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Abstract

In a recent paper, Ling et al. investigated the over-parametrized Deep Equilibrium Model
(DEQ) with ReLU activation. They proved that the gradient descent converges to a globally
optimal solution at a linear convergence rate for the quadratic loss function. This paper
shows that this fact still holds for DEQs with any general activation that has bounded first
and second derivatives. Since the new activation function is generally non-homogeneous,
bounding the least eigenvalue of the Gram matrix of the equilibrium point is particularly
challenging. To accomplish this task, we need to create a novel population Gram matrix
and develop a new form of dual activation with Hermite polynomial expansion.

1 Introduction

Deep learning is a class of machine learning algorithms that uses multiple layers to progressively extract
higher-level features from the raw input. For example, in image processing, lower layers may identify edges,
while higher layers may identify the concepts relevant to a human such as digits or letters or faces. Deep
neural networks have underpinned state of the art empirical results in numerous applied machine learning
tasks (Krizhevsky et al., 2012)). Understanding neural network learning, particularly its recent successes,
commonly decomposes into the two main themes: (i) studying generalization capacity of the deep neural
networks and (ii) understanding why efficient algorithms, such as stochastic gradient, find good weights.
Though still far from being complete, previous work provides some understanding on generalization capability
of deep neural networks. However, question (ii) is rather poorly understood. While learning algorithms
succeed in practice, theoretical analysis is overly pessimistic. Direct interpretation of theoretical results
suggests that when going slightly deeper beyond single layer networks, e.g. to depth-two networks with very
few hidden units, it is hard to predict even marginally better than random (Daniely et al. 2013; [Kearns &
Valiant|, (1994]).

The standard approach to develop generalization bounds on deep learning (and machine learning) was
developed in seminal papers by (Vapnik, [1998)), and it is based on bounding the difference between the
generalization error and the training error. These bounds are expressed in terms of the so called VC-
dimension of the class. However, these bounds are very loose when the VC-dimension of the class can be
very large, or even infinite. In 1998, several authors (Bartlett & Shawe-Taylor, |[1999; Bartlett et al.l [1998))
suggested another class of upper bounds on generalization error that are expressed in terms of the empirical
distribution of the margin of the predictor (the classifier). Later, Koltchinskii and Panchenko proposed new
probabilistic upper bounds on generalization error of the combination of many complex classifiers such as
deep neural networks (Koltchinskii & Panchenko,, 2002)). These bounds were developed based on the general
results of the theory of Gaussian, Rademacher, and empirical processes in terms of general functions of the
margins, satisfying a Lipschitz condition. They improved previously known bounds on generalization error of
convex combination of classifiers. (Truong)|2022a)) and [Truong (2022b)) have recently provided generalization
bounds for learning with Markov dataset based on Rademacher and Gaussian complexity functions. The
development of new symmetrization inequalities and contraction lemmas in high-dimensional probability
for Markov chains is a key element in these works. Several recent works have focused on gradient descent
based PAC-Bayesian algorithms, aiming to minimise a generalisation bound for stochastic classifiers (Biggs
& Guedjl [2021; Dziugaite & Roy., |2017). Most of these studies use a surrogate loss to avoid dealing with
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the zero-gradient of the misclassification loss. There were some other works which use information-theoretic
approach to find PAC-bounds on generalization errors for machine learning (Esposito et al., |2021; |Xu &
Raginsky, [2017) and deep learning (Jakubovitz et al., [2018)).

Recently, deep equilibrium model (DEQ)(Bai et all 2019) was introduced as a new approach to modelling
sequential data. In many existing deep sequence models, the hidden layers converge toward some fixed
points. DEQ directly finds these equilibrium points via root-finding of implicit equations. Such a model is
equivalent to an infinite-depth weight-tied model with input-injection. DEQ has emerged as an important
model in various aplications such as computer vision (Bai et all |2020; Xie et al., |2022), natural language
processing (Bai et al.| |2019)), and inverse problems (Gilton et all [2021)). This model has been shown
to achieve performance competitive with the state-of-the-art deep networks while using significantly less
memory. Despite of the empirical success of DEQ, theoretical understanding of this model is still limited.
The effectiveness of over-parameterization in optimizing feedforward neural networks has been validated in
many research literature (Arora et al., [2019; Du et al.l [2018; [Li & Liang, |2018). A recent work (Nguyen,
2021) showed that the convergence of gradient descent (GD) to a global optimum can be guaranteed when
the width of the last hidden layer exceeds the number of training samples. The main idea is to investigate
the property at initialization and bound the traveling distance of GD from the initialization.

However, it remains unknown whether the above results can be directly applied to DEQs. Due to the
implicit weight-sharing, the initial random weights and features are dependent, which causes the standard
concentration approaches in the existing research literature fail in DEQs. Recently, [Ling et al.| (2022)
investigated the training dynamics of over-parameterized DEQs with ReLU activation. More specifically,
they proposed a novel probabilistic framework to overcome the challenge arising from the weight-sharing and
the infinite depth. By supposing a condition on the initial equilibrium point, they proved that the gradient
descent converges to a globally optimal solution at a linear convergence rate for the quadratic loss function.
To achieve this target, they developed a lower bound on the least eigenvalue of the Gram matrix for the
DEQs with ReLU activation. One interesting open question is whether the gradient descent algorithm still
converge at a linear rate for DEQs with non-linear activation functions? In this paper, we show that this fact
still holds for DEQs with a general activation function which has bounded first and second derivatives. Many
popular activation functions such as 1/(1 + e~ %), erf(z), z/v1 + 22, sin(x), tanh(x) satisfy the boundedness
requirements. In general, the new activation function does not have homogeneous property as ReLLU, hence
a novel population Gram matrix is designed for DEQs with general activations, and a new form of dual
activation with Hermite polynomial expansion is developed in our work.

2 Problem settings

We consider the same model as|Ling et al.| (2022). However, different from Ling et al.|(2022)), we assume that
the activation function, ¢, satisfies some constraints in the first and second derivatives. These properties can
be observed in many common activation functions. More specifically, we define a vanilla deep equilibrium
model (DEQ) with the transform of the [-th layer as

T = o(WT!Y 4 UX) (1)

where X = [x1, X2, - ,X,] € R denotes the training inputs, U € R™*? and W € R™*™ are trainable
weight matrices, and T®) e R™*" is the output feature at the I-th hidden layer. If we were to repeat
this update an infinite number of times, we would essentially be modeling an infinitely deep network of the
form above. In practice, what we find is that for most “typical” deep layers the valued actually converge
to a fixed point or equilibrium point (Bai et al., |2019). The output of the last hidden layer is defined by
T* := lim;_,o TY). Therefore, instead of running infinitely deep layer-by-layer forward propagation, T* can
be calculated by directly solving the equilibrium point of the following equation

T* = o(WT* + UX). 2)

Let y = [y1,¥2, -+ ,yn] € R™ denote the labels, and §(8) = a’'T* be the prediction function with a € R™
being a trainable vector and § = vec(W,U,a). Our target is to minimize the empirical risk with the
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quadratic loss function:

2(6) = 3 15(0) ~ ¥ 3)

To optimize this loss function, we use the gradient descent update (7 + 1) = 0(7) —nV®(6(7)), where 7 is
the learning rate and 0(7) = vec(W(7), U(7),a(7)). For notational simplicity, we omit the superscript and
denote T to be the equilibrium T* when it is clear from the context. Moreover, the Gram matrix of the
equilibrium point is defined by G(7) := T7(7)T(7) and we define its least eigenvalue by Ay = Apin (G(7)).
In this paper, for brevity we denote by G = G(0).

Definition 1. An activation ¢ : R — R is L-bounded if it is twice continuously differentiable and
[@lloos €']loos l9" lloe < L.

In this paper, we assume that ¢(-) is L-bounded. In addition, the following holds:

q:= \/\/22?/_0;4p2(z)exp(—222)d2>0.

Many popular activation functions such as 1/(1 4 e~), erf(z),z/v1 + 22, sin(z), tanh(z) satisfy the bound-
edness requirements.

Definition 2. Two vectors a,b € R™ are said to be parallel, denoted a || b, if there exists a scalar k € R
such that a = kb. If a and b are not parallel, we write a }f b.

