© ® N O g A~ W N =

- o

Decentralized Deterministic Multi-Agent
Reinforcement Learning

Anonymous Author(s)
Affiliation
Address

email

Abstract

[Zhang, ICML 2018] provided the first decentralized actor-critic algorithm for
multi-agent reinforcement learning (MARL) that offers convergence guarantees. In
that work, policies are stochastic and are defined on finite action spaces. We extend
those results to offer a provably-convergent decentralized actor-critic algorithm for
learning deterministic policies on continuous action spaces. Deterministic policies
are important in real-world settings. To handle the lack of exploration inherent in de-
terministic policies, we consider both off-policy and on-policy settings. We provide
the expression of a local deterministic policy gradient, decentralized deterministic
actor-critic algorithms and convergence guarantees for linearly-approximated value
functions. This work will help enable decentralized MARL in high-dimensional
action spaces and pave the way for more widespread use of MARL.

1 Introduction

Cooperative multi-agent reinforcement learning (MARL) has seen considerably less use than its
single-agent analog, in part because often no central agent exists to coordinate the cooperative agents.
As a result, decentralized architectures have been advocated for MARL. Recently, decentralized
architectures have been shown to admit convergence guarantees comparable to their centralized
counterparts under mild network-specific assumptions (see Zhang et al.| [2018]], [Suttle et al.|[2019]]).
In this work, we develop a decentralized actor-critic algorithm with deterministic policies for multi-
agent reinforcement learning. Specifically, we extend results for actor-critic with stochastic policies
(Bhatnagar et al.|[2009], Degris et al.| [2012],[Maei| [2018]], [Suttle et al.| [2019]) to handle deterministic
policies. Indeed, theoretical and empirical work has shown that deterministic algorithms outperform
their stochastic counterparts in high-dimensional continuous action settings (Silver et al.|[January
2014b|, [Lillicrap et al.|[2015]], Fujimoto et al.[[2018]]). Deterministic policies further avoid estimating
the complex integral over the action space. Empirically this allows for lower variance of the critic
estimates and faster convergence. On the other hand, deterministic policy gradient methods suffer
from reduced exploration. For this reason, we provide both off-policy and on-policy versions of our
results, the off-policy version allowing for significant improvements in exploration. The contributions
of this paper are three-fold: (1) we derive the expression of the gradient in terms of the long-term
average reward, which is needed in the undiscounted multi-agent setting with deterministic policies;
(2) we show that the deterministic policy gradient is the limiting case, as policy variance tends to
zero, of the stochastic policy gradient; and (3) we provide a decentralized deterministic multi-agent
actor critic algorithm and prove its convergence under linear function approximation.
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2 Background

Consider a system of N agents denoted by A" = [N] in a decentralized setting. Agents determine
their decisions independently based on observations of their own rewards. Agents may however com-
municate via a possibly time-varying communication network, characterized by an undirected graph
G = (N, &), where &, is the set of communication links connecting the agents at time ¢ € N. The
networked multi-agent MDP is thus characterized by a tuple (S, {A'},_ ., P, {R'},_\; {Gi}i>0)

where S is a finite global state space shared by all agents in A/, A’ is the action space of agent 4, and
{Gt}, is a time-varying communication network. In addition, let A = [, A" denote the joint
action space of all agents. Then, P : § X A x § — [0, 1] is the state transition probability of the
MDP, and R’ : S x A — R is the local reward function of agent i. States and actions are assumed
globally observable whereas rewards are only locally observable. At time ¢, each agent ¢ chooses its
action at € A’ given state s; € S, according to a local parameterlzed policy 7y : S ¥ At —[0,1],
where 7y, (s, a %) is the probability of agent i choosing action a’ at state s, and #° € ©F C R™ is
the policy parameter. We pack the parameters together as 0 = [(#1)",--- , (0V)T]T € © where
O = [[;cpr ©". We denote the joint policy by 7 : Sx.A — [0, 1] where 71'9(8, a) = [Tien mhi (s, at).
Note that decisions are decentralized in that rewards are observed locally, policies are evaluated
locally, and actions are executed locally. We assume that for any i € N, s € S, a* € A, the
policy function 7}, (s, a’) > 0 for any §° € © and that }, (s, a*) is continuously differentiable with
respect to the parameters #° over ©°. In addition, for any § € O, let P? : S x S — [0, 1] denote
the transition matrix of the Markov chain {s;},., induced by policy 7y, that is, for any s,s" € S,

PO(s'|s) = ,camo(s,a) - P(s'|s,a). We make the standard assumption that the Markov chain
{St}tzo is irreducible and aperiodic under any 7y and denote its stationary distribution by dy.

