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Abstract

We consider gradient-based optimisation of wide, shallow neural networks with
hidden-node ouputs scaled by positive scale parameters. The scale parameters are
non-identical, differing from classical Neural Tangent Kernel (NTK) parameter-
isation. We prove that, for large networks, with high probability, gradient flow
converges to a global minimum AND can learn features, unlike in the NTK regime.

1 Introduction

Training neural networks (NNs) involves minimising a non-convex objective function where optimi-
sation methods, such as gradient descent (GD), often find solutions with low training error. To better
understand this phenomenon, one line of research has analysed GD training of over-parameterised
NNs with a large number m of hidden nodes. Under a “y/1/m” scaling of hidden nodes, Jacot et al.
(2018) showed that, as m — oo, the GD solution coincides with that of kernel regression under a
limiting Neural Tangent Kernel (NTK). Under this so-called NTK scaling, theoretical guarantees for
global convergence and generalisation properties have been shown for large-width NNs (Du et al.,
2019bla; |Oymak and Soltanolkotabi, 2020; |/Arora et al.l [2019; Bartlett et al., 2021). However, a
number of articles (Chizat et al.,|2019; |Yang, [2019} |Arora et al., |2019) noted that in this large-width
regime, there is no feature learning; thus, for large-width NNs under NTK scaling, GD training is
performed in a lazy training regime, in contrast to the typical feature-learning regime of deep NNs.

We investigate global convergence properties and feature learning in gradient-type training of feedfor-
ward neural networks (FFNNs) under a more general asymmetrical node scaling. In particular, each

node j = 1,...,m has a fixed node-specific scaling /A, ; with
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where v € [0,1] and 1 > Xl > Xg > ... > 0 are fixed scalars with Z;’il Xj = 1. Note that vy = 1
corresponds to the NTK scaling y/1/m. If v < 1, the node scaling is necessarily asymmetrical for
large-width networks. A typical example might be to take, for instance, \; = 6m =25 2forall j > 1.

We consider a shallow FFNN with smooth activation function and without bias, where the first layer
weights are trained via gradient flow (GF) using empirical risk minimisation under the /2 loss. We
show that, under similar assumptions as (Du et al., [2019bja) on the data, activation function, and
initialisation, when the number of nodes m is sufficiently large: (i) if v > 0, the training error goes
to O at a linear rate with high probability; and (ii) feature learning arises if and only if v < 1. In
the Supplementary Material, we also provide numerical experiments which illustrate the theoretical
results, and which demonstrate empirically that such node-scaling is also useful for transfer learning.

2 Problem setup

Model. Consider a shallow FFNN with m hidden nodes and scalar output. For simplicity, assume
there is no bias term. Let x € R¢ be an input vector, where d is the input dimension. The model is

= Z VAm,jajo(Z;i(x; W)) with  Z;(x; W) = %w;x, for j € [m] 2)
j=1

where f,,,(x; W) is the scalar output of the FENN; Z;(x; W) is the pre-activation of the j-th hidden
node; o : R — R is the activation function; w; € R? is the column vector of weights between node
7 of the hidden layer and the input nodes; a; € R is the weight between the hidden node j and the
output node; \,,, ; > 0 is a scaling parameter for hidden node j; W = (w{ ,...,w,}) T is a column
vector of dimension md corresponding to the parameters to be optimised.

Assume o admits a derivative ¢’. Forn > 1, let o : R®™ — R"™ (resp. o’ : R®™ — R") be the
vector-valued multivariate function that applies o (resp. ¢’) element-wise to each of the n input
variables. For simplicity, we henceforth assume that the output weights a; are randomly initialised

and fixed afterwards: a; S Uniform({—1,1}), j > 1. This assumption is common for large shallow
networks (see e.g. (Du et al.l [2019b; [Bartlett et al., 2021)), and typically the analysis extends to
models which train both layers. The scaling parameter \,, ; is fixed and satisfies Equation (1] . By
construction, A, 1 > 0 and Z Am,j = 1forall m > 1. The case v = 1 corresponds to NTK

scaling. The case v = 0 and )\] = K for j € [K] for some K < m and 0 otherwise corresponds to a
finite FFNN of width K.

Training. Let D,, = {(x;, yi)}ze[n] be the training dataset of n > 1 observations. Let X be the
n-by-d matrix whose ith row is x; . We aim to minimise the empirical risk under ¢ loss. Let
1 n
Lin(W) = 5> (i = fn(xi5W))?, 3)
i=1
be the objective function which is, in general, non-convex. For dataset D,,, width m > 1, output
weights a;, and scaling parameters (A, ;);je[m], We aim to estimate the trainable parameters W
by minimising L,,,(W) using GF (in the Supplementary Material we discuss an extension to GD).
Let W be some initialisation. Under GF, (W})¢~0 is the solution to the following ordinary

differential equation (ODE): d = —VwLn(Wy) with lim, 0 Wy = Wj. Let wy; be the

value of the parameter w; at tlme t, and define Z;;(x) = Z;(x; W¢). Note that Vy,, f (x; W) =

VAm,jajo’ (Zi(x; W)) - ﬂx. Thus, under gradient flow, for j € [m] and x € R,

dwij _ znj( — Fun (%03 W) Vi, fir (3 W) = m]aj Z — fin (%33 W) o' (Ze(xi))%i.
dt ’ ’ J

i=1
Note that the derivatives associated with each hidden node j are scaled by /A, ;. For an input
x € R, the output of the FFNN therefore satisfies the ODE
dfm (x; W)
dt

n

dW
= Vwhn( W) T8 =3 (i = Fn (i3 W) O (3, 35 W),
=1




where ©,, : R x R? — R is the neural tangent kernel, defined by

Om(x,x'; W) =

m.j0 (Z;(x; W))o' (Z;(x'; W)). )

The associated neural tangent Gram (NTG) matrix @m(X; ‘W) is the n-by-n positive semidefinite
matrix whose (i, j)-th entry is ©,,(x;, x;; W). It takes the form

5 IS im0 (K V) X dine (o (X
O d; m]dlag<a'(\/a>)XX d1ag<a’<\/a>). 5)

where diag(v) denotes an n-by-n diagonal matrix A with A;; = v; for v = (v1,...,v,).

Henceforth our main assumptions are:

Assumption 2.1 (Dataset). (a) All inputs are non-zero and have norms at most 1: 0 < ||x;|| < 1 for
all > 1. (b) Forall ¢ # ¢’ and ¢ € R, x; # ¢x;:. (c) There is C' > 0 such that |y;| < C forall ¢ > 1.

Assumption 2.2 (Activation function). The activation function is analytic, with |¢’(z)| < 1 and
|o”(z)] < M for some M > 0, and it is not a polynomial.

Assumption 2.3 (Initialisation). For j € [m], wy; N (0,14), where 1, is the d-by-d identity matrix.

3 Neural Tangent Kernel at initialisation and its limit

Mean NTG at initialisation and its minimum eigenvalue. Let W be a random initialisation from
Assumption Consider the mean NTK at initialisation ©*(x,x’) = E [0,,(x,x’; Wy)]. Then,

©* becomes the same as the limiting NTK under 1/,/m scaling. Let ©*(X) = E {(:)m(X; WO)}
be the associated n-by-n mean NTG matrix at initialisation, whose (4, 4’)-th entry is ©*(x;, x;/).
Let K, = €ig;,(0*(X)) be the minimum eigenvalue of the mean NTG matrix at initialisation.
This minimum eigenvalue plays an important role in the analysis of global convergence properties
in the symmetrical NTK regime. Based on arguments from Du et al.| (2019bla), one has under
Assumptions [2.1]to[2.3] that x,, > 0.

Limiting NTG. To set the stage and give some intuition, we now describe the limiting behaviour
of the NTG, for a fixed sample size n, as the width m goes to infinity. The proofs of all results are
contained in the Supplementary Material.

Proposition 3.1. Consider a sequence (wq;);>1 of iid random vectors distributed as in Assump-
tion2.3] Suppose Assumption[2.2) holds. Then,

O (X; Wo) — O0(X; Wo) (6)

almost surely as m — 0o, where © o (X; W) = 0% (X)+(1 77)@532 (X; Wy), with the following
random positive semi-definite matrix oR (X; Wo):

0Q (X; W) = Z ¥ dlag( ( ;v;; )) XX diag (o" <X\V/"a°j >)

Also, B[O (X; Wo)] = E[O(X; W)] = 6*(X), and

E [II@OO(X;W@ - @*(X)H%} =Co(X)1 -9 N @
j=>1
where || - ||  denotes the Frobenius norm, and Cy(X) > 0 is some positive constant equal to

5 (5 (e i) (i)
ar{ o | —(=wWp1X; |0 | —=Wy1 Xy’ .
i d \/3 01 \/g 01



When v = 1 (symmetric NTK scaling), the NTG converges to a constant matrix, and the solution
obtained by GF coincides with that of kernel regression. When ~ < 1, Proposition [3.1|shows that the
NTG is random at initialisation, even in the infinite-width limit, suggesting that we are not operating
in the kernel regime, asymptotically. As shown in Equation (7)), the departure from the kernel regime,
as measured by the total variance of the limiting random NTG, can be quantified by the nonnegative
constant (1 — ~)? (ijl /\?) € [0,1]. When this constant is close to 0, we approach the kernel
regime; increasing this value leads to a departure from the kernel regime, and increases the amount
of feature learning (see Theorems and . The quantity > i>1 )\f € (0,1] is always strictly

positive. More rapid decrease of the \; as j increases will lead to higher values of ) i>1 X? as is
illustrated in the Supplementary Material. B

Having described the behaviour of the NTG at initialisation in the infinite-width limit, and provided
intuition on the node scaling parameters, we are ready to state our main results on global convergence
and feature learning properties of large FFNNs under such asymmetrical scaling.

