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ABSTRACT

Federated Learning (FL) is an emerging distributed machine learning approach
that preserves client privacy by storing data on edge devices. However, data
heterogeneity among clients presents challenges in training models that perform
well on all local distributions. Recent studies have proposed clustering as a solution
to tackle client heterogeneity in FL by grouping clients with distribution shifts
into different clusters. However, the diverse learning frameworks used in current
clustered FL methods make it challenging to integrate various clustered FL. methods,
gather their benefits, and make further improvements.

To this end, this paper presents a comprehensive investigation into current clustered
FL methods and proposes a four-tier framework, namely HCFL, to encompass
and extend existing approaches. Based on the HCFL, we identify the remaining
challenges associated with current clustering methods in each tier and propose an
enhanced clustering method called HCFL™ to address these challenges. Through
extensive numerical evaluations, we showcase the effectiveness of our clustering
framework and the improved components. Our code will be publicly available.

1 INTRODUCTION

Federated Learning (FL) is a privacy-focused distributed machine learning approach. In FL, the server
shares the model with clients for local training, and the clients send parameter updates back to the
server. The clients will not share their raw data with servers, ensuring privacy. However, the non-iid
client data distribution leads to significant performance drops for FL algorithms (McMahan et al.,
2016; Li et al., 2018; Karimireddy et al., 2020; 2019). To address data heterogeneity, traditional FL fo-
cuses on training a single global model that performs well across all local distributions (Li et al., 2021;
2018; Tang et al., 2022; Guo et al., 2023a). However, relying solely on a global model may not ad-
equately handle the heterogeneous client distributions. As a remedy, clustered FL. methods have been
proposed to group clients into different clusters based on their local distributions. Numerous studies
have demonstrated the superiority of clustered FL methods over single-model FL approaches (Long
et al., 2023; Sattler et al., 2020b; Ghosh et al., 2020; Marfoq et al., 2021; Guo et al., 2023b).
Diverse learning frameworks pose challenges on enhancing the clustered FL. Despite the suc-
cess of current clustered FL. methods, the use of diverse learning frameworks poses challenges in
integrating different algorithms, gathering their advantages, and achieving further improvements. For
instance, FedEM (Marfoq et al., 2021) excels in addressing complex mixture distribution scenarios
and performs admirably on challenging tasks. However, it necessitates a predefined number of
clusters, constraining its practicality. In contrast, adaptive clustering techniques such as CFL (Sattler
et al., 2020b) can autonomously determine the number of clusters. Nonetheless, CFL cannot be
seamlessly integrated with soft clustering methods like FedEM, thereby limiting its effectiveness in
handling complex mixture distribution tasks.

Consolidating existing methods as a solution. To tackle these challenges, our aim is to establish
a holistic learning framework for clustered FL methods, allowing us to seamlessly combine their
advantages. Once accomplished, we can easily incorporate existing methods such as FedEM and
CFL to develop an improved approach (see Table 1).

Therefore, we first revisit and summarize existing clustered FL methods. We then introduce HCFL,
a holistic clustered FL algorithm framework with four tiers (as shown in Figure 1). These tiers
address the primary tasks in clustering methods: (1) Cluster Learning and Assignment (tiers 1 and 2),



Under review as a conference paper at ICLR 2024

Learning
Parameters for )1 A maximize conditional B maximize joint c maximize variable
Clusters distribution P (y|x) distribution P(x, y) relationship Py
P()P(y)
/
@ Tier 2: Cluster Weights Calculation N
( \ Hard Clusterlng Soft Clusterlng
Assign Clients to |:>
Correct Clusters
\ ) ) £3 1
Client 1Client 2 Client 3 Client 1Client 2 Client 3
4
Tier 3: Adaptive Clustering Procedure N
F Fixed Cluster Number G Add New Cluster Merge/Remove Clusters
Find Techniques
for Adjusting |:> * Q *
Cluster Numbers @ |:> @
__ 0 O 00 0o
4 .
Tier 4: Client Distance Metrics
Determine
Adjusting Cluster I:> Distance on J  Distance on local model K Distance on
Numbers local gradients parameters local feature norms

Tier 1: Cluster Formulations

Figure 1: Overview of the HCFL. The HCFL encompasses the existing clustered FL algorithms through the
design of four tiers, including cluster formulations, which maximize conditional distribution, joint distribution,
or variable relationships; cluster weights calculation, including soft clustering and hard clustering; adaptive
clustering procedure, including using a predefined number of clusters, automatically adding new clusters,
or merge and remove existing clusters; client distance metrics, including using distance on clients’ local
gradients, clients’ local model parameters, or clients’ local feature norms. The four tiers collaborate to form
a comprehensive clustered FL learning process, as shown in the left part of the figure. For instance, CFL can
be described by the A, D, G, and J, while A, E, and F cover FedEM.

which assigns clients to optimal clusters and learns cluster-specific parameters; (2) Cluster Number
Determination (tiers 3 and 4), which decides the number of clusters. The four tiers within HCFL
constitute a comprehensive clustered FL learning process that incorporates existing methods and
allows for flexible modifications in each tier (see Algorithm 1). It is evident that the enhanced
algorithms exhibit significant performance improvements compared to the original methods, as
demonstrated in Table 1.
In light of the HCFL, we have identified the remaining challenges within each tier that were previously
overlooked by existing clustered FL, as illustrated in Figure 2 in Section 4.1. We then introduce
HCFL™, an enhanced algorithm designed to tackle these remaining challenges. Numerical results
confirm that HCFL* effectively extends existing methods, achieving a superior balance between
personalization and generalization while delivering strong performance.
We summarize the contribution of this paper as follows:
* We introduce HCFL, a holistic framework for clustered FL that encompass the existing methods.
HCFL enables the integration of existing methods’ benefits by adjusting techniques in each tier.
* We identify four remaining challenges in clustered FL algorithms within each tier of HCFL, and
introduce an improved algorithm called HCFL™ to address these challenges.
» Extensive experiments on different datasets (CIFAR10, CIFAR100, and Tiny-Imagenet) and
various architectures (MobileNet-V2 and ResNetl18) demonstrate the effectiveness of our
framework and the improved components of HCFL™.

2 RELATED WORKS

In the field of Federated Learning, FedAvg serves as the de-facto algorithm, employing local
Stochastic Gradient Descent (local SGD) techniques (McMabhan et al., 2016; Lin et al., 2020) to
reduce communication costs and protect client privacy. However, FL faces significant challenges
due to distribution shifts among clients, which can hinder the performance of FL algorithms (Li et al.,
2018; Wang et al., 2020; Karimireddy et al., 2020; Jiang & Lin, 2023; Guo et al., 2021). Traditional
FL methods primarily focus on improving the convergence speed of global models and incorporate
bias reduction techniques (Tang et al., 2022; Guo et al., 2023a; Li et al., 2021; 2018). However,
these single-model approaches are often inadequate for handling heterogeneous data distributions,
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especially in cases involving concept shifts (Ke et al., 2022; Guo et al., 2023b; Jothimurugesan et al.,
2023). To address these challenges, researchers have introduced clustered FL algorithms to enhance
the performance of FL algorithms.

Clustered FL groups clients based on their local data distribution, addressing the distribution shift
problem. Most methods employ hard clustering with a fixed number of clusters, grouping clients by
measuring their similarities (Ghosh et al., 2020; Long et al., 2023; Wang et al., 2022b; Stallmann &
Wilbik, 2022). However, hard clustering may not adequately capture complex relationships between
local distributions, and soft clustering paradigms have been proposed to address this issue (Marfoq
etal., 2021; Wu et al., 2023; Ruan & Joe-Wong, 2022; Guo et al., 2023b). In this paper, we propose
a generalized formulation for clustered FL that encompasses current methods and improves them
by addressing issues related to intra-client inconsistency and efficiency.

Another line of research focuses on automatically determining the number of clusters. Current
methods utilize hierarchical clustering (Sattler et al., 2020b;a; Zhao et al., 2020; Briggs et al., 2020;
Zeng et al., 2023; Duan et al., 2021a;b), which measures client dissimilarity using model parameters
or local gradient distances. Some papers enhance these distance metrics by employing various
techniques, such as eigenvectors (Yan et al., 2023) and local feature norms (Wei & Huang, 2023).
FEDCOLLAB (Bao et al., 2023) quantifies client similarity through client discriminators. However,
the requirement for discriminators between every client pair in FEDCOLLAB hinders scalability for
cross-device scenarios with numerous clients. In this paper, we concentrate on cross-device settings,
introducing a holistic adaptive clustering framework enabling cluster splitting and merging. We also
present enhanced weight updating for soft clustering and finer distance metrics for various clustering
principles. For further discussions on related works, please refer to Appendix C.

3 HCFL: REVISITING AND EXTENDING CLUSTERED FL METHODS

Current clustered FL methods typically employ diverse learning frameworks. As a result, existing
methods often face challenges in gathering the advantages of different algorithms for potential
enhancements. To address this issue, as shown in Figure 1, we introduce the HCFL, consisting
of four tiers designed to tackle the primary tasks of clustering methods: (1) Cluster Learning and
Assignment (tiers 1 and 2): Identify which clients should belong to the same clusters and learns
parameters for each cluster. (2) Cluster Number Determinant (tiers 3 and 4): Decide the number of
clusters. As a result, the four tiers of the HCFL form a comprehensive learning process (Algorithm 1),
enabling flexible improvements and the integration of advantages from different algorithms (Table 1).

3.1 TIERS 1 & 2: THE CLUSTER FORMULATIONS AND CLUSTER WEIGHTS CALCULATION

We introduce the first two tiers: Cluster Formulations and Cluster Weights Calculation. Cluster
Formulations defines the objective functions of the clustering methods, aiming to learn the underlying
distributions of each cluster. Cluster Weights Calculation orthogonally helps find the suitable clusters
for each client, whereas hard clustering assigns each client to one cluster, while soft clustering
allows clients to contribute to multiple clusters. We propose the following optimization framework to
encompass these two tiers.

Optimization framework of clustered FL. methods. The clustered FL methods can be expressed
as a dual-variable optimization problem that maximizes £(©®,€2), with K clusters and M data
sources represented as Dy, --- , Dy

1 M N; K K
E(@,Q) = WZZIOg < wi;kﬂk(xi,j,yij;ﬂk)> , S.t. Zwi;k = 1,Vi, (1)
i=1 j=1 k=1 k=1
where N = Zﬁ1 N; and N; := |D;|. The parameters to be optimized are clustering weights
Q = [wi.1,- -+ ,wm, k|, and model parameters @ = [61,-- - , Ok].

Tier 1: Incorporate existing Cluster Formulations. The existing methods employ clustering
to address diverse tasks, which results in the proposal of various formulations. Our Algorithm 1
encompasses the existing clustering formulations by selecting L (x; ;, Yi;; 0%) as follows:
* P, (ym‘ Xi,j)- Most existing methods (Marfoq et al., 2021; Ghosh et al., 2020; Long et al., 2023)
can be recovered using this conditional distribution (likelihood functions).
* Peo, (i j,Yi ;). Fe]dGMM (Wu et al., 2022) uses this joint probability. '

'In FedGMM (Wu et al.,, 2023), 0 is split into [Ok,,vk,], and it uses Li(X:i;,vij;0k) =
Pey,, (Yi,5%i,5)Puy, (xi,5) to model the joint probability.
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Algorithm 1 HCFL: holistic Algorithm Framework of clustered FL.

Require: Number of communication rounds 7', initial number of clusters K 0 initial parameters ¢0, and ©°.
Ensure: Number of clusters K7, trained parameters ¢, and 7.

1: fort=0,.---, T —1do

2: | Sample a subset of clients S*, and send @' ™" to the clients.
for Client 4 in S* do

Local updates by solving (1). > Tiers 1 and 2

Upload local gradients gf.j;,l to the server.

3
4
5:
6: 9?—1 = 92 — Mg ZiESt gzt'jl;l’ VEk.
7
8
9

Calculate distance matrix D*, and DY, for each cluster k. > Tier 4
if Detect cluster ks need to be split then > Tier 3
: ‘ Split clients in cluster k into two sub-clusters Ss 1 and Ss 2 based on D};S or Dt

10: 01?:1 = 92 —Ng ZiESSJ gf?]?’

11: 0%1“ = 0] —n, ZiESS)Q gf.?,:l.

12: Update w;;), for corresponding clients.

13: if Detect cluster k4 need to be deleted then > Tier 3

14: Delete cluster kq.

15: Update w;;, for corresponding clients.

16: | Update K™ by the current number of clusters.

Po,, (Xi,j:Yi,5)

Py (1. Po, (4] FedRC (Guo et al., 2023b) relies on correlations between variables x and y.

Tier 2: Incorporate existing Cluster Weights Calculation. Various methods employ distinct
mechanisms for calculating clustering weights w;.;. The choice of w;.j, with either binary values
wi.r € {0,1} or continuous values w;,;; € [0, 1], characterizes the dynamic clustering procedure.

* Hard clustering methods employ binary values w;.;; € 0, 1. In these methods, w;.j, is determined
using heuristic techniques, such as parameter distance (Long et al., 2023; Zeng et al., 2023; Sattler
et al., 2020b) or local loss function values (Ghosh et al., 2020).

* Soft clustering approaches permit w;., € [0, 1], determined by maximizing £(®, €2)(Marfoq et al.,
2021; Guo et al., 2023b; Wu et al., 2023), or by normalizing local loss values(Ruan & Joe-Wong,
2022). Soft clustering methods do not assume separated clients’ local distributions and can thus
handle complex scenarios, such as mixture distributions (Marfoq et al., 2021; Wu et al., 2023).

