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ABSTRACT

Tokenization is a hardcoded compression step which remains in the training
pipeline of Large Language Models (LLMs), despite a general trend towards ar-
chitectures becoming increasingly end-to-end. Prior work has shown promising
results at scale in bringing this compression step inside the LLMs’ architecture
with heuristics to draw token boundaries, and also attempts to learn these token
boundaries with straight-through estimates, which treat the problem of drawing
discrete token boundaries as a continuous one. We show that these token bound-
aries can instead be learned using score function estimates, which have tighter
theoretical guarantees due to directly optimizing the problem of drawing discrete
token boundaries to minimize loss. We observe that techniques from reinforce-
ment learning, such as time discounting, are necessary to reduce the variance
of this score function sufficiently to make it practicable. We demonstrate that
the resultant method outperforms prior proposed straight-through estimates, both
qualitatively and quantitatively at the 100 million parameter scale.

1 INTRODUCTION

Tokenization is a crucial pre-processing step in the training and inference pipelines of modern LLMs.
Standard practice compresses text into symbols representing commonly occurring substrings. This
is typically done using algorithms such as Byte-Pair Encoding (BPE), which recursively groups fre-
quently co-occurring byte sequences into individual tokens. State-of-the-art open-source models
further augment BPE with numerous hand-crafted decisions. For example, the Gemma-series tok-
enizers (Riviere et al., 2024) explicitly split digits and preserve whitespace, reflecting the extent to
which tokenizer design remains largely artisanal.

A growing line of work seeks to eliminate this BPE step entirely by operating directly on UTF-8
bytes (Xue et al.| 2022; [Wang et al., 2024; Zheng et al.l [2025). This can be viewed as using a
tokenizer with a maximally small vocabulary and an effective downsampling rate of 1 token per
byte. Recent scaling analyses suggest that downstream loss is optimized by increasing vocabulary
size, and thus downsampling rate, with model scale (Tao et al., 2024)).

We thus focus our investigation onto methods which admit a growing downsampling rate. Inter-
estingly, BPE itself experiences harsh diminishing returns in downsampling rate as vocabulary size
scales. Further, a large vocabulary size can have undesirable downstream effects, such as the emer-
gence of very rare “glitch tokens* (Rumbelow & Watkins|,[2023). Marginally increasing the achieved
downsampling rate to vocabulary size tradeoff with curricula (Liu et al., 2025), has thus proved fruit-
ful in improving LLM performance.

An alternative family of approaches processes text at the byte level for several transformer layers
before downsampling into a shorter sequence of latent tokens (Nawrot et al., 2022} |Yu et al., [2023).
Some of these methods facilitate a simple modification of the downsampling rate as a hyperpa-
rameter. When token boundaries are chosen heuristically—e.g., using whitespace (Slagle, [2024)
or spikes in next-byte entropy (Nawrot et al., [2023)—these models have been reported to achieve
superior performance to pure BPE transformer models at large scales (Pagnoni et al., 2024)).

*Corresponding author.
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Figure 1: [Left] An example of the autoregressive U-net architecture (Nawrot et al.,2022)), computed
with the values z¢.; = <b>Learn t and ag.7 = 11001010. Blocks with rounded edges represent
transformer blocks, arrows represent flow of representations. [Right] the stochastic computation
graph (Schulman et all 2015) of a forward pass of our method, deterministic nodes in squares,
stochastic nodes in circles, distributions in gray.

However, such heuristics raise a natural question: can we improve on these boundary rules by learn-
ing tokenization itself from end-to-end training? Prior approaches to this question have focused on
straight-through estimators (Nawrot et al., | 2023)), which craft rules for backpropagating gradients
from representations internal to the model. We instead investigate score function estimators, which
directly approximate the gradient of the expected loss with respect to the token boundaries. Score
function estimators have stronger theoretical guarantees, at the cost of a higher variance.

Our main contributions are as follows:
* We show that we can learn tokenization strategies that align closely with semantic bound-

aries without any explicit prior structure or inductive bias with a score-function estimator,
equipped with variance-reduction techniques from reinforcement learning.

* We further find that our method qualitatively and quantitatively outperforms prior ap-
proaches using straight-through estimators.

* We demonstrate robust performance across a range of downsampling rates.

2 THEORY & METHOD

In this section, we motivate our method from first principles. We first present some desiderata

for an end-to-end tokenisation method then show that these desiderata necessarily lead to an
autoregressive U-net style architecture We then present score functions as the canonical way
to learn tokenization under this framework and present our method for making them practicable

2.1 DESIDERATA FOR DESIGNING A END-TO-END TOKENIZATION METHOD
For the reasons outlined in §I] we are interested in bringing the tokenization process inside the
architecture and training of an LLM. We propose the following desiderata for such a method to be

practicable and general:

* End-to-end tokenizer training: the token boundary decisions should be learned to min-
imise loss, in favor of hand-crafted methods and heuristics.
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* End-to-end architecture: learned representations at the byte level should be re-used at the
token level.

* Efficiency: use less than 0.1% additional pretraining compute, on existing hardware, than
byte-pair-encoding guided tokenization in the forward & backward passes.

2.2 AUTOREGRESSIVE U-NET ARCHITECTURE AND SETUP

In this section, we define notation for the autoregressive U-net architecture (Nawrot et al.| [2022),
depicted in Figure [T as the canonical architecture which satisfies the Efficiency and End-to-end
architecture desiderata.

For autoregressive models, tokenization is a fundamentally discrete question as it dictates how much
compute is spent on a given (sub)sequence at inference time. Furthermore, modern GPUs cannot
efficiently perform sparse memory accesses (Yuan et al.,2025)), meaning that tokenization for feed-
forward models needs to be consistent across layers.

Thus, bringing tokenization inside an autoregressive feedforward architecture necessarily have some
amount of layers applied at the byte-level with some amount of layers applied at the token-level, in
contrast to BPE tokenizer models which operate soley on the token-level. The result is a forward
pass structured as follows. Let z;...xx be a sequence of input bytes and dene, dmids ddec be
hyperparameters for the model dimensions.

1. Autoregressively encode the input bytes into byte-level representations X € RN X dene;
X = encode(x) (D

2. (Potentially stochastically) predict token boundaries from the byte-level representations,
where a; = 1 if we wish to draw a token boundary at x; and a; = 0 if not.

a~mn(X,x) 2

3. Downsample the byte-level representations into token-level representations X' €
RMXdmid where M = Zilio a;:

X' = downsample(X,a) 3)

4. Enrich token-level representations Y’ € RM*dmia with an autoregressive feedforward net-
work:

Y =mid(Y) “4)

5. Upsample into updated byte-level information Y € RV *dacc potentially carrying encoded
byte-level information:

Y = upsample(Y’, X, a) 5)

6. Decode the resulting byte-level representations into predictions of the next bytes y; = ;11
y ~ decode(Y) (6)

All the above operations must be autoregressive, for example the decode function must be formu-
lated such that X j' the downsampled representation at position j, depends only on the preceding

bytes X<;, where 7 is the minimum token index such that j = ZZ:O ak.

