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Abstract

Achieving the no-regret property for Reinforcement Learning (RL) problems in
continuous state and action-space environments is one of the major open problems
in the field. Existing solutions either work under very specific assumptions or
achieve bounds that are vacuous in some regimes. Furthermore, many structural
assumptions are known to suffer from a provably unavoidable exponential depen-
dence on the time horizon H in the regret, which makes any possible solution
unfeasible in practice. In this paper, we identify local linearity as the feature that
makes Markov Decision Processes (MDPs) both learnable (sublinear regret) and
feasible (regret that is polynomial in H). We define a novel MDP representa-
tion class, namely Locally Linearizable MDPs, generalizing other representation
classes like Linear MDPs and MDPS with low inherent Belmman error. Then, 1)
we introduce CINDERELLA, a no-regret algorithm for this general representation
class, and ii) we show that all known learnable and feasible MDP families are
representable in this class. We first show that all known feasible MDPs belong to a
family that we call Mildly Smooth MDPs. Then, we show how any mildly smooth
MDP can be represented as a Locally Linearizable MDP by an appropriate choice
of representation. This way, CINDERELLA is shown to achieve state-of-the-art
regret bounds for all previously known (and some new) continuous MDPs for
which RL is learnable and feasible.

1 Introduction

Reinforcement learning (RL) [35] is a paradigm of artificial intelligence in which an agent interacts
with an environment, which is typically assumed to be a Markov Decision Process (MDP) [30], to
maximize a reward signal in the long term. By interacting with the environment, an RL algorithm
tries to make the agent play actions leading to the highest possible expected reward; RL theory is
the field that designs algorithms to be provably efficient, i.e., to work with probability close to one.
This idea is formalized in a performance metric called the (cumulative) regret, which measures the
cumulative difference between actions played by the algorithm and the optimal ones in terms of
expected reward.

For the case of episodic tabular MDPs, when both the state and the action space are finite, an optimal
result was first proved by [4], who showed a bound on the regret of order O(y/H?3|S||.A|K), where
S is the state space, A is the action space, K is the number of episodes of interaction, and H the
time horizon of every episode. This regret is minimax-optimal in the sense that no algorithm can
achieve smaller regret for every arbitrary tabular MDP. This result is not useful in many real-world
scenarios, where S and A are huge, or even continuous [20} [19} [15]]. In fact, all applications of RL
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to the physical world, like robotics [20] and autonomous driving [[19], have to deal with continuous
state spaces. Furthermore, the most common benchmarks used to evaluate practical RL algorithms
[36! 7] have continuous state spaces.

One of the first studied families of MDPs with continuous spaces is the Linear Quadratic Regulator
(LQR) [5]], which goes back to control theory. LQR is a model where the state of the system evolves

according to linear dynamics, and the reward is quadratic. Regret guarantees of order O (/K )for this
problem were obtained by [2] (with a computationally inefficient algorithm) and, then, by [12}9]]. Still,
this parametric model of the environment is very restrictive and does not capture the vast majority of
continuous MDPs. A much wider and non-parametric family is given by Lipschitz MDPs [31], which
assume that bounded differences in the state-action pair (s, a) correspond to bounded differences
in the reward (s, a) and in the transition function p(:|s, a) (e.g., in Wasserstein metric). Lipschitz
MDPs have been applied to several scenarios, like policy gradient methods [29] (3, 28], RL with
delayed feedback [22], configurable RL [27]], and auxiliary tasks for imitation learning [[11} [26].
While this model is very general, its regret guarantees are weak, both in terms of dependence on K

and on H. In fact, very recently, [25] showed a regret lower bound of order Q(QH K T ), where d is
the dimension of the state-action space, which makes this family of problems statistically unfeasible.

Another part of the literature has focused instead on representation classes of MDPs. In this
paper, we call "representation class" a family of problems that depend both on an MDP and on an
exogenous element, usually a feature map. One example can be found in the popular class of Linear
MDPs [40, 18], which assumes that both the transition and the reward function can be factorized
as a scalar product of a known feature map ¢ of dimension dy and some unknown vectors. Regret

bounds of order O(H Qdi/ VK ) are possible [18]], which succeed in moving the complexity of the
problem into the dimension d of the feature map. Unfortunately, this representation class is very
restrictive: i) linearity is assumed on both the p; and r;, functions; ii) the same linear factorization
must be constant along the state-action space S x .4, which goes in the opposite direction w.r.t. the
locality principle introduced by Lipschitz MDPs. The first issue is solved by [42], which significantly
extends this class of process by assuming linearity on the Bellman optimality operator, which turns
out to be much weaker. This representation class is known as MDPs with low inherent Bellman error,
a generalization of linear MDPs that further allows for a small approximation error Z.

Very recently, different kinds of assumptions for continuous spaces were introduced. In Kernelized
MDPs [41]], both the reward function and the transition function belong to a reproducing kernel
Hilbert space (RKHS) induced by a known kernel coming from the Matérn covariance function with
parameter v > 0. The higher the value of v, the more stringent the assumption, as the corresponding
RHKS contains fewer functions. This kind of assumption enforces the smoothness of the process,
which is stronger for higher values of v. A generalization of this family can be found in Strongly
smooth MDPs [25]], which require the transition and reward functions to be v—times continuously
differentiable. Although it is a wide, non-parametric family of processes, enforcing the smoothness
of the transition function is rather demanding as it implies that the state s’ is affected by a smooth
noise. For this reason, [25}24] also defines the larger family of Weakly smooth MDPs, which only
requires the smoothness of the Bellman optimality operator. This model is extremely general, as it
can also capture Lipschitz MDPs. Still, for the same reason, it is affected by an exponential lower
bound in H. Lastly, note that for the last three kinds of MDPs, Kernelized, Strongly and Weakly
Smooth, the best-known regret bounds are linear in K for some values of d and v. As the regret is
trivially bounded by K, these bounds are vacuous, not guaranteeing convergence to the performance
of the optimal policy.

Our contributions. In this paper, we argue that the aspect that makes many continuous RL problems
both learnable and feasible is local linearity, i.e., the possibility to locally approximate the MDP as a
process exhibiting some sort of linearity for a well-designed feature map. To support this thesis, in
the first part of the paper, (i) we introduce Locally Linearizable MDPs, a novel representation class
of MDPs depending on both a feature map ¢, and a partition U}, of the state-action space of the MDP.
This class generalizes both LinearMDPs and low inherent Bellman Error while also allowing the
feature map to be local. (i) We design an algorithm, CINDERELLA, which enjoys satisfactory regret
bounds for this representation class. In the second part of the paper, we explore how this approach
can be compared to the state of the art on continuous MDP; (¢27) we show that all families all families
that were defined in the continuous RL literature, to the best of our knowledge, for which learnable
and feasible RL is possible are included in a novel family of Mildly Smooth MDPs defined in this



paper; (v) we show that this family is, in turn, a special instance of our Locally Linearizable MDPs
representation class, for an appropriate choice of the feature map. Therefore, CINDERELLA can be
applied to learning on all these families of continuous MDPs. (v) we finally prove that the regret
bound of CINDERELLA outperforms several state-of-the-art results in this field.

2 Background and set-up

Markov Decision processes. We consider a finite-horizon Markov decision process (MDP) [30]
M = (S, A,p,r, H), where S is the state space, .A is the action spacep = {ph}fz_ll is the sequence
of transition functions mapping, for each step h € [H — 1] := {1,...,H — 1}, apairz = (s,a) € Z
to a probability distribution py,(+|z) over S, while the initial state s; may be arbitrarily chosen by
the environment at each episode; r = {rj, }/__ is the sequence of reward functions, mapping, for
each step h € [H], a pair z = (s, a) to a real number 7, (=), and H is the horizon. At each episode
k € [K], the agent chooses a policy 7y = {4 5}/ ,, which is a sequence of step-dependent
mappings from S to probability distributions over .A. For each step h € [H], the action is chosen as
ap, ~ 7 p(+|sp) and the agent gains reward of mean 7 (zp) and independent on the past, then the
environment transitions to the next state s,41 ~ pp (|21 ). For a summary of this notation see

Value functions and Bellman operators. The state-action value function (or Q-function) quantifies
the expected sum of the rewards obtained under a policy m, starting from a state-step pair (s, h) €
S x [H] and fixing the first action to some a € A:

H H
Qn(s,a) =Er | Y re(se,a0)|sn = s,an = a| = Eq [Z re(ze) |zn = (s,a)] ; (1
=h t=h

where E,. denotes expectation w.r.t. to the stochastic process aj, ~ 7 (+|sp) and sp+1 ~ pp(-|zp) for
all h € [H]. The state value function (or V-function) is defined as V;7 (s) := Eqr, (.15)[QF (5, a)],
for all s € S. The supremum of the value functions across all the policies is referred to as the
optimal value function: Q7 (2) := sup,. Q7 (z) for the Q-function and V}*(s) := sup,. V7 (s) for the
V-function.

In this work, as often done in the literature [43], we make the following

Assumption 1. The instantaneous reward minus its mean ry, (s, a) is 1—subgaussian, and normalized
so that 0 < Q7 (z) < 1 for every policy m, z € Z and h € [H).

Passing to the case where the per-step reward is in [0, 1] requires multiplying all upper bounds by H.
An explicit way to find the optimal value function is given by the Bellman optimality operator, which is
defined, for every function f : Z — R, as T, f(s,a) 1= r1,(s,a) + By p, (|s,a) [SUParea f(5',0")].
In fact, it is easy to show that Qj = T, Q}, ,; at every step, while the optimal state-value function is
obtained simply as V" (a) = sup,c 4 @7 (s, a)

Agent’s regret. We evaluate the performance of an agent, i.e., of a policy 7 played at episode
k € [K], with its expected total reward, i.e., the V-function evaluated in the initial state V;™ (s¥).
The goal of the agent is to play a sequence of policies {7 }%_, to minimize the cumulative dif-
ference between the optimal performance V;*(s¥) and its performance V{™ (s%), given the ini-
tial state s chosen by the environment. This quantity takes the name of (cumulative) regret,
Ry =Y p, (V7 (sk) — V™ (s})) . This quantity is non-negative, and by the normalization con-
dition, we can see that it cannot exceed K as every term in the sum is bounded by 1. Note that
if R = o(K), then the average performance of the chosen policies will converge to optimal
performance. An algorithm choosing a sequence of policies with this property is called no-regret.

Representation classes of MDPs. As anticipated in the introduction, we call "representation class"
a family of MDPs that is defined through its relation with a feature map or another exogenous element.
While the most popular representation class is the Linear MDP, assuming the exact factorization
of both pj, and 7, no-regret learning is possible for a much wider family, only requiring a form of
approximate linearity on the application of Bellman’s optimality operator. This class was introduced

"For convenience, we will denote Z = S x A and with z any pair (s, a).
The existence of optimal policies is more subtle than in the finite-action case [6], but this does not prevent
us from defining a meaningful notion of regret.
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Figure 1: In Locally Linearizable MDPs, we have that, as shown in (a), the space Z is partitioned
into several regions, which do not need to be convex nor connected. On each of these regions, as
shown in (b), the result of the Bellman optimality operator can be well approximated by a () function
that is linear in the feature map, with a parameter 6 that may depend on the region itself.

by [42] as MDPs with low inherent Bellman error. Given a sequence of compact sets B;, C R%, and
calling Q,[0](s, a) the linear function ¢y, (s, a) "0, the inherent Bellman error w.r.t. {8y}, is defined
as:

e ] . T ! —_ . oo
7O = 1,250 of2h, 1070 = TPl ¥

where the supremum norm || - || L~ indicates the maximum of the function in absolute value over Z.
In the realizable case (i.e., Z = 0), these processes are a strict generalization of Linear MDPs [42]].
To achieve regret guarantees for continuous state-action MDPs that go beyond this linear case, we
will need to borrow some concepts of smoothness from mathematical analysis, as presented below.