Our objective is to find a policy 7y that maximizes the long-term average reward over the network.
Let ry,; denote the reward received by agent ¢ as a result of taking action a;. Then, we wish to solve:

Z ZTH_I] = Z dg(s)mg(s,a)R(s,a),

mgXJ(ﬂ'g) = lim —
t=0 zeN s€S,acA

T—oo T

where R(s,a) = (1/N) - Y ,.p R'(s,a) is the globally averaged reward function. Let 7, =
(1/N) -3 ,enis then R(s,a) = E [Fy41]s; = s,a; = a], and therefore, the global relative action-
value function is: Qg(s,a) = Zt>0 [Fry1 — J(0)]s0 = s,a0 = a,mg], and the global relative

state-value function is: Vy(s) = 3, 4 ma(s,a)Qp(s,a). For simplicity, we refer to Vp and Qg
as simply the state-value function and action-value function. We define the advantage function as

Ap(s,a) = Qg(s,a) — Vi(s).

Zhang et al.|[2018]] provided the first provably convergent MARL algorithm in the context of the
above model. The fundamental result underlying their algorithm is a local policy gradient theorem:

Vi (o) = Esndy,armo [VW log ﬂéi(sa ai) ’ Aé(s, a)] )

where Aj(s,a) = Qg(s,a) — Vi(s,a™") is a local advantage function and Vj(s,a™%) =
> wicai Toi(s,a")Qo(s,a’,a™"). This theorem has important practical value as it shows that the
policy gradient with respect to each local parameter 6% can be obtained locally using the corresponding
score function Vi log 7y, provided that agent 4 has an unbiased estimate of the advantage functions
Ajp or Ag. With only local information, the advantage functions Aj, or Ay cannot be well estimated
since the estimation requires the rewards {r;}z Y of all agents. Therefore, they proposed a consensus
based actor-critic that leverages the communication network to share information between agents
by placing a weight ¢;(7, j) on the message transmitted from agent j to agent ¢ at time ¢. Their
action-value function )y was approximated by a parameterized function Q. : S x A — R, and each
agent ¢ maintains its own parameter w’, which it uses to form a local estimate Qwi of the global Qy.
At each time step ¢, each agent 7 shares its local parameter w; with its neighbors on the network, and
the shared parameters are used to arrive at a consensual estimate of Qg over time.
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3 Local Gradients of Deterministic Policies

While the use of a stochastic policy facilitates the derivations of convergence proofs, most real-world
control tasks require a deterministic policy to be implementable. In addition, the quantities estimated
in the deterministic critic do not involve estimation of the complex integral over the action space found
in the stochastic version. This offers lower variance of the critic estimates and faster convergence. To
address the lack of exploration that comes with deterministic policies, we provide both off-policy
and on-policy versions of our results. Our first requirement is a local deterministic policy gradient
theorem.

We assume that A° = R™. We make standard regularity assumptions on our MDP. That is, we
assume that for any s,s’ € S, P(s'|s,a) and R'(s,a) are bounded and have bounded first and
second derivatives. We consider local deterministic policies ji; : S — A* with parameter vector
¢° € O, and denote the joint policy by 119 : S — A, where pg(s) = (ppi(s), ..., uon(s)) and
0=1[6")T,...,(6N)T]T. We assume that for any s € S, the deterministic policy function i, (s)
is twice continuously differentiable with respect to the parameter 6% over ©°. Let P? denote the
transition matrix of the Markov chain {s;};>¢ induced by policy p, that is, for any s,s" € S,
PO(s'|s) = P(s'|s, pgo(s)). We assume that the Markov chain {s; };>¢ is irreducible and aperiodic
under any pg and denote its stationary distribution by d"¢.

