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Abstract

In reinforcement learning (RL), state representa-
tions are key to dealing with large or continuous
state spaces. While one of the promises of deep
learning algorithms is to automatically construct
features well-tuned for the task they try to solve,
such a representation might not emerge from end-
to-end training of deep RL agents. To mitigate
this issue, auxiliary objectives are often incorpo-
rated into the learning process and help shape the
learnt state representation. Bootstrapping meth-
ods are today’s method of choice to make these
additional predictions. Yet, it is unclear which
features these algorithms capture and how they
relate to those from other auxiliary-task-based
approaches. In this paper, we address this gap
and provide a theoretical characterization of the
state representation learnt by temporal difference
learning (Sutton, 1988). Surprisingly, we find
that this representation differs from the features
learned by Monte Carlo and residual gradient
algorithms for most transition structures of the
environment in the policy evaluation setting. We
describe the efficacy of these representations
for policy evaluation, and use our theoretical
analysis to design new auxiliary learning rules.
We complement our theoretical results with an
empirical comparison of these learning rules for
different cumulant functions on classic domains
such as the four-room domain (Sutton et al.,
1999) and Mountain Car (Moore, 1990).

1. Introduction

The process of representation learning is crucial to the suc-
cess of reinforcement learning at scale. In deep reinforce-
ment learning, a neural network is used to parameterise a

"University of Oxford >Google DeepMind. Correspondence to:
Charline Le Lan <charline.lelan @stats.ox.ac.uk>.

Proceedings of the 40" International Conference on Machine
Learning, Honolulu, Hawaii, USA. PMLR 202, 2023. Copyright
2023 by the author(s).

State  Representation Value

] [ B Veul
X |— —0
jD —U,v
—
¢

(;3) Implied

Auxiliary Task
matrix

Figure 1: In deep RL, we see the penultimate layer of the net-
work as the representation ¢ which is linearly transformed
into a value prediction f/¢,w and auxiliary predictions ¥ (z)
by bootstrapping methods.

representation ¢ which is linearly mapped into a value func-
tion (Figure 1) (Yu and Bertsekas, 2009; Bellemare et al.,
2019; Levine et al., 2017); this approach often leads to state-
of-the-art performance in the field (Mnih et al., 2015). State
representations are key to the stability and quality of this
learning process.

However, a representation supporting the downstream task
of interest might not emerge from end-to-end training.
Hence, auxiliary objectives are often incorporated into the
training process to help the agent combine its inputs into
useful features (Sutton et al., 2011; Jaderberg et al., 2017,
Bellemare et al., 2017; Lyle et al., 2021) and the result-
ing network’s representation can help the agent estimate
the value function. To construct representations supporting
these characteristics, different kind of auxiliary tasks have
thus been incorporated into the learning process such as con-
trolling visual aspects of observed states (Jaderberg et al.,
2017), predicting the values of several policies (Bellemare
et al., 2019; Dabney et al., 2021), predicting values over
multiple discount factors (Fedus et al., 2019) or prediction
of next state observations (Jaderberg et al., 2017; Gelada
et al.,, 2019) and rewards (Dabney et al., 2021; Lyle et al.,
2021; Farebrother et al., 2023).

While these tasks have mainly been trained by bootstrap-
ping, a precise characterization of the representations they
learn is lacking. This paper aims to fill this gap. We study
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the representations learnt by TD learning when training aux-
iliary tasks consisting in predicting the expected return of
a fixed policy for several cumulant functions (Section 3).
More generally, this analysis informs bootstrapped represen-
tations arising from algorithms such as Q-learning (Watkins
and Dayan, 1992), n-step Q-learning (Hessel et al., 2018;
Kapturowski et al., 2019; Schwarzer et al., 2021) or Retrace
(Munos et al., 2016). Our key insight is that the way we train
these value functions, for instance by TD learning, Monte
Carlo or residual gradient, influences the resulting features.
In particular, we show that when trained by TD learning,
these features converge to the top-d real invariant subspace
of the transition matrix P™, when it exists (Theorem 1). We
present an empirical evaluation that supports our theoretical
characterizations and show the importance of the choice of
a learning rule to learn the value function in Section 5.

In Section 4, we characterise the goodness of these represen-
tations by quantifying the approximation error of a linear
prediction of the value function from these frozen represen-
tations in the TD learning and batch Monte Carlo settings
(Subsection 4.1). We find that to minimize this error, the
cumulants need to depend on the dynamics of the environ-
ment but in a different way whether we learn the main value
function by batch Monte Carlo or TD learning. Then, we
show random cumulants which have been used in the litera-
ture (Lyle et al., 2021; Farebrother et al., 2023) can be good
pseudo-reward functions for some particular structures of
the successor representation (Dayan, 1993) by providing an
error bound that arises from sampling a small number of
random pseudo-reward functions (Subsection 4.2).

