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Abstract

Selecting an appropriate reasoning method for a given query remains a key chal-
lenge in language model generation. Existing approaches typically generate multi-
ple candidate responses and use an aggregation strategy to select the output answer,
often assuming that more candidate answers yield higher accuracy. We revisit this
assumption through a rigorous theoretical analysis, deriving accuracy bounds for
standard aggregation methods under fixed generation distributions and candidate
sizes. Building on these insights, we introduce EPIC, an Ensemble PlannIng with
Contrastive learning framework to learn a shared representation space that captures
both model reasoning abilities and query-method compatibility. EPIC incorpo-
rates our probability bounds as a regularizer in a utility-driven optimization that
balances accuracy and computational cost. Experiments on diverse mathematical
reasoning tasks show that EPIC consistently selects optimal reasoning methods,
improving accuracy while reducing computational overhead. Our code can be
found at https://github. com/nguyenngocbaocmt02/EPIC.

1 Introduction

Large Language Models (LLMs) have demonstrated remarkable abilities to understand and reason
in human natural language. These advancements have transformed applications, including travel
planning [Xie et al.| 2024a]], Al teaching platforms [Jin et al., 2024], and human population simula-
tions [Park et al., [2023|, Bui et al.| 2025]]. However, even with a pre-trained LLM, the computational
expense of serving LLM-powered systems remains a significant bottleneck due to the massive scale
of the models [Lin et al.,|2024], the quadratic complexity of the attention mechanism [Dao et al.|
2022], and the token-by-token nature of auto-regressive generation [Zhang et al., 2025]]. This high
computational cost significantly hinders the broader application of LLMs in practical scenarios,
particularly in resource-constrained environments such as edge devices, real-time applications, and
small-scale businesses.

This challenge becomes even more pronounced in tasks that require advanced reasoning, such as
automated theorem proving [Wu et al.| 2022]], mathematical problem solving [[Trinh et al.| 2024],
code generation [Jiang et al.,|2024| [Li et al.| 2025al], or heuristic discovery [Romera-Paredes et al.|
2024]. LLMs often fail to produce accurate responses in these scenarios in a single pass. Instead,
they rely on iterative generation strategies combined with aggregation or search techniques, such as
best-of-N sampling [Stiennon et al.,|2020]] or Monte Carlo Tree Search [Xie et al., 2024b], to refine
and select the most appropriate response. Throughout this paper, we refer to these iterative strategies
as Reasoning Methods.

A key limitation of current approaches lies in their static application of reasoning methods, where the
same technique is applied uniformly across all user queries. However, not all reasoning methods are
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equally effective or efficient for every query. This observation leads to our central research question:
Could we select the most suitable reasoning method for a given user query to balance the trade-off
between accuracy and efficiency before generating the answer?

As a starting point, we consider a universe of methods, denoted by M. Each technique in M
is formally characterized by a tuple (LM, ReStrat, Agg, Config, N), where LM denotes the base
language model, ReStrat denotes the reasoning strategy (e.g. Monte Carlo Tree Search, Beam
Search, Best-of-N), Config is a collection of relevant configuration parameters (e.g., temperature of a
sampling-based decoding strategy), Agg denotes an aggregation technique (e.g., majority voting or
score-based voting), and N is the number of candidate answers for aggregation. Importantly, this
formulation is broad enough to subsume a wide variety of test-time compute methods [Snell et al.|
2025]), ranging from simple prompting techniques [[Wei et al., [2022} [Yao et al., 2023| |Brown et al.,
2020] and standard decoding strategies [Xie et al., [2024bl [Wang et al., [2022]] to more specialized
intervention-based approaches [Li et al.,[2023| Nguyen et al., 2025alb]. However, in this work, we
focus on a representative subset of methods rather than exhaustively covering the entire space.

Contributions. We introduce EPIC, an Ensemble PlannIng with Contrastive learning framework
that recommends matching an input question and an appropriate reasoning method in the universe
of methods M. EPIC learns jointly the embedding of each reasoning method and a neural mapping
from the input question to the embedding space. Two main components guide the learning process:

* a contrastive loss, which pulls the question embedding towards the reasoning method with the
highest utility for that question. The utility value is composed of a weighted combination of the
accuracy and the inference cost, measured by the number of tokens generated. The user controls
the accuracy-cost trade-off through a scalar parameter, balancing the preferences across different
conflicting deployment criteria.

* aregularizer term, which exploits the commonality among methods that share four components
(LM, ReStrat, Config, Agg), but differ only by the number of candidate answers N. This
regularizer aims to improve the sample efficiency of the training procedure by grounding these
methods relatively on the scale of V.

At inference time, EPIC maps the test-time input question to the embedding space and selects the
reasoning method with the highest similarity (or scores) for answer generation. Extensive experiments
on the MATH dataset demonstrate EPIC’s advantage: compared to individual reasoning models in
the universe of methods, EPIC can reduce the number of tokens (or cost) by 75% while maintaining
the same level of accuracy.

Our paper unfolds as follows: Section 2] discusses related work on LLM reasoning. Section [3|studies
the probabilistic bounds of common aggregation methods. Section [4|delineates our EPIC framework
for matching reasoning methods with input questions, and Section [|presents the extensive numerical
results of the mathematical reasoning task.

2 Related Work

We review advances in LLM reasoning algorithms and inference-time scaling, highlighting their
emerging impact on output quality and computational efficiency.

Reasoning algorithms and inference-time scaling. A naive reasoning process may not generate
the correct solutions for complex reasoning tasks. To identify and choose the correct solution within
the distribution, Self-Consistency (SC) samples multiple outputs from the LLM and selects the final
response by majority voting [[Wang et al., [2022]]. Another similar approach is best-of-N sampling,
which uses a reward model or function to choose the answer with the highest reward [Stiennon et al.}
2020]]. Both methods enhance the quality of the output, but increase the computational cost by a factor
of sampling times. To explore potential reasoning paths, tree-search-based methods are proposed,
such as Tree-of-Thought [Yao et al., 2024], Monte Carlo Tree Search (MCTS) [Wan et al., 2024}
Zhang et al., 2024} |Guan et al., 2025]], Forest-of-Thought [B1 et al., 2025]]. [Damani et al.| [2025]]
indicates that searching over a tree structure is more effective in discovering a correct solution than
simply sampling responses in parallel for more complex tasks.

Despite applying different reasoning methods to problems with various levels of complexity, inference-
time scaling on these methods also significantly improves the output quality. [Beeching et al.|[2024]



demonstrates that the accuracy on the MATH-500 benchmark improves as the amount of test-time
computation (number of generations per problem) increases for algorithms such as best-of-N, beam
search, and diverse verifier tree search (DVTS).|Guan et al.|[2025]] conduct extensive MCTS rollouts
and achieve an average accuracy of 53.3% on 15 questions of AIME24 benchmark.

Cost-effective reasoning. Although inference-time scaling significantly enhances LLM’s reasoning
capabilities, this approach incurs substantial computational overhead and often leads to inefficient use
of computational resources. Recent work finds that performance gains from various inference-time
scaling strategies exhibit significant variability across different levels of prompt difficulty [Snell
et al., |2025[. Drawing from this evidence, they effectively allocate inference-time compute according
to question difficulty, with four times less computation than the best-of-N baseline. However, the
method incurs considerable computational costs to assess question difficulty. Damani et al.| [2025]
train lightweight probes built upon LLM’s hidden representations to quickly predict if allocating
more computation to a question will improve the response quality. To efficiently scale best-of-N
sampling, |[Manvi et al.|[2024]] introduces a highly cost-effective self-evaluation paradigm that does
not rely on an external reward model, incurring costs only from generating a single token.

Whereas most studies focus on effectively and efficiently scaling a particular reasoning algorithm,
we focus on pairing suitable reasoning methods with various questions, considering both accuracy
and cost. We conduct our study based on OpenR [[Wang et al.,[2024af], an open-source framework
for LLM reasoning that integrates multiple strategies, including greedy decoding, best-of-N, beam
search, and MCTS.