3.2 TIERS 3 & 4: THE ADAPTIVE CLUSTERING PROCEDURE AND DISTANCE METRICS

Tiers 3 and 4 illustrate the techniques for Cluster Number Determination. In detail, the adaptive
clustering procedures automatically adjust the number of clusters, while distance metrics control
the adaptive clustering procedures, determining whether clusters should split or merge. The HCFL
allows for different techniques at each tier, enhancing flexibility in choosing the optimal adaptive
clustering methods or converting methods that rely on fixed cluster numbers to adaptive ones.

Tier 3: Adaptive clustering procedures demonstrate how to modify cluster numbers. To auto-
matically determine the number of clusters, current approaches can be categorized into two orthogonal
methods: (1) Splitting clusters to increase the number of clusters (Sattler et al., 2020b;a). (2) Merging
clusters to reduce the number of clusters (Zeng et al., 2023). We unify these approaches at tier 3.

Tier 4: Client distance metrics dictate when cluster numbers should be adjusted. The client’s
distances are utilized to determine whether the current number of clusters should be adjusted.
For instance, when the distance within a cluster is large, the cluster will divide into sub-clusters.
Conversely, if the distances between two clusters are small, these two clusters should be merged.
Existing clustering methods use various metrics such as cosine similarity of local gradients (Sattler
et al., 2020b), gradients from a globally shared network (Zeng et al., 2023), and local feature
norms (Wei & Huang, 2023).

4 HCFL*: TACKLING REMAINING CHALLENGES IN CLUSTERED FL

Section 3 introduces a holistic clustering framework with four tiers to encompass existing methods.
However, each tier still presents challenges that current methods cannot address. In this section, we
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Figure 2: Remaining challenges in clustered FL methods. We identify four key issues in clustered FL
algorithms: (1) inconsistent intra-client clustering weights, (2) efficiency concerns, (3) the absence of adaptive
clustering for soft clustering methods, and (4) the lack of fine-grained distance metrics for various clustering
principles. Clustering principles ASCP and CSCP differ in their approach as follows: ASCP assigns clients with
any shifts into different clusters, while CSCP only assigns clients with concept shifts to different clusters."

outline four key remaining challenges in Figure 2 and introduce HCFL* to tackle them. Due to
space constraints, we summarize the improved algorithm in Algorithm 2.

4.1 REMAINING CHALLENGES OF THE CLUSTERING IN FL

In this subsection, we identify four remaining challenges of the HCFL. We categorize these
challenges by tiers in the HCFL, as shown in Figure 2. The details are provided below.

Challenges on tier 1: Inconsistent intra-client clustering weights and efficiency concerns. These
challenges can be addressed by improving the clustering formulations.

* Inconsistent intra-client clustering weights. Existing approaches use the same clustering
weights w;.j, for all the samples belonging to client 7 (Sattler et al., 2020b; Ghosh et al., 2020;
Marfoq et al., 2021; Guo et al., 2023b). However, they overlook cases where the optimal
clustering weights of different samples within the same client can be inconsistent, implying that
Wi jr:k 7 Wi josk for certain samples (X; j,, vi j, ) and (X; j,, i j, ). See our example here?.

« Efficiency. The current clustered FL methods (Marfoq et al., 2021; Long et al., 2023; Guo et al.,
2023b) require K-fold higher communication or computation costs, hindering overall algorithm
efficiency during deployment.

Challenges on tiers 2 & 3: The absence of adaptive clustering for soft clustering methods. Cur-
rent adaptive clustering methods primarily address hard clustering (Sattler et al., 2020b;a; Zeng et al.,
2023). Hence, there exists a gap between research and practice, as there is a need to automatically
determine the number of clusters for soft clustering methods (Marfoq et al., 2021; Guo et al., 2023b).

Challenges on tier 4: Lack of fine-grained distance metrics for various clustering principles.
The clustering principles determine which clients should be assigned to the same clusters. Existing
clustering methods may use different clustering principles, as described by ASCP and CSCP below:
* ASCP (Any Shift Type Clustering Principle): clients with any distribution shifts are placed into
separate clusters (Marfoq et al., 2021; Wu et al., 2023).
* CSCP (Concept Shift Only Clustering Principle): only clients with concept shifts are assigned to
separate clusters (Guo et al., 2023b).
As discussed in Section 3.2, client distances determine whether the current number of clusters
should be changed, aligning with the role of clustering principles: if the current number of clusters
cannot meet the requirements of the clustering principles, the cluster number should be adjusted.
Consequently, we advocate for distance metrics to be closely tied to distribution shifts, ultimately
aligning with clustering principles. Unfortunately, existing distance metrics, such as those based on
local gradients or local model parameters (Sattler et al., 2020b; Zeng et al., 2023; Long et al., 2023;
Yan et al., 2023), cannot establish a clear link to distribution shifts. As a result, current methods
struggle to satisfy diverse and detailed clustering principles.

4.2 IMPROVE TIER1: INCONSISTENCY AND EFFICIENCY AWARE OBJECTIVE FUNCTIONS

To address tier 1 challenges, specifically, (i) inconsistent intra-client clustering weights and
(ii) efficiency, we propose an extension of the objective ~function (Eq. (1)), which is defined as

L(¢,0,9, Q) and includes the parameters ¢, ©, €2, and 2.

>When client i’s local distribution is a mixture of two distributions, namely, (x;,;, , ¥i.;, ) sampled from the
first distribution and (x;,;,, y,5, ) from the second distribution, the optimal clustering weights for (x; ;, , ¥i,5, )
and (X5, , Yi,j, ) should be distinct.
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* Global shared feature extractor ¢, and cluster-specific predictors ® = [0y, --,0k].
Dividing the feature extractor ¢ and the predictors {6y, } reduces communication and computation
costs since the predictors are lightweight architectures, like linear classifier layers.

+ Sample-wise clustering weights Q@ = [w; 1.1 - ,wn N,,.kx] for enhanced training stage
and client-wise clustering weights Q = [1.; -+ , @ k] for testing stage 3. We employ
sample-specific clustering weights (w; j.) during training to ensure that data samples from
the same clients can contribute to different cluster models, resolving the issue of inconsistent
intra-client clustering weights. Furthermore, during testing, when test-time label information
is unavailable, we utilize client-specific weights (c;.;) for each client and cluster.

* Enhance the optimization of w; ;... by regularlzlng the distance between ;. and w; ;.;,.. Moti-
vated by the intuition that “if data from the same clients have similar distributions, the correspond-
ing clustering weights should be similar”, we encourage ;. and w; ;.. to be close to each other.

The following objective function is designed to meet our requirements.

M N; M N,
£(¢,0,0,0) = NZZlog (Zw”kﬁk xzmywbﬁk) uZZ( ) @
i=1 j=1 i=1j=1 \k=
Ay Az

K
S0y wi =1, Vi, g, Zwk —1,vi, Q= arg min ’mgx[l((b, 0,0,0) - L(, @,Q,Q)‘ . 3)

where A; term is extended from (1) by using the global shared feature extractor ¢ and the sample-wise
weights w; ;.. A2 focuses on regularizing the difference between the sample-wise clustering weights
w; ;:1 and the client-wise clustering weights @;,.. The p controls the strength of this regularization.
We obtain w;,j, by solving (3), where we aim to minimize the impact of replacing w; ;. with w;.j.

Optimization of the proposed objective function. Different from heuristic methods used in most

studies to optimize (2) *. we aim to introduce a more interpretable approach here. In this approach,
we maximize the objective functions (Eq. (2)) to obtain optimization steps. Specifically, we can
update Oj;k, Wi, j:k» Ok, and ¢ by (H)—(7).

N Wf,,j;kﬁk(xi,jvyij;ﬁbt»gi) FEL = Qf?kﬂk(xi’j’yij;qSt’eZ) )
ik — ) i,k ?
7 Zfﬂ wi 5 Lr(Xig, yij; @, 0%) ! St Whn Lr(Xi g, yigs ¢, 04)
t+1
~ ’yz k ,U“N ~ ~
Z%t;,llw Wik = Ty TR = i+ (- )
M N; t+1
0. =6} - Lk Vo, Lk(xij, yig: 8", i 6
k n;]zlﬁk X”,ym,(f)t,e}i) 6} k(X]ayJ7¢7 k:)7 ()
M N; K At
i35k t gt+1
¢t+1 = -n 9 V¢Ek(xi'7yi'a¢ ,0 ) ) D
;;;ﬁk levyljv(btveltc) ! ! g

where «; ;.. and ; ;. are intermediate results for calculating w; ;.3 and ;... More detailed proofs
can be found in Appendix A. i = ﬁ serves as a hyperparameter to control the strength of the
penalty term in Equation (2).

Theoretical Results on Linear Representation Learning Case. We examine the convergence

of a linear representation learning problem, as extended from the settings in Collins et al. (2021);
Tziotis et al. (2022). We assume that the clustering weights, denoted as w; j;x, are obtained in each

communication round. We assume that local data x; ; € R<, and the global shared feature extractor
is parameterized by B € R?*¢, For each underlying cluster k, we define 8, € R¢, and the labels
for data x; ; belonging to cluster k are given by y; ; = (0;)T (B*)Tx; ; + 21, where 2, ~ N(0, 0?)
captures the heterogeneous between K underlying clusters. The global empirical risk is defined
as the mean square error

2
: 1 M N; K TRT
mine,e sy Zi:l Zj:ql (yi,j - Zk}:l wi, k0, B Xiﬁj) ) (®)

3Experiments on the effectiveness of sample-wise clustering weights in Figures 4(a) and 4(b).

*IFCA (Ghosh et al., 2020) sets w; ;; kimn = 1,VJ when ki min = argming Ep, [fix(Xi,5,¥i,5, @, 0k)],
where f;;) is the local loss function. FeSEM (Long et al., 2023) sets ki min = arg min,, ||@x — 6;||,, where
01, 0; represents the model parameters of cluster £ and client 7, respectively.
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where @ = [0y, - ,0k]. Then we can derive the convergence of HCFL™ given the following
theorem. Detailed definitions, assumptions proofs, and discussions refer to Appendix B.

Theorem 4.1 (Convergence of HCFL ™). Under Assumption 1- 4, when we have N > %, and

. A 3 1 2 41 M . _
ming Ny > C%gog() min { 5,52, } for some constant C, we have

57 7 1 —1/2

A . L, 1
. t+1 B < g t RN N1t S Ve B
dist(B"™,B*) < dist(B", B*)(1 cm,,,—i——zoocmm)(l 20,,,“1) —l—(loocmm)(l 2cmx) ©)

with the probability at least 1—exp(—90(d+c¢))—exp(—90¢2 log(M)). Here Ny, = ZZ 217111 Wi ks

Ey=1- distQ(]:%O7 B*) Conin = nK%&Q Ey, and cpuyx = WK%‘N’“&Q Ey.

min,* min,*
4.3 IMPROVE TIERS 2 & 3: ADAPTIVE CLUSTERING FOR SOFT CLUSTERING PARADIGMS

Given the limitations of existing adaptive clustering methods, we have extended the clustering weight
update mechanisms to incorporate soft clustering and have verified its effectiveness in Figures 4(c)
and 4(d). The overall process is summarized in Algorithms 4 and 5. In Algorithm 4, the clustering
weights are adjusted after splitting cluster k into two sub-clusters, denoted by k; and k5. Then we

set w; j ky = Wi j ks = Wi jk/2 forall ¢ and j. In Algorithm 5, the clustering weights are updated
w. .7

ik A8 Wi gk = zng}f&fi,jm :

We use the hyperparameter p to control cluster splitting. As evidenced in Table 1, a higher p results in

fewer clusters, signifying enhanced generalization but reduced personalization. In detail, the cluster

k will split if the following condition is met:
max (D) — mean(Dy) > p, (10)
where Dy, is the distance matrix of cluster k. We identify the need for cluster removal when the

cluster no longer receives the highest clustering weights from any clients. Additional details about
the enhanced adaptive process can be found in Algorithm 2.

when removing cluster k. For all K # k, we modify w

4.4 IMPROVE TIER4: FINE-GRAINED DISTANCE METRIC DESIGN

Due to the page limitations, we include most of the details about the method design and practical
implements in Appendix D. As discussed in Section 4.1, various algorithms may group clients into
different clusters based on different clustering principles. Therefore, in this section, we design the
following fine-grained distance metrics for these different clustering principles:

max {dc, dlf} EDi |:£~k (Z, Y3 Ok)} ED]. [ék (Z7 Y; Hk)] 5 ASCP7
d.Ep, [ﬁk(z, y: 0k)] Ep, [ﬁk (2, ek)] , CSCP,
where dist is the cos-similarity, d. = max, {dist (Ep, [P(z|x,y; #)],Ep, [P(z|x,y; #)]) }, and
diy = dist (IEDi [P(z|x; )] ,Ep, [P(z|x; (;5)]) The distances above become large only when the

following conditions occur together: (1) Large values of d. indicate concept shifts between clients
i and j; (2) Large d; ¢ indicate significant feature and label distribution differences. (2) Large values

DF.

6=

amn

of Ep, [ﬁk(z, y; Ok)} Ep, [/jk(z, Y; Ok)} indicate incorrect clustering weights with high confidence.
The effectiveness of the above distance metrics design is evidenced in Table 2.

5 NUMERICAL RESULTS

In this section, we evaluate the performance of HCFLT and other clustered FL. methods. Additional
experiment results, including hyper-parameter ablation studies, different model architectures, and
additional scenarios, can be found in Appendix E.

