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Abstract

Weight sharing, equivariance, and local filters, as in convolutional neural networks, are
believed to contribute to the sample efficiency of neural networks. However, it is not clear
how each one of these design choices contributes to the generalization error. Through the lens
of statistical learning theory, we aim to provide insight into this question by characterizing the
relative impact of each choice on the sample complexity. We obtain lower and upper sample
complexity bounds for a class of single hidden layer networks. For a large class of activation
functions, the bounds depend merely on the norm of filters and are dimension-independent.
We also provide bounds for max-pooling and an extension to multi-layer networks, both
with mild dimension dependence. We provide a few takeaways from the theoretical results.
It can be shown that depending on the weight-sharing mechanism, the non-equivariant
weight-sharing can yield a similar generalization bound as the equivariant one. We show
that locality has generalization benefits, however the uncertainty principle implies a trade-off
between locality and expressivity. We conduct extensive experiments and highlight some
consistent trends for these models.

1 Introduction

In recent years, equivariant neural networks have gained particular interest within the machine learning
community thanks to their inherent ability to preserve certain transformations in the input data, thereby
providing a form of inductive bias that aligns with many real-world problems. Indeed, equivariant networks
have shown remarkable performance in various applications, ranging from computer vision to molecular
chemistry, where data often exhibit specific forms of symmetry. Equivariant networks are closely related to
their more traditional counterparts, Convolutional Neural Networks (CNNs). CNNs are a particular class of
neural networks that achieve equivariance to translation. The convolution operation in CNNs ensures that
the response to a particular feature is the same, regardless of its spatial location in the input data. However,
equivariance extends beyond just translation, accommodating a broader spectrum of transformations such
as rotations, reflections, and scaling. Group Convolutional Neural Networks (GCNNs) |(Cohen and Welling
(2016a) are the typical example of equivariant neural networks. The inductive bias introduced by equivariance,
in the form of symmetry preservation, offers an intuitive connection to their generalization capabilities. By
encoding prior knowledge about the structure of the data, equivariant networks can efficiently exploit the
inherent symmetries, reducing sample complexity and improving generalization performance. This ability
to generalize from a limited set of examples is crucial to their success. Their mathematical foundation is
grounded in group representation theory, which provides a powerful framework to understand and design
neural networks that are equivariant or invariant to the action of a group of transformations.
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Besides the inductive bias of data symmetry, the generalization benefits of CNNs and GCNNs are additionally
attributed to the weight-sharing implemented by the convolution operation and the locality implemented
by the smaller filter size. In this paper, we study the impact of equivariance, weight-sharing, and locality
on generalization within the framework of statistical learning theory. Our focus will be on neural networks
with one hidden layer. Similar to works like [Vardi et al.| (2022); [Magen and Shamir| (2023), we believe that
this study provides a first step toward a better understanding of deeper networks. Getting dimension-free
generalization error bounds constitutes an important line of research in the literature. Following this line of
work, we provide various dimension-free and norm-based bounds for one hidden layer networks. See Appendix
[J-I] for discussions on the desiderata of learning theory.

Contributions. We consider a class of one hidden layer networks where the first layer is a multi-channel
equivariant layer followed by point-wise non-linearity, a pooling layer, and the final linear layer. We assume
that the fo-norm of the parameters of each layer is bounded. For architectures based on group convolution
with point-wise non-linearity, we provide generalization bounds for various pooling operations that are entirely
dimension-free. We obtain a similar norm-based bound for general equivariant networks. We also provide a
lower bound on Rademacher complexity that shows the tightness of our bound. We extend the results to
max-pooling, combining various covering number arguments for Rademacher complexity analysis. The bound
is only dimension-dependent on the number of hidden layer channels and logarithmic-dependent on the group
size; otherwise, it is independent of other dimensions. We also extend the result to multi-layer networks
and discuss its limitations. We show that no gain is observed if the analysis is conducted for the networks
parameterized in the frequency domain. When a layer replaces the equivariant layer with, not necessarily
equivariant, weight-sharing, we also provide a dimension-free bound. By studying the bound, it can be seen
that some particular weight-sharing schemes, although not all, can provide similar generalization guarantees.
Next, we give another bound for networks with local filters and show that the locality can bring additional
gain on top of equivariance. We will then show a trade-off between locality in the spatial and frequency
domains, which is important for band-limited inputs. The uncertainty principle characterizes the trade-off.
Finally, we provide the numerical verification of our bounds. The generalization bounds are all obtained
using Rademacher complexity analysis. We relegate all proofs to the appendix.

Notations. We introduce some of the notations used throughout the paper. We define [n] := {1,...,n}
for n € N. The term ||-|| refers to the ¢3-norm, which for the space of matrices is the Frobenius norm. The
spectral norm of a matrix A is denoted by ||A||,_,,. A positively homogeneous activation function o(---) is
a function that satisfies o(Ax) = Ao (z) for all A > 0. The loss functions are assumed to be 1-Lipschitz. The
matrix of the training data is denoted by X = [@; ... &,,]. The terms £(h) and £(h) denotes, respectively,
the test and the training error.

2 Preliminaries

Convolution: a simple example. We start with a simple example of familiar convolutional neural
networks, indulging some of the subtleties needed for our later discussions. For an RGB image input, each
convolution filter will slide over the input image and act on its receptive field by simple multiplication. If we
translate the pixels of the input image, ignoring the corner pixels, the output of the previous convolution
operation would just get translated as well. The act of translation is an example of a group action, and the
fact that this act shifts the convolution output is an example of equivariance propertyﬂ In what follows, we
work with a generalized notion of action captured by group theory, which studies objects like translation and
rotation that can combine and have an inverse element.

We introduce key concepts from group and representation theories necessary to present our main results in
Appendix [A] In the rest of this work, we will generally assume a compact group G. Note that this includes
any finite group. For the most part, we will consider Abelian groups, i.e., commutative groups (such as planar
rotations or periodic translations).

'We would like to emphasize again that the example is not perfect. First, the convolution in CNN is a cross-correlation.
Second, the conventional CNNs are only approximately translation equivariant because of the finite input size and the corner
pixels.
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Figure 1: Visualization of the network architectures with equivariance, locality, and weight sharing. On the
right, we also summarize how each choice impacts the generalization error in our theory.

Equivariance. Given two spaces X', ) carrying an action of a group G, a function ¢ : X — ) is said to be
equivariant with respect to G if ¢(g.2) = g.¢(z) for any = € X, i.e. if ¢ commutes with the group’s action.
For example, the spaces X', ) could be vector spaces, and the group action . : G x X — X’ could be a linear
function.

Group Convolution. If G is a finite group, the most popular design choice to construct equivariant
networks relies on the group convolution operator (Cohen and Welling] (2016al), thereby generalizing typical
convolutional neural networks (CNNs). Specifically, given an input signal z : G — R over G and a filter
w : G — R, the group convolution produces another output signal y : G — R defined as:

y(g) = (wec 2)(9) = Y wlg ' h)z(h) . (1)

heG

Note that the signals z,w,y can be represented as vectors x, w,y € RICl; hence, the convolution operation
can be expressed as y = Wa, where W € RIGIXIG! is a group-circulant matrix encoding G-convolution with
the filter w.

Like in classical CNNs, one typically considers multi-channel input signals x : G — R filters w : G — R *¢0
and output signals y : G — R®. We represent a multi-channel signal x : G — R as a stack of features over
the group G, namely, a tensor (x(1),...,x(co)) of shape |G| x ¢y (i.e. with ¢y channels and each x(i) € RICI).
Then, a convolution layer consists of ¢; convolutional filters {w;, j € [c1]}, each of size |G| x ¢, parametrized
by per-channel convolutions w; ;) € RICl ;e [co]; the convolution operation, which yields the output channel
7, is given by

co
y(j) =Y wi ®c x(i) € R j € o]
1=1

In summary, a group convolution layer can be visualized as

w z y
Wan | Wen |- | Wi [z(1) eRIGT  [y(1) e RIS
Wi | Wea |- | Wiea (2 eR]  [y(2) R 2)
Waen | Waen |- | Wieper) | Lz(co) €eRICT]  [y(er) € RIET]
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Here, any W(; ;) € RIGIXIGI block is a group circulant matrix corresponding to G, which encodes a G-
convolution parameterised by a filter w; ; € RICI. Note that the output of the convolution is a |G| x ¢; signal,
i.e. it contains a different value y(g, j) for each group element g € G and output channel j € [¢;].

Note also that the group G naturally acts on a signal z : G — R¢ as g :  +— g.x, with [g.z](h) = z(g7'h).
Then, one can show that the group convolution operator above is equivariant with respect to this action on
its input and output, i.e., w ®g g.x = g.(w ®¢g x). Additionally, it is well known, e.g,. |Cohen et al.| (2018));
[Kondor and Trivedi| (2018), that group convolutions with learnable filters in this form parameterize the most
general linear equivariant maps between feature spaces of signals over a compact group G. Finally, GCNN
typically uses an activation function applied point-wise on the convolution output. In our 1-layer architecture,
a first convolution layer is followed by a pointwise activation layer and, then, a per-channel - average or max -
pooling layer, which produces ¢; invariant features. These final features are mixed with the final linear layer
u. See Figure [I] for more details. The final network is then given as:

2w ®a x(i)
hyw(x) :=u' Poc : (3)
ot Wy ) B (1))

where P(-) is the pooling operation, and w := (wy; ;) je[e,],ic[co] 1S the concatenation of all kernels.

3 Related Works

Equivariant and Geometric Deep Learning Previous works attempted to improve machine learning
models by leveraging prior knowledge about the symmetries and the geometry of a problem [Bronstein et al.
. A variety of design strategies have been explored in the literature to achieve group equivariance, for
example via equivariant MLPs [Shawe-Taylor| (1993} [1989)); [Finzi et al| (2021)), group convolution |Cohen and
Welling) (2016al)); [Kondor and Trivedi (2018)); Bekkers et al.| (2018), Lie group convolution Bekkers| (2020));
Finzi et al| (2020)), steerable convolution (Cohen and Welling (2016b)); Cohen et al.| (2018); Worrall et al.|
(2017); Weiler et al.| (2018bfja); Thomas et al.| (2018); [Weiler and Cesal (2019)); Fuchs et al.| (2020)); Brandstetter:
et al| (2021)); |Cesa et al.| (2022) and, very recently, by using geometric algebra Ruhe et al.| (2023)); Brehmer
et al.|(2023), to only mention a few. Other previous approaches include [Mallat| (2012); Dieleman et al.| (2016));
Defferrard et al| (2019). Some of these ideas have also been used to generalize convolution beyond groups to
more generic manifolds via the framework of Gauge equivariance |Cohen et al.| (2019)); [Weiler et al.| (2021]).
While equivariance is generally considered a powerful inductive bias that improves data efficiency, this large
selection of equivariant designs raises the following question: What impact do different architectural choices
have on performance, and to what extent do they aid generalization?

Generalization Properties of Equivariant networks Some previous works tried to answer some aspects
of this question. Shawe-Taylor| (1991)) is one of the first works studying the relation between invariance and
generalization. For example, Sokoli¢ et al.| (2017a)) extend the robustness-based generalization bounds found in
[Sokoli¢ et al.| (2017b) by assuming the set of transformations of interest change the inputs drastically, thereby
proving that the generalization error of a G-invariant classifier scales 1/1/|G|, where |G| is the cardinality of
the finite equivariance group G. [Bietti and Mairal (2019)) study the stability of some particular compact
group equivariant models and also describe an associated Rademacher complexity and generalization bound.
[Lyle et al.| (2020) investigate the effect of invariance under the lenses of the PAC-Bayesian framework but do
not provide an explicit bound. Later, Elesedy and Zaidi| (2021)) use VC-dimension analysis and derive more
concrete bounds. studies compact-group equivariance in PAC learning framework and equates
learning with equivariant hypotheses and learning on a reduced data space of orbit representatives to obtain a
sample complexity bound. [Sannai et al.| (2021)) propose a similar idea, proving that equivariant models work
in a reduced space, the Quotient Feature Space (QFS), whose volume directly affects the generalization error.
While the result relaxes the robustness assumption in [Sokoli¢ et al. (2017a)), the final bound is suboptimal
with respect to the sample size. PAC learnability under transformation invariance is also studied in
(2022)). |Zhu et al.| (2021)) characterize the generalization benefit of invariant models using an argument based
on the covering number induced by a set of transformations. More recently, [Behboodi et al. (2022)) leverages
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a representation-theoretic construction of equivariant networks and provides a norm-based PAC-Bayesian
generalization bound inspired by [Neyshabur et al.| (2018)). Finally, Petrache and Trivedi| (2023) considers a
more general setting, allowing for approximate, partial, and misspecified equivariance and studying how the
relation between data and model equivariance error impacts generalization.

Generalization in generic neural networks Many works in the literature have previously investigated
the generalization properties of deep learning methods. [Zhang et al.| (2017) first noted that a model trained on
random labels can achieve small training errors while producing arbitrarily large generalization errors. This
result raised a new challenge in the field since popular uniform complexity measures such as VC dimensions
are inconsistent with this finding. This inspired many recent works which tried to explain generalization in
terms of other quantities, such as margin or norms of the learnable weights; a few non-exhaustive examples
are [Wei and Ma/ (2019)); [Sokoli¢ et al.| (2017b)); Neyshabur et al.| (2018); |Arora et al.| (2018); Bartlett et al.|
2017); |Golowich et al.| (2018)); Dziugaite and Roy| (2018a)); [Long and Sedghil (2019); [Vardi et al.| (2022);
[Ledent et al| (2021)); |Valle-Pérez and Louis (2020). The PAC Bayesian framework is a particularly popular
method. It has been applied to neural networks in many previous works, e.g. see Neyshabur et al| (2018);
Biggs and Guedj| (2022); Dziugaite and Roy| (2017; 2018bja); [Dziugaite et al.| (2020); Lotfi et al.| (2022). [Jiang|
et al.| (2020 perform a thorough experimental comparison of many complexity measures and identifies some
failure cases; see also Nagarajan and Kolter| (2019)); [Koehler et al.| (2021)); Negrea et al.| (2021)) for further
discussion on uniform complexity measures and their limitations. The norm-based bounds can still be tight
and informative for shallow networks considered in this work.