3 Probabilistic Analysis of Aggregation Accuracy

We observe that many methods in the universe M could share common features: they could use the
same base language model, reasoning strategy, configuration parameters, and aggregation methods,
and they could differ by only the amount of test-time compute, or how many samples NV they need to
generate before aggregation. To exploit this information, we first need to understand how different
sample sizes N affect the quality of the output. We analyze the probabilistic performance of an
aggregation method for a specific question ¢ as the number of samples /N varies. All probability
quantities in this section are conditioned on ¢, but this condition is omitted to avoid clutter. Let Y
be a random variable representing the final answer extracted from a sampled solution to a question
q generated by a model. Importantly, Y refers specifically to the final answer, not the reasoning
process or steps leading to it. In practice, the model is trained to enclose Y in a LaTeX box to
make extraction easier. We suppose that the support set of Y is finite: ) = {91, y2,...,yx }. The
stochastic generation process of a model specified by the tuple (LM, ReStrat, Config) produces a
probability distribution over ):
K
Pr(Y = yr) = px, where Zpk =1landp, >0 Vk.
k=1

Without any loss of generality, we denote y; € ) as the only correct answer to the question ¢q. After
sampling /N independent samples following the above distribution, an aggregation method Agg is
applied to obtain the output answer. We focus on characterizing the probability that the output answer
is y1, which means that the output answer is a correct solution to question q.

3.1 Majority Voting

Given N samples generated by the language model, majority voting counts the frequency of each
unique answer among N candidate answers. Then it outputs the answer with the highest count as the
output answer. We refer to this aggregation method as Majority_Vote. We have the following result.

Theorem 3.1 (Majority voting). If p1 > pi forallk =2,... K, then

K
2
Pr(Majority_Vote picks y1) > 1 — Z e~ N(vPi—vrE)” (1a)
k=2
If p1 < pi for some k =2,..., K, then
2
Pr(Majority_Vote picks y1) < e N(VPR—vFT)” (1b)



Note that the bound (Ta) approaches 1 as N — oo, which implies perfect accuracy. In contrast, the
bound (Tb) approaches 0 as N — oo, implying a complete failure.

3.2 Aggregation using Summation of Scores

Given N samples generated by a model, we first pass them through a reward model to obtain a
reward score for each sample. Two popular types of reward models are Outcome Reward Models
(ORM) [Cobbe et al., 2021} [Yu et al.l 2023]], which provide a single scalar reward for each complete
solution trajectory, and Process Reward Models (PRM) [Luo et al., 2024, Lightman et al.,|2023al,
which provide step-by-step feedback and aggregate it, typically by summing or taking the minimum,
to obtain a final score for the sample. While PRM is used throughout this work, our method is flexible
and can be applied with any reward models.

For each unique answer, we sum the PRM scores of all samples that generate that answer. The
final outcome is selected as the answer with the highest total (summed) reward score across all
samples [Wang et al.,[2024al [Li et al., 2022]]. We suppose that PRM returns a score for answer yj
following a Gaussian distribution N (15, o) for all k. We call this aggregation method PRM_Vote.
We have the following result.

Theorem 3.2 (Voting with score sum). If pyp1 > prpug forallk = 2,... K, then

K
Pr(PRM _Vote picks y1) > lfztinf0 exp (Np1 (e*t’“"ﬁ%ti”% — 1) + Npg <6t’““’“+%ti"i — 1)) .
k>
k=2

(2a)
If prp1 < prpui for some k =2, ..., K, then

Pr(PRM _Vote picks y1) < ting exp (Npk (e_t“"""r%t%i — 1) + Np; (et“ﬁ%t%f — 1)) . (2b)
>

All infimum problems in (2) are convex optimization problems. While no analytical expression for
the optimal value ¢ is available, we could tractably find ¢; for each term using Newton’s method.
Moreover, we could observe a similar conclusion as N tends to infinity: the bound approaches 1
while the bound b)) approaches 0.

3.3 Aggregation using Maximum of Scores

This aggregation method follows the same setup as in Section[3.2} given N samples, we use the PRM
to assign a reward score to each sample. For each unique answer, we take the maximum PRM score
among all samples that produce that answer. The final prediction is the answer with the highest such
maximum. We suppose that PRM returns a score for answer y;, following a Gaussian distribution
N (., o) for all k. We call this aggregation method PRM_Max. We have the following result.

Theorem 3.3 (Voting with score maximum). Let

O (1) ;cb(t_“k>, k=1,.... K,

Ok

where ® is the cumulative distribution function of the standard normal distribution.

Ifo1 > o forallk =2,..., K, then

Pr(PRM _Max picks y1) Z mf { 1—pi[1 =)V +1—(1—pp[l — (Dk(t)])N}. (3a)

If oy, > o1 forsome k =2,... K, then

Pr(PRM Max picks y1) < inf {(1 —pi[l =Pk +1 - (1= pu[l - <I>1<t>]>N}. (3b)

All infimum problems in (3) are one-dimensional and can be efficiently solved using standard
numerical methods. Moreover, we observe similar asymptotic behavior as N increases: if 01 > oy,
forall k = 2,..., K, the bound in (3d) approaches 1 as N — oo, while if o, > o7 for some k, the
bound in approaches 0 as N — oo.



4 Ensemble Planning with Contrastive Learning

Given a universe of methods M = {1,..., M} consisting of M reasoning methods in total, EPIC
aims to create an ensemble model on M that assigns to any input question z from the test environment
an appropriate method ¢ € M that could deliver a desirable accuracy-cost trade-off. We first discuss
our modeling of the accuracy-cost trade-off in Section[4.T] then we describe the training phase and
inference phase in Sections[d.2]and[4.3] We conclude this section by discussing our design choices.

4.1 Accuracy-Cost and Utility

We possess a training dataset of n question-answer pairs denoted as D = {z;, y; }?:1, where z;
is a question statement, and y; is the corresponding true answer. In the training phase, we deploy
a reasoning model ®;, i € M, to each question x;. The generated solution is ®;(x;). We record
whether ®;(z;) is accurate by comparing it to the ground-truth answer y;, and obtain the accuracy
signal

Qg5 = ACCHI‘&CY(@Z‘ (‘rj)v y]) € [05 1] 4

If ®; is a deterministic method, then () is a simple binary indicator Accuracy(®,(x;),y;) =
1(®;(x;) = y;). When ®; is a stochastic method, then we average the accuracy over five seed
numbers to get a percentage accuracy. The value a; ; indicates whether method 7 succeeds in
answering question j. Moreover, we also record how many tokens the method i« € M costs to
generate the answer. This token count is denoted by ¢ ; > 0. Because a; ; € [0, 1], we normalize the
token count by passing ¢; ; through a non-decreasing function ¢ : R, — R, then dividing by the
maximum transformed cost to ensure that the cost ¢; ; € [0, 1] has the same scale with a; ;:

P(Ciz)

max;e M (¢(éi’,j)) '

(VA

To balance cost and success rate, we establish the utility function that is the convex combination of
accuracy a; ; and normalized cost ¢; ; as

u(aiﬁj, Ci’j) = Aam- + (1 — )\)(1 — Ciyj), (5)

where A € [0, 1] is a trade-off parameter, and the utility admits a value between 0 and 1. If A = 0,
then u(a; j, ¢ ;) = 1 — ¢; j, which implies that the utility depends only on the generation cost. In this
way, we tend to favor the cheapest reasoning method, regardless of how effective it is at generating
accurate answers. On the other end of the spectrum, when A = 1, u(a; ;, ¢; j) = a, ;, implying that
the utility is entirely derived from the accuracy. In this way, we tend to favor the most powerful
reasoning method, regardless of its cost. To simplify the notation, we omit the parameter A, and use
the shorthand u; ; = u(a; j, ¢ ;).

The product of the data preparation process is a processed dataset {z, (u;,j)icm}}j—; containing
the training question and the corresponding utility of each reasoning method for that question. This
dataset will be used in the subsequent contrastive learning process.

4.2 Contrastive Representation Learning with Probability Regularization

We now describe the core component of our framework that matches the input question with the
appropriate reasoning method. We represent each question x; in the training dataset by its features
f; € RP. A lightweight neural network gy : RP? — R? maps each question feature vector fjto
produce a dense embedding gs(f;) in a d-dimensional vector space. EPIC aims for an information
compression with d < D. Moreover, each reasoning method i € M is assigned a trainable
embedding vector v; € R, which is the same dimension as the question embeddings. EPIC uses a
simple multi-layer perceptron for 6.