5.1 DATASETS AND EXPERIMENT SETTINGS

Diverse distribution shifts scenarios. We establish clients with three types of distribution shifts.
For label distribution shifts, we employ LDA with o« = 1.0, as introduced by Yoshida et al. (2019);
Hsu et al. (2019); Reddi et al. (2021). For feature distribution shifts, we adopt the methodology from
CIFAR10-C and CIFAR100-C creation (Hendrycks & Dietterich, 2019). Regarding concept shift,
we draw inspiration from Guo et al. (2023b); Jothimurugesan et al. (2023), and selectively swap
labels based on the parameter 3. For example, with § = 0.1 for CIFAR10, two labels per concept are
swapped, while the remaining eight labels remain unchanged. By default, we create three concepts
in the experiments. More details about the construction of scenarios are included in Appendix E.1.
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Table 1: Performance of the adaptive clustering methods on CIFAR10, CIFAR100, and Tiny-Imagenet
datasets. For each algorithm, we present the best Validation and Test accuracies. For clustering methods
that require a fixed number of clusters, we set K = 3. The hyperparameters tol;, tolz, a*(0), 7, and p in
adaptive clustering methods govern the balance between personalization and generalization, as well as the cluster
number. For instance, lower 7 in StoCFL or lower p in HCFL™ indicate improved personalization and reduced
generalization. K7 denotes the cluster number in the final training round, where a larger K7 suggests enhanced
personalization and reduced generalization. We emphasize the best results in bold and the worst results in blue.

Aleori CIFARI10, 3 = 0.2 CIFAR100, 5 = 0.2 Tiny-Imagenet, 5 = 0.2
gorithm
Val Test KT Val Test KT Val Test KT

FedAvg 49.19 +2.15  45.42 +2.42 1 26.01 +£1.15  27.87 +£2.12 1 38.83 +£0.20  39.07 +0.44 1
FeSEM 45.30 £0.40  29.01 £0.79 3 26.37 +£0.64  24.50 +£0.28 3 37.10 +£0.80  30.00 +2.02 3
IFCA 34.46 +2.06  23.18 +2.55 3 26.99 +3.89  26.20 +1.56 3 38.52 +£0.30  29.92 +0.30 3
FedEM 66.49 +0.69  53.64 +£1.61 3 29.75 +0.47 2418 +0.03 3 42.00 =0.74  39.25 +0.31 3
FedRC 63.65 +2.95  59.41 +0.19 3 34.56 +£0.79  37.62 +0.16 3 38.93 +£0.18  39.73 +0.04 3
CFL

tol; = 0.4,tol, = 1.6 61.55 +1.74  46.88 +0.35 6 35.05 +£0.35  24.84 +£2.50 4 37.41 +£1.87  30.25 +0.55 3

tol; = 0.4,tol = 0.8 65.06 =3.31  45.74 +4.01 9 36.98 £3.37  22.00 £1.88 5 40.36 +3.55  28.82 +0.71 4

tol; = 0.2,tol, = 0.8 58.92 +2.09  55.02 +0.97 4 37.73 £7.68  31.47 +0.09 3 35.74 +0.57  34.41 +1.92 1
ICFL

a*(0) = 0.85 77.59 +0.04  57.38 +£1.91 98 5273 +£1.03  32.77 +£0.28 100 64.72 +0.30  34.73 +0.39 87

a*(0) =0.98 60.58 +1.07  61.18 +0.78 14  41.49 +4.11  33.57 £1.56 40  53.05 +2.57  35.09 +0.25 42
StoCFL

7=0.05 59.79 +1.34 57.35 +0.92 15 29.97 +0.47  31.40 +2.16 4 31.85 +0.08  31.39 +0.87 1

7=0.10 70.84 +£1.58 51.72 £0.07 54 69.76 +£2.57  9.42 +0.07 89 67.48 +£1.53 13.03 =0.67 91
HCFL* (FeSEM)

p=0.05 87.77 +1.11 41.85 +4.11 58  69.25 £0.69 14.24 +1.93 67 60.44 +0.86  23.14 +1.46 32

p=0.1 85.08 +0.11  43.34 £0.94 44  62.32 +£0.23  16.67 +2.97 38 5218 +2.90 3297 +1.27 14

p=03 79.31 +£3.95 47.62 +2.90 17 4449 +1.57  28.03 +£0.85 8 45.76 +0.09  36.08 £1.25 4
HCFL* (FedEM)

p=0.05 82.45 +0.13  57.73 £1.70 22 60.36 +£1.47 2295 +1.44 40 6341 +0.05 34.24 +0.33 33

p=0.1 84.64 +1.47  60.90 +0.61 16  62.98 +0.42 2617 £1.22 34  59.88 +0.11  37.17 £0.37 20

p=03 83.67 £0.72  62.43 +0.71 10 50.72 +2.97  32.13 +0.18 9 45.53 +£0.53  38.64 +£0.23 3
HCFL* (FedRC)

p=0.05 69.16 +0.65  67.37 +0.42 8 39.20 £0.31  34.38 +£0.64 11 43.78 +£0.31  38.75 +0.54 10

p=0.1 71.67 +0.83  68.64 +0.76 8 39.56 +0.14  34.62 +0.78 8 44.26 +0.10  38.82 +0.77 6

p=03 69.33 £0.24  69.67 +£1.27 3 39.97 £0.21  36.50 +0.28 4 42.60 =0.21  40.65 +0.36 3

60 25

Baselines. We use FedAvg (McMahan et al., . e —
2016) as a single-model FL example. We
consider the most recently published clustered
FL methods as our baselines. For clustered
FL with fixed cluster number, we select = ) =

IFCA (Ghosh et al., 2020), FedEM (Marfoq DB s oo o s s oo ms o us mw

Communication Rounds Communication Rounds

et al., 2021), FeSEM (Long et al., 2023), and (a) HCFLJr (FCSEM) (b) HCFL+ (FedEM)

FedRC (Guo et al., 2023b). For the adaptive  Figure 3: Number of clusters in HCFL ™ over com-
clustering FL. methods, we choose CFL (Sattler munication rounds. We illustrate changes in cluster
et al., 2020b), ICFL (Yan et al., 2023), and numbers across communication rounds for various p
StoCFL (Zeng et al., 2023). values using the CIFAR-10 dataset in our experiments.

40

Number of Clusters

Experiment settings. Unless specifically mentioned, we divide the datasets into 100 clients and ex-
ecute all algorithms for 200 communication rounds. Additional settings are provided in Appendix E.2.
We conducted all experiments using MobileNet-V2 (Sandler et al., 2018) and results on ResNet18
defer to Table 7 of Appendix E.

Evaluation metrics. We present the following metrics to evaluate the personalization and gener-
alization abilities of the algorithms: (1) Validation Accuracy for evaluating personalization: The
average accuracy on local validation datasets that match the distribution of local training sets. (2)
Test Accuracy evaluating generalization: The average accuracy on global shared test datasets.

5.2 RESULTS ON DIVERSE DISTRIBUTION SHIFTS SCENARIOS

In this section, we compare the performance of HCFL™T with other clustered FL methods. We also
perform ablation studies to confirm the effectiveness of HCFL™’s proposed components.

HCFL™ achieves better personalization-generalization trade-offs and comparable performance.
We highlight some key observations in Table 1. A. HCFL™ consistently achieves superior test
accuracy, with validation accuracy surpassing that of baseline methods with a similar number of
clusters. This demonstrates improved efficiency and a better balance between personalization and
generalization. B. Soft clustering methods like HCFL* (FedEM) and HCFL* (FedRC) outperform
hard clustering methods in test accuracy, showcasing their superior generalization capabilities. C.
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Figure 4: Ablation studies on Sections 4.2 and 4.3. For Sec 4.2, we evaluated test accuracies of HCFL ™ using
different backbones (FedEM and FedRC) and varying values of [i, as shown in Figures 4(a) and 4(b). For Sec 4.3,
we present the best Val and Test accuracy achieved by HCFL ™ with either FedEM or FedRC as backbones.
“w/ SCWU?” indicates the use of soft clustering weight updating mechanisms introduced in Section 4.3. More
detailed results can be found in Tables 5 and 6 in Appendix E.

-0
- =01
— =04

Test Accuracy _
Test Accuracy
Valdation Accuracy
, TestAcctracy

02 IFARTD o0, =0
Dalase(s Dataseis

Table 2: Ablation studies on Sec 4.4. We conducted experiments on the CIFAR10 and CIFAR100 datasets,
showcasing the highest test accuracies, the maximum number of clusters during training (max; K*), and the
final number of clusters (KX 7) or each algorithm while maintaining a fixed value of p = 0.3. We used FedRC
as the backbone, with 3 clusters identified as ideal by CSCP.

Algorithm CIFARIO, 3 = 0.2 CIFARIO, 8 =04 CIFARI100, 8 = 0.2 CIFARI100, 8 = 0.4
Test Acc max; Kt KT Test Acc max; Kt KT Test Acc max; Kt KT Test Acc max; Kt KT
HCFL* 69.67 +1.27 4.5 3.0 70.13 +0.42 7.0 6.0 36.50 +0.28 3.5 3.5 3222 +0.20 5.0 4.0
+@ 67.83 +1.70 9.5 7.0 64.53 +£0.23 10.5 10.0 36.77 +0.67 9.5 8.5 31.33 £2.12 11.0 7.5
+@ 56.14 +8.11 10.5 5.5  50.87 +£2.26 12.5 8.5 34.11 +1.58 10.0 6.0 32.75 +£0.67 7.5 6.5
+@ 68.52 +0.64 8.0 6.0  69.47 +0.15 11.0 8.5  34.65 +1.16 8.5 5.5  31.61 +0.54 11.0 7.5
+® 68.82 +0.59 5.5 3.5 65.74 +0.09 7.0 7.0 35.97 +0.80 4.0 3.5 31.72 +0.59 4.5 4.0

While baseline methods may achieve higher validation accuracy by separating every client into
different clusters (namely when the value of K7 is close to 100), these trained clusters tend to overfit
local distributions, resulting in significantly lower test accuracy. D. The extended algorithms, namely
HCFL* (FeSEM), HCFL™ (FedEM), and HCFL™ (FedRC), outperform the original methods that
rely on fixed cluster numbers significantly. Additionally, these extended algorithms can automatically
adjust the number of clusters, making the algorithms more practical, as we illustrated in Figure 3.

Ablation studies on Sec 4.2. 'We perform ablation studies on /i, which control the distance between
sample-wise weights w; ;. and client-wise weights ;.3 in Figures 4(a) and 4(b). A larger i signifies
a greater difference between w ;.1 and ;. Our results show that HCFL™ (FedEM) prefers smaller
distance between w; ;. and @;.,. However, HCFL* (FedRC) prefers larger /i values, highlighting
the necessity of different clustering weights among samples within the same clients.

Ablation studies on Sec 4.3. In Figures 4(c) and 4(d), we perform ablation studies on the soft
clustering weight updating mechanism (w/ SCWU) introduced in Section 4.3. The term w/o SCWU
refers to using the traditional clustering weight updating mechanism as described in Sattler et al.
(2020b); Zeng et al. (2023). The results demonstrate that our proposed SCWU consistently achieves
better performance in terms of both validation and test accuracies.

Ablation studies on techniques in Sec 4.4. We perform ablation studies to demonstrate the
effectiveness of the designed distance metrics in Sec 4.4. The ablation studies include: @ Using
gradient similarity, as in previous works (Sattler et al., 2020b; Yan et al., 2023), instead of distance
on P(z|z; ¢) and P(z|x, y; @), as we proposed in Equation 11; @ Remove Ep, [L(2, y; 0})] and
Ep,[Lk(2z,y;0%)] in (11); ® Using mean distances instead of maximum distances in (11). The results
show that HCFL™ consistently achieves the highest test accuracy and produces a number of clusters
closer to the ideal number than other ablation studies.