Generalization bounds for Convolutional neural networks As one of the most popular deep learning
architectures, convolutional neural networks (CNNs) have received particular attention in the literature.
Generalization studies on CNNs are especially relevant for our work since we focus significantly on equivariance
to finite and abelian groups, which can often be realized via periodic convolution. [Pitas et al|(2019); |[Long
land Sedghi (2019); |Vardi et al.| (2022); |[Ledent et al, (2021) previously studied these architectures. The
authors in [Vardi et al.| (2022)) represented a convolutional layer as a linear layer applied on local patches
and used Rademacher complexity to get the bound. In |[Long and Sedghi| (2019)), the bound is derived using
Vapnik-Chervonenkis analysis [Vapnik and Chervonenkis| (2015)); |Giné and Guillou (2001)) and depends on
the number of parameters but independent of the number of pixels in the input. In |Graf et al|(2022), the
authors use two covering-numbers-based bounds for Rademacher complexity analysis of convolutional models.
Please see Appendix [J] for further discussions.

4 Sample Complexity Bounds For Equivariant Networks

We consider the group convolutional networks as defined in eq. [3] We assume that the input to the network
is bounded as ||z|| < bﬂ Consider the following hypothesis space:

H = {huaw : fJull < My, [lw| < My}, (4)

where u € R, w € RIGl The hypothesis space is the group convolution network class that has bounded
FEuclidean norm on the kernels. For this network, we derive dimension-free bounds.

Since the pooling operation is a permutation invariant operation, we can use Theorem 7 in
(2017) to show that one can always find two functions ¢ : RIIH1 — R and p : R — RICI*! such that

Poz = ¢ (\%'\ Zﬁ‘l p(z)). We can provide the following generalization bound for a subset of such
representations, namely for positively homogeneous ¢ : R — R and p: R — R.

Theorem 4.1. Consider the hypothesis space H defined in eq. |4 If P(-) is the pooling operation represented
as Poz = qb(ﬁlTp(z)), where the two functions p(-), ¢(-) and the activation function o(-) are all 1-Lipschitz
positively homogeneous activation function, then with probability at least 1 — § and for all h € H, we have:

+4
vm m

2For all the results in the paper, we can use a data-dependent bound on the input. Namely, it suffices to assume that
maX;e ] [|2:]| < be.

L(h) < L(h)+2
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The proof leverages Rademacher complexity analysis and is presented in Appendix Note that the
assumption of positively homogeneity is only needed to utilize the peeling technique of |Golowich et al.| (2018)).
We expect that similar techniques from [Vardi et al.| (2022)) can be used to extend the result to Lipschitz
activation functions.

Average pooling. Consider now the special case of average pooling operation P(x) = ﬁle. This is a
linear layer; therefore, it can be combined with the last layer u to yield a standard two-layer neural network.
We can utilize the results from [Vardi et al.| (2022); |Golowich et al.|(2018)). The combination of the layer u
and average pooling is a linear layer with the norm M;/ \/ |G|, and the matrix W, a circulant matrix, has
the Frobenius norm \/@ Ms. The product of these norms would be bounded by M; M. Being a special case
of the model in |Vardi et al.| (2022), we can use their results off-the-shelf to get an upper bound on the sample
complexity that depends only on M; M, for Lipschitz-activation functions (Theorem 2 of [Vardi et al.| (2022)).
We provide an independent proof for positively homogeneous activation functions in Appendix [C.2] with a
clean form. Note that the authors in Vardi et al.| (2022) provide a result for average pooling that contains the
term Oy, the maximal number of patches that any single input coordinate appears. In our case, this term
equals |G|, which is canceled out by the average pooling term. Their bound depends on the spectral norm of
the underlying circulant matrix, which can be bigger than the norm of the filter provided here. But, their
proof can be reworked with the norm of convolutional filter instead, in which case, their result will be our
special case.

Impact of group size. The above theorem is dimension-free, and there is no dependence on the number
of input and output channels ¢y and ¢;, as well as the group size |G|. Note that for average pooling and
sufficiently smooth activation functions, we can use even the stronger result (Theorem 4 of |Vardi et al.| (2022)))
and get a bound that depends on MlMgﬁg/\/@, where Ms_.5 is the spectral norm of W. This manifests
the impact of group size on the generalization similar to [Sokoli¢ et al.| (2017al); Behboodi et al.| (2022]).

Max pooling. We cannot rely on the previous results for the max pooling operation since the peeling
argument would not work. Theorem 7 and 8 of |Vardi et al.| (2022) provide a bound for max pooling, however
their network does not contain the linear aggregation u after max-pooling, and their bound contains dimension
dependencies such as log(|G|c;) or log(m). We provide various bounds for max pooling in Appendix and
[C4 The proof technique is different from the above results. Again, the bounds have different dimension
dependencies. We believe these dependencies are proof artifacts. Removing them would be an interesting
direction for future work.

To summarize, we have established that for a single hidden layer group convolution network, we can have a
dimension-free bound that depends merely on the norm of filters.

Remark 4.2 (Frequency Domain Analysis). The authors in [Behboodi et al.| (2022)) improved the PAC-Bayesian
generalization bound by conducting their analysis using the representation in the frequency domain. In our
Rademacher analysis, such a shift would not bring any additional gain, and we recover the same bound. We
provide the details in the supplementary materials.

4.1 Bounds for Multi-Layer Equivariant Network

In this section, we study a simple extension to multi-layer group equivariant networks. Consider the following
network with L hidden layer:

h fw 1e(1)y () = u"Poo(WWHWgWED oWz ) (5)

where P(-) is the average pooling operation, o(-) is the ReLU function. Each linear layer W' is the same as
the mapping in eq. |2| but with ¢;_; and ¢; as the input and output channels. The new hypothesis space is
given by:

HE) = {hy i aeiny @ llul < My, [Jw;]| < Miqa,i € [L]} (6)

We have the following theorem.
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Theorem 4.3. Consider the hypothesis space H") defined in eq. @ With probability at least 1 — § and for
all h € H, we have:

L-1
2bz|G| MlMQ...ML+1 +4 210g(4/5)

vm m

L(h) < L(h) +

The proof can be found in Appendix We first comment on the dimension dependency of the bound.
Although our bound has no dependence on the number of input and hidden layer channels, it still has
dependence on |G|(L_1)/ 2. Tt is not entirely dimension-free. Using some other techniques, for example, see
Section 3 in |Golowich et al.| (2018), it can be improved to (L — 1)log|G| for L > 1. However, dimension
dependence is only one concern of the above result. It is worth pointing out that the generalization bounds
for deeper networks suffer from many shortcomings and generally fail to correlate well with the empirical
generalization error. For example, various norm bounds were considered in [Jiang et al. (2020]), and the
correlation with the generalization error was explored. Generally, the norm-based bounds performed poorly,
while sharpness-aware bounds showed promises. Besides, in |[Nagarajan and Kolter| (2019)), the norm-based
bounds were shown to increase drastically with the training set size, leading to looser bounds with increasing
training set size. Therefore, we think these norm-based bounds have limitations in deep network generalization
analysis.

4.2 Lower bound on the Rademacher Complexity Analysis

A natural question that might come up is whether the obtained bound is tight or not. In this section, we
provide an answer to this by showing that the Rademacher complexity is lower bounded similarly for a class
of networks.

Theorem 4.4. Consider the hypothesis space H defined in eq. . If P(-) is the average pooling operation, and
o(+) is the ReLU activation function, then there is a data distribution such that the Rademacher complexity is
lower bounded by c% where ¢ is an independent constant.

The proof is provided in the Appendix [El Note that Rademacher complexity (RC) bounds are known to be
tight for shallow models, such as SVMs. Indeed, if one fixes the first layer and only trains the last linear layer
with weight decay, the model is equivalent to hard-margin SVM, for which RC bounds are tight. We also
provide additional evidence in the numerical result section.

5 General Equivariant Networks

The focus of our analysis in the above section has been on group convolutional networks and related
architectures. In particular, we had considered the equivariance for finite Abelian groups for which the
filters were implemented using multi-channel convolution operation. We now look at the general equivariant
networks w.r.t. a compact group. As we will see, the analysis for these networks would be based on their
MLP structure.

We follow the procedure described in |Cohen and Welling| (2016b)); |Cesa et al.| (2022)); Weiler et al.| (2018b)).
We assume a general input space where the action of the compact group G on the space is given by a linear
map po(g) for g € G. For this space, the filters of the first layer, similarly to GCNs, are parametrized in
the frequency domain. The generalization of Fourier analysis to compact groups is done via the notion
of irreducible representations (irreps). An irrep, typically denoted by 1, can be thought as a frequency
component of a signal over the group.

Using tools from the representation theory, the map pp(g) can be represented in the frequency domain as the
direct sum of irreps Q (@w @D ) Qo where mg ,; is the multiplicity of the irrep ). The matrix Qo is
a unitary matrix representing the generalized Fourier transform given by & = Qpx. See Appendix for
detailed definitions. A similar frequency domain representation can be obtained for the hidden layer in terms
of irreps, each with multiplicity m; . The block diagonal structure of filters in the multi-channel GCNs
given in eq. [33]is now obtained by a general block-diagonal structure. The equivariant neural network is
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represented as
M1 4 Mo,y
how =8 Qo [ QD P Y. Wi, 5)& (¢, ))

v =1 j=1
Since we are working with the point-wise non-linearity ¢ in the spatial domain, two unitary transformations
Q1 and Q4 are applied as Fourier transforms from the frequency domain to the spatial domain. The last
layer @ should be chosen to yield a group invariant function, which means that the vector @ only aggregates
the frequencies of the trivial representation vy, and it is zero otherwise. To use an analogy with group
convolutional networks, @1 and Q- are the Fourier matrices, and @ is a combination of the pooling, which
projects into the trivial representation of the group, and the last aggregation step. The general equivariant
networks are defined in Fourier space as follows:

Haw = {haw : 8l < M|

Wl <an).

Note that the hypothesis space assumes a bounded norm of the filters’ parameters in the frequency domain.
For this hypothesis space, we can get a similar dimension-free bound.

Theorem 5.1. Consider the hypothesis space H,, i, of equivariant networks with bounded weight norms. If
the activation function o(-) is 1-Lipschitz positively homogeneous, then with probability at least 1 — § for all
h € H, vy, we have:

+4 .
\/ﬁ m

The proof is presented in Appendix [D| This result provides another dimension-free bounds for equivariant
networks that depend merely on the norm of the kernels. Note that the network has a standard MLP structure,
so the result can be obtained using techniques used in |Golowich et al.| (2018]). Also, note that constructing
equivariant networks in the frequency domain is useful in steerable networks to deal with continuous rotation
groups [Poulenard and Guibas| (2021)); |Cesa et al.| (2022)), while the parametrization in the spatial domain is
pursued in works like Bekkers| (2020); [Finzi et al.| (2020)).

L(h) < L(h)+2

6 Generalization Bounds for Weight Sharing

In this section, we try to answer the question whether the gain of our bound lies in the specific equivariant
architecture or weight sharing. The answer is subtle. Indeed, an arbitrary type of weight sharing will not bring
out the generalization gain. However, weight-sharing schemes can lead to a similar gain without necessarily
being equivariant.

For a fair comparison with the group convolution network explained above, we consider an architecture with
the same number of effective parameters shared similarly. The weight-sharing network is specified as follows:

iy (S wo (0) By ) ()
oy e () = u'Poao : ; (7)

s () w(}.l,c)(k)Bk) z(c)

where By,’s are fixed |G| x |G| matrices inducing the weight sharing scheme. These matrices are not trained
using data and merely specify how the weights are shared in the network. For example, if By’s are chosen as
the basis for the space of circulant matrices, the setup boils down to the group convolution network.

The corresponding hypothesis space is defined as:
M = { (@) ¢ lull < My, |lw]| g < My}

where
|G|
||w||B = zgﬁgﬁ] Zw@,c)(k)bl,z
=t c€leol.i€ler]|| p
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The following proposition provides a purely norm-based generalization bound.

Proposition 6.1. For the class of functions h in the hypothesis space H"* with the average pooling
operation P, o(-) as a 1-Lipschitz positively homogeneous activation function, the generalization error is
bounded as:

badyMy> ) [210g(4/0)

vm m

L(h) < L(h)+2

Note that if by ;’s are the rows of the circulant matrices, then we end up with the same result as before with
M3’% = M. Interestingly, if the vectors {by; : k € [|G|]}’s are orthogonal to each other for each | € [|G|],
and all of them have unit norm, i.e., |bg || = 1, then we also get M3’** = Ms. The conclusion is that the
weight sharing can impact the generalization similarly to the group convolution, even if the construction
does not arise from the group convolution. This does not generally hold, particularly if the row vectors of
matrices By, are not orthogonal. Note that throughout the paper, we have not assumed anything regarding
the underlying distribution, which can be without symmetry. On the other hand, the gain of equivariance
shows itself for distributions with built-in symmetries if we assume that the underlying task has invariance or
equivariance property.

7 Generalization Bounds for Local Filters

In previous sections, we observed that the impact of equivariance on the generalization is very similar to that
of weight sharing under an appropriately chosen basis. Another argument relates the generalization benefits
of convolutional neural networks to the use of local filters, where the same filter is applied to a number of
patches. The patches have lower dimensions, and the filters similarly have lower dimensions than the total
input dimension. Note that this goes beyond the benefit of weight sharing mentioned in the previous section.
One example is Theorem 6 in [Vardi et al| (2022); we follow their setup. In their case, each convolution
operation w; ) ®c (k) can be represented as (wgrj,k,)d)l (x(k))... wgg.’k)(bm(m(k:))), where ¢;(-) represents
the patch I. Each patch selects a subset of input entries. The patches ® = {¢;,1 € [|G]]} are assumed to be
local, in the sense that each coordinate in x(k) appears at most in Og number of patches with Og < |G].
More formally, for any vector x and a set S C [|G|], define the vector g := (z;);es, i.e., with entries selected

from the index in S. Define the patch ¢; : RI¢l — R"™ as ¢1(x) := xg, for a subset S;. The group convolution
network with locality is defined as:

leflGl]

) (whpel@k)
h?j’w(:c) =u'Poo :

c T
b1 (w<017k>¢l(m(k)))ze[|au
By reorganizing the weights in each row corresponding to each patch, the whole network is presented as
u' Poo(Wa), where we assume that the matrix W conforms to the set of patches ®. The hypothesis space
with locality is defined as
® ®
H” = {hy (@) : ull < My, w] < Mo}

For this class of functions, it can be shown that there is a generalization benefit in using local filters besides
the gain of equivariance or proper weight sharing. This conclusion is captured in the following result.

