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Abstract

Score-based Generative Models (SGMs) approximate a data distribution by perturbing it
with Gaussian noise and subsequently denoising it via a learned reverse diffusion process.
These models excel at modeling complex data distributions and generating diverse samples,
achieving state-of-the-art performance across domains such as computer vision, audio gen-
eration, reinforcement learning, and computational biology. Despite their empirical success,
existing Wasserstein-2 convergence analysis typically assume strong regularity conditions—
such as smoothness or strict log-concavity of the data distribution—that are rarely satisfied
in practice. In this work, we establish the first non-asymptotic Wasserstein-2 convergence
guarantees for SGMs targeting semiconvex distributions with potentially discontinuous gra-
dients. Our upper bounds are explicit and sharp in key parameters, achieving optimal
dependence of O(v/d) on the data dimension d and convergence rate of order one. The frame-
work accommodates a wide class of practically relevant distributions, including symmetric
modified half-normal distributions, Gaussian mixtures, double-well potentials, and elastic
net potentials. By leveraging semiconvexity without requiring smoothness assumptions on
the potential such as differentiability, our results substantially broaden the theoretical foun-
dations of SGMs, bridging the gap between empirical success and rigorous guarantees in
non-smooth, complex data regimes.

1 Introduction

Score-based Generative Models (SGMs), also known as diffusion-based generative models (Song & Ermon,
2019; [Song et al., [2021; |Sohl-Dickstein et al., 2015; [Ho et al., 2020), have rapidly emerged over the past few
years as a popular approach in modern generative modelling due to their remarkable capabilities in generating
complex data, surpassing previous state-of-the-art models, such as Generative Adversarial Networks (GANS)
(Goodfellow et al., [2014]) and Variational AutoEncoders (VAEs) (Kingma & Welling} 2014)). These models
are now widely adopted in computer vision and audio generation tasks (Kong et al.; 2020; |Chen et al., 2021}
Mittal et al.| [2021; [Avrahami et al.| 2021} [Kim et al.; 2021} Bansal et al.| [2023; [Saharia et al.| [2022; [Po et al.|
2023 |Zhang et al., |2023)), text generation (Li et all 2022; [Yu et al., [2022; [Lovelace et al., |2023), sequential
data modeling (Alcaraz & Strodthoff] 2023 Tashiro et al., [2021}; [Tevet et al.l 2023)), reinforcement learning
and control (Pearce et al.l [2023; |Chi et al., |2023; Hansen-Estruch et al., [2023; [Reuss et al., [2023; |Zhu et al.
2023; |Ding & Jinl [2024), as well as life-science (Chung & Ye, [2021; |Jing et al., 2022; [Watson et al., 2023}
Song et al., [2022; Weiss et al.| 2023)). We refer the reader to the survey papers [Yang et al. (2023)); |[Chen
et al.| (2024)) for a more comprehensive exposition of their applications.

The primary goal of SGMs is to generate synthetic data that closely match a target data distribution p,
given a sample set. In particular, these models generate approximate data samples from high-dimensional
data distributions by combining two diffusion processes, a forward and a backward process in time. The
forward process is used to iteratively and smoothly transform samples from the unknown data distribution
into (Gaussian) noise, while the associated backward process reverses the noising procedure to generate new
samples from the starting unknown data distribution. A key role in these models is played by the score
function, i.e. the gradient of the log-density of the solution of the forward process, which appears in the
drift of the stochastic differential equation (SDE) associated with the backward process. Since this quantity
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depends on the unknown data distribution, an estimator of the score must be constructed during the noising
step using score-matching techniques (Hyvérinen| [2005; [Vincent], 2011]).

The widespread applicability and success of SGMs have been accompanied by a growing interest in the
theoretical understandings of these models, particularly in the convergence analysis under different metrics
such as Total Variation (TV) distance, Kullback Leibler (KL) divergence, Wasserstein distance, e.g., Block
et al.| (2020); De Bortoli et al| (2021)); Bortoli| (2022); Lee et al.| (2022); [Yang & Wibisono| (2022); Kwon
et al| (2022); [Liu et al.| (2022)); [Oko et al| (2023)); [Lee et al. (2023); (Chen et al. (2023asb); [Li et al.| (2024);
Pedrotti et al.| (2024); |Conforti et al.| (2025)); Benton et al.| (2024); [Strasman et al.| (2025); [Bruno et al.
(2025); Tang & Zhao| (2024); Mimikos-Stamatopoulos et al| (2024); |Gentiloni-Silveri & Ocello| (2025); [Yu
[& Yu| (2025). In this work, we provide a non-asymptotic convergence analysis in Wasserstein distance of
order two, as this metric is often considered more practical and informative for estimation tasks (see e.g.,
equation [5]), and is closely connected to the popular Fréchet Inception Distance (FID) used to assess the
quality of images in generative modeling (see, e.g., Section [4]). A significant limitation of prior analysis in
Wasserstein-2, e.g., [Strasman et al.| (2025)); |Gao et al.| (2025)); [Bruno et al.| (2025); [Tang & Zhao| (2024);
, is their reliance on strong regularity conditions—such as smoothness or strict log-concavity —
of the data distribution and its potential. These assumptions facilitate mathematical tractability but limit
the applicability of theoretical results to more general settings, especially when the data distribution is only
semiconvex and the potential’s gradient may be discontinuous. The only exception outside the strict log-
concavity regime is the recent contribution in [Gentiloni-Silveri & Ocello| (2025]), where the authors assumes
that the data distribution is weakly convex. However, their analysis still requires the potential to be twice
continuously differentiable (see, e.g., |Gentiloni-Silveri & Ocello| (2025, Proofs of Propositions B.1 and B.2)),
and the stepsize of their generative algorithm must be bounded by a quantity inversely proportional to the
one-sided Lipschitz constant of the potential (see |Gentiloni-Silveri & Ocello| (2025, equation (30))). Still,
such conditions on 7p in existing Wasserstein-2 convergence analysis do not fully reflect the complexity of
real-world data, which often exhibit non-smooth or non-log-concave distributions. Therefore, the aim of this
work is to address the following fundamental question:

Can Score-based Generative Models be guaranteed to converge in Wasserstein-2 distance when the data
distribution is only semiconvexr and the potential admits discontinuous gradients?

We provide a positive answer to this question by combining recent findings in non-smooth, non-log-concave
sampling, with standard stochastic analysis tools, thereby presenting the first contributions in the Score-based
generative modeling literature for non-smooth potentials. We establish explicit, non-asymptotic Wasserstein-
2 convergence bounds for SGMs under semiconvexity assumptions on the data distribution, accommodating
potentials with discontinuous gradients. This framework covers a variety of practically relevant distributions
arising in Bayesian statistical methods, including symmetric modified half-normal distributions, Gaussian
mixtures, double-well potentials, and elastic net potentials, all of which satisfy our relaxed assumptions.