Besides, we use similar assumptions on the random initialisation and input data as|Ling et al.| (2022]):

« Assumption 1 (Random initialization). Assume that 02 < 7z. In addition, W is initialized

with an m X m matrix with i.i.d. entries W;; ~ N(0,202 /m), U is initialized with an m x d matrix
with ii.d. entries U;; ~ A(0,2/m), and a is initialized with a random vector with i.i.d. entries

~ N(0,1/m).

« Assumption 2 (Input data). We assume that (i) ||x;]|2 = v/d for all i € [n] and x; f x; for all
i # j; (ii) the labels satisfy |y;| = O(1) for all i € [n].

3 Main Results

In this paper, we show that if the learning rate is small enough, the loss converges to a global minimum at
linear rate. The result is as follows.

Theorem 3. Consider a DEQ. Let 6 be a constant such that ||[W(0)||+6 < 1/L. Denote by p,, = ||[W(0)|l2+
0, pu = [U(0)[l2 + 0, pa = [|a(0)[|2 + & and define

Lp, Lp, 0
P 7T S A O (4)
1— Lpy 1 — Lpy 1— Lpy
In addition, assume at initialization that
4 N
Ao > 3 max {Cu (CaHXHF + Cm)vcu”X||F7 CaHXHF + Cm}HY(O) - Y||a (5)
32 _ 42+ V2)L 2 R
N2> 113 culcall Xl + em)” + cul XI5 | 17(0) = yll2, (6)
(1 - Lpw)
o = 8| @l Xl +en)” + X 7

where \g is the least eigenvalue of G(0) = T(0)TT(0). Then, if the learning rate satisfies

(2 2[ci (cal X[ + em)? + 2 | X 7]
n<mn| -, 2 2 2 2 |
Ao’ cglcalX[p 4 em)? + X% + (cal X[ p + em)

for every T > 0, the following hold:
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o ||W(7)|l2 <1/L, i.e., the equilibrium points always exists,
o« A\ > %)\0, and

IVe@(O(7))II3 = Ao@(0(7)). (8)

e The loss converges to a global minimum as

2(0(r) < (12 ) ®(00). )

The main challenge now is to find some initializations such that Ao satisfies all the conditions in Theorem
To lower bound A\g, we need to design a population Gram matrix K and compare Ay with the least eigenvalue
of K [Ling et al| (2022)). However, since the new activation function, ¢, is non-linear in general, bounding
Ao is more challenging than the ReLU network in Ling et al.| (2022)). The non-homegeneity of activation
functions causes the techniques to design K in (Ling et al.| [2022, Definition 1) can not be applied. For
example, (Ling et al., 2022 Eq. 11) only holds for ReLU.

In Section [4] we propose a new method to create the population Gram matrix K for DEQs with general
Lipschitz activation function. By using our new form of dual activation and Hermite polynomial expansion,
we can prove that K is symmetric positive definite. In addition, we show that with probability at least 1 —¢,
Ao > 2\, provided that m = Q(’;—; log 2) where A, is the least eigenvalue of K (cf. Section . This fact
indicates that all the conditions of Theorem |3| at least hold for over-parametrized DEQs (or m sufficiently
large) with ¢(0) = 0. Hence, by @ in Theorem (3| the gradient descent algorithm converges to a global
optimum at a linear rate for the over-parametrized DEQs if the number of repetitions in sufficiently

large. This interesting fact is reaffirmed by our numerical experiments on real datasets such as MNIST and
CFARI10 in Section

4 A novel design of the population Gram matrix K

The key approach in lower bounding Ag is to design a population Gram matrix K in such a way that we can
lower bound A\g by the least eigenvalue of K and that K is symmetric positive definite. This novel population
Gram matrix is developed through our introduction of a new form of dual activation.

First, we define a new class of dual activation functions Qa, 51 [—1,1] — R for all pairs (o, ) € Ri.

Definition 4. Recall the definition of q in . For each pair (o, ), define

1

Qop(x) = ——E
OZ/Bq (a,b)TNN<O, |:i X

[p(aa)p(BD)], Vo < 1. (10)
i)

If p(z) = max{z,0} (ReLU), then Q, s(z) = Q(z) for all (o, B) € R%, where

Qz) == E(a b)TNN(O [1 ID [p(a)p(b)]
' e 1

is the dual activation defined in (Daniely et all 2016, Sec. 3.2).
Now, we provide a novel design of the population Gram matrix K based on this new dual activation function.

Definition 5. Given the training input X := [x1,Xa,- - ,Xp] satisfying Assumption 2. Let

Qij(x) := Q\/ (a:), Vo € R. (11)
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We define the population Gram matrices K of each layer recursively as
0
pf_]) = Oa

! -
sz‘) = 2‘1203;/%(4 I)Qz‘i(l) +1,

(12)
(13)
Pz(-é-):\/pﬁﬁ)pﬁ?, i F ] (14)
(15)

K© =, 15
2 1 (1-1) —1,T+ .
o oKy Fdxx (16)
ij
V2K 4+ 1) (02K 4 1)
K\ =2¢2pQi; (1Y) (17)

foralll > 1 and i,j € [n] x [n].

The next result shows that A\g can be lower bounded via the least eigenvalue of the population matrix K.

Theorem 6. If m = Q(;‘—z log %), with probability at least 1 — t, it holds that

Ao > %)\*. (18)

Finally, the following result shows sufficient conditions such that K is strictly positive definite.

Theorem 7. Assume that there exists a polynomial expansion of Qa’a satisfying:
Qaal®) =Y 47 o(p)a" (19)
r=0

for all @ > 0 such that sup{r : min,e[22(o2 £241)] u%a(cp) > 0} = oo. Then, K is strictly positive definite
with the least eigenvalue satisfying A, > Aj for some \§ > 0 which does not depend on m.

5 Proof of Theorem [0

To prove Theorem [6] we first state some auxiliary results based on the population Gram matrix K in
Definition b} The proofs of these lemmas and prepositions can be found in Supplement Material.

Lemma 8. Recall the definition of Qa’g in Definition . Then, the following hold for all « > 1,8 > 1 and

r € R:
|Qa,ﬂ($)‘ < Qa,a(l)(éﬂ,,@(l)v (20)
~ 2
(Qa ()] < % Yol < 1. (21)

In addition, Qa,g() 18 %—Lipchz’tz for any fized positive pair (c, 3).

Lemma 9. (Ling et al), 12022, Proof of Lemma 4) Forl > 1, Ggéﬂ) can be reconstructed as GZ(.;H) =
©(Mhy11)"p(Mhy] ) such that

2
ST 1 e 1T
o (i) hy hy, =Gl + g% X,

o (i) M € Rm*@iHd+2) g g rectangle matriz, and the entries of M are i.i.d. from N'(0,2) conditioning
on previous layers.
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Lemma 10. For the given setting, we have

P = o2 KUY 4, (22)
pvl = 2K paixTxy, Vi, (23)

and

Qi (v17) /1VQu MRy /(0D 1) (0 1) +d'xTx, oy

l b

Z(j) \/piﬁ)pi? . (24)
1 =7

In addition, we also have
|1/ | <1 (25)

for alli,j € [n] x [n] and 1 > 0.

Proposition 11. Under the Assumptions 1 and 2 we have |K — KV||p = O(n(SLzoi)l) which implies
that, for | — oo, K — K with entries

Ki; = 2¢°Qi; (Vi) \/Piihy, (26)
where
Qi (v;) 17/ @@y, D/ (ri—D(py, —D+d~'xTx; oy
vij = N : T, (27)
1, 1=
Here,
1
i = (28)

1—2¢%02Qqi(1)

Proposition 12. Under Assumptions 1 and 2 with probability at least 1 — n? exp(—Q(m)), it holds that

7;HG g0 - O<n(2L\/§au,)l>- (29)

Proposition 13. Under Assumptions 1 and 2, with probability at least 1 — nQZexp{ Q8 LA o2 imnL?) +
O(1?)}, it holds that

Lo _ ko
m

= o(n(zL\/iaw)l) (30)

By combining Propositions we can bound )\ via the least eigenvalue of the population matrix K as
follows.