Our objective is to find a policy 1y that maximizes the long-run average reward:

max J (p19) = Eonaro [R(s, p1o(s))] = > d"(s)R(s, po(5))-

sES
Analogous to the stochastic policy case, we denote the action-value function by Qp(s,a) =
> i50 Elft+1 — J(1e)|so = s,a0 = a, pgl, and the state-value function by Vy(s) = Qo (s, p1o(s)).
When there is no ambiguity, we will denote J (1) and d*¢ by simply J () and d’, respectively. We
present three results for the long-run average reward: (1) an expression for the local deterministic
policy gradient in the on-policy setting Vi J (pg), (2) an expression for the gradient in the off-policy
setting, and (3) we show that the deterministic policy gradient can be seen as the limit of the stochastic
one.

On-Policy Setting

Theorem 1 (Local Deterministic Policy Gradient Theorem - On Policy). For any 6 € ©, i € N,
Vi J (ug) exists and is given by

ai=p, (s)

Vo 0) = B | Vo 61V Qols 19,

The first step of the proof consists in showing that  VaJ(ug) =
Eqoaqo {Vg,ug(s)va Q6(87a)|a:,u,g(s)i|' This is an extension of the well-known stochastic

case, for which we have Vo J(mp) = Eswq, [V log(mg(als))Qa(s, a)], which holds for a long-term
averaged return with stochastic policy (e.g Theorem 1 of Sutton et al.|[2000a]). See the Appendix for
the details.

Off-Policy Setting In the off-policy setting, we are given a behavior policy 7 : S — P(A), and
our goal is to maximize the long-run average reward under state distribution d™:

Tr (o) = Egar [R(s, ()] = > d™(s)R(s, po(s))- )
seS

Note that we consider here an excursion objective (Sutton et al.|[2009], Silver et al.| [January 2014al,
Sutton et al.|[2016]) since we take the average over the state distribution of the behaviour policy 7 of
the state-action reward when selecting action given by the target policy (9. We thus have:

Theorem 2 (Local Deterministic Policy Gradient Theorem - Off Policy). Forany § € ©, i € N,
m: S — P(A) afixed stochastic policy, V gi J (19) exists and is given by

Vi I (16) = Esmdr | Vi fihi (5) Vi R(s,u;fi(s),ai)

at :l‘;i (s)
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Proof. Since d” is independent of § we can take the gradient on both sides of
Vo (10) = Eanar [Vorio(s) VaR(s,10(s))] ]

Given that Vi i) (s) = 0if i # j, we have Vgpg(s) = Diag(Vei i} (s),. .., Von il (s)) and the
result follows. O

This result implies that, off-policy, each agent needs access to ,u;fi (s¢) forevery t .

Limit Theorem As noted by Silver et al.|[January 2014b]], the fact that the deterministic gradient
is a limit case of the stochastic gradient enables the standard machinery of policy gradient, such as
compatible-function approximation (Sutton et al.| [2000b])), natural gradients (Kakade|[2001]]), on-line
feature adaptation (Prabuchandran et al.| [2016]],) and actor-critic (Konda| [2002]) to be used with
deterministic policies. We show that it holds in our setting. The proof can be found in the Appendix.

Theorem 3 (Limit of the Stochastic Policy Gradient for MARL). Let 7y , be a stochastic policy
such that g »(a|s) = v (ue(s), a), where o is a parameter controlling the variance, and v, satisfy
Condition[l|in the Appendix. Then,

I;Iil’(l) VoJre . (To.0) = Vod,u, (o)

where on the Lh.s the gradient is the standard stochastic policy gradient and on the r.h.s. the gradient
is the deterministic policy gradient.

4 Algorithms

We provide two decentralized deterministic actor-critic algorithms, one on-policy and the other
off-policy and demonstrate their convergence in the next section; assumptions and proofs are provided
in the Appendix.