Smooth functions. Let Q C [-1,1]% and f : Q — R. We define a multi-index « as a tuple of
non-negative integers (o, ...aq). We say that f € C(Q2), for v € (0, +00), if it is v, —times
continuously differentiable for v, := [ — 1], and there exists a constant L, (f) such that:

Vool =v, ey Qi DY) = D) < L)z -yl @)

a1t tag .
o The previous set becomes a normed
Oz, "...0x,

space when endowed with a norm || f||¢+ defined as max {max|q|<,, [|D*f||z, L, (f)} . Note
that, when v € N, this norm reduces to || f||cv = max|q|<, [[D® f]| L, since the Lipschitz constant
L, (f) of the derivatives up to order v, = v — 1 correspond exactly to the upper bound of the
derivatives of order v (which exists as a Lipschitz function is differentiable almost everywhere). For
these values of v, the spaces defined here are equivalent to the spaces C¥~1'1(£2) defined in [23].

the multi-index derivative is defined as D* f :=

3 Locally Linearizable MDPs

As we have stated in the introduction, the main limitation of the low inherent Bellman error assumption
is that it cannot model scenarios where the linear parameter 6 changes across the state-action space.
In fact, ¢y (s, @) " @ must be an approximation of the Q-function Qp,(s, a) uniformly over (s,a) € Z.
To overcome this limitation, we introduce a novel concept of locality to enable the feature map to be
associated with different parameters 6 in different regions of the state-action space.

Therefore, from this point on, we are going to associate to a given Markov Decision Process M the
following two entities:

1. ¢p : Z — R afeature map which is allowed to depend on the current stage (also for its
dimension.



2. Up: a sequence of partitions of the state-action space Z in NN}, regions, so that U}, =
{Zh .} We call py, : Z — [N,] the map linking every element z € Z to the index of
its set in the partition L.

These two elements are necessary to introduce the function class we are going to use as function
approximator in this setting. Calling 8, = {6, ,,} fjgl a list of vectors in R%  one for each of the
regions Zj, ,,, we employ, as function approximator for the state-action value function, the following
set

Qh = {Qh[eh]() = ¢h(')T9h,Ph(~)a where eh = {ehﬂl}gil’ eh»” € Bh,n} . (4)

Coherently, we will call V}, := {V(s) = sup,c 4 Q(s,a) : Q € Qp, s € S}. For fixed z, we have
Qnl01](2) = é1(2) 04 p, (=), so that the feature map is allowed to depend directly on z, while the
linear parameter only depends on pp,(z), the function indicating in which of the N}, regions we are.
Bh.n are arbitrary compact sets which contain the candidate values for the linear parameters 6y, ,,.
Two relevant quantities for this model are the 2—norm of the feature map and the diameter of the sets
Bh.n,

Ly:= sup |n(2)ll2  Rnn = diam(Bp,n),
he[H],z€Z

Respectively. Analog normalization constants appear in [18|42]. The low inherent Bellman error
property can be redefined in this setting as follows.

Definition 1. (Inherent Bellmann Error) Given a family of compact sets By, ,, C R depending on
h € [H],n € [Ny, and their Cartesian product B, = Xgil B, n, we define:

(o, U) = e o10E 1Qn[OR]() = TaQn+1[Onr] ()= Q)

Note that, for N, = 1, our definition exactly reduces to Equation @]) as expected. As in that case,
the term Z plays the role of an approximation error. By assuming a bound on Z(¢, ), we can now
give a formal definition of the class of MDPs we are going to study in this paper.

Definition 2. An Z—Locally Linearizable MD is a triple (M, {¢n HL |, {Un}F_,) where M is an

MDEP, ¢y, : Z — R is a feature map and Uj, a sequence of partitions of the state-action space Z in
Ny, regions such that the corresponding inherent Bellman error (deﬁnition satisfies T(p,U) < T.

As for the class of MDPs with Low Inherent Bellmann error, ¢ (and ¢/ in our case) must be known to
the agent, while Z is not needed. The novel aspect this class is that, as a result of definition|[T] linearity
is independently enforced in separate regions of the state-action space. We provide a visualization
of this concept in Figure[I] Note that, in principle, any MDP belongs to the Locally Linearizable
representation class for Z = 1. In fact, if we take U, = {Z}, the trivial partition containing just
the state-action space as an element, and ¢ (z) = 0 (a feature map mapping everything to 0),
Equation @ is satisfied with Z = 1. Nonetheless, this class is interesting only if Z is small, as it is
easy to show that the regret of any algorithm in this class grows at least as 7K.

Limitations of known approaches. Formally, no algorithm in theoretical RL literature can achieve
no-regret learning on this class of problems, as it is a superclass of the low inherent Bellman error,
which, to the best of our knowledge, is not included in any other setting that has been tackled. Still,
a clever strategy called feature extension (example 2.1 from [[18]) may allow us to solve this class
of MDPs. In fact, consider ELEANOR [42], the only algorithm able to deal with MDPs with low
inherent Bellman error. This trick employs a newly defined feature map:

(=) = 01 (2)0n(2)s Tna(2)En(2), - 200y (Dn(2)] T Onm(2) = {1 if pu(z) = n

0 otherwise

Np,
so that its dimension expands from dj, to Npdy. This way, any function of Qj, (as defined in
Equation is linear in ¢, (%), with a single 65, independent of the region Z,, 5. Indeed, we have for

QnlOr] € Qp:

3For readability, the bound Z on the inherent Bellman error will be dropped when talking about this class in
general.




Algorithm 1 CINDERELLA (Constrained INDEpendent REgressions with Local Linear Approxima-
tions)

Require: Failure probability ¢, Regularization A\, Region mapping py, Feature mapping ¢p,
1: Initialize A}, ,, := A for every h € [H],n € [Ny]
2: fork=1,2,... K do
3: Receive initial state s¥
4 Solve optimization program in (7)) obtaining ?ﬁ,n for every h € [H] and n € [Np]
—k —k

50 Qul0r](2) = ¢n(2) "Onyp, () Vh € [H]
6: forh=1,2,...H —1do

7: Choose action af, € arg max,. 4 Qh[§:](sﬁ, a)

8 Receive reward 7 and next state s¥ 1

9 end for
10: end for

Qnl01)(2) = 1(2) Oy (2) = O1(2)  [Oh1: On2s - - O, -

This shows every Locally Linearizable MDP with feature map ¢;, of dimension d, is also an MDP

with low inherent Bellman error w.r.t. ah of dimension N dj, and the same value for Z. If we apply
the regret bound for ELEANOR [42, Theorem 1], we obtain:

H H
Rk =0 <Z NpdnVE + thhIK> , (6)
h=1 h=1

holding with high probability. The issue is that the second term, growing linearly in K, depends on
the number of regions as v/Nj,. As we will see in the second part of this paper, the application of this
model to Smooth MDPs requires Ny, to be very large and also dependent on K. For this reason, in
the next section, we introduce an ad hoc algorithm for Locally Linearizable MDPs to improve this
dependence.

3.1 Algorithm

As we have seen, even a wise application of the ELEANOR algorithm is not enough to solve our setting
of Locally Linearizable MDPs satisfyingly. Thus, we introduce a novel algorithm, CINDERELLA
(Algorithm [1). Before analyzing it, we need to introduce some notation. Let us call s¥, af, r¥ the

state, action, and reward relative to step h of episode k. Moreover, we denote z}’j = (s’,fL7 a’,fb) and

@k = ¢n(2F). Atevery episode k € [K], we compute an optimistic estimation of the Q-function for
every step h € [H]. Then, we choose actions in order to maximize this function while fixing s¥ (line
[7). Clearly, what is really important is how this surrogate Q-function is computed (line [d). Here,
CINDERELLA relies on solving an optimization problem (7)), which follows an idea similar to the one
of [42]. We want to optimize over three sets of variables: 6y, ,,, Ehyn, gh,ns the first one representing
ridge regression of the linear parameter for region n at step h, the second representing the uncertainty
relative to this estimation, and the third one an "optimistic" estimate. Under this view, the objective is
to maximize the surrogate V' -function in the first state, and the constraints are designed so that all
variables match their intuitive interpretation. Formally, the optimization problem is defined as:

kE \TZ
max max ¢1(sy,a) ' 6 & 7
é\h,nvgh,nvgh.n (LEA ¢1( b ) 1$p1(31’a) ( )
=
) _ Ak~ T\ __ T T T )
st Ohn =Ny, Z: Hpn(zp,) = n}ey, (Th, +max Py 1(sh11,a) 9h+1,p(s2+1,a))
=

Hh,n = eh,n + gh,n

”gh,nHAk < aﬁ,n'

h,n
Where A, = Sk 1{pn(z]) = n}ereh | + A, is the design matrix of A—regularized ridge
regression, and af | is a constant determining the exploration rate which will be fixed in the analysis
As itis for ELEANOR, this algorithm turns out to be computationally inefficient, an issue that we
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Figure 2: Relation between the setting described in this paper and the other settings proposed for
reinforcement learning in continuous state-action spaces. The dashed line means that inclusion holds,
but passing to the larger family brings a exp(H ) lower bound on the regret. As we can see, the Mildly
smooth MDP is the largest known setting for which regret of order poly(H) is possible. Note that
the Strongly Smooth family also contains known families like LQRs and Linear MDPs with smooth
feature map [25].

discuss in the Appendix @ The first constraint enforces that 8}, ,, is estimated with ridge regression
having as target the (optimistic) value function estimated for step h + 1, and the second constrain

Onn =0nn+ Eh’n ensures that the optimistic estimate in every region is given by its mean estimate

plus the uncertainty, while the third one bounds the magnitude of Eh’n so that this uncertainty shrinks
the more data we collect.

Although the structure of the algorithm is directly inherited from ELEANOR, CINDERELLA distin-
guishes itself by dividing the samples across the various regions of the state-action space of the MDP.
This allows parameters associated with different regions to be learned independently. Despite intro-
ducing another layer of technical difficulty in proving the regret bound, this procedure is relatively
natural given the characteristics of our class of problems.

CINDERELLA: Regret bound. Having defined the algorithm, we can state a theorem showing a
high probability regret bound in our setting.