In addition, our estimates are explicit and exhibit the best known optimal dependencies in terms of data
dimension, i.e., O(v/d) in Theorem and rate of convergence, i.e., O(y) in Theorem In contrast to prior
works under the same metric|Gentiloni-Silveri & Ocello| (2025);/Gao et al.[(2025));|Strasman et al.|(2025]); Tang|
, our estimates in Theorems|13|and Theorem [15|are derived without imposing any restrictions
on the stepsize of the generative algorithm, making them more suitable to practical implementation. By
circumventing the need for strict regularity conditions on the score function and allowing discontinuities in
the gradients of the potentials, our work significantly expands the theoretical foundation of SGMs. This
advancement not only bridges the gap between empirical success and theoretical guarantees but also opens
new avenues for the application of diffusion models to data distributions with non-smooth potentials.

One source of error in the construction of the generative algorithm arises from replacing the initial condition
of the backward process with the invariant measure of the forward process. To ensure this error remains
small, the drift terms of both SDEs must satisfy, for instance, a monotonicity property with a time-dependent
bound that meets an appropriate integrability condition (see, e.g., equation 19| and equation [23| below). To
address this, we identify a time horizon for the generative algorithm that ensures the paths of the two
backward processes become contractive. Notably, the integrability condition on the monotonicity bound
depends only on the known constants in Assumption [2] making it significantly easier to verify in practice
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compared to the analogous condition in |Gentiloni-Silveri & Ocello| (2025, Appendix C), which relies on weak
convexity constants that are often difficult to estimate.

In conclusion, we present the first explicit, dimension- and parameter-dependent Ws-convergence guarantees
for Score-based Generative models operating on data distributions having potentials with discontinuous
gradients. Our results mark an important step forward in the rigorous analysis of SGMs, providing both
theoretical insights and practical tools for advancing generative modeling in challenging, non-smooth regimes.

Notation. Let (2, F,P) be a fixed probability space. We denote by E[X] the expectation of a random variable
X. For 1 < p < oo, LP is used to denote the usual space of p-integrable real-valued random variables. The
LP-integrability of a random variable X is defined as E[|X|P] < co. Fix an integer d > 1. For an R%-valued
random variable X, its law on B(R?), i.e. the Borel sigma-algebra of R? is denoted by £(X). Let T > 0
denote a time horizon. For a positive real number b, we denote its integer part by |b]. The Euclidean scalar
product is denoted by (-, ), with |- | standing for the corresponding norm (where the dimension of the space
may vary depending on the context). Let f : R — R be a continuously differentiable function. The gradient
of f is denote by Vf. For any integer ¢ > 1, let P(R?) be the set of probability measures on B(R?). For p,
v € P(RY), let C(u,v) denote the set of probability measures ¢ on B(R??) such that its respective marginals
are y and v. For any p and v € P(R?), the Wasserstein distance of order 2 is defined as

1
Wa(p,v) = inf / / |z —y|> d¢(z,y) | .
¢eC(p,v) Jrd JRd

For any z € A C R? and any function U : A — R, the subdifferential OU (x) of U at x is defined as

Uly) — U(z) — (p,y —

AU (z) = {pERd: limint LW =U@) = Py = o) >o}. (1)
e ly — =

At the points where U is differentiable, it holds that 0U(z) = {VU(x)}. For the sake of presentation, an

element of OU () is denoted by h(z) for any = € R9.

2 Technical Background for OU-based SGMs

In this section, we briefly summarize the construction of score-based generative models (SGMs) via diffusion
processes, as introduced by |[Song et al,| (2021). The core idea behind SGMs is to employ an ergodic (for-
ward) diffusion process that gradually transforms the unknown data distribution 7p € P(R?) into a known
prior distribution. A backward (in time) process is then learned to transform the prior back to the target
distribution 7p by estimating the score function of the forward process. In our analysis, we consider the
forward process (X¢)¢cjo,7] to be an Ornstein-Uhlenbeck (OU) process, consistent with the choice in the
original paper [Song et al.| (2021))

dX, = - X, dt +v2 dB,, Xy~ 7, (2)

where (By)eo,r) is an d-dimensional Brownian motion and we assume that E[|X(|*] < oo. Under mild
assumptions on the target data distribution 7mp (Haussmann & Pardouxl [1986; (Cattiaux et all [2023), the
backward process (Y):ejo,7) = (X7-t)te[o,1) is given by

dY; = (Y; + 2Vlogpr_¢(Y3)) dt + V2 dB;, Yy ~ L(X7), (3)

where {p;}iepo,r) is the family of densities of {L£(X¢)}+e(o,r) with respect to the Lebesgue measure, B, is
an another Brownian motion independent of B; in [2| defined on (2, F,P). In practice, however, the initial
distribution is taken to be the invariant measure of the forward process, which corresponds to the standard
Gaussian distribution. As a result, the backward process in [3] becomes

dY; = (Y 42 Vieg pr—:(V2)) dt + V2 dBy, Yy ~ moe = N(0, Iy). (4)

Since the target distribution 7p is unknown, the score function V log p; in [3| cannot be computed exactly. To
overcome this limitation, an estimator s(-, 0%, -) is learned based on a family of functions s : [0, T]x RM xR¢ —
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R? parametrized in 6, aiming at approximating the score of the ergodic forward process |5 over a fixed time
window [0,7]. In practice, s are neural networks and in particular cases, e.g., the motivating example in
Bruno et al| (2025, Section 3.1), the functions s can be carefully designed. The optimal value 6* of the
parameter 6 is determined by optimizing the following score-matching objective

T
RY> ¢ E l/o IV log pe(X2) — s(t,0, X,)|? dt | . (5)

An explicit expression of the stochastic gradient of [5| derived via denoising score matching (Vincent, 2011))
is provided in [Bruno et al| (2025 equation (8), Section 2). Following Bruno et al. (2025, Section 2), we
define an auxiliary process (Y;*"*);c[o,7) that incorporates the approximating function s, which depends on

the (random) estimator of 8* denoted by 6. For t € [0, T, this process is given by
Y™ = (V" 42 (T — £,0,Y2") dt + V2 dBy, Y™ ~ 1o = N(0, L). (6)

The auxiliary process [0] serves as a bridge between the backward process [f] and the numerical scheme [8] and
it facilitates the analysis of the convergence of the diffusion model (see the upper bounds involving Y,2"* in
the proof of Theorem [13|in Appendix [C| for further details). We now introduce the numerical scheme. Let
the step size v, = v € (0,1) for each k =0,..., K, where K € N. The discrete process (YkEM)kG{O ,,,,, K41} of
the Euler—-Maruyama approximation of |§| is given, for any k € {0,..., K}, as follows

YIEFNII = YkEM + ’Y(YkEM + 2 S(T - tk?7 é7 YkEM)) + V 2’7 Zk+17 YOEM ~ Moo = N(O7 Id)7 (7)

where {Zk}ke{o,‘.., K+1} is a sequence of independent d-dimensional Gaussian random variables with zero
mean and identity covariance matrix. The continuous-time interpolation of |7} for ¢ € [0,T7], is given by

where L:(}A/kEM) = L(Y;FM) at grid points for each k € {0,..., K + 1}.

