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Abstract

We consider the problem of selective classification, also known as rejection option. We first
analyze state-of-the-art methods that involve a training phase to produce a selective classifier
capable of determining when it should abstain from making a decision. Although only some
of these frameworks require changes to the basic architecture of the classifier, by adding a
module for selection, all methods necessitate implementing modifications to the standard
training procedure and loss function for classification. However, our observations reveal that,
due to the nature of these modifications, the outcome of the considered frameworks varies
significantly in terms of coverage and risk across the classes. Additionally, some of these
methods also decrease the accuracy of the final classification. We discuss the limitations of
each framework, demonstrating that these shortcomings occur for a wide range of models
and datasets. We establish a mathematical connection between the problem of detecting
misclassification errors and the risk minimization for selective classification, proposing a
statistical test that does not require training and can be applied to pre-trained standard
classifiers to enable them with a rejection option.

1 Introduction

In many applications, incorrect decisions can have severe consequences. Therefore, detecting and preventing
them is crucial. Consequently, significant efforts are being made in various areas of artificial intelligence
to enhance the reliability of automatic systems, as they are known to be prone to errors (e.g., in computer
vision (Gao et al.l [2022} |Cobb & Looveren! |2022)), in autonomous driving (Amodei et al., [2016; [Bicer et al.,
2020), in NLP (Jin et al., 2022; |Carlini et al., [2021]), and in medical analysis (Subbaswamy & Sarial |2020;
Bernhardt et al.l [2022))).

Avoiding wrong decisions by abstaining has been investigated in the field of artificial intelligence since its
early stages |Chow| (1957)). In this paper, we consider the problem of enhancing the reliability of a model by
incorporating a rejection option. Standard models are designed to provide answers related to the task they
have learned when presented with input samples. By incorporating a rejection option, these models have the
ability to abstain from providing a decision when deemed too risky. Clearly, abstention raises the question of
the trade-off between reducing the risk of making wrong decisions while keeping the number of abstentions as
low as possible, therefore maintaining data coverage. While current state-of-the-art train-based rejection
option methods achieve great performance in controlling the global risk based on target coverage, a non
negligible imbalance is observed when looking at their performance class by class in Figure[ll This work aims
to shed a light on the causes of this unwanted behavior and to identify alternative principled approaches that
mitigate disparities across classes.

Main contributions. Our contribution is threefold:

1. We show that train-based models for selective classification, although they provide consistent
performance across the entire dataset, exhibit a large variance in terms of risk and coverage across
the classes. This means that over multiple independent runs of the same model and datasets, these
methods attain extremely different coverage and risk for certain classes.
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Figure 1: The performance of training-based methods often falls short, resulting in cases where the coverage
(top) is low for at least one class, but the risk (bottom) is high. This undermines the reliability of these
methods.

2. We investigate and propose insights on the reason for this variation in risk and coverage across
classes. Additionally, we note that some of the train-based methods also decrease performance in
terms of classification accuracy. We support these observations by presenting results that involve
several models (ResNet-34, DenseNet-121, and VGG-16) and benchmarks (CIFAR-10, CIFAR-100,
and SVHN).

3. We make a mathematical connection between the problem of risk minimization in selective classification
and the problem of error minimization in the context of misclassification detection. We formally
establish that addressing the latter problem with a state-of-the-art solution provides a method to
implement the rejection option for standard pre-trained classifiers without training selective models
and attaining favorable results.

2 Related works

Strategies to reject wrong or low-confidence decisions have been studied in the context of artificial intelligence
since its early days [Flores| (1958]); |(Chow, (1970)); Pudil et al|(1992). Rejections can be broadly categorized
into two groups Hendrickx et al.| : ambiguity, where the model is unable to replicate the optimal
decision for certain inputs [Hellman| (1970); Fukunaga & Kessell (1972), and novelty, where inputs at test
time are significantly different from those encountered during training (Vasconcelos et al., 1995} |Seo et al.
[2000} [Vailaya & Jainl 2000]).

The growing body of work in deep learning has led to a renewed interest in the problem of decision rejection.
Initially, researchers have been focusing on new metrics to assess the confidence of a model.
|Gimpel| (2017)); |Geifman & El-Yaniv| (2017)) propose to use the maximum of the softmax distribution output by
a model as a confidence score on its decisions; [Jiang et al.|(2018) introduce a trust score which is proportional
to the agreement between the considered model and a nearest-neighbor algorithm modified to only account
for confident decisions; Gal & Ghahramani (2016) model the uncertainty using Monte Carlo Dropout to
estimate the posterior predictive network distribution by sampling many stochastic network predictions.

More recent works in the field have focused on embedding the concept of rejection option directly at training
time. These approaches propose either updated loss functions to account for the measure of risk related to
accepting or rejecting a decision |Liu et al.| (2019) or a ‘selection architecture’ that returns an abstention output
alongside the classification output |Corbiere et al|(2019), or both Geifman & El-Yaniv| (2019). Huang et al.|
introduce a method to enhance the generalization of deep models through empirical risk minimization,
specifically when dealing with corrupted data. By contributing to the calibration of the model’s output
during training, the technique is reported to increase the final model’s rejection decision. This result is also
supported by [Fisch et al. (2022).
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Two recent studies related to the problem of selective classification are Schreuder & Chzhen| (2021) and |Gan{
lerade et al| (2021b). The former focuses on fairness and adds the concept of demographic parity to the risk
and coverage loss functions as an additional requirement. This results in a more balanced rejection rate for
underrepresented groups in datasets such as Adults and Germans, where minority groups are present, at the
cost of accuracy loss. As to the latter, to the best of our efforts due to the lack of official published code, we
have not been able to reproduce the comparison with |Geifman & El-Yaniv (2019); [Liu et al| (2019)) and add
the comparison with |Corbiere et al.| (2019) which is missing in |Gangrade et al. (2021b). [Feng et al.| (2022])
revisits [Hendrycks & Gimpel (2017)), and they have proposed to further regularize popular objective functions
with entropy-minimization at training time. Rabanser et al. (2022)) introduce a framework that, for a given
test input, monitors the disagreement with the final predicted label over the intermediate models obtained
during training. Although no active training is required, these frameworks need all the side information
contained in the training dynamics. For both works, the code release is still pending. More recently,
introduce a new simple state-of-the-art framework for misclassification detection which builds
and improves on [Hendrycks & Gimpell (2017). They apply a modified version of the Rényi Entropy to obtain
a score for each input sample which is then used to decide whether to accept or reject the decision relative to
the sample itself. This method does not require any training since it only uses the soft-probabilities output
by the model, and will be formally linked to selective classification.