Theorem 2. Assume to be in an T—Locally Linearizable MDP with Ly = O(1), sup,,¢(n,] Rin,n =

(’)(\/&h) and that Assumptionholds. Then, with probability at least 1 — §, CINDERELLA (Algorithm
[7), with X\ = 1 achieves a regret bound of order

H H
R =0 (Z NpdnVE + \/E;JK) .
h=1

h=1

The proof of this result is long, and is deferred to sections [B]and [C] of the appendix. Note that the
two normalization assumptions Ly = O(1) and supy,cip nein,] Rin = O(V/d},) correspond to
the ones enforced by [42]. While for N}, = 1 the two reported bounds coincide, Theorem 2] proves
superior to the regret bound obtained for ELEANOR in our setting (Equation|[6), as it prevents the
second term, which is linear in K, to depend on NN;,. This dramatically changes the potential of the
regret bounds and, as we will see in the next sections, represents the key to achieving sub-linear regret
bounds for RL in continuous state-action spaces.

4 From local linearity to Mildly Smooth MDPs

Having proved that our CINDERELLA algorithm enjoys an improved regret bound on Locally Lineariz-
able MDPs, we need to see how powerful this new class is once applied to problems with continuous
state-action spaces for which a representation is not given a priori. To this aim, we are going to define
a family of continuous-space MDPs, and prove that they are included in the Locally Linearizable
class for a particular choice of ¢y ,Uy,. From now on, we assume, without loss of generality, that
S =[-1,1]% and A = [-1,1]%4, so that Z = [—1, 1]¢. We call Mildly Smooth MDP a process
where the Bellman optimality operator outputs functions that are smooth.



Definition 3. (Mildly Smooth MDP). An MDPs is Mildly Smooth of order v if, for every h € [H],
the Bellman optimality operator Ty, is bounded on L= (Z) — C¥(2).

Boundedness over L>°(Z) — C”(Z) means that the operator transforms functions that are bounded
(i.e., belong to L>°(Z)) into functions that are v-times differentiable (i.e., belong to C* (Z)). More-
over, there exists a constant C7 < +oo0 such that | 7, f|lcv < C7(||fllz= + 1) for every h € [H]
and every function f € L°°(Z). Intuitively, this condition means that by applying the Bellman
operator to bounded (possibly non-smooth) functions, we always get functions that are smooth.

In order to reduce this family of processes to Locally Linearizable MDPs, we have to design the
partition of the state-action space into sets Zj, ,,. Since Z C [—1, l}d, we can find, for every € > 0, a
set Z¢ which is an e-cover of Z in the infinity norm, such that | 2¢| = N < (2/¢)%. Now, for every
2™ € Z%, we define recursively Z,, to be the set of points which are near to 2", formally:

Zy={2€ 2|z - 2" < e}, Zy={2€Z |z = 2"l <e}\U} [ 20 (8)

By definition, every point of Z is matched with a point z" of the cover Z° and, importantly, is
assigned to exactly one subset Z,, of Z. This way, we have defined a partition {Z,,}Y_; of Z, one
that does not depend on the step h. Secondly, we have to choose the feature map ¢y, (-). To this end,
we define ¢y, (2) as the vector of Taylor polynomials of degree v, centered in 2" € Z° forn = p(z)
(just “Taylor feature map” in the following). This means that, fixed z € Z such that p(z) = n, the
map ¢(z) will contain terms of the form (z — 2™)® for every multi-index ||e||; < v.. Note that the
feature map does not depend on the time-step h either. The dimension of this feature map, which
we call d,,,, corresponds to the number of non-negative multi-indexes such that |||y < v, which
is well-known to be d,,, = (*¥) < v/Z. The power of this choice lies in the fact that, as it is well
known from mathematical analysis, any C* function can be approximated by a Taylor polynomial of
degree v, in a neighborhood of diameter € with an error of order €”. Seeing the regions Z,, we have
defined as neighborhoods of the points z” of the cover, the analogy is complete. This argument is
made formal in the following result.

Theorem 3. Let M be a Mildly Smooth MDP, and ¢ < 1/(2C7+H)'". Then, choosing 2y, ,,
as in Equation (§) and taking ¢, as the Taylor feature map on the same regions, the tuple
(M, {Zh n}n.n, {On}n) is an T—Locally Linearizable MDP with

Ly=1+2Vd,, Rpn=2Vd, Cr, T<207¢".

This reduction shows how general the class of Locally Linearizable MDPs is and enables us to tackle
Mildly Smooth MDPs with the CINDERELLA algorithm, originally designed for Locally Linearizable
MDPs. By appropriately selecting the parameter €, we can prove the following theorem, bounding
the regret of a Locally Linearizable MDP with smoothness v and state-action space of dimension d.

Theorem 4. Let M be a Mildly smooth MDP of parameter v > 0 satisfying Assumption|l| With
probability at least 1 — §, CINDERELLA, initialized with A\ = 1, Z}, ,, as in Equation @ and ¢p,
given by the Taylor feature map on the same regions, achieves a regret bound of order:

Rk <O (HdV*K 5530 4 [ Lt”) :

Before comparing our result with the state of the art, some comments are due. First note that the
exponent of K is 2”Vt22dd, which is always in (1/2,1). This means that the no-regret property is
achieved in every regime. Two elements in this regret bound are undesirable: i) the exponential
dependence in d (as d,, < Vf) and ii) the lower-order term H Lf%, which has an exponent that may
be very large, albeit polynomial in H. The first issue is discussed in the appendix (Section[E.3). We
show that even for the much simpler continuous bandit problem, lower bounds entail that the problem
is not learnable unless d = o(log(K)). Therefore, terms of order 2¢ can still be seen as o( K®) for an
arbitrarily small o > 0. For the second issue, note that the exponent of H in the lower order term
is significantly large only if d > v. This regime is known to be very difficult, and in the literature

before this paper it was not even possible to achieve the no-regret property (even just for d > 2v).

We end this section with a simple corollary showing how to deal with the "large v" regime.
Corollary 5. Under the assumption of theorem Sforv > log(K) we have

R =0 (H log(K) K% + H2) .



Algorithm Weakly Lipschitz  Mildly Strongly Kernelized

[05] LEGENDRE-ELEANOR K +5 K 5ids K947 K40 K5
[17] GOLF K K2 K5 K¥5 K
[34] NET-Q-LEARNING X K& X K Kita
CINDERELLA (Ours) X X K 3orsa K555a K355
[25] LEGENDRE-LSVI X X X K5ta K5ita
[41] KOVI X X X X K
exp(H ) lower bound Yes Yes No No No

Table 1: Table containing the order w.r.t. K of the regret guarantee of each algorithm for each
setting discussed in the paper. Columns correspond to different smoothness assumptions: Weakly
and Strongly Smooth MDPs were defined in [25]], Lipschitz MDPs in [31]], and Kernelized MDPs in
[41]. Rows correspond to algorithms with no-regret guarantees for some of the settings. [25)134,|38]
represented the state of the art for Strongly smooth MDPs, Lipschitz MDPs, and Kernelized MDPs,
respectively. The last row indicates whether the corresponding setting is feasible or if there exists an
exp(H) lower bound for the regret.

Proof. Applying theorem 4| for v arbitrarily large does not work, as d,,, ~ v% makes the bound
vacuous. Still, note that, being || - ||, < || - ||o.s for #/ < v, under the assumption of the theorem
we can take v = log(K'). At this point, theoremensures

log(K)+2d

Rk <O (H log(K )1 K Zrstriza H2) -0 (H log(K) K% + H2) ,

log(K)+2

log(K)+2d 1, d_ 1 _dlog(K) 1
due to the fact that K 2les(F)+2d = K3 K ?le(0+2d = K 32%loe()F2d < 293, O]

The appearance of log(K )¢ should not scare: this term is necessary even in the simpler case of
bandits with squared exponential kernel, as the lower bound in [37] shows.

S Comparison with related works

Regret bounds for continuous MDPs have been an area of intense research in recent years. While

many parametric families like LQRs have been shown to achieve poly(H )v/K regret bounds [2],
tackling this problem in more general cases has been proved to be very challenging.

Kernelized MDPs [8| 141} [13]] are a representation class of processes assuming that the transition
function py,(-) as well as the reward function rj () belong to a Reproducing Kernel Hilbert Space
(RKHS) with given kernel k(-, -). Most of the literature deals with the case of the Matérn kernel.
The smoothness of this kernel is determined by a parameter v > 0; by fixing it we can compare
this family with the other families of continuous MDPs. The best-known result [41] in this setting

~ v /
only achieves regret O(K AT ), which is vacuous if d > 2v. Very recently [38]] presented a regret

bound of order O(K Tota ), but we were not able to verify the correctness of this result. We discuss
a possible subtle issue of the proof in Appendix [F] Another family that is based on assuming that
pp, and 7, belong to some given functional space is the Strongly Smooth MDP [25]]. This family
assumes that p,(s’|-), 7, (-) € C*(Z). A subtle difference is that in [23]], the smoothness index v
was restricted to be an integer, while in our case, it is a generic real v > 0. Regret bounds for this

family were shown of order O(K Sra ), which is vacuous even for d > v. Since, for the same v, the
Matern kernel RKHS is a subset of C¥(Z) (see Appendix , Strongly Smooth MDPs are more
general than the former family. Further increasing the generality, we have Lipschitz MDPs [31]]. This
is only a superset of the Strongly Smooth MDPs for v = 1, as Lipschitz MDPs do not admit higher

levels of smoothness. A regret guarantee of order O(K i ), which turns out to be optimal for this
setting, was achieved by different algorithms [33 34} |32, 21]] in recent years. Unfortunately, it was
recently shown that an exponential dependence on the horizon H is unavoidable [25]]. Therefore, the
Lipschitz MDPs, as any of their generalizations, are intrinsically unfeasible.



Increasing the generality even further, we find the family of Weakly Smooth MDPs [25], which
imposes the Bellman optimality operator 7y, to be bounded on C¥(Z) — C¥(Z). For fixed v, this
assumption generalizes Strongly smooth MDPs (with the same v), and, for v = 1, the Lipschitz
MDPs. For this reason, also this family is affected by an exp(H ) regret lower bound, while in terms

of K its regret has been bounded as 5(K Sz ), the same as Kernelized MDPs. Introducing a
different notion of dimension, we can also define the family of MDPs with bounded Bellman-Eluder
dimension [17]. This family is, in a certain sense, even wider, but admits worse regret bounds [25]].

Key point: locality. Our approach leverages the concept of locality. We approximate the continuous
problem by constructing a feature map that captures information from local neighborhoods. This is a
novel approach in the context of Reinforcement Learning (RL), with only [38] employing a remotely
similar idea. Nonetheless, the effectiveness of this strategy has been well-established in the field of
Continuous Armed Bandits, as demonstrated by [16, 23]

Comparison with our work. As the name suggests, the family of Mildly Smooth MDPs occupies
an intermediate position between Weakly and Strongly Smooth processes. In Appendix [E.2] we
formally prove this relation, showing that both inclusions are strict. A graphical representation of this
relationship is shown in Figure[2] Note that, even if our family is not the largest that has been studied
in the literature, it is indeed the largest known one for which RL is feasible.