We now train the question embedding network parameter # and the method embedding vectors v;
Jjointly. One component in the training loss is the popular contrastive loss function, InfoNCE loss
[Oord et al.l 2018]. We identify a positive method for each question z;, denoted as m (x;). Given
the utility values defined in (3), we can identify the method with the highest utility for question z;:

my(z;) = arg max u(@ij, Cij),
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Figure 1: Our method employs the regularized representation learning loss (8) to learn both the
reasoning method representation vectors, denoted as vy, . . ., vy, and the question embedding network

parameters 6. During inference, we route suitable math questions to the appropriate reasoning method
by computing the similarity between the input questions and the learned method representations.
Color codes on problem difficulty levels are provided for illustration purposes only.

This leads to the contrastive loss component:

n < exp(s(90(f5), Vm, (x,)) > . (6)

1
Econrasive 0, yoany = — —1
trast ( U1 ’UM) n Z og ZZ_GM exp(s(gg(fj)’vi))

j=1
Above, s is a similarity score function that measures the similarity of a question embedding gg( f;)
with the method embedding v;. Standard choices for s are the dot product similarity measure or the
negative 2-norm. The contrastive component (6) aims to pull go(f;) close to the positive method
U, (a,;)> and push go(f;) far away from the negative methods i # m. (x;). The loss in (6) is the
categorical cross-entropy loss of classifying the positive method, with the fraction inside the logarithm
being the model’s prediction.

The second component of the loss function is a regularization term: Two methods that share the same
tuple (base model, reasoning strategy, aggregation technique and configuration) but differ only by the
compute budget N should conform to a relative performance metric because they both inherit the
same stochastic generator. We postulate the following regularization term:

1 & s i), v; target!
greg(eavla"'avM) = EZ Z (ga(f]) ) - &

J=1 (i,i)eM s(g0(f), vir) targetg,
(4,4") differ only by N

2

@)

This regularizer promotes the fraction of the similarities to be close to the fraction of the target
quantities. Ideally, we should use target;- = Pr(method ¢ picks the correct answer for question z;),
which is the intrinsic characteristic of the stochastic generator. However, this probability value is
not readily available, therefore we leverage the bounds in Section [3]as target values, and empirically
compute these target values as follows: For each question j and core configuration (generation
method, temperature, aggregation method, etc.), we generate 80 solutions (5 independent runs of
N = 16 with different seed numbers) to obtain a set of distinct solutions y1,...,yx. We then
estimate the parameters py, fix, 1 from these 80 solutions. We can then empirically identify whether
the lower or upper bound of the probability is active and assign the target value as either the lower or
upper bound with the corresponding size N. The bound provided in Theorem [3.3]is valid when NN is
large enough. For smaller N, we use the empirical accuracy as an alternative.

Combining two loss terms (6) and (7)), we obtain the training problem

min min gcontrastivc(oa Uiy 7vM) + Tgrcg(oa Uiy avM)a (8)
0 wvi,...,upmER?

where 7 > 0 is a hyperparameter aiming to promote the sample efficiency of the training procedure.



4.3 Inference Time Matching

At inference time, we pass any new question &, ., or equivalently its feature vector f, ., through
the trained network gy to obtain the question embedding g¢(fnew)- We then find the top-1 reasoning
method by m* = arg max;ears $(go(fnew), vi), that maximizes the similarity score between the
question and the trained representation vector vy, . . ., v of the reasoning models. We then deploy
method m* to answer this question.

4.4 Discussions

We now discuss the necessity and importance of the design choices of our EPIC method.

Discussion 1 (Questions’ feature vector). There are multiple ways to obtain the feature vector f;
for each question x;. For example, we can take f; as the activation of the last token of z; extracted
from one of the layers (potentially the last layer) of the language model. This approach does not incur
any additional memory requirement because we do not need to load any auxiliary models onto the
device. However, the activation dimension of the language models is usually high: for example, in
Qwen2.5-Math-7B-Instruct [Yang et al.,[2024a], D = 3584. This high dimensionality could prohibit
efficient training of the representation parameters 6. Alternatively, we can use a lightweight model to
map z; to f;. This could incur additional memory overhead but generate a lower D as input to the
network gy. In the experiment, we will use a lightweight sentence embedding all—MiniLM—L6—v
that has only 22.6 million parameters and incurs only 80MB of additional VRAM. The corresponding
feature dimension is D = 384.

Discussion 2 (Importance of embedding network gy). Given the question features f1, ..., f, € R,
one could simplify the representation learning problem (8) by optimizing the method embedding
vectors v1, . .., vy directly on the space of R”. This is equivalent to setting d = D, and letting gy
collapse into an identity mapping. However, the proximity between two question features f; and f;/
does not convey enough information about the similarity regarding hardness, resource utilization,
and suitability with methods. Moreover, learning the method embedding v; on R is more difficult
than on the smaller dimension space R?. Hence, learning in R” is inefficient. This observation
necessitates the use of a lightweight question map gy.

Discussion 3 (Adaptive method insertion). Given a universe of models M, problem (8) optimizes
one vector v; for a reasoning model ¢ € M. Alternatively, we could use another network %, that
could take a (text) description of a reasoning method and output the respective embedding vector in
the representation space R¢. Having the second network hy could unlock several new capabilities: (i)
for a new reasoning method that is not in M, we could quickly obtain its embedding and predict its
performance on the questions, (ii) we could inverse engineer to design a better reasoning method.
Unfortunately, training hy requires a meaningful textual description of the reasoning methods. This
is currently outside the scope of this paper, and we leave it for subsequent work.

S Numerical Experiments

In this section, we present numerical experiments showcasing the performance of EPIC on the math
answering task. Experiments for the code generation task are relegated to Appendix [D.4]

Dataset. We use the MATH dataset [Hendrycks et al.,2021]] as a training set, utilizing its training
split of 7,500 math problems with solutions, as defined in Hendrycks et al.| [2021]]. For the code
generation experiment, we use the LiveCodeBench dataset [Jain et al., [2025]]. More details are in
Appendix For evaluation, we test on the MATHS0O0 test split, which contains 500 samples, as
defined in [Lightman et al.[[2023b]. We also use the test set of the GSM8K [Cobbe et al., 2021]]
dataset to evaluate the transferability of the method embedding vectors learned in Section

Base models. We employ Qwen2.5-Math—7B-InstructE] as our generation model, and math-shepherd-
mistral-7b-prm [Wang et al., 2024bﬂ as our reward model in the PRM framework. These models are
fixed throughout our main experiments. For transferability experiments, we augment our universe of

'https://huggingface.co/sentence-transformers/all-MiniLM-L6-v2
“https://huggingface.co/Qwen/Qwen2.5-Math-7B-Instruct
*https://huggingface.co/peiyi9979/math-shepherd-mistral-7b-rl
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Figure 2: Average success rate and token counts on the test set with embedding dimension d = 64.
Our ensemble planner performances with varying A € {0,0.25,0.5,0.75, 1} are highlighted in red,
and individual reasoning models in M are plotted in blue. The boundary of the ensemble planners
covers the individual models in the universe M. The Upper Bound (UB) under M is the proportion
of questions that at least one method in M could successfully solve.

methods to include Qwen2.5-Math-1.5B. For code generation experiments, we use Qwen2.5-Coder-
3B-Instruct and Qwen2.5-Coder-7B-Instruct.

Performance metrics. We use the accuracy to measure the quality of generation and average token
counts to evaluate the efficiency of each method. For accuracy, we use the automatic gradinﬂ
provided by previous work [Lightman et al.| [2023b] to evaluate the accuracy of a generated solution
in {@). To measure average token counts, we set the hyperparameter ‘max_new_token’ to 2048 for all
methods and compute the average number of tokens generated.

Universe of methods M. We generate M consisting of 81 distinct methods, spanning a variety of
reasoning strategies, aggregation techniques, and parameter configurations. A complete description is
provided in Appendix

Dataset generation for contrastive learning. For a deterministic method i in M, we run inference
on each question x; once and record the accuracy and number of generated tokens. For the sampling
method, we run the inference on each question five times to obtain a mean estimate of a; ; and ¢; ;.