4 Main results

Global convergence for gradient flow. Our main theorem, which is given below, explains what
happens during training via GF. It says that with high probability, (i) the loss decays exponentially
fast with respect to k,, and the training time ¢, and (ii) the weights w;; and the NTG matrix change

1/2 m m
by O((nAy/5)/(knd/2y)) and O((n® $7y A2, 1)/ (k3d%92) + (02 /371 A2, 1)/ (knd?9)), re-
spectively. Define
Cr= sup E.nono((c2)/Vd)?]. @®)
ce(0,1
Theorem 4.1. (Global convergence) Consider 6 € (0,1). Assume Assumptionslo v >0,

and

2’nlog 2t 293 M3(C? 4+ Cy) 2Vn*M?(C? + C))
Knd K3 d3~26 ’ Kidiv20

where C' is the bound on the y;’s in Assumption Then, with probability at least 1 — 0, the

following properties hold for all t > 0:

~

(a) eigmin((_)m(x;wt)) 2 ’Y‘Zn ;
(b) Lyy(Wy) < e 0mnt)/2L, (W),
(c) IIwej — Wos | < /g % 2/ 25 for all j € [m);
o~ ~ 77L3 2 2 , 5712 2 1/2
(@) 1870 (3 W) =B (X; Wo) | < (Z2ECCD 5o 2 ) (L0

K2 d3~2%6 K d2yS§L/2
m 2
VI 2):

The theorem says that if v > 0, the training error converges to O exponentially fast. Moreover,
the weight change is bounded by a factor /A, ; and the NTG change is bounded by a factor

\ /Z}”:l A7, ;- Note that the upper bound in (c) vanishes in the limit if and only if v = 1 (NTK

mZmaX(

regime); similarly, the upper bound in (d) vanishes if and only if v = 1. Although we were not able
to obtain matching lower bounds, we next argue that feature learning arises whenever v < 1.

Remark 4.2. A result similar to the above holds for the ReLLU activation function. Also, a result
analogous to (b), showing global convergence also holds for GD. (See the Supplementary Material.)

Feature learning. Next, we state results about feature learning when v < 1. We first show that
on average, each individual weight in the network changes on the order of ), ; by an infinitesimal
gradient update. For j € [m], k € [d], let wg,j, be the k-th component of the weight vector wy; at

initialisation and define g1 (x) = E, (0,1 [O'(ZHXH/\/g)OJ(ZHXH/\/a)] .
Theorem 4.3. Assume Assumption[2.2} For all j € [m] and k € [d], we have

dwt'k: :| )\m -
E L = XT; Xi).
[ i) = S




Recall that \,,, ; — (1 — ), as m — oco. Soif v < 1and \; > 0, the expected change of w for
an infinitesimal update is non-zero in the infinite-width limit.

Next, we characterise the expected change of the NTK at time 0, using the neural tangent hierarchy
(Huang and Yau, 2020). Define gz(x1,%2,%X3) = E(., 2, 2, [0 (21)0 (22)0"(23)0(23)] , where
(21, 22, 23) is a centred Gaussian vector with covariance E[z;z;] = xiij/d, forl <i,7 <3.

Theorem 4.4. Assume Assumption For all x3,, %, € (R?\ {0}), we have

m

T n
X, X
kL T T 2
] =~ l E 92(Xk, X0, X)X X + g2 (X, Xk, Xi)Xp X; E A
t=0 i=1 j=1

dem (Xka X5 Wt)

E
dt

The above theorem shows that the expected change to the NTK at initialisation is scaled by the factor
>i1 Az, j» which converges to (1 —)* 37, A3 as m — oo. The expected change in the NTK at

m,j’
the first GD iteration is therefore bounded away from zero when v < 1.
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This Supplementary Material is organised as follows. Appendix [A] presents additional convergence
results and feature learning properties when the activation function is the (non-smooth) ReLU function.
In particular, Theorem [A-T]states conditions for the global convergence of gradient flow in the ReLU
case, and is similar to Theorem .1 (smooth case) in the main paper. As noted in Appendix [A.2]
some of the propositions on feature learning also apply to the ReLU case. Appendix [A-3]discusses
some open problems in our framework when dealing with a ReLLU activation function. Useful
bounds and identities are presented in Appendix [B] Appendix [C] gives a proof of the proposition
regarding the structure of the limiting NTG at initialisation while Appendix [D]provides a secondary
proposition regarding the minimum eigenvalue of the NTG at initialisation. Appendix [E]states and
proves secondary lemmas on gradient flow dynamics. Appendix [Fand[G]give details of the main
proof for global convergence of gradient flow, respectively for the ReLU and smooth case. The proofs
are rather short and mostly build on the secondary lemmas and propositions of Appendices [D]and [E]
Appendix [H] gives a detailed proof for global convergence of gradient descent in the smooth case.
The proof builds on results of convergence of gradient flow. Appendix [[] gives proofs of the theorems
of Sectiond on feature learning. Appendix [J]]provides experiments to illustrate the results, under a
smooth activation, namely the Swish activation function. Finally, Appendix [K]provides experiments,
but with a ReLU activation instead of the Swish activation function.
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A Results for the ReLLU activation function

Although we assume a smooth activation function in the main text of the paper (Assumption [2.2)),
some of the results remain true when we drop this assumption and use the ReLLU activation function
instead. In this section, we explain these results for ReLU. Throughout the section, we assume a
weak derivative o’ (x) = 1,0} of the ReLU activation function o.

A.1 Global convergence under gradient flow

Our global convergence theorem under gradient flow in the main text (Theorem[4.1)) has a counterpart
for the ReLU case, which is given below. This counterpart says that when we train the network
with the ReLLU activation, with high probability, the loss decays exponentially fast with respect to

1/2
Ky, and the training time ¢, and the weights w,; and the NTG matrix change by O ( Aﬁ/’z)) and

m 3/2 3/2 m 3/2

n? ! ’ n n ;
i=1"m,j j=1"m,j o
0 ( e+ 17 g5/0 , respectively.

Theorem A.1 (Global convergence, gradient flow, ReLU). Consider 6 € (0,1). Ler Dy =
V2C? + (2/d). Assume Assumptions 2.1 and and the use of the ReLU activation function.

Also, assume v > 0 and

3 4 25,42 935,62
mZmax(inOg‘sn 2°°ntDg 2 nD0>

knd 7 KAd342857 k85265
Then, with probability at least 1 — 6, the following properties hold for all t > 0:

(@) eiguin(Om(X; Wy)) > 22
(b) Ly, (W,) < e=(mnt)/2L (W),
(c) |lwi; — wojl| < jl/nzDgl/z \/Am,j forall j €]

92D 3/2 26p,3/2pl/2
(d) [Om(X; Wy) — 6, (X; Wo)lla < (,%2@/72,‘/5%/2 DIy /\m/,j) + (m :
3/2
it A )

The proof of the theorem is given in Appendix [F} and uses Lemmas [E.T|to [E.3]and Proposition [D.T]

The theorem guarantees that whenever v > 0, the training error converges to 0 exponentially fast.
Also, it implies that the weight change is bounded by a factor /A, j, and the NTG change is

bounded by a factor /> | A2

m.j- As we show in Appendix B.2| as m tends to oo,

Am,;j — (1 — W)Xj forevery j > 1, and Z/\?’/2 —y)3/2 ZX?/Q.

Thus, when A\; > 0 (note that we necessarily have AL > 0), the upper bound in (c) is vanishing in the
infinite-width limit if and only if v = 1 (NTK regime); similarly, the upper bound in (d) is vanishing
if and only if v = 1. In fact, feature learning arises whenever v < 1, since Theorem@]in SectionE]
holds for ReLU as we will explain in the next subsection.

A.2 Feature learning

Theorem[4.3]holds when we drop Assumption [2.2]and assume the use of the ReLU activation function

instead. Furthermore, in the ReLU case, ¢;(x) = ||x||/v2nd. Thus, the expected change in the
theorem has the following more specific form: for all j € [m] and k € [d],

t=0

dt
This ReLU version of Theorem[4.3]can be shown by the very proof of the original theorem given in
Appendix the proof does not depend on whether we use ReLLU or a smooth activation function
satisfying Assumption

10



A.3 Discussion

Theorem [A.T]is the counterpart of Theorem [.1] for the global convergence of gradient flow with
a ReLU activation function. Despite empirical evidence from Appendix [K]suggesting that similar
convergence results could potentially be applicable to GD in the ReLLU context, we have yet to
substantiate this with a comprehensive proof. The proof of the global convergence of GD with
smooth activation provided in Appendix [H|relies on a Taylor approximation. This necessitates the
activation function o to be twice differentiable. It is worth noting that, in the symmetric NTK case,
the global convergence of GD with a ReLU activation has been shown by Du et al.| (2019b} Section
4). Their proof, however, critically relies on the fact that the weights remain stationary throughout the
iterations of GD, which is not the scenario we are dealing with here when ~ > 0. As such, it remains
a compelling open question to determine whether the global convergence of GD can be proven within
our specific framework when employing a ReLU activation function.

B Useful bounds and identities

B.1 Matrix Chernoff inequalities

The following matrix bounds can be found in (Tropp, [2012)).

Proposition B.1. Consider a finite sequence (X1, Xa, ..., X,) of independent, random, positive
semi-definite n x n matrices with eig, .. (X;) < R almost surely for all j € [p|, for some R > 0.
Define

P P
Hmin = eigmin Z]E[X]] and Hmax = eigmax ZE[XJ}

j=1 j=1

Then, for all 6 € [0, 1),

Pr eigmin

6_6 Hmin/R .
|:(16)1_5:| < ’I’Le_6 Hmin/(?R).

i
25
A
_
|
Nl
=
E
=
I
3

Also, forall 6 > 0,

P 5 Mmax/R
. e _ 52 i
Pr | eig ax E X; 1214+ 0)tmax | <n {W} < ne— 8 hmax/((2+6)R)
j=1

B.2  Some identities on ()., ;) ;c(m

The following proposition summarises a number of useful properties on the scaling parameters.
Proposition B.2. Forall m > 1,

> Amj=1, ©
j=1
VIS Y A < V. (10)
j=1
For everyr > 1, as m — oo,
S A~ (W) s =N (11)
j=1 j=1 J>1

Proof. Equation (9) follows from the definition of \,,, ; as shown below:

m m ~ Xj m Xj
Ay = <+(17)m~>—7+(17) e =yt (1-n) =
Z j m Zk:l Ak ; Zk:l Ak

11
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Figure 1: Value of Zj‘;l X? as a function of o, where (\;);>1 are defined as in Equation lj As

a — 1, it converges to 0, which corresponds to the kernel regime.

