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Abstract

Adafactor is an early memory-efficient optimization algorithm proposed as an
alternative to Adam. By eliminating first-order momentum and employing a rank-1
matrix factorization to approximate the second-moment matrix, Adafactor achieves
near-zero memory overhead compared to traditional gradient descent methods. De-
spite its practical suitability for large-scale training tasks where memory efficiency
is critical, its theoretical convergence analysis remains unexplored, largely due to
the challenges posed by its matrix factorization and update clipping mechanisms. In
this work, we provide a convergence analysis of Adafactor for non-convex smooth
optimization. We establish optimal convergence rates (up to logarithmic factors)
for finding stationary points in both deterministic and stochastic settings, the latter
under sub-Gaussian noises. Central to our analysis involves viewing Adafactor as
an approximation of Adam, and the use of a new proxy step-size to approximate the
unique adaptive step-size induced by Adafactor’s matrix factorization and update
clipping, along with an induction argument to control the gradient magnitude. Our
finding may theoretically suggest that involving rank-1 matrix approximation of the
second-moment matrix in Adam does not fundamentally hinder the convergence.

1 Introduction

Adaptive gradient-based methods, such as AdaGrad [12], RMSProp [41], Adadelta [47], Adam [22],
and AMSGrad [37]], among others, are efficient approaches in solving the following unconstrained
stochastic optimization problem in deep learning fields:

min  f(X) =Ezep[l(X; Z)], (D

X eRnxm

where f is a smooth potentially non-convex function, P denotes a probability distribution and X
denotes all the trainable weights of the modeﬂ During the training process, these adaptive methods
store the historical gradients’ information to automatically tune their step-sizes. For example, both
RMSProp and Adam maintain the exponential moving average of squared gradients, and AdaGrad
stores the accumulation of squared gradients. Despite their effectiveness, adaptive gradient algorithms
incur memory overhead compared to standard gradient descent, as they must store additional gradient
statistics (e.g., first and second moments in Adam). This may become problematic when training
large-scale models, such as GPT-3 [4], which contains over 175 billion parameters. The extra memory
requirements may limit batch sizes or model complexity, posing challenges for resource-constrained
training environments.

*The corresponding author is Junhong Lin.
2We consider the matrix parameter following the same setup in [38].
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Adafactor [38] was proposed as a memory-efficient alternative to Adam, and subsequently many other
memory-efficient optimization algorithms have been developed recently, see e.g., 38} 11} 131} 123, |32]
and the references therein. Unlike Adam, which maintains per-parameter first and second moments
of gradients, Adafactor employs a rank-1 matrix factorization to approximate the second-moment
matrix. This reduces memory usage for the second-moment from O(mn) to O(m + n) with tracking
only the exponential moving averages of the row and column sums of the squared gradient matrix.
Additionally, Adafactor removes Adam’s first-moment buffer and incorporates update clipping to
improve training stability. In real applications, several LLMs including PaLM [8 and T5 [36] have
adopted Adafactor as one of their main optimizers [S3]], and recent numerous studies on memory-
efficient optimization algorithms have adopted Adafactor as the benchmark algorithm for comparative
experiments.

The given empirical results reveal that Adafactor achieves comparable performance to RM-
SProp/Adam on training Transformer models [38]], despite discarding part of the gradient infor-
mation to save memory. Unlike Adam, whose convergence theory has been recently studied, e.g.,
[46, 1550 [11} 50, 24} 142 [19]], theoretical analysis for Adafactor remains absent to the best of our
knowledge, though the algorithm was proposed several years ago. Specially, it is unknown whether
Adafactor can guarantee to find a stationary point as Adam for non-convex smooth optimization, and
if so, what its specific convergence rate is and what conditions on hyper-parameters are required.
We believe that the analysis is challenging, largely due to matrix factorization and update clipping
mechanisms.

In this paper, we take the first step to analyze Adafactor’s convergence theory for non-convex smooth
optimization problems with unbounded gradients. Our main theoretical results are summarized as
follows.

» With an appropriately chosen step-size and any decay rate 83 € [0, 1), full-batch Adafactor
can find a stationary point with a rate of O(1/T), matching that of Gradient Descent (GD) and
lower rate for first-order methods [5]] up to constant factors.

 The stochastic Adafactor without update clipping can attain the convergence rate of @(1 JNVT)

under a common step-size parameter pj, ~ O(1/vk) and a decay rate B2 = 1 — 1/k. The
convergence rate is optimal up to logarithmic factors, matching the lower bound in [2].

» Adafactor with update clipping attain the nearly optimal convergence rate of (5(1 / VT ), provided
that the clipping threshold and hyper-parameters are chosen appropriately.

We finally provide some simple numerical experiments on natural language processing to complement
our theoretical results.

The analysis is non-trivial compared to memory-unconstrained adaptive methods such as AdaGrad
and Adam due to the unique matrix factorization and update clipping. The core of our analysis is
viewing Adafactor as an approximation of Adam, and designing a new proxy step-size to approximate
the complicated adaptive step-size, while simultaneously breaking the correlation with stochastic
gradients. In addition, we rely on an induction argument to prove that the objective function value is
non-increasing in full-batch cases and that the gradient magnitude remains uniformly bounded during
the training process in stochastic cases.

The rest of the paper is organized as follows. The next section briefly mentions some of the most
relevant works. Section [3] presents some necessary notations and problem setups. Section [4]reviews
Adafactor and its major differences to RMSProp/Adam. Sections[5|and|[6|provide convergence bounds
for full-batch Adafactor and stochastic Adafactor (without update clipping), respectively. Section
investigates Adafactor with the update clipping. Section [§] summarizes the main proof challenges and
the proof novelty. Section 9] briefly presents experimental results to complement our theory. All the
detailed proofs and some experiments can be found in the appendix.

2 Additional related work

We briefly list some typical works, due to page limitation.

3PalLM applies Adafactor without matrix factorization.



Convergence of memory-unconstrained adaptive methods. In the early stages, most works focus
on the regret bound of adaptive methods on (online) convex optimization, e.g., [12} 40] for AdaGrad,
[22,137] for Adam and AMSGrad. A group of works study the convergence of adaptive methods for
non-convex smooth optimization, including [26 44,211 [13}143| 13, 129]] for AdaGrad-Norm, [43}29}20]
for AdaGrad, [39} 25]] for RMSProp, [54] for AMSGrad, and [46} 10, 55, 11} 16 {17} 150, 24 142, [19] [7]
for Adam. This body of work for non-convex smooth optimization consistently derives a convergence
rate of O(1/+/T), with differences mainly on the noise and smooth assumptions, hyper-parameter
dependencies and logarithmic factors in convergence bounds.

Memory efficient algorithms. The aforemetioned memory-unconstrained adaptive methods such
as AdaGrad and Adam require additional memory usage to store gradient-related statistics compared
to traditional gradient descent methods. Consequently, a line of works focus on reducing the memory
usage of such adaptive methods. For instance, 1] presents a variant of AdaGrad, called SM3, by
maintaining k sets gradient accumulator. Both Adafactor and CAME [31] use matrix factorization
to approximate the second moment of gradients in Adam. GaLlore [51] factorizes the gradients
through Singular Value Decomposition (SVD) before they enter the optimizer state. [32] proposes a
variant of Adam called MicroAdam by compressing both gradients and error feedbacks. Adapprox
[52] leverages randomized low-rank matrix approximation for Adam’s second moment estimator.
[23] develops a 4-bit Adam using quantization techniques to compress the first and second moment
estimators in Adam. [49] reduces the memory by cutting down the learning rate resources in Adam.

However, most of these works provide empirical convergence results, with scare exception on
theoretical analysis. [1] establishes a regret bound in convex and bounded-stochastic-gradients
setting for SM3. [32] provides convergence guarantees in expectation for MicroAdam with the
assumptions of bounded gradients and well-behaved compression operators in non-convex smooth
settings. Notably, these algorithms differ structurally from Adafactor, resulting in key differences in
the proof. Moreover, our results hold with high probability without requiring bounded gradients or
convexity assumptions.

Another line of works also use the idea of memory-efficiency over full-matrix preconditioned gradient
104 methods. For example, works such as [[18} 14,45 28], employ various techniques to approximate
Hessian matrices in a memory-efficient way. [18] and [28] provide convergence bounds for their
proposed algorithms in convex settings, assuming certain bounded gradient/Hessian-related terms.

Notations. For any positive integer T, let [T] = {1,2,---,T}. || - ||r and || - ||oc denote the
Frobenius norm and £..-norm, respectively. a ~ O(b) and a < O(b) denote a = Cob and a < Cpb
for some positive constant Cp. For any two matrices X = (x;;)ij, Y = (¥i;)i; € R"*™, we define

(X,Y) =30 Y @iy X ©Y, 3 or X /Y, and VX denote the element-wise product,
quotient, and square root, respectively. 0,, and 1,, denote the zero and one n-dimensional vectors
respectively, and 1,, ,, denotes the one n X m-dimensional matrix. For any sequence {«;};>1, we

define 0_ o; = 0and [["_, @ = 1if a > b. x4 denotes the indicator function with the set A.
We define RMS(X) = \/ﬁ POHID DT

3 Problem setup

We consider unconstrained stochastic optimization in (I)) over R™*™ under the Frobenius norm. The
objective function f : R"*™ — R is differentiable. Given an n x m matrix X, we assume a gradient
oracle that returns a random matrix g(X, Z) € R"*™ dependent on the random sample Z. The
gradient of f at X is denoted by V f(X) € R"*™.

Assumptions. We make the following assumptions throughout the paper.