Proof of Theorem[f, From Propositions with probability at least 1 —n2 exp (— Q(m8 L2 +O(12)),
it holds that

<HG GOl + H;Ga)_K(w

+ HK ~-K®

Hm F

= O(n (2L\/§o—w)l> + O(n(2L\/§Uw>l) + O(n(SLgai)l)
= O(n <2L\/§aw>l>, (31)



Under review as submission to TMLR

where follows from o2 < 1/(8L?).
Next, we fix [ to omit the explicit dependence on [. Specifically, let

[ = O(log(2A; 'n)/ log(V2/(4Law)),
then from , we have

Foo2
It is easy to prove by induction that K is symmetric. Therefore, by Weyl’s inequality (Ling et al., 2022,
Lemma 5), it holds that

1 1 1 As
max )\i(G>—)\i(K)‘<HG—K <HG—K < —.
i€[r] m m 9 m F 2
Now, by choosing i := arg min; \;(K), we have
Aip (K) = A (32)
and
1 Ax
—Amin(G) — | < —. 33
- An(G) . (33)
It follows from and that
)\0 = )\min(G) Z %)\*
Consequently, w.p. > 1 — £, we have A\g > A, provided that m = Q(;‘—z log %) O

6 Checking the conditions of Theorem [7|

In this section, we will show how the condition in Theorem [7] holds for some common activation functions.
We first recall the definition of a traditional dual activation function, say ¢, associate with ¢ in (Daniely
et al.l [2016] Sect. 4.2):

~

o=k ( [1 ID (W)
' e 1

Then, by using a similar proof as (Daniely et al., 2016, Lemma 11), it can be shown that the new activation
function (see Definition |4 satisfies

A 1 2 2
aall) = E ot 34
Qa,a(z) a2 nzla o (34)
if p(z) =307 anhy(x) (Hermite polynomial expansion) or ¢(z) = > oo a2z".

In the following, we apply and show how the condition in Theorem |7|is fulfilled.
Example 14. Consider the sine activation, p(x) = sin(azx). By (Dantely et all 2016, Sect. 8), we have

o(x) = e’ sinh(a’z).

By Taylor’s expansion of sinh function, i.e.,

, = 1 :
Slnh(x) = Z mx27+1.
r=0
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Hence, from we have

1 R o a4r+2a4r+2

2 _ —a 2r+1
Qoal@) = q20426 7;0 (2r 4+ 1)! v ’

which leads to

2 2r 2r
Loemo e r mod?2=1

1.0 (9) = { e "

0 otherwise

This means that the condition in Theorem[7 is satisfied.

Example 15. Consider the tanh activation function, p(x) = 2;;2:: By Eq. 8.23.4), o(x)

can be uniquely described in the basis of Hermite polynomials,

o) = Zanhn(x)
n=1
where
@) 1 I(2+1 ™/2n
a exp | —
T A T+ 1) 2
Hence, from , we obtain
1 oo
Qoz,oc( ) = q2a2 Zaia2nxn7
n=1
so we have
1
2 _ 2 2n
Mr,a(‘p) - qgag n
This means that the condition in Theorem|[7 is satisfied.
Example 16. Consider the sigmoid activation function p(x) = 7" It is known that

_ 1+ tanh(z/2)

plr) = RIS,

Hence, by using similar arguments as Example we can prove that the condition in Theorem [7 is also
satisfied.

7 Weight Initialisation Algorithm

Before proposing an algorithm to initialise weights, we introduce some initial results.

Lemma 17. (Vershynin|, 2018, Theorem 4.4.5) For a random matriz A € R™ ™ with A;; ~ N(0,1), it
holds that

|All2 < C(Vm+Vn+t) (35)

with probability 1 — 26’t2, where C' is some constant.

Lemma 18. For any fized t € Ry, it holds that

19(0) =yl = O(v/n) (36)

with probability at least 1 —t.



Under review as submission to TMLR

A weight initialisation algorithm (WIALG) is as follows.
o Initialise: m = 1000, 02 = 96%.
o Step 1:

2
— Generate a matrix W € R™*™ where W,; ~ N (0, 2%“)
— Generate a matrix U € R™*? where U, ~ /\/(07 %)
— Generate a vector a € R where a; ~ N(O, %)

e Step 2:

— Find a fixed-point T of the equation T = p(WT+UX) by using Anderson acceleration method

[Walker & Nil (2011).

— Estimate ZSul by using the Monte-Carlo method. Note that by our Assumption 2, E[G;] does

m
m

not depend on ¢, so we only need to estimate
— Set (0) = a'T.
e Step 3:

— Recursively construct a sequence K by using (I2)-(I7) until |[K() — K=Y | p < & for some
small value € > 0.
— Estimate the least eigenvalue A, of K®).

o Step 4: Check the following conditions:

m 4 -
o = g {au el Xl + en)cul Xl ca Xl + 00 150 -51 (30
3/2

m 4(2+\/§)L 2 2 ~

2 D Sl e _

() 2 2 el + en)” + cul X1 1560 - ¥l (39)
m 2 2, 2 2
3 2 5[ aul Xl + ) + EIXIE] (39)

where ¢y, Cq, Cm, pw are defined in Theorem El

e Step 5: If all the conditions f hold, we STOP the initialisation. Otherwise, we increase
m =m + 10 and REPEAT Step 1.

Theorem 19. For DEQs with 0(0) =0, WIALG will STOP with probability 1 —t at m = Q(% log %)
Proof. By using Theorem |§| and Theorem EI, it holds that A, > A§ > 0 where Aj is a function of n only,

which does not depend on m. On the other hand, by Lemmas it holds with probability 1 — exp(—Q(m))
that

which implies that
¢, = O(1), cw = 0(1), em = 0.
Now, by Theorem [6] and Theorem [7} it holds with probability 1 — ¢ that
2 2 2
0< A < =X < —tr(G) = =tr(T(0)TT(0)) < 2nL?, 40
< 2 < 2@ = Zir(m0) () < 20 (40)

where follows from the fact that T(0) = ¢(WT(0) + UX), so all elements of T(0) is bounded by L.
In addition, by Assumption 2 we have

X[ = Vnd. (41)
Hence, by combining with Lemma ie., [|9(0) —y| = O(v/n), the inequalities (37)-(B9) hold with proba-
bility at least 1 — ¢ if m = Q(% log ). 0
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Finally, by combining with Theorem |6} it hold that if m = Q(% log %) and n sufficiently large, with
0
probability at least 1 — ¢, all the conditions — in Theorem [3| hold.

8 Numerical Results

In this section, we implement some experiments to verify Theorem We evaluate the DEQ model on
MNIST and CIFAR-10 datasets. For each dataset, the training dataset is generated by randomly sampling
500 images from the first and second classes. We use Gaussian initialization as Assumption 1 and normalize
each data point as Assumption 2.

In the first experiment, we variate m and plot the training dynamic for MNIST and CIFAR-10 when ¢ is
the sigmoid function (L = 1). It can be seen from Fig. [I| that as m big enough and 7 sufficient large, the
curves become straight lines. This fact re-affirms that (9) holds.

130 110
-»- m=3000 -»- m=3000
125 4 —8— m=4000 105 4 —o— m=4000
—4- m=5000 —€- m=5000

100

95 4

= z b T
s & 901 T t-‘—:::'—‘i—'-_—:-_:-_---
g g o @ . ]
851
80 1
754
90 T T T T T T T 70 T T T T T T T
0 250 500 750 1000 1250 1500 1750 2000 0 25 500 750 1000 1250 1500 1750 2000
T T
(a) MNIST (b) CIFAR-10

Figure 1: Training dynamics at different values of m.

In the second experiment, we variate the activation function and plot the training dynamic for MNIST and
CIFAR-10 at m = 3000. It can be seen from Fig. [2| that as m big enough and 7 sufficient large, the tanh
network converges faster than the sigmoid or ReLLU one for both datasets.

—
1%
t=}

110
-»- RelU =»- RelU
—e— Sigmoid —o— Sigmoid
—<- Tanh 105 —<- Tanh

-

>

o
L

-

w

=1
L

100

log(®(1))
-
o
o

log(®(1))

-
o
15}

-

o

I
L

85+

©
o
!

©
S

T T T T T T T 80 T T T T T T T
0 250 500 750 1000 1250 1500 1750 2000 0 250 500 750 1000 1250 1500 1750 2000
T T

(a) MNIST (b) CIFAR-10

Figure 2: Training dynamics for different activation functions.
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9 Conclusion

In this paper, we proved that the gradient descent converges to a globally optimal solution at a linear
convergence rate for the quadratic loss function for the over-parametrized DEQ with L-bounded activation
functions. This fascinating fact is also re-affirmed by our numerical experiments on MNIST and CFAR-
10 datasets. To overcome new technical challenges caused by the non-linearity of activation functions, a
novel population Gram matrix is introduced and a new form of dual activation with Hermite polynomial
expansion is developed. An interesting future research direction is to study whether the linear convergence
rate property still holds for other classes of activation functions.