We have summarized the comparison between the regret bound of CINDERELLA with state-of-the-art
algorithms for the various MDP families in Table[I] where settings (columns) are listed from the most
general (Weakly Smooth) to the least (Kernelized). All inclusions are intended to hold for a fixed
parameter v, which is shared by all the MDP families apart from the Lipschitz one, which in some
sense has fixed v = 1. For every column, the best regret guarantee is colored in green, with Xmeaning
that the algorithm (row) is unsuitable for the setting (column). As we can see, CINDERELLA i) works
in every setting where there is no exp(H ) lower bound for the regret, achieving the best guarantees

ii) is the only algorithm to exploit smoothness fully, i.e. achieving regret v/K in the limit v — co
while being non-vacuous for all finite values of d, v.

6 Conclusion

In this paper, we have significantly enlarged the set of MDPs for which no-regret guarantees are
possible. After defining the representation class of Locally Linearizable MDPs (Section [3), we
have introduced a new algorithm called CINDERELLA (Algorithm [I)), which is able to achieve a
strong regret guarantee on this setting, being a "local" generalization of the ELEANOR algorithm.
In the second part of the paper, we have introduced a family called Mildly Smooth MDPs (Section
M), which generalizes all the known continuous MDP families where no-regret learning is feasible.
Through an argument based on local Taylor polynomial approximation, we have proved that this
family is a special instance of the Locally Linearizable MDPs, with a specific partition and feature
map. Therefore, we were able to achieve, in Theorem [Z_f], a regret bound for CINDERELLA in the
family of Mildly Smooth MDPs, which constitutes the main result of this paper. Not only this bound
surpasses the state-of-the-art in terms of generality for feasible settings, but is also able to achieve
improved regret bounds for Strongly Smooth MDPs and Kernelized MDPs. Crucially, our work
proves the first regret bound that is non-vacuous in any regime for these two families.
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A Table of Notation

S, A

PhsTh

H

Z
5V

Th

én

dp,

Np

Ly

Zhon

Ph

Uy,

QnlOn]

V(03]

Bh,

Bh.n

Rhn

Rh, max

On, Vn

o

Spy Qs T,
2y

o

A,

€ O O
Qn2)
V(s)
ni(V)

O (Qnin)
Ah(Qh+1)
Ok n

N()

FE

State/Action space

transition/reward function at step h

time horizon

SxA

Optimal state-action/state value function at step h
Bellman optimality operator at step h

feature map at step h

dimension of ¢,

number of regions at step h

bound over the two-norm of ¢, for every h € [H]
Element of a partition of Z at step h

Mapping from Z to index in [IV},]
{Zhn:u=1,...Np}

Q-function associated to given 6, parameter at step h.
maxge Qnl0n](+, a)

Set of candidate @, at step h

Set of candidate 6}, ,, at step h restricted to the region n
Norm-2 radius of By, ,,

SUP,e[n,] Rion

Space of candidate state-action/state value functions at step
h

See equation (10)

state/action/reward relative to step h of episode k

(sh» ak)

AEH)

Ridge regression matrix for space Zj, ,, up to episode k

Optimization variables of the problem in section

QulB1)(2)

maxge .4 @]Z(s, a)

Bellman error at step h of episode k w.r.t. V'

see equation

Error done approximating Q5,11 with 5h(Q ht1)
{pn(zp) = n}

Quantity defined by corollary

Covering number in infinity norm

Good event
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Generic subset of [—1, 1]¢

d dimension of a set (usually Z = [—1, 1]%)

v Index saying how many times a function is differentiable
Vs [v—1]

L,(f) Lipschitz constant of f w.r.t. the index v

a multi-index

D* multi-index derivative

cv space of functions that are v—times differentiable
Cr See deﬁnition

I+ 1|z supremum norm of a function, || f|| L~ = sup | f]
I 1lev norm over C”

Ty (f] Taylor polynomial of f of order v, centered in y
d, (")

B Locally Linearizable MDPs

As stated in the main paper, Locally Linearizable MDPs are a representation class of processes that
can be efficiently approximated with linear function in some predefined regions of Z.

Precisely, the linearity stays in the iterations of the Bellman optimality operator, which we recall here.
For a general MDP, we call S, A the state and action space, respectively, Z = S x A, and T, the
Bellman optimality operator at step h, which is given, for every function f : Z — [0, 1], by

Tnf(z) = /Sph(sl\z) max f(s',a’)ds'.

Recalling the definition given in the main paper, in a Locally Linearizable MDP the state-action
space Z is partitioned into a step-dependent number IV}, of regions Zj, ,, that we collect into U}, :=
{Zhn: uw=1,...N}. To map every element z € Z to its corresponding region we define the
function function p, : Z — [N]. The importance of these regions stays in the fact that there is
a step-dependent feature map ¢, : Z — R? such that the optimal state-action value function is
approximately linear in ¢ with a parameter depending on the region. Coherently, we define our
approximator functions Q}, to be the set of functions on Z that are linear on the regions, namely

Qn(z) = on(2) Ohp,zy 2€Z,

coherently, we define V,, := {V(s) = argmax, Q(s,a) : Q € Qp}. By convenience, we will

sometimes stack all these parameters in the list 8, = {6}, ,,}"", and call Q;,[8}] the corresponding

state-action value function. In order not to allow the function set Qj, to contain functions with an
arbitrary large slope, we impose the 0}, , parameters to be constrained into bounded sets that we call

Bh, -
We define the following bounds on the parameters of the process.
Definition 4. We call

* Ly :=suppcig) ez ¢ (2)|l2-
* Ry = diam(By, ).
Now, calling B, C R% *Nr the sets given by

Np,
By, = X Bpn,

n=1
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The performance of our algorithm will depend on the maximum approximation error that can be done
by projecting the result of the Bellman operator on our functions Q. In formula,

sup inf [[Q[On](-) — ThQ[On+1]()| L~ < T. ©)

O0h+1€Br11 0rneBy,

Note that the low inherent Bellman error MDPs are a subclass of this problem: it is sufficient to take
Njp = 1 at every step.

B.1 Definition of the quasi-optimal solution

In this subsection, we create what we will call a quasi-optimal solution for the MDP. Define 67, in the
following recursive way

05, == argmin max [¢n(2) 0 — ThQns1[601](2)], (10)
00, EBLn 2€Znn

So that 67 is constructed by stacking these 6} . terms. We have the following result.

Theorem 6. The approximately optimal Q—function satisfies
vh o QIOR]() — Qi()llze < (H —h)T

Proof. We perform the proof by induction, with the case h = H + 1 being trivial.
1QI61() — Qr()lL= = [|QIOA]() = TaQn+1[0541]() + TaQn41[05:1]() — Q4 ()|
= [|Q1631(:) = ThQn+1[0}.11]() + ThQn+1[0741]() = TaQha ()] e
< || QIOI() — ThQn11[0541)()]|
+ | Th@n41[0544)() = Th@h41 )|
< |QI631() = TaQu41[05:1] ()| Lo + |Qn+1[07111() = Qra () e -

where in the last passage we have used the non-expansivity of the Bellman operator. At this point, the
second part is bounded as

1@n+1165:41] () = Qi (I~ < (H —h = 1)T,

by inductive hypothesis, while the first one satisfies, by equations (9) and

1QIOR]() — Th@n+1[0511]( )~ < T.

Combining the two results gives the thesis. O

B.2 Algorithm

We call sfw aﬁ , rZ the state, action, and reward relative to step h of episode k. Moreover, we denote
2y = (s}, af) and ¢f = ¢n(2}). We define, for any region n step / and episode k, the ridge
regression matrix as

k
Af = 1pnl(zf) = n}ehen | + AL

T=1

Our algorithm, CINDERELLA (Algorithm[T)), is built on top of an optimization problem (Eq. [7)) which,
at the start of each episode k, provides an optimistic version of the state-action value function. We
recall it here:
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max maxqbl(s’ﬂa)—r?l’p(s;f’a) (11)

Eh,n?gh,n7§h,n ae'A
N 1 k—1
st O =AY Uen(h) = nden(rf + Vi (shp0))
T=1

_ - T
Vh+1(') = r;lgff q§h+1(-,a) 9h+1,p(-,a)
ah,n = eh,n + Eh,n
I k
[Ennllar, < \/ok
Note that, with respect to the main paper, we have given a name to the quantity V1 (-) :=

maxXge A Gn+1 (s, a)Té;H_L p(-,a) 10 make the variables more interpretable. The constant a’,;n will be
defined in the next sections of this appendix.

B.3 Algorithm analysis

We will now continue our work by proving that CINDERELLA is able to achieve a regret guarantee
for this setting. First, we set up some additional notation.

—k ~k
Additional notation Collecting the solution of the optimization algorithm in the variables 02, 0,

and EZ, we define

Q) = QulBl](),  Vi(s) = max@Q(s.a)

Moreover, in the rest of the section, once fixed a function V' : § — [0, 1], we define the Bellman
error at step h of episode & as

U}Ii(v) = Tili - ’rh(s§7 allj,) + V(S;CH»l) - ]Es/Nph,(-\s;‘;,aﬁ)[V(sl)]'

Furthermore, given a function Q41 € Qp11, we define

gh,n(Qthl) := argmin max \q’)h(z)—ré’n = TQr+1](2)], (12)

0By n 2€Z0.n

and, as before, we collect all these vectors in 0, (Qp,+1). Finally, we define

An(Qni1)(2) = TQns1(2) — QOn(Qni1)](2).

B.4 Decomposition of the estimated solution

We start by proving a proposition which establishes a relation between the variables of the optimization
problem (T1)
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—k
Proposition 7. Let {fﬁn, O s @fi,n}h»” be in the feasible region of Problem at episode k of the
process. We have
k—1

Gy =Cnn + O (@) + AL S 1on(2) = n}RA@0,)(2F) (13)
T=1
Tlﬁ,n
o k—1
AL @) AL TS Hpn(=]) = 03 R (Vi) (14)
TQZW t=1
T3’,j’n

Proof. For simplicity, let us abbreviate P’ﬁ,n := 1{pn(zF) = n}. By construction,

k—1
k -1 T T (T 7k T
oh,n = Ai,n Z ph,n(bh(rh + Vh+1(5h+1))
t=1
1 k—1 . ) k—1 L
= AZ,n Zpﬁ,nqﬁﬁ (Th(z}:) + Es’wph,(~|z,’;)[vh+1(sl)]) + A’Z,i ZPMZU’E(V;LH(SZH))
=1 t=1

T3y
kol = T T =k T k
= Ah,n Z ph,n¢h77L[Qh+1](Zh) + T3h,n7
=1

where we have used the definition of Bellman’s optimality operator. By definition, we have

Tl 1)(57) = QIOn(@r,)I(E0) + An(@r )20,

which, when multiplied by pj, ,, lets only the term corresponding to the region n remain. Then, by
Equation (I2)), we have

T —k T T T i =k T =k T
PhnTulQnil(2) = Ph,n¢h(2h)T9h,n(Qh+1) + PhnAn(Qpni1)(2h)-

Using this fact, we have

k—1 k—1
-1 T T =k T -1 T T T 2 =k =k T
Aﬁ,n E Ph,n¢h771[Qh+1](Zh) = AZ,n E Ph,n¢h <¢hT9h,n(Qh+1) + Ah(Qh+1)(Zh)>
T=1 T=1

k—1
-1 T —k
= Az,n Z p;,ndj;—ﬁb; 0h,n(Qh+1) + Tl;cz,n'

T=1

For the remaining term, note that

k—1 k—1
-1 T T AT 2 =k -1 2 =k 2 =k T T AT 2 =k
AZ," Z Ph,n¢h¢hT9h,n(Qh+1) = Aﬁ,n <_)‘9h,n(Qh+1) + Aah,n(Qthl) + Z ph»n¢h¢hT9h»n(Qh+1)>
=1 =1

-1 ° —k ° —k
= Aﬁn <_/\9h77l(Qh+1) + Aﬁ,nahﬂl(Qh—i—l))

o —k
= Onn(@hi1) = T2
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The objective of the next lemmas is to show that the terms arising from the previous proposition are
small with high probability.