For completeness, we mention important theoretical results [Herbei & Wegkamp] (2006)); Franc et al.| (2021));
[Fischer et al. (2016), and |Cao et al.|(2022)) where the authors show the intrinsic equality between standard
classification and selective classification by addition of a class representing abstention. Moreover, we observe
how the interesting topic of rejection option crossed the boundaries of other well-established research areas
such as certified robustness |Cohen et al.| (2019)); Tramer (2022), adversarial examples detection
(2021), distribution shift Snoek et al.| (2019), conformal prediction [Einbinder et al|(2022), extension of
cost-sensitive selective classification (Liu et al|(2019)) to a larger family of loss functions (Charoenphakdee|
(2021)), and selective classification in a more relaxed scenario, where extra side information in the shape
of classification feedback is provided in case of abstention |Gangrade et al|(2021a)). Finally, we reference
[Zhang et al.| (2023)) as the most up to date survey paper on the topic.

3 Background on rejection option

Our study shows that training-based frameworks for rejection options often have inconsistent performance
when evaluated on multiple instances of the same experiment. These methods may have adequate risk and
coverage rates overall but may reject samples from specific classes excessively. Although some classes are
naturally harder to classify than others, the unwanted behavior mentioned above sheds light on the sensitivity
of the frameworks to the initialization of the underlying model. We propose a brief analysis of popular
train-based frameworks to understand these limitations.

Let us consider a standard classification task, where X C R? is the feature space and ) = {1,...,C} is the
label space. Let D,, = {(x, yi)}?zl ~ pxy denote the training set as a random realization of n i.i.d. samples
according to pxy, the underlying and unknown probability density function over X x ). Let us define the
predictor (i.e., the classifier) as fp, (x) = arg max,cy P)A,| «(ylx; Dp) where P;,‘  1s the soft-prediction of the
class posterior probability given a sample. For clarity, we define a soft-probability model that is associated
with the predictor fp,, s.t. hp, : X — RY st. hp, ,(x) € (0,1) and 25:1 hp, 4(x) =1, i.e. hp,(-)
outputs PEA/I Xﬂ The predictor is usually trained with the cross-entropy (CE) loss. Let S: X — {0,1} be the

selector which is responsible for rejecting/accepting the decision made by the predictor.

The selective model for a sample x € X is defined as:

fo,(x) ifS(x)=1
0 otherwise,

(fp.,9)(x) £ {

where @) indicates that fp, abstains from the prediction.

1To simplify the notation, in the remaining of the work we will use f and h interchangeably with fp,, and hp, , respectively.
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We measure the performances of the selective model in terms of empirical coverage [(Geifman & El-Yaniv
(2017; [2019) (the higher the better):

m

3(8:Dm) £ — 3 "S(x), @

i=1
and in terms of empirical selective risk (Geifman & El-Yaniv, 2017} 2019) (the lower the better):
Z;il ]l[fDn(Xi)?ﬁyi]S(Xi)

2oty S(xi) ’

where D, = {(X;,¥:)}7~, is the test or evaluation set and 1|, denotes the indicator function.

7 (fD,,8: D) = 3)

Instead of relying on the observation of the post-training performance of the model to decide whether a
decision for an input sample should be accepted or rejected, train-based methods embed the rejection option
within the training phase imposing the use of continuous and derivable functions for the selection, combined
with architecture restructuring |Geifman & El-Yaniv| (2019)); |Corbiere et al.| (2019) and convex combinations
of multiple loss functions, or upgraded versions of the CE loss function that take into account a |C| 4+ 1-th
class that corresponds to the rejection option Liu et al.| (2019)); [Huang et al.| (2020). Our main observation is
that, while these methods appear promising from a theoretical perspective, in practice they require significant
tuning to achieve near-optimal solutions on heterogeneous datasets. This tuning requires additional samples to
optimize the hyper-parameters involved in the training process. Without this consideration, the performance
of these methods may exhibit unpredictable and undesirable behavior.

SelectiveNet (SN):|Geifman & El-Yaniv| (2019) propose to train their selective classifier by minimizing the
loss function Lgn(h,Ssny,h',¢;Dy) = ax A+ (1 —«) x B, where A =1 (h,Ssn;Dn) + A X U (Sgn,¢; D),
B = % Zglﬁ(h’ (xi),9i), Ssn:X —[0,1] represents a soft selector, ¢(Ssn;Dp) = %22;1 Ssn(x:),
L

r(h,Ssn:Dn) & izl(f((g:;i;)gﬁsw(xi) is the soft risk, U(Sgn, ¢; D) = max{0, (¢ — ¢ (Ssn; Dn))?} denotes
the constraint for the target coverage ¢, £: Y x Y — R is the loss function related to the classification task
(e.g., cross-entropy), and h' : X — R is implemented by an auxiliary model that shares the same body of
the model implementing i but has an independent prediction head. Finally, A and «, are fixed to 32 and 0.5,
respectively. While the convex loss function proposed by the authors has a global minimum, the gradient
descent training algorithm does not guarantee the absence of multiple local minima that, while not far from
the optimal solution, may arrange risk and coverage over the classes in different ways that provide similar
global values for the loss function. This issue is exacerbated by the lack of validation for the parameters A and
«. In particular, the case presented in Figure [I] shows how SelectiveNet exhibits a much more conservative
coverage than the other methods for the class “cat" in CIFAR-10, without containing the risk. Figure [f] shows
that this is not uncommon, as both coverage and risk have many outlier results when considering the same
experiment with 10 different random initializations.