Finally, we find that one way to improve this bound is to
sample pseudo-reward functions which depend on the dy-
namics of the environment and inspired by this observation,
we propose a novel auxiliary task method with adaptive
cumulants and show that the resulting pretrained features
outperform training from scratch on the Four Rooms and
Mountain Car domains Subsection 5.3.

2. Background

We consider a Markov decision process (MDP) M =
hS, A, R, P, ~i (Puterman, 1994) with finite state space S,
finite set of actions A, transition kernel P : S A ¥ 2(S),
deterministic reward function R : S A ¥ [ Ry, Rinax)s
and discount factor v 2 [0, 1). A stationary policy 7 : S ¥
Z(A) is a mapping from states to distributions over actions,
describing a particular way of interacting with the environ-
ment. We denote the set of all policies by II. We write
P, :S ¥ Z(S) the transition kernel induced by a policy
w211

>
P(s, a)(so)ﬂ(aj s)
a2A

Pr(s,s") =

andr; : S ¥ [ Rpax, Rmax] the expected reward function

Tﬂ-(s) = EW[R(S(),A())] So =S, Ao ’/T( jSo)]

For any policy 7 2 II, the value function V™ (s) measures
the expected discounted sum of rewards received when start-
ing from state s 2 S and acting according to 7:

" #

X t - -
Y'R(Si, Ar)jSo=5,4A w(jSh)

It satisfies the Bellman equation (Bellman, 1957)
VT(s) =rx(s) +7Es0 p iV ()],

which can be expressed using vector notation (Puterman,
1994). Assuming that there are S = jSj states and viewing
r. and V7 as vectors in R® and P, as an R * transition
matrix, we have

V=1 +yP VT =1 ~P;) ry.

We are interested in approximating the value function V'™
using a linear combination of features (Yu and Bertsekas,
2009; Levine et al., 2017; Bellemare et al., 2019). We call
the mapping ¢ : S ¥ R? a state representation, where
d 2 N™. Usually, we are interested in reducing the number
of parameters needed to approximate the value function and
have d  S. Given a feature vector ¢(s) for a state s 2 S
and a weight vector w 2 R, the value function approximant
at s can be expressed as

Vpw(s) = o(s)” w.

We write the feature matrix ® 2 RS ¢ whose rows corre-
spond to the per-state feature vectors (¢(s),s 2 S). This
leads to the more concise value function approximation

Vd),w = dw.

In the classic linear function approximation literature, the
feature map ¢ is held fixed, and the agent adapts only the
weights w to attempt to improve its predictions. By contrast,
in deep reinforcement learning, ¢ itself is parameterized by
a neural network and is typically updated alongside w to
improve predictions about the value function.

We measure the accuracy of the linear approximation Vi ,,
in terms of the squared &-weighted I norm, for £ 2 Z(S), !

>
E(s)(@(s)Tw V7 (s))%

s2S

KVpw V7kE=

The &-weighted norm describes the importance of each state.

'We assume that (s) = O for all states s 2 S.
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2.1. Auxiliary Tasks This method results in the network's representatiqras-
suming a linear, fully-connected last layer, corresponding to
hek principal components of the auxiliary task matrix if

the network is other unconstrained (Bellemare et al., 2019).

In deep reinforcement learning, the agent can use its re
resentation to make additional predictions on a setlof

. maps states to real values (Jaderberg et al., 2017; BellProposition 1 (Monte Carlo representations) If
mare et al., 2019; Dabney et al., 2021). These predictiongnhk( ) > d > 1, all representations spanning
are used to re ne the representation itself. We collect theséhe topd left singular vectors of  with respect to the
targets into aruxiliary task matrix 2 RS T whose rows inner producthx;yi are global minimizers of Jii; and
are (s)=[ 1(s);:: 1(s)]. We are interested in the case ¢an be recovered by stochastic gradient descent.

of linear task approximation . - .
In large environments, it is not practical to collect full tra-
N

= W jectories to estimate . Instead, practitioners learn them
by bootstrapping (Sutton and Barto, 1998).
whereW 2 RY T is a weight matrix, and want to choose
andW such that" - In this paper, we consider a 2 3. Temporal Difference Learning with a Deep
variety of auxiliary tasks that ultimately involve predicting Network
the value functions of auxiliargumulantsalso referred to
as general value functions (GVFs; Sutton et al., 2011). Byfemporal difference (TD; Sutton, 1988) is the method of
construction, these tasks can be decomposed into a non-zefhoice for these auxiliary predictions. The main idea of
cumulant functiorg S RT, mapp|ng each state to this approach ibOOtStrappiHQSutton and Barto, 1998) It
T real values, and an expected discounted next-state ter@NSists in using the current estimate of the auxiliary task

when acting according to fungtion to generate some target; replacing their_ t_rue value
in order to learn a new approximant of the auxiliary task
(s)= g(s)+ Eso p (jl (SO function. In this paper, we consider one-step temporal dif-