Baselines. We compare EPIC against three categories of baselines: (i) individual reasoning methods
from the universe M, (ii) strong large-model references including DeepSeek-V3 and OpenAl-o01-
mini, and (iii) alternative reasoning selection methods—RA, Offline Ada-BoK [Damani et al., 2025]],
DRA-), and CL-\. All ensemble baselines and EPIC are trained and evaluated on the same M for
fair comparison. Further details are provided in Appendix

Reproducibility. All experiments are conducted on a single machine with 8 x NVIDIA RTX A5000
GPU and Intel(R) Xeon(R) Gold 6148 CPU @ 2.40GHz.

5.1 Comparison between EPIC and Baselines

In the first experiment, we benchmark how EPIC, an ensemble model, outperforms individual
reasoning models in the universe M. Table [I]| presents the test performance comparison between our
ensemble planner and individual reasoning methods, computed based on average accuracy and the
number of generated tokens. We apply the regularization parameter 7 = 10~2 based on its better
numerical results than other values shown in Appendix [D} Our method with A = 0.25 achieves an
accuracy of 86.4%, matching the best-of-16 approach while using significantly fewer tokens: EPIC
generates 1859.2 tokens while best-of-16 generates 10036.2 tokens. On a relative scale, this is a 5x
reduction in the token counts at the same accuracy level. Compared to beam search, our approach

*https://github.com/openai/prm800k/blob/main/prm800k/grading/grader . py
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at A = 0.25 achieves better accuracy with a 29.5% reduction in token usage. With A = 1.00, our
method achieves the highest accuracy (89.4%) at a significantly lower token count (6,921.7).

To better visualize the performance of EPIC, we plot in Figure [2|a scatter plot locating the accuracy-
cost trade-off of EPIC instances and representative reasoning models from M. Our EPIC instances
(red) all lie on the frontier, thereby boosting the performance of the inference phase.

Since EPIC is an ensemble method constructed from the universe of reasoning methods M, the
performance of EPIC is constrained by the capacity of the universe M itself. We could compute the
best possible accuracy of the whole universe M on the test set: M could solve a question if there
is at least one method from M that could generate a correct answer. Computing this value yields
an upper bound of approximately 91.2%. Figure [2| highlights that our method provides a flexible
trade-off between efficiency and accuracy, approaching the upper bound (dashed vertical line) while
maintaining computational efficiency.

Table 1: Average accuracy and number of generated tokens on MATHS00 using different reasoning
methods and language models (full results in Appendix [). Methods above the blue line are either
upper bounds under M or are not included in M. Methods above the green line correspond to
individual single-reasoning configurations (without selection modules). Methods above the brown
line do not support accuracy—cost trade-offs. We compare EPIC-)\, DRA-\, and CL-\ at various
trade-off settings (groups separated by gray lines). Best results in each section are highlighted.

Method Accuracy T Average Token Count |
OpenAl-ol-mini* [Jaech et al.,|[2024] 90.0 -
Deepseek-V3* [Liu et al.}[2024] 90.2 -
Upper Bound under M 91.2 -
CoT-G 83.2 620.4
Best-of-2 84.8 1242.5
Best-of-4 86.2 2499.4
Best-of-8 86.6 4986.8
Best-of-16 86.8 10036.2
MCTS 85.4 4338.1
Beam-search 85.2 2638.1
RA 84.4 1752.4
Offline Ada-BoK 87.0 4095.2
DRA-0.25 86.2 2453.6
CL-0.25 86.0 2275.6
EPIC-0.25 86.4 1859.2
DRA-0.5 86.4 5719.3
CL-0.5 86.6 5320.2
EPIC-0.5 86.8 2482.6
DRA-0.75 86.4 7523.2
CL-0.75 87.0 7524.6
EPIC-0.75 87.6 31929
DRA-1.0 87.0 10542.2
CL-1.0 87.8 10923.4
EPIC-1.0 89.4 6921.7

*Method not in M. We obtained results from|Liu et al.|[2024].

5.2 Transferability

We now examine the transferability of EPIC across both model scales and datasets. Table [2| sum-
marizes results for two complementary settings: (a) transferring from the MATH to the GSM8K
dataset, and (b) applying EPIC in a cost-aware multi-model environment with Qwen2.5-Math-1.5B
and Qwen2.5-Math-7B.

5.2.1 Evaluating EPIC with Cost-Aware Multi-Model Reasoning

EPIC remains effective even when reasoning methods use heterogeneous base models. Previously,
our universe M contained 81 methods built solely on Qwen2.5-Math-7B-Instruct. We now augment
this space with an additional 81 methods using Qwen2.5-Math-1.5B-Instruct. Because larger models



Table 2: EPIC performance comparison across datasets and model sizes. (a) GSM8K results where
EPIC is trained on the MATH dataset using d = 64 and A = 0.25. (b) Performance and cost
comparison for Qwen2.5-Math-1.5B and 7B models. Best results in each column are highlighted.

(b) Performance and cost with Qwen2.5 models

(a) GSMSK results

Method Accuracy T Cost |
Method Accuracy T Tokens | 1 5B-CoT-G 760 856.5
CoT-G 93.5 297.0 1.5Best-of-4 78.6 3454.5
Best-of-2 94.0 594.6 7B-CoT-G 83.2 4342.8
Best-of-4 94.0 1195.6 7B-Best-of-4 86.2 17495.8
Best-of-8 94.3 2412.3 1.5Best-of-16 79.4 62663.2
Best-of-16 94.2 5019.2 7B-Best-of-16 86.8 70253.4
EPIC 95.0 2085.5 EPIC (A = 0.25) 86.2 8047.8

EPIC (A = 1.0) 89.0 35705.4

are computationally more expensive, we approximate the cost of each method as the product of its
parameter count (in billions) and the number of generated tokens. This proxy aligns with real-world
inference costs; alternatively, FLOPs or API pricing could be used.

Table [2b| shows that EPIC adapts effectively across cost regimes. At A = 0.25, EPIC achieves an
accuracy of 86.2, matching the 7B-Best-of-4 method, while reducing the cost by over 50% (8047.8
vs. 17495.8). At A = 1.0, EPIC attains the highest overall accuracy (89.0), outperforming 7B-Best-
of-16 while maintaining roughly half the computational cost (35705.4 vs. 70253.4). These results
demonstrate EPIC’s capacity to balance accuracy and cost by dynamically leveraging reasoning
methods from different model sizes.

5.2.2 Transfer to Another In-Domain Dataset

To further assess generalization, we evaluate EPIC trained on MATH and test it on GSM8K [Cobbe
et al., 2021]], another widely used arithmetic reasoning benchmark. As shown in Table GSMSK is
a simpler dataset; hence, absolute gains are smaller. Nonetheless, EPIC achieves the best accuracy
(95.0%) while requiring fewer tokens than high-cost baselines such as Best-of-8 or Best-of-16. This
indicates that EPIC’s learned representations transfer across related reasoning distributions and
continue to yield efficient inference-time behavior.

5.3 Additional Experiments

We perform ablation studies to better understand the impact of the representation dimension, the
regularization parameter 7, and the tradeoff parameter A, the utility function, the transferability,
and the generalization on the code generation task. In the experiment of representation dimension,
we fix A = 0.5 and vary dimension d € {16,32,64,128}. Our results show a general trend: as
d increases, accuracy improves, while average token count stabilizes or slightly decreases. This
result empirically confirms the expectation that increasing the embedding dimension could boost the
performance of our method. In the experiment on the impact of A, we observe a clear cost-accuracy
trade-off as we fix d = 64 and varies A € {0.00,0.25,0.50,0.75,1.00}. In the ablation study of the
utility function, we switch to an alternative functional form, as shown in equation @), and observe
a decrease in performance, indicating that our design choice is superior. Due to space constraints,
further experimental details are provided in Appendix [D}

6 Conclusion

We introduced EPIC, the Ensemble PlannIng with Contrastive learning framework, a contrastive
learning framework that plans optimal reasoning strategies for language models by matching ques-
tions to suitable methods. Our analysis established new accuracy bounds for common aggregation
techniques, which directly inform a regularization term to guide more sample-efficient learning. Ex-
periments on mathematical reasoning benchmarks demonstrate that EPIC leverages these theoretical
insights to achieve strong improvements in both accuracy and inference cost, showcasing the value of
principled modeling for reasoning method selection.
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A Proofs of Section 3

After sampling /N independent candidate solutions from the distribution, we aggregate them to obtain
the output answer. We focus on characterizing the probability that the output answer is y;, meaning
that the output answer is a correct solution to question q.