ConfidNet (CN): given a pre-trained predictor f, Corbiere et al|(2019) minimize the loss Lon(Seon; b, D) =
LS (Sew (%) — hy, (x:))?, where, during training, Scy : X — [0,1] is the learned selector, and hoy,
represents the confidence of h for the prediction f over the ground truth class. In a nutshell, the training
algorithm learns to predict the confidence of the model by analyzing the true posterior class probability of
supervised samples. According to the theoretical framework introduced in |Corbiere et al.| (2019)), inputs with
a low true class probability (smaller than %) are misclassified, while inputs with a true class probability
greater than % are correctly classified. While this method yields impressive results, there is no guarantee that
the confidence levels for correctly and incorrectly classified samples will not overlap in the interval [%, %]
As a result, the algorithm may assign different confidences to the same samples across multiple iterations,
leading to a good overall performance at the cost of one or more classes being rejected more than necessary
in some iterations if their samples are assigned too low a confidence. This can be observed in Figure [1} where
these methods exhibit very low coverage with high associated risk for the class deer in CIFAR-10. Such a
phenomenon is repeated over different classes in the set of experiments with 10 different initialization seeds

considered in Figure [d] where ConfidNet exhibits many outliers in both coverage and risk.

DeepGamblers (DG): [Liu et al.| (2019) implements the rejection option for a predictor f by optimizing
Lpc(h;Dy) = =+ 31" log (hy, (x;)0; + he41(x;)), where hy, represents the confidence associated to the
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correct class y; € Y for the input sample x; € X', hco11(+) is the model’s confidence for the extra class that
represents the selection and the coefficient o is the payoff associated to accepting a decision. In a nutshell, the
function above corresponds to the classical cross-entropy for o; = 1 and he41() = 0. The training algorithm
requires a warm-up period during which the weights are updated by optimizing the classic cross-entropy
loss for about one-third of the total training iterations. After that, the loss above replaces the standard
cross-entropy and the model is trained to learn when to accept/reject decisions. As by admission of the
authors themselves, the cost term o;, which is a hyper-parameter that requires tuning through the information
conveyed by extra samples, is a key component of the algorithm. In particular, a lower o causes the model to
learn to reject better, but with a larger variance. Due to the lack of any indication on how to choose the
right value for o, and since we did not use validation to be fair to the other frameworks, in our experiments,
we maintained a fixed value o = 2.2 for CIFAR-10, o = 2.6 for SVHN reported as indicated in the original
paper |Liu et al|(2019), and o = 2.0 for CIFAR-100 which is the suggested default value. Figure [1| exhibits
subpar coverage and high risk for this method when considering the class bird in CIFAR-10. Non-negligible
variance, although lower than w.r.t. other competitors, is consistently reported across the experiments with
10 different initialization seeds reported in the box-plots in Figure [4]

Self-Adaptive Training (SAT): although Huang et al. (2020)) primarily deals with the problem of gen-
eralization improvement under the assumption of potentially corrupted training data, the authors show
how their method can be adapted to the problem of selective classification by adding an extra class to
represent the rejection (as in |Liu et al.|(2019))) directly using the model prediction as a signal for learning
abstention. The model is initially trained with the standard cross-entropy loss function during a warm-up
set of epochs (60 in the basic algorithm reported in the paper). Then the cross-entropy loss is replaced by
Lsar(h;yDy) = =13 [ty 10g(hy, (x;)) + (1 — tiy,) log(hcy1(x;))]. In this equation, the subscript y; is the
index of the correct class for the input x; and t; is a convex combination defined as t; = a xy; + (1 —a) x h(x;),
where y; is the one-hot encoded version of the true label for x;. According to the basic algorithm reported
in the paper, a = 0.9. Clearly a small ¢;,, reveals low confidence and enforces the selector to reject the
decision. If ¢; ,, is close to one, abstention becomes unlikely, and the function above recovers the standard
cross-entropy. This framework achieves favorable results across the independent experiments summarized by
the plot in Figure[d] However, the role played by a non-optimized number of warm-up epochs or value of «
necessarily affects the value of t;, which, in turn, may cause poor performance as reported in Figure [I| for the
class “truck” in CIFAR-10.
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Figure 2: Global and class-wise accuracy for a VGG-16 model trained on CIFAR-10 with a cross-entropy (CE)
loss and with the loss defined on state-of-the-art training-based rejection option methods over 10 different
runs.
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4 Rejection option as a special case of optimal misclassification detection

In this section, we establish the relationship between the rejection option and misclassification
detection by mathematically deriving the optimal risk of the oracle error detector. In doing so, we prove
that the optimization of this problem leads to the minimization of risk as defined in Equation . A similar
derivation was introduced in |Chow| (1970]). We then consider a recently developed misclassification detection
framework |Granese et al.[(2021) that has been shown to outperform previous methods |Geifman & El-Yaniv
(2017), and we argue for its use as a rejection/acceptance selector. One of the key advantages of this method
is that it relies on a state-of-the-art classifier trained using classical cross-entropy loss optimization, resulting
in models that converge to similar final performance despite being randomly initialized. We show that because
of this reason, the acceptance/rejection selection for these models within our proposed framework
has lower variance.