* (A1) L-smoothness: forany X,Y € R™*™ |Vf(Y) - Vf(X)||lr < L|IY — X||F;

* (A2) Bounded below: there exists f* > —oo such that f(X) > f* VX € R*"*"™;

* (A3) Unbiased estimator: the gradient oracle returns an unbiased estimator of V f(X), i.e.,
E[g(X,Z)| X]=Vf(X),VX € R™*™;

* (A4) Sub-Gaussian noise: for o > 0, E [exp (Ilg(x’z)fzv‘f(x)‘@) ’X} <e VX € R»*m,

[ea



Algorithm 1 Adafactor

Input: Horizon T, initialization X; € R"*™, Ry = 0,,, Cy = OTTL , step-size parameters
{pk}r>1, decay rates {2 ; }x>1 € [0, 1), regularization constant €; > 0, clipping threshold d.
fork=1,---,Tdo

Draw a random sample Z, and G, = g(Xk, Zi);

Ry = o pRy_1+ (1 —Bop)(Gr ® Gl +€11,1,) )15

Ci = B24Cr-1+ (1 — Bop)1}) (Gr ©® Gy + €11, 1,));

Wi, = (R.Cy)/(1, Ry);

Ur = G /VWy;

Nk = pr/ max{1, RMS(Uy)/d};

X1 = X — - G /vVWhg;
end for

Assumptions (A1)—-(A4) are standard in the convergence analysis for smooth non-convex optimization.
In particular, the sub-Gaussian noise assumption is widely used in the convergence analysis of
gradient-based methods, including SGD [135]], AdaGrad [27, 21} 29], and Adam [24].

4 A review of Adafactor

In this section, we briefly introduce Adafactor and highlight its major differences from Adam. The
pseudocode for Adafactor is presented in Algorithm|[I}

Matrix factorization. Throughout the training process, Adam maintains two n x m matrices, M},
and V4, using the exponential moving average update: for 51y, 52,1 € [0,1),

M, = B1pMy_1 + (1= b1x)Gr, Vi=PoixViei + (1 — o) (Gr © Gy), )

which results in tripled memory usage. The key innovation of Adafactor in improving memory
usage is to approximate V;, as the outer product of two rank-1 matrices Ry, and C/(1, Ry,), as
shown in Algorithm[I] Moreover, Ry, and C}, are exactly the row sums and column sums of V};, and
they also follow the exponential moving average update. Therefore, Adafactor only maintains two
rank-1 matrices Ry, and C}, significantly reducing the memory usage of storing V}, from O(mn) to
O(m +n).

Increasing decay rate. In Adam, corrective terms are introduced into M}, and Vj, leading to two
decay rates that increase toward one. Theoretically, it has been demonstrated that a value close to
one for 3 ;, would ensure the convergence, e.g., [11} 55 50] where as a constant one may lead to
divergence [37]. Inspired by this observation, Adafactor used an increasing second-moment decay
rate B2, = 1 — 1/k°, ¢ > 0 to replace corrective terms. As pointed out by [38]], this setting allows
for enjoying the stability of a low 35 ;. at the early stages of training and the insurance of convergence
from a high (35 ;, as the run progresses. Moreover, it leverages the bias correction.

Update clipping. Adafactor modifies the update process by discarding the first-order moment M,
and instead applies an update clipping technique inside the step-size 1. It is worth highlighting
that the update clipping involves dividing the root-mean-square of U}, when it exceeds a threshold
d, which differs from the standard gradient-clipping with the form 1, = pj/ max {1, |G| r/d}.
This mechanism helps to calibrate the second-moment estimator W}, when it’s larger-than-desired
G}, © Gy. Empirical findings in [38]] indicate that implementing update clipping leads to significant
performance improvements when the learning-rate warm-up is not used.

5 Convergence bound for full-batch Adafactor

We first provide the convergence bound for the full-batch Adafactor. At each iteration, full-batch
Adafactor obtains the gradient V f(X) and then updates Ry, Cy, using V f(X},) instead of Gy, in
Algorithm[I]} The proof can be found in Appendix



Theorem 5.1. Let { X} },>1 be generated by Algorithm and Assumptions (Al) and (A2) hold. For
any constants co,d > 0 and B2 1 € [0, 1), we define

= V2L(f(X1) = f*) +co, A= max{l,Gg}—kﬁ. 3)
If0 < Ba <1,pr = po,Vk > 1 and

Co C%

- = < - 4
dmn(1l — B21)’ 0<pos Ld?mnGA?’ )

€1 =

then, for any T > 1,
s _20A(I(X) ~ )

min |G
kE[T]H Kl < T

The result indicates that full-batch Adafactor can find a stationary point at a rate of O(1/7"), matching
that of Gradient Descent and the lower bound for deterministic non convex smooth optimization [J5]
up to constant factors. We require ¢; ~ O (mn) and pp < O ( ) The setting for 35 j is mild,
including the default setup [38] where 53, =1 — 1/ k08 In add1t10n we can set pg ~ O (
derive a convergence bound of O(mn) with respect to the dimension.

mn ) tO

6 Stochastic Adafactor without update clipping

In the stochastic case, we start from the simple scenario where 1, = pi, dropping the update clipping
1/ max{1,RMS(Uy)/d}. The main reasons are as follows.

* As a first step toward theoretically investigating the convergence of Adafactor, we retain its
most essential component—the matrix factorization—while temporarily omitting the relatively
secondary update clipping. This simplification makes the proof more tractable.

* As pointed out in the experiments from [38]], Adafactor’s performance shows little difference
with and without update clipping when implementing learning rate warm-up which is a popular
method in deep learning [53].

We now present the probabilistic convergence bound for Adafactor without update clipping as follows.
The detailed proof can be found in Appendix [B]

Theorem 6.1. Let { X} }i>1 be generated by Algorlthmlwzth Nk = Pk, Vk > 1 and Assumptions
(Al)-(A4) hold. Forany T > 1,6 € (0,1/4), Ao, co > 0, we define

1202 X\ log (T) N 400(24 + Xo)(1 + logT)

1 = 2L/ (X0) = ) + - ,

Yg:=H+oy/log <?), H = E%{ + cov/mn. 5)

If po satisfies that

)\0 1 1
0<p0 mln{\/} 7.2 H3/272H\/77}7 (6)

and other parameters satisfy that €1 = \/%, Ba1 = 5, p1 = po, and for some constant ¢ € [0, 1],

bok=1-o o= VE22 ™)
then, with probability at least 1 — 46,
H?
’?ell,f,}] IV F( X% < oL T2 <H+0 log ( > + \/>> 3)



Convergence rate. Since H2 ~ O(logT'), we can set pg = ng‘;’{g =~ 0 (10g5/12 (T)) satisfying

(6), which leads to O (%ig?) order of convergence rate. With logarithmic factors ignored, Adafac-

tor can achieve the nearly optimal (7)(1 /v/T) convergence rate when ¢ = 1, matching the one for
RMSProp/Adam and the lower bound [2] for stochastic non-convex smooth optimization.

Hyper-parameter setups. Our result indicates that the optimal rate is attained with 35, = 1 —

1/k, px = po/ V'k, a pattern commonly appeared in theoretical analyses of RMSProp [53] 23] and
Adam [55]]. When c increases from 0 to 1, the convergence rate also improves. We also test our
hyperparameter setup empirically, indicating a similar improvement as c increases, see Figure|l|and
Table[T]in the appendix.

We apply polynomial decay step-size parameters, which have been widely used in existing literature
such as [33]]. We also require py < O ( ande; ~ O (

poly( log T) ) vmn )

Dimension dependency. We can set pg ~ O(H3/2) ~ O((mn)~3/*) given that H? ~ O(1) and
H ~ O(y/mn). With the setup, the convergence bound is O((mn)3/*) with respect to the dimension.
Under the assumptions of smoothness, [29, 20] derive bounds of at least O(mn) with respect to
the dimension for AdaGrad. For Adam and RMSProp, many existing works [[11} 150,142} [25]] derive
O(poly(mn)) dependency while [24] derive a dimension-free convergence bound. Our convergence
bounds show comparable dimension dependency to most results for AdaGrad and Adam, though a gap
remains toward achieving fully dimension-free guarantees, and improving the dimension dependency
could be further investigated in the future.

Time-invariant 3 ;. The following convergence bound sets a time-invariant 35 , = 1—1/T,Vk €
[T], a setting commonly used in Adam’s convergence results [T1} 42} [19]. The result indicates that

Adafactor can still achieve 0(1 /\/T) convergence rate. The detailed proof is in Appendlx
Corollary 1. Let T > 1,6 € (0, 1/4) H and H be defined in Q). If B2y = %,B2e =1 — 7,Vk €

[T\ {1}, pr = 2%k € [T],e1 = 2, and po < Omln{\;ﬁ,w,z f} then it holds
that with probablllty at least 1 — 45,

e ) H?
T’;nwmmsw(ffw o (55 )+\F>

7 Stochastic Adafactor with update clipping

In this section, we consider the update clipping and slightly change the threshold d in Algorithm I]
to a time-varying threshold d. The update clipping in Adafactor differs from the standard clipping
mechanism, bringing some more essential challenges for analysis. In what follows, we demonstrate
that incorporating such clipping can still ensure convergence for Adafactor under sub-Gaussian noise.
The detailed proof is in Appendix

Theorem 7.1. Let { X}, },>1 be generated by Algorlthml /| with d replaced by dy,.. Let Assumptions
(Al)-(A4) hold. ForanyT > 1,6 € (0,1/4), Ao, co > 0 and o > 1, let

12 = 2L(f(X1) — f*) + 4No(24 + /\0)(1 +logT) N 2v/6(1 +log T)

ct Co
96)\0 T 2a+1>\0(1 + 1og T)
1 — 9
* co © <6> + (mn)(@=1)/2¢c8 ©
Also, let X1 := I + o4 /log (%) and T := X2 + cor/mn. If po satisfies that
Ao 1 1 1 1
0< Po < — min ’ ) ) ) (10)
L {ziﬁ Y2T3/27 2T I(Ejﬁ)“}



€1, Bak and py, follow the setups in (1) for any c € [0,1], and dj, > kT Yk € [T), then, with
probability at least 1 — 49,

min ||Gy||% < I I+o4/lo ef + v/
— o — Veo |-
ke = poLTe/2 &\75 0

Convergence rate. With I ~ O(logT'), both X% and Z are O(log T") order and the typical setup

of pg is O (1/ logmax{g’#} (T)) satisfying (I0), which leads to O (logmw;t#) order for

the convergence bound. With ¢ = 1, Adafactor still achieve the nearly optimal O(1/+/T) rate. In
addition, we can set pg ~ O(Z3/2) ~ O((mn)~3/*) given that I? ~ O(1) and Z ~ O(y/mn).
With the setup, the convergence bound is O((mn)3/*) with respect to the dimension.