In Equation (10), the upper bound follows from Cauchy-Schwarz and Equation (9)), and the lower
bound from the definition of A, ;:

For Equation , we note the following bounds on the sum of the A7, . for all 7 > 1:

1/r 1/7\ "

() =3 owa =[S 00) |+ (S0

where the second inequality uses Minkowski inequality. But as m — oo, the term ZT:l ( )\S)j)’“ =
’y’"m’(T*I) — 0. Furthermore, as m — oo,

m

@A\ _ 0= 5N e
; (Amd> (221:15\k)r ;/\] = (1—79) ;A]

because (3,5, )" = 1. O

Figure |1| shows the value of > i>1 X? = CC((IQ/ 5))2 as a function of «, when using Zipf weights
Equation (33).

C Proof of Proposition 3.1 on the limiting NTG

This proposition holds also under the ReLU activation case. In what follows, we will give a proof
that works for both the smooth activation function and ReLU.

It is sufficient to look at the convergence of individual entries of the NTG matrix; that is, to show that,
for each pair 1 < 4,7 <mn,

X;FX,L‘/ v m , ,
@m(xiaXi/;WO) = d X E Zlo' (Zj(xi; WO))U (Zj(xi/; WO))
" m (12)
1- 3 /
+ ( m ’Q ZAJO—/(ZJ (Xi;WO))U (Zj(Xi/;Wo))
k=1 )\k 7j=1
tends to
1-— > -
79*()(1" Xi') + ( d 7) Xz—’rXi' Z )‘ja/(Zj (Xi; WO))O'/(Z_j(Xi/; Wo)) (13)
j=1



almost surely as m — oo. Using the fact that |0’(z)| < 1 and the triangle inequality, the modulus of
the difference between the RHS of Equation (I2) and Equation (I3) is upper bounded by

XTXi’ “ / /
¥ %Z §(xi: Wo))o' (Z;(xir; Wo)) | —Elo"(Z1(xi: Wo))o' (Z1(xir; Wo))]
+(1- — 1 Aj + X\
1-+) (zyn )z Pl
XT

(‘( Za 0 W) (255 W) ) Elo" (2405 Wa)) (21 W)

3o )
j=1
which tends to 0 almost surely as m tends to infinity using the law of large numbers and the fact that

Z;; Aj =1
D Secondary Proposition - NTG at initialisation
The following proposition is a corollary of Lemma 4 in (Oymak and Soltanolkotabi, |2020). It holds

under both the ReLU and smooth activation cases. A proof is included for completeness.

Proposition D.1. Let § € (0, 1). Assume Assumptions|2.1|and v >0, and m > 2 "log 5. Also,
assume that the activation function satisfies Assumption|2.2|or it is ReLU. Then, with prObabllzty at
least 1 — 0,

Cigunin (B (X5 W) 2 cigin (B (X: Wo)) > T2 > 0.

Proof. We follow here the proof of Lemma 4 in (Oymak and Soltanolkotabil, [2020).

~ 1
GHL(X; W) = & Z )\m»JAJ
j=1
L5~ 15~ ,@
= a Z)\mﬂAj + & z)\m,] J
j=1 j=1

where A; = diag(o ’(ij JVA)XXT diag(o” (Xw;/Vd)).
Let 05)(X;W) = 13 A A, = 5™ A; Note that eigy, (0, (X; W)) >
eigmin((:)srll)(X; W)) as., and
E[64)) (X; Wo)] = 76" (X)
where ©*(X) is defined in ?2. We have, for all j > 1,
1452 = €igimax(A;) < eigmax(diag(o” (Xw;/Vd))?) eigina (XX ) < eigyu(XXT)
<trace(XX ') <n

At initialisation, Ay, Ao, ..., A,, are independent random matrices. Using matrix Chernoff inequali-
ties (see Proposition|B.1)), we obtain, for any € € [0,1),

Pr (eigmin(@m(X§W0)) <(1- 6)7%) < pe=¢ mAnd/(2n)

(14)

Let 6 € (0,1). Taking e = 1/2, we have that, if m"“"d > log %, then

Pr (eigmm@m(x;vvo)) ) <.

13



E Secondary Lemmas on gradient flow dynamics

The proof technique used to prove Theorems .1 and [A.T]is similar to that of (Du et al., 2019b))
(NTK scaling). In particular, we provide in this section Lemmas similar to Lemmas 3.2, 3.3 and
3.4 in (Du et al.l 2019b), but adapted to our setting. Lemma is an adaptation of Lemma 3.3.
Lemmas and are adaptations of Lemma 3.2, respectively for the ReLU and smooth activation
cases. Lemmas [E.3|and [E.5|are adaptations of Lemma 3.4, respectively for the ReLU and smooth
activation cases.

E.1 Lemma on exponential decay of the empirical risk and scaling of the weight changes

The following lemma is an adaptation of Lemma 3.3 of (Du et al.,[2019b), and applies to both the
ReLU and smooth activation cases. It shows that, if the minimum eigenvalue of the NTG matrix is
bounded away from 0, gradient flow converges to a global minimum exponentially fast. Recall that

y=i,...,yn) " €R™

LemmaE.1. Lett > 0and ¢ > 0. Assume Assumption|2.1|and eig, . (O, (X; W,)) > %for all
0 < s < t. Also, assume that the activation function satisfies Assumption|[2.2or it is ReLU. Then,

Ln(Wy) < e S, (W),
and for all j € [m),
n)\m,j
d
where ug = (fin(x1; Wo), ..., fm(xn; Wo)) T € R™

2
lly — uol| (15)

67

[We; — woyl| <

Proof. For 0 < s <t, write Wy = (fin (%13 Wy), ..., fn(%n; Ws)) T. We have

ius = @m(X; W) (y — uy).

ds
It follows that
dLm Ws A
W)y ) B, (K W)y — 1) < 5y — )y — 1) = (L (W),

Using Gronwall’s inequality, we obtain
Ly (Wy) < e 'L, (Wo).
For 0 < s < ¢, using the Cauchy-Schwarz inequality, we get

AW ’ j ’
H ds || — H Aw‘%za (Zsj(xi))%i - (Yi — fun(xi; W)
Y4 )
= ZZLJ Z (Z 0" (Zsj(x3)) ik - (yi fm(Xqu))>
k=1 \i=1
/\m‘ d - n ,
< dJ Z (Z ’Ifk> (Za (Zsj(xi))*(yi — fm(Xi;W,))2>
k=1 \i=1 i=1
A n d n
= 7;7‘] OJ(ZSJ (X’L)) (yz - fm(xuws))Z) (Z Zx§k>
=t k=1 i=1
n n El
< 2 (Z@z fm<xuwg>>2> (ZZ%)
=1 =1 k=1
NAm,j
< MAmd iy |2
N R

14



Integrating and using Minkowski’s integral inequality, we obtain

t
S/\
0
n>\mj ! —(s/2
< 7d’ ||y—u0H/ e ds
0

NAm,j

<2

d

% ds

Wsj

td
[wej — wo;l| = H/O 75 Wsids

y_U—OHZ

From now on, the proofs for the ReLU and smooth-activation cases slightly differ.

E.2 Lemma bounding the NTK change and minimum eigenvalue - ReLU case

The next lemma and its proof are similar to Lemma 3.2 in (Du et al., 2019b) and its proof. Recall that
0 < ||x;|| < 1 forevery i € [n], and the wy; are iid N'(0,L;).

LemmaE.2. Let § € (0,1), and ¢y, j > 0 for every j € [m]. Assume that Assumptions|2.1|and
holds and the activation function is ReLU. Then, with probability at least 1 — 6, the following holds.
Forevery W = (w{ ,...,w, )T, ifit satisfies

2
0%Cm,j

[woj —wjll < forall j € [m],

we have
s s n i k 2n
|8 xw) — 8 xWo) || < B3 AW e+ =
j=1
and
. ~ . ~ nvy -
elgmin(gm (X’ W)) > elgmin(e)grlz) (X7 WO)) - % ; Cm,j + W (16)
Proof. Fork € [2], let
(W) R = R, FIR (W) Z VA0 Z(x W),

Define Vi fir )(X; W) to be the n-by-(md) matrix whose i-th row is the md-dimensional row
vector (Vw £ (x;; W) T
Note that for all k € [2],

|65 W) — 8% (x: W)
— |[Tw A (X5 W) £ (X W) T = T 40 (X5 W) T 0 (X5 W) T
< [P £ 0 W) — T 74006 W | (a7

+ 2| Vw s X Wo) | |[Tw 8 (W) = T £ (W)

15



The justification of the inequality from above is given below (which is an expanded version of the
three equations (364-366) in (Bartlett et al.,[2021)): for all n-by-(pd) matrices A and B,

447 - BB, = |4 - B4+ B + (A + YA - BT

2

IN

S (lA=B)A+ B[, + A+ BYA-B),)

IN

1

5 (14— Blly < [[(A+ B) T, + 14+ Blly x [|(A = B)T]|,)
|4 = Bll, |4+ B,

< A= Bll, x (|4 = B+ Bll, + [ Bl,»)

< A= Bll, x (14— B, + 2||Bll,) -

Coming back to the inequality in Equation 1| , we next bound the two terms HVW fr(f ) (X;Wp) H
2
and H Vw £ (X; W) — Y £9 (X Wo)|| there.
2

We bound the first term as follows:

2 2 n m
[ow s o6 Wo) || < [T s 06 Wo)l | = 323 [V, 188 i W)

i=1 j=1

= 30 DA 1o W 2 1
=1 j=1
n “ n

< = =z

< d}; <27 (18)

where 71 = 7 and 72 = 1 — 7. The second inequality uses the assumption that |o’/(x)| < 1
for all z € R and ||x;]| < 1 for all ¢ € [n]. The third inequality follows from the fact that

m k m
Zj:l )\En,)j < Zj:l Am,j = 1.
1

For the second term, we recall that Z;(x;; W) = ﬁijxi. Using this fact, we derive an upper
bound for the second term as follows:

[ 06 W) — P 0% Wo |

IN

[ow 406 W) = T 1006 Wo)

Em: vajf(k) (xi; W) — ijf,(,f)(xi;WO)HQ

I
M:

=1 j=1
n m 2
= 3 VN a2 0 (2,00 W) — o (2,35 W)
i=1 j=1 \[
éZZ i * A%, [0 (Z; (x4 W) = 0 (Z (x5 W) . (19)
=1 j=1

In the rest of the proof, we will derive a probabilistic bound on the upper bound just obtained, and
show the conclusions claimed in the lemma.