6 CONCLUSION

In this paper, we introduce HCFL, a comprehensive clustered FL framework that unifies existing
methods while enabling the integration of diverse algorithms to gather the advantages of various
clustered FL approaches. Additionally, we identify persistent challenges unaddressed by current
algorithms and propose HCFL™ as a solution. The HCFL is flexible and can generate numerous
clustered FL methods by altering techniques in each tier. Though we have chosen some typical
components and demonstrated their effectiveness, conducting further performance verification with
more choices in each tier would be beneficial.
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A PROOF OF OPTIMIZATION STEPS
Theorem A.1. Given objective function L(¢, ©,Q, Q)
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Then E-M steps are obtained by maximizing L(¢, ©, 2, Q)

QL Wi Lk (Xi 5, ig; 01,) (14)
i K )
Wl L, i 05)
s @F . L (Xi 5, ig; 07,) (15)
bk Zle Wl Lk (Xi 5, i 04)
1
~t+1 ~t+4+1
Yik TN Z%a ko (16)
; 4
t+1
Vi jik uN .
t+1 .75 t+1
Wigik = 1 +MN + 1 —i—MNwi;k ’ (17)
L
0t+1 at n ol v@ Ek X“ay“7¢t70t ) (18)
lzljz; Ek XZJ,%],W,@Z) " ( Yo k)
M N K t+1

Pt =o' — nZZZ£ L Vo Li(xij,yij, @', 05 (19)

t
i1 j=1 k1 szjyyzjad)70k)

13



Under review as a conference paper at ICLR 2024

Proof. Let’s begin by assuming G)tf is given for each round ¢, then we will discuss how to compute

f}’lk Consider the objective function £(¢, ©, Q, ), we have
IL(4,0,0,Q 1 Li(Xi 7, Yii: On
(¢ ):7 - k(Xi g Yig ) JF)\i,jJF,UWJC . (20)
awiaﬁk N Zn:l Wi,j;n‘cn (Xi,ja Yijs On) Wi, jsk

Then define
wijik Lk (Xi g, Yij; On)

’Yi,j;k = K ) (21)
>t WiginLn (Xi g, Yij; On)
and take %@7? = 0 we have
Vi,g5k -
% + Qi = — A Wi jik - (22)
Then we have
1 Vi gk )
ik = — : ik ) - 23
e = =5 (3 + i 23)
Because we have 31 | w; j.x = 1, we have
1 1
1=-— — 24
s ( N u) (24)
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Finally, consider to optimize ¢, we have
IL(¢,©,9,0)
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Because if hard to find a close-form solution to %&’Q’m = 0 when 6y, is the parameter of

deep neural networks, we use gradient ascent to optimize 6. The same method is used for feature
extractors ¢.
Then the remaining thing is how to decide w;;,. From the formulation of objective function, the w;.j,
is decided by

Q = argmin mgxﬁ(qb, 0.0,0) - L($,0,9,0) . (31)
Q
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To solve this problem, firstly, we can transform the definition of £(¢, ©, Q, Q) to

L($,0,0,9) =+ Z Z log (Z wi ik Lk (Xi g Vigs &, 0@)

= 1] 1
+ZZ/\,] (sz,]k )
1=1 1
M] N;
Y.y (szklog ) (32)
i=1 j=1 \k=1 i35k
st Wik = Wik, V4,5, k. (33)

Then by removing the constrains, we can always find

max £(¢, ©,2,9) > L(¢,0,2,9). (34)
Then we have

Q = argmin ‘mgxﬁ(d), 0,0, fl) - L(¢,0, Q, Q)‘ (35)

Q
— argmin (maxﬁ((;b, 0,9,Q) - L($,0,0, fz)) (36)

Q Q

= argmax L(¢, ©,Q, Q) (37)

a

Then we can obtain the results by directly use the proof in (Guo et al., 2023b) and (Marfoq et al.,
2021). O

B THEORETICAL STUDY ON LINEAR REPRESENTATION CASE

B.1 DEFINITION AND ASSUMPTIONS

In this section, we target on the effectiveness of split-feature-classifier method. Therefore, we focus
on a case study that clients are solving a linear representation learning problem, similar to the analysis
in Collins et al. (2021); Tziotis et al. (2022), and assume the optimal w; ;.; is already given. In

detail, we assume local data x; ; € R?, and ¢ is a global shared projection onto a c-dimensional
subspace R, which is parameterized by matrix B € R%*¢, Besides, for each underlying distribution,
we have 0, € R€ and the labels of each sample x; ; belongs to the distribution £ is given by
Yij = HZTB*Txm- + 2, where 6} and B* are ground truth parameters, and zj, ~ A(0, 0?) is to
capture the heterogeneous between K underlying distributions. Under these assumptions, the global
empirical risk is

2
gu(f)l IN Z Z <yw Z Wi, j; kek B” X J) (38)

=1 j=1
The distance that measuring the distance between sub-spaces is defined as follows (Jain et al., 2013;
Collins et al., 2021; Tziotis et al., 2022),

Definition B.1. The principal angle distance between the column spaces of By, By € R%*€ is given
by,

dist(B1, Bs) = HB{LEHQ , (39)

where ]A317 | and By are orthogonal matrices satisfying span(]ABL 1) = span(Bi)*, and
span(Bs) = span(By).

Definition B.2 (|| A||,-sub-Gaussian). For a random vector x € R? and a fixed matrix A € R?*¢,
the vector ATx is called || A||,-sub-Gaussian if y© ATx is sub-Gaussian with sub-Gaussian norm

AL, llylly forall'y € R®, e, E [exp(y” ATx)] < exp(||All3 [ly]l5 /2).
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Assumption 1 (Sub-Gaussian design). The samples x; ; € R4 are i.i.d. with mean 0, covariance 1,
and are 14-sub-Gaussian, i.e., & {e"T"f‘ﬂ} < e”"”g/zfor all v e R%,

Assumption 2 (Underlying distribution diversity). Let Gyin,« be the minimum singular value of any

matrix W € REX¢ with rows being a K -sized subset of ground-truth distribution-specific parameters
{01, ce. 70}(} Then C_rmin,* > 0.

Assumption 3 (Client normalization). The ground-truth distribution-specific parameters satisfy
10511, = Ve forall k € [K], and B* has orthogonal columns.

Assumption 4 (Binary weights). We assume the value of w; j.i, is given in {0, 1}.

Assumption 1, 2, 3 are widely used assumptions in the analysis of linear representation learning
problem (Collins et al., 2021; Tziotis et al., 2022). We introduce Assumption 4 to simplify the
analysis, and this assumption match the observation in our numerical experiments that the max
weights maxy[w; ;] usually close to 1 when converge.

B.2 PRELIMINARY AND LEMMAS

We first introduce some important lemmas that we would like to use in the following parts of proof.

Lemma B.3. Given orthogonal matrix B € R¥*¢, matrix X € RN*? that each row of X is sub-
12C1,, 3/ 2\ /log(M)

Vae

Gaussian (Assumption 1), and matrix Qi € RV* yalued by {0, 1}. Then let 0, =

we have

Omin (&BT (Qg © XT) (X © Qk) B) Z % (1 - 6k) ) (40)

with probability at least 1 — exp(121¢3 log(M)), and Ny, = Zf\il Zjvzl 1o, =1

Proof. Firstly, we can rewrite

1~ _ A N, [ Wik - Wi ik o
BT QT oXT) (X0 Q) B =% Ligk BTy WRERTy. ), (@)
B (O 0 X) (o) B - JEYS” (“2EB0, ) (£2LB0

~ N T
(o) ()

= — —B'x;; || ——=B ' xi; | , (42
N W’i,j;kzl Nk? Nk

where N}, = Zf\il Zjvzl 1., ;.=1. Define v; j. = wi'—;:ETxi’j, by Definition B.2 and Assump-

——BT|| -sub-Gaussian or v; ;.5 = 0. Then we

v Ng 9

can define V;, € RV+*¢ and each row of V}, is Vi j:k that v; ., # 0. Then we have

tion 1, we can observe that each v; ;. is either

LBT(Qf 0 X7) (Xo ) B = 2EVIV,. (43)

Then based on Theorem 4.6.1, Equation (4.22) in Vershynin (2018), we have

1oam = _ N, N,
Tmin (NBT (Qf o X7) (X © ) B) = W’“amm (ViVi) > W’“ (1-0r) 44

2
, with probability at least 1 — exp(— (6k\/Nk/Cl;k — C) ) for constant Cy,,. We then set
5n = 12Cy.,c?/ 24 /log(M)
= e "V oslM)

i , and we have
2
1 — exp(— (5,“/1\/‘,@/01;,6 - \@) ) > 1 — exp(121¢® log(M)), (45)
which finish the proof. O
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Lemma B.4. Given the objective function defined in Equation (38)

M N;

2
réuél 2N ZZ (ym wa kOkB X J) ) (46)

=1 j=1

define the matrix form of X; j, y; ;, and w; ;. by X € RY*4 Y ¢ RN, Q, € RY, and define
Q). € RVX4 by repeat Q. for d times, we can have the following optimization steps to solve the
above objective function

o1 — (;][Bt]T (@f o X7) (X@Qk)Bt)_ (;[[fat]T (©F © XT) (Y@Qk)> L@

K

B =B -} % ((Qf oXT) (X0 %) B, — (2L 0 XT) (Yo Qk)) or, (48)
k=1

Bi+l — g+l (Rt+1)*1

where BIT IR is the QR factorization of Bt

; (49)

Proof. We first extend the empirical function via matrices X; € RYi*4, Y, € RV, and ;. € R,
Q;. € RYixd is repeat ;. € RN for d times.

2

L(B,©) = 2NZ Zﬂzk@ (Y: — X,;B6y) (50)
k=1 2
Define X € RV*4 = [XT, ...  XT/]", @ € RV = [Q] ..., QF, 1", and Q; € RY =
[Q{k, cee Qf/[’k}T, then compute the gradients of 3 and 6,
M K
0L(B,09) 1 .
(ai N (i 0 X)) (ni;k © (Y; —Xz-Bek)) or (51)
i=1 k=1

Z\H
Mx

((@F oX7) (X0 Q) BO — (9 o XT) (Yo )6, (2

k
0L(B,®) 1

o 3 (20 XB) (200 (Y, - XB6L) | (53)

M§£

1=1

=+ (BT (@ oX7) (X 0 0) Bo, - B (O 0 X7) (Yo o)) . (54

Then we can define the following optimization steps based on the above gradients, similar to the
analysis in Collins et al. (2021).

gLt = (;[Bt]T (Qf o XT) (X ® Q) Bt) - (;f[Bt]T (@l oXT) (Yo m)) , (55)

Bt =B - f: L ((Of oXT) (X0 @) BO, — (@ 0 XT) (YO @) 6, (56)
k=1 N

Bitl — gt+! (Rt-i-l)*l ’ (57)

where Bi TR+ is the QR factorization of Bt™!. Then the B will be orthogonal matrix at the end
of each optimization step. From Lemma B.3 we know that (% [Bt]T (Q{ O] XT) (X O] Qk) Bt> is
invertible with high probability, which indicates the feasibility of the above optimization steps. [

Lemma B.5. The optimization step of 0. can be expressed by the following equation
0, = BTB*0; + F; + Gy, (58)
where Fr, G, € R are given in Equation (64) and (65).
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Proof. From Lemma B.4 we have
—1
1 4 _ _ 1. _
), = (NBT (Qf ©X") (X Q%) B) (NBT QL oX") (Yo nk)) . (9
Based on the fact that Y = Zszl QL © (XE*G}; + Z), Qp © Q= Q, O © Q) = 0 we have
1 A7 (&T T ~ D\ 1 ar (&T T
o), = (NB (of ox7) (X@Qk)B) (NB (eFox )(Y@Qk)> : (60)

B” (0f 0 X") (ink@nne (XE*92+Z)>> ,
n=1

-1
BT QTQX )(X@Qk)B) (
(61)

s

nk o X7 B” (sﬁ@XT) (X © Q) B*e:))

Z\H 2\

) (X o) ) ( (B
QkQXT)(XGQk ) ( (T(QEQXT)(ZQQk))), (62)

) (3 (8" (0 ox) xo ) B6r)

z2[ = 2\

Xt
(i
( .

B o; + ( B” (Q,c @XT) (Xo0

x-
~—

|
W

(NB (Q{@XT ) (% T ﬂk @XT) (X@m)BBTB*e;;))
+ (NBT ((z{gx (X © Q%) E) (% T ﬂk @XT) (Z@Qk))) . 63)
Then define
Fj = (;[BT (Qf oX") (X © Q) ) (;Z T@of oX") (X o Q) B*e;;))
- (;BT (QF ©X7) (X 0 ) B) (;f of oX’) (X © ;) BB"B* 9;;)) :
(64)
R N Y e
Gr = (NBT (Qf oX") (X Q%) B> (N (BT Q) oX")(Zo m))) : (65)
m

Corollary B.6. Define ©,F, G by the matrices that each row is Oy, ¥, G, respectively, we have
o' = *[B*|"B! + F! + G'. (66)

Proof. We can easily obtain this result by Lemma B.5. O
Lemma B.7. Define

H), = (\/%BT Qo XT)> % (X © Q) (Id - BBT) B* (67)
, Ny, = Qfﬂk, and § = \/7 ”log](\? for constant C, we have
6N, L.
L, < 225 “dist (B,B") | (68)
S S
* 12 k=1 2 * 2 »
’;||Hk0k||2 < < o )5 |©%|? dist ( B* ) (69)

with probability at least 1 — exp(—111c? log(M
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Proof. Because we have

M N; T
Wi gk 2 Wi jik 1A 5T
H, — SELS L >( 2487 (1 - BBT) x; > , 70
=20 (Bt (S (1 ; 70
Mo 1 1 T
5T 51T S5HT
- —BTx; ) (——[B (I ~ BB )xi) , 71
> 2 () (e (s ’ .
=1 Wi k=
1 7 1 . oa .
- BTXT>X (1 —BBT) B*, 72
(\/N k) ~ X (1o (72)
N[ 1 ATAT> 1 ot g
=2k [ _BTXT)) ——X, (Id—BB )B* (73)
N <\/N,€ V Ny
where Xk S RVXd with rows the concatenation of x;; that w; ;5 = 1. Here we define

N, = Zf\il Z;\;l 1,, ,,=1. Then directly use Lemma 4 of Collins et al. (2021), and define
5= Cc?’/z,/log(M)

for constant C, we have

mink Nk
Y 5
[EL |, < \/E;]dist (B.B"). (74)
with probability at least 1 — exp(—111¢? log(M)). Then we have
K K
* (12 2 *(12
> IHOE < D IHK 1655 (75)
k=1 k=1
. K
|2 2
< 2 19711 > I 5 (76)
k=1
K x72
N, .
< (%) 52 (|©* |2 dist® (B,B*) . (77)
Then the proof finished. O
3/2
emma B.8. Given efined in Corollary B.6, define 0 = C—=—=——=—==, we have
L B.8. Given F defined in Coroll 6dﬁ5C°\/7V_bg](\jw) h
ming k
[Fully < " 6], dist (B.B7) (78)
2= gy At (BB
5 -
F|, < ||, dist (B,B*) : 79
I HF—(li(;)\/EH 2 (79)
with probability at least 1 — exp(—111c?log(M)).
Proof. From Lemma B.3, we have
Lar o7 T Sa) N?
—B' (2, 0X") (X0 B < —. 80)