=(N) ~(N) ~(N) .
Let C = (C;",...,C})"’) denote the counts of each solutions after N samples, so that

- = (N
22{21 C,EN) — N. The count random vector €' follows the multinomial distribution:

~ (N) N! K
— — . Clk
Pr(c 76)7 Cl!...CK!kl;[lpk (9)
for any vector ¢ = (cy, . . ., ¢k ) of natural numbers summing up to V.

A.1 Majority Vote Analysis

The majority vote selects y1, the correct answer, with probability one if ¢; > ¢, for all £ # 1, or with
some probability 0 < w < 1if ¢; > ¢ for all k # 1 with strict equality ¢; = ¢, for some k # 1.
The value w represents the probability of choosing y; in cases of ties.

Thus, the exact probability that the majority vote selects y; is bounded by

Z I H Py’ < Pr(majority vote picks y;) < Z ol e H PR

cl1+tex= N k'=1 cl1+Fex= N k'=1
c1>cp VE#1 c1>c Vk#1

However, these bounds are computationally intractable for large NV due to the combinatorial explosion
of possible vote count configurations. Moreover, they do not provide clear insight into how the
selection probability changes as N varies, limiting their practical utility for analytical understanding
or approximation.

We now state the theorem that bounds the probability that the count of one solution is less than or
equal to another:

Proposition A.1 (Count upper-bound). Assume p, > pp for any pair of distinct indices a,b €
{1,..., K}, a # b. Then, we have

Pr(C < EM) < exp (<N (va — vi)’) - (10)

Proof of Proposition[A.l] For each draw v = 1,..., N, let C,, denote the selected category with
Pr(C, = k) = pg. Define

N
M =31y, k=1, K

u=1

Then the difference of counts between bins a and b can be written as
évéN) C(N) ZXU’ Xu = 1{Cu=a} - ]-{Cu:b}'

The variables (X, )"_; are i.i.d., therefore for any ¢ > 0, Markov’s inequality implies
Pr(CI) < CfY) = Pr(eC =G > 1) < E[en(@T A < (Bl ),
Conditioning on C} yields
Ele™"] = pae™" + pre’ + (1 — pa — pp).

Substituting this expression into the previous bound gives

Pr(C'((LN) < C’éN)) < exp (N 1og(pae*t +ppet +1—p, — pb)).
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To optimize the bound, define h(t) = p,e~t + ppe’ + 1 — p, — pp. Minimizing h(t) over ¢ > 0 leads
to the first-order optimality condition

W)= —paet+ppet =0 = 2 =22 — = %mg(%i) .
Db

Since p, > pp, we have t* > 0, which is valid. Plugging ¢* back into h(t), we obtain

h(t*) =1 —pa — pp + 2y/Dabb = 1 — (\/Pa — v/Pb)*-
Therefore, we obtain
Pr(CM < M) < (1= (Voo — vin)?) " -

Finally, using log(1 — z) < —z for z € (0, 1), we obtain the exponential form

Pr(CMM < &) < exp(~N(vpa — vv)?) -
The proof is complete. O

We are now ready to prove Theorem [3.1]

Proof of Theorem[3.1] Recall that we assume y; is the correct solution. Consider the case where
p1 > py forall k = 2,..., K. We obtain by applying Proposition [A.T}

Now consider the case where there exists k € {2, ..., K} such that py > p;:

K
Pr(majority vote picks y;) < Pr (ﬂ {C'{N) > CN'IEN)}> < Pr (é‘fN) > C’liN))
k=2
< e N(vA VP’
where the last inequality follows from Proposition[A.T] O

A.2 Aggregation using Summation of Scores

Let CN’IEN) be the count of the solution y;, and let each of the C’,gN) PRM scores be independently

- . 2(N) .
distributed with the same distribution Sy, ~ N (uy, o7) for all u. Define U, ,EN) = Zfil Sku. We

now state the theorem that bounds the probability that the total score for one solution is less than or
equal to that of another.

Theorem A.2 (Sum upper-bound). Suppose that papia > poiip for some distinct a,b € {1,..., K}.
Then

Pr (U,gN) < UZEN)) < tlgg exp (Npa (e_t”“+%t2”§ — 1) + Npy (ewﬁ%t%g — 1)) . 3an

Moreover, under this condition, the right-hand side decays exponentially in N.
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Proof. For each draw u = 1,..., N, let C,, denote the category selected, with Pr(C,, = k) = py.
Let Sky ~ N (uk, 02) be independent across both k and u, and independent of (C,,)Y_,. Then

N
0N =" Slicymny,  k=1,... K,
u=1

so that

N
ﬁéN) — ﬁlgN) = ZXU’ where Xu = gaul{Cu:a} - Sbul{Cu:b}-

u=1

The random variables (X,,))V_; are i.i.d. Hence, for any ¢ > 0, Markov’s inequality yields
Pr (UM < OV < E[em @70 = (Ble=x)) ",
Conditioning on C gives

Ele~%1] = p, Ele"%1] + p, E[e"*1] + (1 — po — pp)-
Using the moment generating function of a normal random variable gives us
]E[etgkl] _ etu;ﬁ—%tzoi.

Finally, we obtain

_y o™ _g™ _ 1,2 12 2 N
]E[e tUa™ =U, )} - (pae that+gto; +pbet#b+§t20b +1—p, —Pb>

To simplify the expression, we use log(1 4+ =) < z for z > —1. We obtain
Pr <(~](§N) < Tj,fN)) < exp (Npa(e*t““Jr%t%i -1)+ pr(et"”%t%g - 1)) .
Optimizing over ¢ > 0, we obtain

Pr (fféN) < U}EN)) < gggexp(Npa(e_t““+%t2oi -1)+ pr(et“”%t%g — 1)) .

To verify the exponential decay, we define
F(t) = pa (e‘t“”%tz”ﬁ — 1) + py (etuw%t?ag . 1) .

We have F'(0) = 0 and

F'(0) = —patta + popin <0,
so for small ¢ > 0, F'(t) < 0. Therefore, the exponent is negative and the bound decays exponentially
in V. O

We can now prove Theorem[3.2]

Proof of Theorem[3.2] Consider the case where p; 1 > prpy, forall k = 2,..., K. Following an
analogous argument as in the proof of Theorem [3.1] we have

K
Pr(PRM_Vote picks y1) > 1-  inf exp (Np1 (e*twﬁ%tiaf . 1) + Npi (etk“k=+%fi”i - 1)) .
k
k=2
Consider the case where there exists k such that py i, > p1p1. We have
Pr(PRM_Vote picks y;) < Pr(U]iN) < le(N))
< tingexp (Npk (e’t“”%t%i - 1) + Np, (et”ﬁ%t%'f - 1)) )
>

This completes the proof. O
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A.3 Aggregation using Maximum of Scores

To ease the readability, we recall the setup for this section. Let C’,gN) be the count of the solution
Yy, and let each of the CN’,EN) PRM scores be independently distributed with the same distribution
Sku ~ N (g, o2) for all u. We define M,gN) = max, _, 5 Sku-

Proposition A.3 (Max PRM upper bound). Assume o, > o}, for some distinct pair a,b € {1,..., K},
a # b. Then, for any N > 1,

PrOI) < 41) < ggﬂg{a ~pall ()Y 41— (- g1 - @(tgb“me}.

Moreover, the right-hand side converges to zero as N — o0.