Proposition 7.1. Consider the hypothesis space of functions H® constructed by patches ®, the average
pooling operation P, 1-Lipschitz positively homogeneous activation function . Let O be the maximal
number of patches that any input entry appears in. Then, with probability at least 1 — ¢ and for all h € H®,

we have:
A Og by MM,y 2log(4/9)
< 2| — —Fi" 4 —
£(h) < L(h) + \/ |G|  Vm + m
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Compared with the result above, the locality assumption brings an additional improvement of I%PI' Although
the proof focuses on average pooling and group convolution, the same results can be obtained for weight
sharing. We should only change the filter parametrization from the matrix By basis to the vector basis by

given as (Zlﬁl w(j,c)(k)bk)'

The architecture considered in |Vardi et al.| (2022) is a single-channel version of our result (see more discussions
in Appendix . In that case, the difference in their bounds is in using the spectral norm of W. However,
their proof only needs a bound on the Euclidean norm of weights, which would end in the same result as ours.

The analysis so far has focused on the local filters in the spatial domain. However, the filters are also applied
per frequency in the frequency domain and are, therefore, local. This can be seen from the block diagonal
structure of filters (€P,, @ (¢)). In this sense, the filters in the frequency domain are already local. When the
filters are band-limited in the frequency domain, we have an additional notion of locality. In practice, this is
useful when the input is also band-limited; therefore, not all the frequencies are useful for learning. This
introduces a fundamental trade-off for locality benefits arising from the uncertainty principle [Donoho and
Stark! (1989)); [Folland and Sitaram| (1997). According to the uncertainty principle, the band-limited filters
with B non-zero components will have at least |G|/B non-zero entries in the spatial domain (see Section [I| for
more details). The trade-off is captured in the following proposition.

Proposition 7.2. Consider the hypothesis space of group convolution networks with band-limited filters. If
the filters have B non-zero entries in the frequency domain, then the generalization error term in Proposition[7.1
for the smallest spatial filters is at least of order O(b, M1 Ms/vVmB).

As it can be seen, the assumption of band-limitedness can potentially bring the gain of order 1/B if the
filters are spatially local. To summarize, there is a gain in using local filters. However, since band-limited
filters are more efficient for band-limited signals, the uncertainty principle imposes a minimum spatial size for
band-limited filters.

8 Numerical Results

Let us first introduce the two family of groups we consider in our experiments: the cyclic group C,, containing
n discrete rotations and the dihedral group D,, of n discrete rotations and n reflections (see Def. and
Def. for precise definitions of these groups).

In this section, we validate our theoretical results on a variation of the rotated MNIST and CIFARI10
datasets where we consider a simpler binary classification task (determining whether a digit is smaller or
larger than 4 in MNIST and whether an image belongs to the first 5 classes of CIFAR10 or not). Rather than
working with raw images, we pre-process the dataset by linearly projecting each image via a fixed randomly
initialized G = D3a-steerable convolution layer Weiler and Cesa) (2019)) to a single 6400-dimensional feature
VectorE| - interpreted as a ¢g = 100-channels signal over G = D39; see Appendix [K| for more details and Fig.
for a visualization of this linear projection. When constructing equivariance to a subgroup G < D3o, this

feature vector is interpreted as a ¢ = 100 - “le?’lz‘ -channels signal over G. We design our equivariant networks

as in Eq. [3]and use ¢ - |G| &~ 2000 total intermediate channels for all groups G in the MNIST experiments
and ¢; - |G| & 4000 in the CIFAR10 ones. The dataset is then augmented with random D3y transformations
to make it symmetric. Hence, we expect that G-equivariant models with G closer to D35 to perform best.

In these experiments, we are interested in how well our theoretical bound correlates with the observed trends.
In particular, we focus on the Mli\/% term which is the main component in our bounds. In Fig 2| we evaluate
the networks on different values of training set size m and on different equivariance groups G. We first observe
that the Mlif‘fz term correlates well with the empirical generalization error on both the MNIST dataset in
Fig. 28] and the CIFAR10 dataset in Fig. In particular, larger groups G achieve both lower generalization
error and lower value of our norm bound. We also note that this term decreases as 1/4/m in Fig. which

3 This is a random linear transformation of the input images into feature vectors: the reader can think of this as analogous to
reshaping an image before feeding it into an MLP, but with some care to preserve rotation and reflection equivariance. Note also
that, since the output (6400) is much larger than the number of input pixels, this transformation is practically invertible and
preserves all relevant input information.

10



Published in Transactions on Machine Learning Research (01/2025)

log|G| log|G|
2 2
35 3 3.5 3
e 4 ® 4
3.01 e 5 3.0 e 5
® 6 . ® 6
log m * G
2.5 e 7 25 o Cu
~ % o e 8 ~ x* % Dy
Ze .ot B AR PRI S
= * *e . s 3% H x
2.04 Xty ©® X 22 o e 10 204 © %
KXo £ e © o e 11 § = 3 x
e 12 H
15 ok G 15 H i
x o Cy x x
o, : .
xxx i % Dy . 2
M
107 e 1.04 ] M
LR H
[ ] .
0.05 0.10 0.15 0.20 0.25 0 1000 2000 3000 4000 5000 6000
Generalization Error m

(a) Generalization error vs our bound on MNIST

(b) Our bound vs number of samples on MNIST

log|G| log|G|
1.01 0 1.04 % 0
T 1 $ 1
N 2 . 2
0.84 e 3 084 * o 3
e 4 e 4
e 5 e 5
T ® 6 ¥ ® 6
~ 0.6 b 2 log m o~ 0.6 3 G
E.—c E . e 9 % E . e Cy
= e 10 = x % Dy
0.4+ . e 11 0.4 .
+ e 12 %
* e 13 x
0.21 e ® (134 0.21 % [
o a&‘ o Cy o ¥ [ *
= D . .
0.01 - . 0.0 r f § v

0.60 0.‘05 0.‘10 0.‘15 0.‘20 0.‘25 0.;30 0.}55
Generalization Error

T
0

T
5000

T
10000

T
15000
m

T
20000

T
25000

(¢) Generalization error vs our bound on CIFAR10 (d) Our bound vs number of samples on CIFAR10

Figure 2: Numerical results for the generalization error on the rotated MNIST and CIFAR10 datasets. The
plots on the left, (a)-(c), confirm that our theoretical bound captures the effect of different configurations -
equivariance groups G, training set sizes m and datasets - on the generalization error, i.e. there is a positive
correlation between the generalization error and our theoretical bound M%Z across all these cases. On the

L

T and approaching zero for large

right, (b)-(d), we verify the bound decreases following a trend similar to
training set sizes m.

indicates that our bound becomes non-vacuous as m increases, and we do not suffer from deficiencies of other
norm based bounds |[Nagarajan and Kolter| (2019)).

Overall, these results suggest that our bound can explain generalization across different choices of equivariance
group G, as well as different training settings.

Next, we investigate how other equivariant design choices affect generalization and verify if our bound can
model this effect. Precisely, when parameterizing the filters over the group G in the frequency (i.e. irreps)
domain (as in Sec[f]), it is common to only use a smaller subset of all frequencies. A bandlimited sub-set of
frequencies can be interpreted as a form of locality in the frequency domain, in analogy to the local filters in
Sec[7} In Fig[3] we experiments on CIFAR10 with different variations of our equivariant architecture obtained
by varying the maximum frequency used to parameterize filters. In these experiments, we keep the training
dataset size fixed to m = 3200 and we only consider the largest groups (since a wider range of frequencies in
[0,...,N/2] can be chosen).

In Fig3] we find that our bound captures the effect of locality in the frequency domain on the generalization.
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In Fig. [3] we observed that higher frequencies typically lead to worse generalization. For this reason, we
include a final study to explore the effect of locality in the frequency domain - i.e., band-limitation - on the
final test performance of the models and the associated trade-offs between generalization and expressivity.
Fig. [ compares the generalization error with the final test accuracy of some of our models when varying
the maximum frequency of the filters and the training set size m. This visualization highlights a particular
behavior: low-frequency models tend to achieve lower generalization error because of worse data fitting (lower
test accuracy). Conversely, higher frequency models often show higher generalization errors (especially in the
low data regime) but achieve much higher test performance. Moreover, high-frequency models benefit the
most from increased dataset size m. These properties lead to the (multiple) V-shaped patterns in Fig. [4f on
the smaller datasets (light dots in Fig. [4]), while increasing frequencies leads to improved test accuracy, it
also increases the generalization error. On the other hand, in the larger dataset (dark dots in Fig. , higher
frequencies directly improve the test performance and even show minor improvements in generalization error.
When varying dataset size, these different behaviors form multiple V-shaped patterns in Fig. |4 (highlighted
with the dotted lines).
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8.1 Main Insights from Numerical Results

We would like to summarize some of the main insights from the numerical examples, some of which pose
interesting theoretical questions.

The generalization error seems to be lowest at the medium group sizes as seen in MNIST or CIFAR experiments,
although the trend is unclear. There seems to be a group size that leads to the lowest generalization error,
and if this conjecture is correct is an open question.

The other observation is about the relation between test accuracy and the generalization error. In general, it
can be seen that the highest test accuracies have lower generalization errors in all the plots in Figure [d] It
is interesting to directly explore the impact of the group size on the test error, which requires a different
machinery.

9 Conclusion

In this work, we provided various generalization bounds on equivariant networks with a single hidden layer as
well as a bound for multi-layer neural networks. We have used Rademacher complexity analysis to derive
these bounds, where the proofs were based on either direct analysis of the Rademacher complexity or covering
number arguments. The bounds are mostly dimension-free, as they do not depend on the input and output
dimensions. They only depend on the norm of learnable weights. The situation changes for multi-layer
scenarios and max-pooling where some dimension dependency appears in the bound. In light of the results
on the limitation of uniform complexity bounds for deeper neural networks Nagarajan and Kolter| (2019);
Jiang et al. (2020]), we believe that the bound on multi-layer scenario would suffer from similar limitations.
However, the emergence of some dimensions in the bound for max-pooling seems related to how covering
number argument was applied. Whether the dependency can be removed for max-pooling is an interesting
research direction.

We have considered equivariant models in spatial and frequency domains, models with weight sharing, and
local filters. The first insight from our analysis is that suitable weight-sharing techniques should be able to
provide similar guarantees. This is not surprising, as we did not assume any symmetry in the data distribution.
Other works in the literature have highlighted the benefit of equivariance if such symmetries exist - see, for
example, |Sannai et al.| (2021)); [Sokoli¢ et al.| (2017al). Finally, local filters can potentially provide an additional
gain, although the story for band-limited filters is more subtle. We also provide a lower bound on Rademacher
complexity. We have conducted extensive numerical experiments and investigated the correlation between
our generalization error and the true error, as well as the relation between the number of samples, group size,
and frequency.

We have focused on positively homogeneous activation functions. We expect that the result can be extended
to general Lipschitz activations using techniques in |Vardi et al.| (2022)). However, the current proof techniques
would not work for norm-based nonlinearities used in equivariant literature Worrall et al.| (2017)); Weiler et al.
(2018al); Weiler and Cesa| (2019). We encourage readers to consult Appendix |J| for comparison with other
works and future directions.
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A An Overview of Representation Theory and Equivariant Networks

We provide a brief overview of some useful concepts from (compact group) Representation Theory in this
supplementary section.

Definition A.1 (Group). A group a set G of elements together with a binary operation - : G x G — G
satisfying the following three group axioms:

o Associativity: Va,b,c€ G a-(b-¢c)=(a-b)-c
o Identity: deeG:Vge G g-e=e-g=g

o Inverse: Vge @G 3g7'e€eG: g-gl=gl-g=e

The inverse elements g~ ' of an element g, and the identity element e are unique. Moreover, if the binary

operation - is also commutative, the group G is called abelian group. To simplify the notation, we commonly
write ab instead of a - b.

The order of a group G is the cardinality of its set and is indicated by |G|. A group G is finite when |G| € N,
i.e. when it has a finite number of elements. A compact group is a group that is also a compact topological
space with continuous group operation. Every finite group is also compact (with a discrete topology).

We now present two examples of finite groups that we used throughout our experiments, the cyclic and the
dihedral groups.

Definition A.2 (Cyclic Group). The cyclic group Cn of order N € N is the group of N discrete rotations
by angles which are integer multiples of 27, i.e. {Rp%'r |pelo,1,...,N—1]}.

The binary operation combines two rotations to generate the sum of the two rotations. This is represented by
integer sum modulo N, i.e.

Rp%" ’ Rq%" = R(p+q mod N)3%

Definition A.3 (Dihedral Group). The dihedral group Dy of order 2N € N is the group of N discrete
rotations (by angles which are integer multiples of QW”) and N reflections (generated by a reflection along an
axis followed by any of the N rotations), i.e.

{Ryez |p€(0,1,....N 1]} U{R,2. F | p€ [0,1,...,N — 1]}

where F' is a reflection along an axis. Note that the group Dy has size 2N and contains the group Cy as a
subgroup.
Another important concept is that of group action:

Definition A.4 (Group Action). The action of a group G on aset X isamap .: Gx X = X, (g,2) — g.x
satisfying the following axioms:

o identity: Ve X ex ==z

« compatibility: Va,b€ G Vz € X a.(b.x) = (ab).x

For example, a group can act on functions over the group’s elements: given a signal x : G — R, the action of
g € G on z is defined as [g.z](h) := z(g~h), i.e., g "translates" the function x.

The orbit of x € X' through G is the set G.x := {g.z|g € G}. The orbits of the elements in X form a partition
of X. By considering the equivalence relation Vz,y € X = ~gy <= x € G.y (or, equivalently, y € G.x),
one can define the quotient space X' /G := {G.z|x € X'}, i.e. the set of all different orbits.
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Definition A.5 (Linear Representation). Given a group G and a vector space V, a linear representation of
G is a homomorphism p : G — GL(V) associating to each element of g € G an invertible matrix acting on V,
such that:

Vg, h € G, plgh) = p(g)p(h).
i.e., the matrix multiplication p(g)p(h) needs to be compatible with the group composition gh.

The most simple representation is the trivial representation v : G — R, g — 1, mapping all elements to
the multiplicative identity 1 € V' = R. The common 2-dimensional rotation matrices are an example of
representation on V = R? of the group SO(2):

(rg) = cosf) —sind
PUO)= 1sind  cosd

with 6 € [0,27). In the complex field C, circular harmonics are other representations of the rotation group:
¢k(7‘9) = ¢ tk0 ev=cCt

where k& € Z is the harmonic’s frequency. Similarly, these representations can be constructed also for the
finite cyclic group Cy =2 Z/NZ:

Yr(p) = e~ R eV = !
with p € {0,1,...,N —1}.