Lemma 1. Forany z € Z, any time-step h and any n, we have

60(2) T ol < on (s /P T

where
k—1

Phn =Y Uon(zh) =n},
T=1
and in particular

||T1];L,7LHA’;;m S pz’nz

Proof. By definition,
k—1

on(2) AL, S Hpn(e) = n}RA@has)(27)

T=1

|én(2) T T15 | =

k—1

3" 1pn(zh) = n} LA @) (2])

T=1

—1
< AL, énls,a)llay

k —1
An,n

k—1

3" 1{pn(=]) = n} SR A@) 1))

T=1

= ln(s,0)l5y_ -+

Ak Tt
h,n

At this point, leave the first term and, in the second we rewrite the sum for the indices where the
indicator function is not zero, getting

phn

Z o7, A Qh+1 )
T'=1 Aﬁ,n71

We can then use Lemma 8 from [42]], taking a; = ¢} and b; = A(@:H)(z:). As |b;| < Z, by the
low inherent Bellman error assumption (Eq.[9), this gives

phn

Z¢h Qh+1 (21) <\/P; . T,

k-1
A on

which ends the proof of the first part. The second one comes from

ph n
k _
HTlh,n||A§_n = Z ¢h Qh+1 25, )
: T/=1 AR
h,n
Ph.n
= Z% Qh+1 ()
o AL,
<\/ph T

We proceed bounding the second part of the sum.

Lemma 2. For any z € Z, any time-step h and any n, we have
60(2) T2 < 90l A R,

and, in particular
IT25 wllax <A™ R
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Proof. By definition,
. 19k
|61(2) ' T25 | = |0n(2) AL 0 Onn (@)
o —1 ° —k
<Ak ¢h(z)||A’,§1n||eh7n(Qh+1)||Aﬁ’n’l
o
= lon(llax 1m0 (@nr)llar -

112 —k
< Non (s A0 @ns)lo
< lon(lng A R,

h,n

where the second inequality comes from the fact that A’fL . 1s the sum of AI and a positive semi-

o
. . —k
definite matrix, and the last one from the fact that 6}, ,,(Q} 1) € Bn.n. The second part comes
from

. —19° —k ° —k _
1726 g = I8 B @)y = 100n (@)l <A R

h,n h,n

O

The last part of the sum is more complex and, in order to bound it, we need to define a failure event.

B.5 Failure event

For every h, k,n we define the failure event in the following way:

k—1

> {pnlzh) = n}eqnp (V)

t=1

Ff,={3VeV,: >\ B ¢

ke —1
Ah,n

for a threshold 4 /8 ’}j ,, to be defined. The first step to bound the probability of this event is to compute

the covering number of the function space V},

Proposition 8. The c—covering number of V}, in infinity norm satisfies
log N'(g,V)) < O (Ndlog (Rp max/€))

where Ry, max 1= SUDy €[N, Rhn-

Proof. Note that the covering number of V), is not higher than the one of Q. Indeed, let Q; be a
e—cover for Q;, and define

Vi ={V(s) = gleaj(Q(s,a) Qe Qp}
Then, taking any V' € V), there is Q € Qp, such that V' (s) = max,c4 Q(s, a). At this point, taking
V(s) = max Q(s, ),
where Q € Q5 such that ||Q — @HOC < ¢, we have that V € Vs by definition and
1Q = Qlloe < IV =Vl <e.
Now, the question is reduced to covering Qj,. by definition, every @)}, € Qj, takes the form

Qn(z) = dn(2) O p(2)s

where py, : Z — [N},] and every vector 6}, ,, is dj, —dimensional with the norm bounded by R, ,,. As
the domain Z is partitioned into regions 2, ,,, if we get a family of coverings Q; ,, that cover each
function in Q, restricted to the set Zj, ,,, we can obtain a covering of Qj, by defining it in this way
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i = {Q : Q|Zh.n =Qn Qn € Qi»n}’

i.e., we cover every function () by taking the nearest cover function on each region. As a result,
the total number of elements in QF corresponds to the product HTJ:Z 11935, .| of the elements in the
smaller sets, so that we have only to estimate \Qin| for every n. To this aim, note that the functions

in this set are all linear, as we are restricting to Z}, ,,, so that, applying a standard bound for the
covering number of spaces of linear functions we can find Q5 ,, such that

195, = O (Run/e)™) -
Therefore, the total covering size amounts to
Q5| =0 | ( sup Rpn/e)V?|,
n€[Np]
which completes the proof. O

Theorem 9. For a choice of

Bt = (x/dh-+log (1/VE, »%))-+1og(1/5))

we have P(Ff’f’n) <.

Proof. Let V§ be a e cover of V, in infinity norm, so that [V | = N(g,V},). Now, for every V € V),
we call
VeVi: V-V~ <e.

In this way, we have

Z Phn®hin (V = hon®Ph T ( sy ap) + V(shy,) — Eswpn(w%a’ﬁ)[v(slﬂ)
A’,j Lt Af T
< th W7 (r ( — (s af) + V(shyy) - ES/NP,L<.S;3,G¢L>[V<S'>})‘
A;‘i 'L71
¢h ( Sh+1) ‘7(32+1))
AR 1
if o (B JIP(s) = V()
PhnPh s’ ~opn (-|s,af) $ s
=1 AR LT
As we have
V(shi1) = Visi)l <e, Eg (1t at) [V(8) = V()] e,

the same argument used in the proof Lemma allows us to bound the last two terms with 2, /p¥ €

The remaining term corresponds, for fixed V' and indicating with F, [’f the filtration generated by all
the events of the process up to step h of episode &, to

E p;,nqS;L (Tfli - rh(sfm (LZ) + V(sllz+1) - Es’Nph,(-\s;‘;,a;‘;)[V(Sl)}) ’
t=1 - v
F—meas. E[-|FF]=0

Ak 1

h,n
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where the first term is an R% —valued stochastic process which is entirely determined by the current
state and current action, while the second is zero-mean conditioned on the rest of the process, and
1—subgaussian thanks to assumption[I] This last fact allows to apply Theorem 1 from [1]], obtaining

with probability at least 1 — 9, for fixed v,

2
thmh( = (ks ak) + Vishin) = Bung, (lapat) [V (5)])

h

Ak 1

h,n

det \T-/2 det A 1°

0

< 2log < dplog(A\™1) + dplog((1 + kLg)) +log(671).

Applying a union bound, it follows that the same result holds for every function in Vy, if we replace
log(6—1) with log(N (g, V1,)/§). Merging this result with what we have found before, we have that,
with probability at least 1 — §, for all V' € V},, we have

T LOE(V) < \Jdlog(A=1) + dy log((1 + KLg)) +log(N (e, V1)) + log(1/6)

+ 2,4 /pfl’yns.

If we just bound / p’,fb LS Vk, we can take € = 1 / Vk to have that the previous is bounded by

k
Ah,n

B = \Jdn10g(A=1) + dn Tog((1 + kL)) + 1og(N (1/VE, Vi) + log(1/8) + 2

which completes the proof. O

From this theorem, a simple corollary follows by just taking a union bound over h € [H],n €
[N h]; ke [K }Z
Corollary 10. For a choice of

ﬂ,’j’n (\/dh +log(N(1/VE, W) + 1og(NhHK/6)))

we have

Pl Fr.] <o
h,n,k

From now on, we are going to indicate the good event E' as the opposite of the event defined in the
previous corollary

E = ﬂ (Fi]:,n)cv

h,n,k

moreover, \/ﬁ,’fin will always be the quantity defined by Corollary We conclude the section
proving the following

Lemma 3. Under the event E, for any z € Z, any time-step h of episode k and any n, we have

|¢h(Z)TT3;CL,n| S ||¢h(z)||j\2m_l \/ Bi’j,n’

and, in particular

173}l -+ < \/Bh
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Proof. By definition,
k—1

on(2) AL TS pn(=]) = n}ohmh (Vie)

t=1

|én(2) T35

,nl -

k—1

> Uon(zh) = ndopm (Vi)

t=1

—1
< 1A%, T on(las

k —1
Ah,n

k—1

> 1pn(27) = n}ohni (Vigr)

t=1

= H(bh(z)HAﬁyn_l

k-1
A on

Under the good event E, we have that the second term is bounded by /B}Ij,n, for the choice defined
in Corollary [T0} The second part comes from the fact that

k—1
-1 T TAT (1]
173 llag = |[Af D Hpn(=h) = n}ohni (Vasa)
k—1
= D_ 1{pn () = n}ehmi (Viyr)
t=1 ApL
S 5£,n'

B.6 Quasi-optimal solution and good event

Thanks to the previous result, we are able to show that the quasi-optimal solution is feasible with
high probability.

Theorem 11. Consider the optimization problem (I1)), where /o/gm is set to 4 /5§,n + p’fw +

A"YR}, . Then, under the good event E, the quasi-optimal solution {0} }_, (see (T0)) is feasible
for (T0) at any episode k.

Proof. We perform the proof by induction on the time-step h, starting from h = H. Assuming that
for every n € [IN}] the choice 6} |, ,, is feasible we have that the choice

@}LH(Z) = Qn+1[0741](2)
is also feasible. With this choice, proposition[7]ensures that, for every n,
ghan :Eh,n + 0hm(Qh+l[ ;L+1]) + T]'Z,n - T2];L,n + Tgﬁ,n (15)
Now, to show that also 6} is feasible, we have to prove that, substituting each gh,n = 9,’;771 in the

previous equation, we get a value for &, ,, such that ||&,, .|| AE S af .
: Al :

(o)
First note that, by definition, 0} | = 04 »,(Qnr+1[0},,1]), so that the previous equation simplifies to

~&p =T}, —T2)  + T3} . (16)
At this point we have by triangular inequality
1€nnllas . < ITL llax 1725 allas .+ T3l (17)
<P DT+ A R + 1/ B (18)
=\ Ja . (19)
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where the second comes from Lemmas Qand@ This completes the proves that each 6 ,, is feasible,
meaning that also 0}, is, and completes the inductive step. [

From the feasibility of 8} a simple corollary follows

7]‘; R
Corollary 12. Under the good event E, at each episode k, the V —function V| (-) estimated from 61
as solution of solution of the optimization problem (11) satisfies

VseS Vi*(s) —V]f(s) < (H-1)T.

