.,
2018; Widmann et al., 2019; Zhao et al., 2021) assess
calibration through optimization problems, such as the
distance to the nearest perfectly calibrated predictor or
the worst-case error against a class of witness functions.
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Unfortunately, these methods can be computationally
intensive and can scale poorly in C.

To address these limitations and provide an application-
focused perspective on calibration, we introduce utility
calibration. This framework evaluates a model f by
considering a downstream user who employs its pre-
dictions f(X). The core idea is to measure calibration
error relative to a specific utility function, denoted wu,
which encapsulates the goals, costs, or decision crite-
ria relevant to this end user. Utility calibration then
assesses how well the expected utility (as estimated
by the user based on f(X) and w) aligns with the re-
alized utility (obtained when the true outcome Y is
observed). For example, in medical diagnosis, a classi-
fier may output probabilities over C' diseases, with the
relative severity of each disease encoded through a cost
vector a € [~1,1]¢. A clinician may be interested in
(f(X),a), the model’s predicted expected risk. In this
context, utility calibration aims to assess if (f(X), a)
is a calibrated proxy for the true realized cost (a,Y’).

In practice, models often serve diverse users or a single
user with multiple objectives (Elkan, 2001). Utility cal-
ibration naturally extends to handle classes of utility
functions: the utility calibration error for a class U is
defined as the worst-case error over u € U, denoted
UC(f,U). A notable aspect of this formulation is that
it provides a structured way to express and analyze
various existing calibration notions. In particular, by
defining appropriate utility functions within U/, con-
cepts such as top-class and class-wise calibration can
be cast within the utility calibration framework. This
offers a unified perspective and a superior alternative
to binning for examining those notions of calibration.

Contributions. We introduce utility calibration
(Section 3), a unified, binning-free framework that gen-
eralizes standard metrics such as top-class and class-
wise calibration to arbitrary utility functions, recover-
ing and refining them as special cases. The induced met-
rics upper-bound commonly used binned variants up to
a factor equal to the number of bins. We further show
that the framework inherits decision-theoretic guar-
antees analogous to those of Rossellini et al. (2025),
where a small utility calibration error bounds the gain
from monotone post-processing of the predicted utility.
On the computational side (Section 4), we distinguish
proactive from interactive measurability. While proac-
tively finding the worst-case utility is hard for expres-
sive classes, interactive estimation is achievable with
sample complexity O(C), uniformly over any fixed w.
We show that standard patching algorithms from the
multicalibration literature apply directly (Section 4.1).
Finally, experiments on ImageNet-1K (Section 5) vali-
date our framework, demonstrating eCDF-based evalu-
ation across utility classes.

Notation: For any vector w € R, w; denotes its
i-th component and «v(w) := argmax,w;. For a prob-
ability vector p € A~ we write Z ~ p to de-
note a categorical random variable Z taking values
in Y ={e1,...,ec} such that P{Z = ¢;} = p;, where
e; is the i-th canonical basis vector. We use 15 for the
indicator function of an event E. E[] denotes expec-
tation, which is typically taken w.r.t. (X,Y) ~ D and,
for k € Ny, [k] = {1,...,k}. Finally, for a,b € R with
a < b, we denote I [a,b] to be the set of closed interval
subsets of [a, b].

2 RELATED WORK

In this section, we review three classical and related
approaches to measuring or ensuring a form of calibra-
tion, namely post-hoc calibration methods, binarized
relaxations, and variational approaches.

First, post-hoc calibration refers to techniques ap-
plied to a pre-trained model’s outputs to improve the
alignment between its predicted probabilities and the
true likelihood of outcomes without altering the original
model parameters. Such methods are advantageous as
they decouple calibration concerns from model training.

Popular post-hoc calibration algorithms include Tem-
perature Scaling and its multi-parameter extensions,
Vector Scaling and Matrix Scaling (Guo et al., 2017),
which may all be regarded as a multiclass extension of
Platt’s scaling (Platt et al., 1999). Dirichlet calibra-
tion assumes the model’s predicted probability vectors
can be modeled by a Dirichlet distribution, whose pa-
rameters are learned on a calibration set to transform
the original probabilities (Kull et al., 2019). Nonpara-
metric methods such as Histogram Binning (Zadrozny
and Elkan, 2001) and Isotonic Regression (Zadrozny
and Elkan, 2002) learn calibration maps by discretiz-
ing the probability space or fitting monotonic (order-
preserving) functions, respectively. Other methods also
include the approaches in: Patel et al. (2020), which
applies a specific binning strategy followed by recalibra-
tion to minimize class-wise calibration error, Rahimi
et al. (2020), which uses order-preserving transforma-
tions for recalibration to maintain accuracy. Finally, a
related body of literature aims to improve calibration
by regularizing the training objective, e.g. (Mukhoti
et al., 2020; Popordanoska et al., 2022; Marx et al.,
2024).

While post-hoc methods aim to minimize the calibra-
tion error, assessing the calibration error itself remains
a non-trivial task. Binarized relaxations aim to
circumvent the difficulty of measuring the calibration
error of a high-dimensional predictor f by measuring
the MCE of a single or multiple downstream binary
versions of f instead. Two commonly used relaxations
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are the Top-Class calibration Error (TCE) (Guo et al.,
2017) and the Class-Wise calibration Error (CWE)
(Panchenko et al., 2022), defined as

TCE(f) =E[| EY. | p.] = p.|], and
CWE(f) = > wi E[| E[ly—, | fil - fi|],
i€[C]
with the shorthands f; == f(X);, p« = f(X):,, and

Y, = 1y—., , where i, = argmax; f(X);. In addition,
w; is a class-dependent weight, which can be set to
1/C, w; = P{Y = ¢;}, or another choice w € A“~1L.

Both TCE and CWE require the estimation of con-
ditional expectation, which is typically approximated
using binning schemes. For (Bj);e[m) a partition of
[0, 1], the binned estimators are

Z!E

m]

Zwl ’}E

zE[C] jE€[m]

TCEP™(f e, ]| (21

CWE"™(f i —ly—c,)1lpen,]|. (22)

Gupta and Ramdas (2022) unified multiple instances of
binarized proxies of MCE, such as TCE, CWE and
topK confidence calibration, introduced in (Gupta
et al., 2021), and proposed additional binarized re-
ductions which offer stronger notions of calibration.
Unfortunately, the binning schemes used in such bina-
rized proxies are known to have a large effect on the
estimated error (Roelofs et al., 2022; Gruber and Buet-
tner, 2022). Apart from the simpler equal-size bins
(Guo et al., 2017) and equal-weight bins (Zadrozny and
Elkan, 2001), multiple binning schemes built on top
of different heuristics have been proposed (see, e.g.,
Roelofs et al., 2022; Patel et al., 2020; Naeini et al.,
2015; Nixon et al.). Gupta and Ramdas (2021) showed a
simple equal-weight binning scheme with better sample
complexity guarantees for estimating bin averages. Ku-
mar et al. (2019) developed adaptive binning schemes
with guarantees for discrete f and showed that for any
binning scheme, there exists a worst-case continuous
f such that the bias of TCE”™(f) as an estimate of
TCE(f) is lower bounded by 0.49 (noting that TCE is
bounded between 0 and 1).

Meanwhile, there exist binning-free alternatives for bi-
narized reductions (see, e.g., Popordanoska et al., 2022;
Gupta et al., 2021). Nonetheless, in an assumption-free
setting, it is generally impossible to consistently esti-
mate the MCE of binary predictors (Lee et al., 2023;
Duchi, 2024; Rossellini et al., 2025). As such, it is gen-
erally difficult to control the calibration error defined
by binarized relaxations.

On the other hand, variational approaches do not

strictly aim to measure the MCE. Instead, they con-
sider alternative formulations that do not require direct
estimation of the conditional expectation. For example,
Distance to Calibration (DC) measures the distance be-
tween [ and the nearest perfectly calibrated predictors
(Blasiok et al., 2023):

DC(f) = MC%EI%f

E[|If(X) = g(X)Ih]-

A unified formulation of variational measures of cal-
ibration is weighted calibration, which assesses the
calibration error against a class of witness functions
(Jung et al., 2021). Concretely, let W be a class of
functions mapping A1 to [~1,1]. Then, weighted
calibration error with witness class W is

CEw(f) = sup Exy [(w(f(X)), f(X)=Y)]. (23)

A specific instance of weighted calibration is the Ker-
nel Calibration Error (KCE) (Widmann et al., 2019;
Lin et al., 2023), which sets W to be the unit ball
of the reproducing kernel Hilbert space (RKHS) of a
multivariate universal kernel. This allows for efficient
computation of the supremum but it remains hard to
interpret the impact of low KCE for a user of f. Bla-
siok et al. (2023) showed that in the binary setting,
DC(f) and CEyip1)(f) are equivalent up to a (low-
degree) polynomial scaling and that CEripq)(f) can
be well approximated by the RKHS of the Laplace ker-
nel, where Lip(1) is the class of 1-Lipschitz functions
from A1 to [-1,1].

The result on the equivalence between CEyipq(f) and
DC(f) was further extended to the multiclass setting
in (Duchi, 2024, Theorem 15.5.5) and (Gopalan et al.,
2024, Lemma 3.3). In particular, Gopalan et al. (2022a)
showed that measuring either DC(f) or CErp(1)(f) re-
quires an exponential number of samples in C' (Gopalan
et al., 2024, Theorem 3.2. and Theorem 3.4.). Thus,
even though DC (f) can be efficiently assessed in the
binary setting, it is quickly intractable as C' increases.

A particular case is Decision calibration, introduced
by Zhao et al. (2021), that tailors calibration guaran-
tees to downstream decision-making tasks. A predictor
f is considered decision calibrated of order K if, for
any decision problem involving at most K actions, the
expected loss computed using the model’s predictions
f(X) accurately matches the true expected loss in-
curred. Formally, for any loss function ¢ mapping an
outcome-action pair to a real-valued loss, decision cali-
bration of order K requires:

E[¢(Y,5(f(X)))] = E[((Y.5(f(X)))].

where Y ~ f(X) and 4 is a decision rule that picks the
best action among K actions under the model’s pre-
diction f(X). This ensures that decision-makers can



Scalable Utility-Aware Multiclass Calibration

reliably estimate the consequences of actions when
using the predictor. A key contribution of Zhao
et al. (2021) is showing that decision calibration of
order K can be achieved by having sup,c p( [| E[(Y —
FX)N)1L{f(X) € p}]|| = 0, where P(K) is the set of
polytopes with at most K supporting hyperplanes.
Moreover, low decision calibration guarantees a no-
tion of no-regret to downstream users, i.e., they cannot
improve their utility by using any other best response
policy; associated with another loss ¢’ instead of /.

With a similar aim to Zhao et al. (2021), multiple
works have studied calibration through a downstream
decision-theoretic perspective. Broadly, two comple-
mentary approaches have emerged: (i) online, regret-
driven forecasting that enforces event-conditional no-
tions of calibration and yields no (swap)-regret guar-
antees for best-responding agents (Noarov et al., 2025;
Roth and Shi, 2024); and (ii) decision-centric objectives
that guarantee good performance across rich families
of utilities or proper scoring rules, e.g., U-calibration
(Kleinberg et al., 2023).

Foundationally, these formulations target an ambi-
tious goal, ensuring that downstream agents who best-
respond using the predictor f achieve (near-)optimal
utility across scenarios and losses. However, this ambi-
tion often comes with scalability costs: U-calibration is
developed in the binary online setting; the swap-regret
guarantees in Roth and Shi (2024) rely on Lipschitz util-
ities in low dimensions (e.g., d € {1,2}) and, in higher
dimensions, assume a bounded action set and smooth
best responses; and measuring decision calibration is
computationally intractable in C, with exponential
complexity even for K = 2 (Gopalan et al., 2024).

By contrast, we adopt a scalable assessment perspective.
Our utility calibration (shortly introduced in Section 3)
requires that the predicted utility v, (X) is a reliable
regressor of the realized utility u(f(X),Y"). This prior-
itizes the reliability of utility estimation—not enforcing
optimal downstream decisions—so users can recognize
when their expected utility is poor rather than be mis-
led by optimistic forecasts. Operationally, it reduces
multiclass assessment to a binning-free worst-interval
deviation in v, scales well with C, and supports inter-
actively measurable audits across broad utility classes,
complementing online/regret-focused formulations.