The score function estimate we detail in the following sections can be flexibly applied to any imple-
mentation of the above functions, in contrast to straight-through estimate based approaches which
require specialized up/downsamplers. We make the following standard choices for our experiments
in mid is a decoder-only transformer with full attention, and encode, decode are decoder-
only transformers with sliding window attention and linear embedding/unembedding matrices re-
spectively. Our implementation of downsample simply selects the values of X’ which correspond
to a; = 1 values:
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i
downsample(X, a); = X]’- for j the minimum value such that j = Z ay @)
k=0

For upsampling, we employ a simple distribute-then-add:

J
upsample(Y', X,a); = X; +Y; fori=» a (8)
k=0

2.3  SCORE FUNCTION ESTIMATION FOR TOKENIZATION

As tokenization is discrete, to satisfy the End-to-end tokenizer training desideratum, our model
must explore strategies for drawing token boundaries stochastically.

The model next-token cross-entropy loss outputted is thus conditional on a sampled tokenization
strategy a ~ 7y, so we can formulate the problem of simultaneously learning the (potentially shared)
parameters of the autoregressive model py and the gating strategy my as minimizing the next-token
cross-entropy marginalized over all a:

log pg(y|x) = Eqmr, log pe(yla, z). €))

This is a case of a stochastic computation graph as in |Schulman et al.[(2015), who show that the
gradient of this likelihood can be computed as the expectation of the sum of two separate gradi-
ents, one being the standard next-token cross-entropy loss conditioned on the tokenization strategy
and a correction term which can be interpreted as applying REINFORCE (Williams|, [1992) to the
tokenization strategy my with the next-token cross-entropy as the reward:

VoEa~r, logpo(yla, z) = Eqnn, (Vo log po(yla, z) +log pe(yla, ) Ve log mg(alz)).  (10)

conditional loss gradient policy gradient

See Appendix for a complete derivation. This type of estimator is known as a score function
estimate. In particular this means that, in the large compute and data limit, performing gradient
descent on the policy gradient term above will yield a locally optimal tokenization strategy. No such
theoretical guarantee exists for the straight-through estimates we discuss in

2.4 REDUCING THE VARIANCE OF THE SCORE FUNCTION ESTIMATE

In practice, we wish to use a Monte-Carlo estimate of the policy gradient term in equation [I0]with a
single sample of a per sequence: using more would break our Efficiency desideratum. We empiri-
cally find that the naive REINFORCE policy gradient is too noisy to efficiently learn in this setting.
In this section, we show how standard techniques from reinforcement learning can be used to de-
noise this estimate, solving the corresponding “reward attribution problem”: associating which token
boundary decisions are responsible for increasing or decreasing the loss in the succeeding bytes.

For this section, we will let d,;,04¢; be the model dimension, vocab_size be the number of unique
ut £-8 bytes and special characters forming our vocabulary. We will also use the token index of @
and the batch index of b, which will be omitted where unused.

Early exit relative rewards As our model is autoregressive, we restrict our analysis to the case
where the token boundary decision at byte a; may only depend on the preceding bytes and token
boundary decisions, x; and a~;. Thus, the policy gradient term in eq. treats the token bound-
ary policy mg(ai|r<;, a<;) as having corresponding rewards log p(z;|a<;, x<;) for j > 1.

ASE,r,Vologmg(ai|r<i, a<;) = 0, we may add any term independent of a; to these rewards and
get a valid policy gradient estimate. The feed-forward nature of the autoregressive U-net architecture
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presents a natural method to estimate the baseline, tokenization-independent difficulty of predicting
the next token by using the early byte-level embeddings to estimate the next-token probability:

1
log pp™""Y (x; = tj|e<;) = log softmax(Weariy Xi—1);- (11)
Where Weqriy € RmodetXvocab-size jg gp unembedding matrix. This gives a reward with a large
part of the tokenization-independent noise subtracted out:

early

R; =logpe(wilr<i,a<i) —logp," " (zilr<i). (12)

We initialize the weights of W1, to match the final output head to facilitate easy transfer.

Time discounting Summing the above rewards to produce advantages still suffers from too high
a variance and due to the reward attribution problem. A common solution to this problem for long-
horizon RL is to apply time discounting to the rewards when computing advantages: introducing
a small amount of bias into the policy gradient to massively reduce the variance. Intuitively, this
decouples the advantages given to far away parts of the sequence, giving us many approximately
independent training stimuli for the token boundaries per sequence.

N—i—1
Gi= > YRipjn (13)
=0

In our experiments, we use a discount factor of v = 0.99.

Batch-relative advantages Our G; values tend to be positive as the final-layer model py tends to

outperform the early-exit model p;*"'¥. This bias depends on the token index, with the gap being
larger for later token indices. To remedy this, we leverage that during batched training we in fact
have a batch of B such values G; ;1 ... G; g for a given forward/backward pass, for B separate
sequences. These can be used to center the advantage estimates:

B
_ = 1
Ai,b = Gi,b — Gl where Gl = E ; Gi,b- (14)

This gives the final policy loss, whose gradient approximates the right hand term of equation (I0):

N

LF=— Zlogﬂ'ﬁ(ailw<i, a<i) : detach(Ai). (15)
i=0

Where we use detach to emphasize that we do not allow gradients propagate through A; directly.

2.5 DEFINING THE TOKEN BOUNDARY FUNCTION

We define a token boundary policy 7y as a function which gives the probability that our model draws
a token boundary at a given index, conditioned on the preceding bytes and token boundaries. We
parameterize this probability as the sigmoid of the corresponding logit /;.

ai|x§i,a<i ~ Bernoulli(pi), Di = 7T9(a7; = 1‘$§i7a<i) = O'(ll) (16)

We design the computation of /; to be of negligible computational cost relative to the total forward
pass and sufficiently expressive that our model could learn the token boundary heuristics that have
been explored by prior work. Even without explicit training, models already encode rich informa-
tion about the sequence in their internal representations: for example entropy (Nawrot et al., 2022}
Pagnoni et al., [2024)) has been shown to be mediated by directions in the internal representations of
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models soley trained on next-token prediction (Stolfo et al.,[2024). Nonetheless, to express fixed
striding strategies, as in MEGABYTE (Yu et al., [2023)), we need to give the model access to some
sliding window of preceding token boundaries.