Then we consider to bound Fy, first, by Lemma B.7 we have
2
2 2
[Helly €% (81)
2

1 - _ B R —1
Ful < | (87 (@ o X7) (X0 0 B)

62 . 492 5 T * * (12
< m?dlﬁ (BvB ) 103115 (82)

19



Under review as a conference paper at ICLR 2024

CA/
for § = 0“7 v log(M)

with probability at least 1 — exp(—111c?log(M)). Then we consider to

bound F, and we have
K
2 2
K B X 1 2
= Z ( BT (2 0 XT) (X0 0) B) ELL 053 (84)
2
1 N2 5
_ 2 2
(1-06)> &= N?
c N2
< - *
<a o ® ||2k§le L3 (86)
52 ) Lo
< m ||@*||§ dist? (B,B ) (87)

with probability at least 1 — exp(—111¢?log(M)). The last equation comes from Lemma B.7. [
Lemma B.9. Given Gy, defined by

G = (;fBT Q7 & X7T) (X © Q) B> B <;/_ (ET @ ox?)(zo m))) (88)

and G defined in Corollary B.6. Define § = C P log ) , we have

4/ ming Nk
0 o
<
1Glly < 7507 (89)
)
Gl <VK 2 0
1Gllp < VE G=550% (90)
with probability at least 1 — exp(—110c? log(M)).
Proof. We can rewrite Gy, by
1 B B -1 M N A
G = (NBT (Qf o XT) (X ® Q) B> v D> wijwuB X, (91)
i=1j=1
1 -1, N
wi’j;kzl
~ (Lo (@ oxt) (xongB) L (87%02,) ©3)
N b g N RER)

where X, € RV+*4 with rows the concatenation of x; ; that w; j., = 1. Here we define Ny, =
Zij\il ZN 1., ,.=1. Then directly use Lemma A.7 of Tziotis et al. (2022), and define § =
CC3/2 log(M)

, we have
V/ ming Nk
1 Anma
HABTszk <o25. (94)
Ni 2
with probability at least 1 — exp( —113c?log(M)). Then consider Gy, we have
Ni T T sa) L arers
1Gkll, < = B (Qf oX") (X0 B —B'XZ| , 95)
N Ni, 2
0 o
< . 96
=1-57 96)
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Then consider G, we have

K 5 2
2 2
IIGIF:ZIlel2SK((1_5)) ot 97)

k=1

/2, /log(M)

L B.10. Define 5 = C ) weh
emma efine Y- we have
§ 5,
< *
10elly < Ve + dist (B,B )+ 1_50 , 98)
"BGk—B*OZ (\/+> dzst( ) 502, (99)
K
vd+c 1) A )
. T T < 2 * 2
NZ::Q X" (zo Q) 6f 2_010 Vi <ﬁ+1 6dzst<BB)+l_6a),
(100)

with probability at least 1 — exp(—105(d + ¢)) — exp(—105¢* log(M)) for some constant C;.
Proof. Define
ar = (Of 0 X7) (X © Q%) B, — (@ 0 XT) (Yo ), (101)

and Q € R**X with rows the concatenation of qz. With the fact that Y = YK @, ©
(XB*OZ + Z), we have

ar = (f o X7) (X0 Q) B, — (Qf 0 X”) (Y 0 Q) (102)

= (9 ©X7) (X © ;) Bo;, — (O 0 X7) (Q QZQ o (xB* 0*+z)>, (103)

n=1
— (0F ©X7) (X0 @) BO, - (2] 0 XT) (o (XB'6; +2)) , (104)
= (9 oX") (X0 Q) B, — (@ o XT) (X0 Q) B o) — (Qf o XT) (Zo Q) ,
(105)
= (0 o X7) (X © ) (Ba;c — B*e;;) — (@ oxT)(Zo) . (106)
Then we would like to consider the (Bﬁk — B*H;) first. From Lemma B.5, we have
0, =BTB*0; + F), + Gy, (107)
Therefore we have
HB@k -B0;| - HBBTB*H;; +BF, + BG, - B0 . (108)
< H (BBT _ Id) B*0; H n HBGkH , (109)
2 2 2
< dist (B,B") 16} ], + |Fxll, + | Gell, (110)
. 5 A )
< . * * . * 2
< cdist (B,B ) + NG 10511, dist (B,B ) +159 (111)
) . I 0
—(ﬁ+1_(5>dzst(B7B)+l_60 , (112)

. .- 5 /2, /log(M)
with probability at least 1 — exp(—110¢” log(M)), and 6 = C—~——".

ming Ng
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Then we consider to bound 65, and we have

10cll, = |[BTB6; + Fi+ G| . (113)
< [10xll5 + ||Fk||2 +11Gklly (114)

- 5
< Vet odist (B,B*) + =0, (115)

with probability at least 1 — exp(—110¢? log( )).
Then we consider to bound (2} © X)) (Z ® £2;), and we have

(Q oXT)(Zo ) = Z ZXij s (116)
Wi, j; k—l
= X7y, (117)
where rows of Xk S RVxxd and Zk € RV are x;,; and z;, subject to w; ;. = 1. Then let

S~1 §°~1 denote the unit spheres in d and ¢ dimensions, and NV, AV}, denote the i-nets of cardinality
99 and 9%, respectively. Then by Equation 4.13 of Vershynin (2018), we have

K K
1 NP 1 o
—E:XTZ 0Tl <2 T 75 XT7,0T 118
N rLKOi || < pe\ffgié/vkp N 8 Lk0; 1Y, (118)
k=1 2 k=1
Zk
. p) {6k, ) 1
pex%;géMZZ( (xi:P) 00 ) (19)

Notice that for any fixed p,y, the random variables % (x; ;, p)(0x,y) are i.i.d. zero-mean sub-
2
exponentials with the norm at most Cy w for some constant C. Then consider the event
K

é
e= {16l < ver 2

k=1

. N P* J 2
dist (B,B )+ e } , (120)

which holds with probability at least 1 — exp(—105¢2 log(M)). Then use the Bernstein’s inequality
we have

K Np

2l

Pr (zz;<xi,j,p><ek,y> . g>
k=1 i,j

52 S

ot (\f—l——dzst( B,B* ) 155a2)2 <f+—dzst (B B* ) +%02)

< exp —C;N min

Setting
o?\/d+c (\f—&— —dzst (B,B*) + %02)
—C , 122
S 2 \/N ( )
we have
K Ng
2k 2 H R 2
— >
Pr ;;N(x”, P){O1,¥) > Coo V\F (\/+ dzst(BB>+1_ a)|5
< exp(—C,Cad) < exp(—110(d + ¢)), (123)

for Co large enough. Taking the union bound over all points p,y on the Ny, N}, we have

K
1 T¢ T o Vd 5 R 0
— >
Pr( N;szkek 2_2020 \/» \f—i— 5dzst (B,B ) 357 | €
< 91 exp(—110(d + ¢)) < exp(—105(d + ¢)) . (124)
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Removing the conditional on £, we have

K
1 T¢ ol oVd+ec A T o
— >
Pr< N;X’“Zkek 2_2c2 Vo (f+ 6dzst(B,B)+1_6a
< exp(—105(d + ¢)) + Pr(£Y) < exp(—105(d + ¢)) 4 exp(—105¢% log(M)). (125)
O
3/2 ¢]
Lemma B.11. Define 6 = Cﬁ we have
K
1 ) S » O * )% \ » D * £)* d+c
S ((@F o XT) (X © ) (B, - B6;) — Ni (Bo, —B6;) ) oF | <c VJN e,
- 2
(126)
where
d 52 - 12 (D D*
€ = <\/El—(5+ (1—5)2> dZSt (B,B )
) 262 IR ) 52
2 2\ * 2 4
+ (c—i—(a —l—l)\/El_(S + (1—5)20 >dzst <B7B )4—\/51_50 + (1—5)20 , (127)
with probability at least 1 — exp(—100(d + ¢)) — exp(—105¢2 log(M)).
Proof. Define
1 N1 T ) » D * ) Nk
@ =+ (O ©0X7) (X0 Q) (Bok—B Ok)—W(BOk—B ek) : (128)
1 v m . R N
= VX% (BBk . B*a;;) - (Bek _B* 0k) , (129)

where rows of Xk € RNvXd gre X;,; subject to w; ;. = 1. Then we would like to define the event

- ﬂ {48} (130)
{nem < Vet s

§ e oal 5
—dist (B,B ) + 0 } , (131)

- )
(\/+ 5) dist (B,B") + 1—5”2} .3
happens with the probability at least 1 — exp(—105(d + ¢)) — exp(—105¢? log(M)) by Lemma B.10.
Define g, = B0, — B*0;, we have

By = {HBek -B0;

K K Nk
quel’{— SN (%1 g0)xi,0F —gi6F) | - (133)
k=1 k=1 4,

Let S!S~ denote the unit spheres in d and ¢ dimensions and Ny, N}, the i—nets of cardinality
99 and 9, respectively. By Equation 4.13 in Vershynin (2018), we have

K 9 K N K
T p’ T T
> by S N el P DD (xiggxigbi =) el |y, (134)
k=1 k=1 1,3 k=1
9 K N
= A7 7,79 y Ag 0 Y ) 6 B . 1
N peN,, ye/\sz_:lzz]: Xi 5 8k) (P, Xi5) Ok, y) — (P, 8k)(Ok,Y)) (135)
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Then for any p,y, the inner products (x; ;, 8x), (P, X; ;) are sub-gaussians with norm at most
C1 ||gill5 and Ca ||p||, = C2, respectively for some constants Cy, Co. Then under the condition that £
holds we have 3 (x; ;, 8) (P, Xi,;) (0, y) is sub-exponential with norm at most

(et T Ve ()
- CNB ((c+ (0% + 1)\/51 f 5T (12—526)202> dist (B,B*) +\/61 f 602 + a i25)2a4> .
(136)
The same thing can be observed for (p, g1 )(0x,y). Besides, we can observe that
E[(xi.j,8k) (P Xi,;) (O, ¥) — (P, 8k)(Ok,¥)] = 0. (137)

Then we are dealing with N zero-mean, sub-exponential random variables. Using Bernstein’s
inequality we have

K Ny

1 . s? s
Pr{ 3 203t 80050 03] — .80 01) 25| | < o (-eavmin{.24).
(138)
Setting s = 7&(}?0)6 for constant C5 that satisfy C5 < diﬂ, and taking union bound over all p, y,

we have

.

- 24/Cs(d + c)e

K
> by
k=1

| 5) < 99 exp (—C4Cs(d + ¢)) < exp(—105(d +¢)) .

2 - VN
(139)
Then by removing the conditional on £, we have
u T Vd+ ce
> oabi| <c : (140)
k=1 2 \/N
with probability at least 1 — exp(—100(d + ¢)) — exp(—105¢% log(M)). O

B.3 MAIN RESULTS

Theorem B.12. Under Assumption [- 4, when we have N > dK—fc, and miny Nk >

3 (1402)* log(M . _
(o) log(M) 1oy { L.,52.\ for some constant C, we have
0

®k27 Y min

—1/2
dist(B"', B*) < dist(B*,B*) [ 1 — ¢pin + 5—707,“”; 1=t /
= ’ 200 2

7 1 —-1/2
+ <1006maac) (1 - 2cmaw> ) (141)

with the probability at least 1 — exp(—90(d + ¢)) — exp(—90c?log(M)). Here N, =
Zi]\il Zjvzll wijk Eo = 1 — distQ(EO,B*), Conin = nK%Erfmn’*Eo, and Cpar =
77K ma);s Ny 5’2 EO-

min,*
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Proof. From the optimization steps we have

K
B =B - ) L ((@f 0XT) (X0 @) B'o, - (2 0 XT) (Yo 2)) (6)7, (14)

k=1

K
=B Y L ((@F o X7) (X0 ) (B0 - B'0}) - (9f 0 X7) (Zo ) (6))7

k=1
(143)
R X (1 . . N,
—B' g (Z (N (QF 0 XT) (X © Q) (Bfe,g - B*O,’;) - (B 9t — B* ek)> (9;)T>
k=1
K R R R K
— LN N (B6L - B0r) (607 + £ > (@ o XT) (Zooy (61T (144
k=1 k=1
Multiplying both sides by (Ej)T, we have
(Bi)TBt+1 _ (Bj)TBt
K ~
BT <Z (;f (Qz © XT) (X © ) (Bte;; ~B'6;) - % (Bte,’; - B*e;;)) (9;)T>
k=1
K K
— LS N ((BD)TB'SL - (B1) B0 (01" + £ > (B (9f 0X") (Zo ) (6",
k=1 k=1
(145)

:(Bi)TBf( Z;Nkei(ﬂi)T> %2;13L (ﬂk@XT)(Z@Qk)(Bk)

K
_ %(EI)T (Z ((Q£ ® XT) (X o) (B"of,; - B*e,:) A (Btez - B*e;)) (9’,;)T> . (146)
k=1
Because we have B'+! = Bi+! (R'+1) - multiplying both sides by (R'*1) " we have
dist (Etﬂ,ﬁ*)

< dist (Bt, B*)

I - Zek 0.)"

ZéBl (of ox” )(zcank)(

\ R™H,

e
2

.