Regular Representation A particularly important representation is the reqular representation preg of a
finite group G. This representation acts on the space V = RIC| of vectors representing functions over the
group G. The regular representation pyeg(g) of an element g € G is a |G| x |G| permutation matriz. Each
vector € V = RIE| can be interpreted as a function over the group, = : G — R, with x(g;) being i-th entries
of . Then, the matrix-vector multiplication preg(g)x represents the action of g on the function « which
generates the "translated" function g.xz. These representations are of high importance because they describe
the features of group convolution networks.

Direct Sum Given two representations p; : G — GL(R™) and ps : G — GL(R"2), their direct sum
p1 @ p2 1 G — GL(R™1"2) is a representation obtained by stacking the two representations as follows:

(p1 @ p2)(9) = {m(()g) pz?g)]

Note that this representation acts on R™ 1”2 which contains the concatenation of the vectors in R™* and R"2.
By combining ¢ copies of the reqular representation via the direct sum, one obtains a representation of G
acting on the features of a group convolution network with ¢ channels.

Fourier Transform The classical Fourier analysis of periodic discrete functions can be framed as the rep-
resentation theory of the Z/NZ group. This is summarised by the following result: the regular representation
of G =7Z/NZ is equivalent to the direct sum of all circular harmonics with frequency k € {0,..., N — 1}, i.e.
there exists a unitary matrix F € CV*V such that:

preg(p) =F" (@ q[Jk(p)> F
k

for p € {0,...,N — 1} = Z/NZ and where 1)}, is the circular harmonic of frequency k as defined earlier in
this section. The unitary matrix F' is what is typically referred to as the (unitary)discrete Fourier Transform
operator, while its conjugate transpose F'* is the Inverse Fourier Transform one.

By indexing the dimensions of the vector space V = C¥ on which Preg acts with the elements p € {0,...,N—1}
of G = Z/NZ, the Fourier transform matrix can be explicitly constructed as
1 1

Frp=—=vx(p) = ﬁe_ikpr% (8)
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One can verify that the matrix is indeed unitary.

In representation theoretic terms, the circular harmonics {¢ }1, are referred to as the irreducible represen-
tations (or irreps) of the group G = Z/NZ. While we are mostly interested in commutative (abelian) finite
groups in this work, this construction can be easily extended to square-integrable signals over non-abelian
compact groups by using the more general concept of irreducible representations [Behboodi et al.| (2022)); |Cesa
et al.| (2022)). See also [Serre (1977)) for rigorous details about representation theory.

Notation Given a signal z : G — C, we typically write € V = CIC to refer to the vector containing the
values of z at each group element. Note that this is the vector space on which p,eg acts. We also use & = Fx
to indicate the vector of Fourier coefficients and  to indicate the function associating to each frequency k
(or, equivalently, irrep 1) the corresponding Fourier coefficient & () € C.

Group Convolution Given a vector space V associated with a representation p : G — GL(V) of a group
G, the group convolution w ®¢ x € CIG! of two elements &, w € V is defined as

VgeG (wagz)(g):=w plg) z. (9)

What we defined is technically a group cross-correlation and so it differs from the usual definitions of
convolution over groups. We still refer to it as group convolution to follow the common terminology in the
Deep Learning literature. One can prove that group convolution is equivariant to G, i.e.:

w B p(9)T = preg(9) (w ¢ )

If V = CI then z,w : G — C can be interpreted as signals over the group, and group convolution take the
more familiar form

(wec)(g) = > wlg'h)z(h) (10)

heG

Finally, we recall two important properties of the Fourier transform: given two signals w,z : G — C, the
following properties hold

g-x(¢) = P(9)2(¥) (11)
w @G w(¥) = D)2 () (12)

Eq. guarantees that a transformation by g of x does not mix the coefficients associated to different
irreps/frequencies. Eq.[12]is the typical convolution theorem.

Finally, some of these results related to the Fourier transform are generalized by the following theorems. This
last property is related to the more general result expressed by Schur’s Lemma:

Theorem A.6 (Schur’s Lemma). Let G be a compact group (not necessarily abelian) and i1 and g two
irreps of G. Then, there exists a non-zero linear map W such that

Pi(g)W = Wipa(g)

for any g € G (i.e. an equivariant linear map) if and only if V1 and s are equivalent representations, i.e.

they differ at most by a change of basis Q: 11(g) = Qu2(g)Q ™t for all g € G.

A second result generalizes the notion of Fourier transform to representations beyond the regular one:

Theorem A.7 (Peter-Weyl Theorem). Let G be a compact group and p a unitary representation of G. Then,
p decomposes into a direct sum of irreducible representations of G, up to a change of basis, i.e.

™My
p9)=U | PP |U"
v
Each irrep 1 can appear in the decomposition with a multiplicity m., > 0.
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In particular, in the case of a regular representation, the change of basis is given precisely by the Fourier
transform matrix F'.

The combination of these two results is typically used in steerable CNNs and other equivariant designs to
characterize arbitrary equivariant networks by reducing the study to individual irreducible components. See
also the next section.

A.1 Equivariant Networks

We now discuss some popular equivariant neural network designs.

In this work, we consider real valued networks with 2 layers, i.e., we limit our discussion to a hypothesis class
of the form

Ho={u"o(Wz)}.

In a G-equivariant network, the group G carries an action on the intermediate features of the model; these
actions are specified by group representations, which we introduced in the previous section. We assume the
action of an element g € G on the input and the output of the first layer is given respectively by the matrices
po(g) and p1(g). The first layer, including the activation function, is equivariant with respect to G if:

Vge G, o(Wpo(g)x) = pi1(g)o(Wx)

Instead, the last layer of the network is invariant with respect to the action of the group G on the input data
via pg, which means that:

Vge G, ulo(Wz)=u"p(g9)0(Wz) =u"oc(Wpy(g)x)

GCNNSs A typical way to construct networks equivariant to a finite group G is via group convolution,
which we introduced in the previous section; this is the Group Convolution neural network (GCNN) design
Cohen and Welling| (2016al). Indeed, if the representation p; is chosen to be the direct sum of ¢; copies of the
regular representation preg of G, i.e. p1 = @ preg and the input py = P preg also consists of ¢ copies of
the regular representation, then the linear layer W can always be expressed as ¢; X ¢y group-convolution
linear operators as in eq. [0

W(l’l) W(Z,l) .. W(Co,l)
W _ W(.172) W(.272) ... W((jo’2)
W(l’cl) W(Q,Cl) .. W(CO,CI)

where each W(; ;y € RIGIXIG is a G-circular matrix (i.e. rows are "rotations" of each others via preg) of the
form:

w(j;j)preg(gl)
Wi = :
waj)preg(g\GO
In this case, note that the representation p; acts via permutation and, therefore, any activation function o

which is applied to each entry of Wa entry-wise is equivariant: this includes the typical activations used in
deep learning (e.g. ReLU).

General linear layer The representation theoretic tools we introduced earlier allow for a quite general
framework to describe a wide family of equivariant networks beyond group-convolution by considering the
generalization of the Fourier transform we discussed in the previous section. By using Theorem [AT7] a
representation p; (for I = 0,1) decomposes into direct sum of irreps as follows:

My o

pr="U @@1/} U,
v =1
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’ Activation function \ Definition ‘
Norm ReLU |Weiler et al.| (2018b)); Worrall et al.| (2017) | n(|[z|]) = ReLU(||z[| —b) (b <=0)
Squashing (Sabour et 511. (2017) n(||lz]) = Ilﬂﬂil
Gated Weiler et al.| (2018b]) n(||x|]) = He%s@) ||l]|

Table 1: Equivariant activation functions

where U, is an orthogonal matrix, and my . is the multiplicity of the irrep ¢ in the representation p;. If
dimy, is the dimensionality of the irrep v, the width of the network n is equal to > m4 y dim,, and the input
dimension d is given by Y mg , dimy,.

Next, by combining this result with Theorem [A-6] an equivariant network can be parameterized entirely in
terms of irreps, which is analogous to a Fourier space parameterization of a convolutional network. Defining
W, =0, fl‘/VlUl,l, the equivariance condition writes as

My—1,4 My

VoG, W (D P v | = PPy | W
¥ i=1 P =1

This induces a block structure in VV;, where the (¢,4;1’, j)-th block block maps the i-th input block
transforming according to ¢ to the j-th output block transforming under ¢, with ¢ € [m;_1,] and j € [my 4]
By Theorem there are no linear maps equivariant to ¢ and 1)’ whenever these representations are
in-equivalent; this implies the matrix W; is sparse since its (v, 459, 7)-th block is non-zero only when ¢ = .
Then, the non-zero (1,14, j)-th block (here, we drop the redundant ¢’ index) is denoted by @; ;(¢) and should
commute with ¥(g) for any g € G. This is achieved by expressing this matrix as a linear combination of a
few fixed basis matrices spanning the space; see [Behboodi et al.| (2022); |Cesa et al.| (2022)) for more details.

In the special case of GCNN with abelian group G, each irrep in the intermediate features occurs exactly
c1 times. Similarly, if the input representation py consists of ¢y copies of the regular representation, each
irrep appears exactly ¢ times in pg. Then, w; ;(¢) is the Fourier transform of the filter w(, ;) € RIG! at the
frequency/irrep .

Activation function ¢ FEach module in an equivariant network should commute with the action of
the group on its own input in order to guarantee the overall equivariance of the model. Hence, the
activation function o used in the intermediate layer should be equivariant with respect to p1(g) as well, i.e.,
o(p1(g)x) = p2(9)o(x), Vg € G. Different activation functions are used in the literature. As we use unitary
representations, one can use norm nonlinearities, o(x) = n(||w||)ﬁ for a suitable function n: Ry — R{. Tt
can be seen that o(p1(g9)x) = p1(g)o(x). Some examples are norm ReLU [Worrall et al.| (2017)), squashing
Sabour et al.[ (2017) and gated nonlinearities Weiler et al.| (2018b)).

As introduced in the GCNN paragraph, when the intermediate representation is built from the regular
representation, any pointwise activation is admissible: since the group’s action permutes the features’ entries
in the spatial domain, it intertwines with the non-linearity applied entry-wise. There exist also other type of
activations, such as tensor-product non-linearities (based on the Clebsh-Gordan transform) but we do not
consider them here.

Last layer u The last layer maps the features after the activation to a single scalar and is assumed to
be invariant. This linear layer can be thought of as a special case of the general framework above, with the
choice of output representation ps being a collection of trivial representations, i.e., pa(g) = I is the identity.
Since the trivial representation is an irrep, by Theorem [A6] this linear map only captures the invariant
information in the output of the activation function. In the case of a GCNN with pointwise activation o, this
layer acts as an averaging pooling operator over the |G| entries of each channel and learns the weights to
linearly combine the ¢; independent channels. Note that one can also include a custom pooling operator
P(-) (e.g., max-pooling) between the activation layer o and the final layer w like in eq. [3} this gives additional
freedom to construct the final invariant features beyond just average pooling.
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B Mathematical Preliminaries

This section gathers the main tools we will use throughout the proofs.

First, we introduce the decoupling technique [Foucart and Rauhut| (2013]), which will be used in the proof of
the next lemma.

Theorem B.1. Let € = (e1,...,€,) be a sequence of independent random variables with Ee; = 0 for all
i € [m]. Let x;, j,k € [m] be a double sequence of elements in a finite-dimensional vector space V. If
F:V — R is a convex function, then:

EF Z ejepxp | SEF |4 Z Gjﬁﬁcil?j,k ) (13)
j.k=1 G k=1
J#k

where € is an independent copy of €.

The following lemma can be found in [Foucart and Rauhut| (2013, namely inequality (8.22), within the proof
of Proposition 8.13. We re-state the lemma and the proof here, as it is of independent interest.

Lemma B.2. For any positive semidefinite matriz B, for 86| B||,_,, < 1, and Rademacher vector €, we

have S1B) >

Ee (exp (B€' Be)) < exp (1—8/3||B||“

Proof. We start by using Theorem

E (exp (56TB6)) =E | exp BZ Bj; + ﬁZejekBjk

Jj=1 J#k
< (exp (BTr(B)))E [ exp | 48 Z ejerBjk
jik
Then using the inequality Eexp(8Y 2, a1e;) < Eexp(8? Y -, a}/2), we have:

2

E | exp 4626j6;€Bjk <E [ exp 8522 Zeijk
k J

Jik

Next, we can see that:

2
2
S|SB | =lBel =| BB
|2

J
2 2
< HBl/2H HB1/26H = ||Bl,_, ¢ Be.
2—2
Therefore, for 83 ||B|[,_,, < 1, we get:

E (exp (€ Be)) < exp (3 Te(B))E (exp (85 | Bl ,, ¢ Be))
< exp (B Tr(B))E ((exp (ﬁeTBe)))gﬁHBH’H? .

Rearranging the terms yields the final result. O
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B.1 Rademacher Complexity Bounds

The generalization analysis of this paper is based on the Rademacher analysis. We summarize the main
theorems here. The terms L£(h) and L(h) denotes, respectively, the test and the training error, formally
defined as follows:

L(h) = Egup, (Lo h(x)), Zeoh z;). (14)

The empirical Rademacher complexity is defined as:

m

Rs (g) =E, sup l Z Eig(mi)a (15)

m
9€9 ™ i

Theorem B.3 (Theorem 26.5, Shalev-Shwartz and Ben-David| (2014))). Let H be a family of functions, and
let S be the training sequence of m samples drawn from the distribution D™. Let £ be a real-valued loss
function satisfying |¢| < c. Then, for 6 € (0,1), with probability at least 1 — & we have, for all h € H,

L(h) < L(h)+2Rs(loH) +4

2log(4/5). (16)

Using Theorem we can focus on finding upper bounds for the empirical Rademacher complexity of ¢ o H.
Below, we show how to remove the loss function £(-) and focus on H.

A function ¢ : R — R is called a contraction if |¢(z) — ¢(y)| < |x — y| for all z,y € R, or equivalently if the
function is 1-Lipschitz. The contraction lemma is a standard result in equation 4.20 of |Ledoux and Talagrand
(2011). We will use that for the Rademacher complexity analysis.

Lemma B.4. Let ¢; : R — R be contractions such that $;(0) =0. If G: R — R is a convex and increasing

function, then
EG (supZeZqSZ i ) <EG (supZe it > (17)

teT teT i—1

Let’s rewrite the Rademacher term, including the loss function explicitly:

bup—ZGKOh ml)]

heH M

Rs(loH) =E,

We assume a 1-Lipschitz loss function, for which we can use the contraction lemma, 4.20 in [Ledoux and
Talagrand, (2011), to get:

R5(€ o 7‘[) < RS(H)

So finding an upper bound on Rs(H) is sufficient for the generalization error analysis.