Impact of update clipping. When incorporating update clipping, « influences the selection of pg
and dy, and the log T" order in the convergence bound. The results suggest that the update clipping
does not significantly impact the convergence rate under sub-Gaussian noise. We hypothesize that
under sub-Gaussian (light-tailed) noise, update clipping is not necessary for ensuring convergence.
However, for other cases such as the heavy-tailed noise, update clipping may play a crucial role,
similar to the role of standard gradient clipping, as demonstrated in e.g., [9} 4816} [7].

We require dj, to increase with steps k. At the early stages of training where the updates are usually
unstable [38| Figure 1], dj, is small to ensure the clipping works effectively. As training progresses, the
sequences become more stable. Consequently, there is less need for update clipping, corresponding
to a relatively large di. We test this setup through some experiments, showing its comparable
performance with the standard setting dj, = 1, see Figure [ and Table [2]in the appendix.

Time-invariant 35 ;. We also provide the convergence bound with 82, =1 —1 /T, which shares
a similar form to the one in Corollary [T} The detailed proof is in Appendix [C.4]

Corollary 2. Let T > 1,6 € (0,1/4), H and H be defined in Theorem [7.1} If (2.1

%752,]@ = 1= %,Vk € [T] \ {l}vpk = %aVk € [T]vel = \/%) and po <
% min { 2?1\5, 22%113/2, le\/f, I(Zziﬁ)a } then it holds that with probability at least 1 — 46,

RS I? eT
T Z ”Vf(Xk)”% < W <I+O' log <5> + 1/CO> .
k=1

8 Summary of proof challenges and techniques

In this section, we will summarize the main proof challenges brought by Adafactor, which are
essentially different from other memory-unconstrained adaptive methods such as Adam due to the
unique matrix factorization and update clipping.

We let G, := V f(X}) and begin by the descent lemma of the smoothness [34, Theorem 2.1.5],

2
. Vk> 1. (11)
F

2
FX0) < F60) e G e ) HE | 2

() (1)

Then, the following challenges arise from estimating (I) and (II).

Challenge I. Correlation between G and W). The classical method for estimating (I) is to
decompose it as the “descent term” plus the “noise variance term”:

— 2 —
Gy, - G —Gy
I = Tk —771<:<Gk, .
( ) VWi F v Wi
descent term noise variance



For non-adaptive methods such as SGD, “noise variance” is a martingale difference sequence.
However, its conditional expectation is not necessarily zero, and the property of martingale can no
longer be used due to the correlation of G, and Wy, in Adafactor. Other adaptive methods such as
AdaGrad and Adam, also face a similar problem. To overcome this, existing works for AdaGrad and
Adam such as [44] [11],142] [19]] typically introduce a proxy step-size matrix Ay, that is conditionally
independent of G, and decompose (I) as

(I = —nk ink<Gk,C;li/T4l?k>+77k<Gk,Gk®<\/7 \}» (12)

martingale difference error

For these works, proxy step-sizes are designed based on the linear update of adaptive step-sizes such
as (2). However, Adafactor uses a more complicated adaptive step-size with a non-linear update rule
between W, and Wj,_; as shown in Algorithm I} making existing proxy step-sizes not applicable.

G
4/Ak

Solution.  We first define some temporary bounds for (stochastic) gradients: for fixed horizon T’

and any k € [T, Dy := maxepy | Gsl| 7, B := Dy, + oy /log (¢F) and

Gk = Ei +mey, Gro = Ei +ney, G = Ei + mney. (13)
Relying on the property of sub-Gaussian noise, we can verify that with probability at least 1 — 9,
maX||G lF <2k, VkelT). (14)
s€lk

We design a new proxy step-size matrix Ay, as follows:
(BoeRi—1+ (1= B2.1)Gk1 - 1n) (B2kCro1 + (1 — Boi)Gr2 - 1 )
B2,kSk—1 + (1 = P2,x)Grk

Ay, satisfies two important properties: (a). It’s conditionally independent with G, — G, . Thereby,
“martingale difference” can be bounded through the concentration inequality of the martingale
difference sequence. (b). The following “distance” between W}, and Ay, can be estimated by Dy,
multiplying a small term /1 — 32, as 32 1, is set to close enough to one,
(k) _ (k)
Wij~ = G4 ‘ ‘
= <0 (DT Bax) . ke Thi ). j € m)

a;;

Relying on this bound and the set up of 7, and (32 in (7), it holds that with probability at least 1 — 4§,

ZCITOI‘ < Z UL

We also refer to the proof of Proposmon - in the appendix for more details.

Ak =

k

2
40 (pozfgf/z 1ogt) . Vtelr). (15)

Challenge II. Additional update clipping. The first solution only considers the case where the
update clipping is omitted. The update clipping introduces an even more complex adaptive step-size.
We incorporate the new proxy step-size method in Solution 1 and some techniques from the analysis
of algorithms with standard clipping [9} 130, [35].

Solution. We first rewrite the update rule as

YW " max{1,RMS(Uy)/dy}

Then, we follow Ay in the first solution and provide a decomposition for (I) in @])

Xpt1 = Xi — pr

G 2 . 1
I)=—px +,0k <Gk>( ) @Gk>
descent term error 1
= Gk ék- = Gk ék
G —Eg | —= A G, — —Egy, | —=
< kam Zy [m >+pk< kam Zy, lm]>a
martingale difference error 2



where Z, is the k-th random sample. Note that “error 1” shares a similar form as “error” in (12),
which can be estimated similarly as in (I3). The critical point is to handle the additional “error 2”.
With A, condltlonally independent with Zj, and G, =E z, |Gx] from Assumption 3,

Gk -Ez |IQ , Q=G (1— ! ) 16
| Ea e, Q=G (1o e ) (16

Under the probability event of (I4), we will estimate Ez, ||| which is solely dependent on
Z1,---,Z;_1. Then, we can further derive that

a—1
) 2v/ Gk
Ez, || <Y/ =+ 2% . 17
219 < 4 57 (s a7
Combining the above, and applying setups for dy, pj. and €1, we get the following bound under (T4),

Xt:errorZ <0 <Zt: W) <0 (pODt (Et@>alogt) , VtelT).

error 2 < py

k=1 k=1
For more details, we refer to the proof of Proposition|C.1]in the appendix.

Challenge III. Potential unbounded gradient magnitude. Throughout the paper, we do not
assume the gradient magnitude is bounded. Therefore, we can only estimate (I) and (II) through the
temporary bounds Dy, ¥ and Gy, in (I3).

Solution (stochastic case). First, based on the estimations for (I) and (I), one can derive that for
some increasing positive function ¢(x), with probability at least 1 — 4,

¢ G 2 T
F(Xiq1) — - Zﬁk Sl + @ <P0¢(Dt) log (5>) , VtelTl]. (18)

Then, we use an induction argument to restrict the gradient magnitude. The induction will start by
verifying Dy < H and then assume that D, < H for some ¢t € [T] where H is a value defined with

O(+y/1og(T'/5)) order in prior. Using the induction assumption and ||Gy+1]|% < 2L(f(X¢41) — f*)

into
2
+0 (poLgb(H) log (T>) <0 (co log (T>) ,  (19)
F 0 J

where the last inequality applies the setup po < 1¢7y. Then, we derive that |G1||% < H? as H?

is O(log(T'/d)) order and can be set equal to the RHS of (I9). The induction is thereby complete,
and the gradient magnitude is bounded by H. See the proof of Proposition [B.I|for more details.

t
Gl <=L me
k=1

k
4Ak

Solution (full-batch case). In the noiseless case, (I) and (II) can be cancelled with each other
through a proper selection of 7. Relying on this, we can use an induction to derive a stronger result
where f(X) is non-increasing with ¢. See the proof of Proposition for more details.

9 Experiment

Many existing works, such as [38, |51} 132, 53]], have empirically demonstrated the convergence of
Adafactor, showing that it achieves comparable performance to Adam in training NLP models.

While our main contribution lies in theoretical analysis, we also test our hyper-parameter setups in the
full fine-tuning (FFT) scenario. We train BERT-Base and BERT-Large on GLUE/MNLI and GPT-2
on BookCorpus dataset. We follow the setup in Theorem [6.1] and require ¢ to range from 0.6 to 1.0.
Training loss curves are presented in Figure[I]and Figure 3] and test accuracy is reported in Table[I]in
the appendix. The results show that as c increases, both convergence speed and test accuracy improve,
consistent with our theoretical findings. The detailed training setting can be found in Appendix

We also compare our configuration at ¢ = 1 (the optimal selection in theoretical ) with the default
setting proposed in [38] and with Adam, finding that their performances remain comparable When
1nc0rporat1ng update clipping, we test the increasing clipping threshold dy = k@1 proposed in
Theorem|[7.1] and find its performance to be comparable to the default setting where dj, = 1 and to
Adam. Detailed experimental results are provided in Appendix
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Figure 1: Training loss vs steps for different decay rates using Adafactor (no update clipping)

10 Conclusion

In this paper, we take the first step toward understanding the convergence of Adafactor in the non-
convex smooth landscape under sub-Gaussian noise. Our theoretical results indicate that with the
proper hyper-parameter setups, Adafactor can achieve the optimal convergence rate, matching the
lower bound for first-order methods in full-batch cases up to constant factors, and stochastic cases up
to logarithmic factors.