Proof. By design of the optimization problem, and the fact {0}, }/_, is feasible under E, we have

7,6 *
Vi(s) = V[0](s).
Now, we have
* 7k * *
Vit(s) = Vi(s) < Vi'(s) = V[07](s)
= max Q(s, a) — max Q[67](s, a)
< max Qi (s, ) ~ QI6](s.a)
< [1QT() — QIO < (H —1)Z,
where the last passage is possible by theorem [6] O

Moreover, we are also able to prove that the solution found by the optimization algorithm (TT)) is an
"almost fixed" point of the Bellman optimiality operator.

Proposition 13. Under the good event E, the Q—function computed with the optimization algorithm
at each step k satisfies Outside of the failure event, we have

—k —k
V2eZ |Qh(2) - T@)()| ST+ 2yfa, lon@ly o

Proof. By Proposition[7] we have, taking n := pj,(2),

Q0 (2) = TalQ@n 1) (2)] < [60(2) "Onn — Tal@nia)(2)]
+|on(2)" (€ + T3, — T25 , + T3} )|
ST+ [¢n(2) &pn| + |on(2) T1 |
+|on(2) T2 | + [0 (2) T3 L]

The first term satisfies, by the constrain in the program,
00(5,0) €] < 1Ellag I6n(s5. @)y -+ < Jad allon(s, 0l .

The other terms satisfy, thanks to lemmas|[T[2]3] satisfies

|6n(2) T3 5| + [00(2) T2 o] + [ 80(2) TT3E | < 3ok Llldn(s, a)llyy -

C Regret bound

Using all the results that we have proved, we can finally bound the regret

Theorem 14. Under event E,, CINDERELLA, for A = 1 achieves a regret bound of order

H
R <O <Z VEN, ((L¢, +V/dp) sup R + dp + \/dh log(V(1/VK, vh))> + KHI\/Eh> .
h=1 "
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Proof. By Corollary 2] the regret is bounded by

K K
* T Tk ™
Ric =Y Vi(st) = V™ (s) S KHT + > V(s}) = V™ (sh).

k=1
Note that, under the good event,
71{2 T 71{2 s
Viu(sy) = Vi (s) = Qu(2) = Vi (s7)
Prop E .
Z+2 ahp (2k ||¢h(zh)||AZ o +771[Qh+1}(zh) Vir (sp)
PR (Zp
k T
=1+2 042 on ||¢h(zh)||Ak k)*l +Eyopn(- \zh)[Vh+1(3/) - Vhf1(sl)]~

hipp (2

Now, if we define the quantity
s —k s
Ch =E, ! ~ph (- IS,L,a,L)[Vth( ) Vh+k1( )] - Vh+1(5]fi+1) + Vhﬁl(sﬁ+1)’

we can rewrite the previous relation as a telescopic sum:

7k Uy 7k Tl
VIGH ~ V6D < T+2yfof, olor Gl o F B ap V() = V()

1 (27)

—k -
=T+2/ab o@Dl o Vo(sh) - VE(sh)
7ph(z1) 1 (zk)

P12

same quantity at next time step

H
k k k
< HI+ hz_:l 2, /ah7ph(zﬁ)||¢h(2h)||/\2yph(2£)—1 + ¢

This equation allows us to bound the regret, under the good event, as

K H
Ry < KHT + ZZ s LACH Y (k;1+<;’f-
k=1 h=1

hopp “h

We start from the last term, which we rewrite, by exchanging the index of the sums as

k=1h=1

For fixed h the term ¢} is a martingale difference and, if it is bounded almost surely in [~C, C] for
some constant C' > 0, we can apply Hoeffding’s inequality to prove that w.p. at least 1 — 4,

K

—20/Klog(1/5) <Y (F <20/Klog(1/9).
k=1

In our case, due to our problem definition we have that C' may be chosen as Ly sup,, Rp, . Imposing

that the previous inequality works at every step at the same time, and summing over h, we get, w.p.
1-46,

Mx

>

h=1

k< 2v/Klog(H/b) Z Ly sup R (20)
1 h=1

ES
Il

Now, we go on bounding the other term

25



M=

H
Z 2\/0‘h ph(zk)H(Z)h(zh)HAkp (zk;l
h=1 m

H
> VK 24 of L nllnEDIZ,. oen

h=1 n e

K H
Z Z 2\/ O‘h ph(zk)HQsh(Zh)HAk o

k=1h=1

~
Il

1

IN

Where the last passage is due to the Cauchy-Schwartz inequality. The last sum can be rewritten by
summing over the regions instead of the episodes:

K N;L ph n
DA epllonGRIR =20 > dainllén(a) I, -1
k=1 hapn (2) n=14,=1

where the index 4,, enumerates the episodes k& where zﬁ € Zj, . At this point, recall that we have set
\/O‘Z,n = \/ﬁﬁn + \/p’fm + A" Ry, so that, in particular

af < 3Bk 4+ 3Dk + 3N Ry
< 3pf I + 3d + 3log(N (1/VE, Vi) + 3log(1/3) + 3A 'Ry, ..

K
. : N Phm 4 i . .
This way, the previous sum ) ", > "™ 4oy | pn (25 HAW _, can be again decomposed in few
) ? h,n
terms, according to the decomposition of af .
Ny, Ph n Ph n
Z Z Z 2 Z
12 ph TLI H(bh A’Ln -1 = 12 ph nI ||¢ Aln —1-
n=11i,=1 in=1

Note that, by construction of the matrix AZ"H, we can use Lemma 11 from [1] to have

ph,n

> llénzi)

in=1

I2,, -1 < 2dylog((A+ pi L3 /dn)) — log(det (A1),

where by fixing A = 1 we have

K
Ph,n

> lon(zi) 3, -1 < 2dplog((1+ pi L3 /dn)) < 2dj log(K LG +1).
inil h,n

Therefore, we can bound the whole term as

K
Nh, Phon Nh
123 thynlzllth(z;n)Hi;n <12 pk,T%2dy log(K LY + 1)
n=11i,=1 n=1
= 24KT%dy log(KLZ +1). (22)

The remaining terms can be bounded in a simpler way: by just calling ¥ := dj, +log(N (1/vVk, V1)) +
log(1/9) + R n, we have
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Nh phn Nh ph n

> 2 120on(Enl =129 30 S llen(50l,,

n=11,=1 n=117,=1
Np
<129 ) " 2d, log(KL; + 1)
n=1

< 24U N, dy log(K L + 1),

where we have used Lemma 11 by [[1] as before. This result, together with Equation (22)) can be
inserted into the previous Equation 1)) to get

K H H
>3 2ol lonGhlly | < 3VE thph(zk)nm(zh)nM .

k=1 h=1 mon(h) hopn (R

< V21 Z VE\J(KT? + UN, )dy log(K L3 + 1)

< \/ﬁZ(KI+ VUN,K)\/dplog(KL2 +1).
h=1

Therefore, the full bound on the reget can be written, also thanks to Equation (20) as

Rk < 2K log(H/5) ZL¢ SUp R + fz KT ++\/UN,K),/dylog(KL2 +1).

Ignoring terms that are logarithmic in K, H, L, 1/§ and passing to the O notation, we get

H
R <O <\/E > (LysupRpn + /dnUN,) + KHI\/&h> .
h=1 "

Now, note that by definition ¥ := dj, 4 log(N(1/vk, V4)) + log(1/8) + Rp.n, so the previous can
be rewritten as

H
R <O <¢ﬁz ((L¢ + \/dp) sup R + dp, + \/dh log(N (1/VK, vh))> + KHI\/&h> .

h=1
O

Merging the previous result with Proposition [8] which bounds the size of the covering, and the fact
that the good event is designed to have probability at least 1 — & (Corollary [I0), we get

Corollary 15. Assume that Ly = O(1) and supj,cy) ne(n,] Rhn = = O(V/dy,). Then, with probabil-
ity at least 1 — 6, CINDERELLA (Algorithm[I), with A = 1 achieves a regret bound of order

Ry = (5 (Z thh\/E-l- Z\/ZthK> .
h=1 h=1
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D Computational complexity

In this section, we are going to study the computational complexity of CINDERELLA (Algorithm T)).
The key computational bottleneck lies in solving the constrained continuous optimization problem
presented in Equation |/} Two obstacles hinder efficient solutions to this problem.

1. In the first constrain, there is one term containing maxae .4 Gh+1(5] 1 a)Tth,p(S;LH’a),

which breaks linearity in 0,11 ,,.

2. In the third one,

Eh,n”/\ﬁm < \/aj , breaks the linearity also in Ehm-

The confluence of these two challenges renders the problem computationally intractable. This is
unsurprising, as even the optimization problem in ELEANOR [42], a simplified version of ours, is
well-known for its computational difficulty. Fortunately, our setting allows for an inherent Bellman
error, denoted by Z. This enables us to forego an exact solution to problem 7] and instead seek an
approximate solution. The resulting approximation error, denoted by &, can be incorporated into the
Bellman error term. From theoremwe deduce that if e = O(K ~'/?), its dependence in the regret
bound is negligible. Therefore, a viable approach might involve constructing an e-grid, denoted by G,
over the variable space for e ~ K ~!/2 and then to solve the problem with exhaustive search on G.
This idea is not completely satisfying, as the cardinality of G would be of order

91 = O ((VE)? =i e

since we have three optimization variables 0}, ,,, £ hons Oy, of dimension dj, for every n € [Np,].
Unfortunately, at this level of generality, no strategy with polynomial computational complexity is
known. As a comparison, algorithms presented in table ] are not better. LEGENDRE-ELEANOR [25]]
is based on ELEANOR, so it is also intractable, GOLF [17] and NET-Q-LEARNING [34] require an
optimization oracle. LEGENDRE-LSVI [25] and KOVI [41]] can be implemented efficiently, but
work only for simpler settings.

E Mildly Smooth MDPs

In this section, we give our results for Mildly Smooth MDPs. First, we have to start from some notion
from calculus.

E.1 Smoothness of real functions

Let Q C [-1,1]¢and f : Q — R. We say that f € C¥(Q2), for v € (0, +00) if it is v, —times
continuously differentiable for v, := [v — 1], and there is a constant L, ( f) such that

Voo |af = v, Vo,y €Q, [Df(x) = DYf(y)| < Lo(f)llz —ylZ™,

where « is a multi-index, i.e. a tuple of non-negative integers (v, ... aq) and the multi-index
derivative is defined as follows

The previous set becomes a metric space when endowed with the following norm

/]

cv = max{ max Daf||LoC7Lu(f)} .
IQ‘SV*
Note that, when v € N, the previous norm simplifies as

[fller = max [D*f|[e,
o] <w
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since the Lipschitz constant L, (f) of the derivatives up to order v, = v — 1 corresponds exactly to
the upper bound of the derivatives of order v (which exist as a Lipschitz function is differentiable
almost everywhere). For these values of v, the spaces defined here are equivalent to the spaces
C*~11(Q) defined in [23].

The following approximation results hold true for this function space.

Theorem 16. Let us consider the Taylor polynomial T, [f](-) centered in y € €2 of order v.. This
can be written as
Df(y)

T @ = Y L@y
el <v. '

Then,
Ve € Q, [f(z) = T, [fl(2)] < Lu(f)llz — yll%-

As this formulation has the form of a scalar product over ||| < v, of one vector with components

% and another of components (z — y)<, we rewrite it in the following form

e = Y P06 e w0 @)

llells<ve

Here, note that the length of the two vectors corresponds to [{a € N¥ : e[|y < v} = (“9) < vl
Moreover, the first only depends on f, while the second depends on x.