B.2 Dudley’s Inequality and Covering Number Bounds

Although, for most of the proofs, we try to directly bound the Rademacher complexity, there is a way of
bounding it using the covering number of the underlying set. The covering number of a set G is the minimum
number of balls required to cover the set G with the centers within the set, the distances defined according to
a metric d, and the radius fixed of a given size €. It is denoted by N (G, do, €). The covering can be understood
is a way approximating each point in G by a set of finite points of G with the fidelity e. The following result
can be found in many references including [Foucart and Rauhut| (2013); Bartlett et al| (2017)); Mohri et al.
(2018).
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Theorem B.5 (Dudley’s Inequality). The Rademacher complexity can be upper bounded using the covering
number as follows

m

Bsig
1 442 (7=
3 — . ) < i —_
E. sup E €g(x;) < él;% do + \/%/a Vieg N (G,d,u)du (18)

m
9€9 ™ i

where do(s,t) is metric defined on G for any s,t € G as follows:
L 1/2
d(s,t) = (m Z(s(wl) - t(a:l))2> (19)
i=1

and

Bs.g = sup 72111 g<wi)2.
7 geg m

The idea is to find a bound on the covering number and then use Dudley’s inequality to bound the Rademacher
complexity.

C Proof of Main Theorems

C.1 Rademacher Complexity Bounds for Group Convolutional Networks

Consider the group convolutional network with ¢y input channel, ¢; intermediate channels, and a last layer
with pooling and aggregation. The input space is assumed to be RI/*¢_ Remember that the network was

given as follows:
D e Wk ®c (k)
hyw(®) =u' Poo : =u'Poo(Wx),

2okt Weer k) ®c 2(k)
where P(+) is the pooling operation. We denote the first convolution layer with the circulant matrix We.

To find a bound on the Rademacher complexity, We start with the following inequality, which is shared across
the proofs of some of the other theorems in the paper:
). 20

1 M,
]Ee - i TP w i = 7E5
(iqu - ; eu Poo( m)) -~ (sip
The above result follows from the Cauchy-Schwartz inequality and peels off the last aggregation layer. We
continue the proofs from this step.

m

Z EiP o] O’(Wﬂ)z)

i=1

C.2 Proof for Positively Homogeneous Activation Functions with Average Pooling (Theorem [C.1))

Theorem C.1. Consider the hypothesis space H defined in eq. . If P(-) is the average pooling operation,
o(+) is a 1-Lipschitz positively homogeneous activation function, then with probability at least 1 — ¢ and for
all h € H, we have:

L(h) < L(h)+2 7 —
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Proof. For an input & € RIG1*%  the action of the group G on each channel is given by the permutation of
the entries. Suppose that the G—permutations are given by IIy, ..., II;g. We have:

Ee <sup
w

- el o (Chl wak ®c xi(k))
Z e Pooc(Wa;) :

i=1

) =[E, | sup iei

=gt (R W) B i

( il 1“’(1 k)Hlml

o -y w(1 K Iz (k

k)
)
o Zk 1fw(TclkHla:l )
)
Q)

. (el
< Ee SUPZ|G‘ Zei
w -
- 1 0( k1wcknlwt
ol n (75 1“’<1k)“l””1(’f))
< —FE¢ | sup €
D e | sup |2

U(Zk 1w(T¢ k)Hlmz(k)>

where we used triangle inequalities for the first inequality. The second inequality follows from swapping the
supremum and the sum. Consider an arbitrary summand for a given . We first use the moment inequality to
get:

. o (220:1 wak)ﬂwl
E¢ | su €; :
(Zk 1 'w(c1 k) Iz;(k
m (Zk 1 w(l k)leZ
< |E¢ | sup Zei : . (21)
W |li=1 e
o (2,;; ) w(TChk)lei(k))

We can continue the derivation as follows. First, define w;.) := (w,i)ig[c,], Which is the weights used for
generating the channel j. Now, using the assumption of positively homogeneity, we have:

2

o (220:1 w(—li}k)nlwi(k)) o m co 2
E. sup Z € =E, | sup Z (Z €0 (Z w(Tj’k)lei(k)> )
w k=1

i=1 c =1 \i=1
g (Zkozl w(Tclyk)lei(k)) J

c1 2
= E. SB})Z H“’(J}:)H2 (Z €0 ( ’ Zw Gt (k >> 5
j=1

|w(37 )‘

Since |Jw|® < M2, we have

c1
S wgol|” < M3
j=1
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We use a similar trick to the paper |Golowich et al.| (2018) to focus only on one channel for the rest:

c1 m 2
Ee S‘i’pz ||“’(J‘7:)H2 <Z < H Zw (oLl (K ))
j=1 i=1

Hw(]

m 2
< M22IEE sup sup (Z €;0 (Hw( )|| Zw(] k) Iz (k ))
Ve

w jela] ;41

2
< MEc | sup (Z (Z“’(k)ﬂm ))

W] <1 \ ;57

Now, we can use the contraction lemma and get:

m co 2 m o 2
E. sup ZQ‘U Z?I)(T;C)Hlsci(k) < E. sup Zei m(T,C)Hl:ci(k)
w:|| @] <1 i=1 k=1 w:||w||<1 i=1 k=1
co m 2

< E. sup ’lI}(Tk) Z ez (k)

billwl<1 \ 2= pa
m 2

< E. Z ellx; < mbi, (22)

i=1

where we used the fact that the permutation matrix II; is unitary. Putting all this together, we get:

& o (72 1w(.1 ) o, M1M2 b, MM,
Z|G| e | L e T vm
o (22011 w(Tchk)szi(k))

which finalizes the desired results. O

C.3 Max pooling Operation - Covering Number Based Results

Single Channel Output. Before going into another result for max pooling, we focus on a simpler example.
We assume ReLLU activation throughout this subsection. First, consider the following network:

hw(x) = Poo (Z W k) ®a m(k))

k=1

where P(-) is the max pooling operation. Just like above, we assume that the norm of the parameters is
bounded by Ms while the input norm is bounded by bx. A special case of this setup has been considered in
Vardi et al|(2022) in Theorem 7, where ¢y = 1. We recap their proof, providing a more refined final bound.
The only difference is that, in our proof, we use Dudley’s inequality.

Theorem C.2 (Single Channel Max pooling). Consider the hypothesis space H of single channel group
convolutional network with P(-) as mazx pooling, and o(-) as ReLU. With probability at least 1 — § and for all
h € H, we have:

beQ
Jm

Proof. The proof consists of deriving the covering number N(#, d, v) and then using Dudley’s inequality. We
have included the essential components of such proofs in the section on mathematical preliminaries.

L(h) < L(Rh) +

(144V5\/10g(2(8¢%+ 2)m|G| +1) log(m)) 4 21%@/5)
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First, we can rewrite the convolution as:

Zw(l,k) ®c z(k) = (Z w(Tl,k)Hgm(k)> = (wleg)gecv
k=1 k=1

geqG

where w; is the vectorized form of concatenated convolution vectors, and x, is the vectorized form of
concatenated II (k). Using this notation, we have:

. 1/2
1 2
A(hay, hey) = (m Z (P oo (wTwiyg)geG —Poo ('UT:ci,g)geG> ) )

i=1

and using the Lipschitz continuity of max-pooling and ReLU, we get:

‘Poo(w—rwg) —Poo(v;—wg)gec‘ < max |(w —’U)ng’.

geG geG

This means that it suffices to get a covering number for the linear function (wT:ci7g)ie[m],g€G on the extended
dataset. We use the following lemma from |Zhang| (2002), which is stronger than a similar result using
Maurey’s empirical lemma [Pisier| (1980; 1989).

Lemma C.3. If h(z) = w' x with [z, < by and |w|, < w for2<p<ooand1/p+1/q=1, then for all
u >0
log N (H, ||| o, u) < (36(p — 1)wby /u)? log(2(4wb, /u + 2)m + 1).

where m is the number of samples.

This lemma bounds the £,-norm covering number, which is an upper bound on the covering number N'(H, d, u)
used in Dudley’s inequality.

In our case, the effective number of samples is m|G|, and therefore the covering number is bounded as:
log N (H, d,u) < (36b, Mo /u)?log(2(4by M /u + 2)m|G| + 1).

We just need to plug the above covering number into Dudley’s inequality and use standard inequalities:

4o + —/ \/1og./\/ H,d,u)du < 4o+ 4\\/£ (36b My /u)+\/1og(2(4by My /u + 2)m|G| + 1).d
4v2
<da+ 7(366 » Mo)\/1og(2(4b, Mz /o + 2)m|G| + 1) log(b, My /2c)

by choosing « = b,.Ms/21/m, we get the following bound:

2b, M, 4\f
v m

which yields the desired result.

(36b,Mz) 1/ log(2(8v/m + 2)m|G| + 1) log(v/m),

O

Note that the bound is independent of the number of channels ¢g, but has logarithmic dependence on the
group size, as well as other constant terms. In comparison with [Vardi et al.| (2022]), we do not have the
dependence on the spectral norm of the circulant matrix, although, as we indicated before, their proof works
well the norm of parameters as well. In this sense, our result can be seen as the generalization of [Vardi et al.
(2022) to the multi-channel input.
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Multi-Channel Output. Next, we focus on the following setup with multi-channel convolution given by
the matrix W':

huw(x) =u' Poo (W)
We have the following theorems for this case.

Theorem C.4 (Multiple Channel Max pooling). Consider the hypothesis space H of multiple channel group
convolutional network with P(-) as maz pooling, and o(-) as ReLU. With probability at least 1 — 6 and for all
h € H, we have:

by M1 Ma./c1
vm

21og(4/90)

L(h) < L(h)+ (288\/5\/1og(2(16\/7n +2)m|G| 4+ 1) log(m)) + 4y —

Proof. We would need a covering number for Ry, o (X) := (hyw(®1), - - - by w(Tm)) in fe-norm. We do this
in two steps similar to the strategy in Bartlett et al.| (2017). As the first step, we find a d;-covering wy, for
the following set:

Hi={Poo(WX): |[w| < My}
where we used the notation W X to denote the concatenation of all points in the training set, namely:
WX =(Poo(Wzy),...,Pooc(Wz,,)).

To simplify the notation, we assume that that matrix operations are broadcasted through X as if we have
parallel compute over x;’s.

The second step consists of finding a do-covering for the set of ' uy, for each uy’s from the first covering.
Using these two coverings, We have:

d (huw(X),v1) < d (hyw(X),u uy) +d (v ug,v)
< Mod(Poo (WX),ui) +d(u'ug,v) < M6y + 6 (23)
where the norm d is defined in eq. for any functions defined over the dataset (x1,...,%,,). Besides, we

assumed the points v; and uy are chosen from the cover to satisfy the norm inequalities above. The final
covering number is the product of the covering numbers from each step with the covering radius M, + Js.

We start with the second step, namely to cover the following set for any wy in the first cover:
Hgyk = {’U,T’U,k . ||u|| S Ml}

The elements of the first cover, ug, are themselves instances of the first layer of the network. Therefore, we
can bound the second covering number for all k£ as follows:

N(Ha g, d,d2) < supN({uTP oo(WX): |u| < Ms},d, ).
w

This is an instance of covering linear functions. We will use the following result from |Zhang (2002), which
leverages Maurey’s empirical lemma.

Lemma C.5. If h(z) = w' with |, < by and [|w]|, < w, then
log N (H,d,u) < (2wb, /u)?log(2m + 1).

where m is the number of samples.

Since the norm of u is bounded by M;, we only need to bound the norm of wy. First, note that
[Pooc (WX)|? = S Po o (Waz;)||°. For each element of the sum, we can get the following upper
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bound:
2

|Pooc (W) Z

Co
Poo <Z w; gy ®G :I:(k))

k=1
co 2
S max (Z w(i,k‘) ®G x(k))
i= k=1
c1 co 2
<> (Z max (w( k) ®c m(’ﬂ))l)
=1 k=1
c1 co 2
<> (Z [ | |w<k>||)
=1 =
C1 Co ) co )
<2 (Z [ | ) (Z (k)] )
i=1 \k= k=1
C1 Co
< llell* Y23 llwew || < 02017,
1=1 k=1

where the first inequality follows from the property of ReLU, and the thrid inequality follows from Young’s
convolutional inequality. Using this inequality, we can use Lemma to get the following:

log N (Ha.1, do, 02) < (2b, My Mor/m/52)? log(2m + 1). (24)

Now we can move to the covering number for H; = {Poo (WX) : ||w| < M;}. Given that the ReLU
function is 1-Lipschitz, it suffices to find a covering for P(W X)), and note that the covering norm is a mixed
norm, namely:

1/2
d(P(WX),U ( ZHPW Ui||2>
1/2

ey (max (zwm . k)> ) Uw)?

11]1

To find the covering number, we use the following set of inequalities:

o\ 1/2
(&3] Co
d(P(WX),U) < | max <max (Z wi g ®c wi(k)> - Um)
1€[m] = P
o\ 1/2
w, k) Ui
< | max ) |jwg, || (max ( ®G acl(k)> - >
2 R o]
Suppose that we find a cover UW- that satisfies the following inequality
max |max Z k) ®g xi(k) | — Ui | < 5—1 (25)
i€[m],j€[cq] w;,: )H ’ M,y
Then, it is easy to see that since 231:1 Hw(j’;)H2 < My, then
o\ 1/2
d(P(WX Z Z (max (Z 'w(] k) ®G ilil )) — Hw(j,:) H 01'73') S 51.
i=1 j=1
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To find such covering, first find a cover for this set:

<max (Zw ®a xi( ))) Dlw] <1
i€[m]

Note that this is a special case of the covering number of the single-channel networks, which we had computed
above. This set is the super-set of functions represented by each channel when the weights are normalized
to have unit norm. We find ¢; independent covers, one for each channel, and this will give us the desired
covering in eq. We use the covering number for the single channel case using M> = 1 and u = §;/M>
(which basically does not change the bound on the covering number) to get the ultimate covering number for
this layer given by:

log N (H1,d,61) < exN(H, d, 6,/ Ms) < ¢1(36b, My /81)* log(2(4b, My /51 + 2)m|G]| + 1). (26)
The final covering number is the product of the new covering number, and what we obtained for the last

layer. Therefore, using the inequality eq. 23] and the covering numbers eq. 24 and eq. [26], the final covering
number can be bounded as:

log N (H,d,d) < logmgx./\/'(”)'-lg,k, d,6/2) +log N(H1,d,6/2M)

< (4by My Man/m/8)* log(2m + 1) + ¢1(72b, My Mo /5)* log(2(8by My M2 /6 + 2)m|G| + 1)
< 2¢1(72b, My Mo /5)? 1og(2(8be My M3 /6 + 2)m|G| + 1).