3 UTILITY CALIBRATION (UC)

We consider the following utility-centric formulation
of calibration. In particular, we are interested in the
setting where, for some input X, a downstream user
leverages f(X) as an estimate of E[Y | X]. Based on
this estimate of the conditional expectation, the user
may then take arbitrary actions or decisions. Finally,

the user observes the true realization Y and, based on
this realization, may then suffer some loss or achieve
some gain. To model such a pipeline of observation,
action, then consequences, we consider a utility func-
tion u : A®"! x Y — [~1,1] such that u(f(X),Y)
models the reward obtained or the loss suffered by
the decision-makers after using f(X) to take arbitrary
actions/decisions. In such a setting, predictability is
highly desirable, in the sense that when using the pre-
dictor f, the utility obtained is similar to the utility
expected. More concretely, for Y ~ f (X) and a given
input X, the user can use f(X) to construct the fol-
lowing estimate of utility:

va(X) = E [u(f(X),V) | X| = (f(X), (X)), (3.1)

where @ : X — [~1,1]¢ is defined as @(X) =
(u (f(X),ei))icic)- Ideally, we want the function v, (X)
to be an unbiased estimator of the true utility. As such,
we define the utility calibration with respect to a utility
function wu, denoted by UC (f,u), as

sup |]E [(u(f(X)v Y) - vu(X))]-'Uu(X)EI” . (32)
I€l[—1,1]

We say that f is e-calibrated with respect to a utility

function w if UC(f,u) < e. Note that for I = [a, b], the
inner term in (3.2) can be rewritten as

’E [(U(f(X),Y) - Uu(X)) ’vu(X) € [av bH |pa,ba

where pgp = P{v,(X) € [a,b]}. In words, looking at
the instances where v, (X)) € [a, b], the bias between the
utility the decision-maker expects to get (while using
f(X) to take decisions and to estimate the utility) and
the actual utility the decision-maker achieves (when
using f(X) to take decisions), is at most ¢ after being
weighted by the probability of {v,(X) € [a,b]}.

Combining (3.1) and (3.2) above, one obtains that
UC (f,u) is equivalent to

B = £, 700) 1) € 1Y)

(3.3)

Thus, utility calibration is equivalent to weighted cal-
ibration (2.3) with the witness class W(u) = {z —
u(x)1{v,(x) e I} | I € I[-1,1], & € {-1,1}}. This
equivalence shows that utility calibration is exactly
a weighted calibration problem with an interpretable,
application-driven witness class. It also unlocks the
toolkit of weighted calibration algorithms.

Remark 3.1 (Connection to Outcome Indistinguisha-
bility). Utility calibration requires that Y~ f (X) yields
an unbiased estimate of the utility, which structurally
aligns with Outcome Indistinguishability (OI) (Dwork
et al., 2021): a predictor is reliable when simulated out-
comes Y ~ f(X) are indistinguishable from Nature’s
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true outcomes Y. This perspective connects to recent
work leveraging OI variants to link loss minimization,
omnipredictors, and multicalibration (Gopalan et al.,
2022b, 2023a,b). We also note that the entire treatment
carries over to losses | = —u.

3.1 Decision-Theoretic Implications of UC

Utility calibration assesses UC(f,u) via the worst-case
interval of v,(-), which generalizes the binary Cut-
Off calibration of Rossellini et al. (2025) to the mul-
ticlass setting and arbitrary utility functions. The
decision-theoretic guarantees below (Propositions 3.2
and 3.3) extend those of Rossellini et al. (2025,
Props. 2.1 and 3.2) accordingly.

In particular, consider a decision rule based on thresh-
olding the predicted utility v, (X) at some level ¢, €
[~1,1], i.e., taking the action Uy, = 1{v,(X) > to}.
This models the situation in which a user needs to com-
mit a binary decision after estimating the utility using
f(X). Then, the quality of this decision can be assessed
by the loss luein(@, Ust) = | —t|1{U # 1{u>t}},
which penalizes the deviation between the true utility
uy and the decision threshold ¢y when a mismatch be-
tween Uto and the ideal decision occurs. Consequently,
let Rusit(g;t0) = E[lutin(u(f(X),Y), Uy to)] be the as-
sociated risk. Then, we show that the decision process
ﬁto cannot significantly be improved by any simple
post-processing of v, (+) with a monotone function.
Proposition 3.2 (Utility Risk Gap). For any utility
u and threshold to € [—1,1],

Ryt (Uu (X) ; tO) -

inf . Y53 < 9 |
hi[*l,}]nﬁ[fl,l] Rutll(h(vu( )),to) < UC(f) u)
monotone

In words, Proposition 3.2 shows that the risk gap from
any monotone post-processing of v, is bounded by
2UC(f,u): when f is well utility-calibrated, no such
post-processing can yield a meaningful improvement.
Another interpretation of v, (X) is as a regressor for the
realized utility uy = u(f(X),Y) € [-1,1]. Similar to
Rossellini et al. (2025, Prop 2.1), we can show that the
regressor v,, satisfies a notion of calibration itself. First,
note that distance from calibration naturally extends
to such a single-dimension regression problem by con-
sidering a function g, (X) to be a perfectly calibrated
predictor of uy if Eluy | gu(X)] = gu(X), a.s. We
denote this extended notion of distance from calibra-
tion as DCU(f, u), the Distance to Calibrated Utility
Predictor for v, (X) with respect to the realized utility
u(f(X),Y):

= inf
bey (f) gu:Xli:[—l,l]

st Eluy | gu(X)] = gu(X).

E |gu(X) = vu (X))

We show that DCU(f, u) can be effectively controlled
through UC(f, u).

Proposition 3.3 (Utility Calibration Upper Bounds
DCU). Letu: A°~'xY — [~1,1] be a utility function.
Then,

DCU (f) < /8UC(f,u) + UC(f,u).

Proposition 3.3 implies that if UC(f,u) is small,
then v, (X), seen as a regressor for the true utility
u(f(X),Y), is a calibrated predictor itself. This fur-
ther strengthens the interpretation of UC(f,u): not
only does it ensure actionable decisions based on v, (X),
but it also guarantees that v,,(X) is not far from cali-
bration.

3.2 Measuring UC (f,u)

A naturally arising question is on the difficulty of mea-
suring and achieving a small utility calibration error.
We show in Lemma 3.4 that both the computational
and sample complexity of estimating UC (f, u) are gen-
erally feasible and of limited dependence on the di-
mension, allowing its scalability to predictors with
thousands of classes.

Lemma 3.4 (Estimating Utility Calibration Against
a Single Function). Let u: A~ x Y — [~1,1] be a
fized utility function and f : X — Ac_l/be\a given
predictor. Define the empirical estimator UC(f,u;.S)
based on n i.i.d. samples S = {(X;,Y:)}_y ~ D™ as

1 n
sup ’— u(f(X3),Ys) — vu(Xi)) 1o, (x, ’
et n Z; [( ( ( 1) 2) u( 2)) (X )EI]
Then, for any 6 > 0, with probability at least 1 — & over
the draws of the sample S,

ﬁé(f,u;S)UC(f,ungO( 1g<1/5>) (3.4)

n

Furthermore, if v,(X) has a continuous distribu-

tion, then ﬁa(f,u; S) can be computed from S in
O(nlog(n) + nTeypar) time, where Teypqy is the time to
evaluate f(X;) and u(-,-).

First, we note that the constants hidden in the O(-) in
(3.4) are dimension-independent. Similarly, the only
dimension-dependent term in the computational com-
plexity is Tepq. In particular, UC(f,u;S) is com-
puted by sorting the n samples by predicted util-
ity (O(nlogn)) and then running a linear scan (via
Kadane’s algorithm) to find the maximum-deviation
interval, yielding the O(nlogn+nTe,q;) computational
complexity. As such, UC(f,u) is a completely scalable
notion of calibration, allowing it to be implemented for
classifiers with a thousand classes. With these facts on
the utility calibration w.r.t. a single u, we next turn
our attention to Utility Calibration against a class U.
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3.3 Utility calibration against a function class

In many real-world scenarios, a single probabilistic
predictor f serves multiple downstream users, or a
single user employs it under varying conditions or ob-
jectives. The exact utility function relevant at the time
of decision-making may not be known beforehand, or
it may change over time (e.g., due to changing costs,
available actions, or strategic goals), or it may be fun-
damentally user-dependent.

Therefore, ensuring reliability often requires guaran-
tees that hold not just for a single, pre-specified utility
function, but for an entire class of plausible or rele-
vant utility functions, denoted by U. This provides a
more robust assurance that the model’s predictions are
trustworthy across a range of potential downstream
applications. To capture this requirement, overloading
the notation, we define utility calibration against a
function class as the worst-case performance over the
class, i.e.

UC (f,U) = sup UC (f,u).
ueU

(3.5)

To illustrate the practical relevance of this concept,
we exhibit hereafter several examples of utility classes,
each motivated by different downstream tasks. We first
demonstrate how to recover similar notions to top-class
(2.1) and class-wise (2.2) using the framework of utility
calibration (3.5).

Example 3.5 (Top-Class and Class-Wise Utilities
(Urcr,Ucwr)). Again using the shorthands f; =
[(X)i, pe = f(X)i., and Yy = 1y—_., , where i, =
argmax; f(X);, define

UC(f,Urce) = sup |E[(Ys —ps)1p. 1]l

1C[0,1]
UC(f,UcwE) = sup | E[(1y=c, — f(X)e)1p(x).e1]l-
ce[C],1C0,1]

A key observation is that Urcg and Ucwr are not
fundamental properties of f. In particular, these con-
ventional notions encode implicit assumptions about
how the predictor will be used. Top-class calibration
presumes that only the maximum probability class
matters to the user; class-wise calibration presumes
each class is evaluated in isolation (one-vs-all). The
utility calibration framework makes these assumptions
explicit as each metric becomes a named utility class,
rendering implicit assumptions explicit.

In contrast to the binned estimators TCE"™ (2.1)
and CWEP™ (2.2), utility calibration with Upcg and
Ucwg offers a more robust, binning-free assessment:
UC(f,Urck) and UC(f,Ucwr) maximize the calibra-
tion deviation over any interval I C [0, 1], identifying
the worst-case deviation rather than fixing a binning
heuristic. This avoids pathologies where bin choices

drastically alter estimated errors (Roelofs et al., 2022;
Kumar et al., 2019). Consequently, for any m-bin
scheme, m - UC(f,Urcg) and m - UC(f,UcwE) up-
per bound TCE"™(f) and CWEP™(f) respectively,
while the converse does not hold. We refer to Ap-
pendix B.2 for the formal statement. Furthermore,
by Proposition 3.2, a small UC(f,Urcg) guarantees
that threshold-based decisions on top-class confidence
are robust to monotonic recalibration, and by Proposi-
tion 3.3 that this confidence is a calibrated predictor of
actual top-class accuracy; analogous guarantees hold
for UC(f, Z/[CWE)

Beyond the binarized perspectives offered by Urcg and
Ucwg, the utility calibration framework readily ac-
commodates richer and more complex classes of utility
functions. This allows us to move beyond presumptive
binary events and consider more nuanced downstream
applications. In particular, consider settings where the
utility derived from an outcome Y is intrinsic to the
outcome itself, independent of the model’s prediction
f(X). Going back to the medical example, the cost or
severity tied to a specific disease Y = e; might be a
fixed value a;, irrespective of the diagnostic prediction.
Formally, such situations can be modeled using a utility
function u, : A®~! x ¥ — [~1,1] defined by a pay-
off vector a € [~1,1]¢, where the utility function and
the expected utility are respectively u,(-,e;) = a; and
U, (X) = (f(X),a), with a; representing the utility if
the true outcome is e;.

Example 3.6 (Linear Utilities (Uin)). Define the class
of linear utilities as Uy, = {u, | a € [~1,1]°}, not-
ing that the predicted utility v,,(X) is linear in the
prediction f(X).

A small UC(f,Un) ensures that for any payoff vector
a, the predicted expected utility v, (X), as a regressor
of the realized utility, is close to calibration.