) ) ference learning where we replace the targets by a one-step
In matrix form, this recurrence can be expressed as fouowf)rediction from the currently approximated auxiliary task
=G+ P = (I P ) G function. The analysis can easily be extended to n-step tem-
poral difference learning; see Appendix G for further details.
whereG 2 RS T is acumulant matrixwhose columns In deep reinforcement learning, both the representation
correspond to each pseudo-reward vector. An example of and the weight¥V are learnt simultaneously by minimizing
family of auxiliary tasks following this structure is the suc- the following loss function
cessor representation (SR) (Dayan, 1993). The SR encodes h i,
a state in terms of the expected discounted time spentip1D (. w )= E ()W  sGg(s)+ (sHwW
other states and satis es the following recursive form o5 s
.08 — — 0 0. <087 .
(sis)=1[s= 1+ Eso p (jg[ (S35 wheresa denotes astop gradientand means that and
for all sS°°2 S. The SR is a collection of value functions W are treated as a constant when taking the gradient from
associated with the cumulant matfix= | . Here we focus automatic differentiation tools (Bradbury et al., 2018; Abadi
our analysis in its tabular form, noting that it can be extendectt &l., 2016; Paszke et al., 2019). Written in matrix form,
to larger state spaces in a number of ways (Barreto et aWe have

2017; Janner et al., 2020; Blier et al., 2021; Thakoor et al., ™, . : 1 2
2022; Farebrother et al., 2023). Law ( sW)= k() 2( W sg(G+ P W)kg

Here, 2 RS S s adiagonal matrix with elements (s) :

s 2 Sg on the diagonal. For clarity of exposition, we ex-
To understand how auxiliary tasks shape representationgless this loss with universal value functions but the analysis
we start by presenting the simple case where the values 68n be extented to state-action values at the cost of additional
auxiliary cumulants are predicted in a supervised way. Herezomplexity. The idea is to reduce the mean squared error
the targets = (| P ) G are obtained by Monte between the approximantand the target values by stochas-
Carlo rollouts, that is using the xed policy to perform tic gradient descent (SGD). Taking the gradient akith
roll-outs and collecting the sum of rewards. The goal is torespectto andW, we obtain thesemi-gradientipdate rule
minimize the loss below

2.2. Monte Carlo Representations

(1 P)W G)W”~

MC . — H 1=2 2.
Lax( iW)= min k =5( W ke wow T P)W G @
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for a step size . Because the values of the targets changéroof. The proof is given in Appendix C and relies on the
over time, the los& does not have a proper gradient eld view of LSTD as an oblique projection (Scherrer, 2010).
(Dann et al., 2014) except in some particular cases (Barnard, O
1993; Ollivier, 2018) and hence classic analysis of stochastic
gradient descent (Bottou et al., 2018) does not apply. In the particular case of an identity cumulant matrix and
a uniform distribution over states, this set can be more di-
3. Bootstrapped Representations rectly_ 9xpressed_as the representations invariant under the
transition dynamics.
We now study thel-dimensional features that arise when Corollary 1. IfG = | and = I=S, all full rank represen-
Eerforrr]mngr)]vglue (fastllmathn of a xhed dset orf] cun:lrullgarts aIf‘dtations which are critical points th. 1D span real invariant
ow the choice of a earnlng.met od such as earn'ngsubspaces; of the invariant subspaceP of
affects the learnt representations. Our rst result character-
izes representations that bootstrap themselves. We assur8gilarly to how the top principal components of a ma-
that the features are updated in a tabular manner undertrix explain most of its variability (Hotelling, 1933), these
the dynamics in Equation (1). To simplify the presentationcritical representations are not equally informative of the

we now make the following invertibility assumption. dynamics of the environment. This motivates the need to
Assumption 1. We assume thatT ( | P ) isinvert- understand the behavior of the updates from Equation (1).
ible for any full rank representation 2 RS 9. To ease the analysis, we assume that the welghtsave

converged perfectly t&V T2, at each time step (Le Lan
This standard assumption is for instance veri ed whéa et al., 2023) and consider the following continuous-time
the stationary distribution over states undesf an aperi- dynamics.
odic, irreducible Markov chain (see e.g. Sutton et al., 2016).