Proof of Proposition|A.3] We start by characterizing the distribution of ]\;[éN). Conditional on
C',EN) = m, we have
Pr(M,™ <t G = m) = [@y(8)]"™,

where ®,(t) = ®((t — up)/0p) is the CDF of N (up,07). Substituting this into the law of total
probability yields

Pr(M = m) Pr(MN) <t | M =m)

() (1= p)¥ (@ ()"

) po®s(1)™ (1 — pp) N

Mz

Pr(MN) < t) =

3
I
=)

[
Mz

3
i

I
Mz

m=0
= (1—py + pp®p ()N
= (1= pp[l — @, (1))Y

Taking the complement gives
Pr(M™ > ) =1— (1 —py[1 — &, (1)),

An identical argument gives

Pr(M{™ <) = (1= pa[l = @a(O))Y,  ®a(t) = @(H‘) .

Oa
Next, we have that
Pr(MM < MMy = Pr(MM™ < tor My™ > t for all t)
Pr(MN) < tor MéN) > ¢ for any t)
Pr(M™ < t) + Pr(M™) > 1),

where the last inequality follows from the union bound. Hence we have the following for every ¢t € R:

Pr(VEL < BY) < (1= palt = @ (2 )Y + 1= (11— @ ()Y

Ob

IN

IN

Since this inequality holds for all ¢, we may optimize the bound by taking the infimum over ¢ € R:

Pr(( < M) < inf {(1—paft =@ (52 )Y +1 - (1= pylt — @ (52D}

Ob

We now analyze the asymptotic decay of the bound as N — co. Let ty = pup + opy/2(1 + ) log N
for some fixed € € (0,1). We define

tn — fry — _
an=2"t ol +e)logN, zan=-te_ 2 Hire)logN — Ll

Ob Oaq Oq Oq
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Then, the bound evaluated at ¢ ;y becomes:
Pr(VE™ < M) < inf {(1 = pall = Gan)) + 1= (1= po[1 = @ (200))V}
We use the standard Mills inequalities, valid for all > 0:

S s1-a@ s P o) = ny e

We first study 1 — (1 — pp[1 — @ (2, x)])V. Forany 0 < z < Litholds that 1 — (1 — 2)¥ < Naz.
We use it to have

1= (1= po[l = D(z6,3)])" < Npy[l — @ ().
Using the Mills upper bound, we obtain

QD(Zb N) 1 —(14¢)
1—-®(z < = N .
( b’N) - Zb,N \/%Z@N

Hence, we have
Do

vV 2T Zb,N

pr[l—q)(zb}]v)] < N —=0 as N — oo.

Next we study (1 — pa[1 — ® (2,,n5)])". We start with the inequality

0 < (1= pall = (z4,8)])" < exp(=Npa[l — ®(zq,n)));
which holds because 1 — x < e~* for any z € [0, 1].
If z, n < O for sufficiently large IV, then 1 — ®(z, ) > 1/2, so that

(1 —pall = @(zan))Y < (1= pa/2)N =0 as N — occ.

Otherwise, if 2z, x > 0, the lower Mills bound gives

1—®(zqn) > e~ 7a,N/2
Za,N
for some constant C' > 0. Hence,
N
Npa[l — ®(z.n)] > C'——e Zan/2,
Za,N

Using the definition of z, n, we obtain

2
22N = 0—22(1 +¢)log N + o(log N).

Oa

Substituting into the inequality yields us
Npo[l = ®(z4n)] = € N1-(1+)70/08 gollog N)
for some constant C”” > 0. Since o, > o}, we can choose £ > 0 sufficiently small so that
1—(1+ S)Zi’; >0,
implying that Np,[1 — ®(z, n)] — o0, and hence
(1 = pa[l = @(z4,8))N — 0.
Combining with the analysis for b, we finally obtain

Pr(MM < M) 50 (N = ).
This completes the proof. O
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We are now ready to prove Theorem [3.3]

Proof of Theorem[3.3] Consider the case where o1 > oy, for all & = 2,..., K. Following an
analogous argument as in the proof of Theorem [3.1} we use Proposition[A.3|to have

K

t —
Pr(PRM _Max picks y1) > 1 — inf < (1 —p1[1 — O( m)DN
P teR o1

+1<1pku<b<t"‘k>]>N},

Ok

where @ is the cumulative distribution function of the standard normal distribution. By Proposi-
tion [A.3] each term in the summation tends to zero as N — oo. Therefore the probability that
PRM_Max correctly selects y; tends to 1.

In the alternative case, suppose there exists some k such that o, > o, Following an analogous
argument as in the proof of Theorem 3.1} we use Proposition to have

t—
Pr(PRM_Max picks y1) < inf {(1 ~ il — (L ey
teR O

11 —pt - _01“1)])N}.

Furthermore, by Proposition[A.3] the bound tends to 0 when N — oo.
This completes the proof. O

B Universe of Methods

In this section, we provide a systematic description of our universe of methods M as mentioned
in Section [5| Each method is represented by a tuple (LM, ReStrat, Agg, Conf, N), where each
component is defined as follows.

Language Model (LM). For our main experiments, we consider a single base model:
Qwen2.5-Math-7B-Instruct. In Appendix [5.2.1] we extend our pool of methods by addition-
ally using Qwen2.5-Math-1.5B-Instruct.

Reasoning Strategies (ReStrat). We consider four primary groups of reasoning methods:

¢ Greedy Search: The deterministic strategy denoted as COT-G that always selects the highest-
probability next token.

Best-of-N: The model samples N complete responses for each question according to the output
token distribution, controlled by a temperature hyperparameter. The temperature adjusts the
randomness of sampling: lower temperatures make the output more deterministic, while higher
temperatures increase diversity. If N = 1, this produces a single, randomly sampled response.
When N > 1, aggregation strategies (described below) are applied to select a final answer from
the IV candidates.

* Beam Search: The model first generates IV distinct first steps, each evaluated by a PRM. The top
N/m steps with the highest PRM scores are kept, where N/m € 7Z. For each retained first step,
the model generates m second steps, forming N partial solutions. This process repeats until N
complete solutions are produced or we reach the maximum number of beam expansions (50 in
our case).

* Monte Carlo Tree Search: This method, denoted as MCTS, formulates response generation
as a tree search problem, iteratively exploring possible answers by balancing exploration and
exploitation. At each step, MCTS selects the most promising node based on a selection policy
(e.g., Upper Confidence Bound), expands new response candidates using the base model, evaluates
them through rollouts or verifier models, and back-propagates the scores to refine future selections.
The search continues until we obtain N complete solutions.
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Configuration (Conf).The configuration presents all the hyperparameters of a reasoning strategy.
While almost all of them are fixed as default values suggested by the language model report and
repository OpenR [Wang et al., 20244, we vary the temperature of decoding in the set {0.4,0.7,1.0}
to explore different levels of diversity.

Aggregation methods (Agg). For reasoning strategies that produce multiple candidate responses, we
employ aggregation methods to select the final answer. These methods include:

* Majority_Vote (MV): Select the most frequently occurring answer from multiple samples.

* PRM_Vote Min (PVM): For each generation, use the PRM to score each step, select the mini-
mum score within the generation, and ultimately choose the generation with the highest sum of
minimum score across all samples.

* PRM_Vote Last (PVL): For each generation, use the PRM to score each step, select the score
associated with generating the last step, and ultimately choose the generation with the highest
sum of scores across all samples

* PRM_Max_Min (PMM): For each generation, use the PRM to score each step, select the minimum
score within the generation, and ultimately choose the generation with the highest minimum score
across all samples.

* PRM_Max_Last (PML): For each generation, use the PRM to score each step, select the score
associated with generating the last step, and ultimately choose the generation with the highest
score across all samples.

Notably, except for Majority_Vote, other methods are required to call the reward model.
Candidate solution size (IV'). We vary the number of candidate solutions in N € {1,2,4,8,16}.

Overall, the universe M consists of 81 reasoning models that span different reasoning strategies and
configurations. The detailed composition of the universe M is summarized in Table[3] Specifically,
we construct M by combining reasoning strategies, decoding settings, and aggregation methods. The
full enumeration yields 81 unique configurations: 60 Best-of-/V variants, 10 Beam Search variants,
10 MCTS variants, and one deterministic CoT-G configuration.

Table 3: Construction of the universe M (81 methods) by strategy, search budget N, decoding
temperature temp, and aggregation Agg € {MV, PVM, PVL, PMM, PML}.