Limitations. First, the convergence behavior of Adafactor with a constant clipping threshold,
which may be more common in practical applications, remains theoretically unexplored. Second,
it remains unknown whether Adafactor can still converge under other noise assumptions, such
as heavy-tail noise and affine variance noise. Third, the convergence results for Adafactor are
established under the standard smoothness assumption. It would be interesting to further investigate
convergence under more general smoothness conditions that better reflect practical applications, such
as (Lo, L1)-smoothness. Finally, it’s beneficial to further support our theoretical results through
thorough experiments on large language models.
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A Proof detail for Theorem 5.1]

We first provide the form of full-batch Adafactor as follows. The only difference to Algorithm|[I]is
the replacement of the stochastic gradient by the gradient V f(X,) at each iteration.

Algorithm 2 Full-batch Adafactor

Input: Initialization point X; € R"*™, Ry = 0,,,Cy = 0,},, step-size parameters {pj }x>1,
decay rate {2 1 }x>1 € [0, 1), regularization constant €; > 0, clipping threshold d.
fork=1,---,Tdo

G = Vf(Xy); B B

I?k = BQ,kEkfl + (1 — ﬁgyk)(G O) Gk + 611 ]_ )]—m

Cr = fo1Cr1 + (1 = Bo )1, (G © G + €11,1,,);

Wi = (RxCy)/1,, Ry;

Ui = Gi/ VWi _

e = pr/ max{1, RMS(Uy)/d};

Xi+1 = Xi — i - G/ Wi

end for

A.1 Preliminary

We first denote the auxiliary matrix 6%761 =GL0GL+e¢ 1n1;. In addition, we define V}, =
(17(k)) as follows
i) ’

Vo =0nxm, Vi=0BeiVic1+(1—PBep)Gr,,, k>1. (20)

To simplify the notation, we let G}, = (gff)) ' ) C(] ) and Sy be the i-th row sum, j-th column
_ ij

sum and the coordinate sum of Vj, respectively. The same definition principal is applied to the

and C(]) . We also use w( ) (k) (k) to denote the coordinates of Wy, V,, Uy,

notation R Ui, U

G2
in Algorithm [i] respectlvely In addition, we define the temporary upper bound for the gradient
magnitude

Dy :=max |Gr|lr, A;:= D} +mne. @D
kelt]

A.2 Technical lemmas

Before proving the main result, we introduce some technical lemmas.
t
Lemma A.l. Foranyt>1,%, ;1 <1+logt.

Proof. With a simple calculation, we have

‘1 1 b1
2%114*2/ %dx§1+/1 —do =1+ logt.

The following result is standard in the analysis of smooth-based optimization.
Lemma A.2. Let f satisfy Assumptions (Al) and (A2). Then, ||V f(X)||% < 2L(f(X) — f*) and

F(Y) < F(X) + (VX)L Y = X) 4 SIY - X[}, ¥X,Y eR™" @)

Lemma A.3. Let 3y, € [0,1],Vk > 1 and Ty, be defined by
I'o=0, Th=0 -1+ (1—0P2x), Vk>1
Then, (1 - 5271) S Fk S 1,V/€ Z 1.
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Proof. We could prove the result by induction. Since I'y = 0, it’s easy to derive that (1 — 821) =
I’y < 1. Suppose that for any j € [k — 1], (1 — f2,1) <T'; < 1. Then

I > Bor(l—P2p)+ (1 =Par)>1—P21, i< Pop+(1—pFok) =1

The induction is then complete. O
Lemma A.4. Let V}, be defined in @0), Ry, and C), be defind in Algorithm[2} For any k > 0, it holds
that

Rk = Vklm, ék = 1;‘7]@, SVk = ].;LrRk = 1IVk1m
As a consequence, for any i € [n],j € [m],
RY =B iRY  +(1- ﬁg,k)R%q, CY = p2iCY 4 (1~ ﬁg,wcggq

Proof. Note that Ry = Vp1,, = 0, and Cy = 1]V, = 0. Suppose that for any j < k — 1,
R; = V;1,,,C; = 1] V;. Then, using the updated rule in Algonthml 2|and (20),

Ry = BopRi—1+ (1= Bok)Gh o, Lin = (Bok Vi1 + (1 = Bo)Gi o, ) L = Vili,

Cr = B24Cr1+(1— ﬁz,k)lzéi,sl =1, (B2 Vi1 + (1 — B2) G} o) = 1, Vi.
Since SVk represents the coordinate sum of V., we could derive that

nom
= ZZT/SJk) = 11Rk = 11Vk1m-

i=1 j=1

(23)

Since R%Z denotes the i-th row sum of V;, it’s the i-th coordinate of Ry,. Hence, for each coordinate
of Ry, using (23),
RY) =Bk RY  + (1= Bai) R,

kep

Similarly, we can derive the result related to C’gk) O

Lemma A.5. Let Dy, and Ay, be defined in @1). Then, for any i € [n],j € [m],k > 1, it holds that
R%z € [mel(l — 62,1)7D]€ + mel], C‘(;j,k) € [n61(1 — ﬁgﬁl), D% + n€1],
SVk S [mn61(1 — 5211), Ak]

Proof. Recalling the definition of Vj, in (20) and 'y, in Lemma|A.3] we derive that

I iii(lﬂz,m((gff)) +a) 11 &

i=1 j=1 i=1 j=1p=1 I=p+1
k k
<> (0 =B2p) | [T Boi | 1GlIE + Tamnes
p=1 l=p+1
< Tw(D?E + mney) < Ay, (24)

where the last inequality applies Lemma[A.3] Following (24) and Lemma[A.3] we also derive that
Sy, > mnel'y > mner (1 — Ba1).

We also derive the upper bounds for R(z) and C§; (J ) as follows,

m k k
R(l Z Z — B2,p) H Bou | |Gpl|% + Trmer < DE + mey,
5=l p=1 I=p+1
k k
Z Z (1= f2p) H Bau | Gyl F + Thner < D} + ney.
- p=1 I=p+1

Similarly, the lower bound could be derived by
R% > me 'y > mei(1—Pa21), C‘(;Jvk) > neil'y > ner(1— fa1).
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A.3 Non-increasing function value.

Before proving Theorem[5.1] we need to establish a key proposition as follows, indicating that the
objective function value is non-increasing under the proper selection of €; and py, in (@). The proof
will rely on an induction argument.

Proposition A.1. Following the same conditions in Theorem[5.1] for any k > 1,

prllGrl%
X < f(Xg) — —/———— 2
F(Xiin) < F(X0) = =520 (25)
where G and A are as in (3).
Proof. Using Lemma[A.2)and the updated rule in Algorithm[2] we get that
F(Xr1) < f(X5) + (G, X1 — *||Xk+1 X%
i 2
= f(Xk) = <Gk7 > Litg
k F
G L G
< F(Xn) =i || e |+ SR || e (26)
VWil s X

(a) (b)

Step 1: Estimating (a) and (b). To lower bound (a), we first discuss the maximum operator inside
Mk. Let two index sets be defined as

BY = {s € (]] | |0, > dvmn}, EP = {se k| |Tlr < dy/mn}.

RY ¢ ‘
Using Lemma and wz(]k) = ‘;# and noting that R(Z) C‘%) < Sy, , we derive that
k

(k) - mner(l — Ba)? k
wff) > =R wl) < Sy < A 27)
Then, we have
( oY
Yij ) |Grl|% A D2A,
U2 = § § L < k } 28
Il = pr e ST L = (L= o)’ ~ mne(l—By)? 29

Hence, we have when k € E(t),

G _ dvm G JemiE
ﬁk - 53 > U |pk7 || k||F ZdG mn 1 ﬂzl)%. (29)
VWil Ukl p max; ; I kBk
When k € Eét), we obtain that
_ 2 — 2 _
G pellGelly - pell Gill?
SW - 5 = VAL @0
Wy F max; ; ﬁ)gj) k
Combining with (29) and (30), and using ¢; = Tl =ps . We derive that
. ]. Co = 2
> _— Gl % 31
@ 2 min{ . 5% oGl 61)
Using (27), we have
201 112 211G 12.A
oy < LEIGHE _ LoIGHEA: o)

2min, ; w(]) T 2(1 = B, 1)2mn61
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Step 2: Verifying k = 1. To prove the desired result in (25), we use an induction argument. First,
we need to prove the case of k& = 1. Note that when k = 1, from Lemma[A.2]and ¢, in (),

D} = |Gil7 <2L(f(X1) — f*) < G?, Ay =Di+mne; <G> +mne; <A (33)
Then, setting k¥ = 1 in (31)) and using (33),

. ¢ G
@2 min {2 ey - 2lBlE, 34

where the equality applies that A>1 and G <1f rom (@). Similarly, applying (33) into (32)) with
k = 1, and combining with (34) and (26)) with k =

A Lp:A Co cop1 || G117
X5) < f(X 2 —— ) < f(X;) -
F(X2) < £ 1>+p1||G1||F<2(152’1)2%6% o) = g - 2ol

where the last inequality applies the setup of €7, p1 in (@).