On-Policy Deterministic Actor-Critic

Algorithm 1 Networked deterministic on-policy actor-critic

Initialize: step ¢ = 0; parameters jé, wi, W, 05, Vi € N state so; stepsizes {8+ }>0, {Bo,¢ } >0
Draw af, = /‘23 (so) and compute af, = Veiugé(so)

Observe joint action ag = (af, ..., al’) and ag = (ag, ..., a})
repeat
for: € N do

Observe 51 and reward 7}, ; = 7%(s;, a;)
Update Jy 1 < (1= Bug) - Ji + Bue - Tigr _
Draw action a;41 = Méi’ (8t4+1) and compute a; | = Vy; %2 (S¢+1)
end for
Observe joint action a1 = (afy1,...,apr, ;) and Gy = (@t q, ..., a5 )
for i € N do _ o .
Update: &; = iy — Jy + Qui(St1, ars1) — Qui(se, ar)
Critic step: &} < wi + Bu.t - 01 - ViQui(se, ar)

i
t

Actor step: 0, = 6] + (g, - Vgiuég(st) VaquAw%:(st, a;t,at)

w=w

a*=aj
Send @} to the neighbors {j € N : (i, ) € &} over G, t
Consensus step: wj,; < > il

end for

Update t <t + 1

until end
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Consider the following on-policy algorithm. The actor step is based on an expression for Vi J (i)
in terms of V ,: Qg (see Equation (I3)) in the Appendix). We approximate the action-value function Qg

using a family of functions Qu:SxA—R parameterized by w, a column vector in R*. Each agent
i maintains its own parameter w® and uses () as its local estimate of (Jg. The parameters w' are

updated in the critic step using consensus updates through a weight matrix Cy = (Ci] ) - e RNXN
i,j

where cij is the weight on the message transmitted from i to j at time ¢, namely:

Jh == Bug) i+ Bus i )

w;/ = UJZ. + Bw,t . 6; . Vw@wi (8157 at) 4 (3)

Wi =Y ¢ & @)
JEN

with _ _ o .
0 =71 — i+ Qui(st1, 1) — Qui(st, ar).
For the actor step, each agent ¢ improves its policy via:
i1 =01+ Bot - Vi (st) - VaiQui(st,ar ' a’) : )

[——2
a"=ay

Since Algorithmis an on-policy algorithm, each agent updates the critic using only (s, at, S¢41), at
time ¢ knowing that a; 1 = g, (St+1). The terms in blue are additional terms that need to be shared
when using compatible features (this is explained further in the next section).

Off-Policy Deterministic Actor-Critic We further propose an off-policy actor-critic algorithm,
defined in Algorithm [2] to enable better exploration capability. Here, the goal is to maximize
J=(ue) where 7 is the behavior policy. To do so, the globally averaged reward function R(s, a) is

approximated using a family of functions R : S x A — R that are parameterized by \, a column

vector in R%. Each agent 7 maintains its own parameter A\’ and uses R,: as its local estimate of R.
Based on (II]) the actor update is

9§+1 = 9; —+ Be,t . V97/1’7é§ (St) . va"’R)\i (St, M;;L(St),al) s (6)

at=tgi (st)

which requires each agent 7 to have access to ugj (s¢) forj € N.
t

The critic update is

X =X+ Bri - 0) - VaRi(si,ar) A=A ”
i = Z GIN, (8)
JEN
with j ‘ R
op =" (st,ar) — Ryi(se, aq). ®

In this case, 6§ was motivated by distributed optimization results, and is not related to the local
TD-error (as there is no "temporal" relationship for R). Rather, it is simply the difference between
the sample reward and the bootstrap estimate. The terms in blue are additional terms that need to be
shared when using compatible features (this is explained further in the next section).

5 Convergence

To show convergence, we use a two-timescale technique where in the actor, updating deterministic
policy parameter 6° occurs more slowly than that of w* and J? in the critic. We study the asymptotic
behaviour of the critic by freezing the joint policy g, then study the behaviour of §; under convergence
of the critic. To ensure stability, projection is often assumed since it is not clear how boundedness of
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Algorithm 2 Networked deterministic off-policy actor-critic

Initialize: step ¢ = 0; parameters \j, X, 0, Vi € N; state so; stepsizes {Bx.; }r>0, {Bo.¢ >0
Draw af, ~ 7"(sg) , compute af, = “23 (so) and af) = ng;ﬂeé(so)
Observe joint action ag = (ag, ..., ad’), ao = (a3, ..., a4 ) and ap = (af, ..., ad’)
repeat
for i € N do 4 .
Observe sy, and reward ;| = (s, ay)
end for
for i € NV do .
Update: &; < 11 — Ryi(se, at)