Concretely, we compute the raw logit [ by applying a set of linear projections W; € RIXdmoder
to the byte-level representation X; to get a base value for the logit and a series of terms conditional
on each token boundary in the window. This operation is amenable to fast computation on modern
hardware by pre-computing Wj X; for all 7, k in a single matrix multiply and then performing a fast
scan operation.

w
= WoXi+ ) aijWiXi. (17)
j=1
In our experiments, we set a window size of w = 8.

With no constraint on the downsample rate, the model will elect to use the computationally expensive
strategy of separating every byte with a token boundary. To avoid this, we need to push our model
towards a target downsample rate Tiqrget, Which we discuss further in §@ As in attention, we
need to scale the raw logits to be approximately uniform at initialization, we further aid stability by
adding a 0! (Ttarget) term so that p; & Tyqrger at initialization.

raw

I 1/
l;_scaled _ 17 + 0o 1(7Ttarget) (1%)

We choose a scaling factor of D = 16 and a target downsample rate of Tyqrger = % To avoid
numerical issues caused by exploding logits, we finally apply softcapping (Riviere et al., 2024)).

l; = softcap(lfeeled) (19)

During evaluation, we skip this softcapping step, and simply set [; = [3¢!¢d

2.6 DOWNSAMPLE RATE TARGETING
‘We a mechanism to keep the downsample rate close to T¢qrget by applying an even pressure across all
the logits [; ; in the batch. We prefer this to operating on the token boundary probabilities, which we

find can have unstable results due to the uneven gradient magnitude of the sigmoid functlon Specif-
ically, we apply a negative or positive pressure to the whole batch mean logit ! = N =D il b lip if the

mean token boundary probability p = N 5 2_ip Di,b €xceeds or falls short of the target downsample
rate respectively. We operationalize this with the loss:

L£loroet = [ . detach (p — Trarget) (20)

2.7 FULL LOSS FORMULA

We define the autoregressive losses, to learn the full model and the early exit model as:

N
Lo = — ZIng9($i|$<i7a<z‘)7 Learty = Zlog 5 (il i) 2n
i=0

This gives our total loss calculation:

L= Eauto + )\ﬂ_ﬁ‘ﬂ' + )\targetﬁtarget + /\earlyﬁeaf'ly (22)

In our experiments, we set Ax = Aigrget = 102 to encourage exploration and Aearly = 10—,
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Figure 2: [Left] Token boundaries learned by our 147M-parameter model on a held-out sample of
the FineWeb dataset. [Right] Token boundaries learned by our 90M-parameter model on a held-out
sample of the CodeParrot dataset. Red and blue characters characters indicate high or low values
of mg(a) respectively at the corresponding bytes.

3 RELATED WORK

Prior work on end-to-end tokenization has largely relied on straight-through estimators (STEs) to
enable gradient-based optimization of token boundaries, in contrast to our use of a score-function
estimator. These approaches relax the discrete boundary variables a into continuous surrogates,
differentiate through them, and then apply heuristic update rules to adjust 7y (a) given the gradient
%. While such heuristics lack the theoretical guarantees enjoyed by score-function estimators §2.3
they have previously been proved effective in practice for learning mixture-of-experts (Shazeer et al.,
routing strategies, whereby there are too many decisions per token to provide a sufficiently
low variance score function estimate.

The earliest demonstrations of STE-based boundary learning, such as the work of
(2022), showed that token boundaries can be learned for bidirectional encoders by introducing a
non-causal pooling mechanism that injects a small amount of every byte’s representation into each
token representation. Although elegant, this technique is fundamentally incompatible with the causal
constraints of contemporary autoregressive LLMs, and adapting STEs to handle counterfactuals of
the form “what if this boundary were placed one byte later?” has proven difficult.

Subsequent work has extended STE strategies to autoregressive settings. [Nawrot et al.| (2023), for
instance, employ a straight-through estimator built on segmentation heuristics introduced by Bhati
(2021). We compare to this method in our experiments §4] [Kallini et al| (2025) propose a more
robust scheme that performs a full forward pass over all bytes using only soft downsampling during
training, discarding low-scoring bytes only at inference time; however, this violates our Efficiency
desideratum, since it preserves the full computational cost of byte-level processing during training.
Concurrent with our work, [Hwang et al.| (2025) pursue a related STE-based approach using spe-
cialized up- and downsampling modules, which themselves introduce heuristic design choices—for
example, initializing the downsampler to favor boundary placement at dissimilar byte transitions
(Main Horse (pseudonym)), [2025). Together, these methods highlight both the promise and the
limitations of STEs for token-boundary learning, motivating alternative estimators with stronger
theoretical footing.

We highlight prior work on scaling byte-level models and further innovations on the autoregressive
U-net architecture in Appendix [C}
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Table 1: Performance of 147M parameter models on downstream natural language understanding
tasks. Performance on FineWeb Test is in bits-per-byte, all others are in zero-shot accuracy.

PIQA HellaSwag ARC-Easy LAMBADA FineWeb Test

Uniform 0.559 0.266 0.300 0.036 1.376
Dynamic (Nawrotetal.) 0.534 0.268 0.288 0.029 1.372
H-Net (Hwang et al.) 0.576 0.267 0.307 0.020 1.386
Ours 0.565 0.271 0.308 0.086 1.297

4 EXPERIMENTS

To evaluate our proposed score-function—based approach, we train autoregressive transformers on a
filtered subset of the FineWeb dataset (Penedo et al., 2024), where we keep sequences of at least
4096 bytes. Subsequently, we truncate these sequences to exactly 4096 bytes. All models have
approximately 147 million parameters and are trained with a target downsample rate of % We select
dataset size, batch size, and learning rate using the scaling laws derived by [Porian et al.|(2024)). See
Appendix [D|for further experimental details and hyperparameters.

We compare four dynamic tokenization strategies: a uniform baseline that selects exactly
40967 tqrger = 819, the straight-through estimators of [Nawrot et al| (2023) [Hwang et al | (2025)
and our score function estimator.

Because our models are trained with several orders of magnitude less compute than contempo-
rary frontier LLMs, the global downstream effects of learned tokenization state-of-the-art language
modeling quality are difficult to assess directly. For example, the recently reported superiority au-
toregressive U-Nets over purely token-based architectures (Pagnoni et al., 2024} Hwang et al., [2025))
was only observed to emerge at the > 10%'-F1op scale. For these reasons, our analysis focuses on
qualitative comparison to other dynamic tokenization strategies.