Strategy N values temp values  #Agg choices Count
Best-of-N {2,4,8,16} {0.4,0.7,1.0} 5 4x3x5=60
Beam Search {2,4} 0.5 5 2x5=10
MCTS {2,4} 0.5 5 2x5=10
CoT-G (greedy) 1 (greedy) N/A 1

Total 81

C Baseline Descriptions and Complete Experimental Results

We present an additional ablation study focusing on another critical component of our framework:
the design of the reasoning selection module. In particular, we replace our contrastive-learning and
two-tower-based reasoning selection model with four baselines. We first consider two baselines that
do not support an accuracy-cost trade-off:

* Offline Ada-BoK adapts the approach from|Damani et al.| [2025]], which originally operates on
batches of questions and manages resources at the batch level. For fair comparison, we use their
‘Offline allocation’ strategy, modified to operate at the individual question level without requiring
access to the entire batch at test time. Here, each allocation corresponds to choosing a specific
reasoning configuration.

* Random Allocation (RA): At inference time, each question randomly selects a reasoning method
from the available reasoning configurations.
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The next two baselines, along with our method, support an explicit accuracy-cost trade-off, controlled
by the hyperparameter A\, which we vary over {0.0, 0.25,0.5,0.75,1.0}.

e Multi-class classifier (CL-)\). In this classifier-based version, the best reasoning method for each
question is still determined using the utility-driven labeling (based on the parameter \), exactly as
in our original approach. However, instead of using contrastive loss with a two-tower embedding
structure, we adopt a two-layer classifier placed on top of the pretrained sentence transformer
network and train with a standard cross-entropy loss, commonly used in classification scenarios.
We denote this classification-based ablation as CL-A.

¢ Distributional Random Allocation (DRA-)): Parameter \ matches the trade-off parameter used
in our approach. During training, each question is labeled with the reasoning method having the
highest A-adjusted score prediction. At inference, reasoning methods are randomly drawn from
the observed training distribution.

Table 4: Average accuracy and the number of generated tokens on MATHS00 for different methods
and models. Methods above the blue line are either Upper Bound under M or not in M. Methods
above the green line are individual single-reasoning configurations (no selection module involved).
Methods above the brown line do not support accuracy-cost trade-off. Below, we compare EPIC-),
DRA-), and CL-\ at different trade-off settings (groups separated by gray lines). Best results in each
section are in bold.

Base Model Method Accuracy T Average Token Count |
Qwen2.5 72B Base CoT™ [Yang et al.,[2024b] 80.0 -
QwQ 32B CoT™ [[Yang et al.,|[2024b] 83.2 -
OpenAl-ol-mini CoT* [Jaech et al.,|2024] 90.0 -
Deepseek-V3 CoT™ [Liu et al.}[2024] 90.2 -
Qwen2.5-Math-7B-Instruct ~ Upper Bound under M 91.2 -
Qwen2.5-Math-7B-Instruct  CoT-G 83.2 620.4
Qwen2.5-Math-7B-Instruct  Best-of-2 84.8 1242.5
Qwen2.5-Math-7B-Instruct ~ Best-of-4 86.2 2499 4
Qwen2.5-Math-7B-Instruct  Best-of-8 86.6 4986.8
Qwen2.5-Math-7B-Instruct ~ Best-of-16 86.8 10036.2
Qwen2.5-Math-7B-Instruct MCTS 85.4 4338.1
Qwen2.5-Math-7B-Instruct  Beam-search 85.2 2638.1
Qwen2.5-Math-7B-Instruct RA 84.4 1752.4
Qwen2.5-Math-7B-Instruct  Offline Ada-BoK 87.0 4095.2
Qwen2.5-Math-7B-Instruct DRA-0.0 85.6 1248.4
Qwen2.5-Math-7B-Instruct  CL-0.0 85.2 606.7
Qwen2.5-Math-7B-Instruct  EPIC-0.0 85.8 892.9
Qwen2.5-Math-7B-Instruct DRA-0.25 86.2 2453.6
Qwen2.5-Math-7B-Instruct  CL-0.25 86.0 2275.6
Qwen2.5-Math-7B-Instruct ~ EPIC-0.25 86.4 1859.2
Qwen2.5-Math-7B-Instruct DRA-0.5 86.4 5719.3
Qwen2.5-Math-7B-Instruct ~ CL-0.5 86.6 5320.2
Qwen2.5-Math-7B-Instruct  EPIC-0.5 86.8 2482.6
Qwen2.5-Math-7B-Instruct DRA-0.75 86.4 7523.2
Qwen2.5-Math-7B-Instruct  CL-0.75 87.0 7524.6
Qwen2.5-Math-7B-Instruct ~ EPIC-0.75 87.6 31929
Qwen2.5-Math-7B-Instruct DRA-1.0 87.0 10542.2
Qwen2.5-Math-7B-Instruct CL-1.0 87.8 10923.4
Qwen2.5-Math-7B-Instruct  EPIC-1.0 89.4 6921.7

*Method not in M.

We observe from Table 4| that our EPIC-) strongly outperforms the simpler classification version
(CL-X) and DRA-\ at almost every level of the parameter A. Still, the CL-\ method remains superior
to individual single reasoning configurations, confirming that our labeling strategy based on the
proposed utility function is indeed effective. Moreover, our original contrastive-learning approach
with a two-tower embedding structure significantly enhances scalability: introducing new reasoning
methods simply involves adding a new embedding vector without retraining the entire selection
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module. This two-tower model and contrastive loss combination have proven highly advantageous
over classification-based methods, both in terms of scalability and overall predictive performance.

D Ablation Studies and Additional Experiments

This section presents additional ablation studies to investigate the impact of various design choices
in our framework. First, we examine the effect of representation embeddings and the cost-accuracy
trade-off parameter A. Second, we assess the robustness of our approach by substituting the utility
function (3)) with an alternative formulation. Third, we evaluate the transferability of our framework
across different language models and other in-domain datasets. Finally, we present additional
experiments for the code generation task.

D.1 The Impact of the Representation Dimension

In this experiment, we study the impact of the dimension of the representation space d on the
performance of EPIC. One could expect that larger dimensions d will give a higher representation
power and thus EPIC could perform better. For simplicity, we conduct the experiments only for
A = 0.25. The average test accuracy and token counts are reported in Table |5 We could identify
a global trend that, as d increases, the accuracy increases, while the average token count tends to
go flat or decrease. This result empirically confirms the expectation that increasing the embedding
dimension could increase the ensemble’s performance.

Table 5: Impact of d on test accuracy and average token counts with A = 0.25.

d 16 32 64 128

Accuracy 1 85.6 85.4 86.4 86.2
Average token counts | 1828.3 22714 1859.2  2004.5

D.2 The Impact of the Trade-off Parameter \

Table|6]illustrates the impact of A on accuracy and the number of generated tokens. As \ increases
from 0.00 to 1.00, we observe a consistent rise in accuracy from 85.8% to 89.4% and in average
token counts from 892.9 to 6921.7. This trend indicates a clear cost-accuracy trade-off and can be
visualized in Figure 2} where we can identify an upward trend of the red circles.

Table 6: Impact of A on test accuracy and average token counts with embedding dimension d = 64.
A 0.00 0.25 0.50 0.75 1.00

Accuracy T 85.8 86.4 86.8 87.6 89.4
Average token counts | 892.9 18592 2482.6 31929 6921.7

D.3 Ablation on Utility Function

We previously presented two ablation analyses on the embedding dimensionality in Section[D.T|and
the trade-off parameter \ in Section To further justify our choice of utility function, we conduct
an additional ablation study using an alternative utility formulation:

7/2\,]' X (]. — Ciyj)l_/\
where a; ; denotes accuracy and c; ; denotes cost for the j-th method on the i-th instance. We vary
the trade-off parameter A over the set {0.0,0.25,0.5,0.75,1.0}.

U(ai,jaci,j) =a s

Notably, for A = 0.0 and A = 1.0, this alternative function reduces to our original utility formulation.
Therefore, we focus our comparison on the intermediate values A € {0.25,0.5,0.75}. For a better
presentation, we denote our framework with this alternative utility function as PMU (Power Mean
Utility).