With all this notation settled, we can define what we call a Mildly Smooth MDP.

E.2 Between Weak and Strong

We call Mildly Smooth MDP a process where the Bellman optimality operator outputs functions that
are smooth.

Definition 5. (Mildly Smooth MDP). An MDPs is Mildly Smooth of order v if, for every h € [H],
the Bellman optimality operator Ty, is bounded on L>=°(Z) — C¥(2).

Boundedness over L>°(Z) — C¥(Z) means that the operator transforms functions that are bounded
L*°(Z) into functions that are v-times differentiable. Moreover, there exists a constant C'r < 400
such that || 75 fllcv < Cr(||fllz= + 1) for every h € [H] and every function f € C¥(Z).

To determine how strong our assumptions are when compared to the literature, we prove the following
considerations.

E.3 Relation between the settings

v—Kernelized C v—Mildly Smooth. Given the definitions of the two MDP families, this point
reduces to proving that the RKHS generated by the Matérn kernel of parameter v > 0 is a subspace
of C¥(Q).

Theorem 8, part (3) from [[L0] ensures that, for isotropic kernels, in order to have sample path
€ C¥(Q), a sufficient condition is for the kernel to be in C*(Q?). The same theorem also shows
(proof of Proposition 10) that the Matérn kernel can be written as

My (z,y) o< (Filllz = yl3) + llz = yl3” follz = ),

where f1, fo € C*°(R). Note that,
d

lz =yl = (2 — y:)* € C=(Q),
i=1
so that f1(|| - — - ||2), f2(|| - — - ||3) € C>°(Q2?). Therefore, these two terms do not affect the overall

smoothness of the kernel. This implies that the order of smoothness of M,,(x,y) corresponds to the
one of ||z — y||3” which is (perhaps the most basic example of) % (Q?).
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For v € N, v—Mildly Smooth C (v — 1)—Weakly Smooth. This part is obvious; indeed, as for
every function we have || f||p~ < || f||cv—1.1 (where the last norm is defined in [25])), we have

[Tnfllcv =10 = Tufller < Cr(lfllze +1) < Cr([fllev—10 + 1),

where in the first passage we have used the fact that for v integer || - ||cv-1.1 = || - ||c~ and in the
second we have used the definition of ¥ — 1 Mildly-smooth MDP.

For v € N, (v — 1)—Strongly Smooth C v—Mildly Smooth. Let us assume an MDP is Strongly
Smooth. Indeed, for every function f : S x A4 — R we have:

77Lf(87 0,) = rh(87 CL) + Es’wph,(-\s,a) [Zr,leaﬁ f(S/, a’/)]

=rp(s,a) +/ max f(s',a' )pn(s']s,a) ds'.
SCLIEA

By triangular inequality, this entails:

/ max f(s',a" )pu(s'|") ds’||

S a’eA cv

where the first term ||7||cv = ||7||¢v-1.1 (remember that v is integer) is bounded by assumption and so
we can focus on the second one. As all the functions involved are bounded, we can apply the theorem
of exchange between integral and derivative [14] and we have, for every multi-index with |a| < v:

|nmakuHﬂ

Da/ max f(s',a" )pn(s']-) ds’ = / max f(s',a’ ) D%py(s|") ds’. (24)
S a’'€A S a’'€A

Using the abbreviation f(s') = maxge4 f(s',a’) we get:

= Imax
cv lalsv

= e L (0 [ Fm(s1) o

lal<v—1
D™ [5 f(s)pn(s'|z1) ds' — D™ [ f(5')pn(s'|22) ds’

HLﬂwmwmw

IWLﬂﬂmwww

I,

= max sup
|a‘§V_1z1,z2€Z ”Zl _ZQHoo
s F(")(D2pn(s'|21) — D*pi(s'|2)) d’
= max sup
la|<v—12, zyez ||21 _ZQHOO
< sup fs f(SI)CPHZl — 2200 ds’
T z1,20€Z Hzl - 22”00

< Vol(8)Cy | f|

Where the first step is the definition of || - ||¢v, the second comes from the fact that, as we pointed out
before, if a function f is Lipschitz the || - || Lo of its derivative corresponds to its Lipschitz constant,
the third from definition of Lipschitz constant, the fourth by linearity of the derivative, the fifth one by
definition of strongly (v — 1)—smooth process (the part about p,) and the last one by just bounding
the integral with the infinity norm times the measure of the set.

For v € N, there is an MDP that is »—Mildly Smooth but not (v — 1)—Strongly Smooth. Define
an MDP where

e S=A=[-1,1],s0that Z = [-1,1]

* r,(z) = 0 everywhere (any smooth function would have worked as well).
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* pr(|s,a) = Unif(Bs, Bs + 1 — 3) for some 5 € (0, 1).

Note that this transition function is well defined, as both s, 8s + 1 — 8 are in [—1, 1] but it is not
even continuous, as its density corresponds to

1 S,08 - S,
pu(s']s,a) = —L2EHLAT 2 ’BlJr_lﬁm( )

Still, we can show that this process is Mildly smooth for v = 1. Indeed, take every f € L°°. We have

175 fller = mx { s |05l Lu(T5 )}
= {17 Sl (T )

The first part || 7,* f|| Lo is bounded by || f| L by the non-expansivity of Bellman operator. The
second one corresponds to

Li(T, f) = sup E*f(zl)_n*f(@).

21,22€2 21 — 22|00

We have, calling f(s') = maxqc4 f(s',a’) (recall that reward is constant),

T f(z1) = Ty f(22) - Js F(8)pn(s'|21) ds' — [ F(s)pn(s'|22) ds

sup =
21,22€Z llz1 — 22|00 2172262 llIz1 — 22|00
/ / d /
o T —pas122)) A
21,22€Z 21 — 22|00
We can now evaluate the numerator explicitly:
- 1 ! 1 _g(s
/f(Sl)(Ph(3'|81,a1)—Ph(s'\sz,ag))ds'z/ or pr 1) _ Upoaprar1-p)8)
s 1-p 1-3
:/Jz 1[ﬂs1,ﬂsl+1 als)
-p
/f /352 ﬁS2+1 [5]( )ds/
-p
Bs1+1-8 _ Bs2+1-8 , )
=13 / f()ds—/ fls"yds' | .
_ﬂ Bs1 Bs2

Now, note that the function g(s) := BQH P f(s') ds’ has a derivative bounded by 2| fllp~ in

absolute value: indeed, from the fundamental theorem of calculus,

19 ()| = 1f(Bs + 1= 8) = f(Bs)| < 2/|f|=,

so that it is 2|| f || Lipschitz continuous. Substituting in the previous equation we get

Ry / / d/ 1 Portl=fh . / d/ Poatl=fh . / d/
| T @ s1.01) = (s s2.02)) s 1—5(//351 fyas = [ 5@ )

= L (g() — () < AW

IN

lls1 — s2|lpe-



This proves that

TfC) =Tef ) _ o ST 0nls' o) — pu(122)) ds'

sup
nmez |21 — 22)leo 21,2262 21 — 220
o7
< sup 7"{%% Hsl - 82||oo
B 21,22€2 Hzl - ZQHOO
=AW= < 2y
1-5 —1-pg"h=

Where the passage after the first inequality holds since |51 — $2]|co < ||21 — 22/ (equality holds
taking the supremum over 21, 22 as it is sufficient to have a; = as to enforce exactly ||s1 — s2|l0o =

21 — #2|/oc) and the second is due to the fact that being f(s') = maxge4 f(s',a’) we have

[l £lle < ||fllzo. This proves that the process is »—Mildly for v = 1, while we have seen that this
is not 0—strongly smooth.

The relation between the different settings is depicted in Figure?2]

E.4 Regret bound for Mildly smooth MDPs

As clarified in the main paper, we are going to see that for a proper choice of the partition I/, and
of the feature map ¢y, any Mildly Smooth MDP belongs to the Locally Linearizable representation
class. We start with the following consideration: as Z C [—1, 1]¢ we can find, for all ¢, a set Z¢
which forms an e-cover of Z in infinity norm, such that |2¢| =: N < (2/¢)%

Now, we define the elements of the partition and feature map in the following way. Note that, even
if we could make all the elements depend on h, we omit this dependence as it turns out not to be
necessary.

1. Now, for every 2" € Z¢, we define recursively Z,, to be the set of points which are covered
by 2", formally:
Zy={2€Z:|z— 2w <€}, Z,={2€ 2 ||z — 2"oo < e} \ U} 2.
As this sets form a partition of Z, we can take U = {Z,}N_,.

2. Let p(-) be the function mapping each point of Z to the corresponding Z,,. We define our
feature map starting from equation as

o(z) == w;z‘z)(z), (25)

We can prove the following fundamental result.
Theorem 17. For any f € C¥(Z2), there are 01, .. .0, .. .0y, all in R%~, such that
() = () Oyl < Lu(f)e”.

Moreover, the components of each of the vectors 0,, satisfy

Iflee a=0
fnler] < {nfw o #0.

Proof. Let z € Z and n = p(z). Then, if we take 6,, to be the vector with components

_ Do)

Onlo] a!

)

we have,
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1£(2) = 6(2) "0, | = 1 £(2) = 6(2) " Ol
D*f(z") nyo
=|f(2) - Z o (x—2")

llexllr <v

=[f(z) = T f1(2)],

where we have used both the definitions of ¢ and 6,,. Then, using Theorem we have

f(2) = 6(2) T b,0)| = | f(2) = T2 [f1(2)]
< Lu(Hllz = 2"[|%-
By definition of Z¢, we have ||z — 2"||co = ||z — p(2)|loo < €, which entails the first part of the

thesis. For what concerns the second one, we bound the magnitude of the vectors 6,, component by
component:

[fllzee =0
[fller  a#0°

where the last comes from the definition of || f||c» O

6.]al| = ’Datﬁzn)

< p=sen) <

Theorem 18. Let M be a Mildly Smooth MDP, and ¢ < 1/(2C+H )1/ Y. Then, setting
1. 2, as in Equation (@),
2. ¢, 1o be the feature map defined in Equation (23)),

the tuple (M, {Zp, n}n.h, {®n}1) is an Locally Linearizable MDP with
e Ly=1+2Vd,,.

° Rh,n = 2\/&,,* CT‘
e T <2C7¢".