4.1 LEARNED TOKENIZATION STRATEGIES FOR NATURAL LANGUAGE

We train 147-million parameter models on our filtered version of FineWeb. Figure [2]illustrates
the token boundaries produced by our method on held-out FineWeb samples. Remarkably, despite
having no inductive bias toward linguistic structure, the model reliably learns to place boundaries
at whitespace-like characters, such as “\n” and “ ”. Additional samples and tokenization strategies
learned by straight-through estimates are provided in Appendicies [B.1] & B3]

In appendix we further study the sensitivity of the learned tokenization strategy to the target
downsample rate by varying the tokenization aspect ratio: we train models with n = 2,4, 6 token-
level transformer layers (sizes ranging from 20 to 40-million parameters) and a target downsample
rate of Tygrger = %, keeping the FLOPs -per-sequence fixed. The n = 2 model converges to a
tokenization strategy of allocating almost exactly two bytes per token, with the exception of also
drawing token boundaries at periods. By contrast, the n = 4, 6 models again discover whitespace-
aligned boundaries and exhibit with varying degrees of chunking of longer words.

4.2 NATURAL LANGUAGE PERFORMANCE

In Appendix [D|we give further details on our experimental setup and FLOPs calculations. In Figure
[I0] we plot validation loss curves on our filtered FineWeb for the 147-million parameter training
runs. We observe the qualitatively more semantically meaningful token boundaries that our method
finds to translate to a consistent cross-entropy loss improvement as expended FLOPs varies over
the training run. In table [T] we compare methods across a range of downstream natural language
understanding benchmarks (Bisk et al., 2020; Zellers et al.| 2019; |Clark et al.l 2018} [Paperno et al.,
2016)), demonstrating improved language modelling performance.



Published at ICLR 2026 Workshop on Multimodal Intelligence

4.3 PYTHON CODE

We train 90 million parameter models on the CodeParrot dataset (Hugging Facel [2022)) of python
code, using both our method and the straight-through estimate of [ Hwang et al.[(2025). In Figure
we report that our model learns to draw token boundaries at the beginning of module names, space
tokens to contain at least 2 bytes, and learns not to expend test-time compute on the Apache License,
which is frequently repeated throughout the training dataset. Additional samples are provided in Ap-
pendix [B.4]and tokenization strategies learned by H-Net are provided in appendix [B.5] In Appendix
[D| Figure [10] we plot the validation loss for both methods, finding that this intuitively appealing
tokenization strategy leads to an improved downstream loss.

5 CONCLUSION

We propose a flexible parameterization of the problem of intra-architecture tokenization, which gen-
eralises prior proposed heuristics for this problem. We have demonstrated that applying our variance
reductions yields a score function estimator that can optimize this parameterization to learn semantic
boundaries §4.1]in text soley from optimizing the cross entropy and that doing so outperforms prior
straight-through estimation based techniques §4.2]
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A  PROOFS

A.1 LOSS BREAKDOWN
VoEq~r, log pe(yla, z) =Vy Z log po(y|a, x)mg(alz)
:Z (Vo logpo(yla, x)) mo(alz)

+_logpe(yla, ) (Vora(alz))

a

=Vo > (Vologps(yla, =) + log ps(yla, x) Vg log mo(al)) mo(alz)

a

=Ea~rs (Vo logpe(yla, z) +logpe(y|a, r)Velog me(alx))

cross entropy loss REINFORCE gradient
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B TOKENIZATION STRATEGIES

In the following plots, multi-byte characters, such as ii are rendered using the probability of the last
byte representing the character.

B.1 OUR METHOD

Token boundary probability: Low to i
m-mmmmmmm

bos>Apparently, | with the passage of time, the|talented Asim Azhar has made|quite a name in Pakistan's music|
lindustry. Having| almassive following worldwide,|the|singer|recentlygenerouslyl responded to one of/his fan’s|
Irequests| which/|landed himinf/confusions Last!weekend,|Asim Azhar|promised to!fulfilllalfan’s wish/but/it]
that! many others| were already |in|line.\nSinger|Asim Azhar|h

g in'alconcert, |someone/hurled a shoe at/Asim Azhar well,|the singer the:
larified| thel infamous|shoe attack!that|happened during/his lxve concert. However,|recently, Asim Azhar’s|
hunble replyltola fan, made Twitter demandinglas the admirers now_h:

[singing starireplied to his fani\nI have a few green jackets. Which oneldo you like??@ Send a picture & you]

address to firstname.lastname@example.org — we’'ll try and make it happen before 2019 ends. @ U]
https://t.co/jxWeQPOvak\n— Asim Azhar (@AsimAzharr)|December  29,]2019\nSince| fans are never| satisfied, the]
adorable! exchange of|words sure made Twitter alllot better| for|the time being. Quoting alfan’s request, Asi
zhar responded, | “I/ have|a few green jackets. Which one|dolyoul/like?? Send/a picture & yourlladdress| tol
email@example.com — we’ 11l try/and make|it|happen before 2019)ends”.\n“Hollywood walay! tu apny|'fans| ko apni]
hezin|lgift kr dyte haini”\nWell, Asim Azhar sure made|the| fan’s|1life as apparently, she will soon be gettin
thel'star’slgreen colored jacketl Particularly, a Twitter user|named RabialAliRaza tagged the singer|an

Asim| Azhar with the hashtag #AsimSwag,|the|Twitter user expressed|her ‘jacket’ wishh Moreover,|she w:
[“vaar mujy [Asim|Azhar]| kil green'colour/wali jacket bohat|pasand|hai,.Hollywood!walay| tullapny fans kol apni]
hezinflgift kr dyte hain. Canlilget/ithis before/2019 ends. #asimswag”.\HTwitteratis ‘hilariously|react t

everything| portraying an image of the|famousgame| show| “Jeeto Pakistan”.\n#Bhai mujhey b chahye per mai:
Larka hun”, samjhay?\nBhailmujhey b chahyelperimain larkal hun\n— Abu Shalwar (€Abulshalwar) December| 30

!ﬂ!!NH!EI!!HIEHE!Ii!ihl!HIHHE!HIHH!!NH!E!HIHHH!IM!E!IHHHHEE!!IE!I!EIH!HEIEH!I!HHEH!IHHIIIHH!IHHHE!HEIHHIHI{A
\n— NigHTMare: (8send__noodles_) December 29, 2019\mAur aur aur?\nMujhey @AsimAzharr ki gari
folack wali wo snelkezs wo usdin jo brown jacket pehni thil wo us din jo Slipper's pehney thay wo or wo 3o
[glasses lgaye thay wo bhiM | or hnl or kia hn bss is saal k liye ye bht hai Hussain_ (@50shadesoflose))
December; 29,[12019\nThat " s| the| spiritl\nYou| can| send me| anyone| of your| green onel to mel!!l Sending address .in]
Jyour 'email’and/will/wait  for|reply/via courier !111\n— Bilal|Ahmad| (€BaliBilalishere) December 3
ZulS\nFamaus medial personality! Iqrar ul/Hassan Syed alsolappreciated Asim Azhar’s| hearty! tesponsel\nSweet
gesture| | I\n— Igrar ulHassan Syed (@igrarulhassan) December| 29,/ 2019\nSeemingly, the singing  star doesn’t]
hesitate in| keeping his||foot| ahead| regarding different|heated conditionsk In|the| lastl edition of|Hum Awards,
Asim Azhar showed support| for the Indian Occupied Kashmir| (IOK)| by/wearing an ‘I [love] Kashmir’ shawl. Well,
hopeinlly, the fan wx)l soon| receive a call| from the courier| cumpany as| the ‘green ]acket' might be on its]
\n¥] o/ youl think of Asim Azhar’ 2 us_know in| the comments section

reasons\n-  Face=covering for|sporting or professionallactivities\n- Sunglasses,| hats/etc which dolnc
s used lin "traditionallactivities",|such as|carnivals or religious|

s come| in myriad| styles|and colouzsiithel type| most| commonly|
face| clear.\n-| The!