Alternatively, in applications like information retrieval
or recommender systems (Jirvelin and Kekéildinen,
2002), the realized utility depends on the rank assigned
to the true outcome Y = e;. Given a model’s prediction
p = f(X), assuming pi,...,pc are distinct (or that
ties are broken arbitrarily /randomly among equal coor-
dinates), the rank of class j, denoted rank(p, j), is its
position across p, i.e. rank(p, j) = Zie[c] 1{p; <pi}.
Using a valuation vector 6 € [~1,1]¢, a rank-based
utility function can then be constructed as ug(p, e;) =
Orank(p,j) With the associated expected utility func-
tion vy, (X) = 01 F(X)ifank(s(x),i)- Calibrating
for such utilities ensures the model’s expected rank-
based performance aligns with reality. A prominent
special case is topK utility, where the valuation vector
09U for a given K € [C] is defined such that 0% =1
if r < K and ) =0ifr > K.
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Example 3.7 (Rank-Based and Top-K Utilities
(Urank, Uropk ). The class of general rank-based utilities
i8 Urank = {ug | 0 € [=1,1]°}. The class of top-K util-
ities is then Uopk = {ugux) | K € [C]}, where IS
1{r < K}. Fquivalently, uk(p,e;) = 1{rank(p,j) <
K}. A small UC(f,Urank) (or UC(f,Usopk)) ensures
reliable prediction for general rank (or specifically top-
K accuracy) valuations, validating the model’s ranking
capabilities.

As discussed in Section 2, decision calibration (Zhao
et al., 2021) ensures that for problems with up to
K actions, the model’s predicted utility for its rec-
ommended action matches the actual realized util-
ity. We can frame a similar guarantee within util-
ity calibration. For any bounded loss function [ :
Y x [K] — [-1,1] and a prediction p = f(X), the
optimal action is 0;(p) = argminge(x ]EYNP[Z(EA/,a)].
The utility function is then w;(p,y) = —I(y, 5 (p)),
representing the negative loss from outcome y un-
der action d;(p). The predicted expected utility is
vu (X) = =By s ) LY, 01 (fF (X)) X]-

Example 3.8 (Decision Calibration Utilities (Uqec,x))-
Let Ly = {l : Y x [K] = [-1,1]} be the class of
all bounded K-action loss functions, and the utility
class is Ugee, xk = {ur,1 € Lx}. A small UC(f, Ugec, k)
implies that for any K-action decision problem | €
L, the model’s prediction of expected utility for its
chosen action 6;(f(X)) reliably reflects the achieved
atility ~1(Y, 5(f(X)).

These aforementioned examples illustrate that calibrat-
ing against classes U provides guarantees tailored to
diverse user needs, moving beyond simplistic binarized
assessments.

4 SCALABLE EVALUATION OF
UTILITY CALIBRATION

Estimating sup,, o, UC (f,u) in (3.5) presents two key
challenges: the computational complexity of the opti-
mization, and the sample complexity required for the
empirical supremum to converge to its true value. We
introduce the two notions of proactive and interactive
measurability to decouple these two aspects.

Definition 4.1 (Proactive Measurability). The util-
ity calibration error w.r.t. class U is proactively mea-
surable if there exists an algorithm A and polynomial
functions Npory, Tpory such that for any €,0 > 0 and
n > Npoiy(C,1/e,1/8) samples S ~ D™, algorithm
A(S) outputs @ satisfying |UC (f,4) — UC(f,U)| <e
with probability at least 1 — § and the runtime of A(S)
is bounded by Tpoy (C,m).

Generally, for a finite class U, if [U| grows polynomially

in C then by Lemma 3.4 we can guarantee proactive
measurability. Nonetheless, even for simple infinite
classes such as Uy, proactive measurability reduces
to a non-convex optimization problem that cannot be
generally solved in polynomial time. In fact, even
aiming for a weaker notion, namely improper audit-
ing, Gopalan et al. (2024) showed that assessing both
weaker and stronger notions than UC (f,U;,) cannot
be done in polynomial time in both the error e~! and
the dimension C' (Gopalan et al., 2024, Theorem 1.3,
Theorem 5.2, and Theorem 8.6). A more detailed de-
scription of Gopalan et al. (2024) hardness results is in
Appendix B.3. Next, we thus propose an alternative
criterion of measurability that decouples the statisti-
cal guarantee from the computational complexity of
verifying the supremum.

Definition 4.2 (Interactive Measurability). The util-
ity calibration error w.r.t. class U 1is interactively
measurable if there exists an estimator UC(f,u;S)
and a polynomial function Npoy such that for n >
Npoiy(C,1/e,1/6) samples S ~ D", it holds with
probability at least 1 — § that sup,cy |ﬁ(f,u;$’) -
UC(f,u)| < <.

Interactive measurability represents a much more
achievable goal. For example, while decision calibration
is computationally hard to measure, Zhao et al. (2021)
showed that it admits polynomial sample complex-
ity. We establish the following result for the key utility
classes of interest. We defer the proof to Appendix B.4.

Corollary 4.3 (Interactive Measurability of U, and
Urank). The wutility calibration error is interactively
measurable for both Uy, and Upank. Concretely, with
n= O((C’ + log(1/6))/e?) i.i.d. samples, it holds with
probability at least 1 — § that

sup }ﬁa(f,u; S) = UC(f,u)| < e
uEUin

More generally, a utility class U is interac-
tively measurable whenever the functions X
u(f(X),e)1{v,(X) € I} for u € U, i € [C], I €
I[—1,1] admit controlled Rademacher complexity; see
Appendix B.4 for the general theorem.

In summary, while proactively measuring the worst-case
utility calibration error UC(f,U) is computationally
prohibitive for expressive utility classes, interactive
measurability allows efficient estimation of UC(f, u)
uniformly for any specific u € U. We leverage this
distinction to propose a scalable evaluation methodol-
ogy that aims to characterize the distribution of utility
calibration errors across U, providing a more nuanced
picture of reliability over a spectrum of utilities.

Our approach considers a probability distribution Dy,
over the utility class &. Many utility classes of interest
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admit a finite-dimensional parameterization, making
sampling from D;; practical. We sample M utility
functions {u,,}}_, from Dy, and, for each u,,, com-
pute its estimated error E, ,, = UC(f, tm; S) using n
data points from a sample S. These M error estimates
then form an empirical Cumulative Distribution Func-
tion (eCDF), Fgn(e) = 1 Z%Zl H{Enn < e},
which serves as an empirical proxy for the true CDF,
Fg(e) == Pyup, (UC(f,u) < e). We provide guaran-
tees on the difference between Fi(e) and Fi ar..(e)
in Appendix B.5. Informally, if individual utility-
calibration errors can be uniformly estimated to ac-
Curacy €sgat from n samples, then with high probability
over the draw of the dataset and the M sampled utili-
ties, the deviation between the true CDF Fg and the
empirical eCDF Fg a7y, in Lo scales as

O(mﬂ/@.

In particular, U, (Example 3.6) and Urank (Exam-
ple 3.7) both admit finite-dimension parameterization.
For Uiy, we construct Dy, by sampling the payoff
vectors a uniformly in 0B, = {a € RY : [ja||, = 1}.
Meanwhile, for Uank, we also sample from Dy, by
uniformly sampling valuation vectors 0By, which sat-
isfy 81 > 03 > --- > 0¢. This is to reflect a rational
preference for better ranks, i.e. the higher the rank of
the true realization within the predictions of f(X), the
higher the utility.

4.1 Post-Hoc Calibration via Utility-Aware
Patching

Since UC(f, u) is a form of weighted calibration (Equa-
tion (3.3)), standard patching algorithms from the
(multi)calibration literature (Hébert-Johnson et al.,
2018; Gopalan et al., 2022a; Jung et al., 2021; Duchi,
2024) apply directly. Each iteration of Algorithm 1
proceeds in two steps. First, a witness w; € W(U)
is identified as the worst-case direction of miscalibra-
tion: it corresponds to the utility v € ¢ and interval
I for which the expected inner product between the
prediction error f®)(X) — Y and the witness weight
wy(f® (X)) is largest. This is the direction in which the
current predictor most systematically over- or under-
estimates the utility. Second, the predictor is updated
by a gradient step along this direction and projected
back onto the simplex A€~

The algorithm terminates as soon as no witness can
certify a miscalibration error above e, at which point
UC(f®,U) < e by definition. The Brier score serves as
a Lyapunov function that strictly decreases at each step
with err; > €, bounding the total number of iterations.

Proposition 4.4 (Convergence and Brier Score Guar-

Algorithm 1 Iterative Patching for Utility Calibration

1: Input: Predictor f(°), witness class W(U), toler-
ance € > (0. Set t + 0.

2: loop

3w € argmax, ey E[(fV(X) =Y, w(fD(X)))].

erry  E[{(f®(X) — Y, w, (£ (X)))].
if err; < e then
break
end if
FEFDX) = maca(FO(X) = man(FO(X)).
9: t+—t+1.
10: end loop
11: Return f®.

Method Brier Score (x102) CWEP™ (x10%) TCEP™ (x103) Ueomp (x10%)
Uncalibrated 2264029  246+0.0212  942+203 124.0+0.924
Dirichlet 21.3+0.228  134£0.0392 13.7+137  26.1+0.67
IR 22940235  1.140.0164 33.1+159  54.1+0.94
Temp. Scaling ~ 21.8+0.252  1.26+£0.0214  30.0+255  452+0.53
Vector Scaling ~ 22.8+0.238  1.54+0.0395  35.1+253  37.4+2.13
Patching 21.6 +0.31 1.56+0.0432 10.34£2.04 19.4+2.55
Table 1: ViT-ImageNet-1K results. Mean £ 2 std.

errors over 10 splits.

antee; Hébert-Johnson et al., 2018; Gopalan et al.,
2024). With stepsize n, = erry/C, Algorithm 1 termi-
nates in T = O(C/e?) iterations, with the Brier score
E[|Y — f®(X)|13] non-increasing at every step.

5 EXPERIMENTS

We evaluate on ImageNet-1K (Deng et al., 2009) with
a pretrained Vision Transformer (ViT) (Dosovitskiy
et al., 2021), comparing Temperature Scaling (Platt
et al., 1999), Vector Scaling (Kull et al., 2017), Dirichlet
recalibration (Kull et al., 2019), and Isotonic Regres-
sion (Zadrozny and Elkan, 2002). As our post-hoc
baseline, we apply Algorithm 1 with the combined
class Ucomb = Ucwg U Usopk. Appendix C provides
extended results: additional architectures, datasets,
and modalities, sensitivity to aligned vs. misaligned
utilities, additional utility families including discounted
cumulative gain (Jarvelin and Kekéldinen, 2002) and
hierarchical classification loss (Deng et al., 2012), and
robustness of eCDF conclusions to the sampling prior.

In Table 1, we compare Brier score, binned binarized
metrics TCEpinneda and CWEpinnea (with 15 equal-
weight bins), and a combined utility calibration metric
w.r.t. Ucomb. Since both Ucwr and Uiepk are finite
classes, Ucompb is measured exactly without sampling.
As expected, all post-hoc methods improve Brier and
calibration errors. No single method dominates uni-
formly; the patching algorithm achieves the best top-
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Figure 1: eCDF of utility calibration errors for ViT
on ImageNet-1K (Upank and Uy,, M=1500 utilities).
Curves further left indicate better calibration.

class binned calibration error and U.omp-

Figure 1 displays eCDFs for broader utility classes:
rank-based (Urank) and linear (U, ), sampled as de-
scribed in Section 4. The uncalibrated model is consis-
tently worst; post-hoc methods shift the curves left to
varying degrees. Crucially, the eCDF surfaces trends
that aggregate scores in Table 1 can obscure: how
tightly errors concentrate around the median, whether
heavy tails persist, and whether gains are uniform
across the utility class. Performance is also not uni-
form across utility families: Vector Scaling is best on
Uyank but worst on Uy, underscoring the importance
of matching the calibrator to the target utility class.

6 CONCLUSION

Utility calibration provides a unified, application-
centric framework for evaluating classifier reliability.
Its specific instantiations Urcg and Ucwg are binning-
free alternatives to traditional metrics with concrete
decision-theoretic guarantees, and the eCDF evaluation
across broader utility classes surfaces distributional in-
sights that single-metric summaries obscure. Together,
the scalable assessment methodology and the patching
algorithm give practitioners a modular toolkit that can
be adapted to domain-specific utility classes.