Step 3: Verifying k = ¢. Suppose that for any £ < ¢ — 1, holds. Consequently, for any k& < ¢,

IGkllF < 2L(f(Xk) = f*) < -~ S2L(f(X1) = f) S G?, Ap <A (35)
Then, setting k¥ = ¢ in (31) and (32), and using (33)), we have
: cope||Ge| % Lo} ||Ge| A
> —_ b) < . 36
(@ _mm{f G oGl = 2 RE ) < BN o)
Plugging (36) into (26) with k = ¢, and using p; in @), we get that
~ LpiA o copt||Ge|7
X)) < (X G:3 — ) < f(Xy) - —E.
FXi) < £05) + ol (5o — ) < 110 —
Then, the induction is complete, and we prove the desired result. O

A.4 Proof of Theorem

Now, based on Proposition[A.T] we can easily prove the main convergence result. Consequently,
subtracting f* on both sides of (25]) and summing up both sides over k € [T,

ST PIGHIE - fx) — pxi) < 1030 - £
k=1

where the last inequality applies Assumption (A2). Then, with p;, = pg, we can derive that

2GA (f(X1) = f")
< — .
min |Gl } G < ==

B Proof detail for Theorem [6.1]

B.1 Preliminary
We first follow the notations of Gy, = (gfﬁ) = Vf(Xy). Let G}, = (gl(]k)) ~and & =
1] )

G} — G}.. We define Gi’el =Gy ®©GL+el,l) and V,, = (%@) . as
ij

Vo =0nxm, Vi=0PiVic1+(1—pBep)Gr,,, k>1 (37)

We also define R%ﬁ) , C%) and Sy, as the i-th row sum, j-th column sum and coordinate sum of V

)

respectively. R( and ng represent the same definitions with respect to G7 .,- Then, using a
k,e ?

2€1
similar deductlon in LemmalA.4] we obtain that for any k > 1,4 € [n],j € [m],
Ry = BoxRY)  +(1- 52,,6)3% O = ByuCP  +(1- ﬂz,k)cg%ﬂ. (38)

»€1
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As a consequence of (38)), each coordinate of W, satisfies that

) ) (%) (7) (49) (4)
w R&ZC‘(;: (52,1@3‘21 + (1 - 52”“)RG2,61> <52,kC‘;kl +(1- 52,k)cgjiﬂ)
w = - i

i Sv;, BakSvi_, + (1 — Bka)SGi,q
(39
A well-constructed proxy step-size. For any k > 1, define
- T
Dy = max ||Gs|lp, Sk = Dy, + oy /log <e>
s€lk] 1)
Gr1 =7 +me1, Gro:=%:+ne, Gp:=X%+mne. (40)
Then, we introduce a proxy step-size matrix Ay = (aE?) ~such that
ij
) _ (62,kR(‘271 +(1- 52,k)gk,1) (52,1609271 +(1- ﬁQ,k)Qk,z) @

K BokSv,_, + (1 = PBa,k)Gr

The proxy step-size technique is a standard way in the convergence analysis of adaptive methods, e.g.,
[44] [TT]]. We provide a new proxy step-size in (@I)) to handle the matrix factorization in Adafactor.
This construction satisfies two properties. First, it’s independent from the k-th random sample Zj,
and thereby conditionally independent with the k-th stochastic gradient G. Second, it needs to
remain sufficiently close to the original adaptive step-size W}, to avoid generating divergent terms, as
indicated in Lemma

B.2 Technical lemmas

In the following, we first provide some necessary technical lemmas. We introduce a concentration
inequality for the martingale difference sequence. See [27]] for a proof.

Lemma B.1. Suppose that { Z} s¢[7) is a martingale difference sequence with respect to C1, - - -, (r.
Assume that for each s € [T, o4 is a random variable only dependent on (1, - - ,(s—1 and satisfies
that

2
E |:eXp (f;) ’Ch e 7<S—1:| S e.

Then, for any A > 0, and for any 6 € (0, 1), it holds that
& 1 1\ 3.«
Z Z 2
P <S_1 ZS > Xlog <§) + 1/\521 0's> < d.

We also introduce a standard result showing that the maximum magnitude of a sequence of vectors
with sub-Gaussian norm is restricted. See [27, Lemma 5] for a proof.

Lemma B.2. Let T > 1 and & = Gy — Gy, Yk € [T] satisfy Assumption (A4). Then, with
probability at least 1 — 9,

el
max €[ < o log (5) | “2)

Then, the following lemmas will be established based on the probabilistic event in Lemma [B.2]

LemmaB.3. Let T > 1,021 =1/2, 52 € [0,1),Vk > 2 and Gy, 1, Gk 2, G, be defined in @0). If
@2) happens, then, for any k € [T), i € [n] and j € [m],

R(Gl)i ,R% € [me1/2,Gr 1], Cg% 70%) € [n€e1/2,Gk2], Saz2 Elvst € [mne; /2, Gl
2€1 €1 ’
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Proof. First, using (#2), we have for any k € [T,

_ el
Gl < Gl + e < Dy + 0y fog (55 ) == @)

Using (@0), we derive that

mne; /2 < SGz ZZ (( f ) —1—61) = |Gr|% + mne; < Gy,

=1 j=1

) s 2
me/2<RY, =Y ((gff)) + 61) < |Gkll% +me < Gra,

j=1
k
ne/2<0gl =3 ((gfﬁ) + ) <||GxlI% +ner < Gro.
=1

Using Lemma[AZ3]and @3)), we can show that

k k
mer(1=Bo1) S RY) <> (1=82,) | [ Bt | 1GuIIF + Timer < Tu(S3 +mer).
p=1 l=p+1

With 831 = 1/2, we then obtain the desired result. The bounds for C SVk can be also derived by
the similar deduction. O

We have the following lemma to control each coordinate of the proxy step-size matrix Ay.

LemmaBd4. Let T > 1,051 = 1/2, 52 € [0,1),Vk > 2. If @2) happens, then it holds that for
any k € [T1,i € [n], j € [m],

2 2
mney (k)  mnej (k) .
—— < w,; —— < a;;” <min{Gr1,Gr2}.
4G, ij 4G, R { k,1, k,Q}
G ||? - 4zias
Consequently, \/ka ‘F < mzef .

R o)
Proof. With wgf) = % we can easily derive from Lemma that
k

2
IGull}  _ 4536

= k) = 2
mlni}j U’Ej ) mne;

(k) mnel
Y=g, H

where the last inequality applies (#3)). Since R%Zﬁl , 08271 < Sv,_, and Gy 1, Gk 2 < G, we have

52,1@3%271 + (1= B2.k)Gk1 <1 52,kC%)71 + (1 — B2.k)Gk,2 -
BokSvi + + (1 —=PBok)Ge —  PorSvi, + (1 —Pok)Gr
Then, using Lemma B3] we derive that

( ") < min {52 kRVk L+ (1= B2k)Gk1, B, kCVk (1= ﬂQ,k)Qk,z} < min{Gx 1,0k 2}-
(44)

To lower bound aE j ), we can derive from Lemma|B.3|that

52,kR‘2€_1 + (1 = Bok)Gr1 > Pok(mer/2) + (1 — Ba i) (mer/2) = mey /2.

Similarly, we get that BQJCCSB +(1—P2,5)Gk,2 > nep /2 and further deriv that a( ) > %’Z“ O

Next, we have the following probabilistic result relying on the property of the martingale difference
sequence and sub-Gaussian noise.
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Lemma B.5. Let py, be defined in (7) and B2 5, € [0,1). Let Assumptions (A3), (A4) hold and H be
as in Q). If @2) happens, then for any T > 1,\ > 0 and § € (0, 1), with probability at least 1 — 2,

_gpk<ék7\/€£—k> 2+6U VA g(T), vt e [T].

Vv imnexp
Proof. Let (x, = —py <Gk, F> and the filtration F, = o (Z1,- -+ , Z) where o(-) denotes the

o-algebra. Note that p,, G, and A}, are measurable with Fj,_; and &, is measurable with 7. Then,
{Ck }x>1 is a martingale difference sequence with F}, since from Assumption (A3),

E[&e | Fr-1]\
VAL >O'

Letwy = opy H % HF We derive from Cauchy-Schwarz inequality and Assumption (A4) that

A

E[Ce | Fr—1] = —pr <Gk7

H e || el
E [exp (Ck > | Fkl} <E |exp A —_— ‘}'k,l <e. 45)
G
\/X}C P
Then, using Lemma[B.T]and (@2)), it leads to that for any A > 0, with probability at least 1 — 24,
¢ =~ 2
~ & > 32 G 1 <1>
=D _ P { Gk, + ylog | < |- (46)
(e i ], e

Combining with Lemma and py, in (7), we derive that when ¢ € [0, 2),

Pk o _Po 2V Gy < 200V Gk
BOR El1=c/2  /mne; — /mner

)

(47)
Therefore, setting A\ = \/mne; /(602pov/H) in (@6)) and re-scaling §, we derive that with probability

at least 1 — 26,

t 2
= & > 60> po\/ (T)

— ok ( G, —= + —log | = |, VtelT]

A

O

The following key lemma provides an upper bound for the “relative distance” between W), and Ay.
Lemma B.6. Let T > 1,821 = 1/2,82) € [0,1),Yk > 2. If @2) happens, then for any
k>1,i€ [n],j € [m] and Gy, in @Q), it holds that

(k) _ a(&)‘

<34/ (1 — Ba1)Gk- (48)

o

Proof. To simplify the notation, we let
Xi = [ kRVk (1= 52,k)R(Gi)]3 . Xip=(1-Pag) <gk 1— G)2 > )
2€1 €1
= BakCy,_, + (1= B2i)C@ Y= (1= fay) (gm - ) :
€1 Je1

Z = BokSve, + (L= Bos)Saz s Zx= (1= Ban) (G — Sez. ). (49)
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Then, we have
XY (Xk +Xk)(yk+Yk)

’w<]k> —a®

Zy i+ Z
| XeYiZi — Xi 2 Yy — Vi Zp Xy — 23 X3 Y5
- ‘ Z1(Zy + Zi) '
Recalling ag-“) in @I)), we get that ag-c) = w Hence, we derive that
w® — g®) > % o ¢ v
’ i ijo| | XiYiZe — XeZiYe — Y Zi Xy — Z1 X0 Vi |
W 2/ (X + X)) (Ve + Ya) (Zk + Zn)

ij
| XY + Ve Xk + (X Ye)| XY Zn,
TV X)W+ Y) (Ze + Zi)  Zi/ (X + X)) Ve + Yi) (21 + Zi)
(c) (d)

(50)
Since (@2) happens, we can apply Lemma [B.3]to verify that
0< X, <(1=PBok)Grk1, 0<Yy <(1—Pok)Gra 0<Zp <(1—Pok)Gr. (5D
Since XY > 0, (¢) can be bounded as

(c) <

(52)

| XYy + Vi Xy, + X0 V5| < \/XkYk + Y3 X + Xi Yy,
\/(Xk}_/k-l-Yka-i-XkYk)(Zk-i-Zk) o Zy + 2y,

Recalling the definition, we have Xy, X, < Zy+ Zy, and Yy, < Zj, + Z,. Further, applying (31)), we
derive that

XkYk - Yka v
kT Vi < (1= Bok)Oha i < Xy < (1 — Bok)Ghns
A k< (1= B2k)Gk2 Zi 1 7 k< (1= Bok)Gr

XY

SRR <Y< (1-— Gr.o.
Tt 7 = < (1= B2k)Gk2

We then derive from (32), Gi.1 < G, and Gy, » < Gy, that

(c) < \/m (53)

Then, we move to bound (d). Recalling the definitions in (#9), we have 0 < X}, < Z;,,0 <Y}, < Zj.
Combining (31) where X}, Yy, Zi, > 0, we have

@szygfzsvﬁﬁ%s Zn <11 = B21) G (54)
k kYK 2k k

Applying (33) and (54) into (50), we then derive the desired result. O

B.3 Bounding gradient magnitude

In this part, we will control the gradient magnitude along the optimization trajectory. The result is
summarized in the following proposition.