overs ‘thel entire face and body, leaving just a mesh screen to see through:\n-_T

bos>Sheeeeeeeceeeeeee s back y'a.
0 Bravo| for|'season| 5/ of the| Rachel Zoe| Project and/T literally went| Ba=Nanasll I/ forgot!how much T

ooph I have| got to say it’s feelingallittle more]
than| déjalivu. . Brad Goreski,Taylor Jacobson anyone? Whilst!|I|love me some/Rz,| her prodigies/bailing|makes me
al tadilel sad| tol‘think labout. But then|I see Mandana and/Rodger,|land|if|‘theylare stillflaround thenlit!can’t be
211/ bad.\nThis||is 'so NOT bananas. In fact,|it's|sol far|from being| bananas it's|practically a cantaloupe|
everyone 's| favorite| 1970 s/ linspired bag|/lady stylist/iturned designer|returned| to|Bravo/last/night with
That ' s/iright]The £ifth|season of the|Rachel|Zoe Projectpremiered, [landit]started off o

elebrity/stylist!ito/totally demanding, malnourished, self=important!business mogul/land now moms Now
report/ claims| that/ithe/bottom |is about toldrop|out! from America’s|worst/bossI\nIt seems| that last|season|
jgarnerediivery low ratings||for| Rachel’s show,/which focused!predominatelylon/how/much/shel|hates/lex-assistant]
Brad| Goreskil and| her| pregnancy. Bothlof| which really have/nothing toldol with fashion. You know, thelreal]
Ireason’ peopleleven cared about_thelshow,

Figure 3: Token boundaries learned by our 147M-parameter model on a held-out sample of the
FineWeb dataset. Red and blue characters characters indicate high or low values of my(a) respec-
tively at the corresponding bytes.
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B.2 STRAIGHT-THROUGH ESTIMATOR FROM|[NAWROT ET AL.|(2023))

Token boundary probability: Low to High
2 lo.5]

bos>Apparently, with the passage Of time, the talented Asim Azhar has made quite a name in Pakistan's music|
lindustry. Having a massive following worldwide, the singer recently generously responded to one of his fan’s|
requests which landed him in confusions Last weekend, Asim Azhar promised to fulfill a fan’'s wish but it]

singing star replied to his fanl\nI have a few green jackets. Which one do you 1ike??® Send a picture & you]
address to firstname.lastname@example.org — we’ll try and make it happen before 2019 ends.

xchange Of words sure made Twittef a lo
Azhar responded, I have a few green jackets. Which on

s she going to be treated like a Hollywood fan or not? Unexpectedly, Asim Azhar responded an
assured his fan that she will get the fgreen jacket’ before thé world enters into 2020.\nSpecifiGally taggin
sim Azhar with the hashtag #AsimSwag, the Twitter user expressed her “jacket’ wish. Moreover, she wrote,
[“Yaar mujy [Asim Azhar] ki green colour waliljacket bohat pasand haijiHollywood walay tu apny fans ko apnil
hezin gift kr|dyte hain. Can i get this before 2019 endsi #asimswag”.\mTwitteratis ‘hilariously’ react t
sim Azhar's replyl\nHowever, the lovely chat got twisted when other users also started demanding gifts from
sim Azhar, sarcastically. While the singer is soon gonna miss his funky jacket, theé responses seem to be]
leaving him with nothing at the end. From jacket to slippers) Twitteratis are asking Asim Azhar for|
everything portraying an image of the famous game show “Jeeto Pakistan”:\n“Bhai mujhey b chahye per mai
larka hun”, samjhay?\nBhai mujhey b chahye per main larka hun\n— Abu Shalwar (@Abu Shalwar) Decembef 30
[2019\nYe tou puri goum ka masla hail\nAsim bhai meri handfree kilek side bhi kharab hai. Mai address du 2 /&

(8send_noodles ) December 29, 2019\nAur aur aur’l\nﬂujhey @AsimAzharr ki gari
T P R | ket pehni thi di 51 hney th

the fan will soon receive alcall from the courier company as the ‘green jacket’ might be on itj|
t do you think Of Asim Azhar’s gesture? Let us know in the comments section beld

and 1ibertarianis.\nExceptions to ban on public face covering\m- Motorcycle helmets\n- Face-masks for heal:
reasons\n- Face-covering for sporting or professional activities\m= Sunglasses, hats etc which do no

elebrity stylist to totally demanding, malnourished, self-important business mogul and now mom. Now ne
report clains that the bottom is about to drop out from America’s worst bossi\nIt seems thaf last seas

fashion: ¥You kno

Figure 4: Token boundaries learned by a 147M-parameter model using the straight-through estima-
tor of Nawrot et al.| (2023)), on held-out samples of the FineWeb dataset. Instead of the probabili-
ties, here we plot the soft boundaries at the output of the Gumbel-Sigmoid. Red and blue characters

characters indicate high or low values of by respectively at the corresponding bytes.
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B.3 HNET/HWANG ET AL.|(2025))

bos>Apparently, withlithe passage of timep [the talentéd Asim Azhar has madelquite a name in Pakistan’'s music
industrydiHaving a massive followinglworldwide,lithe singer recentl§ genergusly responded tolone offihis fan’s

ened duringihis livellconcertiiHovevery
g_asfithe admirers now'havela 1iStlread]

recent1y,Asifi Azhar’s:
ficheck loutfwhat_the

1
singing starlreplied to his fanl\nI havela [few green jackeks. Which one dolyou 1ike?2@ Send a picture & your
address to firstname.lastname@examplesorg o we’ll try land make it happenl before 2019/ ends. & |

https://t.cc/ijeQPDvdk\nf Asim Azhar [(@Asi zharr) DecBnber 29512019\RSince| fansllare|never| satisfied,| the
adorable exchange| e madeliTwi ot better ior the tiffle beingh oulltinglla fan's requesE)