4.1 Preliminaries

Let us consider a discrete r.v. E = 1[f(X) # Y]. The misclassification event is defined as E = 1. We can
express the probability density function pxy as a mixture:

pxy(x,y) = pXY\E(X7y|E =1)Pp(1) +pXY|E(va‘E =0)Pg(0). (4)
By taking the marginal of Equation over Y, we obtain:
px (%) = px|p(x|1)Pp(1) + px|£(x]0) P5(0) (5)

where px|g(x|1) denotes the pdf truncated to the error event and px|g(x[0) the pdf truncated to the event of
correct classification. Let us also define Xy = {x € X : E(x) = 0} the set of correctly classified samples and
Xy ={x € X : E(x) =1} the set of incorrectly classified samples. It is simple to verify that X = Xy U Xy,
XoNX =3, pxp(x|1) = 0if x € A, and, inversely, px|g(x|0) = 0 if x € X;. Then, the optimal selector is
given by S*(x) = 1 whenever x € A and S*(x) = 0 otherwise.

The Probability of classification error is finally defined as:
Pe(x) £ Pgyx (1|x) =1 - Py|x (fp,(x) [ ) (6)
4.2 From selective risk to probability of error

Let us recall the risk definition from [El-Yaniv & Wiener| (2010) with the standard 0/1 loss. We will expand the
selective model framework outlined in Section [3] by rewriting the risk in terms of the underlying probability
distribution px and the mixture model proposed in Equation :

o gy & Exvlis, cozgS)] _ Expi[Sx)] - P
UDZ TR0 En500) + B OB sG] But B0~ P "

where 5 = ﬁi E[B = 1?2253?& is a constan We relegate the full derivation of Equation (7)) to the Appendix
81

In Equation , we show that the selective risk can be expressed in terms of the Error of Type-I (i.e., rejection
of a sample that would be correctly classified) and the Error of Type-II (i.e., accepting a sample that would
be misclassified). However, the error event is unobservable. Fortunately, according to |Granese et al.| (2021)
(cf. Proposition 3.1 therein), an oracle, who knows all the involved probability distributions, can control the
trade-off between both types of errors with a threshold, thus, the same oracle can control the selection risk
which is also a function of P; and P;. By minimizing Equation for all admissible P; and P, we can
derive the optimal selector and obtain Equation where v* € RT is a threshold:

Pe(x)
S*(x;7 ) =1 | ———2— < ~v*]. 8
057) =1 | oy <7 (3)

2We only consider the derivation for classification models that are not perfectly accurate, as otherwise, the necessity for a
rejection option would not be adequately justified.
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4.3 Gini selector

Since the true probability of error Pe is unknown and cannot be learned from samples, we will rely on an
approximation of the optimal selector based on the state-of-the-art method for misclassification detection
developed in |Granese et al.| (2021) and introduced in Equation @:

Gini(x) £ 37 Py (i) Pr(Y # ylx) = 1= 3 P2 (yl). ()
yey yey

Interestingly, we found out that Equation @D can be linked to a popular information theoretic measure
which is the Rényi divergence. We reference Section [8.2] for a more in-depth analysis.
Definition 4.1 (Rejection option with Gini(-)).

fp, (x) if Gini(x) <~

0 if Gini(x) > v, (10)

(f'Dn7Gini7 7)(X> £ {

where v € [0,1] is the threshold parameter and ) indicates that fp, abstains from the prediction.

With Equations (7)) and (9) and Definition [4.1] we have
established a strong link between Type-I and Type-II er-

rors from the point of view of misclassification detection LOT __ Gini

and risk in the context of selective classification. This 0.8 4 --- ConfidNet

justifies the use of Equation for post-training methods § 0.6 4

to implement the rejection option. In addition, Figure 2] g

shows that classifiers based on standard cross-entropy loss 2 047

at training time (e.g. the base classified in ConfidNet) 0.2 1

show consistently high accuracy with low variance, sug- 0.0

gesting that this should also be reflected in the selection 105 104 10 102 100 100
mechanism that accepts/rejects decisions. Inspired by this Score

observation, and aware of the limitations exposed in Sec-

tion [3] we plot the empirical cumulative density function Figure 3: Empirical cumulative distribution of
of Gini and ConfidNet over 10 runs in Figure[3] We can scores with 95% confidence intervals for Gini and
see that the Gini selection score has less distributional ConfidNet for 10 different runs with CIFAR-10
variability compared to ConfidNet. This observation sup- and VGG-16, showing an important gap in vari-
ports our suggestion that the use of a pure cross-entropy ance difference between a post-hoc and a training-
training approach could lead to more consistent results based soft-selection score.

and may be beneficial when seeking robust and reliable

results in the context of selective classification, which is

confirmed experimentally in Figure [

5 Experimental Design

We experimentally analyze SelectiveNet (cf. |Geifman & El-Yaniv| (2019))), ConfidNet (cf. |Corbiere et al.
(2019)), DeepGambler (cf. [Liu et al.| (2019)), and SelfAdaptiveTraining (cf. [Huang et al.| (2020)) compared to
our post-hoc method denoted Gini.