Critic step: i < Al + By - 61 - VR (51, a0) Ny
7t

Actor step: 0y = 0 + Bo.c - Vi prg (se) + Vs Ry (st %-f_ij(st),ai) )
) g alzﬂgz’ St
Send \! to the neighbors {j € N : (i,5) € &} over G;
end for
fori € N do . o
Consensus step: \;, | + Zje v c? . )\i
Draw action ay41 ~ 7(S¢41), compute di+1 = Héi (s¢41) and compute 5i+1 _
t+1

Vgittg: (st+1)
t4+1
end for
.. . 1 N . . 1 . N ~
Observe joint action a;y1 = (G, q,---,a541)s Grp1 = (G4qq,---,05% 1) and @y =
(a )
RPN A
Update t <t + 1
until end

{9;} can otherwise be ensured (see Bhatnagar et al.[[2009]). However, in practice, convergence is
typically observed even without the projection step (seeBhatnagar et al.|[2009], [Degris et al.| [2012],
Prabuchandran et al|[2016], Zhang et al.|[2018]}, Suttle et al.|[2019]). We also introduce the following
technical assumptions which will be needed in the statement of the convergence results.
Assumption 1 (Linear approximation, average-reward). For each agent ¢, the average-reward function
R is parameterized by the class of linear functions, i.e., Ry: (s, a) = wg(s,a) - A" where wy(s, a) =
[wg,1(s,a), ..., wo K (s,a)] € R¥ is the feature associated with the state-action pair (s, a). The
feature vectors we(s, a), as well as V,wg 1 (s, a) are uniformly bounded forany s € S, a € Ak €
[1, K]. Furthermore, we assume that the feature matrix W, € RISI*X has full column rank, where
the k-th column of Wy g is [ [, m(als)we x(s,a)da, s € S] forany k € [1, K].

Assumption 2 (Linear approximation, action-value). For each agent ¢, the action-value function
is parameterized by the class of linear functions, i.e., Qi (s,a) = ¢(s,a) - w' where ¢(s,a) =
[¢1(s,a),..., 0K (s,a)] € R¥ is the feature associated with the state-action pair (s, a). The feature
vectors ¢(s, a), as well as V¢ (s, a) are uniformly bounded for any s € S,a € A,k € {1,...,K}.
Furthermore, we assume that for any 6 € ©, the feature matrix ¢y € RISI¥K hag full column rank,
where the k-th column of ®g is [¢x(s, 1g(s)), s € S| forany k € [1, K]. Also, for any u € R¥,
<I>9u 75 1.

Assumption 3 (Bounding 6). The update of the policy parameter 6% includes a local projection by
[ : R™ — ©° that projects any ; onto a compact set ©' that can be expressed as {¢°|q;(¢") <
0,j=1,...,5'} C R™, for some real-valued, continuously differentiable functions {¢}}1<;<:
defined on R™¢. We also assume that © = Hf\il ©' is large enough to include at least one local
minimum of J(6).

We use {F;} to denote the filtration with 7z = o(s,Cr_1,a7-1,77-1,T < 1).

Assumption 4 (Random matrices). The sequence of non-negative random matrices {C; = (cf;j )ij}
satisfies:
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1. C} is row stochastic and E(C}|F;) is a.s. column stochastic for each ¢, i.e., C;1 = 1 and
ITIE(C’t|.7-"t) = lTl a.s. Furthermore, there exists a constant € (0, 1) such that, for any
¢y >0, we have ¢;” > 1.

2. C, respects the communication graph Gy, i.e., ¢/ = 0 if (i,5) ¢ &,.
3. The spectral norm of E[C}| - (I — 117 /N)) - Cy] is smaller than one.

4. Given the o-algebra generated by the random variables before time ¢, Cy, is conditionally
independent of s, a; and r}_ ; forany i € N.