Limitations. The framework requires the user to
specify or sample from a utility class U; when the
true downstream utility is entirely unknown, the choice
of U is a modelling decision that may not reflect all
failure modes. Interactive measurability ensures uni-
form estimation, but finding the worst-case v € U
proactively remains computationally intractable for ex-
pressive classes. In particular, practitioners must either
restrict U or rely on the eCDF summary. Finally, while
the patching algorithm provably reduces the utility
calibration error, it assumes i.i.d. data and an ora-
cle for the calibration set; distribution shift between
calibration and deployment can limit its effectiveness.
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Organization of the Appendix

The appendix is organized as follows: Appendix A contains the proof of Proposition 4.4 and the empirical
implementation details for the patching algorithm; Appendix B collects deferred material, including CutOff
calibration (Appendix B.1), bounds for binned estimators (Appendix B.2), computational aspects of proactive
measurability (Appendix B.3), sample complexity bounds for interactive measurability (Appendix B.4), and
eCDF guarantees (Appendix B.5). The subsequent subsections present proofs of statements that were explicitly
stated in the main body. Finally, Appendix C provides additional experiments, including robustness of eCDF

conclusions to the sampling prior (Appendix C.3).
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A Proof of Proposition 4.4 and Empirical Implementation

Algorithm 1 and Proposition 4.4 in Section 4.1 present the patching algorithm and its convergence guarantee. We
prove Proposition 4.4 here and then discuss the empirical (finite-sample) implementation.

Proof of Proposition 4.4. We include the proof for completeness. It follows the approach of Hébert-Johnson
et al. (2018) in using the Brier score as a potential function and showing that it monotonically decreases across
iterations. It is the same as the version in Gopalan et al. (2024). A more general version can be found in Duchi
(2024, Chapter 15). The change in Brier score L(f) = E[||Y — f(X)|3] from f®) to ft+1 is:

L) = L) B [IY = (F9(X) = nawn(FOCODI = 1Y = F9(X)3]
= E 2 (Y = O, wi(fO (X)) + 0w £ (X))
= E |20, (fO(X) = Y, wi(FO(X))) + 0 |wn (£ (X)) 3]
= —2nperry + pE[wr (0 (0) 3]

Each witness w € W(U) is of the form p — &i(p)1{v,(p) € I} for £ € {—1,1} and uw € U. Since u(-,e;) € [—1,1],
@)1 < [|iE(p) ]l 1E(P)ll; < C. Thus, [lw(p)|[3 < C. Substituting 7 = err;/C:

err err; \ 2
L) - 1(50) < 2o, + (S58) Elwn(F0 (X)) 3]
< _2err? N err;C _ﬁ
- C cz C°

This proves that the Brier score does not increase and strictly decreases if err; > 0. If the algorithm continues, it
is because err; > ¢, so the decrease is at least ¢2/C. Since L(f) € [0,2] (as [|[Y — f(X) |2 < [[Y]I3 + | f(X)]3 <
1+ 1 = 2), and at step err; > ¢ decreases L(f) by at least £2/C, the algorithm must terminate in at most
O (C/e?) such steps. O

Empirical Implementation and Sample Complexity. In practice, direct computation of expectations
within Algorithm 1 is infeasible. Instead, the algorithm is implemented using a dataset S* of N i.i.d. samples at
each iteration t. Both the maximization step to find the witness w; and the computation of the error err; are
performed using empirical averages Ex[-] over S*.

The theoretical convergence guarantees of Proposition 4.4 (i.e., termination in O(C/e?) iterations) can be extended
to this empirical setting, provided that the empirically estimated error err; := ]ENKf(t)(X) — Y, wy(f® (X)))] is
a sufficiently accurate approximation of the true error err;. Specifically, if érr; is within O(e) of err; whenever
err; > ¢, the iteration complexity remains O(C/g?).

The number of samples N required per iteration to achieve an O(e)-accurate estimation of erry, with probability
1 -4, depends on the complexity of the witness class W(U). For the Top-Class utility Urcg, where || = 1, using

Lemma 3.4, N < O (M) Similarly, for Class-Wise utility Ucwe and Top-K utility Usopk, [U| = C in both

cases; using a simple union bound, we recover N < O (Lg(g/ 5)).

B Deferred Content

B.1 CutOff Calibration

In Section 3, we highlighted that our utility calibration framework, particularly its focus on worst-case interval-
based deviations of predicted utility, can be seen as a natural extension of the binary CutOff calibration concept to
multiclass scenarios and general utility functions. This extension preserves important decision-theoretic properties.
For the binary setting (Y € {0,1}, f : X — [0,1]), Rossellini et al. (2025) demonstrate that if the metric

Acutoft (f) = o E[(Y = f(X)L{f(X) € T}]|
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is small, then a simple decision rule Y; : X — {0, 1} of the form ¥; = 1 {f(X) > 7} evaluated against its associated
binary decision loss, cannot be substantially improved by monotonic post-hoc calibration. More concretely, let
Rypa(g;7) := E[lba(Y, Y:; 7)] be the risk under the binary decision loss ¢,q(Y,Y;7) =7(1-Y)Y + (1 -7)Y(1-Y).
Then, Rossellini et al. (2025, Prop. 3.2) show that for any 7 € [0, 1]:
R $T) — inf  Rpa(ho f;7) < 2A .
bd(faT) h:[O,HlH[O,l] bd( Of77> = Cutoff(f) (Bl)
monotone

This guarantee implies that if Acuon(f) is small, the decision-maker, thresholding f(X) to make a binary
decision, gains little by applying any monotonic recalibration to f(X). Similarly, they showed that in the binary
case, CutOff calibration error can be used to bound distance from calibration. As such, Propositions 3.2 and 3.3
extend the results of Rossellini et al. (2025) to the multiclass setting.

B.2 Bounding Binned Estimators using Utility Calibration

To illustrate the relationship between binned estimations of calibration error and utility calibration, let px =
f(X)4(5(x)) and correctness indicator Yx = 1{Y = e,(s(x))}, definitions for m bins (B;);c[, are:

TCE"™(f) =Y _|E[(px — Yx) 1{px € B;}]l,
j=1

UC(f,Urce) = sup [E[(Yx —px){px € I}]].
Ielfo,1]
Each binned term [E[(px — Yx)1{px € B;}]| < UC(f,Urce) (by setting I = Bj), thus TCE""(f) <
mUC(f,Urck). Conversely, small binned errors do not imply small utility calibration, as binned errors can cancel
within bins, while utility calibration is the supremum over intervals.

For instance, let px be 0.45 or 0.55 (each with probability 0.5), with E[Yx|px = 0.45] = 0.05 and E[Yx|px =
0.55] = 0.95. If TCE"™(f) uses bins B; = [0,1/3), B, = [1/3,2/3), Bs = [2/3, 1], the expected error is 0. Thus,
TCEP™(f) = 0.

However, the inverse is not true. For example, for UC(f,Urck), consider the interval I; = [0.45,0.46]. The
term |E[(Yx — px)1{px € I1}]| becomes |P(px = 0.45)(E[Yx|px = 0.45] — 0.45)| = 0.2. Since UC(f,Urck) is
the supremum over such intervals, UC(f,Urcg) > 0.2. The binned estimator indicates perfect calibration, while
UC(f,Urck) does not.

B.3 Hardness of Proactive Measurability

Proactive measurability for a utility class U, as defined in Definition 4.1, necessitates an algorithm to efficiently
find @ € U, whose utility calibration error UC( f, @) approximates sup, c;; UC(f, ). This is equivalent to efficiently
finding an approximate worst-case function from the witness class W (U) = |, ¢, X = §u(X)1 {v.(X) € I} |
Iel[-1,1],¢ € {—1,1}}, given that the worst-case interval for a fixed u is efficiently findable (Lemma 3.4).
The work of Gopalan et al. (2024) establishes computational hardness for “auditing with a witness" for related,
expressive classes of witness functions.

Definition B.1 (Auditing with a witness (Gopalan et al., 2024)). An (a, B) auditor for a witness class Wiarget
is an algorithm that, when given access to a distribution D where CEyy,, . (D) > «, returns any function
w' : AT — [=1,1] such that Ex yyp[(Y — f(X),w'(f(X)))] = B.

First, auditing with a witness is an easier task than proactive measurability, as it allows returning any function
w’, not necessarily from the original witness class. Thus, if auditing is hard for a class Wiarget, and if our class
W(U) is at least as expressive as Wiarget, then proactive measurability for i/ is also computationally hard.

Gopalan et al. (2024) demonstrate hardness for two key notions.

1. First, for decision calibration, their witness class Wye. involves partitioning A®~! using hyperplanes, i.e.
Waee = {z = g'1{a"z > b} + g1 {a"z < b} |¢,9,a € RE,bER, s.t. [|¢[|5,lgll, <1}. Auditing for Waec
is shown to be computationally hard under standard assumptions (Gopalan et al. (2024, Thm. 5.1)), i.e. cannot
be performed in polynomial time for non-trivial & under standard computational complexity assumptions. Up
to a scaling, this is a slightly more general class than U;,.
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2. Second, Gopalan et al. (2024) introduced projected smooth calibration, which is very similar to our notion of
utility calibration for U;,, but replaced the hard interval indicator with Lipschitz functions. Again, auditing for
this notion was also proven computationally hard, in the sense that no auditing algorithm can be polynomial
in 1/a (Gopalan et al., 2024, Thm. 8.1).

B.4 Interactive Measurability

In this section, we establish conditions under which the utility calibration error UC(f,U) is interactively
measurable, completing Section 4. This involves bounding the sample complexity required for the empirical
estimates UC(f, u;.S) to uniformly converge to their true values UC(f,u) over all u € U. Throughout this section,

we assume that [E, denotes the empirical expectation over n i.i.d. samples.

First, we start by bounding the Rademacher complexity of the class of functions

Gu = {(X, Y) o (Y — F(X),@(X)1 {va(X) e 1Y) |ueld, T el[-1,1] } (B.2)
with respect to its coordinate-wise components P, ..., Pco, where
PiU) ={X = u(f(X),e)1{v,(X) eI} |uel,Iecl[-11]}. (B.3)

This generic bound may be transformed into a sample complexity bound for interactive measurability by Corol-
lary B.5. As an example, we apply it to the class of linear utility functions Uj;,. Nonetheless, in Appendix B.4.1,
we derive tighter bounds for Uy, and Upank by directly bounding their pseudo-dimension. Before proceeding, we
first recall standard definitions and results.

Definition B.2. (Bartlett and Mendelson, 2002, Rademacher Complexity) Let F be a class of real-valued
functions h : Z — R. Given n samples Sy = (Z1,...,2Z,) where Z; ~ Dy, the empirical Rademacher complezity
of F given Sz 1is

R, (F|Sz) = Eq

b

1 n
sup — o;h(Z;
heF ; ( )
where o; are i.i.d. Rademacher random variables. In addition, the expected Rademacher complezity is defined as
R (F) = Es, [Rn(F1Sz2)].

Definition B.3. (Vapnik and Chervonenkis, 1971, VC dimension) Let H be a class of binary-valued functions
on a domain Z. We say that H shatters a set {z1,...,zm} C Z if for every labeling b € {0,1}™ there exists
h € H such that h(z;) = b; for alli. The VC dimension VC(H) is the largest m for which some set of size m is
shattered (or oo if no such largest m exists).

Finally, we list a common result combining Massart’s lemma, which bounds the Rademacher complexity using
the growth function (Mohri et al., 2018, Theorem 3.7) and Sauer’s lemma, which bounds the growth function
(Mohri et al., 2018, Theorem 3.17).