Models and benchmark. In our experiments, we consider three datasets: CIFAR-10, CIFAR-~100 Krizhevsky
(2009), and SVHN |Netzer et al.|(2011). For each of the train based methods, we train the underlying models
using the entire training sets and following the training guidelines as reported in the corresponding papers. We
train the standard classifier model, which we apply our Gini selector to, using the cross-entropy loss function
and a stochastic gradient descent optimizer with momentum and learning rate scheduling for 300 epochs and
batch size of 64. To expand on previous research, we consider three neural network architectures: VGG-16,
ResNet, and DenseNet, as well as the more challenging CIFAR-100 dataset. We conducted experiments
with 10 different random seeds for each model, dataset, and method, and include error bars in our main
results. Additionally, we also perform experiments on the larger ImageNet Deng et al| (2009) dataset to
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further analyze the proposed post-hoc solution, which can be easily implemented using publicly available
state-of-the-art model checkpoints.

Coverage calibration. To ensure fair and comparable results, we standardize the procedure for coverage
calibration across all methods, which was not always clear in previous works. We divide the test partition for
each of the three considered datasets into two subsets: one for calibration and another for evaluation. The
calibration set corresponds to 10% of the original partition, chosen randomly for each of the ten seeds. The
coverage calibration algorithm is outlined in Algorithm [I} where D,,,; denotes the calibration dataset of size
m'. We set target coverages 7 from 0.50 to 1.00 with increments of 0.05. Intuitively, in order to guarantee
the target coverage, we calculate scores for all samples in the calibration set and order them in ascending
order. Then, we select the score value at index [7-m/] as threshold.

Algorithm 1 Coverage calibration algorithm.

Input: Calibration set D, = {(x, yi)}ﬁl, selector S, and target coverage 7 € [0, 1]
SList =]
for : =1 tom' do
SList.append(S(x;))
end for
sort(SList, ascend=True)
Return: ~* = SList[[7-m/]]

Implementation details. From an implementation point of view, post-hoc rejection option methods are the
more resource-efficient and cost-effective solutions as they require fewer or no hyperparameters to be tuned
and no architectural changes to the models. This is particularly beneficial in scenarios where it is difficult to
collect additional samples for parameter optimization. For instance, SelectiveNet requires fitting a model for
each target coverage. ConfidNet adds a significant overhead especially during inference, with an auxiliary
confidence network with 1 million additional parameters. This overhead may limit some applications, e.g.,
ML applications on the edge [Murshed et al.| (2022]). DeepGamblers requires hyperparameter validation and
warm-up with only CE loss. SelfAdaptiveTraining also requires warm-up with cross-entropy and may require
tuning the momentum parameter, which is globally set to 0.9 in the original paper.

Source code and computational resources. In this study, we utilize a cluster of GPUs to train and
evaluate the deep learning models, allowing for efficient parallelization of our experiments. Adhering to the
principles of open science, we have made our code and trained models publicly availableﬂ to facilitate the
reproducibility of our research. We hope that this benchmark will be useful to the research community and
inspire further studies on rejection option.

6 Discussion

We compare the performance of the Gini selector with the performance of the train-based methods discussed
in Section [3] across the datasets listed in Section [§] and report the results in Table

6.1 Main results

Gini, despite its simplicity, exhibits comparable or superior performance across various target coverages
for all three datasets. Specifically, for CIFAR-10, we see in Table [T] that the proposed method achieves
better performance on average from 80 to 100% coverage. The results on CIFAR-100, shown in Figure
demonstrate that the Gini selector outperforms the other methods and can achieve at most 5% risk with
a 50% coverage, while the other methods fail to achieve so with a large gap. We believe this to be due, at
least in part, to the limited availability of additional data to validate hyper-parameters for the training-based
methods, which results in sub-optimal performance. This trend is also observed for the other models in the
benchmark, for which we report extended results in Appendix [8.3] the proposed method outperforms, on

3 Anonymized source code: https://github.com/giniselector/giniselector
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Figure 4: Box plots for the VGG-16 (CIFAR-10) benchmark comparing the coverage and risk of the proposed
method to that of competing methods over 10 seeds and classes individually. The proposed method shows
fewer outliers, indicating a more reliable performance. The green triangle marker indicates the average metric
and the whiskers show the median.

average, all the state-of-the-art methods. It On the SVHN dataset, the proposed method attains comparable
performance for lower coverage levels and slightly worse performance on higher coverage rates. The ConfidNet
and the SelfAdaptiveTraining frameworks perform poorly in this last benchmark.
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Figure 5: Coverage and risk comparing methods on a VGG-16 (CIFAR-100) model.

In Figure [d we compare the performance of the proposed method to that of competing methods over 10
seeds and classes individually. The image contains multiple box plots that depict the calibrated coverage
and risk of the methods for each class for specific target coverage. The box plots clearly show that the
proposed method has a more consistent performance across different classes and seeds, with fewer outliers.
In contrast, the competing methods exhibit a higher degree of variability, with many outliers. The image
highlights the advantage of the proposed method in providing a more reliable and consistent performance
across different classes and random initializations. These results demonstrate the effectiveness of the Gini
selector in addressing the selective classification problem and its potential as a practical alternative to the
training-based state-of-the-art. We provide similar plots in Section for DenseNet and ResNet where
similar trends are also observed.

6.2 Results on ImageNet

To study the relation between the accuracy and the risk linked to the rejection option on a large scale
problem, we setup the following experiment. We consider five off-the-shelf pre-trained ResNet models with
different numbers of parameters and increasing accuracy (ResNet-18, ResNet-34, ResNet-50, ResNet-101,



Under review as submission to TMLR

Table 1: Empirical selective risk (the lower the better given a fixed coverage) in percentage for the classification
benchmark with VGG-16 for various target coverages over 10 runs. “Cov." stands for the target coverage.