(0 (f; ((aF o x7) (x o ) (B'0f - B°6;) - N (B0t B°6;)) (0,2)T>

k=1

2

[RTHT], - (147)

Then we can define

K
Ay = dist (B, B") | L. %Z : (148)
2
n K
Sk \T' ~71 T t\T
Az = HN ;(BL) (Qk oX )(ZQQk)(ok) ) ) (149)
K

P (Z ((aF ox7) (x o ) (B'of - B°6) - N (B'0f— B°6;)) (9;>T>
o (1520)
Then the inequality become
dist (B, B) < (A1 + Az + 45) (R, (151)
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For the following parts of the proof, we consider the following events hold

K
&= {AkﬂBk} , (152)
k=1
5 e fer e
82:{||Ft||F§m||@ lodist (B, B°) (|6, < VE )02}7 (153)
1 < ST T T 2vVd+c ; b o
Es=1|= QL 00X ) (Z0o Q%) (6r) < Cio (\f-i- dzst B +0')},
3{N§(k ) ’“’“21\ﬁ ()175
(154)
K
54:{ Z%((QEQXT) (X © Q) (Be,ifB*e;) A (Be,&B*e;))(e,@)T gcﬂj%%
= ’ (155)
(156)
where
=<6, < ve+ ’ dist(B B*)+ 0 o2 (157)
2= ) ’ 1-9 ’
_ t d . 5t P* J 2
_{HBO _B*6; <<ﬁ+1_5>dzst(B,B)+l_5a}, (158)
& ‘42 (R R*
= (\/E 1_6)2)dzst (B,B
1) 262 9 . N 0 2 62 4
+< 1_6+(1_6)2a>dzst(B,B)+ﬁl_6a +(1_6)2a.
(159)

which hold with probability at least 1 — exp(—90(d + ¢)) — exp(—90c? log(M)) for some constants
C1,C by Lemma B.8, B.9, B.10, B.11. Then we consider to bound A;, Ao, A3, respectively. Then
we consider to bound A; first, and we have

)\max((Gt)TGt) _ ||®t||; _ H@*(B*)T:Bt +Ft + Gt

2
) (160)
2

242Gt (161)

<2(|©*[; +2||F'||; I -

<2(e*2 + 2 H@ |12 dist? (Bf B*) + 2K g
B 2 (1=K ? (1-0)2" "~
(162)

262 2 5

< - * -

< (2+ (1_5)2[() 1© ||2+2K(1_5)2g : (163)
262 )

< —2 4.

< <2K + o2 5)2> T 2K7(1 —52° (164)
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Then when 7 is small enough, it’s simple to promise that I. — - Z,Ile 0,07 is positive definite.

Define diagonal matrix W € RX*X and Wik = % Then we have

K
Ui G oot ot\Tl T ot
L~ 5 2 Nebi(6)" | =|I —n(We')'e , (165)
k=1 2
<1~ PAmin ((Wet)Tet) , (166)

<1-7 (amm (W) o2 (@*(B*)Tﬂf) — i (WEH)TF) — amin((WGt)TGt))

+ 277 (Umax ((WFt)T(_)*(B*)TBt) + Omax ((WFt)TG) + Omax ((WGt)Te*(B*)Tﬁt)) 3 (167)
<l-n (mln]:,Nk> Ufnin(e)*)ar?nin ((E*)TBt) +n (Hmj(kak> O‘?nin(Ft)

N,
+n (ma’]‘g ’“) (e

" %7 (Hmjka\@) (Omax ((Ft)T(-)*) T oo ((Gt)T(-)*)) o <ma’;\’; N’“) Tmax (F)Tmax (G)

(168)
S1-nK (mnNN> Fhinotn ((B9)"B') + 20 (m”ﬁm) ()L, +116]1) 1©°1,
e () e o () D (25 (169
=1-nK (mi@@m> T onin ((B7)B') + 20 (mN N’“) (Il + 167]1,) 171,
() e, ¢ e a0
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Then under condition &1, &, €3, £4, we have
-+ SNy 0))7
k=1 2
<1-9K (W) O in «Tmin ((B*)TBt)
s (ma’j@m> ( i _g) 0 aist (BB ) 1ol
! <ma’;Nk> ((1 —~ g)\/f? 1©7 ||, dist (Et,B*) K- ﬁ 502)2 , (171)
<t (M o (88

N, WK SKo?
+ 277 man b 6-1211ax * + ? 5max,*
N 1—6 SR T

maxy, Nk 52 4
2 2K 172
n( N )(15) (2 +2K%) ()
. S & 2
ming N \ _, maxy Nk 6 _ 1,5

<1—-pK | —— E K 20 max.« + = , 173
= n ( N ) Inm x40 + n < N ) 1_5 (o s + 20 ( )

ming Nk _9 nK [ maxy Nk 52 nK maxy, Nk _9
<1- " Sl i L —hE : )
<1 ’7K ( N ) Omin, *EO + 5 < N O min, *EO 20 N amm,*EO
(174)

where Fg = 1 — dist? (BO, E*) <l ((B*)TBt) The Equation (173) holds when Ny is large
enough that makes the following equation holds

0 EO 1
—— <2< ——— .52, 175
where Kk = Z*‘% and the equation holds when N, satisfy
. 1 4] 1
min N ot +°'E)2 og(M )min{/#, _ } . (176)
0 min

Then consider A7, we will have

NN ing N, 1 { max; N,
< di ¢t B [ ming N} 1 k Nk .
A, < dist (B B ) (1 (( i~ 2 | = K52 . Fo 177)

The consider As, because HBj =1, and &3 holds, we have

Vvd+c ..
2 * 2
Ay S G0 (\[+ ~dist (B,B") + ——0 ) , (178)
< 1C10? Vdic (f+ ) . (179)
Similarly, for A3, we have
vd+c
As < nC 180
3 < Nle—— \/ﬁ (180)
\/d—l—c 1N ey e, 1 Ve 9
< \/N (\/E‘i‘ \/E) dist (B ,B ) + <400+20) (0’ +1) . (181)
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Combining Equation (151), (177), (179), and (181), and choose C = max{C;,Cs,C1Cs + Ca}, we
have

dist (Bf“, B*) < dist (Bt, B*)

o\ 2 o\ 2
ming Nk 1 [ maxg Nk 2 Vd+e 1 2 th1y—1

vd+c 1 _
e (0® +1) (2ve+ o ) IRTHT, - (182)
Then the remaining thing is to bound (R!*1)~!, Firstly we define
K
S'=Y"(af o XT) (X o ) (B'6} - B6}) (6)). (183)
k=1
K —
E' =Y (Qf oXT)(Zo Q) (6))". (184)
k=1
Then we have
B =B'— st gt 185
NS TN (185)

Because (R'T1)TR!I! = (B+1)TB!*!, and we have

(Bt+1)TBt+1 _ (Bt)TBt _ % ((Bt)TSt + (St)TBt> + ﬂ ((Bt)TEt + (Et)TBt)

N

"’ et M T qt Tt 0 Tt
+W(S)S—ﬁ((E)S—i-(S)E)—i—m(E)E, (186)
:IC_% ((Bt)TSt+(St)TBt) +% ((Bt)TEt+(Et)TBt)

n? T qt n? T qt t\ Tt n? Tyt
+W(S)S—m((E)SJr(S)E)er(E)E. (187)

By Weyl’s inequality, we have
Tmin (RFY)

_n AT Qb T rat
>1 N/\max((B) s'+(8)"B')

n AT ot Tt 772 Tt t\T ot
—N/\max((B)E+(E)B)—m/\max((E)S+(S)E). (188)

Then we can define

_n AT Qb Tt
RI_N/\max ((B) S +(S) B) ) (189)
Ry = %/\max ((Bt)TEt + (Et)TP,t> , (190)
2
n
Rs = 33 Amax (B)T'S" + (S)TE") . (191)
Then we have
o2 (R") > 1— Ry — Ry — Rs. (192)
Then we consider to bound R1, Re, and R3, respectively. Consider R first, and we have
Ry
n T BT ot
=1 S'p, 193
N X, P (BY)"S'p (193)
2n K
_4n T R_t\T 57T T A Atpt | *p* t\T
= ¥ max, p7 (8" (; (Qk oX ) (X © Q) (B 6. - B ek) CA) >p, (194)
K
n T R_t\T T T Atgt  T* _ Attt pg* T
<N mE,p B (;((ﬂk oX") (X o) (B'6; - B 6}) - N, (B0}~ B6;)) (6}) >p
2n K
<n T Ht\T $ Atpt  Rrpg* t\T
+ N ||gﬁ§§1p (BY) <k_1Nk (B 6,-B Bk) (6r) )p- (195)
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Under the condition £4, we have

Vd+ec 2n T B NT K . N
€+ — max B N, (B'6t —B*6;) (00)T | p, (196
VN Vs ) ,; « (B0 - B0r) @)" e 199

< (27762 %) <<\/E+ \/1170>2dist (Bt,B*_) + (4(1)0 + ‘£> (02 + 1))

Ry < 20Cs HBt

2] t_ B*Q* t\T
Ty iplaz1 P (ZN (B 0, — B ak) (65) ) P, (197
\/m 9 L 2
< 4y (cz T ) ((o ) (\/5+ \@)
2n K
T RBt\T \ Stpt 0k )k t\T
TN s> B (kz_l Ne (B0}~ B70;) (6}) ) p (198)

The remaining thing is to bound 22p” (B*)” (Zszl Ni, (]ABtBZ - B*H,’:) (OZ)T) p, and we have

K
- (z N (B - B°6;) <ez>T> b
k=1

K
2n PN .
= i L; ¢ (B'o; — B0} ) (61)"pp” (B (199)
K
_2n 7 (Htpt T T N\ TR T
—Ntrl; k(BBk—B Gk)((B) B*0; + F, +Gk) pp” (BY) (200)
Then we can define
[ K
2 N N . .
T =2 | S N (B') - BU6;) (6;)"(B")"B'pp” (BY)” | | (201)
Lk=1
m [ . /e
= e |7 N (B'6) - B6; ) (FL) pp” (B)” | . (202)
Lk=1
9 [ K
1, = Jhr |37 N, (B0} - B°6; ) (G})pp” (B)” (203)
Lk=1
Consider T3 first, we have
T = ?Vﬁt ZNk (B!(B)7B 6} + B'F}, + B'GL - B*6;) (07)" (B")"B'pp” (B')
Lk=1
(204)
2n [ K
= St | (B'(BYT ~ 1) Y- NiB*0;(6)7 (BY)TB'pp” (B)”
L k=1
K
2 ; > * * >
+ ]\?trl Ni (B'FL(67)7) (B*)"B'pp” (BT
k=1
K
+ 2y, Y (BtG;(e,’;)T) (B*)TBtpp? (BT (205)
N k=1 ’
= 2pir [(BY)TB' ((F)” +(G")T) We*(B*)"B'pp” | , (206)
maxy Ny *
<2—— ([F"]|z + |G| ) &7l - (207)
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Because &5 holds, we have

T <

maxy Ny 2
<2 Ol
maxy Nk 1) _ ] _
< MK ——— (HarznaX,* + 1_5020max,*> )

< ﬁ maxy Ny

- 5

Then consider 75, we have

2
T2 = Nntr

N

K
> (B'6; - B6; ) (F,)"pp” (B)”

51071 )

—tr [Z N, ( (BYTB*6; + B'F. + B'G! — B*e,’;) (FL)TppT (BY)T

= ontr {(Bt)TBt (F)TF" + (GY)TF?) prT} ,

<2 N

maxy N

maxy N

—2

< 2n N

k=

K
2
_J\T/]”[

k=

1

N, (Bt(ﬁt)Tfa*o;; +B'FL 1+ BIG! - B*e;;) (GY)

1

1) 52
((1 —o)p e T g2
nK maxy Ny

=100 N
Finally, consider T3, we have

K
277 < - O * )* 0
L=yt [Z Ni (B0} ~B°6}) (GL)Tpp" (B)

EO Omin,* *

(L + 1 6 -

= 2ntr [(BY)TB' ((G)TG' + (F)"G") Wpp' | ,

Sy

maxyg Nk

Sy

gmaxk Ny
— 100 N

maxyg Nk (52
(1-4)?

Ko

EO IIlll’l *

(e I+ 1) e

52
4 + \/Eo—max,*oj) )

(1-24)

Combining Equation (210), (216), and (222), we have

Ry <4n <C2

22 (w00 ) )

Then consider Ry, because condition £3 holds, we have

2 =

2n

ma
N IIPHz—l

ax P pT(BHT (

m.

_z2n
N |pll

é 277610’2

K

¥ (@

k:
\/ +c
VN

p’ (B)"E'p,

k=1

roxXT)(Zoy) 6"

(ver o)
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Then consider R3, when condition &3, &4, 5, and Eg hold, we have

2

n T qt
E* )" S'p, (228)
TN ol pl(E)"S'p
2 ,Vd Vd 1\’
L2 (C’la +c(\f+ ))(Cg +C+1) (02+1)<ﬁ+> :
N VN VN V10
(229)
2n°Vd+c, , 9 1\°
The last equation holds when N satisfy N > -2—. Then combine Equation (192), (198), (227),

and (230), because N > (y/c+ 1)(0? + 1) holds we have
ormn(RT) >1— Ry — Ry — Rs, 231)
Vd+e 1 \? 11K max; N,
>1-8nC 241 - T e -
- yi ( \/N (U + ) \/E + \/ﬁ 50 N Oo.mln,*

(232)
Combining Equation (182) and (232), we have

dist (Bt+ B* ) < dist (B B* )
<1 o << ) (W)) 5r2nin¢*Eo + ﬂc\/j? (\/EJr \/117))2) Umin(Rt+1)71
j%c (02 + 1) (Zﬁ-l- %) amin(Rtﬂ)q ‘ o35

When % satisfy

makak 200 \/d—l—c(a +1)(ye+1)?