— . TD \ — .
An interesting characterization of the dynamical system in dt ~ roLC:Wig)= FQO; )
Equation (1) is its set of critical points. For a givenwe
write where:

= TD D \> .
W 2fwW2R? Tjir wLI2( ;W)=0g: F()=2 (1 P )WTR G WHR):
We can characterize the behavior of the above critical repre-

Using classic linear algebra, we nd that the weigitsp sentations in terms of the notion wip-d invariant subspace

obtained at convergence correspond to the LSTD solutio fp
(Bradtke and Barto, 1996; Boyan, 2002; Zhang et al., 2021% ) )
e nition 2 (Top-d invariant subspace)Let 1;:::; s
W = T(| P ) S ey be the (possibly complex) eigenvalues of a linear map-

pingM : S | RS, ordered by decreasing real part

A key notion for our analysis is the conceptiofariant ~ Re( i) > Re(iiw), i 2 f1::::Sg. Asssudme that
subspacef a linear mapping. Re( q) > Rg( d+1)- A representation 2R ~© spans

. ) a top-d invariant subspace d¥l if (i) it is an M -invariant
De nition 1 (Gohberg et al., 2006)A representation 2 subspace and (ijspan() \ span(;) = fO0g for all
RS 9 spans a real invariant subspace of a linear mapping; 5 ¢ q4 1-----

M : S ! RS if the column span of is preserved b ,

g _ vector for eigenvalue; .
that is in matrix form

Our key result is that certain non tapinvariant subspaces
spanM )  span() : of P correspond to unstable critical points of the ordinary
differential equation 2.

For instance, any real eigenvectorMf generates one of its  Theorem 1(TD representations)AssumeP real diago-

one-dimensional real invariant subspaces. nalisable,G = | and a uniform distribution over states.
We are now equipped with the tools to enumerate the set dfet (Va2 ;.VS) denote t.h-e. ?|genvectors e corresppnd_-
critical representations 2 RS djr LTD( W)= Ing to the eigenvalues 1;:::; s). Under the dynamics in

aux Equation(2), all real invariant subspaces of dimensidmare

critical points, and any real non tog-nvariant subspace
Lemma 1 (Critical representations for TD)AIl full rank =( Vvi,;:::;vi,) is unstable for gradient descent.

representations which are critical points to]D span
real invariant subspaces df P ) IGGT ,thatis The result above takes a step toward establishing that the TD

span((l P ) IGG") span() . algorithm converges towards a real tdjrvariant subspace

Og in the lemma below.
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are global minimizers of. 55 and can be recovered by
stochastic gradient descent.

While TD and Monte Carlo representations are in general
different, in the particular case of symmetric transition ma-
trices and orthogonal cumulant matrices, they are the same.

Corollary 2 (Symmetric transition matrices)f a cumulant
matrixG 2 RS T (with T > S) has unit-norm, orthogonal

columns (e.gG = |), the representations learnt from the
Figure 2: Left: A simple 3-state MDPRight: Five sub- SuPervised objective i and the TD update rulé ;5

spaces, each represented by a circle, spanneddaying arg the same fo_r symmetric transition matriées under a
the last training steps of gradient descentdf, ford=2.  uniform state distribution.

This is because eigenvectors and singular vectors are iden-

or diverges with probability 1. While real diagonalisable tical in that setting and the eigenvalues of the successor

transition matrices always induce real invariant Subspaceggpresentation are all positive.
complex eigenvalues do not guarantee their existence and in
such a case, where there is no tbpeal invariant subspace, 4. Representations for Policy Evaluation

the representation learning algorithaiees not converge

As an illustration, consider the three-state MDP depicte(yVith the results from the previous section, the question that
in Figure 2, left, whose transition matrix is complex naturally arises is which approach results in better repre-
diagonalisable and given by sentations. To provide an answer, we consider a two-stage

procedure. First, we learn a representatioby predicting

2 0 1 03 the values ofl auxiliary cumulants simultaneously, using
P =40 0 15 one of the learning rules described in Section 3. Then, we re-
1 00 tain this representation and perform policy evaluation. If the

value function is estimated on-policy, it converges towards
Its eigenvalues are; = 1 associated to the real eigen- the LSTD solution (Tsitsiklis and Van Roy, 1996)
vector e; and the complex conjugate pair; 2) = .
(2= 3;e 2= 3), associated to the pair of real eigenvec- VTP = w
tors(ey; €3). Hence, the real invariant subspace®ofare 1 )
f0g; span(er); span(es; es); spaney; &5;€5).  Note that Wherew™ = T(1 P ) = T r.Weareinter-
there is no 2-dimensional real invariant subspace containin§Sted in whether this value function results in low approxi-
the top eigenvectoe;. Consequently, the 2-dimensional mation error on average over random reward functions.
representation learnt by gradient descent on the TD learnin®e nition 3 (I;-ball optimal representation for TDWe
rule withG = | does not converge and rotates in the highersay that a representation, is I1-ball optimal for TD
dimensional subspaspan(e; ; &; e3) (see Figure 2, right).  learning when it minimizes the error

TD

To understand the importance of the stop-gradient in TD E [k wP V K] ©)
learning, it useful to study the representations arising from
the minimization of the following loss function where the expectation is over the reward functionsam-

pled uniformly over thé,-ball fr 2 RSjkr ki 6 1g.
LES(sW)=k (W (G+ P W) kE; . .
This set of rewards models an unknown reward function.
which corresponds to residual gradient algorithms (BairdHere 1, depends on the transition dynamics of the envi-
1995). While it has been remarked on before that the weightsonment but not on the reward function.
minimizing L5, ( ;W) for a xed  differ from W™ Lemma 2. A representation 1, is I;-ball optimal for TD