We can plug into Dudley’s inequality, which gives us the following bound:

+%§L ’ Vieg N (H,d,u) du

< do + \/\C\/»(’?Qb M1M2 \/log 8b MlMQ/a+ 2)m|G| + 1) log(b M1M2/2a)

We can choose a = b,. M7 Ms/2v/m, and we get the following bound:

20, My My 2[
v

The result follows from a standard inequality. O

720, M Ms) \/log 2(16yv/m + 2)m|G| + 1) log(m)

Apart from constant terms and other logarithmic terms, this new theorem has an extra dependence on ,/cy,
which is the dimension of the output channels. For the rest, we recover the term b, M Ms/+/m which is what
we expected. Unfortunately, for max-pooling, the dependence on ,/c; seems to be the artifact of using the
covering number argument. As we will see in the next section, the direct analysis of Rademacher complexity
shows that the dependence on ¢; can be completely removed with the price of additional dependence on the
group size and input dataset.

Remark C.6. The covering argument above is strictly better than the method used in Lemman 3.2 of Bartlett
et al.| (2017)) for covering matrix products. If we use this lemma, we get a covering number of the form:

b, M| G|\ ?
log(N (H1,d,u)) < ¢ (u2||) log(2|G|?c1co).

As one can see, we have now further dimension dependence in the bound, basically on the number of input
channels ¢g and |G|. In the original paper, they could use mixed norms [-[|, ; to get rid of some of the
dimension dependencies, which we cannot do in our setting.
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C.4 Homogeneous non-decreasing activation with max pooling

The following result provides a similar upper bound for max-pooling. A bit of notation: fix the training data
matrix X. Denote the permutation action of the group element | € G by II;. The vector I = (I1,...,l,,) €
[|G|]™ determines the group permutation index individually applied to each training data points. For each I,
we get the group-augmented version of the dataset denoted as X; = (IIj, 1 ... I}, @.,).

m

Theorem C.7. Consider the hypothesis space H defined in eq. . Suppose that P(-) is the maz pooling
operation, and o(-) is a 1-Lipschitz and non-decreasing positively homogeneous activation function. Fix the
training data matriz X . Then with probability at least 1 — § and for all h € H, we have:

My Myg(X) 44 2log(4/9)

L(h) < L(h) +2 NG -

with g(X) defined as:

9(X) = \/8 log (|G My + b2 + | /8log (|G Myseb

where M3'§ = maxy HXlTXl for the group-augmented training data matriz X;.

H2—>2
The proof for max pooling leverages new techniques and is presented in Appendix [C.4] The generalization
bound in the above theorem is completely dimension-free (apart from a logarithmic dependence on the group
size in g(X)). The norm dependency is also quite minimal. The bound merely depends on the Euclidean
norm of parameters per layer. Note that the norm is computed for the convolutional kernel w, which is
tighter than both spectral and Frobenius norm of the respective matrix W. Finally, there is no dependency
on the dimension or the number of input and output channels (cg, ¢1). The term M3%* is new compared
to other results in the literature. This term essentially captures the covariance of the data in the quotient
feature space. The term MJ"$* is defined in terms of the spectral norm, which is lower-bounded by the norm
of column vectors, namely b See Appendix for more discussions on My"¢*.

We start from eq. where the first layer is peeled off. One of the key ideas behind the proof is that if o(-) is
positively homogeneous and non-decreasing, the activation o(-) and the max operation can swap their place.

We have:
Ee sup Eij oo(W xT;

i=1 w

) . max o (Y17, w1 ®a zi(k))
=E, :

sup g €;
i=1

max o (ZZOZI W(cy k) ®da :I)z(k'))
o (max Y .0 wi k) ®c xi(k))

m
:eSUPEQ’

i=1

o (max 350 wie, k) ®g ©i(k))
Then, similar to the previous proof, we use the following moment inequality:

E¢ | sup Zei

w

co
w0 (max 35wk ®c @ik
=1

co
o (max Dt Wiey k) B Ti(k

2
m o (max 3R we ) @ @i(k))

< |E¢ | sup Z €; :
w . C
=1 o (max Y10, wie, 5 B xi(k))

We can then use the peeling-off technique similar to the proof above for the term inside the square root:
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2

2

)
)

m o (max 1" w ) ®a zi(k))
Ee | sup Zei
i=1 o (max > "1° | wie, 1) ®a (k)
. o (maxle e Zk 1 w(1 k) Iz (k
=E¢ | sup Zei
wolli=1
o (maxle (1G] 2ot wa—:l k)le, (k)
C1 m
e a3 (S s St
Woi=1 \i=1
< MZ2E sup €;0 | max w I (k
2 wifwl <1 (Z <le it Z ()

To continue, we define 1 € [|G|]™ as the vector of (I1,...,

lm) with [; € [|GH

Now, we can first use the

contraction inequality and some other standard techniques to get the following:

m co 5
E. sup €;0 | max w T, (k
w:|w|<1 (; (le[G” Pt (k)*H ( )))
<Ec sup €; max w s
w:|lw|| <1 (; le[|G|] <Z (k)*H ))
< E. sup max Z € Z w k)Hl x;(k
w:|lw||<1 P
=E. SUp max Z w, Z e, @ (k
w:fjwl|<1 .
m 2
S Ee mia,X Z;Ginliwi

where we abuse the notation II;, x; to denote the channel-wise application of the permutation to x; (assuming
x; is shaped as |G| x ¢p). We use the same term II;,x; to denote its vectorized version to avoid the notation

overhead.

Now, see that for 5 >0, :

2

m m

BE max Z 61l x; = E. | logexp max B Z el z;
i=1 i=1
m

<logE, | maxexpf Z 6l x;
l i=1

<logEe Z exp 3 Z €11, x;
i=1
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We can now use the Lemma Note that, in our case, we have:

m 2

E GiHli ZL;

=1

= || X.¢e]® = €' X, Xe,

where € = (€1,...,6n), L =(I1,... 1), and X; = (II;, @1 ... I} @,,). We now choose B = XlTXl in Lemma

B.2 to get:
BTr(X, Xi)
2 (1 —- 88 HXTXlHH))

l

|
(32 (=)
|

log E Z exp 8

E €11, x;

i=1

l |2—>2

Bmb?
B\ e ( 86M5“%">)

mb?
<log <|G|meXP <1_ﬁ8/81\4rnax>>
2,X

where M3’ = max; HXlTXl Note that we have assumed 83M;"¢* < 1. We then have:

H2—>2'

2
- mlog(|G]) mb?
]Eg max eiHliwi < + - max
1 ; B 1—88M;3"%
Note that b
a
maxf—i— =ac+ b+ 2Vabe,
B 1—cB

obtained for 8 =1/ (c + bc/a). We need to assume that 84M;3"¢* < 1, which means:

SMP < (8M§1;}x + \/SM;;;ng /log |G\) :

This is always true, so choosing 3 accordingly, we have:

m
E €11, x;

=1

2

< 8mlog(|G|) My + mb2 + m /8log(|G|) M0,

Ee | max
l

which gives us the total bound:

MlMg\/8 log(|G|)My3 + b2 + \/8 log(|G|) M3bz
Jm

Remark C.8. Ignoring the term M;"¢*, the bound is dimension-free. The term My"¢* depends on the data
matrix’s spectral norm with normalized columns. Remember that:

MR = | X7 X,

The spectral norm of X ' X is the spectral norm of the sample covariance matrix of the data. Consider an
extreme case of i.i.d data samples with the diagonal covariance matrix; the spectral norm of X T X will be
O(m) as m — oo. The situation remains the same for an arbitrary covariance matrix. In other words, this
bound is loose for large samples. However, in small samples, the spectral norm can be smaller (for example,
assume X is approximately an orthogonal matrix).
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It is important to note that the term M;"§* appears for bounding Ee (maxl 1>, eiHlimin), which itself

appeared in the step eq. We can consider max-pooling as a Lipschitz pooling operation and use techniques
similar to |Vardi et al.| (2022); (Graf et al.|(2022) to bound the term. However, this would incur an additional
logarithmic dependence on the input dimension and m, but it will be tighter as m — oo. Ideally, the ultimate
generalization bound should be the minimum of these two cases.

C.5 General Pooling

In this section, we consider the case of general pooling. The proof steps are similar to the classical average
pooling case, so we present it more compactly. We first peel off the last layer and use the moment inequality:

¢(|7 (Zk 1 W,k B $1(k)))
E (sup :

m

Z EZ'P o O'(WEL'Z)

i=1

) -5 3

— 10) (\lﬁ\lTa ( iy Wi, k) Ba :Bl(k)))

2

¢ (ﬁlTU (Z?ﬂ w1 k) ®c wl(k)))

m
< |E¢ | sup Zei

i=1 é (‘él 1T (ZZO:I W(cy k) e .’1},([{1)))

The next step is to use the peeling argument and contraction inequality step by step:

¢ (ﬁlTU (Xl wa k) ®c :cz(k:)))

2

m

E¢ | sup Zei :
T\ (1T (5w B0 @ih))

~E. S}}}’Z (i ( (kz_:l ok g6 mi(k)>>>2

m 2
= (ol (S0 (™ (5 wom 2o =0 )

=1

< M2ZE. sup( €z¢’< 0( |Zw ot )>>>2

s o (S (g S om0))

)

G|

< M2 rEpA ZIE sup <Z€’ (” ” Zw(k)ﬂl

And then we can re-use what we proved in eq. [22] to get:

)
E, sup<i <|| |Zw - )
))):

=E. sip (Z €; ( ” Z?.U(k)l'llasz

Putting all of this together, we get the final theorem.
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C.6 Proof for Multi-Layer Group Convolutional Networks

In this section, we prove Theorem We start again by simply peeling off the last layer:

m

1 & _ M
E. ( sup oo Z eiuTP oo (WL:(:EL 1)>> WlE < sup Z
u, {w® Ie[L]} "} {w® l€[L]}

=1 =1

GiP o O’(W:UZ(ILil))

) , (28)

where, for brevity, we use (=) to denote the output of the hidden layer L — 1. We can expand the average
pooling operation and use the positive homogeneity property of ReLU function to

m

1 L—-1
(ZZL 1 w(1 k) H 5‘3( )(k))
E sup :
({wm,ze[L]} ;

ePo O’(W

) i%KH >

ey | e DT
U( kLzll chL):k)ngg )(k)>

and then, we focus on a single term and use simple Jensen to get:

m
E sup €
‘ {w®,l€[L]} ;

(L), T L—1
U( i wél,)k-) ngz(' )(k)>

(ZZL 5 w(cL Z)nggLil)(k))

2
er_1 (L), T L—1
. o ( Py wEl’)k) ngg )(k))
< |Ee| sup D e : ,
{w® le[L} |li=1 c L),T L1
o (ZkL ey wECL),k)ngz(‘ )(k))
and we can continue with a similar approach to simplify this further:
1 (L),T (L—1) 2
. O'( et Wiy g (k:))
Ee sup Zei :
{w® Ie[L]} | i=1 cn_1 (L),T L—1
0( i wécL):k)H x| )(k)>
2
X (0T (D)
=Be| Z H (MH Zel T 2 o Mo (k)
{w( ) lG L]} (]7.) k=1
m CL—-1 2
< M?E, sup ( €0 ( wg,f))’TngEL_l)(k)>>
{w(l),lG[Lfl],w(m:Hw(L)||§1} k=1

iq (ng_u)

i=1

< M%IEE sup
{w® 1e[L-1]}
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where Il is a unitary matrix and was removed. Now, we have removed the last layer from the bound, and we
can focus on the rest of layers.

m

E sup
{w® le[L-1]}

=E. sup Z € :
{w®,le[L-1]} |21 cL—2 . (L—1),T L-2
o (Sitwl N @l w)

|G| cL—1

< 1 = T L—2
—E, H (L~ 1)H . (L=1).T1p =2 (L
{wu)SzlelpL 1]}2 Z v ZEU wE Y| = Wik g% (k)
=1 (o) || k=1
|G| CL m 1 crL—2 2
L1 L—1),T L—2
= ZEE sup Hw( )H ZEiU (-1 ng,k:) ) ngz(‘ )(k)
g= {w®,le[L— 1]} i=1 ‘w(j’:) k=1
< |G|M2_ E sup 61< EL 2))
bote {w® le[L-2]} Z::

Note that the last step involves the very same peeling argument for each term in the sum, and we removed
it. Doing this iteratively, we can peel off all the layers, and get the final result. It is worth noting that the
authors |Golowich et al.| (2018) provide a way of converting exponential depth dependence to polynomial
dependence. Using this technique we can change the depth dependence from |G|£~1/2 to (L — 1)log |G| for
L > 1. See Section 3 of |Golowich et al.| (2018) for more discussions.

C.6.1 A generalization bound for gradual pooling

In this part, we consider a version of the multi-layer network with gradual pooling. We consider the following
model: .
P g0 1ezyy (@) =1 PLoo(WHo(WED  ProgWM)z...), (29)

where the pooling operation changes the group size of each layer gradually to 1 as follows:

Pl(Glzéo/Gl) A P2(G2:é1/ég) PL(GL:éL—l/GL

GOZG Gl é2—>...éL_1 éLZL

In other words, the pooling layer at layer [ pools from the cosets G; := Gi1 / G,, for example by averaging
out the elements of each left cosets. It can be seen as moving the operation from the group G, to G;. This
also means that: . A .

= |Go| = |G1]|G1] = |G1|G2||Ga| = - -+ = |G| x - -+ x |GL].

Define the corresponding hypothesis space of functions with gradual pooling as follows:

M09 = Ly ey Il < M o) < Mo € (21} (&0)

We have the following theorem for this network.

Theorem C.9. Consider the hypothesis space in eq. consisting of functions defined in eq.[24 With
probability at least 1 — § and for all h € HE=9P)  we have:

L
A ~ belMg...ML_,_l 210g(4/(5)
< .
L(h) < L(h)+2 <£[1|Gl|> NG +4 ”
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Proof. For the rest of the proof, for simplicity, we assume that the elements of G; = Gy_4 / Gl is represented
by a member in G_1 such that any element in G;_; can be written uniquely as ¢’.g where ¢’ = Gy, g € Gi.