Result 1. Consider a boolean class of functions B such that d = VC(B). Let d < n, then it holds that
2dlog(en/d)

Rn(B) <[ —— ——

Theorem B.4 (Rademacher Complexity Bound for Gy/). For a utility class U, the Rademacher complexity of Gy
is bounded as:

C
R (Gu) <23 Ra(P(U)).
j=1

Proof. The class Gy consists of functions g, 1 (X,Y) = (Y — f(X), @(X)1 {v,(X) € I}). We consider the empirical
Rademacher complexity R,,(Gy|Sxy) for n samples Sxy = {(Xx, Yi)}7_,, which is by definition:

n

- 1
Rn(GulSxy) =Eo/ | sup —
ueU n

o5, (Vi — f(Xg), @(f(Xp)1 {vu(Xy) € I}) |
I€l[=1,1] 1

k=
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where o), are i.i.d. scalar Rademacher random variables. For each k € [n], let W, = Y3, — f(Xj). The function
dw, : RY — R defined by ¢w, (2) = (Wy, ) is L-Lipschitz and ¢, (0) = 0. Specifically, for the f-norm on R,
the Lipschitz constant Ly, = |[Wi|l2 = [|Yx — f(Xk)|l2 < V2. Let Wy, be the class of vector-valued functions from
X to RY:

Wiy = {X»—MT(X)l{vu(X) el} lueu, Ie]I[—Ll]}. (B.4)
The functions w € Wy, map to [~1,1]¢. Using Maurer (2016, Corollary 4), we have
R, (GulSxy) < V2LRY(Wy|Sx),

where S1Y°¢(W,|Sx) is the empirical vector Rademacher complexity of Wi, given samples Sx = {X Rrp_. It is
defined as:

RV (Wy|Sx) == ]E,,[ sup 1Z<ak,w(Xk)>]. (B.5)

wEWy n k=1

where o, € {—1,1}¢ are vectors whose components oy; are i.i.d. Rademacher random variables. Substituting
L=+2:
R (GulSxy) < VEVIRIE Wyl Sx) = 25 (Wi |Sx).

The vector Rademacher complexity SR¥°(Wy|Sx) can then be bounded as:

RV (Wy|Sx) = Eo sup nZZ”’” ej)1{v,(X) € I}| by eq.(B.4) and (B.5)
uc
| renf~1,1)  k=1i=1

c
<E, Z sup Z OkjU e;)1{v,(X%) € I'} (subadditivity of sup)
= 1I€]I[ 4 1] k= |
c
ZZ sup Z% ej)1{vu(Xy) € I}
j=1 Ie]I[ 1 1] =
c
= Z U)|Sx).

Here o.; denotes the j-th column of the matrix o = ((0k;)re[n,je[c])- Combining these, we get R, (GulSxy) <
2 ch=1 R, (P;(U)|Sx). Taking expectation over Sxy yields the theorem statement. O

Corollary B.5 (Interactive Measurability from Rademacher Bound). Let U be a class of utility functions and
Gu be the function class defined in equation (B.2). With probability at least 1 — § over the draw of S ~ D™:

sup [UC(f, u; §) — UC(f, u)| < 208, (Gu) +4 logéﬂ_
uel n

Combined with Theorem B.4, this implies:

C
sup [UC(f,u; §) = UC(f,u)] <4 R (P;(U)) + 4 log(2/9)

2n
ueU J=1

Proof. For u € Y and I € I[-1,1], define g, ;(X,Y) = (¥ — f(X),@(X)1 {v,(X) € I}). With ﬁ(f,u;S)
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defined in Lemma 3.4, it holds by definition that

sup  |Ep[gu,1(X,Y)]| = sup IE[gu,z(X,Y)]I‘
Ie€l[—-1,1] I€l[—-1,1]

sup [UC(f,u; S) — UC(f,u)| = sup
uelU ueU

<sup sup [[Ealgus(X,Y)]|  [Elgu (X, V)]

weld I€l[—1,1]

<sup sup  |Enlgus(X,Y)] - Elgus(X, Y)]’
uel I€l[—-1,1]

— sup [Bu[g(X,Y)] - Elg(X,V)]|.
9€Gu

The first inequality is by sup,, f(z) —sup, g(x) < sup, |(f — ¢)(z)|. Then using (Mohri et al., 2018, Theorem 3.3)
(standard symmetrization argument using Rademacher complexity and application of McDiarmid inequality),
with probability at least 1 — §, it holds that

sup |Ea[g(X,Y)] ~ E[g(X,Y)]| < 29R,(Gy) + 4/ 2220

9€Gu

The corollary follows by substituting the bound for R,,(G/) from Theorem B.4 into the equation above. O

We now apply the statements established above to the case of linear utilities (Example 3.6).

Corollary B.6 (Interactive Measurability of U, ). The utility calibration error is interactively measurable for
C?log(n/C)+log(1/8) )

2

the class of linear utilities Uy, (Example 3.6). The sample complexity is N = O (

Proof. For u, € Uin, we have, by definition, u,(f(X),e;) = a; (see Example 3.6), where a € [~1,1]°. The
predicted utility is vy, (X) = (f(X),a). The component classes P;(Un) are:

Py(Uin) = {X = 0, 1{{f(X),0) € I} | a € [-1,1]%, T eT[-1,1] }.

Each function in P;(Uin) is a product of a; and an indicator function 1{(f(X),a) € I'}. First, we consider the
class of functions H, 1 = {X = 1{{f(X),a) € [}a € [-1,1]%,T € I[-1,1]}. Ha r is a subclass of the indicator
functions of polytopes with two supporting hyperplanes. Thus, VC (H,,;) = O (C) (Kupavskii, 2020, Theorem 1)

and R, (He,1) =0 (\/ Clogfln/c)> We now proceed to bound Ry, (P (Uhin)). Let Sx = {X1,..., X} be niid.
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samples. The empirical Rademacher complexity of P;(Uin) is

N 1 <

R (P (Uin)|Sx) =Bo | sup  — Y ora;1{{f(Xy),a) € I}
a€l-1,11° " 13

| Te1(-1,1]

<E, sup  |ajl

S o {(f (X, a) € 1}
k=1

a€[-1,1]¢
| T€l[-1,1]
1 n
< E, sup |— Zokl{(f(Xk),@ el} (since |a;| < 1)
ac[-1.17 |} 5
| T€i[-1,1]

1 n
= Es sup — Eorh( Xy,
heHa, 1 n Z ( )
L€e{-1,1}

<E, | sup Zakhxw +E,

hG’HQI k—1

S zmn( a7I|SX) .

1 n
sup — —oph(Xy)
heHa,r n ;

Thus, taking expectations over Sx:

R (P, (Uisn) < 2930 (Hart) = O ( Clog(n/C) ) |

n

Using Corollary B.5, the uniform error bound is:

sup |[UC(f,u; S) — UC(f,u)| < 4

wEUin

'MQ

R (P; (Uhin) / log (2 / J)
1

\/03 log(n/C) log 1/5 )

n

J

=0

B.4.1 Sharper interactive measurability for U, and U,k

The generic Rademacher approach of Theorem B.4 and Corollary B.5 applies broadly. For linear utilities
(Example 3.6) and rank-based utilities (Example 3.7), we obtain sharper bounds by analyzing the pseudo-
dimension of the underlying real-valued classes, yielding an O(C'log C') upper bound with a log-matching Q(C)
lower bound. We first recall the definition of pseudo-dimension and some standard results.

Definition B.7. (Anthony and Bartlett, 2009, pseudo-dimension and Subgraph) For a real-valued class F of
functions on a domain Z, its subgraph class is
Sub(F) = { ((z),r) » {r <g(2)} : g€ F }.

The pseudo-dimension Pdim(F) is the VC dimension of Sub(F).

Result 2. (Goldberg and Jerrum, 1993, Simplified Version of Theorem 2.2) Let {hg}ocrm be a family of Boolean
functions. Suppose that each function hg is decided by a Boolean formula of constant size whose atomic predicates
are linear inequalities in 0. Then, it holds that

VC ({ho : 0 € R™}) = O (mlogm).
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Result 3. (Mohri et al., 2018, Theorem 10.6) Let F be a class of functions h : Z — R with range in [—B, B|
and Pdim(F) = d. Then for any 6 € (0,1), with probability at least 1 — 6 over n i.i.d. samples,

sup [, (4] B[] < O (B Vzdlog("/d)“/log(l/‘;)).

heF N

We now give upper and lower bounds on the pseudo-dimension for the linear-utility class and then deduce the
resulting sample complexity for interactive measurability. Rank-based utilities will follow via a composition
corollary at the end of this section.

Proposition B.8 (pseudo-dimension for Uy, ). Pdim(Gin) = Q(C) and Pdim(Gyi,) = O (Clog C), where Gy, is
the class of functions induced by Uiy as in Equation (B.2).

Proof. For a € [-1,1]¢ and [s,t] C [~1, 1], define

Goan(X,Y) = (Y — f(X), a) 1{ s < (f(X),a) < t}, Giin = {gass:ac [-1,1C, s <te[-1,1]}

Let p= f(X)and W =Y — f(X). By the definition of the subgraph class, for any fixed (X,Y") and threshold
r € R,
r<gast(X,Y) == (s<(pa)<t Ar<(Wa) V (m[s<(pa)<t] Ar<0).

We introduce the following atomic linear predicates in the parameters (a, s, t):
Ar: (p,a) —s>0, A t—(p,a) >0,
As: (W,a) —r >0, Ay —r>0.
Note that (41 A Ag) <= s < {(p,a) <t, A3 <= r < (W,a), and Ay <= r < 0. Therefore,
7 < gast(X,Y) = (ALANAgNAz) V(ALY —2A2) A Ay).
Thus, under the above equivalent, we obtain that Pdim (Gji,) = O(C'log(C)), by invoking Proposition 2 with
m=C+2.

For the lower bound, fix any zo € X and write p := f(x) € A“~!. Relabel coordinates so that pc > 0. Consider
the C' — 1 subgraph points
((.170,63‘),0)7 je [C_l}

Set ac =0, s = —1,and t = 1. Since p € A°~! and a € [—1,1]%, we have (p,a) € [-1, 1], so the interval indicator
is always active. Hence, for each j € [C — 1],

c-1
Ga,s,t(T0, €5) = (ej — p,a) = a; — Zpiai-
i=1

Writing b = (ay,...,ac_1)" and ¢ = (p1,...,pc_1) ", the vector of these values is

(Ga,s,t (o, €1), - .. ,Qa,s,t($0760—1))T = (Ic—1 —1q")b.

Now
c—-1
det(Ioo1—1¢") =1—-¢"1=1-Y p;=pc >0,
i=1

so Ic_1 —1q" is invertible. Let £ € {0,1}¢~! be any labeling and define ¢ € {—1,1}¢~! by

Choose
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with
1

< T
[(Te—1 —1¢7) |

so that ||b||so < 1. Then the corresponding a € [—1,1]¢ is admissible and

0<§

i

ga,s,t(x()a ej) = 5£j7 .7 € [C - 1]

Therefore
O < gaselzo,€)} =45,  jelC—1],
so the subgraph class shatters these C' — 1 points. Hence

Pdim(Gy,) > C — 1 = Q(C).
O

Given the pseudo-dimension bound, we can now directly deduce the sample complexity for interactive measurability.

Corollary B.9 (Sample complexity for U, ). Combining Proposition B.8 and Proposition 3, we obtain that

wpmaﬂmﬁ—UqﬁM|gé< C+Mﬂwv.

uEUlin n

Equivalently, interactive measurability holds with n = O((C + log(1/8))/?) for the Uy class.
Corollary B.10 (Rank utilities via sorting preprocessing). Let m, denote the permutation that sorts p = f(X)

in descending order and define the fized ordering map T : (p,Y) — (p,Y) with ps = Dry(s) and Yy = Yo ().
Then, any rank-based utility may be expressed as a linear utility up to a preprocessing with T. Consequently,

Pdim(Gy.,. ) = O(Clog C) and the sample complexity for interactive measurability for Urank matches that of Uiy .