Cov. Gini SelectiveNet  ConfidNet  DeepGamblers SAT
0.50 0.78 £ 0.1 0.36 £+ 0.1 0.73 £ 0.2 1.07 + 0.1 1.29 + 0.2
055 0.78 £ 0.1 0.39 + 0.1 0.73 + 0.1 1.08 + 0.1 1.27 + 0.2
S 060 0.77+0.1 0.49 + 0.1 0.75 + 0.1 1.12 + 0.1 1.28 + 0.1
© 065 0.78 +0.1 0.58 + 0.1 0.77 + 0.1 1.14 + 0.2 1.27 + 0.1
é 0.70 0.82 £ 0.1 0.63 + 0.1 0.84 + 0.1 1.20 + 0.2 1.33 £ 0.1
o 075 0.89 £ 0.1 0.73 £ 0.1 0.94 + 0.1 1.28 + 0.2 1.40 + 0.1
© 0.80 1.02 + 0.1 1.03 + 0.1 1.09 + 0.2 1.43 + 0.1 1.51 + 0.1
(_'5 0.85 1.43 £ 0.2 1.51 = 0.1 1.43 £ 0.2 1.72 £ 0.2 1.80 = 0.1
U 0.90 2.31+03 2.51 + 0.3 2.28 + 0.2 2.53 + 0.2 2.68 + 0.3
095 38304 3.92 + 0.3 3.85 + 0.3 4.01 +£0.2 3.99 + 0.3
1.00 5.87 + 0.2 6.01 +0.2 5.88 + 0.2 6.14 + 0.2 6.16 + 0.2
0.50 4.53 +0.3 6.41 + 0.5 6.86 + 0.6 6.80 + 0.5 7.04 + 0.7
= 055 53203 7.25 + 0.4 7.73 + 0.6 7.44 + 0.5 7.70 + 0.7
S 0.60 6.47 + 0.5 892 + 0.5 897 + 0.5 843 + 0.6 8.69 + 0.7
e 0.65 814 + 0.6 10.34 + 0.5 10.76 + 0.6 10.08 + 0.7 10.15 + 0.7
é 0.70 9.92 + 0.8 11.76 £ 0.9 12,75 + 0.7 11.91 + 0.7 11.84 + 0.8
6 0.75 12.10 = 1.0 13.67 £0.5 14.74 £ 0.8 14.05 + 0.8 13.72 £ 0.7
; 0.80 14.55 + 1.0 15.83 £ 0.4 17.01 £ 0.8 16.30 £ 0.9 16.06 + 0.6
:-5 0.85 17.17 + 0.8 18.38 +0.6 18.99 + 0.7 18.50 + 0.9 18.30 + 0.7
o 090 1958 +05 20.66 +0.5 21.15+ 0.5 20.74 + 0.8 20.89 + 0.7
~ 095 2223 +04 2321 +04 23.24 + 0.4 23.38 + 0.8 23.42 + 0.5
1.00 2527 +0.2 2584 +0.3 2531 +0.2 26.30 + 0.5 26.43 + 0.3
0.50 0.39 + 0.1 0.76 + 0.3 1.96 + 0.4 0.82 + 0.1 8.74 + 25.2
0.55 0.42 + 0.1 0.72 + 0.1 213 + 04 0.81 + 0.1 8.74 4+ 25.2
—~ 0.60 0.47 + 0.1 0.78 + 0.2 2.34 + 0.3 0.81 + 0.1 8.74 + 25.2
é 0.65 0.52 + 0.1 0.68 £+ 0.1 2.54 + 0.4 0.80 £ 0.1 8.74 + 25.2
= 070  0.60 + 0.1 0.67 + 0.1 2.76 + 0.4 0.80 + 0.1 8.74 + 25.2
< 075 0.70 = 0.1 0.69 + 0.1 2.98 + 0.4 0.82 + 0.1 8.75 + 25.2
- 080 0.83 +0.1 0.69 + 0.1 3.20 £ 0.4 0.85 + 0.1 8.76 + 25.2
8 0.85 1.11 +£ 0.1 0.94 + 0.1 3.52 +0.3 0.91 +0.1 8.82 4+ 25.2
> 090 1.68 +0.1 1.30 + 0.1 3.93 + 0.2 1.20 + 0.1 9.11 + 25.1
095 297 +02 2.55 + 0.2 4.40 + 0.1 2.16 + 0.2 10.02 + 24.8
1.00 5.31 £ 0.1 4.35 + 0.1 5.31 £ 0.1 4.47 + 0.2 11.96 + 24.1

and ResNet-152) from [Paszke et al| (2019); we evaluate the performance of the proposed Gini selector on
the ILSVRC2012, or ImageNet-1K dataset (Deng et all 2009) validation partition for each of the target
coverages. We use 10% of this partition for coverage calibration and 90% for evaluation purposes. Figure [f]
shows that the empirical risk of our method decreases with the accuracy of the base model on the same task.
Of course, this has the cost of increasing the number of parameters. Generally, increasing the accuracy by
scaling up the base model will decrease the risk for fixed coverage, especially in the high coverage regime.
These results reassure the practicality of the proposed post-hoc selection method.

7 Conclusion

This paper investigates the issue of large variance in risk and coverage across classes for train-based models for
selective classification. We uncover the causes of this variation and present evidence to support our findings
through results obtained from multiple models and benchmarks. Furthermore, we establish a mathematical
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Figure 6: Risk-coverage curves for the Gini Selector on five ResNet models of different sizes and accuracies
trained on ImageNet.

link between minimizing risk in selective classification and minimizing errors in misclassification detection. Our
proposed solution offers a practical way to incorporate the rejection option for standard pre-trained classifiers.
Perhaps, the main takeaway is that there is no free lunch when training confidence ranking functions, as
their impressive global performance might come at a cost of unwanted behaviors across subgroups. Thus, we
believe that this problem is open and that our results will encourage further research in the area.
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8 Appendix

8.1 Full derivation of Equation (7]

In this section we include a more thorough derivation of the link between the selective risk and the probability
of errors of Type-I and Type-II which are connected to the true probability of error.