As shown in Table[7} EPIC consistently outperforms the DRA baseline across all evaluated PMU
configurations, demonstrating its robustness under different accuracy-cost trade-offs.
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Table 7: Comparison of PMU and EPIC methods at different A settings. Best results in each section
are in bold.

Method Accuracy T Average Token Count |

PMU-0.25 86.0 2334.1
EPIC-0.25 86.4 1859.2
PMU-0.5 86.4 3035.4
EPIC-0.5 86.8 2482.6
PMU-0.75 87.2 4724.5
EPIC-0.75 87.6 31929

D.4 Results on Code Benchmark

To assess the generality of our proposed method beyond the math domain, we evaluate it on Live-
CodeBench [Jain et al.l 2025]]. The universe of methods includes both the Chain of Thought - Greedy
(CoT-G) and Best-of-N sampling strategies. In the Best-of-N approach, the base model generates
N candidate responses per question, from which the best is selected, with N € {2,4,8, 16} and the
decoding temperature chosen from 0.2,0.6. CoT-G produces step-by-step solutions using greedy
decoding (temperature set to 0). For evaluation, we adopt the pass @k metric, as described in L1
et al.|[2025b], and test two LLM base models of differing capacities: Qwen2.5-Coder-3B-Instruct
and Qwen2.5-Coder-7B-Instruct [Yang et al., [2024b]]. In the code benchmark, we do not consider
aggregation methods, so the regularization parameter 7 is set to 0 in this experiment.

Table [8| reports the accuracy (pass@k) and average token counts for each method. We observe
that our method, EPIC, achieves competitive or superior accuracy to all baselines at both A = 0.25
and A = 1.0. For the 7B model, EPIC (A = 1.0) achieves the highest overall accuracy (61.88%),
outperforming Best-of-16, while also consuming fewer tokens. Similarly, on the 3B model, EPIC
(A = 1.0) achieves the best accuracy (48.01%), exceeding the Best-of-16 baseline.

Trade-off Control. EPIC with A\ = 0.25 achieves balanced performance, providing better accuracy
than CoT-G and Best-of-2, but at a modest computational cost, highlighting the framework’s flexibility
in managing the trade-off of accuracy and cost.

Efficiency at Lower Cost. Notably, CoT-G remains the most computationally efficient method, but
at the expense of lower accuracy. EPIC offers a favorable balance, substantially improving accuracy
while keeping generation costs well below those of aggressive sampling strategies like Best-of-16.

Table 8: Performance comparison of reasoning methods on Qwen2.5-Coder-3B-Instruct and Qwen2.5-
Coder-7B-Instruct. The best value in each column is in bold.

Method Qwen2.5-Coder-3B-Instruct Qwen2.5-Coder-7B-Instruct
Accuracy T Avg. Token Count | Accuracy T Avg. Token Count |
CoT - Greedy 24.85 580.80 35.81 505.15
Best-of-2 (with best temperature) 27.40 1144.73 41.68 1000.27
Best-of-4 (with best temperature) 32.88 2299.65 48.53 2011.99
Best-of-8 (with best temperature) 40.90 4672.83 53.82 4031.65
Best-of-16 (with best temperature) 46.38 9323.22 58.71 8034.65
EPIC A = 0.25 30.12 1025.43 43.44 813.42
EPIC A =1.0 48.01 8349.12 61.88 7013.54

E Qualitative Results

E.1 A Specific Reasoning Method Favors in Certain Questions
This appendix provides a curated example in Table [9] for qualitative analysis. The goal is to present a

case where some individual methods in the universe M fail, but EPIC still produces accurate answers
by selecting the most suitable one.
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E.2 Visualization and Analysis of Learned Embedding Space

PCA Visualization of Question and Reasoning Embeddings PCA Visualization of Question and Reasoning Embeddings
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Figure 3: PCA visualization of question (grey) and reasoning method (colored crosses) embeddings
for three different settings of the utility trade-off A\. Each method is labeled by index :num, where
num is the number of generated answers.

To further understand how EPIC organizes and exploits the structure of mathematical reasoning
methods and questions, we visualize the learned embedding space using Principal Component
Analysis (PCA). Figure [3] presents three PCA plots of the question and method embeddings for
different utility trade-off values: A = 0.25, A = 0.5, and A = 1.0. In these plots, the grey dots
represent the embedded math questions, while each colored cross denotes a reasoning method. Each
method is annotated with the format index :num, where index is the method identifier and num is
the number of generated answers for that method.

Plot [3|illustrate how the utility trade-off parameter X shapes the structure of the learned embedding
space:

When A = 0.25 (cost prioritized), method embeddings are widely scattered and tend to avoid regions
dense with question embeddings. Only low-cost methods are positioned near clusters of questions.

When A = 0.5 (equal weight to accuracy and cost), higher-cost but occasionally effective methods
move closer to question clusters. This reflects a balanced trade-off, where moderately accurate and
moderately costly methods are preferred.

When A\ = 1 (accuracy prioritized), most methods form distinct clusters around their optimal question
types. This demonstrates EPIC’s ability to match each question with the most suitable method.
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These PCA visualizations confirm that EPIC organizes method and question representations according
to the chosen trade-off. This structured alignment helps explain EPIC’s strong performance discussed
earlier in the paper.
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Reference Q&A
Q: Evaluate
sin(arcsin 0.4 4 arcsin 0.5) - sin(arcsin 0.5 — arcsin 0.4)

A: From the angle addition and subtraction formulas,
sin(z +y) =sinzcosy + coszsiny, sin(x —y) = sinx cosy — cosx siny,

we get sin(z + y) sin(z — y) = (sinz cosy + cos zsiny)(sin 2 cos y — cos zsiny) = sin® z —
sin? y. For = arcsin 0.5 and y = arcsin 0.4,

sin(arcsin 0.5 + arcsin 0.4) - sin(arcsin 0.5 — arcsin 0.4) = 0.5% — 0.4> = 0.09 = 100 |

Best-of-16 MV

To evaluate sin(arcsin 0.4 + arcsin 0.5) - sin(arcsin 0.5 — arcsin 0.4), let § = arcsin 0.4 and
¢ = arcsin 0.5, so sin @ = 0.4 and sin ¢ = 0.5. We need to find sin(8 + ¢) - sin(¢ — 6).

Using the sine addition and subtraction formulas:

sin(f + ¢) = sinf cos ¢ + cosfsing, sin(¢ — 0) = sin ¢ cosf — cos O sin ¢,

we get:
sin(f + ¢) - sin(¢ — ) = (sin @ cos ¢)* — (cos O sin ¢)*.

Now, using cos? # = 1 —sin? § = 0.84 and cos? ¢ = 1 — sin? ¢ = 0.75, the expression becomes:

(0.4 -0.75)? — (v0.84 - 0.5)* = 0.16 - 0.75 — 0.25 - 0.84 = 0.12 — 0.21 = —0.09.

Thus, the value of the expression is:

EPIC selects Best-of-16 PVL

To evaluate sin(arcsin 0.4 + arcsin 0.5) - sin(arcsin 0.5 — arcsin 0.4), let « = arcsin 0.4 and
B = arcsin 0.5, so sin & = 0.4 and sin 8 = 0.5. The expression becomes sin(a + () - sin(8 — «).
Using the product-to-sum identity for sines:

sinz -siny = i[cos(:c —y) — cos(z + y)],
we apply ittox = a+ g and y = 8 — a, yielding:
1
sin(a + B) - sin(f — a) = §[cos 200 — cos 23].

Using the double-angle identity cos20 = 1 — 2sin?6, we get: cos2a = 1 —
2sin®a and cos283 = 1 — 2sin? 3. Substituting these, the expression becomes:

sin(a + ) - sin(f — o) = % [(1—2sin® @) — (1 — 2sin® B)] .

Simplifying:
1
=3 2(sin? B — sin? a) = sin? § — sin? .
Substituting sin a = 0.4 and sin 8 = 0.5: sin? 3—sin® a = (0.5)>—(0.4)> = 0.25—0.16 = 0.09.

Therefore, the value of the expression is: .

Table 9: A curated sample from the MATH benchmark. This is an example where an individual
method fails, but EPIC could deliver an accurate answer by selecting the most suitable one.
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