Forany € > 0, ¢ € [n], and j € [m], we define the event

Ai’j(e) = {HWJ S.t. ||W0j — WJ” S e and U/(W;—Xi) 75 O’I(W(—)rin)} .

If this event happens, we have |W8—jxi\ < e. To see this, assume that A; ;(e) holds with w; as a
witness of the existential quantification, and note that since the norm of x; is at most 1,

[woxi — wj x| < [[wo; — wyl [xi]] < e

16



-
If wy,x;

> 0, then w; x; < 0 and thus

T T
W, X < e+w;x; <e

Alternatively, if w;x; < 0, then w, x; > 0 and thus

T T
—Wq,; X <e—w,

jXi <e

In both cases, we have the desired |w0zji| <e

Using the observation that we have just explained and the fact that wa—jxi ~ N(0,]|x;]|?), we obtain,
for a random variable N ~ N (0, 1),

< 1—exp< ( <||xjf)2>/>

262<6

IN

(20)

il [P = [l

where the second inequality uses erf(z) < /1 — exp(—(422) /7). Let ¥(W)) be the constraint on
W = (w/,...,w, )T defined by

82 i
W e U(Wy) < |woy — wy|| < % for all j' € [m].

Then, for all £ = 1,2, we have

E

<

IN

IN

IN

\ /\

sup
WeT(Wop)

|Vw £ (X W) = Y /1 (X Wo) | ]

sup  [0'(Z (qu))_gl(zj(xz';WO))Q]
WeT(Wo)

P )BIMISEE>
S AL, P W € W(Wo) st o' (20 W)) £ o' (7,05 Wo))

8%cm,j T T
2 and o' (W x;) # 0'(w0jxi)>

k
I PP (3w, st oy = will <

;1228 Pr (A; (8%, /4))

The first inequality uses the bound in Equation (T9), and the fourth inequality uses the inequality
derived in Equation (20).

17



We bring together the bound on the expectation just shown and also the bounds proved in Equa-
tions and (I8). Recalling that v; =~ and 2 = 1 — ~y, we have

E| sup ‘@W (X; W) — 00 (X; W) H ]
Wl (W)
2
<E| swp  |[Vwf W) - Vw £ (X Wo)|
WeT(Wo) 2
£2E | sup ||[Vw s X Wo)| | Tw £8 (X5 W) - Tw £ (X Wo)|
Wev(Wo) 2 2
2
SE| swp  [VwfHXW) - Vw £ (X Wo)|
WeT(Wo) 2
+2/20E | sup  |[Vw X W) - Tw £ (X Wo) |
d Wew(Wo) 2
2
<E| sup ‘wanlf)(X; W) — waff)(X;Wo)H
WeT(Wo) 2

+ 24/ E% E sup
d Wew(Wo)

n(62/4) = (k) n n(62/4) ")
= d Z)‘m,jcmﬂ' +2 a d Z/\ m,j Cm.j
=1

j=1

|Vw /i (X W) = Vw s (X;W0>Hj

l\D\Oq

Z/\gj)J m3+7

The third inequality uses Jensen’s inequality, and the last uses the fact that /2 > (5/2)2. Hence, for
each k = 1, 2, by Markov inequality, we have, with probability at least 1 — (0/2),

k) (x. _ ok (x. ﬁm (k)
‘@ )(X; W) @m>(x,W0)H2gdZA

By union bound, the conjunction of the above inequalities for the £ = 1 and k = 2 cases holds with
probability at least 1 — 6.

We prove the last remaining claim using the following lemma.

If A and B are real symmetric matrices, then
Cigmin(A) 2 eigyin(B) — [|A — B2,
which holds because
€igmin(A) = eignin(B + (A — B)) = eigyin(B) + eigpin(4 — B)

> eigmin(B) - eigmax(B - A)
> eigyin(B) — | B — All2 = eigpy;, (B) — A — Blf2.

18



Thus,

inf g, (O (X; W
(el (B (X W)

> el (O (X W) - (X: Wo)|
> cigin (B4 (X; W) — Anlm.j

= eiguin (O (X Wo)) — | 203 ey + i 1D e

holds with probability at least 1 — §. Equation (I6) then follows from the fact that for all W,

eigmin(@m(x; W)) Z eigmin(e)g” (X’ W)) 0

E.3 Lemma on a sufficient condition for Theorem[A.1]- ReLU case

We now bring together the results from Proposition and Lemmas and and identify a
sufficient condition for Theorem@ which corresponds to the condition in Lemma 3.4 in (Du et al.
2019b)).

Lemma E.3. Consider § € (0,1). Assume that Assumptionsand hold, the activation function
is ReLU, and ¢, ; > 0 for all j € [m]. Also, assume that v > 0 and

8nlog 2 81 16202 &
m > max <df<«'n '\ Zcm,j ) TQH% ‘ Cm,j
j=1 j=1
Define
, - n)\m}j 4 - (52Cm)j

If Ry, ; < R j for all j € [m] with probability at least 1 — %, then on an event with probability at

least 1 — 6, we have that for all j € [m], R, . < Ry, j and the following properties also hold for all
t>0:

(@) €igyin(Om(X; Wy)) > Lo

(b) Lyn(Wy) < e”0rn/2L, (Wo);

(c) ||we; — woj]| < R;mjfor all j € [m]; and

(d) [18m(X; W) — 0,0 (X; Wo)ll2 < 2527 Ay jemy + 222 /57 Ay

j=1"\m,jCm,j-

Proof. Suppose R;, ; < Ry, j for all j € [m] on some event A’ having probability at least 1 — s
Also, we would like to instantiate Proposition [D.1]and Lemma[E.2] with §/4, so that each of their
claims holds with probability at least 1 — %. Let A be the intersection of A’ with the event that the
conjunction of the two claims in Proposition and Lemmahold with ¢ /4. By the union bound,
A has probability at least 1 — §. We will show that on the event A, the four claimed properties of the
lemma hold.

It will be sufficient to show that
|Ws; — Woj|| < Ry,; forallj € [m]ands > 0. (21
To see why doing so is sufficient, pick an arbitrary ¢, > 0, and assume the above inequality for all

s > 0. Then, by event A and Lemma|[E.2] for all 0 < s < t,, we have the following upper bound

19



on the change of the Gram matrix from time 0 to s, and the following lower bound on the smallest
eigenvalue of 0, (X; Wy):

|6 (x5 W) = 80X W) | < S Joioxw,) - B (X: Wo)
k=1

2
gz Z)\ cm7]+f
k=1 j

m Qﬁ n

d Z)\m 7Cm,j + — d
j=1

and

elgmln(ém(xv W‘B)) Z elgnnn(ég}l) (Xa WO)) -

S Yhn _ Thn 1
—_— —_— . c
- 2 4 m dnnj -

> TYEn  YEn _ YEn

-2 4 4
We now apply Lemmawith ¢ being set to 25, which gives

Lm (Wto ) <e" (Fynnto)/QLm (WO)

and

Am,j 4 ;
% ly — ol o R, ; forallj € [m].

We have just shown that all the four properties in the lemma hold for ;.

[Woj — Woj| <

It remains to prove Equation under the event A and the assumption that R;n} ; < R ; for all
Jj € [m] holds on this event. Suppose that Equation fails for some j € [m]. Let

t1 =inf {t | ||[w; — wo;|| > Ry, for some j € [m]}.
Then, by the continuity of w;; on ¢, we have
lwsj — woj|| < Rp; forallj€[m]and0<s <t

and for some jg € [m)],
Wi jo = Wojoll = Rimjo- (22)

Thus, by the argument that we gave in the previous paragraph, we have
||Wt1j — WOjH < R;n . forall j € [m]

In particular, ||wy, j, — Woj, || < R, But this contradicts our assumption R}, ;< Ry, j,. O

m,jo*
E.4 Lemma bounding the NTK change and minimum eigenvalue - Smooth activation case

We now give a version of Lemma [E.2] for the smooth activation case (that is, under Assumption [2.2).
The proof of this version is similar to the one for Lemma 5 in (Oymak and Soltanolkotabi, 2020), and
uses the three equations (364-366) in (Bartlett et al.| [2021).

Lemma E.4. Assume that Assumptions tohold. Let ¢y, j > 0 for every j € [m]. Then, for
any fixed W = (w ..., w7, ifit satisfies

Cm,j .
[wo; —wj < 2] forall j € [m],

20



we have

~ —~ M2 m m
H@E,’f) (X; W) — O (X; Wo)”2 < 717 W Sz o forallk e [2]
Jj=1 j=1
and
nM?~y < 9 nM~

eigmin(ém(x; W)) > eigmin(é%) (X1 WO)) -

m

2
§ :Cm,j
j=1

4d2m - Cm.j d3/2m1/2
(23)

Note that this lemma has a deterministic conclusion, although its original counterpart (Lemma [E.2)
has a probabilistic one.

Proof. The beginning part of the proof is essentially an abbreviated version of the beginning part of
the proof of Lemma|[E.2] This repetition is intended to help the reader by not forcing her or him to
look at the proof of Lemma [E.Z] beforehand.

For k € [2], let
m
(= W) RS R, W) =3/ a;0(2;(x W),

j=1
and define Vw f,(,f ) (X; W) to be the n-by-(pd) matrix whose i-th row is the pd-dimensional row
vector (waff)(xi; w))T.