Assumption 5 (Step size rules, on-policy). The stepsizes 3., ¢, Bg,¢ satisfy:

Zﬁw,t = Zﬂe,t =0
t 1

Z( i,t + Bg,t) <0
t

Z 18,141 —
t

In addition, g+ = o(B,,¢) and limy_y00 Bes 141/ Buw,t = 1.
Assumption 6 (Step size rules, off-policy). The step-sizes 3, Bp,+ satisfy:

Zﬂx,t = Zﬁa,t = 00, Zﬁit + 53,15 <00
i i ¢

Bo,t = 0(Bxt)s tl_i)r&ﬁA7t+1/6/\,t =1.

On-Policy Convergence To state convergence of the critic step, we define D} = Diag [d“)(s), s €
8], Ro = [R(s,p9(s)),s € S]T € RIS| and the operator TQQ : RISI — RIS for any action-value
vector Q € RISI (and not RISIII since there is a mapping associating an action to each state) as:

T2(Q') = Ry — J(pg) -1+ PQ'.

Theorem 4. Under Assumptwnsl I and 5| l for any glven deterministic policy g, with {Jt} and
{w;} generated from (2), we have lim;_, o+ N D ieN Jt = J(pe) and limy_, o w! = wy a.s. for any

i € N, where
0
= d’(s)R(s, po(s))
seS
is the long-term average return under L9, and wy is the unique solution to

By " DT (Powg) — Bowy] = 0. (10)

Moreover, wy is the minimizer of the Mean Square Projected Bellman Error (MSPBE), i.e., the
solution to
minimize [|®gw — 175 (Dow)[|s
w

where 11 is the operator that projects a vector to the space spanned by the columns of @y, and ||- H%g
denotes the euclidean norm weighted by the matrix Dj.

To state convergence of the actor step, we define quantities 1! 5, & and £ , as
Uio = Voingi(st) and i =i = Voipg (st),
5;,0 = Vi, Quy (st,a; ', a;) = Vo, 0(s1,a; " va )

a;=0;= M i (St)

03
- vﬂiqﬁ(St’ a; ', ai) ’ai:l“‘;i(st) W

ai=ai=p}, (St)

5; = vaiQw% (Staa;l7ai)

a'i:N;i (St)
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Additionally, we introduce the operator f‘() as

g o T+ g90)] -6
I lg@)] = lim [ ; ]

(an

forany 6 € © and g : © — R™ a continuous function. In case the limit above is not unique we take
I [g(6)] to be the set of all possible limit points of .

Theorem 5. Under Assumptions E] and|5| the policy parameter 0} obtained from (5) converges
a.s. to a point in the set of asymptotically stable equilibria of

0" =T [Eq, g0y [Vig-Elp]], foranyie N. (12)
In the case of multiple limit points, the above is treated as a differential inclusion rather than an

ODE.

The convergence of the critic step can be proved by taking similar steps as that in Zhang et al.|[2018]].
For the convergence of the actor step, difficulties arise from the projection (which is handled using
Kushner-Clark Lemma Kushner and Clark][[1978]]) and the state-dependent noise (that is handled by

“natural” timescale averaging |(Crowder| [2009])). Details are provided in the Appendix.

Remark. Note that that with a linear function approximator Qg, Vg - &0 =

Voo (st) V(,ng (s¢,a) may not be an unbiased estimate of VyJ(6):

a=pg(st)

Egoao [r,0€0] = Vo (0)+Eg g0 {VGHQ(S)' <anUJ9 (s,a) (o)
a=ug(S

— VaQu, (s, a)|a_#6(s)>} .

A standard approach to overcome this approximation issue is via compatible features (see, for
example, Silver et al|[January 2014a] and Zhang and Zavlanos|[2019]), i.e. ¢(s,a) = a - Vguge(s) T,
giving, for w € R™,

Qu(s,a) = a-Vopg(s)Tw = (a — pg(s)) - Vopa(s) "w + Vi(s),
with V,,(s) = Qu (s, o(s)) and  V,Q.(s,a) = Vouo(s)  w.

a=po(s

We thus expect that the convergent point of () corresponds to a small neighborhood of a local
optimum of J(up), i.e., VyiJ(pg) = 0, provided that the error for the gradient of the action-

value function V,Q,,(s,a) o VaQo(5,a)|,—,,(s) is small. However, note that using
a=pug(s

compatible features requires computing, at each step ¢, ¢(s¢,a;) = a; - Voua(s¢) . Thus, in

Algorithm |1} each agent observes not only the joint action a;41 = (a;y4, ..., aﬁ_l) but also

(Vorpgr (8¢41), -+ -, Vo uéVN (st+1)) (see the parts in blue in Algorithm .