Sacke® boht pasand haiyiHollywood wally tu aphy fansiko aphi
fforeli2019/lendsl #asimswag®.\nTwitteFatis fhilaFiouslyfiireact| tol

everything porfrajing an image offithe famous game showll#Je8€0 PaKistani\fi#Bhail mufhey biichahye perimain
[Larka hun”} samjhiay?\ABhai mujfiey blchahiye [per'main larka hun{n= labullshalWa¥ (€Ab shalwal) Dec@mber 30p
, @send noodles| ) December 29, 2019\nAur aur aur\nMujhey @AsimAzharr ki gari wo shirt
xek pehai thi o ualainljolslipper s pehney thay wo orlvoljo

boardiing a i wearinglla niqdb, flandlfunchallenged by
holirs atfithe police station whillelthe proseButBrsiidecided whatlito
half hougsfllateElithey toldlusi Hrt'Blifing,lyou canligofi#\funder!

or|
th Frefich ngtions ofllequalitys\AThe banflon|ifack coverings|
butlexenpts vafious other forms ihasflangered some Muslims

M the Argbi andlisffused! tod
sl \come |ifiimyFiad styles andlicolourshiiThel t

1 havellgoitolisayllit's| feeling a little more
anyone? Whilst] T lovelime|some REj her| prodigiés/bafling makes|me|
Mandana andliRofige: i

ubby —lcheckilAssiStantl thatlitreats you likellthe queen you wi
u_knowlCHEGKY Celgbrityficlientsfiwillinglitolilook

withflfashion¥¥You know,

Figure 5: Token boundaries learned by a 147M-parameter model using the straight-through estima-

tor of Hwang et al. [Hwang et al.| (2025)), on held-out samples of the F i neWeb dataset. Instead of the
probabilities, here we plot the hard token boundaries. Red and blue characters characters indicate

high or low values of by respectively at the corresponding bytes.
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B.4 OUR METHOD ON CODEPARROT

Probability: Low to High
0.0lo.1]0.2]0.3]0.4]0.5]0.6]0.7]0.8]0.9]1.0]

bos># —*- coding: utf-8 —+-\!
HHEAAH AR AR BB AAARABIAAAR IR AIR AR IIRAAFAAIARARAIRAIRRARFIAAAAF AR AR A4\ 0]
\

Travls Oliphant 2002-2011

OpenERP, Open Source Management Solution\n]
This module Copyright (C) 2012-2014 OpenUBgrade community\n]
httpsi//launchpad. het/~Bpenugrade-gomniEters\;

Contributorss\n]
TherplBY <Http://Eherpanl>\

This program is free software: you can redistribute it and/or modify\n]
it under the terms of the GNU Affero General Public License as\)
published by the Free Software Foundation, either version 3 of the\
License, or (at your option) any later version.\

This program is distributed in the hope that it will be useful,\
but WITHOUT ANY WARRANTY; without even the implied warranty of\n}
MERCHANTABILITY or FITNESS FOR A PARTICULAR PURPOSE. See the\n)
GNU Affero General Public License for more details.\n|

from . distn_infrastrugture| import (\n)
Ev discréte, [lazywhere, Lncx2| pdf, hcx2 Gdf, get distributid

You should have received a copy of the GNU Affero General Public License\
along with this program. If not, see <http://www.gnu.org/licenses/>.\

e\
“ ARSI AR IRAAIAR AR RARIRA SR ARIAA BRI AR RARI SRR AR A 12 \ 0] Binonflal diiscrefie Handoll MaripBle.\n)

import Zogging\n}
\;

8 (before notes)s\n}

ry:\
f¥om openerp.addons.openupgrade Fecords.lib import apriori\n)
iR finfor Bezoct
from openlipgrade Fecords.lib import apriori\i

\n|

n}
The probabilitylmass function for [
\
ry:\
£ion openerp.0sv.om inport Hodel, Except o\
from openerp.osv import fields\n]
from openerp. Eools. translate import  \n|
xcept ImportError:\n|
from osv.osv import osv as Model, Except Osv as except orm\n|
£rém osv import fields\:
from tools.translate import _\

hape parameters.\n|

lass. cpennpgrade comparison_gonfig(Model $(example)s\n]
_Ham grads.GomparisonkcBnfig'\
7:0]umns {\n|
filelds.char('Name', Bize=64),\n)
‘server!: fields. 4, Fequired=True),\n)
‘Bort ' Ei 0 ired=rrue),\n}
"pEotocsl’: Eields. selectxcn(\
[('hEtp:/]',
#1("Bttpss//* ,[|'KML-REC secnre')lr not Supported by Libopenerp\:
‘PFotocgl', Fequi¥ed=TEue),\nl
‘database': fields.char('Database'  size-64. required=True). \

def rvs(self, m, p):\n|

return Self./random state.binomial(h, p, Self.lsize)\nl

def

Figure 6: Token boundaries learned by our 90M-parameter model on a held-out sample of the
CodeParrot dataset. Red and blue characters characters indicate high or low values of my(a)
respectively at the corresponding bytes.

B.5 H-NETHWANG ET AL.|(2025) ON CODEPARROT

bos>#\:
# Author:|| Travis Oliphant 2002-2011 with contribubions|from\:

= coding: | utf-B —#=\;
R A A
5ciBy Developersi2004-2011\n]

A\
OpenERP, | Open|/Source Manageient Solution\n|

This module Copyrightl (C) 2012-2014 Openbpgradel commui y\n}
+//lauhGhpad. net/=6peniipgrade-comnitters\

A
erom | futurel limport/division, print function, absolute import\
\
£Eom scipy) ifiport  special\n

erof scipy.specillimportflentr, | gammaln as gamin\n}
£Eom scipy.miscllimportfilogstmexp\n}

ferom scipy.Hlib. lnumpy compatlimport broadcast to\:

Contribatorss\n]
ThEEp BV <hEtp://Ehezp.nl>\n}

Thi§ program |is frée| software: you can redistribute it and/or modify\
i under the terms of the GNU Affero General Public License as\n
published by the Free Software Foundation, either version 3 of the\
License, or (at your option) any later version.\

£ rom numpy import floor,Lceill, 1o, lexpy sarty loglp, lexpml, tanh, cosh, sinh\n|
\

importlnumpy as_np\i

\

This program i distributed |in the hope that it willlbe useful,\
but WITHOUT ANY WARRANTY; without even the implied warranty of\n
MERCHANTABILITY or FITNESS FOR A PARTICULAR PURPOSE. See the\n)
GNU Affero General Public License for more details.\n|

exom). [distn_infragtriickure import] (\
rv discrete, |l lazywhiere, [inck2 pdf, |_ncx2 cdf, get distribution names)\n]