Proposition B.1. Following the same conditions and notations in Theorem|[6.1} for any T' > 1 and
d € (0,1/3), it holds that with probability at least 1 — 36,

D, = IknE%E](HGkHF <H, <Xy, G<H Vtel[l] (55)
S

Proof. Using the inequality in Lemmal[A.2]and Algorithm[I] we have

_ L
f(Xkt1) < f(Xk) + (Gry Xi41 — X)) + §||Xk+1 - Xi||%

Gy Ln? 2
< — - — "
< f(Xk) 77k<Gk;\/Wk>+ 5

Gy,
VWi

F
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Introducing the proxy step-size matrix Ay, in (@I)) and then summing up both sides over k € [t], we
derive that

f(Xir) < f(X) Zﬁk<Gk,F>

A

t
1 Lo
+ Dk <Gk7 G, © ( > > -
Efenere (- i) £
B C
Next, we will assume that the probability events in and Lemma [B.5]always happen and estimate
A, B, C relying on the temporary upper bounds Dy, 3, G in (40). Note that when the same

conditions in Theorem [6.1hold and (#2) holds, Lemmas hold. To start with, using (@2)),
we have

Gy,
VWi

(56)

F

|Grllr < |GkllF + |kl F < S (57)

Estimating A. We first introduce £, = G, — G into A and get that
¢
~ &k >
- m{ Gk, . (58)
Yo (O
With 1, = pi, we can use the inequality in Lemma to derive that for all ¢ € [T,
t 2
Gk ) 60 poxf T
A< Pk + log .
> (i

Vv 1ney ]
Estimating B. B is essentially the error brought by the proxy step-size Aj. We will first calculate

t

A:*ZTM

k=1

G
4 14]c

(59)

the gap of 1/ ) and 1 / ) as follows,

| I S 1 /7(k Wg
[ (k) [ (k) [ k) [ (k) i %ij
Wy ag; Wy aj;

We then apply (60) and Young’s inequality,

a(k) (60)

¢ mom g<k)g

B<) ) ) m s s o
1 Lonm (gl(Jk)) t n m ‘w(k) (k)‘ ggq) 2
ZZZZW' =) D D me — ”(k) . (6D
k=114=1 j=1 \/7 k=11:=1 j5=1 ” ”

Thus, plugging from Lemma [B.6] into (6I), then using Lemma and n, = pp =
po/k =2 Boy = 1/2, By =1 — l/kc,k > 2, we derive that

1 G |I? ! G
k k
B<-)> m +12) /(1 — B2k)Gr
1 ; VA | ; ( VWi ||
1o G 18py = 2622
= 4 Z M\ A mne? k
k=1 kllF 1p—1
t = 2
1 Gy 48p0§]§gt (14 logt)
< = 62
SO vl P o : (62)

where we apply X, < ¥, G, < Gy, k < t and Lemma[A.T]in the last inequality.
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Estimating C.  Using the setup of 7, and j3 ;,, Lemma[B.4/and Lemma[A.T] we have

t

L 0%
c<Zy 1
<32%

Gy,

2 - 2Lp2 <~ 26y < 2Lp3Y7G: (1 + logt)
VWi

= 2 = 2 :
Fpomne k mnej

(63)

An induction argument to bound Dy. The induction is established based on the events in (@2)
and Lemma Hence, the desired result will hold with probability at least 1 — 34. First, it’s easy to
verify that G3 < 2L(f(X1) — f*) < H? from Lemma Let us suppose that for some ¢ € [T,

Dy < H, consequently withe; = ¢o/v/mn, X <Xy, Gp <H, Vkelt, (64)

where the specific defitions of H, >y and H are in @) Then, we move to the case of t + 1. We first
subtract f* on both sides of (56) and use Lemma[A.2]to derive that

(_;’ 2 * *
%sﬂ&m—f <f(X) - f +A+B+C. (65)
Note that the estimations in (39), (62) and (63) are established based on the probability events in (@2))

and Lemma Then, using (64), po defined in (6) and ¢; = \/‘% into these estimations, we have

2

‘ _
3 Gk 60’2)\0 T
A< —- 1 z
< 4;% vl T o5(5)
t = 12
1 Gy, 48X00(1 +1ogT)
B< - ) pr ’ )
4 ; VAL g Lc3
232 2
C< 2LpOZH’H(12+logt) < 205(1 +210gT). 66)
mney Lcg
Then, plugging (66) into (63), it leads to
= 2
|Gt |l% 1 (e 6%\ (T
L (X)) - - = 1 =
5 S f(X)—f 2;% mF+ Ty 085
2X0(24 + Xo)(1 +logT
Lcj
With both sides multiplying 2L, we derive that
t = 12
_ Gk 1202)\0 <T>
Giall3 <2L(f(Xy)— ) - L + log | =
(Gl <2000 = 1) =1 S ||+ 70
4)\0(24 + )\0)(1 + log T)
+ 2
0]
t é 2
<H?*- LY p| | <H (68)
z il
where H is defined in (3). The induction is complete, and we prove the desired result. O

B.4 Proof of Theorem [6.1]

The final convergence bound is established based on the probabilistic events in Lemma and
Proposition[B-1] which thereby holds with probability at least 1 — 44. As a consequence of ,

2

T —
Gy 2 ~ 2 2
L) pr < H® = ||Gria|lp < H”. (69)

Moreover, using Lemma Proposition and €; = ¢g/+/mn, we have

Vil <\/T2 4+ Vmne < Sy + v/, ke [T). (70)
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Thereby, with pj, = po/k' /2, we have

T — 2 _ )
S || -2 pi |Gl po G

’ - = : (1)
2 " VAL k=1 max; az(,;?) Y+ /o ; El-c/2

Combining with (7T) and (9), and using Y} _, 1/k'~/2 > T¢/2, we derive that

H2 (Sn + )
G il e L
,ggf;l 1G] < LT

B.5 Proof of Corollary/[l]

Here, we let p = po/VT,k € [T], Boq = 1/2and foy = B = 1 — 1/T)k = 1,2,---, T
be a constant. We still suppose that the probability event in (@2) holds. Then, all the lemmas
in Section still hold as they only require 821 = 1/2, 82 € [0,1). Also, the estimation for
A in (39) remains unchanged. Following the similar deduction in (6I)) and applying 821 = 1/2,

Bor=P2=1—1/T,k>2and p;, = po/\/T, we have

¢ 2 3/2
1 Gk 48p0229
B<- =
*4;”’“ o vi| oT Z
2

t 3/2

1 96/)0229
< = g . 72
B Tt Pk mnes (72)

Following the similar deduction in (63)), and using py, = po/V/T,

t
Tmnet &= T T mne?

Cc<

Thereby, with the similar induction argument, we can derive that with proabability at least 1 — 44,
(69) and the following results hold

Dy = gn&}g\lékHF <H, % <Xy, G<H, Vtell], (74)
S

when H, H and X are as in (5) and

Ao 1 1 1
0<po < me{\/;'7 5372 H3/27§3H\F} (75)

Hence, we will derive the convergence rate based on the probabilistic events in [@2), and (69),
which thereby holds with probability at least 1 — 4. Since 821 = 1/2, B21 € [0,1), €1 = co//mn
and ([74) holds, we can get that

al) <Yy + e, Vkel[T).

Following the same result in (71)), and using px. = po/ VT, we have for any k € [T],

T ~ 2 T

G prllGllr |Gl
E Pr |||l = g g (76)
k=1 Arlle i3 max;_; \/a( EH + Ve VT

Then, combining (69), we get the desired result that

1~ g2 H? (Zu + /<o)
— G < — — Y 7
TE_:H kHF* poL\/T
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C Proof detail for stochastic Adafactor with update clipping

C.1 Proof preliminary

We follow the notation definitions of Dy, ¥ and Gy, in (@0). Next, we define
. G

= : (77)
max{1, ||Uk||r/(dxv/mn)}
Since RMS(Uy,) = |U||r/+/mn, the update rule for Adafactor becomes
G
Xit1 = Xi — 78
k+1 = Xk = Pk W (78)

C.2 Bounding gradient magnitude

Before proving the main convergence result, we still need to control the gradient magnitude through
an induction argument in the following proposition. The proof detail, however, is different from the
one for Proposition[B.T] We will rely on some techniques in the analysis of algorithms with standrad
clipping.