For all k € [2], we have

m

|e% o w) — 8l x; wo)|
= [T I 06 W) T 0 (X W) T = T £ (X Wo) Vaw £5) (X: W) T
< [[Fw 10 W) — T 1806 W) | 4
2| Vw £ (6 Wo)|| | Tw £5) (X W) = T £ (X5 W)

To see why this inequality holds, see the proof of Lemma We bound the two terms
[vw i x; WO)H2 and || Vw £ (X: W) — T 158 (O W) _ in Equation . We bound

the first term as follows:

[ s W[ < [T s W) [ = 303 [V 19 e W)
i=1 j=1

n m

2
k 2 ||Xs
= 30D A o2, G W

i=1 j=1

n i n

72 Ay < 7
J=1

where 74 = v and 72 = 1 — 7. The second inequality uses the assumption that |o’/(z)| < 1
for all z € R and ||x;]| < 1for all ¢ € [n]. The third inequality holds because Z;"':l AE:?j <

3721 Am,j = 1. For the second term, we recall that [0 (z)| < M and so o’ is M-Lipschitz, and

IN

also that Z;(x;; W) = ﬁw;xi. Using these facts, we derive an upper bound for the second term
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as follows:
2
[Fw 206 W) = w1005 W) |
2
< | Tw A X5 W) = £ (X Wo) |
n m 9
=22 vajf,(f)(xﬁ W) - ijfﬁf)(Xi;Wo)H

i=1 j=1

m

—ZZ ﬁjf[ o' (Z;(xi; W) — o' (Z(xi; W))]

Z I )2 ZAM Zi(xis W) — 0’ (Z;(xi; Wo))]”

2

1 n m 9
< 20 TN, (2 W) (2 s Wo))
: j:
M? NN T_.)\?
S o)
1 =1
TL]\I2 k
< 22 Z () HWJ W0j||2
j=1
< PMESS ) o
= 442 m,jCm.j
j=1

The second to last step uses the Cauchy-Schwartz inequality, and the last step uses our assumption
that [[w; — wo;|| < “% forall j € [m]. From the derived bounds on the first and second terms in
the last line of Equation (24), it follows that

2
Ok (X: W) — B0 (X: nM (h) 2 n
8% W) = 8 (X Wo)|| < “m DA R 2y /S

IN

nM
= 4d2 Z 7] mJ d3/2

Finally, as noted in the proof of Lemma[E.2] we have
€ig i (O (X; W) 2 eigyyin (B (X; W)
> cigin (O (X: W) — |01 (X W) — 8 (X: Wo) | .
Thus,

m

eig,in (O (X; W) > eigyi, (O (X; Wo)) —

E.5 Lemma on a sufficient condition for Theorem [4.11- Smooth activation case
We now give a version of Lemma [E.3|for the smooth activation case (i.e., under Assumption[2.2)). It

brings together the results from Proposition [D.T|and Lemmas [E.T]and [E.4] and identifies a sufficient
condition for Theorem which corresponds to the condition in Lemma 3.4 in (Du et al., 2019b).
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Lemma E.5. Assume that Assumptions[2.1|to2.3|hold. Let § € (0,1), and cp, j > 0 for all j € [m).
Assume that v > 0 and

8nlog 2 nM?§% <~ 5, An?M3?52 N,

m Z max d:‘in ) 8d2;‘1n . Cm,j7 d3:‘i% . Cm,j
Jj=1 J=1
For each j € [m], define
NAm.i 4 _ dc
R .= m.J —w|| — and Ry, ; = —2I
m,J d Hy O” Vi m,j 8

If Ry, ; < R j for all j € [m] with probability at least 1 — 5 , then on an event with probability at

least 1 — 0, we have that for all j € [m], R), ; < R, ; and the following properties also hold for all
t>0:

m,j

((l) elgmm(ém(x7wt)) > ’Y

(b) Ly (Wy) < e (mnb)/2L, (W),

(c) |we; —woj]| < R;mjfor all j € [m]; and

(d) (O (X; W) — 0 (X5 Wo)[|l2 < BMES° S N 5c2, o4 50 ST A i

m,J=m,g 7j=1 ) m,gt

Proof. The proof is very similar to that of Lemmal[E.3] although the concrete bounds in these proofs
differ due to the differences between Lemma[E.2l and Lemma [E4l

Suppose R;, ; < Ry, j forall j € [m] on some event A" having probability at least 1 — g Also, we
would like to instantiate Proposition with §/2, so that its claim holds with probability at least

— g. Let A be the intersection of A’ with the event that claim in Propositionholds with /2. By
the union bound, A has probability at least 1 — §. We will show that on the event A, the four claimed
properties of the lemma hold.

It will be sufficient to show that
||Wsj — WOjH S RmJ‘ for all s Z 0. (25)

To see why doing so is sufficient, pick an arbitrary ¢, > 0, and assume the above inequality for all
s > 0. Then, by the event A and Lemmal[E:4] for all 0 < s < t,, we have the following upper bound
on the change of the Gram matrix from time O to s, and the following lower bound on the smallest

eigenvalue of ©,,(X; W,):

HéM(X;Ws) - @m(XEWO)H2

IN

|80 W) — BN (X Wo) |+ |02 (x: W) - 82 (x: W) |

m
L2
Z Am,iCn,j
j=1

< nM?2§2 & 9 nMé

642 Am,jCm,j 93/23/2
J:

and

R N M252 m MS
eigmin(@m(x; Wé)) > eigmin(egvlz) (X’ WO)) - " - Z ; 7] g -

64d2 d3/2ml/2
S Yk (L MR, L
2 4 m  16d%k, = ™ /2
S e Ak (11N ykn
- 2 4 2 2 4



We now apply the version of Lemmafor the analytic activation o, with  being set to 5= This
application gives
L (Wy,) < e Ornto)/21, (W)
and
Am,j 4
nf;” Iy = woll ~— = R, forallj € [m].
‘We have just shown that all the four properties in the lemma hold for ¢.

[Wioj — Woj| <

It remains to prove Equation (25)) under the event A. Suppose that Equation (23)) fails for some
Jj € [m]. Let

t1 = inf {t ‘ ||Wtj — W()j” > Rm,j for some j € [m] } .
Then, by the continuity of w; on ¢, we have

lwsj —woj|| < Rp,; forallj€[m]and0<s <t
and for some jy € [m],

Wi jo = Wojoll = Rimjo- (26)
Thus, by the argument that we gave in the previous paragraph, we have
e — wogll < Rl forall j € [m].

/!

In particular, [|wy, j, — Woj, || < R, 5

. But this contradicts our assumption R, . < R j,. O

F Proof of Theorem on the global convergence of gradient flow (ReLLU
case)

The proof of Theorem [A.T|essentially follows Lemma[E.3] which itself follows from the secondary
Proposition and Lemmas and derived in Appendices @] and @ Pick § € (0,1). Let

1\ 2-5122
—In2lc2 4 il
D \/n (C’ + d> 25r2d

where C is the assumed upper bound on the |y;|’s. Assume y > 0 and

S 8n10g47” snD\ 2 162n2D\ >
M= max Knd "\ dk, )’ d?k2

and set ¢, ; as follows:

1)\ 2-5122

Note that
2 2 2 2
n 8nD i 8nD i
mzcm] = <d/€> ‘ Z\/)\mJ < <d/€n Z)\mj m
j=1 j=1 j=1
<8nD>2 _ o
= m<m
dkn, ’
and also that
2 ) 2 )
162n* 16°n*D - 162n*D “
oS ens | = (S5) (v | = (MR (o)
noj=1 n j=1 n j=1
(162712D)2 2
= m<m
d?K2
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Thus,
8nlog 4 8n 16%n2
m > max <d/€n s E Z: Cm,j | > W ; Cm,j

As aresult, we can now employ Lemmal|E.3| Thus, if we find an event A’ such that the probability
of A"is atleast 1 — (0/2) and under A’, we have R, ; < R, j, then the conclusion of Lemma
holds. In particular, we may further Calculate conclusions (c) and (d) of LemmalE.3]as

52 — 2.5122
IthJ - WO]H < R < Rm] = 64 = 64 m,j \/ 02 250H2d

8n 1 2
:W (02+d>’y25 \/)\77L~,j7
and

2v/2-n

n m
10X W0) = B (Xs Wo)ll2 < 55" Aoy + —
j=1

n < 3/2 2\/E n 3/2
=g P VDY
: _7 1
n 1 25122 N 30
— 4 N255K2d m,j
n j=1

o2y 1) 2-512° 1/4
d) 4265k2d
512n2 1\ 2 <=.32
= (C2+_d),ﬁ55'§:AmJ
=1

3/2 1/4
+ M . 02 + l 2 .
H},L/Qdf)/él d) ~265

It remains to find such an event A’. Start by noting that

\3/2

m,j°

Ellly — uol] = Z (47 — 24:E[fin (xi5 Wo)] + E[ fin (x5: Wo)?])

i=1
n 1 m
= y? —2y;-0+E y Z/\mj(wjxl) LiwTx,>0}
i=1 j=1
n 1 m
= y? + d Z Am s E {(W;rxl) 1{wa >O}}
i=1 j=1
1
<n(C?+-
<nfc+3)

Thus, by Markov inequality, with probability at least 1 — (§/2),

1\ 2
IW—uM2<nQﬂ+d)&
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Let A’ be the corresponding event for the above inequality. Then, under A’, we have

/ TL)\ m,j ”

4
m,j OH Tﬁ

F” ()5

1\ 242
— a2 (22 22
T (C +d> V2oK%d

Thus, A’ is the desired event.

G Proof of Theorem [4.1) on the global convergence of gradient flow (smooth
case)

The proof of the theorem is similar to that of Theorem[A.T} It derives from Lemma[E.5] which itself
follows from the secondary Proposition [D.T]and Lemmas [E.T] and [E.4] derived in Appendices D]
and [El Recall that

C, = sup E[o(cz)?]
c€(0,1]

where the expectation is taken over the real-valued random variable z with the distribution N'(0, 1/d).
To see that (' is finite, note that since |0’ (x)| < 1 for all z € R, we have

|o(cz) — o (0)| < |ez| forall ¢ € (0,1].

Thus, for every ¢ € (0, 1],
0(0) - le2] < o(cz) < 0(0) + ez,
which implies that
E[o(c2)’] < 0(0)* +2[0(0)] - [e] - E[|2[] + ’E[2”]
< 0(0)* + 2|0 (0)| - E[|2]] + E[2?].

As aresult, E[o(c2)?] is bounded, so C is finite.
Pick § € (0,1). Assume v > 0 and

> e 8n o 2n 21003M2 C?2 4+ 215042 C?2 4+ Oy
(B 1oe 2 : :
= ind 275 )0 T3 25 )\ ride 425

and instantiate Lemma E.5|using the below ¢, ;:

2. 642
Cmj =V Amj - \/nQ (C?2+Ch) m

where C is the assumed upper bound on the |y;|’s. Note that

nM?§% I~ nM?§% 2 - 642
-/ 7 = 7 Mo o2 (CP+0)) ———
8d2k,, ;Cmg 8d%k,, ;( m,j "1 ( + 1) 7253/<;%d)
nM2§% 2 2-642 &
T 82, (C* + V2632 d Z M.