Proof. Let m, be the permutation that sorts p = f(X) in descending order and define the fixed ordering map

T:(p,Y) = (p,Y) with ps = pr () and Yy = Y, (). For any ug € Urank, we have [ig(p)]; = Orank(p,j) and
Uy, (D) = 25:1 ps 0s = (p,0). Hence, for any interval [s,t] C [—1,1],

(¥ = J(X), @(F(X)) s v, (F(X) St} = (V= 5,0) s < (5,0) <t}

which is exactly the linear-utility template on the transformed sample T'(S). As Proposition B.8 is distribution-
independent and T is a fixed function, we have Pdim(Gy,. ,) = O(ClogC). Interactive measurability follows

rank

from Proposition 3, similarly to Theorem B.9. O

B.5 Quantile Guarantees

The evaluation methodology in Section 5 relies on plotting the empirical CDF F E,M,n, constructed from M
utility functions and n data points. F E,M,n Serves as a proxy for the true CDF Ff of utility calibration errors.
Theorem B.11 bounds the distance between the curves, as characterized by the Lo-distance. While weaker
than characterizing the deviation using L.,-norm, Lo distance allows a bound without any assumptions on the
smoothness of the underlying CDF Fg. The bound depends on two factors: first, the uniform accuracy esgar With
which individual utility calibration errors UC(f, u) can be estimated by UC(f,u;S), and second, the number of

o~

utility functions M sampled to construct the Fg prp.

Theorem B.11. Let Fg(e) = Pyup, (UC(f,u) <€) be the true CDF of utility calibration errors, where u is
drawn from a distribution Dy over the utility class U. Let }?E)M)n(e) = 4 Z%:l 1{6@(]0, Um; S) < e} be its
empirical estimate, based on M i.i.d. utility functions uy,...,un ~ Dy and a data sample S of size n. Assume
that, with probability at least 1 — dg over the draw of S,

sup [UC(f, u; §) — UC(f, u)| < €star.

ueU
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Then, with probability at least (1 — dg — dar) over the draw of S and {u,, }*_,, it holds that

m=1’
N In(2/6
IFE = Femmlliaqoz) < V2€stat+ %

Proof. Let E(u) := UC(f,u) be the true utility calibration error for a utility function u ~ Dy, and let Eg(u) =
UC(f,u; S) be its empirical estimate based on data sample S. The CDF of E(u) is Fg, and let Fg_ be the CDF
of Eg(u) when u ~ Dy and S is fixed.

We condition on the event (occurring with probability at least 1 — dg) that S is such that |E(u) — ES(UN < Estat

for all u € Y. This implies that for any u, E(u) — estas < Eg(u) < E(u) 4 €stat- Consequently, for any u € U, as
E(u) and E(u) belong to the set [0,2], it holds for any e € [0, 2] that

Fr(e —esat) = P(BE(u) < e —eya) < P(Es(u) <e) = Fz_(e)
Fs_(e) = P(Es(u) <e) < P(B(u) < e+egat) = Frle+ estar)-
Thus, Fr(e — estat) < Fp (e) < Fg(e + estat). This implies that

[Fg,(e) = Fr(e)| < max{Fp(e + &stat) — Fr(e), Fr(e) — Fu(e — &star) }-

Let Ag(e) denote the right-hand side. The L? distance squared between F 5, and Fg is
2
1P, = Felliagoay = | (Fp, ()= Fole)de

2 2
< [ Aporie < [ Al
0 0

since 0 < Ag(e) < 1. Further, as max(a, b) < a + b for non-negative a, b, it follows that
2 2 2
/ Ap(e)de < / Foe + eat) — Fa(e)lde + / [Fa(e) — Fale — es)lde.
0 0 0

The first term evaluates to f;ﬁsm Fg(v)dv — [;*** Fp(v)dv. Since Fg(v) = 1 for v > 2 and Fg(v) > 0,
this term is < ega¢. The second term evaluates to f;_smt Fg(v)dv — f_ossm Fg(v)dv. Since Fg(v) = 0 for
v < 0 (errors are non-negative) and Fg(v) < 1, this term is < ggqt. Thus, f02 Ag(e)de < 2e4at, which implies
1Fz, — FEllL2(0,21) < v2stat-

Next, ﬁEvM,n(e) is the empirical CDF of M i.i.d. samples {Es(um)}%=l drawn according to F_. By the
Dvoretzky—Kiefer—Wolfowitz (DKW) inequality (Massart, 1990), with probability at least 1 — dp;:

. (2321
||FE,M,n_FESHoo S W

The L? distance can be bounded by the L> distance, as
2
1P, = Peatnlaqoan = [ (Fa, (€)= Frarale)de

2
S/ |Fgmn — Fp_ % de
0

~ In(2/6)
=2||Fgmn— Fp_l% < —r

%. Finally, by the triangle inequality, combining the two bounds:

So, |Fg, — Fearnll 2oz <
1FE — Femnllrzqoo) < 1Fe — Fg lle2qo2y  + 1F5, — Femmllzzo.2)

In(2
S Vv 2€stat + %

Using a union bound, this holds with probability at least (1 — dg — dps). O
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B.6 Proof of Proposition 3.2

Proof. At a high-level, the proof is similar to the approach of Rossellini et al. (2025) but some details differ. We
start by analyzing the loss function

Cusit(uy, Us to) = (to — uy ) (U — 1 {uy > to}). (B.6)

o If U = 1{uy >to}, then £y = 0.
° IfQ:lanqu<t0,thelossistoqu>O.
e If U =0 but uy >ty , the loss is uy — tg > 0.

The loss, which is only non-zero when a mismatch U # 1 {uy > to} occurs, is |uy — to|. This loss function
penalizes mismatches between the action taken based on v, (X) and the ideal action based on uy. We now
consider any monotone non-decreasing function h : [—1,1] — [—1,1]. The difference in risks between using v,,(X)
directly and using h(v, (X)) is

AR = Rusit(vu(X); t0) — Rusit(h(vu(X)); to)
= E|(to — uy) (1 {0u(X) 2 to} = 1{uy 2 to})] ~ E[(to — ur) (1 {(vu(X)) = to} = 1 {uy > to})]
= E|(to — uy)(1{va(X) = to} = 1{h(va(X)) = to})].

Let By = {X | vu(X) < to,h(vu(X)) > to} and Es = {X | v, (X) > to,h(vu(X)) < to}. The term
1{v,(X) > to} — 1 {h(vy(X)) > to} equals —1 on E; and 1 on Es, and 0 elsewhere.

AR=E :(to —uy)(—1{X € E1}) + (to — uy ) (1 {X € EQ})}
—E|(uy —to)1{X € El}} - E[(uy —t)1{X € EQ}}

—E :(uy — 0 (X) + va(X) — to)1 {X € El}] - E[(uy — 0 (X) + va(X) — to)1{X € EQ}}

_E :(uY (X)X € El}] +]E[(vu(X) —t)1{X e El}]
A C
—E|(uy — v (X))1{X € EQ}} —E{(UU(X) —t)1{X € EQ}} .

B D

On Ey, we have v, (X) < tg, which implies v, (X) —to < 0, so C < 0. On Es, we have v, (X) > o, which implies
vy (X) —tg > 0,80 D >0. Thus, AR=A+C—-B-D<A—-—B. A-—B=E[(luy —v,(X))1{X € E1}] +
E[(vy(X) — uy)1{X € E»}]. Since h is monotone non-decreasing, the sets E; and Ea correspond to v, (X) lying
within specific intervals (or unions of intervals which can be decomposed). Let I; be the set of v, (X) values
defining F; (e.g., vu(X) < tg and h(v, (X)) > to) and I3 be the set for Fy. The terms 1{X € E1} and 1{X € E»}
effectively restrict the expectation to regions where v, (X) falls into certain ranges. By the definition of UC(f, u),
for £ € {Ex, Bz} El(uy — va(X)1{X € E}] < suprer_1 g [El(wy — va(X))1{va(X) € I}]| < UC(f, ).

Therefore, AR < A — B < UC(f,u) + UC(f,u) = 2UC(f,u). Since this holds for any monotone non-decreasing
function A, taking the supremum over monotone functions completes the proof. O

B.7 Proof of Proposition 3.3

Proof. The proof is the same as (Rossellini et al., 2025, Lemma A.2.), we include it for completeness. Assume
UC(f,u) > 0. Let Uy = u(f(X),Y) denote the realized utility. Both Uy and v, (X) take values in [—1,1].

Let W € (0,2] be a chosen bin width. We partition the interval [—1, 1] into Kw = [2/W] disjoint intervals
Ay, As, ..., Ak, . These intervals are constructed as follows: For j =1,..., Ky —1,let A; = [-1+(j —1)W, -1+
JW). For j = Ky, let Ak, = [-1+4 (Kw — 1)W,1]. This construction ensures that UKW A; =[-1,1], and each
interval A; has length A(A4;) < W.

Let ¢¥w : [-1,1] — {1,..., Kw} be the function mapping a value z € [—1,1] to the index j of the bin A;
such that z € A;. We construct a candidate calibrated predictor gw (X) = E[Uy | ¥w (v, (X))]. The function
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gw (X) is perfectly calibrated: E[Uy | gw(X)] = E[E[Uy | ¥w (v (X))] | gw(X)]. Since gw (X) is, by definition,
measurable with respect to the sigma-algebra generated by 1w (v, (X)), it follows from the properties of conditional
expectation that E[Uy | gw (X)] = gw (X) almost surely.

By the definition of DCU(f, ), which is the infimum of distances E|g(X) — v, (X)| over all perfectly calibrated
predictors g(X), it holds that DCU(f,u) < E|gw (X) — v,(X)|. To analyze the right-hand side, we introduce
an intermediate term Viyghin(X) = E[v,(X) | ¥w (v, (X))]. This represents the average of v, (X) within the
bin Ay, (v, (x)) Where v, (X) falls. Using the triangle inequality: E|gw (X) — v (X)| < E|lgw (X) — Vavgbin(X)| +
E“/avgbin(X) - Uu(X)|

To bound the second term, E|Viyghin(X) — v, (X)|: For any realization X = xz, v,(x) is a point in some bin
Aj. Vavebin(z) is the conditional expectation of v,(X’) given that v, (X’) is in A;. As such, Viygpin(z) must
also lie within the convex hull of A;. Thus, [Viygbin(z) — vy (z)| < W. Taking the expectation over X, we get
Eﬂ/avgbin(x) - Uu(X)| S w.

To bound the first term:

Elgw (X) = Vavgbin(X)| = E[E[Uy | Yw (vu(X))] = E[vu(X) | dw (vu(X)]]
= E[E[Uy —vu(X) | dw (vu(X))]]

= ZP{wW(MX)) =} E[Uy — vu(X) | tow (va(X)) = 4|

j—l

= Z E[(Uy = vu (X)) {w (vu (X)) = j}]|

= Z E[(Uy —vu(X))1 {vu(X) € 4;}]].

By the definition of wutility calibration error UC(f,u), for each bin A;, we have:
[E[(Uy —vu(X))1{vu(X) € Aj}]| < suprep—1) [E[(Uy —vu(X))1{vu(X) € I}]| = UC(f,u).  There-
fore, Elgw (X) — Vavgbin(X)| < ZKW UC(f,u) = KwUC(f,u). Since Kyw = [2/W], and for any
x > 0, [r] < z 4+ 1 (with strict 1nequahty if = is not an integer), we have Ky < 2/W + 1. Thus,
Elgw (X) = Vavgbin (X)| < (2/W 4+ 1UC(f, u).

Combining the bounds for the two terms, we get: DCU(f,u) < (% + 1) UC(f,u)+W. This inequality holds for any

chosen bin width W € (0,2]. Our goal is to select W to minimize this upper bound. Set W = W,,,; := 1/2UC(f, u),
noting that Wy, is in the domain (0, 2] as UC(f,u) < 2, for any u and f.

Substituting Wo, = +/2UC(f, ) into the upper bound for DCU(f, u):

2
DCU(f,u) < WUCU, u) + UC(f,u) + /2UC(f,u)

= 21/2UC(f,u) + UC(f,u)

B.8 Proof of Lemma 3.4

u(f(X),Y) — v, (X) and V := v, (X). Since u(-,-),v,() € [-1,1], we have A(X,Y) €

Proof. Let A(X,Y) :=
1,1] almost surely. For any interval I € I[—1,1], define

[—2,2] and V € [—
Fint = {hr : (X,Y) = AX,Y)1{V eI} | T €l[-1,1] },
Fo={h 1 (X,Y)» AX,Y)1{V <t} |te[-1,1]}.