234
N B \% N KEOUmln * 7 ( )
we will have
1 N,
orn(RY) 2 1= SnK <ma’§§ k) om0 (235)
vd+c 1\? 7 maxg Nk 9
< —nK | ———= 7%, .Ey. 2
77C \/N (\/E+ \/ﬁ) >~ 20077 N Jmm,* 0 ( 36)

Then we have

dist (Bt“, B*) < dist (1“3213*)
in, N, 57 N, 1 N -

ming k maxpg k _2 maxpg k _2

<1 - TIK (( N > - 200 < N >) Jmin’*E0> (1 - 2’,7K ( N ) Umin’*Eb)

7 N 1 N o
maxg Nk \ _2 maxyg [Ng | _2
—nK | ——— in.x 2 1——nK | — in.x 2o . 2
+ (10077 ( N > Omin,* 0) ( 277 < N ) O min, * 0> ( 37)

O

Remark B.13. From Theorem B.12, we see that HCFL™ ’s convergence is strongly influenced
by maxy, N, 1 and miny, Nk In other words, HCFL™ converges faster as %]X[’“ increases. This
k

suggests that HCFLY performs better when the number of samples is evenly distributed among all
K underlying clusters.
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C RELATED WORKS

Federated Learning. As the de-facto algorithm in FL, FedAvg employs local SGD (McMahan
et al,, 2016; Lin et al., 2020) to reduce communication costs and protect client privacy. However,
distribution shifts among clients pose a significant challenge in FL and hinder the performance of
FL algorithms (Li et al., 2018; Wang et al., 2020; Karimireddy et al., 2020; Jiang & Lin, 2023; Guo
et al., 2021). Traditional FL. methods primarily aim to improve the convergence speed of global
models and incorporate bias reduction techniques (Tang et al., 2022; Guo et al., 2023a; Li et al.,
2021; 2018). At the same time, some studies investigate feature distribution shifts using domain
generalization techniques (Peng et al., 2019; Wang et al., 2022a; Shen et al., 2021; Sun et al., 2022;
Gan et al., 2021). However, single-model approaches are inadequate for handling heterogeneous
data distributions, especially when dealing with concept shifts (Ke et al., 2022; Guo et al., 2023b;
Jothimurugesan et al., 2023). To tackle these challenges, clustered FL algorithms are introduced
to enhance FL algorithm performance.

Clustered FL with fixed cluster numbers. Clustered FL groups clients based on their local data
distribution, tackling the distribution shift problem. Most methods employ hard clustering with a fixed
number of clusters, grouping clients by various similarity metrics, such as local loss values (Ghosh
et al., 2020), local model parameter differences (Long et al., 2023), communication time/local
calculation time (Wang et al., 2022b), and fuzzy c-Means (Stallmann & Wilbik, 2022). However,
hard clustering may not capture complex relationships between local distributions adequately, and
soft clustering paradigms have been proposed to address this issue. For instance, FedEM (Marfoq
et al., 2021) employs Expectation-Maximization techniques to maximize likelihood functions. FedG-
MMcitepwu2023personalized suggests using joint distributions instead of conditional distributions.
FedRC(Guo et al., 2023b) introduces Robust Clustering, assigning clients with concept shifts to
different clusters to enhance model generalization. FedSoft (Ruan & Joe-Wong, 2022) calculates
weights based on the distances between clients’ local model parameters and cluster model param-
eters, with smaller distances indicating larger weights for that cluster. In this paper, we propose a
generalized formulation for clustered FL that encompasses the current methods and improves them
by addressing issues related to intra-client inconsistency and efficiency.

Clustered FL with adaptive clustering numbers. Another line of research focuses on automat-
ically determining the number of clusters. Current methods utilize hierarchical clustering, which
measures client dissimilarity using model parameters or local gradient distances. Most current meth-
ods modify cluster numbers by splitting them when client distances within clusters are large (Sattler
et al., 2020b;a; Zhao et al., 2020; Briggs et al., 2020; Duan et al., 2021a;b). Recently, StoCFL (Zeng
et al., 2023) suggests initially setting cluster numbers equal to the client count and merging clusters
with small distances. In addition to model parameter distances, some papers employ alternative
distance metrics for improved performance. For instance, Yan et al. (2023) employ principal
eigenvectors of model parameters. Vahidian et al. (2023) use truncated singular value decomposition
(SVD) to obtain a reduced set of principal vectors for distance measurement. Meanwhile, Wei &
Huang (2023) focus on the distance of normalized local features. FEDCOLLAB (Bao et al., 2023)
focuses on cross-silo scenarios with a limited number of clients and quantifies client similarity by
training client discriminators. However, the need for discriminators between every pair of clients
in FEDCOLLAB makes it challenging to expand to cross-device scenarios with numerous clients.
In this paper, we concentrate on cross-device settings, introducing a holistic adaptive clustering
framework enabling cluster splitting and merging. We also present enhanced weight updating for
soft clustering and finer distance metrics for various clustering principles.

D ALGORITHMS

Details of the HCFL™'. In Algorithm 2, we present a concise summary of the comprehensive
algorithm that integrates all the enhanced components of HCFL™, as introduced in Section 4.
Specifically, during each communication round, the algorithm performs the following steps: (1)
Randomly selects a subset of clients. (2) Calculates prototypes using Equations (241) and (242). (3)
Performs local updates using Algorithm 3. (4) The server aggregates local updates, updates cluster
model parameters, and computes client distance metrics using Equation (11) for each cluster k. (5)
Identifies k.4, as the cluster with the highest average distance. (6) Checks if the maximum distance
within k,,., significantly exceeds the average distance in this cluster. (7) If the following condition
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is met, splits the clusters using Algorithm 4.
max(Dj, ) —mean(D}, ) >p. (238)

(8) Mark and remove the empty clusters no clients will assign large clustering weights to using
Algorithm 5.

Intuitions on the distance metrics design. From the objective function (Eq. (2)), we should
assign higher clustering weights w; j.i, to clusters with greater L (X; ;,¥i,;, ¢, 0 ) to maximize the
objective function. Because the ultimate goals of the clustering algorithms are solving the objective
functions, we analyse the Li(X; ;,yi ;, @, 0k) to check the key factors influencing the value of
Ly (X j,Yi,j, ¢, 0k), and the relationships between these factors and the clustering principles.

We use the following algorithms as examples. For FedEM (Marfoq et al., 2021) and IFCA (Ghosh
et al., 2020), Ly (x,y, d,0r) = Py, (y|x); For FedRC (Guo et al., 2023b), L(x,y, ¢,0;) =

Py,0, (X,9) . _ . .
m. Defining z = ¢(x; ¢) as the local features extracted by ¢, assumingax — z — y

Probabilistic Graphical Model (with x and y being independent given z), we obtain:

Cu(%, 5, b, Op) = { Plylx; ¢, ;) = DUz PEmd) (FedEM, IFCA) } _ Li(z,y;0:)P(2]
XY, P,Uk) = x,y;¢, z; z|x; -
PP B o] = PO AP s P(zlx,y; ¢)
Then we aim to give the following explanations of the three terms P(z|x; ¢), P(z|x; ¢), and
Li(2z,y; 0y), which align with the terms considered in Sec 4.4.
P(z|x; ¢) for feature and label shifts. Feature shifts introduce significant distances in x.
Additionally, x with different y values generally exhibit substantial distances in the feature space.
Without this, classifiers cannot distinguish samples with different labels. Hence, we employ
P(z|x; ¢) to assess both feature and label shifts.

* P(z|x,y; @) for concept shifts. Concept shifts signify alerted x — y correlations. Hence, samples
with concept shifts but have the same y should exhibit a significant difference in P(z|x, y; ¢).

* L (z,y; 0y) for the quality of clustering. The L (z, y; 6,) is defined using features z = g(x; ¢)
instead of data x in Lj(x,y, ¢, 0)). This term evaluates if features z can be correctly assigned to
clusters given the current ®; otherwise, the objectives in (2) cannot be achieved.

Finally, we propose the following distance metric:

DF — max {dc, dis} Ep, [Ek(z,y;ek)] Ep, [ﬁk(z,y; Ok)} ,  ASCP
") dEp, [ﬁk(z,y; ek)} Ep, [Ek(@y;ek)] 7 CSCP

X p)

(FedRC)

(239)

where dist is the cos-similarity in this paper, d. =max, {dist (Ep, [P(z|x,y; ¢)] ,Ep, [P(z|x,y; ¢)]) },
and diy =dist (Ep, [P(z|x; )] ,Ep, [P(z|x; ¢)]). The distances above become large only when
the following conditions occur together: (1) Large values of d. indicate concept shifts between
clients ¢ and j; (2) Large dy indicate significant feature and label distribution differences. (2) Large

values of Ep, [[Zk(z,y; Ok)} Ep, [ﬁk(z,y; Ok)} indicate incorrect clustering weights with high
confidence.

Approximation of the distance metrics in practice. When calculating the distance metrics
(Equation (11)) in practice, to avoid training extra generative networks and transmitting more

data between servers and clients, we substitute @;,j, for Ek (z,y; 0)) since W, is positively cor-
related with L (z,y; 0)) (Marfoq et al., 2021; Guo et al., 2023b). Additionally, we approximate

Ep, [P(z|x,y; ¢)] and Ep, [P(z|x, y; ¢)] using feature prototypes. The prototypes are defined by
the following equation:

= Dist(Pc,i, Pc,j) , Jlf = Dist(Plfﬂ;, Plf7j) B (240)
where
| X N;
P.; € R¥C = [N B Zly”—lg(xl i ®), 1y, ,=c9(xij, @)], (241)
Jj=1 j=1
N;
P eR = Z Xij, ®), (242)

Ni.= Z 1 1y, ,=c, 9(X4,5, @) is the function parameterized by ¢, Dist is a function to measure
the distance between prototypes, which we use the cosine similarity as an example in this paper.
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Algorithm 2 Algorithm Framework of HCFL ™
Require: Local datasets D1, ..., Dy, number of local iterations 7, number of communication rounds 7',
number of clients chosen in each round S, initial number of clusters K°, number of classes C, and
hyper-parameter p.
Ensure: Trained global feature extractor ¢7, final number of clusters K7, and cluster-specific predictors
el =[{,.-. ,0£T],
1: Initialize (j)o e =169, - ,0%].
2: fort=0,...,7 —1do
3: Choose a subset of clients S, where |S!| =
for chosen client i € S* do
Calculate client prototypes P} by Equation (241)- (242).

.7-"t+1 ~t+k1, 7 B,Z—Z <— Local updates by Algorithm 3.

Send P!, FI*! and cl)t“, (]57, Ok .» Vk < K to the server.

7

]:la.test ]:-t+1.
. _ T
9: ¢t+1 - Zilgsi Ziest de)z .
. 1_ T
10: | 6t = ﬁ >iest Nibl i VE < K*.
W | Fot e [Fht - o Folhid where Fil o [0, Fiss™, - 30, Fid el
12: Initialize Cf = 0, Vk < K*.
13: for all client 7 do

AN A

14: Ci +— argmaxy, Wik.

15: Ci, « CL Ui,

16: R+ 0.

17: for k < K' do

18: if C} is empty then

19: | R'«R'UE.

20: Get the cluster-specific distance matrix Dy, € RISkIx \S;\’ Vk < K* by Equation (11).
21: Emin < argmax, max(D}).

22: if max(Dj, ) —mean(Dj, . ) > pthen

23: SplitCj, . intotwoclusters Cf, ., andCy . .

24 eitv:tllm = ﬁmml Ziecfcmm N Ni GZ:IH.” i

25: Add new cluster and update F by server side of Algorithm 4.

26: K" K'+1.

27: else

28 | | K" K

29: for cluster k. € R do

30: Remove cluster k. and update F, by server side of Algorithm 5.

31: K" K —

32: Send ', @' = [9t+1 . 9;; ~1], and information about add/remove cluster to clients.

Algorithm 3 Local Updates of HCFL™"

Require: Number of local iterations 7, current number of clusters K ' number of classes C, local dataset D;,

global feature extractor ¢*, cluster-specific predictors ®° = [0%,--- , 0%.,].
Ensure: Trained feature extractor ¢, , predictors @] = [0/, - 01 Tet]s QU = [Digy -+, Dyice], and
= [P P where FE = [FLTY, o FEL
: Update 'yff;;lk, 'ﬁf}k, wftlk, H by Equatlons #)-(5),Vj < Ni,k < K*. > Tier 2

1
2: forT:L...,T]do > Tier 1
3: Update 67, ; by Equation (6), Vk < K*.

4 Update ¢; by Equation (7).
5: ‘thj;,lc — Zjvzll Yi ]—(”ijlk
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Algorithm 4 Cluster Adding of HCFL™

Require: Kpin, set of clients Cj, .
Ensure: New /™', and predictor of the new cluster &

1: Server Side:
2:

: Add ]:gth+1 «— ]:g,k ¢
D Add FL0SS  Figkest o FOst V.

t+1

+1 1 7
t > ct Tk in it
K lecltc,m,i”ﬂ e Fmin»2 men

to ]-';H.

min

i, n

: Client Side:
D WKL Wik /2, V) < Ni

Wi jikimin € Wisjikmin /2, V5 < Ni.

min

D Wikt iskein /2.
L Wik

4 Wishyin /2.

min

2, the corresponding ol

m

Kt41°

in,?

for each client i € Cj, .

mi

2 and F.