Off-Policy Convergence

Theorem 6. Under Assumptions[I| ) and|[6] for any given behavior policy 7 and any 6 € ©, with
{)\ } generated from @, we have llmtﬁoo)\t = Mg a.s. for any i € N, where \g is the unique
solution to

Bw,e')\ezAwe'ds (13)
where dS = [d”(s),s € S]T, Aro = [f R(s,a)w(s,a)"da,s € S] e REXIS| gnd
Brg = [ZSES d™(s) wa(a\s)wi(s,a) ~w(s, )Tda 1< < K] € REXK,

From here on we let

gz,@ = Vai R/\e (Stv :u;;z (St)7 ai) )\.9

ai:ng (st)

= Vo w(se, n b (se), ai
a,i:H;i(st) a; ( t?/’l/et l( t)7 Z)
t

Et va1 RA (St, ,ue—v (St) az) )\i

= Va,w(st, iy " (s1), az)|

ai:.“'z%' (31) Mel (St)

and we keep

1/)2,9 = Voilh:(s¢), and ) = 77[’2791, = VQ'i/J,fgz(St).
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Theorem 7. Under Assumptions EI and @ the policy parameter 0 obtained from @ converges
a.s. to a point in the asymptotically stable equilibria of

éi = F1 I:]Eswd" [wi,e ’ 51%79]] ’ (14)

We define compatible features for the action-value and the average-reward function in an analogous
manner: wy(s,a) = (a — 1g(s)) - Vopg(s) . For A € R™,

Rao(s,a) = (a — po(s)) - Vopa(s) T - A
Vaf%)\,g(s, CL) = Vg,ug(S)T - A

and we have that, for \* = argmin E;g~ [Hvaﬁ)\,g(s, 1o(s)) — VaR(s, 1o (s))|?]:
A

VoTr(1o) = Esar [Vopo(s) - VaR(s,a)l = Eqnar [Vono(s) VaRa= (s, a)

]

The use of compatible features requires each agent to observe not only the joint action taken
at41 = (atyq,...,ap, ;) and the “on-policy action” ayy1 = (aj4q,...,a ), but also a;pq =
(Vg (se41), .-+, Von uéVN (st+1)) (see the parts in blue in Algorithm .

t t

a=16(s) ] a=pp(s)

We illustrate algorithm convergence on multi-agent extension of a continuous bandit problem from
Sec. 5.1 of Silver et al| [January 2014D]]. Details are in the Appendix. Figure 2] shows the convergence
of Algorithms 1 and 2 averaged over 5 runs. In all cases, the system converges and the agents are
able to coordinate their actions to minimize system cost.

10 action dimensions

— Agorithm 1
Algorithm 2
a0 400
A

25 action dimensions 50 action dimensions

—— Algorithm 1
Algorithm 2 4000

—— Algorithm 1
Algorithm 2

3000

2000

Cost
Cost

%
20 \\,\ 100 '/\./\ 1000
0 T — 0 — — 0

0 50000 100000 150000 200000 250000 0 100000 200000 300000 400000 500000 0.0 02 04 06 08
Steps Steps Steps 1e6

Figure 1: Convergence of Algorithms 1 and 2 on the multi-agent continuous bandit problem.