By definition,

UC(f,u) = sup [E[hf],  UC(f,w;8) = sup |En[h]
Iel[-1,1] Ie€l[—1,1]

b
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and hence

|UC(f,u) = UC(f,u;S)| < sup |(E—E,)hy].
Iel[—1,1]

where inequality uses |supa — supb| < sup|a — b| and ||z]| — |y|| < |z — y|. Under the additional assumption
that V = v,(X) has a continuous distribution, the distinction between closed and half-open interval endpoints
is immaterial for both the population quantity and the empirical objective, and the sample values (V;)_, are
pairwise distinct almost surely. For any a < b in [~1,1], we then have h, ) = hy — h, with h; € F<. Hence, for
any linear functional T,

sup |T(hr)] < 2 sup |T(ht)l-
Iel[-1,1] te[—1,1]

We use the following standard bounded-range uniform deviation bound: for any real-valued function class H with
range [—M, M| and any ¢ € (0,1) (Mohri et al., 2018, Theorem 3.3),

sup|(E—En)h| < 2R,(H) + M % w.p. >1-46.
heH

Fix the sample S = {(X;,Y:)} ;. Let V; := v,(X;) and 4; := u(f(X;),Y;) — vy (X;). Let 7 be a permutation
that sorts the Vi: Vi) <--- <V, and set Ay := Ar(;). Given S, the sequence (A(;))i; is deterministic. Let
(07)"_; be i.i.d. Rademacher signs, independent of S, and define the filtration

Fi:=o0(o1,...,0%,5), k=0,1,....,n

Define partial sums Sy, := Zle oAy with Sp := 0. Then (S, Fi)ji—, is a square-integrable martingale since

E[Sk — Sk—1 | Feo1] = Ay Eloy, | Feea] =0,  E[S2]S] = ZAQ

We invoke Doob’s LP submartingale maximal inequality, for p > 1,

E{(Oggnwﬂ < (32) ElS.I71.

Taking p = 2 yields

n 1/2
E, [ sup Sk|2] < 4E,[S?] = 42/1%, hence E, [bup|Sk|} <2 (ZAQ ) .
i=1

0<k<n i=1

Then, it holds that

1/2 4

=1

where the last inequality uses |A(;| < 2. Then, it holds that

[UC(f,u) = UC(f,w; S)| < sup |(E —E,)hy|
I€l[—1,1]

<2 sup ’(E - En)ht|
te[—1,1]

< AR, (Fe) + 4y losll/o)
10 |y leai/)

< =4/ B
\/>

For the runtime claim, sorting the values V; yields a total order, and every admissible interval corresponds to a
contiguous block in that sorted order. Thus the empirical objective reduces exactly to the maximum absolute
subarray sum of the sorted residuals (A(;))j~,, which is computed by Kadane scans in linear time after sorting.
This gives a runtime of O(nlogn + nTeyar)- O
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C Additional Experiments

Appendix C.1 describes datasets, models, and calibration methods. Appendix C.2 takes a deeper look at the
empirical behavior of Algorithm 1. To this end, it demonstrates the empirical behavior of Algorithm 1 on
two families of utility functions: aligned and misaligned. Finally, Appendix C.4 compiles extended tables and
eCDF plots across CIFAR10/100, ImageNet, and an additional text classification experiment. In addition, it
introduces two additional utility function classes; one inspired by discounted cumulative gain (DCG) (Jarvelin
and Kekaldinen, 2002) and the other inspired by semantic-based classification loss (Deng et al., 2012).

C.1 Experimental Details

Experimental Setup: Our experiments were performed using standard image classification benchmarks:
CIFAR10, CIFAR100 (Krizhevsky et al., 2009, MIT License), ImageNet-1K (Deng et al., 2009, provided for
non-commercial use), and the test split of Yahoo Answers Topics (Zhang et al., 2015, non-commercial use). We
used publicly available pretrained models. For each model-dataset combination, the validation data was divided
into a calibration set (70%) for training post-hoc methods and a test set (30%) for evaluation. We repeated
the experiments across 10 different calibration/test splits and reported the average results. For CIFAR10/100
datasets, we used the model checkpoints available in Chen (2020). For ImageNet-1K, we used timm checkpoints
(Wightman). For text classification, we used the publicly available model https://huggingface.co/Koushim/
distilbert-yahoo-answers-topic-classifier, provided under the Apache 2.0 license. All post-hoc methods
were trained on the designated calibration set and subsequently evaluated on the test set. All experiments
(including hyperparameter tuning) took approximately 120 hours on an A100 80GB NVIDIA GPU.

Calibration Methods and Evaluation: We benchmarked several well-known post-hoc calibration techniques.
These include Temperature Scaling (Temp. S.) (Platt et al., 1999; Guo et al., 2017), Vector Scaling (V.S.) (Kull
et al., 2017; Guo et al., 2017), Dirichlet recalibration (Kull et al., 2019) with off-diagonal regularization (ODIR),
and Isotonic Regression (L.R.) (Zadrozny and Elkan, 2002), applied both globally and in a one-vs-all manner. For
these methods, we based our implementation on the publicly available code in (Salvador, 2022). For Dirichlet
recalibration, we tuned the regularization parameter over 80 runs using BayesSearchCV from scikit-optimize
(Head et al., 2018) with the goal of minimizing the negative log-likelihood.

Algorithm 1 implementation: Building on the algorithmic template in Algorithm 1, our implementation
iteratively (i) audits to find the worst witness over the chosen utility class using the worst-interval estimator, and
(ii) applies a masked update along that witness only for points whose predicted utility falls in the identified interval,
followed by projection onto the probability simplex. For the stepsize selection, we also employ a backtracking
Armijo line search, using JAXOPT (Blondel et al., 2021), to choose a stepsize that decreases the Brier score.
The implementation minimizes the utility calibration against the union class U = Ucwg U Usopk, as defined in
Section 3. In addition, at each step, we sampled 264 utility functions from U,k and Uy, to augment the set
of utility functions. Hyperparameter tuning was performed using scikit-optimize (Head et al., 2018) over
the stepsize, the number of steps, and whether to sample additional utility functions from Uyank and Uy, For
hyperparameter tuning, we performed 20 runs.

Evaluation. Model performance and calibration were assessed using a suite of metrics. Standard evaluations
included Accuracy and Brier score. For binned binarized approaches, we compute TCEP™ (2.1) and CWEP™
(2.2), using 15 equal-weight bins (each bin has the same number of datapoints). Furthermore, we evaluated our
proposed binning-free utility calibration metrics for specific utility classes: Urcg, Ucwr, and Usopk. In addition,
we computed other utility calibration metrics for specific utility classes described in Appendix C.4.

C.2 Algorithm 1 for Aligned and Misaligned Utility Classes

To better understand the dynamics of calibrating against different utility structures, this set of experiments focuses
on the convergence speed (and final performance) of Algorithm 1 when faced with “aligned” versus “misaligned”
non-linear utility classes.

Utility model. Let R € [0,1]°*¢ be a user-defined gain matrix with R;; = 1, where R;; is the gain for predicting


https://huggingface.co/Koushim/distilbert-yahoo-answers-topic-classifier
https://huggingface.co/Koushim/distilbert-yahoo-answers-topic-classifier
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class j when the true class is i. For a prediction p = f(X), a rational agent may choose

c

J*(p) = argmax;¢(c Zpi R;;.
i=1

As we consider the utility function

ur(p, y =€) = R jx(p)-

Consistent with our framework, we use the associated regressor vy, (X) = ch=1 J(X)i R; = (£(x))-

We investigate two utility classes to simulate two scenarios: one with all users having the same preferences
(aligned) and the other with users having distinct preferences (misaligned).

e Aligned class: models users with a low tolerance for any error. We set R;; = 1 and sample all off-diagonal
entries (i # j) i.i.d. from Unif(0,0.1).

e Misaligned class: models a mix of specialists with distinct biases. We partition the labels into disjoint subsets
(K1, Ka,...). For a user specializing in K,,, we set R;; = 1, R;; = 0.2 for all j € K,,, with i # j, and all
other off-diagonals to 0. The utility class is a mixture over such specialists.

Evaluation. We illustrate the performance of Algorithm 1 on these classes on CIFAR100 and ImageNet-1K,
using ViT and ResNet56 checkpoints. For each utility class, we sampled 512 utility functions per iteration. For
each dataset, we track (i) the trajectory of the utility calibration error across iterations of Algorithm 1 for both
aligned and misaligned classes (see Figure 2), and (ii) the distribution of per-example utility calibration errors at
selected iterations to visualize distributional shifts across the class (see Figure 3). In summary, we provide three
panels for each dataset: the iteration curve and two distributional grids (aligned and misaligned).

CIFAR100 ImageNet
—— Aligned —— Aligned
‘é 0.12 —— Misaligned §0.08 —— Misaligned
e prr
o 0.1 0 0.06
=1 =}
£0.075 =
=] 20.04
€ €
= 0.05 S
© ©
= 0.025 =0.02
0 20 40 60 80 le+02 1.2e+02 0 20 40 60 80 le+02 1.2e+02
Iteration Iteration

Figure 2: Utility calibration error across iterations for CIFAR100 (left) and ImageNet-1K (right).

Interpretation. Across both datasets and both utility families (aligned and misaligned), the worst-case sampled
utility calibration error initially drops and then stabilizes. Nonetheless, utility calibration error distributions shift
toward smaller values over iterations. Both aligned and misaligned utility classes displayed similar trends.

C.3 Robustness of eCDF Conclusions to the Sampling Prior

A natural concern is whether the eCDF evaluation methodology’s conclusions depend on the choice of sampling
distribution Dy, over the utility class. We address this empirically on ViT-ImageNet-1K, comparing the uncalibrated
model against the patching algorithm (Algorithm 1).

Experimental design. We vary the sparsity of sampled utility vectors as a proxy for different user populations.
Each prior is parameterized by k € {50, 70,100}, representing the number of active coordinates in the payoff
vector a € OB: for a given k, we select k class indices uniformly at random, assign each a coefficient drawn from
Unif[—1, 1], and set the remaining entries to zero before normalizing to dB.,. For each sparsity level we draw
8 independent instances, yielding 24 priors in total. For each prior we sample M = 500 utilities and compute
UC(f, u) for both models.
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Figure 3: Aligned vs. misaligned utility snapshots across datasets. From top to bottom: CIFAR100 aligned,
CIFAR100 misaligned, ImageNet-1K aligned, and ImageNet-1K misaligned, each at selected iterations.
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Results. Figure 4 shows the resulting bundle of 24 eCDF curves per model. Despite varying both the sparsity
level and the random draw, all curves for the patching algorithm (blue) lie consistently to the left of all curves for
the uncalibrated model (red), with no overlap between the two bundles. This confirms that the relative ordering
of methods is robust to the choice of prior: the patching algorithm reduces utility calibration errors uniformly
across the utility class regardless of the sampling prior used.

1.0 -
= Jncalibrated

== Patching (ours)

o o o
H ()] o
1 1 1

Fraction of utilities

©
N
1

0.0 —
1073
Utility calibration error

Figure 4: eCDF bundle for ViT-ImageNet-1K under 24 different sampling priors (sparsity k € {50,70,100}, 8
draws each, M'=>500 utilities per prior). Shaded bands show the min—max range (light) and interquartile range
(dark); bold lines show the median. The two bundles do not overlap, confirming that the dominance of the
patching algorithm (blue) over the uncalibrated model (red) is robust to the choice of prior.

C.4 Extended Results and Additional Modalities

We begin by introducing two additional utility families below:

Discounted cumulative gain (DCG). We introduce the following discounted cumulative gain utility class,
inspired by graded relevance evaluation (Jarvelin and Kekéldinen, 2002). We note that this class highly resembles

rank-based and topK utilities in Example 3.7. Let v € R and define the discount sequence o) = (logy(1+17))~7

for ranks r € [C]. For a prediction p = f(X) and outcome Y = e, the realized gain is u(p, e;) = HEzr)lk(p ;) With

associated regressor v, (X) =3, f(X); (‘)E;I)lk( FX)0) Finally, for simplicity of evaluation, we used a fixed grid for
« and thus define the class Ugeg = {uy | v € {0.5,0.75,1,1.25,1.5,2}}.