Proposition C.1. Following the conditions and notations of Theorem[7_1] it holds that with probability
at least 1 — 36,

Dp<I, %X,<X%;, G.<ZI, Vkell]

Proof. Using the inequality in Lemma[A.2]and (78], we have
- L
F(Xi1) < F(X) + (Greo Xir = X) + 5| Xier = X[

= ék Lpi ék
= f(Xk) — Gy, + ==
F(Xk) — pk < k \/Wk> 5 W .
Subtracting f* on both sides and summing up both sides over k € [t], we have for any ¢ > 1,
t t 2
* * L
FXp) = [T <F(X) = [ +> —p <Gk, > Z (79)
k=1 k=
D E

Introducing Ay, defined in (1), we further have the following decomposition,

o= Eo o G) e Enfo (o))

D.1
t =2
G
= —Zpk 2 k +D1
k=1 A llr
t =l = t =~ ~
~  Gg Gy ~  Gg k
— Gy,——= —E — G E . (80
%Pk< k,\/A—k Z \/A7k>+§pk< Im\/A—k Z, \/A7k]> (80
D.2 D.3
First, based on {@2) and (77), we have
IGklF < IGkllF + Gk = Gillr < Sk, IGllF < |GillF < Sk (1)

Also, we use Assumption (A4) and Ez, [||G). — Gi||r] = E[||Gr — Gi||F | Xi] to get that

A 2 A2 2
[Ezk (”Gka”F)] <Eg [HkaHb] < log [Ezk [eXp (W)” < loge.
ag

o o
Hence, we get that

|Ez,[Gilllr < Ez,||Gillr < Ez, |Gkl r
<Egz|Gkllr +Ez||Gr — Grllr < Dy + 0 < 3. (82)
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Estimating E.  Under @2), we can use G, defined in (77), Lemma|[B.4Jand 1) to verify that

Gr | < Gl < IGklZ < 42%%@ 83)
VWi P mm” w(]) min; ; w ( ) mney
Using pi = po/k' =%/ < po/Vk,Z < 4, Gr < Gy, Vk < t and (83), we derive that
pg L 14326, 2L,0022gt ‘1 _ 2Lp3SRGi(1 + logt)
L = Z m 2 ) (84)
P k mne? mnes Pt kE— mnej

where the last inequality applies Lemma[A.T]

Estimating D.1 We can follow the similar deduction in (60) and (61)) to derive that

n m =(k) n m (k) (k) - 2
1< (91;‘ ) ¢ ‘wij — a4y ‘ ggf)
S D DAY Y D ke = =] 69
k=1i=1 j—1 agj) k=1 i=1 j—1 EJ) I(J)
Applying Lemma[B.6] G, < G;,Vk < ¢, and (83) into (83), we further derive that
t = 2 t = 2
1 Gy Gy
D1<- —| +12 1-—
<1 kzz:lﬂ VA |, Z:Pk (1 — Bo2.k)Gk W ’F
¢ S 2 3/2 t
1 Gy, 4822 :
- 1 — 86
<3 k=1pk arl, T e Zpk Ba k- (86)
Using pi = po/k' /2, Baj = 1 — 1/k° and LemmalA.1} we further have
¢ 3/2
1 48p022g (1+1logt)
< = . 87
<3 I;pk e (87)

Estimating D.2. Since Ay is independent from Zj, it leads to

= E( G0 mnlol)

Let o := —pg <%, G — Ez, [ékD and the filtration Fj, := o (Z1,--- , Z)). Note that py,

G, and A, are measurable with F,_;. Since &} is measurable with 7., we could prove that {@rtr>1
is a martingale difference sequence by showing that

E [k | Fr-1] = — Ez, [ék —Egz, [G’k]}> =0.

(Vi
Pk ma
Using ([82), we derive that
- - - - 2
1G Bz Gl < (IGklr + [Ez,[Gulllr ) < (1G]l + Z0)?

< (IGx = Gillr + Di +3x)° <2|Gy — Gi|3 +852. (88)
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Leto.),C =43 pk H \/GL

‘ which is measurable with Fj,_ ;. We thus derive from the Cauchy-Schwarz
F

inequality and (88) that
2 H G- Ez,[Gilll%
E {QXP <(:jk)2> | ]:k—l] <E |[exp m ’ ‘]:k—l
k

Gk . 2
L H\/ALI»HF 163

[ 2|Gr — Gi||% + 8%}
<E |exp ( |G lﬁgllF * k) ‘]:k1:|
L k

[ G — G2\ ®
<E |exp <|| k > k||F> ’.Fk—l -exp(1/2)

r A2 1/8
<t o (18 ] o <

where the last inequality uses Jensen’s inequlity and Assumption (A4). Then, using Lemma [B.T]and
([@2), it leads to that for any A > 0, with probability at least 1 — 24,

t t é 2 1 1
D.2= or <120) XN2p2 |+ log <)
; i ; LS BV vl | R 5

2
(k)
JR (gw )
=12 -
BN mRy L log (89)
k=11=1 j=1
Using pi = po/k'=¢/%,¢c € [0,1], @2) and Lemma we derive that with probability at least 1 — 4§,

P o _Po_ 2VGk _ 2p0V G
O kl—c/2 \/mnel vmne;
\V @ij

Plugging (90) into (89) and re-scaling 4, it leads to that for any A > 0, with probability at least 1 — 24,
t 2
1 T
—1 — t e [T].
+)\ og((S), vt € [T]

Setting A = («/mnel)/(962§\/fp0) where X1, 7 are as in Theorem 7.1, we then derive that with
probability at least 1 — 24,

(90)

D2<

mn

1 ¢ ka‘ k ék 2 962%\/fp0 (T)
- T e (=), VEe [T 91
4 221 YT ([ VA g * Vmne; &\ % 7] Ob

Estimating D.3. First, since Ay, is independent from Zj, and Ez, [G}] = Gy, we have

D3=3p <Gk, Ez[Gi] _ Ez, [ék]>

VA, VA

Gy,
max{1, |Ug| r/(dx/mn)}

Qy F

92)

t
< Zpk
k=1

Bz |G-

Then, we will estimate Ez, 2, under the event in (42)) and consequently (I4) that we restate here:

maXHG’lHF < Ek,Vk € [T] (93)
l€[k]

We note that Ez, Q, is a random variable depending only on {Z;, -+, Zy_1} and Z} can be
replaced by any Z, that is i.i.d., and we shall use the similar notations such as &}, ' and U}, for the
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correspoding variables with Zj, replaced by Z;.. Then, we define the indicator functions Sk,l and
S‘kg as follows,

Skt = X{lgy <o tos() b k2 = X{jggl13 >0 10s( L)}
Using Holder’s inequality and (82), we derive that,

Bz (19040 Sh2) < /B2 |l (/2,187

5 4
< \EZ G Bz [52) < Sxy ) 7

where the last inequality uses the following result since Assumption (A4) holds and Z;, is independent
from Zy,- -+, Z 1,

A el )
Ez [Shal =P <€;¢”%’ > 07 log <5> | Zla"‘Zk1> < T

We next define the indicator functions Sy 1, Sk 2 and S &,1 as follows,

Sk = X{HUU\dekFrm}Sk,h Sk,2 = X{|\U,;\|F<dkx/7mn}skyla Sk = X{HG/ || > demnel Sk.1-
RIEFZ Cn

Under (93) and the event of Sy, 1, we can use the similar deduction in Lemma to derive that

G G 2
Ol = ||| < —1Gille_ gG;F-ﬁ, IGllr <S5 (94
kllp miniyj (wl(]))’ mney

Consequently, we have Sy ; < Sy 1 from (94). Note that when Sy o = 1, it’s equivalent to €2} =
0,,%m. Then, we derive that

o905, = [ 1905001+ 5 00500, = s 955,
DAMES PRSI A MR

where the last inequality applies |||/ < ||G%||r from (©2). Note that when Sy, ; = 1, &mna <

<Egz [Skal|Q%llp] <Eg {S’k,l

PNV
|G% |7 < k. Using that G, and Xy, are indepedent from Z,, and noting that o > 1, we have
a—1
o~ / o~ TR S / 11—« o 2 gk
B [Sur 1G] < By [Su 1GHIG IGHIT] < 3 (o)
From the above analysis, we derive that under (93),
S 9 gk a—1
Ez (%], < Ty 7+ 50 ( . 95
H 7l k}F_ i T+ F \ dpmne, ®5)
Under (93), we can use Lemma[B:4]to get that,
‘ Gy |Gillr < 2D vk 96)
VAL~ min; ; af.f) — Vmne

Combining with (92), ©3) and @©6)), and using pj, = po/k'~%/%,c € (0,1],dy™" > k°/? and Lemma
[A7T] we derive that under (93),

t a—1
DBSZM V Yk Zwlé_i_zzt 2V Gk
P v/mnep T drmne;

200DV/G: o (VG
< e <zt\f5+zt (mnq) ) (1+1logT), (97)

where the last inequality further uses Dy < Dy, ¥ < 34, G < Gy when k < ¢.
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An induction argument. The induction argument is based on the probability events in (42)) and
(]zzf[) thereby the de51red result holds with probability at least 1 — 34. First, we can easily verify that
D3 <2L(f — f*) < I? from Lemma Let us suppose that for some ¢ € [T,

Dy <1, -consequently, X, <X; Gp<Z, Vkelt. (98)

Since @2) holds and consequently (93) holds, we can plug the estimations (84)), (87), (OI) and (97)
into and (79), and use (98) to get that

48p02313/2(1 +1logT)

<
F(Xer) = 7 < f(X0) - Zpk nd?
a—1
96p0X2VT T 200IVT 2VT
— 1 — YiVo+X¢ 1+1logT
+ vmner o8 1) + vmner Vo + I\ mne (1+1logT)
2Lp232T(1 4+ logT
4 2hoory ( :'Og ) (99)
mne;

Recalling the condition for py in (T0) and €; = ¢ /+/mn, then using | Gy+1]|% < 2L(f(Xiv1) — f*)
from Lemmal[A.2]

|G eallZ .
< S
5T f(Xy)—f 2k§:1pk

2/6(1 +logT)
Co

4800 + 203)(1 + log T A T 2%Mo(1 4+ logT

+(80+ 0)2(+0g )+96010g<>+ of +_10g2).