(see Lemma 8; Lagoudakis and Parr, 2003; Scherrer, 2010parning iff it is a solution of the following optimization
this objective function also has a different optimal represenproblem.

tation

. - 2
Proposition 2 (Residual representations)et d 2  2argmin - FACWTR (1 P ) ) o
f1;::;; Sg and F4 be the topd left singular vectors of5
with respect to the inner produtk;yi = yT x; forall WhenP is symmetric and = 1=jSj, the minimum is

x;y 2 RS. All representations spanning P ) Fq achieved by both the top-d left singular vectors anddop-
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MAIN ALGORITHM l1-BALL OPTIMAL REPRESENTATION REPRESENTATION LOSS LEARNT REPRESENTATION

BaTchHMC SVvD (I P ) ! MC SVD (I P ) 'G
RESIDUAL SVD (I P ) ' 4 ResipuaL (I P ) 'SVD(G)
TD . TD Inv (I P ) !GGT

Table 1: Different types of representation loss and their induced representations. The supervised @rgéts’ are
(1 P ) G. SVD(M) denotes the top-left singular vectors ol , INV(M ) the topd invariant subspace ofl and
¢ 2 RY 9 the diagonal matrix with the tog-singular values ol P ) !onits diagonal.

invariant subspace of the SR. However, as the misalignmerwe summarize in Table 1 our representation learning results
between the toptleft and topd right singular vectors of mentioned throughout Section 3 and Section 4. For com-
(1 P ) increases, the tog-nvariant subspace results pleteness, we also includig-ball optimal representations

in lower error compared to the tapsingular vectors (see for residual algorithms. Proofs can be found in Appendix D.
Figure 3); note that here, none of them achievgs and

henceG = | is notl;-ball optimal for TD learning. As  4.1. TD and Monte Carlo Need Different Cumulants

Having characterized which features common auxiliary
tasks capture and what representations are desirable to sup-
port training the main value function, we now show that
MC policy evaluation and TD learning need different cumu-
lants. In large environments, we are interested in cumulant
matrices encoding a small number of tagks S.

Lemma 4. DenoteB+ the topT right singular vectors of
the SR and(T; S) the set of orthogonal matrices R" 5.

Figure 3: MC (eft) and TD tight) approximation errors > - i )
as a function of the misalignment of the top left and right T"@ining auxiliary tasks in a MC way with any G from the
setfG2 RS Tj9M 2 O(T;S);G = BrMgresults in an

singular vector of the SR induced by greedifying the policy.

Trained withLMC , LT® /G = I,d = 1 on a4-state room. I1-ball optimal representation for batch Monte Carlo.

We showed in Section 3 that training auxiliary tasks by TD
a comparison, we study which representationdaieall  does not always converge when the transition matrix has
optimal for linear batch Monte Carlo policy evaluation. In complex eigenvalues. Maybe surprisingly, we nd that this
that setting, we are given a dataset consisting of states angl not problematic when learning the main value function
their associated value, which can be estimated by the realyy TD. Indeed, the rotation of its own weights balances the
sation of the random return (Bellemare et al., 2017; Suttofiotation of the underlying representation.
and Barto, 2018), and the weights are learnt by least SqQUat€,nma 5. Letf | g be the set of rotating representations
regression. As above, we want the features minimizing thq; ‘

: o . from Figure 2 learnt by TD learning witks = | andd = 2.
resuting approximation error averaged over a set of possubllg‘" these representations are equally good for learning the
reward functions.

main value function by TD learning, that& 2 [O; 1];
De nition 4 (I1-ball optimal representation for MC\We

2
say that a representation,,. is|1-ball optimal for batch Exrkz<1 WT? VoL
Monte Carlo when it minimizes the error is constant and independent!of
Exr k61K WMC VK3 (4)  AlthoughG = | does not always lead to;, when training
LID , by analogy with the MC setting, we assume that
where'MC = wMC s the value function learnt at con- G = | leads to overall desirable representations. Assuming
vergence ansWM® =( > ) 1 > v | = 1=jSj, this means we would like the subspace spanned

by topd invariant subspaces ¢f P ) ! to be the same
Unlike TD, a representation,. is can be learnt by training  as the subspace spanned by thedapvariant subspaces of
LMC withG = 1. (1 P ) iGG>.
Lemma 3. A representation . is I;-ball optimal for ~ Lemma 6. The set of cumulant matricé&s 2 RS T that
batch Monte Carlo policy evaluation if its column space preserve the tog- invariant subspaces of the successor rep-
spans the topt left singular vectors (with respect to the resentation by TD learning are the top-orthogonal invari-
inner productx;yi )of(I P ) 1. antsubspaces¢f P ) 1, thatis satisfyings™ G = |
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Figure 4: Subspace distance betweemand the topd left singular vectors of the SR on theft (resp. and a top+
P -invariant subspace in thraiddle over the course of training1D ; LMS andL®S for 10° steps, averaged ov80 seeds
(d = 3). MDPs with real diagonalisabléeft, middle) and symmetricr{ght) transition matrices are randomly generated.