11
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A Appendix

B Proof of Lemma [

Observe that

1

|Qas(z)] < WE(a,b)TNN(O, [313 ﬂ) |lp(ca) (D)

1
= aBE” (u)ep(v)
BE o uyrn <0’ Lojﬁ xﬁafb e
1 1 1
< aﬂ\/qg]EaM/\f(O,oﬂ)[‘PQ(a)]\/qubNN(O’ﬁz)[gﬁ(b)] (42)
=/ Qa.a(1)Qp,5(1), (43)

where follows from Cauchy—Schwarz inequality.

In addition, by the L-bounded property of ¢, we also have
lp(ez) — ¢(0)] < Liaz|. (44)
Hence, for any a > 1, it holds that

lp(az)| < [p(0)] + Lla|2]
< L(1+ |all2])

< Lla|v2(1 + 22). (45)
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From , we obtain

o0 1 22
Bl @) = [ —=geem (- 2 )as
0 1 2
= /_OO ng(az)exp (— Z)dz

%] 1 2
< 2L2a2[ E(l + z2) exp ( — Z2>dz
=4L%> (46)

Similarly, we also have
2 252
Epn(0,62)[07(0)] < 4L°B°. (47)

From (42)), and ([47)), we obtain |Qa.p(x)] <4L?/¢* for all @ > 1, > 1, and = € R.
Now, for a fixed pair (« > 1,8 > 1), define z := (u,v), ¢(2) := p(u)p(v), and

o?  zaf
Then, by (Daniely et al) 2016, Lemma 12) we have
a@a,ﬁ 1 a¢2 (Z)
821, = _QQQQBE(U,U)NN(O,ET,) |: 622 (u,v) . (49)
On the other hand, we note that
2 0% p(u) Op(u) dso(v)
822(2) (U, U) = lag?u) Btp((v)) 28u v ] . (50)
o ou ov 81}2 QO( )

Hence, from and we have

0Qa.s 0%p(u) dp(u) dp(v)
( ) H = 2¢2 aﬁ max {E(U,U)NN(O’ZU [ Ou o(v) aE(u,v)NN(O,Zz) ou o0 )
0%p(v
Bouvios. || o betw| |} G1)
Hence, by the assumption that ||¢]le < L, ||¢”|lcc < L, from we obtain
8Qo¢ B
. 2
( )H 2q af’ (52)

It follows that

’Qa,ﬁ Qa,ﬁ ’ =

/ an,,B dt’

8Qa75 0%
[ (( ) )
v 8Qa7ﬂ 0%
(%) )
vec(aQa’B> (8it)‘dt
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aQa,B 82t
(| )L
Xy
(@)L

afly — x|

Y
<4/

2qaﬂ

212
—ly—=|. (53)

C Proof of Lemma [10I
From in Definition |5 we have

(l) 0’121)K2(- 2 +d ! X X;
Vi aiKEi Y
=1 (54)

From and in Definition [5| and , we have
P = oKL L. (55)

In addition, from and in Definition [5[ and , we also have

pv = 2K v axTx;, Vi, (56)
Replacing in Definition |5[ and to in Definition |5 we obtain for i # j,
B |02K(l 1)+d 1XT |
@K 1) (K )
_ |2a?odely P Qu (v Y) + a7 x|

ey ”)/\/W\/ (2020205 Qii(1)) 202020,V Q55(1)) + d'xTx;

) (1
i)

|Qw( o 1))/VQ“ (1)Q;;(1 \/Pu PN 1)+d71Xiij|

l
i)

Vo =1l — 1) + |d-xT x|

< 57
o /p(l)p(l) ( )
i Fjj
(o 1)) —1) +1

S\/ L (58)
/p(l)p(l)
i g

<1, (59)

where follows from Lemma 8} and follows from d~!|xTx;| < d=Y|x;|2]|x; ]2 = 1.
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D Proof of Proposition [11]

For all 4,5 € [n] x

KO g
(141 l 1
= 2¢° |pz * )Qw( * ))

< 22 ‘%H)Qw( l+1))

where follows from the triangle inequality.

[n], observe that

P Qi ()]

l+1)Q1](

)|+ 202 0 Qi; ()

l l
- pz('j)Qij(Vi(j

Now, we bound each term in . First, from Assumption 1 and Lemma |8 we have

Therefore, from we have

It follows that

Hence, for ¢ # j, we have

Now, we have

(I+1 I11) (111 H )
|pz+) p”)| ‘\/p(+ pjf) \/pgl)pEJ

[ (+1) [ W
Pij Pij

|

l 1
<y/pitY

l
p()

2¢°0%Qii(1) < 8L%c? < 1.

W _1- (2¢%02Qi;(1)) !

Vi.

i

1 — QQQUanl(l) ’

pg—’_l)‘ < O 2(] 0'2 Qu( )) )

Vp]J

(+1)

p’LZ

< 0((24°02,Qii(1)") + O((24°02,Q5; (1)),

where follows from and .
From and , we obtain

!
’pgy) ~ Pij

|p(z+1 Qm( D) )—

IN

I /\

IN

= PG

(1+1) ~
- pz Q 1/7;4
! \/2(’fu;E[GM]+1),\/2(:§UE[GJ-J~]+1)( ’

212

q2

2172
20

2L?

q2

2L
¢

(1+1)

| <O((8L%7)"),  Vi.j.

PV Qi ()]

(1+1)
j

(1+1)
(1+1)
j

oL K - K

Ve(de

[Gu]Jrl) ;\/2 (%E[GnHl)

(v

(141)
ij )

0

(I+1)
ij

S+

ij

(+1)
ij

—px“wfm
P+ 2 ¥ }
Z (l)‘ + }p

(l+1 “

(l+1)‘

|+ %O((SL%—EU)Z),
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where follows from Lemma I, . ) follows from Lemma u . ) follows from (| in Lemma and
69).

In addition, by using the fact that |Qa.s(z)| < 5 * for all a >1,4>1in Lemma we have

412
p50Qu () — ) Qu] < 1T — )|

_ AL (8122, (69)

where follows from .
From , , and we have
|K(z_+1) . K(z_)’
= 20|65 Qi (v5*V) — 0l Qus (V)]
< 2¢? ’P(Z—H)ng( (l+1)) (HI)QU (l) |+2q |P(Z+I)Qq( (l)) P”)sz( (l))|
< 2¢? K" KV + q;O((SL%i)l) 1 9¢% x q—zo((SL%—i)l). (70)

0]
By using induction, from we have
K - K| =0((4r%07)). (71)

Since 02, < 1/(8L?%), {K(l)}l 1 can be easily shown to be a Cauchy sequence. From the completeness of R,
it holds that

K Ky (72)
uniformly in ¢,j € [n] X [n] as | — oo for some matrix K. By using the triangle inequality, we have
K KD > K - K| - KV - K. (73)
From and , we obtain
K~ Ky| = 0((s2%02)). (74)
From , we obtain
IK® —K||, = 0(n(8L%2)"). (75)
Now, by and we have
KO = 22)00,,(v0) (76)

and K(l — K;;. On the other hand, by (61) we have 2¢%02,Q;;(1) < 1. It follows from that

W _, 1
B 77
P 7 1= 2¢%02Qii(1) (77)

as | — oo. Hence, it holds that I/i(]l) — v;; uniformly in ¢, j € [n] X [n].

Hence, by Lemma [I0] we have

Qz‘j(Vz'j)/\/@ii(l)ij(1)\/(pu—l)(pjj—l)-kd*lexj oy
vij = VPP ’ 7,
1, 1=7

17



Under review as submission to TMLR

where
PSSR S (79)
P T T 2202.Qu (1)
E Proof of Proposition [12]
Assume that T = [v{ v ... v(D] where v{" € R™ for all i € [n]. By (1), we have
v = o(Wyv'™V 1 Ux,),  Vie[n] (80)
Hence, with probability at least 1 — exp ( — 2(m)), we have
i = v, = o (Wvi? + Uxi) = o(Wvi ™ + Uxi)
< LW (" =), (81)
< LW, v = vV,
< 20V20, ||vi" — v (82)

where (81) is a consequence of the assumption that ¢ is L-bounded, and follows from (Taol 2012,
Sect. (2.3)) .