The key for the proof is the intuitive observation that at each layer, we could use the group size utilized at
that layer, more formally:
2

Ee sup
{w®,ic[L-1]}

ZQPL j00 (Z wglLk)l) _2)(k))

G c
a5 [ S (S

1 — ~
fwiielr-n} o= 35 ot

Gr-1

] T D DD

1
{w® 1e[L-1]} G, 9=1

m CL—2 2
T
> e (E wiy gyt 2><k>>|

i=1

2

1 crL—2 Lo1), L9
= G 1E€ (z)Sup Z Z (Z w(l k) wi )(k)
- {w ’le[L_l]}gEGLA,Q =1

A 2

Gr_o H H - (L-2)
< E. sup €; (531

Gr—1 W) {w® ie[L-2]} ; )

2 m 2
<o o [
g {w® ie[L—2]}

Using the above argument, we can revisit the proof above and see that:

m 2

L-1
€iw§ )

i=1

Ee sup
{w®,le[L-1]}

2
Pr_yoo ( ey u’ElL,;)l)’T ® "L'z('Liz)(k))

=E. sup E € :
{w® le[L-1]} ||;=1 c _
P,_io 0( iy w&ﬁg ®z (L 2)(k))

2
m
< IC?L_1|M§_11E5 sup ZQ‘ (SUEL%))
{w®,le[L-2]} ||i=
We omitted many steps in the proof as they are exactly similar to the proof above. O

Remark C.10. We would like to highlight that the gradual pooling breaks the equivariance with respect to
the original G, and it is not a common practice in geometric deep learning to do it, in contrast with typical
convolutional neural networks.

D General Equivariant Networks

The general equivariant networks are defined in Fourier space as follows:
Haw = {07 Quo(@Wa)}.

Here, we assumed that the input is already represented in the Fourier space &. The input and hidden
layer representations are the direct sums of the group irreps v each, respectively, with the multiplicity mg
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and my . Since we are working with the point-wise non-linearity o in the spatial domain, two unitary
transformations @ and Q2 are applied as Fourier transforms from the irrep space to the spatial domain.
Finally, to get an invariant function, the vector @ only mixes the frequencies of the trivial representation v,
and it is zero otherwise. To use an analogy with group convolutional networks, Q1 and Q2 are the Fourier
matrices, and @ is a combination of the pooling, which projects into the trivial representation of the group,
and the last aggregation step. The hypothesis space is represented as

3

M4 M0, e

Hi=1i Qo | Q1P W (4, i, 5)@ (¢, j)
Y

=1 j=1

We start the proof as follows:

1o . . M - -
Ee [ sup — ZeiuTQQO—(Qlwwi) < —'E, sup ZQU(Q1W$¢) .
aw M i—1 m W ||li=1
El 1= 1=
Y . 5 1/2
< =L E. | sup ZfiU(Q1W§3i)
m W [i=1
From this step, we can re-use the pooling operation:
m 2
Ee [ sup Zeia(Q1W§si)
m 2
a3 (e a2
W i \i=1
2
Tl [ 1
= E, SQPZ ’ q, ;W ‘ Z 7q1]le
j i=1 qu,a ’
2
R - 1
<E. squ ’ q, ;W ‘ sup Zei 7q1]Wa:Z
W W.i \i=1 qu,a
2
m
< M22]E€ sup Z €;0 q, ]Wazl
w2z (i

Note that we used the following:

‘1 T w12 2 2 )
> Jlalsw || = @[ = W] < asz
j=1
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Then, using the contraction lemma, we obtain:

m
1 &
Ee | sup Zeio p— quW:ci
W.i \i=1 Hqu
2
m 1 R
< Ec¢ | sup Zei p— quW:i:i
v U
2
1 m
= Ec [ sup 7611,gW (Zezwz>
Wi qu,] i=1
m 2
<IEE Zeﬁ:i §mbi
i=1

E Lower Bound on Rademacher Complexity - Proof of Theorem [4.4]

We now provide a lower bound on the Rademacher complexity for average pooling and ReLU activation
function. The authors in Bartlett et al.| (2017)) and |Golowich et al.| (2018]) provide lower bounds on the
Rademacher complexity. Their results, however, do not apply for group equivariant architectures given the
underlying structure of weight kernels. Similar to |Golowich et al.| (2018]), our result holds for a class of data
distributions.

As the starting point, we can again peel off of the last layer:

Z e Pooc(Wa;)

=1

1 m M
Ee (supm Zez TPoor(Wa:)> = WlIEE (bup ) . (31)

The next step is to find a lower bound on the right hand side. For that, we consider only weight kernels that
are non-zero in the first channel and zero otherwise. Plugging in the average pooling, this means:

|é¥\ 170 (ZZO:1 w1,k ®a a:l(k'))
E. <sup

m 0

>Ec| sup Z €; . (32)
weW, i=1 .

where W is the set of weight kernels with zero channels everywhere except the first channel. This can be

further simplified to:

m

Z GiP o O'(le)

i=1

0

el (0 wa e ®c @i(k))
n 0
E sup €
o 30 :
0
@l a (2(1;0:1 w(TLk)Hlxi(k))
G 0
| o [SeX ik

weW, .
0

m
=Ec [ sup Z €

weW; |

1 =
k
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We assume data distributions over @ such that each channel (k) is supported in a single orthant. Without loss
of generality assume that x(k)’s are supported over the positive orthant, which means that 1"z (k) = ||z (k)||; .

We also assume that the data points have maximum norm ||;|| = B. Now consider a subset Wi~ of Wy such

that wy k) = w(1,k)1, where w(y ) is a positive scalar value. With all these assumptions, we get:

m |G| co m |G|
1 1
Ee [ sup ZeiZ@a Zwa’k)ﬂlmi(k) > E. sup Zel @ Zw1k)lez (k)
weWL i) = k=1 weWi |21 =1
m |G|
_ 1 S T
= E. sup Zel ﬁ Zw(lyk)l ILx; (k)
weW! 521 1=1 k=1
m |G|
=E¢| sup Z (Zw(l k)l x;( ))
w€W+ i=1 =1
:Ee<sup S (z wiapd il >>)
weWwT i=1 k=1

where the last step follows from the positiveness of w(; 1)’s and the assumption on the data distribution. We
can now simplify the last bound further to get:

(e (o)) == (g

m

3w (3

sup ZEZ sup 2611 x;(k
=1
= MoEe | D e
=1 ]-Tmi(c())

Using Khintchine’s inequality, we can conclude that there is a constant ¢ > 0 such that

2

m 172;(1) m 17x;(1)
Ee Ze,; >c Z
=1 17x;(co) =1 i)/ ||,
m  co
=c | D> (ATa(k))?

m

(B2 = e\ S laill2 = Bvm.
=1

For the last steps, we have used the assumptions on the data distribution. This yields the intended lower
bound.

Remark E.1. The lower bounds on the sample complexity are commonly obtained via fat-shattering dimension
as in [Vardi et al.| (2022). The construction of input-label samples shattered by non-equivariant networks
would not extend to equivariant networks (ENs), as the ENs can only shatter data points that satisfy the
exact symmetry. There are works on VC dimension of ENs, however they are not dimension-free and do not
include norm bounds similar to ours.
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F Frequency Domain Analysis

Let’s consider the representation in the frequency domain. The Fourier transform is given by a unitary matrix
F'. For simplicity, here we assume the simplest setting of a commutative compact group G, for which we have:

F(w ®¢ x) = diag(w)Z,

where & = Fa, and diag(w) arises from the Fourier based decomposition of the circulant matrix W. Each
frequency component in w is an irreducible representation of the group G denoted by ¥. Commutativity
implies that each irrep has a multiplicity equal to 1 in the Fourier transform. Therefore, using the direct sum
notation, we have:

diag(h) = P (v), (33)
Y

See the Supplementary Materials [A] for more details. Note that the point-wise non-linearity should be applied
in the spatial domain, so we need an inverse Fourier transform before activation. The network representation
in the Fourier space is given by:

~

Fo Y (@, 00.0(®) (i)

hyo(T) :=u Poo (34)

~

Fr 2 (D) .0 () o)
where F* denotes the conjugate transpose of the unitary matrix F'. Note that we have not touched the last

layers. The last layer merely focuses on getting an invariant representation.

We show that conducting the Rademacher analysis in the frequency domain brings no additional gain. The
situation may be different if the input is bandlimited. We summarize this result in the following proposition.

Proposition F.1. For the hypothesis space H defined in eq. |4 the average pooling operation, o(-) as a
1-Lipschitz positively homogeneous activation function, the generalization error is bounded as O(%)

Proof. Consider the network represented in the frequency domain as follows:

~

Fr Yy, (@, 00.0(@) o)

Pyo(T) :=u Poo : (35)
Fo Y, (B 00 () (i)

A few clarifications before continuing further. Consider the circular convolution w ®¢ ®. Note that the

decomposition (@w w(qz;)) is obtained by using the Fourier decomposition of the equivalent circulant matrix:

F | @Paw) | F=w,
P

and therefore, when using Parseval’s relation, we should be careful to include the group size as follows:

Y 0(@) = Wiy = |G ||w]|*.
W

Now, let’s continue the proof. For average pooling, we can start by peeling off the last linear layers and
average pooling and continue from there, namely from eq. Note that [’th entry can be computed using an
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inner product with the I’th row of F*, represented by f;*. We have:

2

m o (-fl* D e (@¢ W1, k) (d’)) wsz)))
Ec | sup Z € :

o (£ i, (@ @chk)w)) 2i(k)))

m

=E. 5UPZ Zez Z @ jk) Zk))

k=1 \ o

2

C1 . m 1 .
=E, supZ||w(j’;)H2 ZQ‘U ||’lf)( H Z @w(ﬂc x;(k))
Yoj=1 i=1 75

k=1

where we used the positively homogeneity property of the activation function, and we defined:
W, )H Z W) (¢
P, /CE[C()]
We can use Parseval’s theorem, and based on the discussion above, we know that:
~ 2 2 2

Yo lwaall” =161 X llwesl” < 161045,

J€lea] j€lei]
And then, we can continue similarly to the proof of average pooling:

2

c1 . m 1 . Co R N
O O L T bolt] L S P
w = = \laall™ =\

2
<|GIMGE | sup Y eo [ f7Y | @D dw @) ka)))

w:|w]|<1 \ ;55 k=1 \ o

From which we can continue using contraction inequality:

w:|w||<1 \ ;5 k=1

2
Ee [ sup Zeio fl*z @wk) :BiA (k) )

2
< E. ~sup €; ZO @w x;i( )))
i=1

w:|| ]| <1 k=1 \ o

2
co m
<Ec| sup [ fF Wy () | | D emi(k))
w:||w|| <1 k=1 \ o i=1
2
m 2
< sup i EBUA’(MW)) E. Zﬁif@i
w: ||| <1 ¥ i=1

k€[co)

Ny

wiflwl<1

< sup i (@ Wiy () mb3.
¥

k€(col || p
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To simplify the norm on the left-hand side, it is important to note that each entry of f;* has the modulus
1/4/|G|, which means that

2

% N 1
_sup T @w(k) (%) < @
w:|w]|<1 ¥ kefeol || o

The term 1/|G| cancels the term |G| in the previous inequality and yields the bound. The result shows that
there is no gain in the frequency domain analysis. O

G Proofs for Weight Sharing

Consider the network:

iy (S woe (0) By ) ()

hyo(T) :=u' Poo :
G

52 (S0 w0 (k) B @(c)

For the pooling operation P(-), we consider the average pooling operation. The Rademacher complexity

analysis starts similarly to the proof of group convolution networks. This means that we can peel off the first

layer w and consider a single term in the average pooling operation, namely:

iy (S4 wo o (0)By) (o)

m

Ee | sup ZeiPoa
wolli=1

s (S wee, c><k>Bk) )
o [ (S
=E. |G| sup ZZQ

=1 =1

i) i
Zcozl (Zk 1 Wiey,e) )
G| m 2o (Zk 1 W(1e) (k)b J) xi(c
S EpA ZE sup Zem ’

- Zzozl ( L |1 w(cl,( k)b J) x;(c

where b;l is the I’th row of By. From here, we can continue similarly. First, we use the following moment
inequality:

(e (S wa e (b @ile)

E¢ | sup ZQ’U
v |li=1 a

Dl 1( Lllw(c’hc )bgl>$l

k 1w(1 ol bkl)

IA
&

m
sup E €0

i=1

Zk 1 w(rl (*) b 71) 331

C1

m co |G|
= |E. sgjpz Zeia Z Zw(ﬂ) )azz

j=1 \i=1 c=1 \ k=1
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For the rest, denote (by abuse of notation, we drop the index [ when it is evident in context):

|G| |G|
T T
Jwiaollg = ||| D wi.e k)b, Nwlig = e > wo (k)b
k=1 .
c€leol || p c€leol,j€ler] || p
Note that:
2 2
c1 |G| |G
2 T T w.s.
Z ||w(j,;)HB = Zw(j,c)(k)bk,l < llerhigil] Zw(j,c)(k)bk,l < (M )2~
= k= celeolj€lenl || k=1 c€leol j€ler] || p

We can continue the proof as follows:

2
Co |G|
Ee S“pz Z YD wue b | i)
j=1 \i=1 c=1 \ k=1
, (& co_ (1G] 2
< Ee SUPZHw(j#)HB Ze,a Z ZW(J o bk,l z;(c)
j=1 i=1 Hw(J,)HB =1 \ k=1
, (& e (1G] 2
< Ee SUPZHw(j,Z)HB ZQU ijc) )by | zilc)
woj=1 i=1 Hw(J,)HB =\
2

co |G|

Z Z W) (k)bl—cl:l x;(c)

< (M) E, supsup Z

||w HB =1 \ k=1
0 (1G] ?
(Mé“”s E. sup Zel Z Zw(c)(k)b;l z;(c) ,
c=1 k=1

where the supremum is taked over all vectors w satisfying:

|G|
Z "‘A’(C)(k)blzz <1l
c€leol || p

We can use the contraction inequality and the Cauchy-Schwartz inequality to obtain the following;:

2
m Co |G|
Ee [ sup Zeia Z Zw(c)(k)b;l x;(c)
wo\i=1 c=1 \k=1
m co |G‘ 2
SEe|sup (D e (D wa bl | @ilc)
w =1 c=1 k=1
Cco |G| 2
=E. sup Z Zw(c)(k)b;l (Zeﬂ,(C))
w c=1 \k=1 i=1
2
|G| m 2
<sup || [ Y i (k)by, Ee | || €| | <mb2.
b - c€leo] || p =1
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H Proofs for Local Filters - Proposition