21003 M2 " C?*+ ¢4
K3 d3 v26
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and

4n?M3?6% I, An?M?26% & . 2 - 642
PR T TR ;(A’”’j'” (¢ +a) v%%%d)
4n?M325% 2, 2-647 &
_ 2t P4
C kidd v25
Thus,
s e 8nlog 2 nM?232 x5, 4An?M25? &

dkn,

§ : 2
cm,j

d3k2
noo=1

" RdPr,, L M
j=1

This allows us to employ Lemma [E.5| Hence, it is sufficient to find an event A’ such that the

probability of A’ is atleast 1 — (&/ 2) and under A’, we have R/,

i< R,y ;. The desired conclusion

then follows from the conclusion of Lemma | and the below calculatlons if [|[w¢; — wo,|| < R,

and R, . < Ry, j, then

[wej — wojll < Ry =

and the upper bound on ||, (X; W) —

rewritten to

5Cm,j

8
= g . V/\m,j . \/TL2 (02 + Cl)

a2ty
m.j X Ko, dl/2 428

2642
v263Kk2d

=/

O, (X; W) |2 in the conclusion of Lemma can be

18 (X5 W) — 0, (X; Wo) |2
nM?262 nM§
= ]242 Am.j ma 23/2d3/2
j=1
nM?262

Jj=1

nM§o
+ 23/243/2

Note that

n

Ellly — woll*) =

—Z y? —2y; -0+ R Z)\m]a

5 (C%+C1)2- 642
V20%k3d

m

S M

L, (C? +C1)2 - 642
v263K2d

m

(c? +Cl
2
/4/2d3 Z m,j

210 c2+01)
2
,{da Z . ~

Z (47 — 24iELfim (xi: Wo)] + E[fin (55 Wo)?])

XHWO))

Z JE [0(Z;(xi; Wo))?]
)
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Thus, by Markov inequality, with probability at least 1 — (§/2),

2
ly = wol* <n(C*+C1) 5.
Let A’ be the corresponding event for the above inequality. Then, under A’, we have
NAm,j 4
R/ L m,] _
m,j d ||y uOH Yhim
A \/ 2 4
< Pl ¥ A 2 ci)= . —
\/ d n(C*+ ) 0 Ykn

= . n2(02+01)£

e v26K2d
_ OCmy _ OCmy _
=6 <8 o fmi

Thus, A’ is the desired event.

H Global convergence of gradient descent (smooth activation)

Lety € R™ be the vector (y1,...,y,)' of the outputs in the training dataset D,, = {(x;, ¥i) }ic[n]-
For each gradient-descent step s, let us, € R™ be the outputs at step s based on the inputs in D, that
is, Uy = (frn(x1; Wy), ..+, frn(%n; W) 7. The following convergence theorem intuitively says
that if the learning rate 7 of gradient descent is sufficiently small and the width of the network is large
enough, then with high probability, the training error of the network decays exponentially fast to 0.

Theorem H.1. Consider § € (0,1). Assume Assumptions[2.1]to[2.3} v > 0, and

0 < n < min 2 fnd? Yrad?6!/2
n vhn' 8n2 7 29/2p2M(C2 + C1)V/2 )

where C' and C are from Assumption and Equation . Let o = nyky/2and B = (1 —a)Y/2. If

S e 2nlog 22 259?nM?(C? + Cy) 2M'n*n*M?(C? 4 C))
- knd 7 kpd3(1—8)28 K2d*(1 — )20 ’
then with probability at least 1 — 0,
ly — ug)|> < (1 — )|y —ug||®> forall s € NU{0}. (27)

Note that the condition on the learning rate requires 7 = O(7r,/n?). Thus, the best possible
convergence rate from the theorem is (1 — (9yk,,/2)) = (1 — (Coy?K2 /n?)) for some constant Cy.

The proof by induction on the gradient-descent step s and follows the structure of the convergence
proof of (Du et al.,|2019a, Theorem 5.1) with the necessary modifications, which in particular account
for the changing weights and Gram matrices in our setup. That said, te two proofs differ significantly

because, as in the case of gradient flow, the weights w; and the Gram matrix @m (X; W) change
during gradient descent in our case, while they remain almost constant in the case of (Du et al.|
2019a)).

H.1 Sketch of the proof

The proof is by induction on the number of gradient-update steps s. Here is a sketch of the proof for
the inductive case. We start by decomposing the error at step s + 1:

ly = uea[? = [[(y — us) — (ueq1 — uy)|?
= Hy - U-S”2 - 2(3’ - U-S)T(us+1 - us) + ||U-s+1 - U—sH2

= [ly —ul]> = 2(y —us) "I — 2(y — ws) Lo + uger —ugl,  (28)
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where I} = 10,,(X; W;)(y — us) and Iy = (us41 — us — I;). We can then show that with high
probability, both the third and the fourth terms in Equation are O(n?)|ly — us]|?, so that the sum
of these terms can be bounded from above by (£, /4)|ly — us||? if 7 is sufficiently small. On the
other hand, the second term can be bounded using the minimum eigenvalue of the positive definite
Gram matrix:

2y —u) "I = (~2n(y — ) On(Xs W) (y — u,))
< —2neig (O (X5 W)y — w1,

~

We will show that if the network is large enough, with high probability, —27 eig, ;. (0 (X; Wy)) in
the above upper bound is at most —3nyk,, /4. Putting all these together gives the required bound:
with high probability,

Iy = wert|? < lly = wll® =20y —w) T = 2(y — we) T + |Jugys — uy?
3nykn nykn

NYEn
< (1= ly —ul?

< Hyfus||2* Hyfus||2

MYk \ St
<(1-T5R) ly -l

~

The step of upper-bounding —27 eig, ;,, (0., (X; Wy)) by —3nvk,, /4 is where we have to account
for the changing weights and Gram matrix, and this is where the difference between our proof and
that of (Du et al., [2019a)) lies.

As mentioned already, the Gram matrix @m (X; W) changes during gradient descent even when the
network is very wide, but we will show that despite these changes, its minimum eigenvalue remains
lower-bounded by 3vx,,/8 with high probability. This can be done using the decomposition

O (X; W,) = 0D (X; W) + 0P (X; W,). (29)

where >‘1(71,)j = ~/m and )\gz?j = ((1 - fy)Xj)/ Sy X, and )\g,ll?j + /\7(5,)3‘ = Amj. At
a high level, the reasoning goes like this. The induction hypothesis implies that the weight

change ||wy; — wo;|| is O(y/Am,;), which is small enough to guarantee that (:)E%)(X; W) re-
mains almost constant during training for a large network. This, in turn, implies that the min-

imum eigenvalue of (:)%)(X; W) is lower-bounded by 3+, /8 with high probability. Since
€igin (Om (X; Wy)) > eigmin(@gﬁ)(x; W,)), we get the desired upper bound.

H.2 Two key lemmas

Before proving the theorem, we show two useful facts. Let u(W) be the n-dimensional vector

(fm(xl; W)a sy fm(xn;w))T

which consists of the network outputs on the training inputs under the parameters W. Note that for
each gradient-update step s € N U {0}, the vector u(Wy) is equal to ug, the notation that we have
been using in the main text of the paper. We also define u’' (W) to be the following n-by-m matrix:

, Ou

For each s € NU {O}, let @m(s) = ém(X; Wé) and

) = (0= 18w - )

be the Euler discretisation of the gradient flow of the output. Here n > 0 is the learning rate.
Lemma H.2. Forall W and j € [m],

5] -

~ duy
Ust1 = \ U =10 [ mw
t— s
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Proof.

OL,, n W;_XZ .
|80 5w = s o (03] < 2
- WTX X

< (U(W) z) )\myjaj o gt L

= ) ( NG ) * v

VAing |+
< ; lu(W
\/)\myjn _
< i |y —u(W)]|.
O

The next lemma gives an upper bound on ||y — us4+1/|. As we will show shortly, this upper bound
will play a crucial role in the proof of Theorem

Lemma H.3. Assume Assumptionsto Then, for all s € N U {0}, we have

. = 27}2M77,3/2 772n2
Iy = al? < (1= 20eignn (e + 2y~ wl +

) <y — wsl®. G30)

Proof. Write
Ugt1 — Ug = ﬁs+1 — Ug + Ugt1 — ﬁs+1-
I, I,
Then, we have

2 2
ly —usi1]” = [[(y —us) — (usy1 — uy)||
2
= Hy - U-SH - 2(3’ - U-S)T<
=y —w® =2y —us) T = 2(y — u0) Ty + fJuegy — uaff®.

Ugy1 —Ug) + ||us+1 - U-SH2

Since the Gram matrix é,,L(s) is positive definite and n > 0, we have

(y —uy) "I = (y —uy) " (Fep1 — 1) =0y — 1) O (s)(y — uy)
> 1) €iguin (Om(5)) |y — wl|” -

We now get a bound on I,. Note that ©,,,(s) = u, "(u})" where u, = u'(W,) = ;—V‘Ef wow.- Let
0L (W) i
L, (W) = Tow ;(U(W)i —yi)u' (W); = u' (W) (u(W) —y)
and

Li(s) = Ly, (Wo).

Then,
Ip = ugpr — us + i (uy) ' (us —y)
(= [ (W o) o)) ), - )
- /io (W = (W, = 7L, (5))) Ly (5) dr
Also,

n

Z(y - usz

i=1

1L ()1l =

< Z [y — wsil ||
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and

m T 2 2
r 2 Z 2 [ o WsjiXi [l 1
. = )\m s < =,
||us7,|| = Ja] <U ( \/& >> d — d

since Zj Am,j = 1,a; € {—1,+1}, 0’ is 1-Lipschitz, and ||x;|| < 1. Hence, by Cauchy-Schwarz,

L ( i — Usg; v —u,ll.
[ Z|y I,\/g\ly [

Let W,y = W, — 7L/ (s). For j € [m], write w, ,); for the part of W, ,) going to the j-th
node. Then, for all i € [n],

wlx 2” 12
si%i (s5,1)5% x|
el =S (7 () o (57) ) 25

2 12
< M? Z)‘m,ja? ((WSJ' - W(S7T)j)T xi) %
j=1
M2 m
LI —
j=1
M? 2
< ? HWS - W(Sar)H

The first inequality follows from the M -Lipschitz continuity of ¢’, and the next inequality from
a; € {—1,1}, |Ix;[| < 1, and Cauchy-Schwartz. The last inequality uses the fact that 3, A, ; = 1.
Finally, forall 0 < r <,

W, = Won|| = 1L (5)] <n\§ Iy -l
Thus,

||12|2=Z(
1(
(L,

1

’<w<s,r>>i)TL;n<s> dr)2

2

dr)
2

W (W iom)ill % | En ()] dr>

n 2
nMy/n N
(/ 0 d3/2 ||y—115|| X ||y—usdr>
r=

Mz I

U (W) ) Lin(s)

.
3 |

IN

3

M:

Vd

1
4M2 3

= T”Y - Ua|\4

2 Mn3/2 )
— (T by -l

As the upper bound depends quadratically on 7, we can choose it small enough for gradient descent
to converge, as we will show in the proof of Theorem [H.T]in the next subsection.