I\

1ass binom_gen(rv_discrete):\n|

You should have received a copy of the GNU Affero Genmeral Public License\ "B binpmial discrete random variable.\
along with this program. If not, see <http://wwv.gnu.org/licenses/>. \

$(befofe_notes)s\n|

Notes\n

“binom™ is::\n)

I\
limport_10gging\n|
I\ The pzobabxlxty mass_function for

ryz\n
£rom openerp .addons.openupgrade_records.lib import aprioril\n)
except| ImportBrror:\n|

fromlopenugrade _records.lib ifiport apriori\:

binomlpnf (k) = choose(n, k) +[p**ki+| (1=p)** (n=k)\n}

n {0, lj..., n} .\

\
ryz\n
£20m openerp.08v.OFM impork. Model, exceptlorm\
f¥om openfrp.osv impoEE fields\n|
£rom opengrp.tgols. t¥ansldte import \n|
except) ImportError: \n|
frofilosv.o8v iffport osv as_Model, lexcept osv aslexceptlorm\n)
£rom osvilimport, fields\
from tool§.trénslate importl \:

binom' takes "~ n>° andl*

as| shape parameters.\:
s(after notes)s\n]
$ (example)B\:

"\
def _rvs(self, n, p):\n)
\ retfirnlself. random state.binomial(n, p, self. size)\n)
\
4 B e L e def _argcheck(self, n, p):\n]
_namél'= ' openiipgrade. comparison.config' \ elf.b = n\
[ colum returnfl(nf= 0) s (p >= 0) &l(p <= 1)\n]
"name': fieldshchar('Name',|size=64),\n}
‘server': fields.ghar('server',|size=6d, | required=True), \n]
‘port': fieldsiifiteger('Port',[Irequired=True),\
‘protocol ' : fieldsigelectiofl(\n]
[ (' bttpd// ' IixML-RECE) ], \n)
H#I( https:// 'XML-RFC Secure')], not supported by libopenerp\i
"Protocol!, requified=True), \nl
\datohasers f14135 chadll'atabsse s Hei 28R Recquized=Trus

def _logpmf(self, x, n, p):
k= floor(x)\n|

combilnfi= (gamln{n¥1).-||(gamln(k+1) + gamln(n-k+1)))\n]
returnfcombiln + special.xlogy(k, p) + special.xloglpy(n-k, —p)\]

def _pmf(self, x, n, p)
\, . retiirnlexp(self.

Figure 7: Token boundaries learned by a 90M-parameter model using the straight-through estimator

of Hwang et al. [Hwang et al.| (2025)), on held-out samples of the CodeParrot dataset. Instead
of the probabilities, here we plot the hard token boundaries. Red and blue characters characters

indicate high or low values of by respectively at the corresponding bytes.
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B.6 VARYING THE DOWNSAMPLE RATE

Token boundary probability: Low to High
0 3

lo.510.6]0.7[0.810.9]

bos>Women in face veils detained as France enforces ban\nAt least|two women have been briefly detained in)
[France while wearing Islamic veils, after a 1
hey were held not because of their veils
released. \nFrance is the first country in
:eligiaus duty.\nOffenders face a. fina i
n to wear the veil face a much lar ine| prison sentence of u

8t [fell Hufndriefalaiclist Belplelviicd Beked Eolmdvh gnd Wnsn they did mot, they were arrested.\nGavin|
ewitt's Europe\nThe law i Likely|to be largely symBoliG... It w:

easons\n- Face-covering for sporting/of professional activities\n= Sunglasses, hats etc|which do mnof
ompletely hide the tace\n- Masks used in "traditional activities",lsuch as cariivals or religicusjii

of an easy voteSwinfier.\n- The word hijab comes from the Arabic for veil and is used to describel th
pigadagazvas|verd By uis1i foflflsyTickelsfatvaslchns Ininfixiafl Ecflfsfafdicsfuicd M EvpefndsE Sofnanlyl
West is a sqguare scarf that covers the head and neck but 1eavas the face clear.\n- TI

o
rance|while wearing| Islamic| veils, after
hey were held not because of their veils

IItiwilllbe difficult
d| to wear a niqabl because of| her| husband or family”\nOne of the women,

Paris| from the southern city of Avignon, boarding al train wearing a nigab, and
he/police| station while the

she told AFP news agency.\n"Three and a half hours later they told us: s

reasons\n-| Face=covering for|sporting or professional activities\n- Sunglasses, hatsletc which dol nc
ompletely hide the| face\n- Masks|used in "traditional activities", suchlas|carnivals or religious|
uracessxans\nsuuxce: Radio| France International\nA French Mislin property dealer, Rachid

nes, and encouraged

of| an easy  vote-winner.\n-| The word hijab comes from the Arabic|for veil endlioffusedltoldescrinefth
headscarves| worn by Muslim women. These scarves come in myriad styles and colours. The|type most commonly]
orn/ in| the West is a square scarf|that covers the head and neck/biit leaves the face clear.\n-|The

11 zorft helitcelchatfieavesfithoflarefliazoundithel eyes| clear. However, it may belworn with a separate oyl
eil. It is/worn with'an accompanying headscarf.\n- Thelburka is| the most concealing of all Isl

overs the entire faceland body, leaving just a mesh/screen! to seelthrough.\n- The al-ami;

bos>Women in  face|veils detained as France enforces| ban\mAt| least|two women have been briefly detained i
France while|wearing Islamic| veils, after|
hey| were held not| because of| their veils,
released. \nFrance is| the| first!country in

reasons\n- Face-covering for| sporting or, professional activities\n- Sung asses, | hats| etc/ which do
ompletely. hidelithe face\n- Masks used in "traditional activities",

“al female friond wearing! the/ni
t/a separate demnnstratlnn in[front of President Nicolas Sarkozy's Elysee|Palace.\n"We wanted to bel
he police/didn't/want|to| issue a fine," he told AFP.\nBut| opposition]

eil for thel/face| that! leaves| thel area around|the eyes clear.|However,| it|may
reil. It is|worn with|an accompanying| headscarf.\n-| The/burka is| the mo:
overs|the entire faceland body,[leaving| justia mesh/screen to see/through.\n- The al-ami:

Figure 8: Token boundaries learned by an array of models using our method with varying target
downsample rates Tearget = 3,5, ¢ (top, middle, bottom, respectively) on a held-out sample of
the FineWeb dataset. Red and blue characters characters indicate high or low values of my(a)

respectively at the corresponding bytes.
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Token boundary probability: Low to Hi

gh
lo.1]0.210.310.410.510.610.7]0.810.911.0]

bos>Sheeeeeeeeeeeeeee!s back y'all, and with a brand new set of bangs to boot!l Rachel Zoe is| finally bacl

his erazy fashionista, her ever patisnt husband Rodgér|Bérman,[and of Gourse, iber adorable bab;

adding,  "Some sources shipe that Zoe's been too bisy building her own
and accessories bearing her name,

o has| now confirmed that both Rach
seasons of The Rachel Zoe Project viewers have| watched Rachel Zoe evolvel from waifish,
elebrity stylist to totally demanding, malnourished, self-important business mogul and how mom. Nox

this| crazy fashionista,| her|ever patient husband Rodger Berman

skyleri\nRachel/ lets us| knowl that her|last|prodigy, Jeremiah, is/no longer with the company standard RZ|

lintroduction to the| season: another employee has| flown the coop. I/ havelgot! to say it’s feeling a little more]
63/ vu.. Brad Goreski,| Taylor|Jacobson anyone? Whilst!I|lovel me some RZ, her prodigies bailing makes| me]

self-important| business mogul|and now|mom. | Now n
ica’s|worst boss!\AIt seems that!last!seaso

o with'fashion

reason’ people even cared about! thelshow,

Figure 9: Token boundaries learned by an array of models using our method with varying target
downsample rates T;qpget = ; 1y 315 (top, middle, bottom,) of on a held-out sample of the FineWeb
dataset. Red and blue characters characters indicate high or low values of 7y (a) respectively at the
corresponding bytes.
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C CONTINUED RELATED WORK

C.1 SCALING BYTE-LEVEL LANGUAGE MODELS WITH TOKENIZATION HEURISTICS

Byte-level language models have recently been shown to scale competitively with tokenized trans-
formers, with ByT5 (Xue et al., [2022)) demonstrating that a pure byte-level architecture can match
token-level performance, though at the cost of quadratic attention that makes long-sequence scaling
impractical. Subsequent work has addressed this limitation along two main directions: leveraging
subquadratic attention mechanisms (Wang et al., 2024} |Zheng et al., 2025), and reducing sequence
length through hierarchical or pooled representations. The latter includes fixed-stride downsampling
approaches (Tay et al.| 2022} [Nawrot et al.| [2022; [Yu et al., [2023), as well as methods that segment
byte streams at more semantically meaningful boundaries. [Nawrot et al.| (2023)) first explored pool-
ing at whitespace characters, later scaled by |Slagle| (2024)) to outperform fixed-stride schemes. In
parallel, Nawrot et al. also introduced entropy-based boundary detection (Nawrot et al.|[2023)), lever-
aging spikes in next-byte entropy that correlate with semantic breaks; this idea was further scaled by
Pagnoni et al.| (2024}, who showed that entropy-guided downsampling can enable byte-level models
to surpass token-level baselines at the 1022-FLOP scale.

While these methods demonstrate the promise of the autoregressive U-net architecture at scale and
highlight some desirable properties that a tokenization mechanism for this architecture would have,
all rely on heuristics, breaking the End-to-end tokenizer training desideratum in our setup.

C.2 ARCHITECTURAL INNOVATIONS

We focus on the method of deciding token boundaries, and thus use a simple architecture for the
purpose of not confounding our experiments. Nonetheless, we would like to highlight the following
architectural innovations that have been proposed to improve autoregressive U-nets:

» Using a vocabulary of byte-level n-grams which are added to the input embeddings to
improve information flow [Pagnoni et al.|(2024).

» Using cross-attention between the byte-level and token-level transformers |[Pagnoni et al.
(2024).

 Using subquadratic sequence-to-sequence blocks at the byte level [ Hwang et al.[ (2025).
» Using multiple levels of tokenization Hwang et al.|(2025).
* Smoothing between tokenization levels in upsampling Hwang et al.| (2025).

We would like to note that all of these methods could be used with our method to learn token
boundaries.
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Model size 147T™M 90M 20-40M
embedding_dim 768 768 512
num_heads 12 12 8
n_down_layers 4 4 4
nmid_layers 12 6 n
n_up_layers 4 4 4
learning.rate 1.5x107% | 2x1073 | 3x 1073
effective batch_size 128 128 64
warmup_bytes 4.5 x10% | 2.5 x10% | 1.1 x 108
training_bytes 6x10° | 3.4x10° | 1.5 x 10°
downsample_rate_target % % %

Table 2: The hyperparameters used for our runs varying the token boundary selection method used
on natural language (left) python code (middle) and the varying tokenization aspect ratio (right)

D FURTHER EXPERIMENTAL DETAILS

We train models on a total of training bytes bytes with a cosine learning rate schedule with
a warmup of warmup bytesand a maximum learning rate of learning_rate. We use the
AdamW optimizer with default parameters (81, 32) = (0.9,0.999). Per gradient update, we per-
forma a forward & backward pass on effective batch_size sequences of length 4096 .

We use a decoder-only transformer architecture, with n_.down_layers and n_up_layers byte-level
transformer decoder layers with sliding window attention with window size 64 before and after
the token-level backbone which consists of n_.mid_layers token-level transformer decoder layers
with full causal attention. All attention layers have num_heads heads. We make the model dimension
the same for byte and token-level layers, such that de,,. = dpig = dgec = embedding_dim.
Byte-level and token-level layers have an MLP hidden dimension of embedding._dim and 4 X
embedding_dim respectively, making the flops-per-layer roughly consistent. We closely follow
the transformer architectural choices of Gemma 2 [Riviere et al.|(2024), with GeGLU non-linearity,
Rotary Position Embeddings, post and pre- RMSNorm and Logit soft-capping.

See table [2] for the hyperparamters used in our 147-M parameter experiment and our experiments
varying the token aspect ratio.
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Figure 10: [left] Flops vs validation loss curves for 147M parameter models, trained on FineWeb,

measured in bits-per-byte. Uniform random in blue, Straight through estimates in , ours in
. Validation loss values at 1.95 x 10'® FLOPs are 1.355, 1.350, 1.36 and 1.279 bits-per-

byte respectively. [right] Flops vs validation loss curves for 90M parameter models, trained on

CodeParrot, measured in bits-per-byte. H-Net in blue ours in . Validation loss values at

0.95 x 10'8 FLOPs are 0.769 and 0.568 bits-per-byte respectively

Following [Kaplan et al.| (2020), we estimate the number of FLOPs in the model training run as
approximately the number of FLOP s used for the matrix parameters in the forward/backward pass
(which is the dominant source for LLMs), which takes a value of 6 FLOPs per parameter per byte
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or token, the latter depending on which level the layer operates on (Bahdanaul [2022). We assume
that the embedding operation is performed using an efficient lookup. Small deviations in FLOP s per
batch for each method occur as a result of variations in the max token sequence length in the batch.
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