Therefore, for all [ > 2, it holds that
vt =iV, < (2Lv20) v = v,

= (2Lv20,) [V,

< (2LV30,) Vi, (83)
where follows from the fact that

IviVll, = [le(Uxi) |, < VimL

by the L-boundedness of .
Then, for all r > s, with probability at least 1 — exp(—£2(m)), we have

i =i < 0 I =,
l=s+1

<vmL Z (2Lv20,)’

l=s+1

s 1
— Ow

as s — 0o since 2Lv/20,, < 1. Tt follows that {vE”}j’il is a Cauchy sequence. Since R is complete, hence we
have

lvi? = vil =0 (8)
for some vector v;.
Therefore, we have
Vi =il = v = vl < [[vi? = v
< VmL(2LV20,),, VI >2. (86)
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From (86)), with probability at least 1 — exp(—£(m)) we have

WO vl <Vl 3 (20v3e)"

k=l+1
2L\/§O’ )H—l
_ mplEV2ou) T 87
M VAo, (&7)
Consequently, we have
Gy - 0] = [vTv, - (v) (4]
< Vivy =T )+ V) = )T )
< fwillllvs =51+ vl flve = v
41
2L/ 20,
< HWH’WL%
1 —2LV20,
I+1
0 (2EV200)
V5 llvmL =5
(2Lv20,)
<2mlL-—F— 88
= ambeT 2LV 20, (88)
where follows from the fact that ||v;|| < v/mL and val) | < v/mL by the L-boundedness of ¢.
From we obtain
41
1 0 (2Lv204)
ZGy — GW| <o iV ITw) 89
m ’ J %] ‘ 1 2L\/§Uw ( )
Finally, we obtain from .
F Proof of Proposition [13]
Define
A 1
G .= E[mc;g;) hl,hg]. (90)
Then, by Lemma [9] we have
GZ) =E {;@(Mhl)T@(th) hy, hi}
= Ew~n(0,21) [‘P(WThl)SD(WThE)] . (91)
Let
A =nih A= hfE A= i3, (92)
and define
AW
0 By (93)

kS AOA0)
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Then, we have
o _
= E(u v) /\/<02[||hz||2 hzThiD Lp(u)e(v)]
’ T/ by by
=E 7k [p(V2hu[[u)p (V2] jv)]

1 P el S
b [[Thy ]|
(u,v)~N| 0, T l
h, h;

T 1
(1 || Thy ]

N ~(1
= 27 [0l 10711Q 3 . 2y (757

0 N0
2¢°\J A AS) Q gy vaymy (717)- (94)

Now, we consider two cases:
e Case 1: i =7.

By Lemma 0] we have

G = o(Mhyp) o (Mhy), (95)
where

2 _ T g
[hyp|” =Gy + 1. (96)
m

Now, for a fixed h;y1, by Beinstein’s inequality and (95]), it holds with probability 1 — exp(—$(me?)) that

(x3

Rl G| <e/2. (97)
m

On the other hand, since ¢ is L-bounded, it holds from that G\Y € [0,mL?] for all > 1. Hence, from
we have

1<|hq]? <o2L%+1. (98)
This means that the e-net size for h;y; is at most exp {O(l log %)} Therefore, with probability at least
1 —n2exp (— Q(me?) + O(llog 1)) we have

(X3

1 N
—GH) _ G < 22, (99)
m

Now, observe that

GEEH) = Ew~no,21) [¢° (W hyy1)]
= Euon(0,21husa2) 07 ()]
= Eyn(o.1) ¢ (V2] it || 2w)]
=2¢° ||hl+1||2Q\/§|\hl+1\|,\/§\|hl+1\|(1)' (100)
On the other hand, we also have
K =262 Qu(1)
=2¢%(02 K + 1) Qui(1), (101)

where (101)) follows from and Lemma and (101) follows from Lemma
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It follows that

’é(_l_ﬂ) . K(_l_+1)

~ )
=2¢° ||hl+1”%Qﬂ“h“rl|\2,\/§|\hl+1|\2( ) = (o0 K( +1)Qui(1 )’

2
o2l (Taq® 1\ o 0
=2 <mG“‘ +1>Q\/§|hz+l|2,ﬁuhl+l|2( ) = (oK +1)Qu(1 >’

2
2| Tw ) A 2 (1) A
=2 (mGii + 1) Q\/ﬁ‘lhl+1”27\/§“hl+l|‘2(1) - (UU’K“ + 1)Q\/5Ihl+1|7\/§|hl+1|(1>‘

2( 21-(1) A
+2¢% (00 K5y +1) ‘Qmmﬂu,mmﬂu(l) - Qii(l)’

O]
< 2q202

%

DA
K ’Q\/i\|hz+1”27\/§”hl+1”2(1)|
2( 230 A
+2q (UwKii + 1) ‘Q\/Elhl+1|27\/§|hl+1|2(1) - Qii(l)’

()
<8122 |G _ KO

2 (D) A
+2¢° (00 K *1)‘Qﬁ|hz+1|,ﬂ|hz+1|(1)Q“‘(l)'v

where (102) follows from Lemma
Now, let

2
g
h 2 = lGii 1.
B3 = 22 Gy +
Then, we have
I3~ Im13] = 226 - @
2 2 m (22 2
- 0((2L\/§aw)l>

where ((104)) follows from and (103)), and ([L05)) follows from (89).
Since ||h||, | 11| € [1,02 L? + 1], from (105) we obtain

1
el = | = O (22120, ).
On the other hand, by it holds with probability at least 1 — exp(—£(m) — Q(me?)) that
1
'Gg-‘rl)Gii‘ —O( 2Lf )l+1>
m

Hence, from and (107) with probability at least 1 — exp(—Q(m) — Q(me?)), we have

<s+ 0((2L\/§aw)l“>

_—“ _E

G" G(l+1)
T

hl+1]

for any fixed h;41. Now, observe that

c+D Mh, ) |°
E[;% hz+1] — E[M hz+1}

m

21

(102)

(103)

(104)

(105)

(106)

(107)

(108)
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is a fixed function of h; ;. Hence, there exists, fll+1 such that

hl+1 = arg max
h;1q

Gi; G(l+1)
Gii E{

hiia |

Then, with probability at least 1 — exp(—Q(m) — Q(me?)) it holds that

3 (1+1) (I+1)
B R
m

m m m

|

hl+1:|

IN

G, G(z+1)
_ E{
m

hlﬂ}
((2L\f )l“)

Hence, by taking [ — oo, with probability 1 — exp(—Q(m) — Q(me?)), it holds that

| /\

[ —E[In))] <
|| - Efn]]| < e

where (112)) follows from ([111]) and the fact that |h||? € [1,02 L? + 1] for any h.

From (105)), (106)), (111]), and (112)), with probability at least 1 — exp(—Q(m) — Q(me?

s P~ BB = &+ O (22320, ).
s~ BB =< + 0 (2vEz.)' )

Now, for any a € R note that

\ﬂ(@hlﬂw ENIND

_ ‘Spmnhma) ~ p(v2||ha)

On the other hand, we have

< LV2Jal| |y ]| - |

‘@(\/5||hl+1||a) ~ o(Va|hlla)

\w(ﬁnhmna) T o(V3h]a)| < 2L,

where we use the assumption that ¢ is L-bounded on ([117]).

From (115), (116]), and (117, we obtain

©*(V2|his1lla) — *(V2l[hlla)| < 2L2V2lal| s ]| — Bl

= 21.%V/2|al [5 + O((QL\/iaw)lﬂ ;

where ) follows from and (| -

22

)) it holds that

o(V2|his1fla) + o(V2||h]a)|.

(109)

(110)

(113)

(114)

(115)

(116)

(117)

(118)
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From (|118)), we obtain

a0 | (V0] ~ Eaesvosy [V

< 22VEE ol + O (20vE) )]

=2L°V/20 (a + (2L\/§aw)l) .

Similarly, by the assumption that ¢ is L-bounded, we also have

Eunom [ 2(v/2|[hla)

It follows that

'Qﬁ|hz+1|,ﬁlhz+1u 1) - Q“‘(l)’

- 1

|2¢2 |y |2
|

’ 2¢?([ g4

‘ 1

Eoono,1)

IN

Eoono,1)

+ |55z Fa~ *(V2E[|n a} —
2q2||hl+1||2 a N(O,l) |:SO ( [” H] )

1

<— B,
= 2¢2|[hy41 |2 N(0,1)
1 1 1
[hya ||? E[thlz]

(V)| -
(V)| -

(Vo)
Eaono D[ 2(v/2E{||hJa)

}gLQ.