.
Il

2

Recall that ||y — u,1]|? can be expressed as the sum of four terms:

ly —wer|” = lly —uwl* =20y —w) "I = 2(y —w) "I + ugps —wf*. 3D
Thus far, we have bounded the second and third terms on the RHS of Equation (31)):

_2<y - uS)Tll = ZUelgmm( ( ) Hy - uSH2

22 Mn3/?
2y - u) T < 2y - wl ) < (2l - ).
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These bounds lead to the first three terms in the claimed upper bound of Equation (30). It remains to
get an appropriate upper bound of the fourth term on the RHS of Equation (3T).

Using the bound on the derivative of the loss in Lemma[H.2] we complete the proof:

n

2
||us+1 - usH = Z(u(erl)i - usi)2

=1
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3

i \/ /\mdaj

< [W(s+1)5 — Wajill Il
i=1 \j=1 Vd
2
n m /Tm s
< ||Xi|2> ) | D0 ) Wiar); — Wl
(i—l j=1 Vd
2
= v Am,j@; H 0Ly (W) ‘
<nx : X {|n
j; Vd OWsj
2
S i N Amn
<nx Y = X |y — us|
2 v
2
2 m
n°n
< Tyl (3 A
j=1
2,2
n°n
>y —us?.
d

H.3 Proof of Theorem [H.1|

Using the lemmas we have just shown, we will prove global convergence of gradient descent. Recall
the assumed bound C'on |y;| for every i > 1 in Assumption[2.1} and also
Oy = sup E[o(cz)?]
c€(0,1]
where the expectation is taken over the real-valued random variable z distributed as A'(0, 1/d). As
shown in Appendix[G] C is finite.

By the argument in Appendix [G]again, there exists an event E; such that £; happens with probability
at least 1 — (6/2) and conditioned on F1, we have

2
ly — ol < \/n(CerCl)g. (32)

Meanwhile, by Proposition there is an event Fs such that F» happens with probability at least
1 — (6/2) and conditioned on E5, we have
Ykn

€igin (O (0)) > 7. (33)
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Let E5 be the event that is the conjunction of F; and Es. This event happens with probability at least
1 — ¢, and under this event, Equations (32)) and (33) both hold.

Condition on E5. We prove the inequality in Equation by induction on s. The base case of s = 0
is immediate. To prove the inductive case, assume that s > 1, and that the inequality in Equation
holds forall s’ = 0,1,...,s — 1.

Let
P nn 8/\m7j(02 + Ol)
m,j — 1_ B 5d .
Then,
zm:CQ [ _w*n® 8(C*+Ch) iA 1\ < n’n?  8(C? +Cl)>
= m,J (1 _ 6)2 od = m,J (1 _ 6)2 dd
Note that for all j € [m],
s—1
[Wej = woill <D IW(ert1); — el
s'=0
< 3 g |2V
s'=0 aws]
< Z 2y —ug|
s'=0
A i
— lly = uoll
77 Am, i1
<7 =y —uo

2
< ’]n\/ 2 —
_1_5\/ C +015

1 % /\m](c +Cl) _ Cmj
2 1—5 5d 2

where the third inequality uses the bound shown in Lemma[H.2] the fourth inequality follows from
the induction hypothesis, and the sixth inequality uses the bound in (32). Thus, by Lemma [E.4] with
Cm,; from above and the lower bound on the minimum eigenvalue in Equation (33), we have

eigmin (ém (3))

. ~ nM?y nM~y
Z elgmin(esrll) (X7W0)) - A4d2m, chn,j + d3/2m1/2
=1

m

2
Z Cm,j
j=1

_ VKn (nM2fy< n*n? 8(C’2+C1)>Jr nM~ \/ n’n? 8(C2+C'1)>

2 ad2m \(1- 92 od Brm2\ (1=p)2  od
_ i (2P0MP(C2 4+ C1) | VBPMy(CP 4 Oy
2 Bm(1— B)20 2mi2(1— Bz |-
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Meanwhile, by Lemma[H.3] the induction hypothesis, and Equation (32)),

Iy = e P
< (1 2rcigyun @) + 2y + ) fy -
< (1 20cigun @) + 2 1 = 2l — ol + )y -
< (1 = i (Bun(s)) + 2 1 a2 e +-01) 2 + ”Z’f) Iy - .

Thus, we can complete the proof of this inductive case if we show that

22 Mn3/?
-

~ 2,2
<277 eigmin(gm(s)) (1 — 04)8/2 77/(02 + 01)2 no ) > kn

s &2 )T 2

which is equivalent to

i1 (O nMu’? /2 2 m? vk
. > _ S 2 “ )
elgmln(gm(s)) = ( a2 (1 Oz) n(C + 01)5 + ¥ + 1

We will show this sufficient condition by proving the following stronger inequality (stronger because
of the lower bound on eig, ;. (0, (s)) that we have derived above):

2 Bm(1 - B)26 d2m1/2(1 — B)51/2

2
nMn3/? /2 2 % gk,
> _ s 2 — LA AL
( 2 (1—a)¥%4/n(C +Cl)5+2d2+ 1)

Vhn (2772n3M27(02 +C1) | V8mAM~A(C? + Cl)l/2>

which is equivalent to

Vhin o 2023 M?~(C? + Cy) N V82 M~(C? 4 C1)'/?
4 = d3m(1 — )28 d?m1/2(1 — B)§1/2

nMn? 2 e o2 4 T
+ 7 (1—-a) n(C +Cl)5+2d2 .

But the four summands on the RHS of the above inequality are at most v, /16 by the assumed upper

bound on 7, the assumed lower bound on mm, and the fact that (1 — «) < 1. Thus, the inequality from
above holds, as desired.
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I Proof of the results of Section 4| on feature learning

I.1 Proof of Theorem [4.3] (smooth and ReLU)

We have:

E |: dwsjk’

D (s = fin (x5 Wa)) - (dfm<xW>>

dwtjk

y

T <.
— Fn(xi W) - VA gago’ | ) ik
’ Vd ) Vd

[

. I wal Wzji
G S

_ﬁ;ﬂz (i \/maj,a<w%"')) ajaf<wiﬂ;>xik]
= _\/?TZ:E :(m%a(v‘%>> ajo’ <W\()T/];Z>£m]
_ _A\%J’ ixik]E 0

=1

Am,j =
= - Tikg1\X;
NG ; k91(X;)

1.2 Proof of Theorem [4.4] (smooth case)

We can write

n

== Z(fmxi;wt) — 4)O8) (X, X, Xi3 W)

i=1

d@m (X(,w Xp; Wt)
dt

where
@ES) (Xomxﬂaxu Wt) <VW® (Xowxﬁ;wt)a VWf(Xth)>
We have

VwOnm (Xaa X33 Wt) =

)

(34)

(v%vfm(x(x; Wt)>vam(xﬁ§ Wt) + (v%vfm(xlﬁ Wt)) vam(Xa§ Wt)-
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6,1(X; Wo)llz
%, %, %

16,.(X: W)
%, %, %, %,

2 3
Iterations led Iterations le4 Iterations

Figure 2: Results on simulated data. From left to right, 1) training risks, 2) differences in weight
norms ||\wy; — Wy || with the j’s being those neurons which have maximal differences at the end of
the training, 3) differences in NTG matrices, and 4) minimum eigenvalues of NTG matrices.

Thus,

o®

m

= (Tl W) (Vi xat W) ) (T o5 W)
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J Experimental results (smooth activation)

We use here a (smooth) swish activation function (z) = z/(1 4+ e~ *). We obtained quantitatively
similar results with a ReLU activation function; see Appendix [K]
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Figure 3: A subset of results for the regression experiments. From left to right, 1) training risks
for concrete dataset, 2) the differences in weight norms ||w;; — wy;|| with j’s being the neurons
having the maximum difference at the end of the training for energy dataset, 3) the differences in
NTG matrices for airfoil dataset, 4) test risks of transferred models for plant dataset.
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Figure 4: A subset of results for MNIST dataset. From left to right, 1) training risks, 2) difference in
weight norms, 3) the test accuracies of the pruned models, 4) test accuracies of transferred models.

Simulated data. We first illustrate our theory on simulated dataﬂ We generate n = 100 observations
where for i = 1,...,n, x; is d = 50 dimensional and sampled uniformly on the unit sphere and
yi =5 Z‘j:l sin(mz; ;) + €; where ¢; s (0,1). We use the FFENN of Section , with the swish

activation function, m = 2000 hidden nodes and A, ; as in Equation @) and

~ 1 1
M=, 21
T ¢ a) /e

where v € [0,1] and o« € (0,1). We consider the four values (y,a) €
{(1,-),(0.5,0.7),(0.5,0.5),(0,0.4)}. For each setting, we run GD with a learning rate of 1.0
for 50000 steps, which is repeated five times to get average results. We summarise the results in
Figure 2] which shows the training error and the evolution of the weights, NTG, and minimum
eigenvalue of the NTG as a function of the GD iterations. We see a clear correspondence between the
theory and the empirical results. For v > 0, GD achieves near-zero training error. The minimum
eigenvalue and the training rates increase with the value of . For v = 1, we have the highest
minimum eigenvalue and the fastest training rate; however, there is no/very little feature learning:
the weights and the NTG do not change significantly over the GD iterations. When v < 1, there is
clear evidence of feature learning: both the weights and the NTG change significantly over time; the
smaller v and «, the more feature learning arises.