Proof. Let us define the sets

Bhy = {0 € R : |6n(-) "0l L~(z,) < An, [0llco < AL}, (26)
where L>°(Z,) stands for the supremum norm restriceted to Z,,. Now, let Qp41[0n+1](2) =
qS(z)THp(z) with 8,1 € Bp 41 foraset Bpy1 = XN Bh+1.n- Two facts hold:

n=1

1. By the non-expansivity of the Bellman optimality operator we have
[T Qh+1[0n+1]llL= < [|Q[Oh+1][[ L < Apa. (27

2. By the Mildly smooth assumption (Asm.[5), we have
[Th@n41[0n+1lller < CT(1Qn41[Onsa]llLee +1) < Cr(1+ Apga).  (28)

Now, we can prove the low inherent Bellman error property (Eq.[9). To do this we apply Theorem 17]
which guarantees that there are 1, ...6,,...0y, all in R%- such that

70 Qnr1[0n11](-) = 6n(-) 0,0l < L (ThQ[On11])e”.

Thus, if we take 6}, as the matrix stacking all these 01, ...6,,...60x, we get that the inherent Bellman
error is bounded by

I < Ly(Th@Q[On+41])e” < [ ThQ[On+1]llcve” < Cr(1+ Apyr)e”.

What is missing is to prove that this choice satisfies 8}, € Bj,.
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By triangular inequality, we have the following bound on the supremum norm

1Qn[01] ()|l = [ ThQh+1[0n+1](-) — QnlOL]()llL + I TRQh+1[On11] ()|l Lo
SZ+ | Th@ns1[0n41](-) |l
< T+ [|Qn+1[0n+1]()l[ L
S Cr(1+ Apgr)e” + Apgr.

We apply again Theoremhaving that the components of the 6}, ,, which form 6, satisfy

|9h [a” < {||7;LQh+1[0h+l]||L°° < ‘|771Qh+1[0h+1]||c" a=0
T UITh Qb1 [Bna]ller a#0,

which means, by Equation (28)), that
Ohnled| < Cr(1+ Apta),

so that, trivially, we have ||0}, ,,

loo < C7(14+ Apy1). Therefore, Equation (26) requires the condition

Ay > CT(]. + Ah+1)€y + Ah+1 A;z > CT(]. + Ah+1).

If we set ¢ < 1/(2C+H)'/", the previous inequalities are satisfied if we set

_H-h

Ap, i

' =207

Indeed, we have

1

= Apy1 + T
2Cr

20, H

> Ah+1 + QCTSV

= Apy1 +

H—-h-1
H
=Ap1 +Cr(1+ Apyr)e”.

> Apr +Cr(1+ )e”

For what concerns the other term we can simply write

h =207 > Cr(1+ Apy1).

This allows us to say that

R = diam(By,.,) < Vd,, A}, =2Vd, Cr,

where the presence of \/g,,* is needed to pass from the oco—norm in the definition of By, ;, to the norm
two in the definition of diam(By, ,,). Instead, for the feature map we have

Ly = sup [[¢(2)]2
z2€EZ

= sup [|¢(z2)]]2
z2€EZ

= su v (2)]]2,
sup 477, ()

34



as from Definition 25 Note that, looking at the precise definition of ¢} () in 23), calling p(z) = n,
this norm can be explicitly written as

= | Y (2 =22

el <v.
<1+ Z (z — zm)2e
1< lefl1 <v
<1+ [ > 22=1+2Vd,,.
1<]ledll1 <v.
Where the third passage is due to the fact that ||z — 2" ||, < 2 as we have assumed Z = [-1,1]2. O

As a consequence, merging the previous result with Theorem[T4] we get the following result.

Corollary 19. Under the previous assumptions, with probability at least 1 — §, Algorithm[I1] for
A = 1 achieves a regret bound of order

Rk <O (HCTdV*NJE T Hch,{{%VK) .

Note that, with this choice we have N < (2/ €)d and d = d,,, . Using this consideration, we can state
our final regret bound, which only relies on choosing the optimal value for /V in the previous result.
From the previous result, if ¢ < 1/(2C+H )1/ v, Algorithm (1 1]achieves a regret bound of order

Rg <O (HCTd,,*N\/E + HCTd},an”K) .

Let us now set ¢ = K 7. The order of the regret bound in K corresponds to
Ry = O(K'/*HPd 4 g1=bv),
Imposing that the two exponents are equal corresponds to setting
1
2d +2v°

. S . —d_ . .
Therefore, choosing ¢ = K~ 2#+2v, which corresponds to N = O(K 2+2v). We formalize this
reasoning in our last and main theorem.

Theorem 20. Let M be a Mildly smooth MDP. With probability at least 1 — 6, Algorithm[1 1] for
A = 1 achieves a regret bound of order

Bd=1/2—-pr = [ =

v

Ry < O (Hd, K551 + H) .

Proof. Letussete = K~ 2T and, consequently, N = O(K 22 ). Then, two scenarios may
happen

1. Ife < 1/(2CTH)'/", Corollaryensures a regret bound of order
Ri <O (HCTd,*N\/I? n HCTdMQe”K) —0 (HOTdV*Kiﬁff?dd) .

2. ¢ > 1/(2C7H)", the regret is trivially bounded by K. Still, as we have chosen & =
2v+2d

K~ 2di2v, the previous inequality entails K < (2C7H)™ v . Therefore, the regret is
bounded by the same quantity.

This completes the proof. O
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E.5 Discussion on d

A possible criticism to our main result (Theorem ) is that the regret bound grows linearly with the

feature map dimension
Ve +d
dl/* B < + )7
Uy

which is exponential in d, the dimension of Z.

While this phenomenon may be scary, this dependence is negligible w.r.t. the one on K in any
learnable regime. To see this, note that, in the much easier bandit setting, where H = 1 and there is
no py (+) function, [23]] shows a lower bound which, for v = 1, writes as

Rx = Q (K$) .
Now, let us assume that d 2 3 log(K) for some constant 8 > 0. We have

148 log(K)

Rk =Q ([&%) —0 (KW) —-Q (Klfm)

— log(K)

> Q (K7 ) = Q (K- emito ) = (K- e77) = Q(K).

This lower bound shows that our problem is not learable unless d = o(log(K)). In such case,
dy, = (") =0 (v?) = o(T?) for every 8 > 0.

Vx

E.6 Final considerations

We end the paper by making a short list of some results in the state-of-the-art for continuous MDPs
that have been improved with the last theorem. All this result are valid with high probability.

* For kernelized RL with Matérn kernel, the best known regret bound is [41]], which ensures

R <O <H2K"Z,3ffz2> ’

which is super-linear for 2d > v.

* For Strongly Smooth MDPs, Theorem 2 from [25]] provided a regret bound of
Rx <O (H3/2K5jfg) ;

which is super-linear for d > v.

* Mildly Smooth MDPs, although just defined in the present paper, are a subset of the Weakly
Smooth family, for which Theorem 1 in [25] provided a regret bound that, in our notation,
writes

R < & (CL K57,
This bound is not only super-linear for 2d > v but also exponential in H.
In all previous settings, theorem [20] ensures a regret bound for CINDERELLA of
R <O (HK%) :

which is both sub-linear in any regime and polynomial in /1. In this way, we have proved for the first
time that the previous settings allow for learnable and feasible Reinforcement Learning.

E.7 Lower bounds

A lower bound for the any of the previous settings has clearly to depend on all K, H, v, d. In particular,
the regret bound is known to decrease for higher v, while it increases in the other variables. In terms
of dependence on H, our bound is already optimal: in this setting we cannot obtain less that the H
dependence [42]]. On the other side, the optimal order in K is a major open problem in this field.
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In fact, the only proved lower bound in the continuous setting involves smooth armed bandits, which

can be seen as a special case of the Strongly Smooth MDPs for I = 1. This bound [23]], of order
v+d

K 7774 is matched in the bandit case (same paper). As a comparison, our bound only achieves

K 5otsa , 1.e. we pay a double dependence on d.

This poorer regret bound is not simply an artifact of the analysis, but rather a fundamental challenge
that arises when moving from bandit problems to reinforcement learning (RL). In RL, the agent
must estimate the value function at step h using its own estimates for the value function at the next
step, h + 1. This forces to make a covering argument on the space of candidate state-value functions
(moving target problem, also a topic of the next section [F)), which has a detrimental effect on the
regret bound.

At this point, there are essentially two possibilities:

1. The covering argument cannot be avoided, and regret order of K 27724 is the best we can
achieve for Kernelized MDPs, Strongly Smooth MDPs and Mildly Smooth MDPs. In that
case, it would be proved that continuous armed bandits are essentially easier than MDPs
with continuous state-action spaces.

2. As for tabular MDPs [4], a more refined analysis allows to avoid doing the covering

argument. In this way, a regret bound of order K %54 can be proved, as the problem
becomes as difficult as a smooth bandit. This would mean that, as for the comparisons multi
armed bandits/tabular MDP and linear bandit/linear MDP, there is no substantial difference
between continuous armed bandits and MDPs with continuous state-action spaces.

We leave this as an interesting open problem for the future advancements of the research in theoretical
RL.

F Some observations on [38]

[38] is one of the most recent papers in the literature on RL with continuous spaces. This work,
published at the celebrated Conference on Neural Information Processing Systems (2023) reported a

very strong result, proving a regret bound of order o (K %) for Kernelized RL with Matérn kernel.
If true, this bound would mean that it is possible to match the lower bound for the much easier case
of Kernelized bandits.

In this section, we will pose some objections to the analysis of that paper. To this aim, we are going
to refer to the updated version [39] of the same work, where the authors have corrected some minor
mistakes of the published paper.

The result giving the regret bound is Theorem 2 and, precisely, equation (21) in that paper. Without
digging into the algorithm that they use, we can say that, like our one, it is based on dividing Z
into sub-regions, there called Z’ (even if the way these regions are created is totally different). As
the authors recognise in their section 4.1, the hardest point of the analysis is the so called "moving
target problem": to fit the current estimate @}, of the state-action value function, the authors use
r, + PhV,f 11> which is a random function (as V,f 41 is estimated as well). Therefore, standard
confidence bounds do not apply straightforwardly. The way [39], as most papers, deal with this issue,
is to make a covering of the space V4 of the state-value functions at the next step, and then make a
union bound over all the possible values for V}!_ ;.

The tricky part of their analysis is that, instead of using the covering number of V}, 1, they fix one
region Z’ and cover the space of functions restricted to Z’, as it is said in the first eight lines of
section 4.2. In this way, as said in the same part of the paper, the e —covering number of the function
class, for e = O(y/log(T)/\/N7(2")) (where N7 (Z') corresponds to the number of times region
Z' is visited), results for be of order log (7).

Unfortunately, we find no justification for this choice. Line 7 of their algorithm, when the estimated
Q4 (+) is computed, relies on equations (15-16), which do a Gaussian process regression with target
rn(2") + Vi (s,,,,) forall 2 € Z’ visited in the process. The issue here is that, while we know
that 2" € Z', we cannot say anything about s}, |, which is sampled from py, 1(-|2’). The new state
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is not guaranteed to belong to any specific sub-region of S. Therefore, it is not sufficient to do a cover
restricted to the value functions Z’ — [0, 1].

In fact, all the approaches based on value iteration suffer from this problem. For tabular MDPs, the
problem of covering the space of next state value functions was well-known to prevent achieving
optimal regret, and was eventually solved by [4], who found a way to avoid doing the covering at all.
Note that tabular MDPs can be seen as an extreme case where Z is divided in regions Z’ containing
just one state-action couple, and making a cover of V;,; (the space of candidate value functions at
the next step) restricted to a single state would trivially achieve optimal regret of order +/|S||A| K.
Still, this move is known to be wrong.
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* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
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