1
2¢?E[[|h[?]
1
2P [ N |

1
g B | #2(VEE[ o)

Eo-ron) [so (VIE[|[1[a)

|
|
|

[ 2(\/2E]|h/[Ja)

- Eason [ (VEE o)

|

By combining (105 -, and ( , from , we obtain
~ 2 l
’thmn,mhm(l) - Qw‘(l)’ =2L O<€ + (2Lv20u) )

since By | E[J[B]] € [1, 0322 + 1]

On the other hand, by and the assumption 2Lv/20,, < 1, we have

KO K| = o<<2mow>l“>.

From (122)), (123), by setting

-0 ((2Lﬂaw)l“)
from (102]), we obtain
A (1) (1+1) G(l) 0 I+1
G, —-K;; | <8L%, - K}/ | +2L°0 ((2Lf w) )

It follows from and ([125) that with probability at least 1 — exp { — Q(8'L?cZm) + O(1%)},

‘ (z+1 (l+1)

< 8L%2

< ’1GE§+1) . GSH)
m

23

L Ao 0)
EGm‘ - K

G(Z_H) _ K(_l_+1)

+

+2L20 ((2L\f )l“>

(119)

(120)

(121)

(122)

(123)

(124)

(125)
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which implies that with probability at least 1 — lexp { — Q(8'L?¢2'm) 4+ O(I?)}, we have

((zfo )l“)

1
el K| -
m

o Case 2: i #£j
For this case, let
2
Ih)?: =22 Gy + 1,
m
7112 0—12u
B" = > Gy + 1.
By (89), with probability at least 1 — exp(—£(m)), we have
1
—|G; - G| = 0((2L\/§o—w)1).
m
In addition, we also have
2 Tu e
[ |* = —G; +1>1,
m
2
O'w 1
iy |* = EG;J') +1>1
Hence, we have

]| — )] = 0(|||hl+1|2 - h||2|)

o2
2|6 - G

(23

= 0((2L\/§aw)l>.

Then, it holds that

)

A(l+1) (I+1)
i

l 1 ! 1 ~(1 1+1 l 1
= 2¢° A£z+ Agf +1H( plitl )) (+ )Qz ( I+ ))‘
o| [A0ID AGID 5 Sy 1) (D)
<207\ ALTTA, @) =0k Qg a1 (Vi )‘

(I+1) (+1)
+ 24° ,0z ‘Q\f|h,+1| \fl\hl“\l( ) — QL]( )‘

Now, for all |z|] < 1, we have

’Qﬂhzm Vil (&) = Qij(@

+‘Qf (b)), v2)hy, ) (2) — Qi ()]

24

’thzm Va1 @) = Quasgng, vaim, i (%)

(126)

(127)

(128)

(129)

(130)

(131)

(132)

(133)

(134)
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On the other hand, we have

‘Qmuhn,ﬁmzﬂu () = Qi;(2)

‘2q2E[IIhIII]||h £ ([:16 ﬂ)W(\/i]E[Ilhll]aﬁp(\/ﬁllhEHIIb)

+1|| (a,b)T ~N

1 !/
" PRI o ﬂ)@(m“'h'”“mm[”h )

1 !/
: ‘2q2E[||h||]||th||Em,b)TNN(o,[1 ﬂ)w(m[”h'”a)*@(ﬁ”hl“”b)

2q21E[||h1||H|h B <{1 ﬂ>@(ﬁE[IIhll]a)w(\@E[llh/le)‘

+1H (a,b)T~N| 0,

+’2q2]E[||h1|| Hh;HH ()T H 1Dsﬁ(\@E[llhl]a)som@ﬂz[nh'||]b>
- SPETHE <ab>w“ 1])@(m“'h'”“)“”(m[”h/'”b)‘
< SRR, o G ) (VIELlJa)o (V2B 1)
- <\/§E[||hnaw(ﬂmnh/mb)\
+ s T - e am) (VB[ o) (VI )|

In addition, by the assumption that ¢ is L-bounded we have

lp(V2E[|h[l]a)| < L
o (V2E[|W'[[]o)] < L.

It follows that
'w(\@EHIhII]a)@(ﬁIIhEHIIb) - so(ﬂEmhmww(ﬁE[nh'mb)'
_ \w(xfmmhna)

(V2 1) w(ﬂﬁ[nh'mb)\
Lo (V2] ) sowiﬂﬂ[h'ub)\

< L*V2[p|[|1hi4. || - E[I]]].

On the other hand, by (112)), with probability at least 1 — exp(—Q(m) — Q(me?)), it holds that

||| - Efn]]| < e
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From and -, we have

bz [ = B[R] < bl = 07| + [I0]] = Efn])]]
<e+ O((QL\@UM) )

Now, by setting
= O((Q\/iaw)l)»

from , we obtain

01 - B = 0 (22v35)').
Similarly, we also have

sl = Bl = 0 (22v25,)').
From , , and , we obtain
(z) — Qij(z)

+1H

1
’Qﬂﬂnhu V2| = 0((2L\/§ow) ) Vo |z < 1.

Similarly, we can prove that

~ ~ !
‘Qﬁ|hl+1|,\/§|h;+l|(m) ~ Quzm[n|,vang, ()| = O((QL‘&%) ) Va |z < 1.

From (134)), (145]), and (146)), we obtain

‘anhlm Va1 (@) = Qi(w)| < O((ZL\/iﬂw)l) Va |z < 1.

Next, we aim to upper bound

(1) & (1+1) S+ (1+1)
20° ATV AT Q s vaimg, 15 = 2 Quapne a1 gD

Observe that with probability at least 1 — n? exp(—Q(m)), it holds for all I sufficiently large that

~ Eﬁ-&-l)ijﬂ ( (1 +1))

(1)
NI NI P Qs lvaing, 1 )]

A (141) & (141) (I+1 o)
< ‘( Al AT = i )Qﬂh,m Va0 (Pi )

(1+1) (l+ (I+1)
+ P4 (Qﬂhzm Va1 (Pig ) — anhmu Valing, 11 (Vi >)‘

[AUHD) R (1) _ (1+1)
(VA AT Ty

4L2’ AUFD A+ (1)
i 7

(1+1) 2L
i q2

) (1+1)
z] Vzg

+ 1|

(1)) (1) (1) @
D i 2] ’

where (148) follows from Lemma
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(141)

(142)

(143)

(144)

(145)

(146)

(147)

(148)
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On the other hand, we have

’ [AG+D A0HD _ (z+1
it 3J

o A (I+1) 2 (14+1) (I+1)
= ‘ A A

pUHD) (1)

i+
+r ij Vij

(2041 2 (41, (1+1) (1) A (D) | ~(141) (1+1) LU+

A (I4+1) & (141) (14+1)
2‘ A Ajj — Pij ij

where ([150) follows from |ﬁl(jl)| <1.

On the other hand, since p(l+1) pxﬂ)pgljﬂ) we also have

A(-Hl)A(-H_l) _ (4l{+1)

AU A (T A0+ (+1) (1+1)
+‘ AT AGTTDT T =y

O-'IU 0—121)
‘\/ Tugh 4 1 <mG§f} + 1) ~ V(2K +1) (02K + 1)

= O((2L\/§ow)l>,

where ([151)) follows from and the fact that Si E [0, L.

Moreover, note that

AEEJFI)A(HFI) (jl+1) AE;_Jrl)

_ 1T /
h lhl+1

1
= wG(l)—i—de

and

(I4+1) (l+1) (l+1) [ (+1) (I1+1)
Pij  "Vij Vij Pii Pjj

v (o 2K@ +1) (02K +1)

o2 K(l) + dX

Thus, it holds that

/ +1 +1 +1 +1 +1
‘ A£1 )A( i 1,(] ) pg] )l/z(j )

Thus, with probability at least 1 — lexp ( — Q(me?) 4+ O(llog1/¢)), it holds that

1
o2 O _g®

(A;Z(';'+1) _ K£é+1) < 8[/20'721]

?

L~ 0)
— Gy ~ K]

On the other hand, by Lemma [0} we have

l
G = o(Mhyy1)Tp(Mhy, ).

27

+ O<(2L\/§aw)l“).