3 Wasserstein Convergence Analysis for SGMs

In this section, we provide the full non-asymptotic estimates in Wasserstein distance of order two between
the target data distribution 7p and the generative distribution of the diffusion model under the assumptions
stated below. As discussed in Bruno et al.| (2025] Section 2 and Appendix A), it may be necessary to restrict
t € [e,T] for € € (0,1) in[5|to account for numerical instabilities that can arise during training and sampling
near t = 0 as also observed in practice in [Song et al.| (2021, Appendix C), and for the possibility that the
integral of the score function in [5| may diverge when t = 0. Therefore, we truncate the integration in the
backward diffusion at 7' — ¢ and consider the process (Y;):e[0,7—¢]-

3.1 Assumptions

We begin by stating the main assumptions of our setting. The optimization problem in [5| can be solved
using algorithms such as stochastic gradient descent (Jentzen et al., 2021), ADAM (Kingma & Bal [2015)),
Stochastic Gradient Langevin Dynamics (Bruno et al., [2025] Section 3.1), and TheoPouLa (Lim & Sabanis,
2024)), provided they satisfy the following assumption.

Assumption 1. Let 68* be a mz’nimz’se of@ and let § be the (random) estimator of 0* obtained through
some approzimation procedure such that E[|0|] < co. There exists Ear, > 0 such that

E[|f — 6*]*] < Eap.

Remark 1. As a consequence of Assumption one obtains E[|0|2] < 2841 + 2/6*|2.

1The score-matching optimization problem [5|is not necessarily (strongly) convex.
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Recall that for any # € R?, h(x) denotes an element of the subdifferential OU () defined in

Assumption 2. The data distribution mp has a finite second moment and it is absolutely continuous with
respect to the Lebesque measure with mp(dx) = exp(—U(x)) dx for some U : R — R. Moreover,

(i) The potential U is continuous and its gradient exists almost everywhere.
(ii) The potential U is K-semiconvexr. That is, there evists K, R > 0, such that for all z,7 € R,

(h(z) — hZ),z — &) > K|z — T, when |z —z| < R,

or equivalently U + §| -|? is convex.

(iii) The potential U is u-strongly convex at infinity. That is, there exists p > 0 and R > 0, such that
for all z,z € RY,
(h(z) — Wz),x — ) > ple — z)?, when |z —Z| > R. (9)

Remark 2. As a consequence of Proposition due to |Conforti et al.| (2025, Proposition 3.1), and As-
sumption @-(Z}, Vlog pi(x) is continuous for t € (0,T] and x € RY. Moreover, Assumption@ implies that
the processes in[3 and[f) have a unique strong solution.

Next, we consider the following assumption on the approximating function s.
Assumption 3.a. The function s : [0, 7] x RM x RY — R? is continuously differentiable in x € R%. Let D; :
R xRM — Ry, Dy : [0, T]x[0,T] = Ry and Ds : [0, T]x[0,T] — Ry be such that [ [ Dy(t,T) dt df < oo
and fET feT Dj(t,t) dt dt < co. For a € [3,1] and for all ¢,¢ € [0,T], z,z € R?, and 0,60 € R, we have that
IS(t, 6733) - S(Ea _a 'f)| < Dl(aa 9_)|t - ﬂa + D2(t7£)|9 - 9_| + D3(tvf)|x - £|v

where D1, Dy and D3 have the following growth in each variable: i.e., there exist Ki, Ko, and K3 > 0 such
that for each ¢, € [0,7] and 6,0 € RM|

D1(0,0)] < Ki(L+ 0] +101), | D2(t, )] < Ka(L+[t]* + [£*),

| Ds(t,1)] < Ka(L+[¢]" +[2]%).

Remark 3. Assumption implies that the process in [0 [1, and[§ have a unique strong solution. For a
discussion on the practical justification of this assumption in the context of neural network-based approrima-
tions, we refer the reader to|Bruno et al| (2025, Remark 6).

Remark 4. Let Kq,iq := Ky + Ky + K3 4+ [5(0,0,0)| > 0. Using Assumption one obtains

|s(t, 0, 2)] < Krorar(1 + [¢[*)(1 + (6] + |2]).

The proof of Remark 4 can be found, e.g., in Bruno et al.| (2025, Appendix D.3). By imposing an additional
condition on the gradient of s in Assumption [3.a] we obtain the optimal convergence rate established in
Theorem [I5 below.
Assumption 3.b. Let s be as in Assumption and there exists K4 > 0 such that, for all z, 2z € R? and
forany k=1,...d,

|Vas®(t,0,2) — Ves® (1,0, )| < Ky(1 + 2[t|*)]x — Z].

For the following assumption on the score approximation, we let 0 be as in Assumption |1f and we let
(Y")iep0,r) be the auxiliary process defined in @

Assumption 4. There exists egy > 0 such that
T—e R
IE/ |V log pr_(Y,2%) — s(T — 7,0, Y,"%)|? dr < egn. (10)
0
Remark 5. Assumption [} is now a standard assumption considered in the literature, see, e.g.,

(2025)); |Bruno et al.| (2025); |Strasman et al.| (2025)); |Gentiloni-Silveri & Ocello| (2025), and its theoretical
and practical soundedness is discussed, e.g., in|Bruno et al| (2025, Remark 7, 8, and 9).
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3.2 Assumption [2 and Weak Convexity of the Data Distribution

We show that Assumption [2}(ii) and Assumption [2}(iii) are related to the notion of weak convexity in the
sense made precise in Proposition [§] below. We start by introducing the definition of weak convexity for
subgradients.

Definition 6. The potential U : R? — R is weakly convex if its weak convexity profile ky : [0,00) — R

defined as (OU (x) — OU () o)
) ) — T),r— X
KLU(T) - w,ieRMl:nfw—i—r{ |37 - i'lz } (11)
satisfies
ky(r) > B —r~Yfp(r), forall r>0, (12)

for some constants 3, L > 0, where the function f7, : [0,00] — [0, 00] is defined as

fr(r) = 2LY? tanh((rLY/?)/2). (13)

We modify |Conforti et al.| (2023, Lemma 5.9) to our setting, namely when S > (ﬂ to have an explicit
expression of the weak convexity constant at each t € [0,7].

Lemma 7. (Conforti et all (2023, Modification of Lemma 5.9) Assume that U is weakly convexr as in
Definition 6] and fix t € [0,T]. Then, the function x — —logp:(x) is weakly conver with weak convexity

profile k_1og p,(x) Satisfying

- B B et 1f ( et >
e )2 G e m g g \pra - pent)

In particular, the score function satisfies

(Vlogpi(x) — Vg py(z),x — ) < ~Cyle — &|*,  for x,7 € RY, (14)
with ey
C, b c L. (15)

TB+(1-pPe 2 (B+(1- B )2

An overview of the proof of Proposition [§] below can be found in Appendix
Proposition 8. Let the data distribution mp be in Assumption[3 and let fr, be as in[I3 Then

ku(r) > p—r"tfr(r), forallr >0, (16)

where p > 0 is the strong convezity at infinity constant from Assumption @-(m) Conversely, if U is weakly
convez as in Definition [6 with lower bound [16 for some known constants p and L > 0, then

1. The potential U is fi-strongly convex at infinity with i == p — R™1fr(R) > 0, such that for all
z,z € R, we have

(h(x) — h(Z),z — z) > filz — z|?, when | —Z| > R, (17)

which holds for all R > 0 when p > L and for R > Ry = % with zg being the solution of when
p< L.