Lcg Lcg 0 L(mn)e=1/2c

With both sides multiplying 2L, we obtain that

2

G <2 (100)

VAL ||y

where [ is defined in (]Q) Then, the induction is complete, and we prove the desired result. O

[[ermey AR A LZPk

C.3 Proof of Theorem [7.1]

The final convergence bound is established based on the probabilistic events in Lemma [B.2| and
Proposition[C.1] which thereby holds with probability at least 1 — 44. As a consequence of (T00),

T
LY b
k=1
Moreover, using Lemmaand Proposmon L we have a( ) < X24+min{m, n}te; < X2+/mne;
for all k € [T]. With e; = co/+/mn and pj, = po/k'~¢/2, we have
2 T =~ (12 2
G G

Zpk 2 1—c¢/2
P klmaX]\/ \/E o i K

Using Z;‘::l 1/k'=¢/2 > T¢/?, we derive that

_ 12./32 I?
gn%%HGkH%g I+CU< <I—|—a log( )—l-\ﬁ)
€

poLTe/2 = poLTe/?

2
I? — |Gryq|% < T2 (101)

k
4/7Ak F—

C.4 Proof of Corollary 2]

Here, we let p, = po/VT,k € [T), 21 = 1/2and Boy, = B2 = 1 — 1/T,k = 2,3,---,T
Setting 2., = 1 — 1/T and py, = po/V/T, the estimations in (84), @I) and ©7) remain unchanged
under (93). Indeed, these estimations can be further tighten by replacing 22:1 % < 1+ logt
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with 22:1 + < 1. The minor difference comes from the estimation of D.1. Following the similar
deduction in (83) and (86), and using the new setups for pj, and (5 ., we have

S assig ([T 5n1
. mnes 27 =T

9600236,

mne?

t
1 Gy,
D1< - E Pk
4 — VA,
t
1 G
< - E Pk
4k:1 VAL || ¢

Thereby, with the induction argument, we can still verify that with probability at least 1 — 34, (T00)
and the following inequalities hold

Dy<I, %y,<X%;, Gx<ZI, Vkelll, (104)

(103)

when

Ao . 1 1 1 1
0 < pp £ —min , , , . 105
Po= {E%\/f 22273/27 ¥ /T I(Efx/f)a} (105)

Hence, we establish the convergence rate based on the probabilistic events in Lemma[B.2] (104) and
(TOO0), which thereby holds with probability at least 1 — 4. Since 821 = 1/2, B2 € [0,1),k > 2
and €; = ¢g/y/mn, we can use Lemma and Propositionto get that

al(,;“) < Y2 + min{m,n}e; <X + Vmney, Vk € [T).

Then, using pr = po/V/T, we have

O e Ny (e o - lIG
Yool 2 > =% 2 F (106)
k=1 Acllr ~ 1S max; \/@ V2Tt 5 VT

Then, combining (T0T)), we get the desired result that

T
1 — 12\/224—00 I? el
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D Some complementary experiments

All the experiments are conducted using the fairseq implementation of Adafactorﬂand the Hugging
Face implementation of Adam on two NVIDIA GeForce RTX 4090 GPUs. The pretrained models of
BERT-Base/Large and GPT-2 are also downloaded from Hugging Face.

D.1 Experiments on Adafactor without update clipping

We conduct experiments on BERT-Base and BERT-Large using the GLUE/MNLI benchmark, and on
GPT-2 using the BookCorpus dataset. All models are trained with the Adafactor optimizer without
update clipping, under the parameter setting 82, = 1 — 1/k° and py, = po/k®, where the decay
rate ¢ ranges over {0.6,0.7,0.8,0.9,1.0}. Additionally, we compare the optimal performance under
our setup (with ¢ = 1) against both the default Adafactor configuration proposed by [38]], that is,

Box =1—1/0.8°and py, = po/\/E, and the Adam optimizer with 8; = 0.9, 52 = 0.999.

Each experiment is conducted over three epochs with a batch size of 128 for BERT-Base/Large and a
batch size of 8 for GPT-2. The base learning rate pg is selected via a two-stage grid search. First,
we search over the coarse grid {1,0.1,0.01,0.001,0.0001}. Then, based on the best candidate (e.g.,
0.001), we refine the search by evaluating its surrounding values with a step-size equal to one-tenth
of the candidate value (e.g., 1 x 10~%), and choose the best-performing learning rate. All training
loss curves and test accuracy results are presented in Figures 2] Figure[3] and Table [T}

Our results show that both convergence rates and test accuracy consistently improve as the decay
rate c increases from 0.6 to 1.0, with the best performance achieved at ¢ = 1, which aligns well with

*https://github.com/facebookresearch/fairseq/blob/main/fairseq/optim/adafactor.py
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Figure 3: Training loss vs steps of Adafactor (no update clipping) with different ¢

Table 1: The test accuracy after 3 epochs. We use Adafactor (no update clipping) and Adam to train
BERT-Base and BERT-Large on GLUE/MNLI .

c=06 ¢c=07 ¢c=08 ¢=09 ¢=10 Default Adam
BERT-Large 74.78% 77.32% 78.90% 80.65% 82.28% 82.35% 83.28%
BERT-Base 70.08% 7291% 75.56% 79.68% 80.24% 80.64% 82.56%

Theorem[6.1} The training loss at ¢ = 1 is slightly better or comparable to that under the default
Adafactor setting. However, test accuracy is marginally worse, which may be attributed to overfitting
under this configuration.

Furthermore, the best performances of Adafactor (at ¢ = 1) for training BERT-Base and BERT-Large
are comparable to that of Adam, suggesting that the reduced memory overhead in Adafactor does not
necessarily compromise convergence speed or generalization performance.

D.2 Experiments on Adafactor with update clipping

We further test our newly proposed increasing clipping threshold in Theorem [7.T]and compare it with
the standard setting where dy, = 1. We fix ¢ = 1 which is the optimal selection in our theory and use
d, = k2= with « € {2.0,4.0,5.0,7.0,9.0,12.0}. The other settings keep the same as the ones
in Section[D.I] We report the training loss curves in Figure ] and test accuracy in Table 2}

Table 2: The test accuracy after 3 epochs. We use Adafactor with different clipping thresholds to
train BERT-Base/Large on GLUE/MNLI.

a=20 a=40 a=50 a=70 a=90 «o=12.0 d=1
BERT-Large 82.84% 82.88% 82.79% 8221% 82.78% 82.43%  81.94%
BERT-Base 81.65% 81.61% 81.18% 81.08% 82.01% 81.71%  81.28%

The results indicate that the increasing clipping thresholds lead to a comparable performance to the
constant one as well as Adam. In addition, compared Table 2] with the test accuracy of ¢ = 1 in Table
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Figure 4: Training loss vs steps of Adafactor with different update clipping thresholds

[I] it’s clear to see that adding update clipping can enhance the performance, particularly when there
is no learning rate warm up. This finding is also aligned with the experimental results in [38]].
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NeurlIPS Paper Checklist

The checklist is designed to encourage best practices for responsible machine learning research,
addressing issues of reproducibility, transparency, research ethics, and societal impact. Do not remove
the checklist: The papers not including the checklist will be desk rejected. The checklist should
follow the references and follow the (optional) supplemental material. The checklist does NOT count
towards the page limit.

Please read the checklist guidelines carefully for information on how to answer these questions. For
each question in the checklist:

¢ You should answer [Yes] , ,or [NA].

* [NA] means either that the question is Not Applicable for that particular paper or the
relevant information is Not Available.

* Please provide a short (1-2 sentence) justification right after your answer (even for NA).

The checklist answers are an integral part of your paper submission. They are visible to the
reviewers, area chairs, senior area chairs, and ethics reviewers. You will be asked to also include it
(after eventual revisions) with the final version of your paper, and its final version will be published
with the paper.

The reviewers of your paper will be asked to use the checklist as one of the factors in their evaluation.
While "[Yes] " is generally preferable to " ", itis perfectly acceptable to answer " " provided a
proper justification is given (e.g., "error bars are not reported because it would be too computationally
expensive" or "we were unable to find the license for the dataset we used"). In general, answering
" "or "[NA] " is not grounds for rejection. While the questions are phrased in a binary way, we
acknowledge that the true answer is often more nuanced, so please just use your best judgment and
write a justification to elaborate. All supporting evidence can appear either in the main paper or the
supplemental material, provided in appendix. If you answer [Yes] to a question, in the justification
please point to the section(s) where related material for the question can be found.

IMPORTANT, please:

* Delete this instruction block, but keep the section heading ‘“NeurIPS Paper Checklist",
* Keep the checklist subsection headings, questions/answers and guidelines below.
* Do not modify the questions and only use the provided macros for your answers.

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]
Justification: See the Abstract and Introduction parts.
Guidelines:

e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: See Section[T0l
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Guidelines:
* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.
 The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

« If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: See Theorem [5.1] Theorem [6.1] and Theorem [7.1] and their corresponding
proofs.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

» The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification: See Section [0l
Guidelines:

* The answer NA means that the paper does not include experiments.
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* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer:

Justification: Our code is based on Pytorch package which is standard. In addition, we
have clarified the detailed experimental setup in our paper and the experiments are easy to
reproduce.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

¢ Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

 The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).
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* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: See Appendix
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

 The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer:

Justification: : We do not provide error bars, but instead explain how we report the results in
Appendix D}
Guidelines:

» The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

e It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: We use NVIDIA 4090 GPU.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.
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0.

10.

11.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: [NA]
Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification: [NA |
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: [NA]
Guidelines:

* The answer NA means that the paper poses no such risks.
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* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: [NA|
Guidelines:

» The answer NA means that the paper does not use existing assets.
 The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

¢ For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: [NA]
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: [NA|
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Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: [NA]
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
Justification: [NA|
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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