Semantic similarity utilities. For ImageNet, we construct class embeddings E € R¢*? using the pre-trained
Google News Word2Vec model (word2vec-google-news-300 loaded via gensim ) (Mikolov et al., 2013; Rehurek
and Sojka, 2011). Class names are tokenized by lowercasing, replacing underscores/hyphens with spaces, and
keeping alphanumeric tokens. For class 4, a class embedding F; is the average of in-vocabulary token vectors. We
compute the cosine similarity matrix S € [—1,1]°*¢ such that S;; =1ifi=j and S; ; is the cosine similarity
between E; and Ej;. Finally, we define the utility by expected similarity: uyoy(p,€j) = >, p; S[i, j]. We denote
this single-utility class by Usyoy.

The results are presented in tables and figures as follows. We note two general observations that illustrate
the usefulness of our evaluation framework. (1) The order of performance among different post-hoc methods
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Table 2: RepVGG-CIFAR10 calibration results, comparing post-hoc methods using Accuracy, Brier Score, binned
ECEs (TCEB‘“, CWEB”“), and utility calibration errors: Ucwg, Usopk, and Uqeg, with mean £ std.

106.0£7.77 39.0+4.24 24.7+£3.05
89.90 + 4 185+1 128 +1
76.90 & 4 15.4+£0.6 10.5£0.5
89.70 £ 5 22.8+1 14.0£1.0
95.30 £ 5 16.1+£0.9 9.5+0.8

Method Accuracy (x10%) Brier Score (x10%) CWEP™ (x10?) TCEP™ (x10%) Ucwr (x10%) Usopr (x10%) Uaeg (x10%)
Uncalibrated 94.5 + 0.474 8.92 +0.774 39.6 + 2.64 37.3+4.5
Dirichlet 94.7 + 0.468 7.95 + 0.629 47.0 +£4.28 17.6 +2.5
IR 94.6 + 0.584 8.12 +0.62 24.9 +2.03 9.05 + 3.39
Temp. Scaling  94.5 + 0.474 8.23 & 0.669 44.2 +0.777 19.6 +3.23
Vector Scaling 94.7 + 0.47 7.98 + 0.626 47.6 + 4.52 17.0 £2.37
Patching 94.7 + 0.502 8.08 + 0.607 35.3 4+ 5.03 10.5 4+ 2.88

73.3 £8.07 100£2.1 4.71+£2.26

Table 3: ResNet-CIFAR10 calibration results, comparing post-hoc methods using Accuracy, Brier Score, binned
ECEs (TCEP™, CWEP™), and utility calibration errors: Ucwe, Uropk, and Ugeg, with mean =+ std.

120.0 £9.73  41.3£2.08 27.3£0.986
85.80 £ 6 142+1 84+£1
77.90 £5 16.2£0.2 11.8+0.5
92.90 £5 17.1+1.0 9.2+1
84.70 £ 4 13.1£0.5 6.3+0.8

Method Accuracy (x10%) Brier Score (x10%) CWEP™ (x10*) TCE™™ (x10%) Ucwr (x10*) Usopk (x10%) Uicg (x10%)
Uncalibrated 93.9 +0.155 10.1 £0.341 48.2 £ 1.87 40514
Dirichlet 94.1 +0.253 9.02 + 0.327 37.8+6.1 14.4 4+ 2.13
IR 94.1 +0.151 9.2£0.312 28.8 +2.99 10.2 +£2.73
Temp. Scaling  93.9 +0.155 9.29 + 0.336 46.9 + 1.42 14.2 4+ 1.76
Vector Scaling  94.1 +0.313 9.11 + 0.367 419+ 1.69 13.14+1.23
Patching 94.0 + 0.284 9.24+0.321 42.4 +4.27 104+1.14

79.2+13.0 11.0+£0.88 4.86+1.2

varies with respect to the evaluated utility class, stressing the need to account for downstream usage when
evaluating calibration. (2) While post-hoc methods generally improve various metrics, eCDF plots reveal additional
information. For instance, in multiple settings, post-hoc methods actively worsened (shifted to the right) the
distribution of utility calibration errors.

Metrics

CIFARI10

Results given in
CIFAR100 ImageNet Yahoo

TCEbin7 CWEbin, Z/[CWE7 Z/{topK7 Z/{dcg, Uway

ulin and urank

Tables 2 and 3 Tables 4 and 5 Tables 6 and 7 Table 8

Figure 5

Figure 6

Figure 7 Figure 8
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Table 4: RepVGG-CIFAR100 calibration results, comparing post-hoc methods using Accuracy, Brier Score, binned
ECEs (TCEP™, CWEP™), and utility calibration errors: Ucwg and Uropk, with mean =+ std.

Method Accuracy (x10?) Brier Score (x10?) CWEP™ (x10*) TCEP™ (x10%) Ucwr (x10*) Usopx (x10%)
Uncalibrated 77.2+0.481 32.7 £ 0.867 15.2 £ 0.646 58.1 £ 7.41 72.8+491 55.6£0.77
Dirichlet 76.5 + 0.806 32.9+£1.03 16.9+1.41 49.1 £5.86 78.00 £ 4 51.1+1
IR 76.6 + 0.652 32.8£1.09 14.4 £ 0.605 30.4 £+ 4.66 66.20 + 3 495 +£2
Temp. Scaling  77.2 4+ 0.481 32.5 £ 0.87 16.2 £ 0.532 49.1 £ 7.67 76.00 £ 2 65.9 £ 2
Vector Scaling  76.8 £ 0.691 33.0 £ 1.07 17.8 £0.835 50.5 + 4.55 75.00 £ 3 51.2+2
Patching 77.1+0.493 32.0 £ 0.801 18.4 4+ 0.656 24.1+4.19 65.3£4.79 24.242.01

Table 5: ResNet-CIFAR100 calibration results, comparing post-hoc methods using Accuracy, Brier Score, binned
ECEs (TCEBIH, CWEBm), and utility calibration errors: Ucwg, Uropk, and Ugeg, with mean + std.

Method Accuracy (x10%) Brier Score (x10%) CWEP™ (x10*) TCE"™ (x10%) Ucwr (x10*) Usopk (x10%) Uicg (x10%)
Uncalibrated 72.8 +0.455 41.6 +0.681 14.940.778  140.0+4.67 80.1+3.94 143.0+6.92 114.0 +4.07
Dirichlet 71.9 4 0.546 38.8 4 0.759 15.9 + 0.935 48.54+12.9 74.00 + 2 61.2+3 50.4 4 3
IR 72.2 +0.376 39.5 4 0.706 15.4 4 1.23 34.3 +3.37 70.70 £ 2 71.24+2 51.1+2
Temp. Scaling  72.8 + 0.455 38.3+0.523 15.0 & 0.424 30.3 +4.84 67.20 £ 2 29.5 4+ 2 15.8 +2
Vector Scaling ~ 72.2 4 0.508 38.8 4 0.685 18.1 + 0.845 31.4 4 5.42 76.00 + 3 36.1+3 22.6 4 3
Patching 71.8 4 0.361 38.4 4 0.494 21.8 4 0.388 20.2 + 3.51 68.6+7.0 27.14+7.17 8554194

Table 6: ResNet-ImageNet calibration results, comparing post-hoc methods using Accuracy, Brier Score, binned
ECEs (TCEB‘“, CWEB”‘), and utility calibration errors: Ucwg, Usopk s Udcg; and Uy, with mean + std.

Method Accuracy (x10%) Brier Score (x10%) CWEP™ (x10%) TCE™™ (x10%) Ucwr (x10%) Uropk (X10%) Udeg (X10%) Uay (x10%)
Uncalibrated 80.4 + 0.34 29.7 + 0.593 1.4240.0411  87.0+2.29  31.4+1.23 91.0+1.88 62.7+1.89 43.1+1.48
Dirichlet 44.2 252 66.6 + 27.2 10.9£5.1 99.0 +46.8  1860.00 £ 580 990.0+3  429.0£59 59.9 + 38.5
IR 80.0 + 0.313 29.7 4 0.49 1.45 £ 0.0261 39.3+2.6 30.50+0.6  65.2+1  47.34£0.6 37.5+£1.29
Temp. Scaling  80.4 & 0.34 28.7 4 0.561 1.594£0.0308  51.0+3.17  31.50+0.7  59.3+1 247407 200410

Vector Scaling  79.7 +0.312 30.7 + 0.424 1.940.0329  69.6+231  31.60+0.8  67.1+2 44441  325+2.44
Patching 80.2 + 0.301 28.1 + 0.529 2.15 4 0.105 202+273  321+£233 40.1£9.95 129+7.05 184+6.11

Table 7: ViT-ImageNet calibration results, comparing post-hoc methods using Accuracy, Brier Score, binned
ECEs (TCEP™, CWEP™), and utility calibration errors: Ucwg, Utopk, Udeg, and Uyay, with mean + std.

Method Accuracy (x10%) Brier Score (x10?) CWEP™ (x10%) TCE"™ (x10%) Ucwr (x10%) Usopr (x10%) Uace (x10%) Uay (x10%)
Uncalibrated 85.2 +0.297 22.6 +0.324 2.46 +0.0237 94.2 +2.27 30.4+0.976 124.04+1.03 101.0+1.56 68.8 + 0.802
Dirichlet 85.4 +0.191 21.3£0.361 1.34 £ 0.0438 13.7+1.53 27.00 £ 0.5 26.1+£0.7 6.4+04 7.52£0.926
IR 84.9 +0.276 22.9+0.371 1.1+£0.0183 33.1+£1.78 27.40 £0.5 54.14+0.9 41.6£0.5 38.1+1.69
Temp. Scaling  85.2 4+ 0.297 21.8 £0.398 1.26 £ 0.0239 30.0 £2.85 28.10 £ 0.6 45.2+0.5 20.8 £ 0.6 11.7£1.0

Vector Scaling  84.8 +0.291 22.8 +0.376 1.54 £ 0.0442 35.1+2.83 28.30 £ 0.3 374+2 21.94+1 13.14+0.811
Patching 85.2 £ 0.258 21.6 £0.347 1.56 £ 0.0483 10.3 £2.28 28.9+0.816 194+285 5.13+£1.48 11.8+0.608

Table 8: Yahoo calibration results, comparing post-hoc methods using Accuracy, Brier Score, binned ECEs
(TCEP™ CWEP™), and utility calibration errors: Ucwg, Upopk ; and Ugeg, with mean =+ std.

Method Accuracy (x10%) Brier Score (x10%) CWEP™ (x10?) TCE™ (x10®) Ucwr (x10%) Uiopx (x10%) Uaeg (x10%)
Uncalibrated 72.4 4 0.377 39.0 +0.433 100.0 + 1.84 31.34+22  213.0+19.0 3324527 19.941.38
Dirichlet 72.9 £0.375 38.4 4 0.414 67.6 & 3.88 11.1+1.84  158.00+4 33.6 42 12242
IR 72.8 +0.381 38.6 & 0.425 38.1+4.22 10.14£1.06  150.004+5 30.8+0.7 119404
Temp. Scaling  72.4 +0.377 38.9 +0.429 95.9 + 1.39 18.842.17  213.00+6 31.4+2 95+1
Vector Scaling ~ 72.740.37 38.6 + 0.457 80.1 %+ 4.59 13.34+2.11 169.00 + 7 31.2+2 91+1
Patching 72.7 £ 0.365 38.8 4 0.419 727429 129+ 1.38  172.046.0 21.7+3.42 4.57+1.11




	INTRODUCTION
	RELATED WORK
	UTILITY CALIBRATION (UC)
	Decision-Theoretic Implications of UC 
	Measuring UC(f,u)
	Utility calibration against a function class

	SCALABLE EVALUATION OF UTILITY CALIBRATION
	Post-Hoc Calibration via Utility-Aware Patching

	EXPERIMENTS
	CONCLUSION
	Proof of Proposition 4.4 and Empirical Implementation
	Deferred Content
	CutOff Calibration
	Bounding Binned Estimators using Utility Calibration
	Hardness of Proactive Measurability
	Interactive Measurability
	Quantile Guarantees
	Proof of Proof of Proposition
	Proof of Proof of Proposition
	Proof of Proof of Lemma

	Additional Experiments
	Experimental Details
	Algorithm 1 for Aligned and Misaligned Utility Classes
	Robustness of eCDF Conclusions to the Sampling Prior
	Extended Results and Additional Modalities