2. The potential U is K -semiconvez, such that there exists K, R >0 for all x,z € R?,
(h(z) — Wz),z —z) > K|z — &%, when |z —Z| < R. (18)

As a consequence of Proposition [§ and Lemma |7, one obtains the explicit form of ét in (14} in our setting,
which is given in the following corollary.

2See |Gentiloni-Silveri & Ocello| (2025, Lemma B.4) for a similar statement.
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Corollary 9. Let U be K-semiconver as in Assumption @-(w} and be p-strongly convex at infinity as in
Assumption [Z(iii) and fiz t € [0,T). Then

(Vlogp,(z) — Viogpy(z),z — ) < —B2%x — z|?, for x,z € RY, (19)

where o
08 — a - ‘ L (20)

T T (T
for some L > 0 satisfying [16

Remark 10. By Corollary[9 and the proof of Proposition[§, we have

Q08 _ _
th_r)r(l)ﬂt =p—L<-K. (21)

We emphasize that the gap between the limit on the left-hand side of [21] and the semiconvexity constant K is
due to the particular choice of fr, in in Proposition B This gap may vanish for different functions f € F,
where

F = {f € C*((0,00),Ry) : 7= 72 f(r1/?), non-decreasing, concave, bounded such that

limrf(r)=0, f 20, 2f +ff < 0}.

rl0

For this reason, we use the constant K + p as a proxy of the constant L and replace with the following

monotonicity bound
—2t

OS,K,u __ 1% € K
_ _ T ). 292
T e G e -
Moreover, it holds that
lim 755 = — K,
t—0

and
lim B0 = lim pP%"# =1,
t—o00 t—o00

which is consistent with mo, ~ N(0, 1), the invariant distribution of the OU process.

Using the explicit expression of 22 we are able to find a time for which the integral of the monotonicity
boun ﬁto S Ko g positive. The proof of the following result is postponed to Appendix E

Proposition 11. Let > 0 and K > 0. The time integral of ﬁtOS’K’“ from Remark 1s

L—p)e=?  (p+(1—ple?)?
% {log (n(e* —1)+1) + (I: + 1) (,u(ezt—ll)—Fl - 1)] >0,

when t > t* > 1n (,/1 + %) with t* :==inf {¢t > 0: B(¢,0,u, K) > 0}.
Remark 12. If we consider the case when K =0 in Assumption @r(n}, then is satisfied for all t > 0.

B(t,o,u,K):/Ot (“( K - <" (K+u)> ds

3.3 Main Results - Optimal Data Dimensional Dependence and Rate of Convergence

The main results are stated as follows. An overview of their proofs can be found in Appendix [C]

3Note that ,BtOS‘K‘“ is a function of time.
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Theorem 13. Let Assumptions [1] [ and[{] hold. Then, there exist constants Cy, Ca, C3 and Cy > 0
such that for any T >0 and ~,€e € (0,1),

08,K,u
A ’ ’ d

Wa(L(YEM), 1p) < Civ/e + Coe™? Jos T4 Os(T, €)/Esn + Ca(T, )72, (24)

where Cy, Co, C3 and Cy are given explicitly in Table@ (Appendix @), ﬁtOS’K’“ 1s defined in and its
integral is computed in Proposition[T1. In addition, the result in[2{] implies that for any § > 0, if we choose
O0<e<es, T>Ts5, 0<esny<egns and 0 <y <ys with €5, T, esn,s, and s given in Table@ then

WQ(E(YI?M)77TD) < 4.

Remark 14. The constant C4(T,€) in the error bound in contains the optimal dependence of the data
dimension, i.e. O(\/Zi), which has been found under the more strict assumption of strong-log concavity of mp
in|Bruno et al.| (2025, Theorem 1 and Remark 12). However, the optimal dependence of the dimension is
achieved at the expenses of a worst rate of covergence of order 1/2.

The optimal rate of convergence of order a € [4, 1] for the Euler or Milstein scheme of SDEs with constant

diffusion coefficients can be attained in Theorem [13| provided that E[|6]!] < co and that Assumption [3.a] is

replaced by Assumption [3.0] as stated in Theorem [15] below.

Theorem 15. Let Assumptions @ and hold, and assume that E[|9|4] < 0o Then, there exist constants

Cy, Cy, C5 and Cy > 0 such that for any T > 0 and v,¢ € (0,1),

_o [T 08 Kn q4_e ~
2J A A L Oy ) Esw + CalT (25)

where Cy, Co, C3 and Cy are given explicitly in Table@ (Appendix @), ﬁtOS’K’“ s defined in and its

integral is computed in Proposition[11. In addition, the result in[25 implies that for any § > 0, if we choose
0<e<es, T>Ts5,0<egy <egns and 0 <y <75 with €5, Ts, esn,5, and ¥s given in Table@ then

Wao(L(YEM), mp) < C1v/e + Cae

Wo(L(YEM), mp) < 6. (26)

Remark 16. The explicit expression of Cyin Table@ (Appendix@) exhibits an O(d) dependence of the data
dimension, resulting from numerical techniques introduced in|Kumar & Sabanis (2019) and employed in the
proof of Theorem to achieve the optimal convergence rate of order o € [%, 1].

3.4 Examples of potentials satisfying by Assumption 2]

We present several examples to demonstrate the wide applicability of our Assumption [2] to a broad class of
data distributions, some of which are not covered by previous results in Wasserstein distance of order two
(Gentiloni-Silveri & Ocello} 2025} [Strasman et al.l [2025} |Gao et al., 2025, Bruno et al., 2025} [Tang & Zhao),
[2024} [Yu & Yul, [2025).

3.4.1 Symmetric modified half-normal distribution

We consider the case of a one-dimensional symmetric modified half-normal distribution

VEexp (—€a* — |z])

v(+2)

for some unknown £ > 0 and normalizing constant
B (L) oSS e
27 /€ I'(n) n!

where T'(n) is the Gamma function. We refer the reader to Appendix [D] for additional details about the
derivation of As highlighted in [Sun et al| (2023 Section 2), the modified half-normal distribution

mp(dz) =

dz, x€R,

n=0
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appears in several Bayesian statistical methods as a posterior distribution to sample from in Bayesian Binary
regression, analysis of directional data, and Bayesian graphical models.