(150)

(151)
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Hence, for a fixed vector pair hy; 1, hj_ , by Beinstein’s inequality, with probability at least 1 —exp(—Q(me?))
it holds that

(1+1) _ A+
G - G| < (157)

‘ m

Then, by using e-net arguments as in Case 1, with probability at least 1 — lexp (— Q(me?) + O(llog1/g)),
we have

‘mG(H-l) G| < (158)
Consequently, we have
LR e P GRS
< 20<(2L\f2crw)l“> +8L%72 %Ggg) - K (159)

where ([159) follows from (155 and (158 and the choice of ¢ in (142)).

By applying the induction argument, one can show that for [ > 1, it holds with probability at least 1 —
lexp (— Q(me?) + O(llog 1/¢)), we have

O((2L\/§aw)l+l>
gl — k| < .

’m o 1—8L2%02

(160)

By the choice of ¢ in (142)), it holds that with probability at least 1 — lexp { — Q(8'L*c%m) + O(1?)}, we
have

Lo _g0] _ z
‘meij ~-K{/| =0( (2LV20,)" ). (161)
Finally, from (126) and (162)) with probability at least 1 — n?lexp { — Q(8'L*o2!m) + O(1?)}, it holds that
H GO _KW|| = O(n(zL\/iow)l) (162)
m F

G Proof of Theorem [7|

Since Ux; is a Gaussian vector with zero-mean and variance depending on |x;||>. On the other hand, by
the Assumption 2, ||x;|| = v/d. Hence, from t; = p(Wt; + Ux;), it is easy to see that E[G ;] = E[||t;]|?] does
not depend on ¢ € [n]. This means that E[G;;] = E[G;;] for all ¢,j € [n] x [n]. On the other hand, we have
E[|It:||%] = E[||¢(Wt; + Ux;)||3] € [0,mL?] by the L-boundedness of the function . Hence, we have

0< < L Vi € [m]. (163)
m

It follows that Q;;(x) has the form Q, () for some a € [2,2(02 L? + 1)].

Thanks to this fact, from Proposition [11] and the assumption on this theorem, for all (i,j) € [n] x [n], it
holds that

Kij = QQZQM(%)\/W
= 26] vV PiiPjj ZMTO‘ zj)

r=0
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where
Vis Ql] (VU)/\/Q“ QJJ )\/(pn - 1)(pJJ - 1) + dileTXj ) (164)
’ VPiPij
Here,
1
pii = (165)

1—2¢%02Qi(1)

Now, by Lemma [0} we have |v;;| <1 for all (4, j) € [n] x [n]. Let H = [hy, hy, -+ h,] where hy, hy, -+ h,
be unit vectors such that v;; = hi'h; for all (i,7) € [n] x [n]. It is easy to check that [(H"H)®"];; = (b hy)"
holds for all (4, j) € [n] x [n]. Let K be a n X n matrix such that

Kij = Kij/\/piipjja VZ,] S [’I’L] X [’I’L} (166)
Then, K can be written as
= 242 Z 12 (o) (HTH) O (167)
Now, for any unit vector u = [uy,uz, - ,u,|? € R™, it holds that

(HTH (GT) Z:uzu7 h h;)

—Zu +Zu1 Uj Z]

i#]

=1+ Z UV (168)

i#]

Next, we show that |v;;] < 1if ¢ # j. Indeed, assume that there exists ¢ # j such that |v;;| > 1. Then, from
(30) in Lemma we have

Qz] (Vz])/\/Qu Q]] )\/(pu - 1)(pjj - )+ d-! X X;
V(pii = ) (pj; — 1) + |d~ x|

< D (169
<1, (171)

where (169) follows from Lemma |8 and (170)) follows by the fact that since x; }f x;, from Cauchy-Schwarz

inequality and Assumption 2, we have x!x; < |[x;||2]|x;|| = d. This is a contradiction. Hence, we have

|8] < 1 where

B 1= max |v;;]|. (172)
i#]
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_ log(2n)

Tog B we have

Now, by taking r >

I
E uinVij

i#]

<> Juillugl 8

i#]
2
< (Swm) ox

<np"

1
<3 (173)

From (168) and (|173]), we obtain

T (yyTrr) (O7) 1
H'H > -, Vu,
u’ ( ) u 5 u
SO (HTH)(QT) is positive definite. Following Theoremﬂ it holds that minyef2 2052 1241)] ,u%a(go) > 0 for
infinitely many values of 7. Hence, K is positive definite for all initialisations since 0 < % < L2

Now, let I' = {,/piip;; }i,; be an n x n matrix where the (4, j) element is ,/p;;p;;. Then, we have

K=KoT. (174)
Now, for any vector u = [uy, ug, - -+ ,u,]T, we have
uTI‘u = Zuiuj,/piipjj
,J
2
- (Suvin)
i
> 0. (175)

Hence, T is positive semi-definite. Now, by applying (Ling et al.| [2022, Lemma 6), we have

)\min(K) Z ( min pu) Amin(K)
Z )\min(K)

> min Amin (K) == \) > 0,
BSuil clo,22] Wi

so K is positive definite with the smallest eigenvalue A, > Aj > 0, where \j is some constant which does not
depend on m.

H Proof of Theorem [3

The following proof follows the same steps as (Ling et al. [2022, Proof of Theorem 1). There are some
changes caused by the new activation function. First, we recall the two important auxiliary lemmas:
Lemma 20. (Horn & Johnson,|1985], Sect. 5.8) Let A = B— A where A and B are square complex matrices.
Then, it holds that

Afl
B < A (176)

[A—tA]

Lemma 21. (Weyl’s inequality)(Ling et al., |2029, Lemma 5) Let A, B € R™*™ with their singular values
satisfying o1(A) > o2(A) > -+ > 0,.(A) and 01(B) > 02(B) > -+ > 0,(B) and r = min(m, n). Then,

Ina>f|0i(A) —oi(B)[ < [|A-B]. (177)

i€(r
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The equilibrium point of Eq. is the root of the function F'(7) := T(7) — o(W(7)T(7) + U(7)X) = 0. Let
J(7) := Ovec(F(7))/0vec(T (7)) denote the Jacobian matrix. Then, it is easy to see that

J(7) =1L, — D(7) (In ® W(T)),

where D(7) := diag[vec(¢ (W (7)T(7) + U(7)X))]. Using the Lipschitz property of activation function, it is
easy to check that J(7) is invertible if ||[W(7)|| < 1/L. The gradient of each trainable parameter is given by
the following lemma.

Lemma 22. (Ling et all (2022, Lemma 2) If J(7) is invertible, the gradient of the objective function ®(7)
w.r.t. each trainable parameters is given by

vee(Vw® (7)) = (T(1) @ L, )R(NT (3 () — y)
vee(Vu®(1)) = (X @ L) R(T) T (§(7) — ¥),
Va®(7) = T(7)(¥(7) —y)

where R(T) = (a(7) ® L,)J(7)~'D(7).

Based on these three lemmas, we can prove the following result:
Lemma 23. For each s € [0, 7], suppose that [[W(s)|l2 < pw, [[U(s)|l2 < pu and ||a(s)||2 < pg. It holds that

[T(s)[F < cal X|[F + e (178)
and
IVwo(s)|r < culcal Xl r +em) 19(5) = ¥ll2, (179)
[IVu®(s)l|r < cul X[ pl[F(s) — ¥l (180)
[Va®(s)lr < (callX|F + cm) [I7(5) = yll2- (181)

Furthermore, for each k,s € [0,7], it holds that

IT(k) — D) < T (call Xl + o) [WE) — W(s)

T
+ UG - UG el (152)
and
1909 - 76)la
< | T (el Xl + ) W) - W)
+ T [U(K) = U] + (el Xl + ) Jalh) — a(s) (183)

Proof. Observe that T(s) = (W (s)T(s) + U(s)X). Using the fact that |o(x) — ¢(0)| < L|z| (Lipschitz
condition of ¢), we have

IT(s) = (0)ll7 = [|o(W(s)T(s) + U(s)X) = 0(0) |
< LIW(s)T(s) + U(s)X)||r

< L(||W<s>||2||T<s>||F ; ||U<s>||z|X||F)
< Lol ()l + Ll X - (184)
From ((184)), we have

IT(s)llF < lle(0)ll7 + Lpw [ T(s) |l + LpulI Xl
= [e(0)[v/mn + Lpw | T(s)|lr + Lol X|| £ (185)
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Since py, < 1/L, from (185)), we obtain

IT()F < cal X7 + cm-

(186)

Now, we prove (L79)-(181)). By using Lemma[20] with A =1I,,,,,, B = J(s), A = —D(s)(I, ® W(s)), we have