Algorithm 5 Cluster Removing of HCFL*

Require: The cluster needs to be removed k-, and ]-'5“.

: Server Side:

: Remove ]:;",;1 from ]-';H.

: Remove F/4/*" from JF}***** V4.

: Client Side:

D Wik =l Y < NGk ke

Yntky Wi jin

o Wik
L@k Vk # ki

n#ky Yisn

1 Remove i ik, s Vi jiky > Wi jike > Wi jikps VI < Ni.
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E EXPERIMENT RESULTS

E.1 DATASETS AND MODELS

Diverse distribution shifts scenarios. Similar to previous work (Guo et al., 2023b), the diverse
distribution shift scenario construct clients with three types of distribution shifts with each other:
¢ Label Distribution Shifts: We use the idea introduced Yoshida et al. (2019); Hsu et al. (2019);
Reddi et al. (2021), where we leverage the Latent Dirichlet Allocation (LDA) with o = 1.0. We
split datasets to 100 clients by default.
¢ Feature Distribution Shifts: We utilize the idea of constructing CIFAR10-C, CIFAR100-C,
and ImageNet-C (Hendrycks & Dietterich, 2019). In detail, we apply random augmentations to
client samples, selecting from 20 types, including ’Original’, Gaussian Noise’, Shot Noise’,
"Impulse Noise’, 'Defocus Blur’, *Glass Blur’, "Motion Blur’, ’Zoom Blur’, *Snow’, "Frost’, "Fog’,
"Brightness’, ’Contrast’, "Elastic’, "Pixelate’, "JPEG’, ’Speckle Noise’, ’Gaussian Blur’, *Spatter’,
and ’Saturate’. Augmentation types remain consistent within each client.
* Concept Shifts: For label y < Cpg, it becomes y, (1 + y)%C3, and (2 + y)%C3 across concepts,
where Cg = |C * 3], and C is the number of classes.

Noisy label scenarios. We follow the methodology of previous works (Fang & Ye, 2022; Ke et al.,
2022) to construct noisy label scenarios. Our approach involves two types of noisy labels: symmetric
flip and pair flip. Symmetric flip entails randomly flipping the original class label to any wrong class
label with equal probability. Pair flip involves flipping the original class label only to a very similar
wrong category. We use the parameter x to control the noisy rate, where x = 0.1 indicates that 10%
of the data have wrong labels.

E.2 BASELINES AND HYPER-PARAMETER SETTINGS

Detailed implementations and hyper-parameter settings for all the algorithms Unless special
mentioned, we split each dataset to 100 clients with 3 concepts. The learning rates are chosen in
{0.03,0.06, 1.0}, and we report the best results for each algorithm. We run the algorithms for 200
communication rounds and set the number of local epochs to 1.

Detailed implementations and hyper-parameter settings of baseline algorithms. The details of
the settings and hyper-parameters we used for the baseline methods a summarized below. We exclude
the algorithms that do not require additional hyper-parameters here.

* CFL (Sattler et al., 2020b). We use the public code provided by (Marfoq et al., 2021) for the CFL
algorithm. The hyper-parameters tol; and tols are tuned, and we report how the hyper-parameters
affect the results of the algorithm in Table 1.

¢ ICFL (Yan et al., 2023). Follow the same setting as the original paper, we set the hyper-parameter
a * (0) to {0.85,0.98}, and €; = 4.0.

¢ stoCFL (Zeng et al., 2023). We choose 7 = {0,0.05,0.1,0.15} to control the trade-off between
personalization and generalization as suggested by the original paper. In addition, we choose
A = 0.5, which always achieve the best performance as reported in the original paper.

* HCFL™ (FedRC) (Guo et al., 2023b). We set ji = 0.4, and choose p = {0.05,0.1,0.3}. The
distance between clients are calculated by Equation (?7?).

¢ HCFL™ (FedEM) (Marfoq et al., 2021). We set i = 0.4, and choose p = {0.05,0.1,0.3}. The
distance between clients are calculated by Equation (11).

*« HCFL™ (FeSEM) (Long et al., 2023). We choose p = {0.05,0.1,0.3}. Follow the original
paper, we use hard clustering paradigms that does not require the hyper-parameter fi. The model
splitting process is the same as Sattler et al. (2020b) that designed for hard clustering paradigms.
The distance between clients are calculated by Equation (11).

E.3 ADDITIONAL EXPERIMENT RESULTS

Results on noisy data scenarios In Table 3, we show the performance of clustered FL emthods on
noisy data scenarios. Results show that HCFL™ consistently outperform other methods by a large
margin.

Additional results on diverse distribution shift scenarios. In Table 4, we show the performance
of algorithms with 3 = 0.4. Results show HCFLT always achieve the best test accuracy, and achieve
a good local-global balance.
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Table 3: Performance of algorithms on noisy data scenarios. We evaluated the performance of algorithms
using the CIFAR10 dataset split into 100 clients. For each algorithm, we report the best test accuracy for all 200
communication rounds.

. CIFAR10 (MobileNetV2)
Algorithm
Pairflip, x = 0.1 Pairflip,x = 0.2 Symflip, x = 0.2 Symflip, x = 0.4

FedAvg 54.75 +1.45 52.35 +£1.65 52.60 +0.50 41.80 +£0.50
FeSEM 32.60 +1.30 35.25 +£2.95 32.40 +£2.80 29.70 +£0.01

IFCA 24.95 £7.05 20.55 +4.65 30.35 £2.05 36.05 +4.45
FedEM 64.40 +£1.10 57.55 +2.95 53.00 +£1.90 43.10 £0.20
FedRC 67.90 +1.00 59.95 +£1.05 55.25 +2.05 42.00 £0.40
HCFL™* 66.70 +0.40 62.70 +0.30 59.95 +1.15 47.20 +0.20

Table 4: Performance of the adaptive clustering methods. We evaluated algorithm performance on CIFAR10
and CIFAR100 datasets, employing 100 clients. For each algorithm, we present the highest validation and test
accuracies across 200 communication rounds, and the final number of clusters during training denoted as K7 .
All experiments utilized MobileNet-V2 (Sandler et al., 2018).

Algorithm CIFARI0, 5 = 0.4 CIFAR100, 8 =0.4

Val Test KT Val Test KT
FedAVg 48.16 +1.64 49.93 +0.80 3.0 22.77 +0.01  24.62 +0.55 3.0
FeSEM 46.08 +4.54  35.99 +4.59 3.0 23.56 +1.52 22.31 £1.08 3.0
IFCA 36.15 +3.45 24.79 +1.18 3.0 27.72 +0.82  21.37 £1.33 3.0
FedEM 60.26 +1.10 54.44 +0.04 3.0 25.80 +0.20 22.88 +£0.19 3.0
FedRC 57.99 +0.29 56.75 +0.38 3.0 30.94 +0.88 31.63 +0.20 3.0
CFL

tol; = 0.4,tolp =1.6 61.86 +5.29 51.15 +0.82 6.0 34.11 +6.35  21.04 +2.21 5.0
tol; = 0.4,tolp = 0.8 60.42 +£0.31 41.59 +2.14 8.0 36.23 +£3.58 16.03 +2.69 6.0
tol; =0.2,tol = 0.8 49.14 +6.11  49.88 +4.21 3.0 34.20 £7.13  26.42 +0.73 2.5

ICFL

a*(0) =0.85 77.73 £0.47  52.03 £0.10 100.0 49.71 +0.55 28.55 £0.03  100.0

a*(0) = 0.98 63.69 +£3.58 54.02 +1.11  81.5 4572 +£1.10 2845 +0.82 70.0
StoCFL

7 =0.00 48.55 +0.95 51.25 +1.16 1.5 2450 +0.03 25.70 +£1.51 1.0

7 =10.05 57.84 +£2.26 50.42 +£0.97 20.5 26.24 £1.46 26.60 +£1.17 4.0

7=0.10 72.91 +2.25 47.84 +2.60 59.0 67.67 +1.68 9.89 +0.45  86.0

7=0.15 77.19 £2.31  41.49 +0.97 92.0 70.13 +£0.27 7.77 £0.23  94.0
HCFL™ (FeSEM)

p=0.1 85.30 +1.05 45.20 +0.28 47.0 58.61 +4.14 1829 +2.38 35.5

p=03 80.34 +£1.33 48.25 +£2.72 20.5 44.65 +£0.35 21.73 £1.27 12.0
HCFL™" (FedEM)

p=0.05 80.31 +1.60 53.62 +4.36 18,5 62.19 +1.54 21.15 +0.88 44.5

p=0.1 82.89 +0.92 56.27 +£1.08 265 59.08 +0.06 21.29 +0.87 31.5

p=03 80.72 £1.90 55.77 £1.93 10.0 49.84 +6.85 28.62 +£0.78 11.0
HCFL™* (FedRC)

p=0.05 68.48 +0.25 66.77 +0.28 9.5  38.75 +0.98 30.45 +0.07 10.0

p=0.1 68.56 +3.56 65.75 £5.40 6.0 4030 +£1.19 30.23 £0.85 11.0

p=03 70.86 +0.31 70.13 £0.42 5.5  39.62 +£0.34 3222 020 5.0
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Table 5: Ablation studies on techniques in Sec 4.2. We evaluated algorithm performance on CIFAR10 and
CIFAR100 datasets, showcasing the top Validation and Test accuracies for each. We kept p = 0.3 consistent
across all algorithms and varied f to adjust the penalty term’s strength in the objective function. The best results
in each block are highlighted.

Algorithm CIFARI0, 8 = 0.2 CIFARIO, 8 = 0.4 CIFARI100, 8 = 0.2 CIFARI100, 8 = 0.4
Val Test Val Test Val Test Val Test
HCFL* (FedEM)
n=0.0 83.67 +0.72 62.43 +0.71 80.72 +1.90 55.77 +1.93 50.72 +2.97 32.13 +£0.18 49.84 685 28.62 +0.78
n=0.1 81.60 +0.59  60.48 +0.50  80.36 +2.40  55.10 +1.75  48.78 +0.62  30.50 +0.33 4856 +1.10  25.80 +1.17
p=04 79.52 +0.11  53.33 £2.97  76.50 +0.34  49.97 +2.26  44.85 +0.48 2839 +0.12  41.52 +0.08  22.83 +0.42
HCFL™* (FedRC)
f=0.0 70.82 +0.25 69.15 +£0.35  69.95 £1.99  67.09 £1.01  39.55 +£1.29 3549 +0.16 3877 £1.20 31.87 +£1.13
n=0.1 69.91 +0.16  68.77 +1.56  69.53 +0.21  68.54 +1.08  39.38 +0.40  35.95 +0.59 39.77 +2.33 31.52 +0.45
n=04 69.33 +0.24 69.67 +1.27 70.86 +0.31 70.13 +0.42 39.97 +0.21 36.50 +0.28 39.62 +0.34 32.22 +0.20

Table 6: Ablation studies on techniques in Sec 4.3. We evaluated algorithm performance on CIFAR10 and
CIFAR100 datasets, displaying their highest Validation and Test accuracies. We kept p consistent at 0.3 for all
algorithms. "w/ SCWU" denotes the use of soft clustering weight updating mechanisms designed in Section 4.3.

Algorithm CIFARI0, 8 = 0.2 CIFARIO, 8 = 0.4 CIFARI100, 8 = 0.2 CIFARI100, 8 = 0.4
Val Test Val Test Val Test Val Test
HCFL* (FedEM)
w/ SCWU 83.67 +0.72  62.43 +0.71 80.72 +£1.90 55.77 +1.93 50.72 +2.97 32.13 £0.18 49.84 +6.85 28.62 +0.78
w/o SCWU 82.11 +2.39  63.84 +0.19  80.08 +£0.99  58.83 +£2.12  49.77 £1.93 3290 £1.11 4791 +£2.67 2740 +1.17
HCFL™* (FedRC)
w/ SCWU 69.33 +0.24  69.67 +1.27 70.86 +0.31 70.13 +0.42 39.97 +0.21  36.50 +0.28 39.62 +£0.31 32.22 +0.20
w/o SCWU 69.88 +0.30  68.83 +0.71  70.77 +0.47  68.87 +£0.23  40.96 +1.24  35.72 +£1.01  39.18 +0.13  32.08 +0.78

Table 7: Performance of algorithms with Resnet18. We evaluated algorithm performance on CIFAR10 datasets
with 8 = 0.2, displaying their highest Validation and Test accuracies. All algorithms utilize ResNet18 and run
for 200 communication rounds.

Algorithm Val Test

CFL
tol; =0.4,tole = 0.6 63.07 £7.42 53.65 +2.33
tol; = 0.4,toly =0.8 61.14 £1.87 54.87 £1.32

ICFL
a*(0) = 0.85 80.46 +0.99 45.28 +6.56
a*(0) =0.98 82.34 +0.28 44.08 +0.40
StoCFL
7=0.1 57.41 +6.69 48.95 +1.95
7=20.15 66.54 +1.05 47.77 +0.14
HCFL™ (FeSEM)
p=0.05 86.90 +0.20 50.34 +5.99
p=0.1 85.55 +0.24 49.38 +6.15
HCFL™ (FedEM)
p =0.05 83.88 +0.25 58.92 +1.11
p=20.1 83.83 +£0.01 60.27 +3.11
HCFL™ (FedRC)
p=0.05 67.72 +1.30 64.13 +0.37
p=20.1 67.51 +0.24 63.15 +0.78
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