Assumption (1) is satisfied for U(x) = €22 + |z|. In addition, we have, for all z,7 € R

(h(@) = h(@), 2 — &) = 2 (o — 2> + (2 = 2)Lax0, 5<0 — (= — %) Laco, 7>0)

> 26l — 22, (28)

which shows that Assumption (ii) is verified for any K > 0, and Assumption (iii) is verified for p = 2¢.
Therefore, we can conclude that [27] satisfies Assumption

3.4.2 Multidimensional Gaussian mixture distribution

We consider a multidimensional Gaussian mixture data distribution with unknown mean and variance, i.e.,
A 1 |z —n;? d

T dx:E ; exp | — J dz, zeR%, 29

D( ) pt 5] (27T0'J2v)d/2 p 20]2 ( )

with o; > 0, n; € R?, and & € [0,1] for j € {1,...,.J} such that 37_, & = 1. The authors in
[Silveri & Ocello| (2025, Appendix A) show that the score function of [29]is Lipschitz continuous and —log mp

is weakly convex. Therefore, Assumption [2] is satisfied. In addition, the distribution [29] covers also case of
the double-well potential:

Ulz) = z* — |z|?, = €RY (30)
which is 2-semiconvex and strongly convex at infinity.
3.4.3 Multi-dimensional Potentials

Similarly as in Section [3.4.1] one can proves that the elastic net potential:

d
Ux) =l +_|zil, =R, 31)

i=1
satisfies Assumption [2l Moreover, the following potential
U(z) = max {|33|, |J;|2} , z e RY, (32)

verifies Assumption 2 with K = 0, R =1, and p = 2 as well as the following non-convex potential presented
in |Johnston et al.| (2025, Example 4.2):

1
U(z) = max {|z|, |z|*} — §\m|2, r € R% (33)

4 Related Work and Comparison

In recent years, there has been a rapidly expanding body of research on the convergence theory of Score-
based Generative Models. Existing works for convergence bounds can be divided into two main approaches,
depending on the divergence or distance used.

The first approach focuses on a-divergences, particularly the Kullback—Leibler (KL) divergence and Total
Variation (TV) distance (e.g., Benton et al| (2024); Conforti et al.| (2025); Yang & Wibisono) (2023)); |[Li &
Cail (2024); Block et al| (2020); De Bortoli et al.| (2021)); Lee et al.| (2022); [Li et al.| (2024); Lee et al.| (2023);
Chen et al (2023ajb)); |Oko et al|(2023)); Liang et al. (2025); Yang & Wibisono| (2022)), which are the vast
majority of the results available in the literature. Crucially, bounds on KL divergence imply bounds on TV
distance via Pinsker’s inequality, strengthening their wide applicability. We provide a brief and selective
overview of some of the findings following this first approach. The results in TV distance in
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and in KL divergence [Yang & Wibisono| (2023)) established convergence bounds characterized by polynomial
complexity under the assumption that the data distribution satisfies a logarithmic Sobolev inequality and
that the score function is Lipschitz continuous. By replacing the requirement that the data distribution
satisfies a functional inequality with the assumption that 7p has finite KL divergence with respect to the
standard Gaussian and by assuming that the score function for the forward process is Lipschitz, the authors
in (Chen et al.| (2023b]) managed to derive bounds in TV distance which scale polynomially in all the problem
parameters. By requiring only the Lipschitzness of the score at the initial time rather than along the full
trajectory, the authors in |Chen et al.| (2023a, Theorem 2.5) managed to establish, using an exponentially
decreasing then linear step size, convergence bounds in KL divergence with quadratic dimensional dependence
and logarithmic complexity in the Lipschitz constant. Later, Benton et al.| (2024) provided KL convergence
bounds that are linear in the data dimension, up to logarithmic factors, by assuming finite second moments
of the data distribution and employing early stopping. However, both the results of |Chen et al| (2023a,
Theorem 2.5) and [Benton et al.| (2024, Theorem 1 and Corollary 1) still require the uniqueness of solutions
for the backward SDE [3] and therefore additional assumptions on the score function are needed. For further
discussion on this point, we refer the reader to Bruno et al| (2025, Section 4.2). Assuming finite second
moments and using an exponential integrator (EI) scheme with both constant and exponentially decaying
step sizes, the authors in (Conforti et al. (2025, Corollary 2.4) derive a KL divergence bound with early
stopping, which scales linearly in the data dimension up to logarithmic factors. Bounds in KL without early
stopping have been derived in|Conforti et al. (2025 for data distributions with finite Fisher information with
respect to the standard Gaussian distribution. We note that this condition on 7p stated in |Conforti et al.
(2025, Assumption H2) still requires that the potential U € C'(R?). The KL bounds provided in |Conforti
et al.| (2025, Theorem 2.1 and 2.2) scale linearly in the Fisher information when an EI discretization scheme
with constant step size is used, and logarithmically in the Fisher information when an exponential-then-
constant step size (Conforti et al.| (2025, Theorem 2.3) is employed.

The second approach focuses on convergence bounds in Wasserstein distance, a metric which is often con-
sidered more practical and informative for estimation tasks. We can relate results following this approach
with the results of the first approach only when mp is a strongly log-concave distribution. In this case, Wa-
bounds in terms of KL divergence follow from an extension of Talagrand’s inequality (Gozlan & Léonard,
2010, Corollary 7.2). However, for two general data distributions, there is no known relationship between
their KL divergence and their W5. Therefore, we cannot compare our findings in Theorem and Theo-
rem [I5] with the results derived following the first approach. One line of work within the second approach
assumes (at least) strong log-concavity of the data distribution (Strasman et all 2025; |Gao et al. 2025;
Bruno et al.| 2025} [Tang & Zhaol 2024} [Yu & Yul 2025). Under this (strict) assumption, Bruno et al.
(2025, Remark 12) achieved optimal data dimensional dependence, i.e., reaching O(v/d). The recent bound
in |Gentiloni-Silveri & Ocello| (2025, Theorem D.1) scales linearly in the data dimension while relaxing the
strong log-concavity assumption on mp to weakly log-concavity, but still requiring that the potential V2U
exists (see, e.g., |Gentiloni-Silveri & Ocello| (2025, Proof of Proposition B.1 and B.2)). Our Assumption
is much weaker than this requirement and it allows to consider the case of potentials with discontinuous
gradients covering a wider range of distributions as outlined in Section Another line of work following
this approach focuses on specific structural assumptions of the data distribution. For instance, convergence
bounds in Wasserstein distance of order one with exponential dependence on the problem parameters have
been obtained in [Bortoli| (2022) under the so-called manifold hypothesis, namely assuming that the target
distribution is supported on a lower-dimensional manifold or is given by some empirical distribution. Under
the same metric, the authors in |Mimikos-Stamatopoulos et al.| (2024) provide a convergence analysis when
the data distribution is defined on a torus. We summarize in Table [I| and the best results obtained in W,
i.e., Bruno et al. (2025); |Gentiloni-Silveri & Ocello| (2025) and compare with our best result, which scale
polynomially in the data dimension, i.e. O(v/d) in Theorem

We close this section by briefly commenting on the choice of deriving our results in Wasserstein distance of
order two. Beyond its theoretical relevance, this choice is motivated by practical considerations in generative
modeling. First, the Wasserstein distance is often regarded as a more informative and robust metric for
estimation tasks. Second, a widely used performance metric for evaluating the quality of images produced
by generative models is the Fréchet Inception Distance (FID) [Heusel et al.| (2017), which measures the
Fréchet distance between the distributions of generated and real samples, assuming Gaussian distributions.