(35)

Regression. We also validate our model on four real-world regression datasets from the UCI
repositoryEl: concrete ((n,d) = (1030,9)), energy ((n,d) = (768,8)), airfoil ((n,d) =
(1503,6)), and plant (n,d) = (9568,4)). We split each dataset into training (40%) , test (20%),
and validation sets (40%), and the validation set is used to test transfer learning. We use the same

'The code can found at https://github.com/AnomDoubleBlind/asymmetrical_scaling/
“https://archive.ics.uci.edu/ml/datasets.php
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Figure 5: Results for CIFAR-100. From left to right, 1) test risk through training, 2) the differences

in weight norms ||wy; — w;|| with j’s being the neurons having the maximum difference at the end

of the training, 3) the test risks of the pruned models, and 4) test accuracies of the pruned models.
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parameters as in the above paragraph, and we now train our FFNNs for 100 000 steps in each run.
To further highlight the presence of feature learning in our model, we test the transferability of
features learnt from our networks as follows. We first split the validation set into a held-out training
set (50%) and a test set (50%), and extract features of the held-out training set using the FFNNs
trained on the original training set. Features are taken to be the outputs of the hidden layers, so each
data point in the validation set is represented with a m = 2000 dimensional vector. Then, we sort
feature dimensions with respect to feature importance measured as (A, ;|| W j{|?) e[ and use the
top-k of these to train an external model. The chosen external model is a FFNN with a single hidden
layer having 64 neurons and ReLU activation, and it is trained for 5000 steps of GD with a learning
rate of 1.0. Our theory suggests that smaller v and « values likely lead to better transfer learning. A
subset of our results is summarised in Figure 3} additional results are found in Appendix [J] In line
with the simulated data experiments, we observe a stronger presence of feature learning, in terms of
weight-norm changes and NTG changes, for smaller values of v and «. Also, we observe that models
with smaller values of « have lower risks when a small number of features are used for the transfer.
The interpretation is that those models are able to learn a sufficient number of representative features
using relatively fewer neurons.

Classification. We apply our model on two image classification tasks. The first is small-scale using
the setting assumed in our theory, while the second is larger-scale using a more realistic setting.
In addition to the transferability experiment described in the previous pragraph, we also test the
prunability of the FFNNs. We gradually prune hidden nodes which have small feature importance
and measure risks after pruning. Feature importance is measured as above. Our theory suggests that
models with smaller v and/or « values are likely more robust with respect to pruning, as long as
~v < 1.|Wolinski et al.|(2020) had similar empirical findings on the benefits of asymmetrical scaling
for network pruning when v = 0.

MNIST. We take a subset of size 5000 from the MNIST dataset and train the same models used in
the previous experiments. We also test pruning and transfer learning, where we use an additional
subset of size 5000 to train an external FFNN having a single hidden layer with 128 nodes. To match
our theory, instead of using cross-entropy loss, we use the MSE loss by treating one-hot class labels
as continuous-valued targets. The outputs of the models are 10 dimensional, so we compute the NTG
matrices using only the first dimension of the outputs. In general, we get similar results in line with
our previous experiments. The pruning and transfer learning results are displayed in Figure[d] Other
results can be found in Figure[I0|in the Supplementary Material.

CIFAR. We consider a more challenging image classification task of CIFAR-10 and CIFAR-100.
The datasets have 60 000 images of which 50 000 are used for training and the rest for testing. There
are, respectively, ten and a hundred different classes. We illustrate the benefits of asymmetrical node
scaling and show they hold for this more challenging problem. In many applications, one uses a large
model pre-trained on a general task and then performs fine-tuning or transfer learning to adapt it
to the task at hand. We implement this approach on a Resnet-18 model, pre-trained on ImageNet
data. With this model, we transform each original image to a vector of dimension 512. We then
train shallow FFNNSs as described in ??, with m = 2000, and output dimension 10 (resp. 100). This
experiment differs from previous results as 1) we use stochastic GD with a mini-batch size of 64
instead of full batch GD; 2) we use cross-entropy loss instead of MSE; and 3) both layers are trained.
All experiments are run five times, and the learning rate is 5.0. In Figure[5] we report the pruning
results for the same four values of pairs (v, «) as above, for CIFAR-100. Similar results are obtained
for CIFAR-10 (see Appendix [J). Similar conclusions as before hold here, even though the theory
does not apply directly.

J.1 Regression

In Figures [6] and [9) we respectively provide the detailed results for the datasets concrete,
energy, airfoil and plant.

J.2 Classification
We provide in Figure |10 detailed results for the MNIST dataset, and in Figure |1 1| results for the

CIFAR-10 dataset. In Figure 12} we provide further details on the individual impact of the parameter
v € [0, 1]. Recall that the smaller the value of -, the more asymmetry is introduced, where v = 1

38



0.201 0.24
0.22
0.154
X
] + 0.20
o 2
c
£ 0.107 ®o18] |
© =
=
0.051 0.16 V
0.14
0.00
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Iterations le6 Iterations le6
60 o
=25
50 =3
— < 2.0
;540 =
| 30 L®\ 5
£ § 1.0
L}
10 9 0.5
0 0.0 S
0.0 02 04 0’6 08 170 0.0 02 04 0’6 08 1.0 < 00 02 04 06 08 10
Iterations le6 Iterations le6 Iterations le6
0.6
0.5 0.6 7=
’ a=0.7,7=0.5
0.4 0.5 — a=05,7=02
— a=0.4,y=0.0
0.4 Y

Training risk
o o
N w
Test risk
o
w

©

i
o
N

0.1
20 40 60 80 100 20 40 60 80 100

Feature dimension Feature dimension

Figure 6: Results for the concrete dataset (swish). From left to right and top to bottom, 1) training
risks, 2) test risks, 3) differences in weight norms ||w;; — wg,|| with j’s being the neurons having
the maximum difference at the end of the training, 4) difference in NTG matrices, 5) minimum NTG
eigenvalues, 6) training risks for transfer learning, and 7) test risks for transfer learning.

recovers the iid model. We can see from the experiments that pruning performance is improved as
becomes smaller.

K Experimental results for a ReLU activation function

We provide here additional experimental results, as in Appendix [J] but with a different activation
function. Namely, we replace the swish activation function with the ReL.U function. Although our
theory does not cover the convergence of GD with the ReLU, the experimental results obtained in
this section are quantitatively similar to those obtained with the swish function.

K.1 Regression

In Figures [13] [T4] [15] and [I6] we respectively provide detailed results for the datasets concrete,
energy, airfoil and plant.

K.2 C(lassification

We provide in Figures [I7] [I8] and [T9] detailed results for respectively the MNIST, CIFAR10 and
CIFAR100 experiments.
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Figure 7: Results for the energy dataset (swish). From left to right and top to bottom, 1) training
risks, 2) test risks, 3) differences in weight norms ||w;; — wo;|| with j’s being the neurons having
the maximum difference at the end of the training, 4) difference in NTG matrices, 5) minimum NTG
eigenvalues, 6) training risks for transfer learning, and 7) test risks for transfer learning.
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Figure 8: Results for the airfoil dataset (swish). From left to right and top to bottom, 1) training
risks, 2) test risks, 3) differences in weight norms ||w;; — wo;|| with j’s being the neurons having
the maximum difference at the end of the training, 4) difference in NTG matrices, 5) minimum NTG
eigenvalues, 6) training risks for transfer learning, and 7) test risks for transfer learning.
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Figure 9: Results for the plant dataset (swish). From left to right and top to bottom, 1) training
risks, 2) test risks, 3) differences in weight norms ||wy; — w;|| with j’s being the neurons having
the maximum difference at the end of the training, 4) difference in NTG matrices, 5) minimum NTG
eigenvalues, 6) training risks for transfer learning, and 7) test risks for transfer learning.
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Figure 13: Results for the concrete dataset (ReLU). From left to right and top to bottom, 1) training
risks, 2) test risks, 3) differences in weight norms ||w;; — w;|| with j’s being the neurons having
the maximum difference at the end of the training, 4) difference in NTG matrices, 5) minimum NTG
eigenvalues, 6) training risks for transfer learning, and 7) test risks for transfer learning.
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Figure 14: Results for the energy dataset (ReLU). From left to right and top to bottom, 1) training
risks, 2) test risks, 3) differences in weight norms ||w;; — wo;|| with j’s being the neurons having
the maximum difference at the end of the training, 4) difference in NTG matrices, 5) minimum NTG
eigenvalues, 6) training risks for transfer learning, and 7) test risks for transfer learning.
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Figure 15: Results for the airfoil dataset (ReLU). From left to right and top to bottom, 1) training
risks, 2) test risks, 3) differences in weight norms ||w;; — wo,|| with j’s being the neurons having
the maximum difference at the end of the training, 4) difference in NTG matrices, 5) minimum NTG
eigenvalues, 6) training risks for transfer learning, and 7) test risks for transfer learning.
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Figure 16: Results for the plant dataset (ReLLU). From left to right and top to bottom, 1) training
risks, 2) test risks, 3) differences in weight norms ||w;; — wo;|| with j’s being the neurons having
the maximum difference at the end of the training, 4) difference in NTG matrices, 5) minimum NTG
eigenvalues, 6) training risks for transfer learning, and 7) test risks for transfer learning.
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Figure 17: Results for the MNIST dataset (ReLU). From left to right and top to bottom, 1) training
risks, 2) test risks, 3) differences in weight norms ||w;; — wo;|| with j’s being the neurons having
the maximum difference at the end of the training, 4) difference in NTG matrices, 5) minimum NTG
eigenvalues, 6) training accuracies for pruning, 7) test accuracies for pruning, 8) training accuracies
for transfer learning, and 9) test accuracies for transfer learning.
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Figure 18: Results for the CIFAR-10 dataset (ReLU). From left to right and top to bottom, 1) test
accuracies through training, 2) differences in weight norms ||w;; — wy,|| with j’s being the neurons
having the maximum difference at the end of the training, 3) test risks of the pruned models, and 4)
test accuracies of the pruned models.
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Figure 19: Results for the CIFAR-100 dataset (ReLU). From left to right and top to bottom, 1) test
accuracies through training, 2) differences in weight norms ||w; — wy;|| with j’s being the neurons
having the maximum difference at the end of the training, 3) test risks of the pruned models, and 4)
test accuracies of the pruned models.
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