r(f,8) & Pl oS ()
_ 2xex S ey Pxv (6 9) L ign, 9241 12)
erX Px (X)S(X)
_ 2en S) Eyey [Pxvip(x (1) Pr(1) + pxyip(%,410) Pe(0)] Ly, 02 (13)
Yoxex [Px1(x[1)Pr(1) + px|p(x]0)PE(0)] S(x)
_ > oxex; S(X) 2 ey Pxv|E(%,y[1) Pr(1) (14)
Pp(1) Y oex, Px1E(X[1)S(X) + Pr(0) Xy e x, Px|£(x|0)S(x)
_ Pg(1) erxl pX|E(X|1)S(X) (15)
Pr(1) Y iex, Px1e(X[1)S(x) + Pr(0) >, c &, Px|£(X]0)S(x)
_ Exs[S(x)] y
Ex1[S(x)] + pEEO)EX\O[S( )] (19)
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8.2 On the derivation of Gini(-) from the Rényi divergence
Let us define the Rényi divergence, as:
Do (Poy (ll@y ) = ——tog [ 3 (P2 0@ "0) |, (18)

yey

where P?I X( x) is the model soft-distribution for a fixed input sample x, and Qy is a distribution over the

labels set ). By fixing a = 2, Equation becomes

2
P (o)

Qy (v) (19)

Dy (P (-3)l1Qy ) =log | Y-

yey

Let us now take a closer look at the argument of the logarithm. Let us fix the reference distribution Qy as a
uniform distribution over the classes, i.e. Qy = ¢q, Yy € Y. Then, the argument of the logarithm writes

Z( 2 W) (20)

which corresponds to 1 — Gini(x) multiplied by a constant.

8.3 Additional Results

In this section, we present additional tables and plots that supplement the analysis we performed in the main
manuscript.
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Table 2: Empirical selective risk in percentage for the classification benchmark with DenseNet-121 for various
target coverages over 10 runs.

Cov. Gini SelectiveNet ~ ConfidNet  DeepGamblers  SelfAdaptiveTraining
. 0.50 0.35 + 0.1 0.34 + 0.1 0.39 + 0.1 0.89 + 0.1 0.99 + 0.3
S 055 037 +0.1 0.39 + 0.1 0.42 + 0.1 0.92 + 0.1 1.03 £ 0.3
= 0.60 0.41 + 0.1 0.40 + 0.1 0.46 + 0.1 0.98 + 0.1 1.05 + 0.3
é 0.65 0.49 + 0.1 0.54 + 0.1 0.51 + 0.1 1.05 + 0.1 1.08 + 0.3
<) 0.70 0.58 + 0.1 0.62 + 0.1 0.63 + 0.1 1.09 + 0.1 1.14 + 0.2
= 0.75 0.73 + 0.1 0.73 + 0.1 0.75 + 0.1 1.17 + 0.1 1.25 + 0.2
- 080 098 +0.1 0.88 + 0.1 0.99 + 0.1 1.32 £ 0.1 1.36 + 0.2
g 0.85 1.39 + 0.1 1.31 + 0.2 1.36 + 0.1 1.57 + 0.1 1.57 £ 0.2
£ 090 2.25 +02 1.95 + 0.2 2.25 + 0.2 2.09 + 0.2 2.14 + 0.2
€ 095 3.70+03 3.43 + 0.2 3.72 + 0.3 3.23 + 0.2 3.34 + 0.3
- 1.00 5.89 +0.1 5.28 + 0.1 5.89 + 0.2 5.29 + 0.2 5.38 + 0.2
= 0.50 4.62 + 0.4 7.90 + 0.9 4.85 + 0.6 7.95 + 0.6 7.02 + 1.3
< 0.55 5.92 + 0.5 9.28 + 1.0 6.44 + 0.7 8.94 + 0.4 819 + 1.3
Q'j 0.60 7.57 + 0.5 10.17 + 1.1 8.19 + 0.9 10.14 + 0.5 9.36 + 1.2
E 0.65 9.35 + 0.6 10.90 + 0.5 10.14 + 0.9 11.38 + 0.5 10.77 + 1.1
O 070 1143 +06 1262+ 1.0 1231 £0.8 12.79 + 0.4 12.37 £ 1.0
075 1338 +06 1397 +08 1454 + 0.3 14.31 + 0.4 14.00 + 0.8
2. 0.80 1558 £ 0.6 1599 +£0.7 16.86 + 0.8 15.93 + 0.4 15.81 = 0.6
T 085 1803 +06 17.78 0.7 1899 + 0.6 17.72 + 0.3 17.76 + 0.5
%m’ 0.90 20.46 + 04 20.16 £ 0.6 21.19 + 0.4 19.66 + 0.4 19.71 + 0.5
g 095 23.03+04 2236+04 2354 +0.3 2194 + 04 22.09 + 04
A 1.00 2592 +04 2452+07 2594 +04 24.28 +£ 0.3 24.60 + 0.3

0.50 0.67 + 0.1 0.67 + 0.1 3.88 + 1.3 0.77 + 0.1 0.80 + 0.1
—~ 0.55 0.68 + 0.1 0.62 + 0.1 3.92 + 1.2 0.79 + 0.1 0.81 + 0.1
£ 060 07001 06801 398+ 1.1  0.83+0.1 0.82 + 0.1
% 0.65 0.72 + 0.1 0.68 + 0.1 4.04 + 0.9 0.86 + 0.1 0.83 + 0.1
— 070 0.74 = 0.1 0.73 + 0.1 4.09 +£ 0.8 0.90 + 0.1 0.86 + 0.1
N 0.75 0.77 + 0.1 0.74 + 0.1 4.18 + 0.7 0.95 + 0.1 0.90 + 0.1
*ql’) 0.80 0.81 +£0.1 0.87 + 0.1 4.25 + 0.5 1.03 + 0.1 0.95 + 0.1
% 0.85 0.90 + 0.1 0.91 + 0.1 4.33 +04 1.15 + 0.1 1.06 + 0.1
% 0.90 1.13 +0.1 1.21 + 0.1 4.46 + 0.3 1.40 +£ 0.2 1.29 + 0.1
A 09  1.89 +0.1 1.96 + 0.1 4.64 +0.2 2.06 + 0.1 2.02 + 0.1