10
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In particular, this Fréchet distance is equivalent to the Wasserstein-2 distance. Thus, providing convergence
results under the Wasserstein-2 metric enhances the practical relevance of our theoretical findings.

Table 1: Summary of previous bounds for WQ(L()A/}%M), 7p) and our result in Theorem All the bounds
assume that 7p(dz) oc e=Y(#)dz has finite second moments.

Assumption on | Error bound Reference
™D
U strongly | O(Vd)ye + O(WVd)e 2 voT=a9=c 4 O(e(1+¢=2lmo)(T=9)) /zot + | (Bruno
convex, O(\/&@TzaﬂT2a+15~2/1‘2)fyl/2, et all [2025],
V2logpt(0) € | with Lyo > 0 lower bound of the strongly convex constant of U, see Remark 12)
L*(le,T]), and | oo Bruno et al] (2025, Remark 4).
Assumption 4]
U € C%*RY), | ePLonBIN[e=TWy(mp, o0 ) + 4esn(T — 1(B, L,0)) + 27(4Lyd + | [Gentiloni-
weakly convex, | 6d+ +/d+ E[|Xo|?])(T —n(8, L,0))], Silveri &
and Assumption | with Ly > 0 one-sided Lipschitz constant for VU, see e.g., [Gentiloni-| | |Ocello| (2025,
[ Silveri & Ocello| (2025, Assumption H1), n(3, L, ) defined in (Gentiloni-| | Theorem
Silveri & Ocellol [2025, equation (29)), and v < 2/(2Ly + 5)% . D.1)
T 08, K,p
Assumption O(Vd)/e + O(\/&)e_Qfe T dime + Theorem
: T ,08,K, o N
I%nd Assumption O(e(HQ(T_E)_QL oS Hm dt)\/ésiN-F O(\/86T2 +1T3a+15z/5)'yl/2.
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Appendix
A Regularity of the Score Function

We recall the following result to justify the smoothness of the map
(0,T] x RY > (t,2) = pi(z) € Ry, (34)

where p; density of the forward process defined in Section [2]

Proposition 17. (Conforti et all 2025, Proposition 3.1) Let mp be absolutely continuous with respect to
the Lebesque measure, and denote its density by po. The map defined in[3] is positive and solution of the
following Fokker—Planck equation on (0,T] x R%:

Oipe(x) — div(x pr) — Apy(x) =0,  for (t,z) € (0,T] x R™.
Moreover, it belongs to C*2((0, T]xR%); i.e. for anyt € (0,T), x + pi(x) is twice continuously differentiable,

and for any x € R, t — p;(x) is continuously differentiable on (0,T).
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B Further Details on Assumption [2l and Weak Convexity of the Data Distribution

We provide the proofs of Section |3.2

Proof of Proposition[8 We begin by considering that mp satisfies Assumption 2] Recall that f;, is defined
as in Note that r +— r~!f; (r) is non-increasing on (0,00) and f;(0) = L > r=1fL(r) for r € (0, R]. We
look for L > 0 satisfying

i(%fR] r L fo(r) = RYfL(R) = 2R LY? tanh ((RLY?)/2) = K + p. (35)
re(0,

Equivalently, we look for z = L'/ 2R/2 > 0 such that

VE+ 1

K+p oy
R, 5

x tanh(z) = 1

subject to x> R, (36)

so as L > K + p. Note that tanh(z) < z for all x > 0 . Therefore, if we choose z = ¥ I;+” R, then

vVEK+p

VK K
VA TR tanh Thp) < Bt ipe (37)
2 2 4
Using [37| and lim, 4o z tanh(x) = oo, we deduce that there exists * > 0 such that
K
x* tanh(z*) = %RQ, (38)

with z* > 7VI§+”R, since x — x tanh(z) is non-decreasing on (0,00). By Assumption [2[ and we have

ku(r) 2 p— (K + p)

1 (39)
> p—rfr(r), for r < R.

Moreover,

ku(r) = p
> pu—rtfr(r), for r > R,

where it is used that 7~ fz(r) > 0 for all » > 0. This proves the first part of the statement in Proposition
i.e. the lower bound

Conversely, assume that U is weakly convex as in Definition [6 with lower bound [I6] for some known constants
wand L > 0. We look for R such that

ku(r) > p—r=tfr(r)
>p—RfL(R) (40)
> 0, Vr>R,

where it is used that r =1 f () is decreasing on (0, 00). Let fi := u— R~ fr(R), sobecomes ku(r) > >0,
for all » > R. One notes that
_ _tanh((RL'/?)/2)

nw=pu—L (RL%) /2 > 0. (41)

If p > L,[4]]is satisfied for all R > 0. If u < L, 41} holds for R > Ry, where Ry is the unique solution to

(42)

2L1/2 RL'/?
n= tanh ( > .

2

16
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1/2
Let z = RL2 , then Ry = %, where zy solves

tanh(z)
==, 43
; 7 (43)
Since tnh(z) monotonically decreases from 1 to 0 as z increases, a unique zg > 0 Solvingexists for p < L.

Therefore, is satisfied for R > Ry = L2f/°2 . This proves that U is ji-strongly convex at infinity, and therefore

Using the assumption that U is weakly convex as in Definition [6] one obtains that

ku(r) > p—r""fu(r)

(44)
>u—0L, for r <R.

We distinguish two cases for the lower bound in If p > L, then ky(r) > —K for r < R for all R > 0
and K > 0. If u4 < L, then, by setting K = L — u in we have ky(r) > —K for r < R for all R > 0.
This proves that U is K-semiconvex, and therefore [I§ This concludes the proof for the second part of the
statement in Proposition [§

O

Proof of Proposition[11. We look for t* satisfying

B(t*,0, 4, K) = % [log (u(egt* — 1)+ 1) + (f + 1) (M - 1)] > 0. (45)

Equivalently, we look for z := 2" — 1 such that

K ux
1) =1 1)— | —+1 . 4
gty + 1) =toglez +1) = (5 +1) L >0 (46)

Note that [46] is satisfied for all z > 0 when K = 0. In addition, we have

li 1) =
Jm g(uz +1) =0,

i ) (47)
Jim  g(pa +1) = oo,
and
d I K+pu K
— 1) = — >0 h > —.
dmg(/m +1) prrr Bl i when x> 2 )
a2 12 2K + p)p oK 1
R 1) =— >0 h < — 4+ —.
) S T T e 20 TSy

By the function ¢ in 46| has a minimum at #52 and

K K K
g(=+1)=log(—=+1)-=<0,
I I 1
for all K, > 0. By [47 and [48] there exists x > ;7K2 such that [46|is strictly positive. Therefore, there exists
t* > 1In (, /1+ %) such that 45| holds. O
C Proof of the Main Results

In this section, we present the proofs of Theorem [13|and Theorem [I5] We begin by recalling an upper bound

on the moments of the process (YtEM)te[O’T] defined in along with an estimate for its one-step discretization
error. These results will be instrumental in the subsequent proofs.