1
1—[|D(7)(I, ® W(s))|2
1
S T DERWEL

19(s) "l <

On the other hand since ||¢’|l0 < L, we have
D (s)[l2 < L

Hence, from ([187)), we have

1
—1 <
1367 < =5

and thus it holds that
IR(s)ll2 < la(s) 21T ()~ [[2[D(s)]]2
< Lﬁ“f )
~ 1—Lpy

Then, we have

IVwe(s)llr = [[vec(Vw®(s))l|2
= [(T(s) @ L) R(s)" (3(s) = ¥)ll2

< T2 IR)al95) — vl
Lp, .
< e (callXlle + en)9() — ¥l

Vu®(s)l[r = [[vec(Vu®(s))]2
I(X @ L)R(s)" (3(5) = ¥)ll2

Lpa
—— |IX y —
115, IXllelys) =yl

IT(s)(¥(s) =yl
< (cal X7 + cm) [9(s) = yll2-

IN

[Va®(s)l|r

Next, we prove ([182)). Observe that

IT(k) - T(s)]|

— (W (k)T (k) + U(K)X) — (W (s)T(s) + U(s)X) |

< LIW(R)T(k) + U)X — W(s)T(s) - U(s)X |

< L[W(R)T(k) = WE)T(s)]| - + [W(R)T(s) = W(s)T(s) |
+ [URX - U)X #)

< LIW(R) 2T (k) — T(s)|lx + LIW (k) — W(s)[2[|T(s) |
+ L[ U(k) = U(s)|lo|X |

< Lpul T(k) = T()| 7 + L{cal Xl + c) [W(k) = W(s)]2
+ L[ U(k) = U(s)]lo|X | -
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From ((193)), we obtain

IT(8) = T6) < 1= (Call Xl ) [W(E) = W)
1 —LLﬁw [T(k) = Us) 21X - (194)

Finally, we prove ([183]). Observe that

I908) — 9]
= [a(kYT(K) — a(s)Z(s)
< a(kYT(K) — a(k)YT()] 5 + [a(KVT(s) ~ a(s)T(s)] 5
< (k) |21 (E) = T(5) 1 + (k) — a(s) |2 T(3)
< | = (all X+ ) [WGE) = W)l
+ = 100) = UG alXlle | + (cal Xlle + ) k) = a(o)lz (195)
[

Now, we return to prove Theorem 3| We prove by induction for every 7 > 0,

W) < puw, [US)|| < pu, [la(s)l|l2 < pa, s € [0, 7], (196)
As > %,s € [o,7], (197)
B(s) < (1 - n?) B(0),  se 0,7, (198)

For 7 = 0, it is clear that (196)-(198) hold. Assume that (196])-(198]) holds up to 7 iterations. Then, by

using triangle inequality, we have

IW(r+1) = W()lr <> [W(s+1) = W(s)|r
s=0

= nVwe(s)|r
s=0

T

<0 cu(call Xl + ) 19(s) = yll2 (199)
s=0
T Mo s/2
= ncu(Cal Xllp +cm) D <1 - 772> I157(0) = 12, (200)
s=0

where (199) follows from Lemma Let u := /1 —nXg/2. Then ||[W(r 4+ 1) — W(0)||F can be bounded
with

20 el X+ en) 190) — ¥
)\0 1_u u\Ca F m Yy y
4 N
< socu(calXllr + en) 19(0) - vl
<4 (201)

Then, we have

IW(r+ D[ <[[W(0)]l2+ 6 = pu < 1/L. (202)
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Using the similar technique, one can show that

IU(r+1) = UO)llr <Y [U(s +1) = U(s)l2

s=0

=Y nllVue(s)|r
s=0

<Y neul X|elg(s) = vl
s=0

T A s/2 .
< e X e S (1 - n°) 190) — ¥l

s=0 2

4 .
< el Xl £l5(0) - yla
0

)

)

la(r +1) —a(0)llr <Y llals +1) —a(s)|r
s=0

Finally, using (182]), we have

1T +1) = TO)] < 7=

Lw
U+ ) - U)X
1= Lpy T 2 F
< (Xl + em) —cu(cal Xl + ) [5(0) — ¥
1 — Lpy Ao
L 4
— I XFF(0) — yll2 )X
1 e XIS 0) = YLl X
41 2 2
= e— X m X. Y -
T o (Xl + )’ + X I9(0) = i
2 —2
< \f\/Ao

by @

=Y 0llVa®(s)|r
s=0

T

< n(cal Xl +em) Y 19(s) = yll2

s=0
T AO s/2
< (el Xl +en) 3 (103 ) 190 -yl
s=0
4 A
< o (call Xl + ) 19(0) - ¥
<.

(callXllp + em) [W(T +1) = W(0)]|2

2

(203)

(204)

(205)

- . s . oo . A
By Wely’s inequality, it implies that the least singular value of T(7 4 1) satisfies opin (T(7 + 1)) > /3.

Thus, it holds A, > 2.

Now, we define g := a(7 + 1)7T(7) and note that

O(t+1)— ()
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<>
3
N~—
I
<
S~—"
+
)
I
<>
—
2
s
<
—
2
|
=
N
o
=)
N~—

= 156+ 1) = 5(IE + @ +1) - )

We bound each term of the RHS of this equation individually. First, using (183]), we have

_ L
< o T Cal Xl ) IWGr 1) = WO
L
T U+ 1) = U RlX ] + (cl Xl + cn)lalr + 1) - a(r)e
_ L .
= Pa 1= Ljy (Ca”XHF+Cm)770u(ca||x||F+CM)||Y(T)*Y||2
S X[ Flly(r) = yll20X]]
1— Lpy, NCy FIY(T Yil2 F

+ (cal Xl F + em)n(ca X[ F + em) I9(7) =yl
= nC1[9(7) = yll2, (207)

where C1 := ¢ (cal| X[ r + cm)® + I X[1F + (cal X[ F + ).
On the other hand, we have

¥ +1) -8 (y(r) ~y)
=a(r+ )T (T(r +1) = T(1)(§(7) —y)
<la(™+ Dll2[T(r +1) = T(D)ll2/19(7) — ¥l

< la(r + 1)||2[ (cal X7 + em) W (T + 1) = W(T)]2

_L
1— Lp

" UG +1) —U<T>||2||X||F] 19(r) - ¥z

1 - Lﬁw

_ L .
< | = cal Xl + ) (ol Xl + ) 97) = Y2
e X[ el§(7) — o |X e [ [9(7) — ¥
=15, el Xle () =yl X e |15 (7) =yl
= 1G9+ - I3, (208)

where Cy := ¢ (ca||X||F+Cm) + 2|1 X|%-

Furthermore, we also have

(& -5 F(r) ~ )
= (a(r +1) — a(r)"T(r)(3(r) — y)
= —(1Va®(r)) "T(7)(3(r) — ¥)
= —(§(r) - y)"T(1)TT(7) (5 (1) — y)

A0 jin
04 19(7) -yl (209)
where we use induction A, > 70
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From —, we obtain
O(r+1) — (1)
<SPG5 ()~ Y13+ nCaly () — yI3 — w2 l9(r) — y13
= 29() EUQCf +1Cs — 7720]
=o(7) [7)2012 +2nCs — 77)\0] ;

which leads to

< (1= n(Ao —4Cy))®(7)
< (1 — 7]/\20><I>(7'). (210)
I Proof of Lemma
Observe that
[50) = yll < 13O + [yl (211)
On the other hand, let vy,vsa, -, v, be n columns of T(0). Then, we have

I57(0)] = [[la™ (0)T*(0)|

Z(aT(O)Vi)Q- (212)

Now, observe that

p[S a0 2 0] < El i@ Ov)]
t & )
=— ;E[(a (0)v;) ]
_ b E[|vil?]
W; -~ (213)
<ty tm 214)
—1, (215)

where (213)) follows from Assumption 1 that a is initialised with a random vector with i.i.d. entries A(0,1/m)
and the fact that a(0) is independent of v;, (214) follows from the fact that v; = o(Wv; + Ux;), so
[Villoo = le(Wv;i + Ux)|[oc < L.

From (215), with probability at least 1 — ¢ it holds that
n L2
> @ (0)vi)? < n=- = O(n),

i=1
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which leads to

by .

In addition, we have

by Assumption 2.

From (211)), (216]), and (217) we obtain

15(0) = yll = O(Vn).
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