Shaded areas represen®®bon dence intervals.

by orthogonalityandl P ) 'G Gbytheinvariance 5. Empirical Analysis

property. _ . . o
In this section, we illustrate empirically the correctness of
Unlike the MC case, a desirable cumulant matrix should enoUr theoretical characterizations from Section 3 and com-

code the exact same information as the representation beirg"e the goodness of different cumulants on the four room
learnt and the choice of a parametrization here matters, (Sutton and Barto, 2018) and Mountain car (Moore, 1990)
domains. LetP = ( )Y >. Here, any distance

4.2. A Deeper Analysis of Random Cumulants between two subspacesand is measured using the
normalized subspace distanégang, 2019) de ned by

We now study random cumulants which have mainly been

used in the literature (Dabney et al, 2021; Lyle etal., 2021; dist( : )=1 1 TP P )2 [0:1]

Farebrother et al., 2023) as a heuristic to learn representa- d

tions. We aim to explain their recent achievements as a pre-

training technique (Farebrother et al., 2023) and their effecd.1. Synthetic Matrices

tiveness in sparse reward environments (Lyle et al., 2021).].0 begin, we train the TD, supervised and residual update

Proposition 3 (MC Error bound) LetG 2 RS T be a rules from Section 3 up to convergence knowing the
sample from a standard gaussian distribution and assumexact transition matriceB . In Figure 4 left and middle,

d 6 T. LetFq4 be the topd left singular vectors of the we randomly sample30 real diagonalisable matrices
successor representatigh P ) landFgbethetop P 2 R 50 g prevent any convergence issue from the
left singular vectors ofl P ) G.Denote ; > ,> TD update rule. In Figure 4 right, we generate symmetric
1> g the singular values of the SR adist(Fq; Fy) the  transition matrice® 2 R5° 5°. To illustrate the theory,

sin distance between the subspaces spanneggtgnd  we run gradient descent on each learning rule by expressing
Fq. Denotingp= T  d, we have the weights implicitly as a function of the features (see
Equation (2) for TD for instance). Figure 4, left, middle

0 1:
s d ep T X 2 2 show that these auxiliary task algorithms learn different
E[dist(Fq; Fq)] 6 1 a1y @ A representations and successfully recover our theoretical
d p j=d+1 d characterizations (Proposition 1, Theorem 1) from Table 1,

right. Figure 4 right illustrates that the supervised and TD
Proof. A proof can be found in Appendix E and follows rules converge to the same representation for symmetric
arguments from random matrix theory. O P ,as predicted by our theory (Corollary 2).

This bound fundamentally depends on the ratio of the singub.2. Ef cacy of Random Cumulants

lar val = fth r representation. As th . . . .
arvalues g.1 = g of the successor representation. As theg .\ ing our theoretical analysis from Subsection 5.2, our

oversampling parameteT  d) grows, the right hand side aim is to illustrate the goodness of random cumulants at

fgggfhtngardeghélg?::gIaerr’;;):hfn”gh;rg?:gtz'rd; tsoa?z recovering the left singular vectors of the successor rep-
' W 5 . v piing p . ! fyresentation on the four room domain (Sutton et al., 1999)
(T d) > 1= “. We investigate to which extent this result

holds empirically for the TD objective in Subsection 4.1. 2|t is equivalent to thesin  distance up to some constant

7
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Figure 5: Subspace distance affer 10° training steps and averaged o@&seedsd = 5) between learnt withL M, and
the top left singular vectors of the SRft) and between learnt withL I2, and the top invariant subspaces of the 88t)
for different random cumulants, on the four-room domain. Shaded areas represent estima¥#esaf @&nce intervals

and to investigate to which extent an analogous result holdsef the successor representation matrix of the uniform ran-
empirically for the TD rule. We investigate the importance dom policy. For Normal, we generate cumulant functions
of three properties of a distribution: isotropy, norm and orsampled from a standard Normal distribution.

thogonality of the columns. We consider random cumulants‘l_he second two cumulant functions are learned during of-

from different distributions: a standard Gaussi®; | ), . - .
. S . . ine pre-training using a separate neural network. RNI
a Gaussian distribution which columns are normalized t ) - )
Farebrother et al., 2023), learns a set of indicator functions

be unit-norm, thed(N) Haar distribution and random indi- which are trained to be active in a particular percentage of
cators functions. Figure 5, left shows that the the indicator b P 9