17
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Lemma 18. (Bruno et all 2025, Lemma 20) Let Assumptz'ons and hold, and suppose that E[|0[P] < co
for any p € [2,4]. Then, for any t € [0,T — €,

sup B [[V1)7] < Ceu, (1),

0<s<t
where

oy (£) = e/Op—1- 3427 1KE (14T0))
([P 2720+ BIOPD( -+ T°7) 4 20 00— 25 )

and Krotal is defined in Remark [

Lemma 19. (Bruno et all 2025, Lemma 21) Let Assumptz'ons and hold, and suppose that E[|0|P] < co
for any p € [2,4]. Then, for anyt € [0,T — ¢,

|:|YEM Yt/ e | ] < ’Y%CEMose,pa
where
CeMosep =27 (Cemp(T) + Ky (1 4+ TP) (272 Cem o (T) + 27 73(1 + E[|0]7))))
+ (dp(p—1))%,
Cem,p and Korote, are defined in Lemma and in Remark respectively.
Proof of Theorem[I3 We derive the non-asymptotic estimate for Wa(L(YEM), mp) using the splitting

W2(‘C(YI]?M)’ 71-D) < WQ(WD’ ‘C(Y;K)) + WQ(‘C(}QK)’ ‘C(ix))

~ (49)
+ Wa LYy ), LOYE)) + WaL(Y), LOVEM)).

We provide upper bounds on the error made by the early stopping, i.e. Wa(mp, L(Y:,)), the error
made by approximating the initial condition of the backward process Yy ~ L(Xr) with }70 ~ s, i.€.
Wa(L(Yyy), £(Yi,)), the error made by approximating the score function with s, i.e. Wa(£(Yy,), L(Y7)),
and the discretisation error, i.e. Wa(L(Y2™), L(YEM)), separately.

Upper bound on Wy (mp, £(Y:,)). This bound can be established by following the same argument as in
(Bruno et al., [2025 Proof of Theorem 10), which relies on the representation of the OU process

X mXo+oiZy, mp=et, ol=1-e% Z;~N(0,1I), (50)
where “= denotes almost sure equality. Therefore, we have
Wa(mp, L(Y,)) < 2ve(v/E[[Xo[2] + V), (51)
where tg =T — e.
Upper bound on Wy (L (Y, ), £(Y;, ). Using Ito’s formula, we have, for any ¢ € [0,T — €,

dlY; - Yi> = 2(Y;, — V., Y, + 2V log pr_ () — Y, — 2V log pr—,(Y2)) dt

~ - ~ (52)
=2|Y; = Vi* dt + 4(Y; — Y, Viog pr—i(Ys) — Vlog pr—i(Y2)) dt.
By integrating and taking on both sides in we have
E Vi — Va2 =E 1Yo - 2] +/ 2B [|; - Vif?| at
0
(53)

ti . ~
+ [ 4B [ T Viogpro(¥0) — Viogpr-o(F)] .
0

18
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d g

By integrating, taking expectations on both sides in using Corollary@ the representat10n.w1th Zr =Y

(where 4 denotes equality in distribution), the inequality 1 — oy < m; for any ¢ € [0, T], we have

B [[Yi - Vi

~ 39 ~ 379 ~
<E[|¥o - o] + 2/ B[, - V2] dt - 4/ B9S.E [1vi - V] at
0 0
E[|Yy — Tp[2)edltx—2Jo " #22, a1 (54)

IN

EljmzXo + (o7 — 1)T|2]e2t 2o 572 i
< 2 (B[|Xol?] + d) e2lix—2)" #7% ai-2T

A

Using [54] Remark [I0} and and ¢tx =T — €, we have

Wa(L(Yer ), L(Ye,)) < \/EHYW ~ Y, 7]
VE(JEXG] + Vd)e 2 S B dt=e,

(55)

Upper bound on W(L(Y;,.), L(Y2¥>)).  Using Itd’s formula, we have, for ¢t € [0,T — €],

dY; — Y22 = 2(Y; — Y™V, + 2 Viog pr_¢ (V) — Y™ — 2 s(T — t, 6, ™)) dt
=2V, — V22 dt + 4 (V; — V2%, Viog pr—(V;) — Vlog pr_¢(Y2)) dt (56)
+4 (Y, — Y2, Vlog pr_ i (Y2™) — s(T — t,0, Y™)) dt.

By integrating and taking the expectation on both sides in using Corollary [0} Young’s inequality with
¢ €(0,1) and Assumption [4] we have

T—e
E[|Fr. — VAo P] = 2 / E[|¥, - Y2 ] ds
0
T—e€
+4/ E[(Y, — Y2, Vlog pr_s(Ys) — Vlog pr—s(YE™))] ds
0

T—e€
4 / E[(Y, — Y2, Vlog pr_o(Y2™) — s(T — 5,0, Y*")] ds
0

(57)
T—e
<[ 2040 BT -y a
_4/ IBOS ]E |Ys _Y'saux|2:| dt+2<715$N
< 920+ =9=4 [ 525, dt o1,
Using 57} Remark [0} and tx = T — ¢, we have
Wa(L(Yry ), L(YiRX)) < \/EHYGK — Y7 (58)

T
2 Te (1+(T 6)721; BOS I gt on

19
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Upper bound on Wg(ﬁ(YE{“XLC(ﬁEM)). Using Itd’s formula, we have, for ¢ € [0,T — €],

|y — f/tEM|2

= 2V = VM YR L2 (T — 4,0,Y) = Y[ | =2 s(T = [t/]7,0,YP)),)) dt

) }’}tEM|2 dt + 2(YV — S}tEM, S}tEM YLt/vh> dt (59)
+ A — VM (T — 1,0, Y2) — (T — t,6, VM) dt
AP = VEM (T — 1,0, VM) — s(T = [t/4]7,0,Y 7)) dt.

Integrating and taking the expectation on both sides in using Young’s inequality for ¢ € (0, 1), Cauchy
Schwarz inequality, Assumption Lemma and Remark [I, we have

T—e¢ T—e
| aux EE\/I€|2} S (2+3<)/0 E“Y;aux —Y;EM|2] dt+<_1/0 EHY;EM Y[t/vj”/‘ ]dt
T—e N
+4K3(1 + ZTQ)/ B[y, — VM2 de

T—e
#2070 [ BT = 18T = (7 2. 0.T5 P

T—e€
< (243 + 4Ks(1 + 27)) / Ry — VP2 dt
0
T — ) Cemosez + 8¢ 22T — K2 (1 + 4E[J9]?)

T—e
—12 )2 {EM
+4¢TTKE(1 + 277 /0 E[[YEM - VI [2)at (60)

T—e
< (2430 +AKa(1+27) [ BV - TP
0

+ C_LY(T - 6)C’EMose,2(1 + 4K§(1 + 2Ta)2)
+ 8¢ 12T — )K3(1 + 8ZaL + 8[6%]?)
< o(2+3¢+4K3 (1+427%)) (T —e¢)

X <C_1’)/(T - 6)C’EMose,Q(l + 4K£2’)(1 + 2Ta)2)
+ 8¢y — €)K2(1 4 8EaL + 80*|2)> .