1.00 3.98 + 0.1 3.99 + 0.1 4.94 + 0.1 3.97 + 0.1 3.94 + 0.1
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Table 3: Empirical selective risk in percentage for the classification benchmark with ResNet-34 for various

target coverages over 10 runs.

Cov. Gini SelectiveNet ~ ConfidNet  DeepGamblers  SelfAdaptiveTraining
0.50 0.27 + 0.1 0.14 + 0.1 0.39 + 0.1 0.38 + 0.1 0.60 + 0.2
= 0.55 0.29 + 0.1 0.15 + 0.0 0.40 + 0.1 0.42 + 0.1 0.61 + 0.2
= 060 0.31 £0.1 0.19 + 0.1 0.42 + 0.1 0.45 + 0.1 0.62 + 0.2
g:ﬁ 0.65 0.34 + 0.1 0.23 + 0.1 0.45 + 0.1 0.48 + 0.1 0.63 + 0.2
B 070 037+01 0.28 + 0.1 047 + 0.1 0.51 + 0.1 0.65 + 0.2
© 075 045+01 0.34 + 0.0 0.54 + 0.1 0.57 + 0.1 0.69 + 0.2
%I 0.80 0.53 + 0.1 0.51 + 0.1 0.62 + 0.1 0.67 + 0.1 0.82 +0.2
© 0.85 0.74 + 0.1 0.82 + 0.2 0.81 + 0.2 0.87 + 0.1 1.04 + 0.2
% 0.90 1.25 + 0.2 1.22 + 0.3 1.28 + 0.2 1.34 +0.2 1.50 + 0.2
/095 235402 2.56 + 0.4 2.35 + 0.2 247 + 0.2 2.53 + 0.3
1.00 441 +02 4.46 + 0.2 4.42 +0.2 4.50 + 0.3 449 + 0.2
0.50 2.62 + 0.2 4.42 + 0.8 3.58 + 0.3 3.57 +£0.2 4.05 + 0.4
/8\ 0.55 3.22 + 0.3 5.32 + 0.8 4.56 + 0.4 4.31 +0.2 4.86 + 0.4
— 060 410402 6.18 + 0.8 5.80 + 0.5 5.40 + 0.3 5.86 + 0.5
ﬁ 0.65 527 +0.2 7.61 + 0.4 711 + 0.5 6.87 + 0.4 7.05 + 0.6
E 070 6.75+0.3 9.28 + 0.5 8.80 + 0.5 8.40 + 0.6 8.73 0.7
© 075 853+05 11.22+06 10.63 + 05 10.25 + 0.5 10.54 + 0.7
X 080 1081 +05 12.68+05 12.69 + 06 12.18 £ 0.6 12.39 + 0.8
*qu 0.85 13.07 + 0.6 14.55 + 0.5 14.58 + 0.5 14.37 + 0.6 14.56 + 0.7
Z 090 1538 +07 16.95+05 16.55 + 0.4 16.58 + 0.5 17.06 + 0.6
e 095 17.95+06 1899 + 05 18.60 + 0.5 18.91 + 0.5 19.48 + 0.6
1.00 20.77 =05 21.58 £0.5 20.79 +£ 0.5 21.63 + 0.4 21.75 + 0.4
0.50 0.39 + 0.1 0.76 + 0.3 1.96 + 0.4 0.82 + 0.1 8.74 + 25.2
0.55 0.42 + 0.1 0.72 + 0.1 213 + 04 0.81 + 0.1 8.74 + 25.2
Z  0.60 047 +0.1 0.78 + 0.2 2.34 +0.3 0.81 + 0.1 8.74 + 25.2
E 0.65 0.52 + 0.1 0.68 + 0.1 2.54 + 0.4 0.80 + 0.1 8.74 + 25.2
»  0.70 0.60 + 0.1 0.67 + 0.1 2.76 + 0.4 0.80 + 0.1 8.74 + 25.2
o 0.75 0.70 + 0.1 0.69 + 0.1 298 + 0.4 0.82 + 0.1 8.75 + 25.2
4q'—3 0.80 0.83 +£ 0.1 0.69 + 0.1 3.20 + 04 0.85 + 0.1 8.76 + 25.2
Z 085 111+01 0.94 + 0.1 3.52 + 0.3 091 + 0.1 8.82 + 25.2
~ 090 1.68+0.1 1.30 + 0.1 3.93 +0.2 1.20 + 0.1 9.11 + 25.1
095 297 +02 2.55 + 0.2 4.40 + 0.1 2.16 + 0.2 10.02 + 24.8
1.00 5.31 + 0.1 4.35 + 0.1 5.31 + 0.1 447 +0.2 11.96 + 24.1
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Figure 7: Class-wise calibrated coverage and risk versus target coverage for a VGG-16 model.
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Figure 8: Class-wise calibrated coverage and risk versus target coverage for a DenseNet-121 model.
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Figure 9: Class-wise calibrated coverage and risk versus target coverage for a ResNet-34 model.
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Figure 10: Global calibrated risk versus target coverage.
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Figure 11: Global calibrated coverage versus target coverage.
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