O th . . X
distribution which is not isotropic performs worse overall the states5%in this experiment). Clustering Contrastive

for the supervised objective and when the number of taSkSRepresentatlons (CCR) learns cumulants by learning a rep-

is larae enouah. orthogonality between the columns of th resentation of the state using CPC (Oord et al., 2018), and
cuml?lant magtJri;( Ieadsgto bet>':er accuracy. In compariso hen performs online clustering of the learned representa-
Figqure 5. riaht studies the aoodness of rg-ndom cu?nulanrthons withk clusters. The online clustering method we use
atgrecovérir? the ton—invar?ant subspaces of the SR and differs slightly from standard approaches in that we main-
. g . P . ... . tain an estimate of the frequency that each cluster center is
depicts a different picture. Here, the Gaussian distribution . : S .
. . . . assigned to a statp,, and the assigned cluster is identi ed
achieves the highest error irrespective of the number of tasks: : ;
. . . . with arg min; ppk (x) bk, where (x) is the learned CPC
sampled while the normalized Gaussian achieves lower errorrepresentation anig is cumulani's centroid. Examples of

suggesting the norm of the columns matter for TD trainingthe cumulants produced by these four methods, and their
The indicator distribution performs well for many number of corresponding value functions, are given in Appe’ndix A

sampled tasks indicating that the isotropy of the distribution
is not as important for TD as it is for supervised training.Figure 6 compares the online performance after pre-training,
Finally, the orthogonal cumulants achieve the lowest errofor various cumulant functions, with the online performance
when the number of tasks is large enough, showing this isf DQN without pre-training. Two take-aways are readily

an important property for both kinds of training. apparent. First, that of ine pre-training, speeds up online
learning, as expected. Second, that the two best perform-
5.3. Of ine Pre-training ing methods are both sensitive to the structure of the envi-

ronment dynamics, directly in the case of ExactSVD and

In this section we follow a similar evalqation protocol as indirectly through the CPC representation for CCR.
that of Farebrother et al. (2023), but applied to the four room

and Mountain car domains to allow a clear investigation of
the various cumulant generation methods and the effects &- Related Work

their corresponding GVFs as a representation pre-trainingyiima| representations. Bellemare et al. (2019) de ne
method for reinforcement learning. Details can be found, qtion of optimal representations for batch Monte Carlo
in Appendix A. optimization based on the worst approximation error of the
We consider four cumulant functions. The rst two are sta-value function across the set of all possible policies, later
tionary and are generated before of ine pre-training beginstelaxed by Dabney et al. (2021). Instead, we do not consider
For ExactSVD, we compute the top-k right singular vectorsthe control setting but focus on policy evaluation. Ghosh
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Figure 6: Comparing effects of of ine pre-training on the FourRootaf and sparse Mountain Caiight ) domains for
different cumulant generation methods. Results are averages over 30 seeds.

and Bellemare (2020) and Le Lan et al. (2022) characterizeleep RL agents. Based on an analysis of the TD continuous-
the stability, approximation and generalization errors of thetime dynamical system, we generalized existing work (Lyle
SR (Dayan, 1993) and Schur representations whiclPare et al., 2021) and provided evidence that TD representations
invariant, a key property to ensure stability. In contrast, weare actually different from Monte Carlo representations.
formalize that predicting values functions by TD learning

from G = | leads toP -invariant subspaces. Our investigation demonstrated that an identity cumulant

matrix provides as much information as the TD and super-
vised auxiliary algorithms can carry; this work also shows

that it is possible to design more compact pseudo-reward
unctions, though this requires prior knowledge about the
r1;@nsition dynamics. This led us to propose new families of

cumulants which also proved useful empirically.

Auxiliary tasks. Lyle et al. (2021) analyse the represen-
tations learnt by several auxiliary tasks such as rando
cumulants (Osbhand et al., 2018; Dabney et al., 2021) assu
ing real diagonalizability of the transition matrix and
constant weight8V. They found that in the limit of an in- We assumed in this paper that the TD updates are carried out
nity of gaussian random cumulants, the subspace spanneig tabular way, that is that there is not generalization between
by TD representations converges in distribution towards th&tates when we update the features. An exciting opportunity
left singular vectors of the successor representation. Insteafhr future work is to extend the theoretical results to the
our theoretical analysis holds for any transition matrix andcase where the representation is parametrized by a neural
both the weight&V and the features are updated at each network. Other avenues for future work include scaling up
time step. Recently, Farebrother et al. (2023) rely on a rarthe representation learning methods here introduced.