Using [60] and tx = T — €, we have
Wz(ﬁ(Yﬁﬁ),E(ﬁEﬂ)) < 71/2671/2(T - 6)1/26(1+(3/2)C+2K3(1+2T“))(T—e)

N (61)
X (Cfmse (1 + 2K3(1 +2T)) + 2V2Ky (1 + 82a1, + 8]6°[2)1/2),

Final upper bound on Wy(L(YEM), mp). Substituting and |61 into 49 we have
Wa(L(YEM < (VE[|Xo[?] + Vd)2v/e
wwmm SR ae
+ \/Fe(HC)(T*E)*Qfe BY>IOH at €SN (62)

V20TV ) 1/2e(4(3/2)6+2Ka(142T%)) (T —0)

% (Ctmsen (1 2K3(1 +27%)) + 2v/2K (1 + 821 + 816*[%)1/2).

20
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The bound for Wg(ﬁ(?}?ML 7p) in |62| can be made arbitrarily small by appropriately choosing parameters
including €, T, esn and . More precisely, for any § > 0, we first choose 0 < € < €5 with €5 given in Table
such that the first term on the right-hand side of [62] is

(VE[|Xo]?] + Vd)2y/e < §/4. (63)

Next, we choose T' > Ts with Ts given in Table 2] such that the second term on the right-hand side of [62] is

VE(EIX] + Vd)e 2 B dtme 5y (64)

Next, we turn to the third term on the right-hand side of We choose 0 < egn < egn,s With egn s given
in Table 2 such that

\/%7_16(1“)@76)72 feT A 4 JEsn < 6/4. (65)

Finally, we choose 0 < v < 75 with 75 given in Table [2] such that the fourth term on the right-hand side of
is
71/2C71/2(T B 6)1/26(1+(3/2)C+2K3(1+2TQ))(T76)

_ (66)
X (Ctmsea (1 2K3(1 +27%)) + 2v2K, (1 + 824 + 86*[2)1/2) < 6/4.

Using and we obtain Wa(L(YEM), mp) < 4. O

Proof of Theorem[I5 Using the splitting [49] the proof follows along the same lines of the Proof of The-
orem for the estimation of the error bounds of the terms Wy(mp, L(Yi.)), Wa(L(Yik), L(Yiy)), and
Wo(L (Y1, ), L(Y2™)). The error bound for Wa(L(Y2"), L(YEM)) is derived along the same lines of [Bruno

K

et al.| (2025 Proof of Theorem 10). Putting these four estimates together leads to [25| and O

D Modified Half-Normal Distribution

In this section, we recall the probability density function of the modified half-normal distribution, see e.g.,
Sun et al. (2023), used in Section and defined as

B 2632V Lexp (f§x2 + 1/)17)

g(x) = . (’5 \%) :

where v, £ > 0, ¢ € R, and the normalizing constant

*(3m) - S

is the Fox—Wright function (Fox| (1928} Wright, |1935). We point out that the half-normal distribution,
truncated normal distribution, gamma distribution, and square root of the gamma distribution are all special
cases of the modified Half-Normal distribution [67] The distribution follows by taking the symmetric
extension of [67} i.e. g(|z|)/2, and choosing v =1 and ¥ = —1.

’ (67)

n=0

E Table of Constants

Table [2] displays full expressions for constants which appear in Theorem [13] and Theorem
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Table 2: Explicit expressions for the constants in Theorem |13 and Theorem

CONSTANT DEPENDENCY FuLL EXPRESSION
e o(Vd) 2(y/E[| Xo[?] + Vd)
ca o(Va) V2 (/R + Va)
Coma(T) O(MGTQQHTMH:;AL) eT(4+8K,2TDm1(1+TZD‘))

X (B[ Vg™ °] + 16K T(1L + 2241, + 2(07 ) (1 + T°%) + 2dT)
eT(%Jrlzst“TOml(1+T4"))

a+1

Cema(T) O(a?e™ " piet) . )
x (E[Ye ™M + 1024K e TA + E[0]*D (1 + T*) + 8(d> + 4d + 4)T)
2041, 4041~ a ~ *
CeMose, 2 O(de™™ " T* e, 1) 2(Cem,2(T) + K2 pan (14 T2%)(16Cem,2(T) + 32(1 + 2ear, + 2(67 %)) + 2d
—1/2 172 _(14+(3/2)C+2K3(1F2T ) (T —e)
720+ 30 4171/2 ¢ (T —e) e
Cu(T,¢) O(Vde Tt €A1, ) o2 K o V3K ~ 0% 12)1/2
X (CghZ. 5 (1+2Ks(1 + 2T%)) + 2v2Ky (1 + 8ear + 8/6%%)"/?)
da+1 o A
CeEMose, 4 O(d*e™ T8ty 8(Cem,4(T) + Kyt (1 4 TH%)(1024Cem 4 (T) + 8192(1 + E[|0]*]))) + 144d>
\/562(1+C+K3(1+2Ta+4}<3(1+4T2°‘)))(T—e) \/T — e
X (Kiglu + 4T°%) Cimose,a + 4d(1 + 8K (1 4+ 4T>*))
+2¢7 KE (1 + 8(ear + [0717)
~ o +4¢7Md(1 4 8K (1 + 4T3
Cu(T, €) O(deT** T paat1Z1/ay ¢+ 8K ( )

X [(1 4 16K ea1 (1 + T2%))Cem,2(T)
+32K2 (1 4+ T2*)(1 + 2841, + 2(07[%)]

+2(1 + 8KF(1+4T7*) V22 + 2Ki (1 + 82ar +8[07[1)/?]

1/2
x [dv2(1 + 8K (1 + 4T2“))1/2]>

€ - 52/ (64(1/EllXo[?] + Vd)?)

Obtained solving T' > T using Proposition ie.,
In(u(e®T = 1) + 1) + (K/n+ 1)/ (u(e* —1) +1)

Ts . .

> In(4vV2((E[| X022 + Vd)/8) + 2/ BOS M Qb 4 K/u+1—¢

Q
T OS,K,u
€SN,5 - (52</32)672(1+<>(T—e>+4fe pOS Kk gy
(52(/16)(T _ E)—16—2(1+(3/2)(+2K3(1+2TG’))(T—e)
s - ~ . _
X (Ol 5 (14 2K3(1 +2T)) + 2V2Ky (1 + 8earL + 8/6%|%)1/%) 72

min (6/(4\/5))1/0¢(T _ E)—l/(Qa)e—(2/&)(1+(+K3(1+2T”+4K3(1+4T2"’)))(T—e)

X (Kiqlu + 4T%%) Cmose,a + 4d(1 + 8K (1 + 4T%*))

+2¢7 K2 (1 4 8(eaL + 071%)
s - +4¢7Td(1 + 8K (1 4 4T°))
X [(1 4 16K a1 (1 + T%%))Cem,2(T)
+ 32K gpa (1 + T2%) (1 + 224 +2/67[%)]

+2[(1 + 8KF(1+4T%%) V22 + 2Ki(1+ 8ear +8]07 ) /7]

—1/(20)
x [d\/§(1+8K§(1+4T2‘*))1/2]> ,1}
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