Consider the network defined as:
o (wlnal@®),

hyw(x) =u' Poo : =u'Poo(W),

Sy (wh,@i(@k)

where similar to [Vardi et al.| (2022), W is the matrix conforming to the patches ® and the weights. The first
steps for average pooling are similar to what we have done in Section The only difference is that IT;x(k)
is replaced with ¢;(x(k)). We will not repeat the arguments and condense them in the following steps:

leflal]

Ee (?BB;;EWTPOU(WmO < %EE (sip ;eiPOU(W;pi) ) .
M |G| m o (Zk 1 w (1,k) d)l(wz( )))
1 1
S —— D iAke | sup € :
m 2157 | P |2

g (220:1 w;zl,k)(?l(wi(k)))
And, we can repeat the peeling arguments to get:
(Sl g e) m /o 2
| o3 ; SYTREN e (z (z wzmw»))
w || @]l w[|<1 \ =5
o (S wi, i (@i(k)))

The only change in the proof is about the way we simplify the term in the square root:

Ec | sup (Zez (Zw&)@(wi(k)))) <Ec| sup <Zei2@&)¢z(wi(k))>
k=1 welw i=

|l <1 bl @< \;Z7 =g
Co m 2
<Ee| sup < w(Tk) <Z 6i¢l($z(k))>)
w:||w||<1 \ 2 i=1
- 2

= Z lgu(i)]” - (36)

Now we use Jensen inequality to get the proof:

E. (bup - ZG’ TPoo (W:c)) <

=1

< M1M2 m0¢,b2 M1M2 Oq>
B |G| vm 16l

I Uncertainty Principle for Local Filters - Proposition [7.2]

We start by stating the uncertainty principle for finite Abelian groups.
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Reference Bound
Equivariance (Theorem 4.1) %
Weight sharing (Proposition 6.1[) b”Ml%;'“
Locality (Proposition [7.1 %" bmﬂﬂan?
Non-Equivariant Networks |Golowich et al.| (2018) b‘M\l)l%}VHF
Weight sharing, orthogonal by, ;, k € [|G]] b’”%{”"‘
B-sparse filters (Propositionlﬁ' by My Ms/v/mB
Linear convolution |Vardi et al.| (2022]) vV O@%
CNN with Pooling |Vardi et al.| (2022) b’””WHQ‘QIO%\/IOg(mCllGI)
Graf et al. (2022]) o <be2 log(lchﬂax{cm% ||W|242+|w||2,1>

Table 2: The table summarizes the main results of the paper and compares with the selected prior works.
The top three rows are the main results of the paper expressed in their full generality (Reminder : MY’-$- =

(Zfi‘l w(j,c)(k)b;l) el ). Next three rows summarize the result for the case where the
"/ c€leol,jE[c1 F
network is not equivariant, the optimal weight sharing and the band-limited filters. The bound from the

most relevant results are also summarized in the last rows of the table. The explicit dimension dependency of
these bounds are highlighted with a different color.

maXe(|ay]

Theorem 1.1. Let G be a finite Abelian group. Suppose the function f : G — C is non-zero, andf is its
Fourier transform. We have

supp(f)|.[supp(f)| > |GI.

If the filters have B non-zero entries in the frequency domain, then the uncertainty principle implies that
the filter in the spatial domain has at least |G|/B non-zero entries. In other words, the smallest filter size
will have |G|/B non-zero elements. Therefore, the smallest possible upper bound we can obtain using our
approach will use Og = |G|/B. Plugging this in Proposition yields the proposition.

J Comparison with other existing bounds

The following works do not consider the generalization error for equivariant networks. However, the
convolutional networks, which are studied in their work, are closely related to our results. We have also
summarized our results and their comparison in Table

Comparison with [Vardi et al.| (2022). Our work is closely related to [Vardi et al.| (2022)). We focus on
equivariant networks and upper bounds on the sample complexity. The networks considered in this work are
slightly more general with per-channel linear and non-linear pooling operations. They also provide a bound
in Theorem 7 of their paper for pooling operations p : RISl — R that are 1-Lipschitz with respect to the
£+ norm. This class includes average and max pooling operations. Their bound has logarithmic dimension
dependence, the artifact of using the covering number-based arguments (see below for more discussions). The
bound is also dependent on the spectral norm of the matrix W instead of the norm of the weight w. It is not
clear if the dependence on the spectral norm can be removed in their proof. For local filters, they provide a
dimension-free bound that also depends on the spectral norm of W. However, this time, the dependence on
the spectral norm can be substituted with the norm of the weight vector, as it is evident from their proof. In
general, all our bounds depend only on the norms of the weight vector, which is tighter than using Frobenius
or spectral norm of W. The authors in [Vardi et al.| (2022)) provide lower bounds on the sample complexity,
which we relegate to future works.
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Comparison with |Graf et al.| (2022). The paper of |Graf et al.| (2022)) relies mainly on Maurey’s
empirical lemma and covers a number of arguments. Rademacher complexity bounds either work directly
on bounding the Rademacher sum through a set of inequalities or utilize chaining arguments and Dudley’s
integral inequality. Dudley’s integral requires an estimate of the covering number. The main techniques of
finding the covering number, like volumetric, Sudakov, and Maurey’s lemma techniques, manifest different
dimension dependencies, with the latter usually providing the mildest dependence. Completely dimension-free
bounds are obtained mainly via the direct analysis of the Rademacher sum. Therefore, the bounds in |Graf
et al.| (2022)) are a mixture of dimension-dependent and norm-dependent terms. Their bounds are, however,
quite general and consider different activation functions and residual connections.

To investigate their bound further, let’s consider their setup, focusing on what matters for the current paper.
They consider a network with L residual blocks, where the residual block ¢ has L; layers. That is:

f=opofro-o0i0fi with fi(z) = gi(z) + oir, 0 hir, 0 -+ 0041 0 hjs ().
The activation functions ¢; and o;; have respectively the Lipschitz constants of p; and p;;. The function g;(-)
represents the residual connection with g;(0) = 0. The map h;; represents the convolutional operation with
the Kernel K;;. The Lipschitz constant of the layer is given by s;;, which corresponds to the spectral norm

of the matrix that conforms with the layer (similar to the spectral norm of W'). The ¢5 1 norm of the kernels
K;; is bounded by b;; (this can be initialization dependent or independent). The norm of K € Re1xcoxdig

defined as
||K||2,1 = Z [ K (4, :7j)||2 :
%,

Define s; = Lip(g;) + HJL:1 pi;Sij. Denote the total number of layers by L, Wi; is the number of weights in
the j-th layer in the i-th residual block. Set W = max W;;. And C}; represents the dependence on the weight

and data norms: .
L;
.= 21X Hszpl LIy sikpi bij
1, - .
J Vv m —1 S Sij
Define C‘ij = 2C;; /v where v is the margin. The authors have two bounds where the dependence on W

appears logarithmically or directly. We focus on the former. The equation (16) gives the generalization error
as

\/ log(2W) Y, , T°C?
m

First, we have W = |G| max(cg, ¢1). Secondly, for the first layer, we have:

511812 b11

C11 < by (s11512) = byb11512 < by Mo ”w”Q,l )

S11812 S11

Co
lwllyy =D llw.ll,
j=1

with

Finally, for the last layer, we get:

S11812 b
Cha < b, (s11512) 2L = b,bigsy < by My Wy,
S11512 S11

Ignoring the constants and margins, the generalization error will be:
ba My log (|G| max(co, 1) /| W oo + ]l
vm

Apart from its dimension dependence, both norms |[W||,_,, and ||w]|,, are bigger than ||w|| used in our
bounds. Therefore, our bound is tighter. However, they consider more general and exhaustive scenarios,
including deep networks with residual connections and general Lipschitz activations.
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Comparison with Wang and Wu/ (2023)). In|Wang and Wu (2023)), they study the same set of problems
as ours, related to locality and weight sharing, but from different perspectives. First, the approximation theory
perspective, studying the class of functions a model can approximate, is complementary to our paper on the
generalization error using statistical learning theory. The learning theory part of the paper is focused on a
particular "separation task" (see (5)) with a fixed input distribution. They also use Rademacher complexity
but bound it with a covering number. We work with general input distributions and arbitrary tasks. Besides,
our bounds are dimension independent, while their bound explicitly depends on the input dimension, an
artifact of using covering number for bounding RC.

Comparison with |Li et al.| (2021). In|Li et al.| (2021)), the authors consider the sample complexity of
convolutional and fully connected models and construct a distribution for which there is a fundamental gap
between them in the sample complexity. Their analysis is based on the VC dimension and uses Benedek-Itai’s
lower bound. Their final bound is, therefore, dependent on the input dimension. In contrast, one of the main
interests of our paper was to explore dimension-free bounds. We additionally study the impact of locality
and weight sharing.

J.1 Regarding Norm-based bounds and Other Desiderata of Learning Theory

Dimension Free and Norm Based Bounds. Dimension-free bounds are interesting because they
hint at why the generalization error is unaffected by over-parametrizing the model. In this sense,
the notion of dimension refers mainly to the input dimension, the number of channels, the width of a
layer, and the number of layers. The same motivation existed for obtaining norm-based bounds for RKHS
SVM models. The works of |(Golowich et al.|(2018]) and [Vardi et al.| (2022) are two recent examples, with
the former work providing an extensive review of other dimension-free bounds. Choosing a proper norm to
get dimension-free bounds is one of the main questions in learning theory. Naturally, this is easier to get
for larger norms like Frobenius norms, and the question is if we can have similar dimension-free results for
smaller norms like spectral or, as we show in the paper, the norm of effective parameters.

Tighteness of Rademacher Complexity. In the literature around deep learning theory, there are
many works questioning the relevance of classical learning theoretic results, for example, using Rademacher
complexity, norm-based bounds, and uniform convergence. We can refer, for example, to works such as
Nagarajan and Kolter| (2019); |[Jiang et al.| (2020); Zhang et al|(2017);|Zhu et al.| (2021)). It is fair to ask if
Rademacher complexity analysis, in light of these criticisms, can provide tight bounds for our case. First of
all, the preceding works focused on state-of-the-art deep neural networks with a large number of layers. Our
study is limited to single-hidden layer neural networks. Second, Rademacher complexity is indeed tight for
support vector machines Steinwart and Christmann| (2008]); [Shalev-Shwartz and Ben-David| (2014]); Bartlett
and Mendelson| (2002)). If we fix the first layer of our network and only train the last layer, then we have a
linear model, and it is known that training it with Gradient descent will lead to minimum #s-norm solutions.
For this sub-class of learning algorithms, the analysis boils to previous works on minimum norm classifiers as
in [Shalev-Shwartz and Ben-David| (2014]) for which the Rademacher complexity analysis is tight. Therefore,
we believe that Rademacher complexity can still be a relevant tool for shallower models, including those
discussed in this paper.

Implicit Bias of Linear Networks Previous works also tried to characterize the effect of equivairance on
the training dynamics. [Lawrence et al.| (2022)) showed that deep equivariant linear networks trained with
gradient descent provably converge to solutions that are sparse in the Fourier domain. While this work focuses
on the effect of equivariance on optimization, the authors suggest that this implicit bias towards sparse
Fourier solutions can be beneficial towards generalization in bandlimited datasets - which is common for
non-discrete compact groups such as rotation groups and a common assumption in steerable CNNs. Similar
results were also previously obtained in |(Gunasekar et al.| (2018) for standard convolutional networks, which
can be seen as an instance of GCNN with discrete abelian groups.

Discussions on the Limitations. This paper provided a Rademacher complexity-based bound for single-
hidden layer equivariant networks. We obtained a lower bound, which showed the tightness of our analysis.
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Figure 5: Graphical representation of the equivariant linear projection used to preprocess the image data.
An example image is projected with a single filter rotated 8 times and mirrored and rotated 8 more times.
The output is a 8 - 2 = 16 dimensional vector representing a signal over G = Dg. A rotation or mirroring of
the input image results in a periodic shift or permutation of the output channels.

The numerical results showed compelling scaling behaviors for our bound. However, there is still a gap
between our bound and the generalization error. We conjecture that the gap is related to the idea of implicit
bias. We conjecture that stochastic gradient descent training implicitly biases toward only a subset of the
hypothesis space even smaller than norm-bounded functions. It is an important next step to tie these two
analyses together by characterizing the implicit bias, for example, in terms of some kind of norms, and then
using Rademacher complexity analysis to find a bound on the generalization error based on the implicit bias.

On the other hand, we provided a lower bound on the Rademacher complexity. It would be interesting to
obtain such bounds by finding the fat-shattering dimension. If two points in the dataset can be transformed
into each other by the action of group G, then the space of G-invariant functions cannot shatter such datasets.
Therefore, the data points should be picked on different orbits so they can be shattered. Such construction
will be interesting in the future.

K Experiment Setup

To pre-process the MNIST and the CIFAR10 datasets, we first create a single D3y steerable convolution layer
with kernel size equal to the images’ size, one input channel and 100 x |D33| = 6400 output channels. In
particular, under the steerable CNNs framework, we use 100 copies of the regular representation of the group
D35 as output feature type. Alternatively, in the group-convolution framework, this steerable convolution
layer corresponds to lifting convolution with 100 output channels, mapping a 1-channel scalar image to a
100-channels signal over the whole R? x D3y group; because the kernel size is as large as the input image
(because we use no padding), the spatial resolution of the output of the convolution is a single pixel, leaving
only a feature vector over G = D3o.

This construction guarantees that a rotation of the raw image by an element of D3s (and, therefore, of any of
its subgroups) results in a corresponding shift of the projected 100-channels signal over Dss.

Fig. 5] shows an example of an input image projected with a single filter rotated 8 times and mirrored and
rotated 8 more times (i.e. encoded via a G = Dg steerable convolution). The output is a 8-2 = 16 dimensional
vector representing a signal over G = Dg. A rotation or mirroring of the input image results in a periodic
shift or permutation of the output channels.
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Figure 6: Subset of Fig. [2¢| focusing on the models training with the largest dataset size m = 25600. The
models using the smallest equivariance groups show increased norms.

Finally, to avoid interpolation artifacts, we augment our dataset by directly transforming the projected
features (which happens via simple permutation matrices since the group Dsy is discrete), rather than
pre-rotating the raw images.

Our equivariant networks consist of a linear layer (i.e. a group convolution), followed by a ReLU activation
and a final pooling and invariant linear layer as in eq. 3] All MNIST models are trained using the Adam
optimizer with a learning rate of 1le — 2 for 30 epochs, while the CIFAR10 models are trained using with a
learning rate of 1le — 3 for 50 epochs. Precisely, we use the MNIST12K dataset, which has 12K images in the
training split and 50K in the test split.

All experiments were run on a single GPU NVIDIA GeForce RTX 2080 Ti.
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