dom binary cumulant matrix which sparsity is controlled by
means of a quantile regression loss. Finally, other auxiliaryA
tasks regroup self-supervised learning methods (Schwarzer
etal, 2021; Guo et al.,, 2020). Tang et al. (2023) demorifhe authors would like to thank Yunhao Tang, Doina Precup
strate that these algorithms perform an eigendecompositasnd the anonymous reviewers for detailed feedback on this
of real diagonalisable transition matifx , under some as- manuscript. We also thank Jesse Farebrother and Joshua
sumptions, suggesting a close connection to TD auxilianGreaves for help with the Proto-Value Networks codebase
tasks. Closely related, Touati and Ollivier (2021); Blier (Farebrother et al., 2023). Thank you to Matthieu Geist,
et al. (2021) propose an unsupervised pretraining algorithnBruno Scherrer, Chris Dann, Diana Borsa, Remi Munos,
to learn representations based on an eigendecompositi@avid Abel, Daniel Guo, Bernardo Avila Pires and Yash

of transition matrixP . They demonstrate the usefulness Chandak for useful discussions too.

of their approach on discrete and continuous mazes, pixe\llv

based MsPacman and the FetchReach virtual robot arm. ''¢ would also like to thank the Python community
(Van Rossum and Drake Jr, 1995; Oliphant, 2007)

. for developing tools that enabled this work, including
7. Conclusion NumPy (Oliphant, 2006; Walt et al., 2011; Harris et al.,
c)%_020), SciPy (Jones et al., 2001), Matplotlib (Hunter, 2007)
&md JAX (Bradbury et al., 2018).
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A. Additional Empirical Results
A.1. Additional details for Subsection 5.1

In this experiment, we selected a step size 0:08 for all the algorithms. We also choose a uniform data distribution
= |=jSj and a cumulant matri& = | for simplicity.

A.2. Additional details for Subsection 5.2

In this experiment, we use a step size= 5e 2 and train the different learning rules 600k steps with3 seeds. We
consider the transition matrices induced by an epsilon greedy policy on the four room domain (Sutton et al., 1999) with

= 0:8 and train the supervised and TD update rules as described in Subsection 5.1. We provide additionnal empirical
results in Figure 7.

Figure 7: Monte Carlo and TD approximation errors afigd®® training steps on the learning ruleg'S (on theleft
column) and. 2, (on theright column) in the four-room domain for different distributions of cumulant, averaged over
30seeds, fod = 5. Shaded areas represent estimates &6 86n dence intervals.

A.3. Additional details for Subsection 5.3

Four Rooms is a tabular gridworld environment where the agent begins in a room in the top left corner and must navigate to
the goal state in the lower right corner. The actions are up, down, left and right and have deterministic effects. The reward
function is one upon transitioning into the goal state and zero otherwise.

Mountain Car is a two-dimensional continuous state environment where the agent must move an under-powered car from
the bottom of a valley to a goal state at the top of the nearby hill. The agent observes the continuous-valued position and
velocity of the car, and controls it with three discrete actions which apply positive, negative, and zero thrust to the car. In
this sparse reward version of the domain the reward is one for reaching the goal and zero otherwise. In this domain, we
compute the ExactSVD by rst discretizing the state space into approxim2@€l@states, and compute an approximate

by simulating transitions from uniformly random continuous states belonging to each discretized state.

In this evaluation we rst pre-train a network representation of ine with a large xed dataset produced from following the
uniform random policy. During of ine pre-training the agent does not observe the reward, and instead learns action-value
functions, GVFs, for each of several cumulant functions. After pre-training, the GVF head is removed and replaced with a
single action-value function head. This network is then trained online with DQN on the true environmental reward. Note
that we allow gradients to propagate into the network representation during online training.
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In Four Rooms all methods ue= 40 cumulants and in Mountain Car all methods kse 80 cumulants.

The inputs to the network were a one-hot encoding of the observation in the four-room domain and the usual position
and velocity feature vector in Mountain car. The of ine pre-training dataset cont@0800and200000transitions for
four-room and mountain car respectively. In both cases the dataset is generated and used to Il a ( xed) replay buffer,
and then the agent is trained #00000updates (each update using a minibatcBfransitions sampled uniformly from

the buffer/dataset). The learning rate for both of ine and online training was the same as the standard DQN learning rate
(0:00025, and similarly for the optimizer epsilon. The network architecture is a simple fully connected MLP with ReLU

activations (Nair and Hinton, 2010) and two hidden layers of 5iz&( rst) and 256 (second), followed by a linear layer to
give action-values.

We provide visualizations of the cumulants produced by each method and their corresponding value functions in Figure 8,
Figure 9, Figure 11, Figure 12.

Figure 10 and Figure 13 also show the norm and srank of the representations being learned during of ine pretraining.

Figure 8: Examples of the learned cumulants produced during of ine pre-training in FourRooms under the uniform random
policy.

Figure 9: Examples of the learned (general) value functions produced during of ine pre-training in FourRooms under the
uniform random policy. In each case, the GVFs shown correspond to the value functions learned for the cumulants in Figure 8.
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