6 Conclusion

We have provided the tools needed to implement decentralized, deterministic actor-critic algorithms
for cooperative multi-agent reinforcement learning. We provide the expressions for the policy
gradients, the algorithms themselves, and prove their convergence in on-policy and off-policy settings.
We also provide numerical results for a continuous multi-agent bandit problem that demonstrates
the convergence of our algorithms. Our work differs from Zhang and Zavlanos|[2019] as the latter
was based on policy consensus whereas ours is based on critic consensus. Our approach represents
agreement between agents on every participants’ contributions to the global reward, and as such,
provides a consensus scoring function with which to evaluate agents. Our approach may be used
in compensation schemes to incentivize participation. An interesting extension of this work would
be to prove convergence of our actor-critic algorithm for continuous state spaces, as it may hold
with assumptions on the geometric ergodicity of the stationary state distribution induced by the
deterministic policies (see |Crowder [2009]]). The expected policy gradient (EPG) of |Ciosek and
‘Whiteson| [2018]], a hybrid between stochastic and deterministic policy gradient, would also be
interesting to leverage. The Multi-Agent Deep Deterministic Policy Gradient algorithm (MADDPG)
of [Lowe et al.| [2017]] assumes partial observability for each agent and would be a useful extension,
but it is likely difficult to extend our convergence guarantees to the partially observed setting.
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Numerical experiment details

We demonstrate the convergence of our algorithm in a continuous bandit problem that is a multi-
agent extension of the experiment in Section 5.1 of Silver et al. (2014). Each agent chooses
an action a® € R™. We assume all agents have the same reward function given by R'(a) =
— (2, a' —a*)" € (X, a' — a*). The matrix C is positive definite with eigenvalues chosen from
{0.1,1}, and a* = [4,...,4]". We consider 10 agents and action dimensions m = 10, 20, 50. Note
that there are multiple possible solutions for this problem, requiring the agents to coordinate their
actions to sum to a*. We assume a target policy of the form pp: = 6° for each agent i and a Gaussian
behaviour policy 3(-) ~ N (67, 0';23) where 03 = 0.1. We use the Gaussian behaviour policy for both
Algorithms 1 and 2. Strictly speaking, Algorithm 1 is on-policy, but in this simplified setting where
the target policy is constant, the on-policy version would be degenerate such that the () estimate does
not affect the TD-error. Therefore, we add a Gaussian behaviour policy to Algorithm 1. Each agent

maintains an estimate Q" (a) of the critic using a linear function of the compatible features a — 0
and a bias feature. The critic is recomputed from each successive batch of 2m steps and the actor
is updated once per batch. The critic step size is 0.1 and the actor step size is 0.01. Performance
is evaluated by measuring the cost of the target policy (without exploration). Figure [2| shows the
convergence of Algorithms 1 and 2 averaged over 5 runs. In all cases, the system converges and the
agents are able to coordinate their actions to minimize system cost. The jupyter notebook will be
made available for others to use. In fact, in this simple experiment, we also observe convergence
under discounted rewards.
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Algorithm 2

‘ 30001 |
60 300
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Figure 2: Convergence of Algorithms 1 and 2 on the multi-agent continuous bandit problem.

Proof of Theorem 1]

The proof follows the same scheme as [Sutton et al.|[2000al], naturally extending their results for a
deterministic policy 1y and a continuous action space .A.

Note that our regularity assumptions ensure that, for any s € S, Vi(s), VoVy(s), J(8), Vo J(0),
d?(s) are Lipschitz-continuous functions of @ (since /g is twice continuously differentiable and © is

compact), and that Qy (s, a) and V,Qy(s, a) are Lipschitz-continuous functions of ¢ (Marbach and
Tsitsiklis| [2001]).

We first show that V. J(0) = E,wq0 [Voro(s)Va Qo(5,0)] 4=y, (-

The Poisson equation under policy (g is given by Puterman| [1994]

Qo(s,a) = R(s,a) — J(0) + Z P(s'|s,a)Vy(s).

s'eS

12



358 So,
VoVa(s) = VaQo(s, pa(s))
= Vo [R(s,10(s)) = J(0) + > P(s'|s, pa(s))Va(s")]

s'eS

— Vo (0) + Vo > P(s']s, po(s)) Vo (s')
s'eS

= Vouo(s) VaR(s,a)|,_,.

= Vouo(s) VaR(s, a)!a:m)(s) —VoJ(0)
+ Y Vouo(s) VaP(s']5,0)| o) Vols') + Y P(s|5,16(5)) VeV (s')

s'eS s'eS
= Vopo(5)Va [R(s,a) + 3 Plsls’,a)Va(s)]
s'eS

= VoJ(0) + ) P(s'|s, po(5) Vo Va(s)
s'eS

a=pp(s)

= Voro(s)Va Qo(5,0)|4— o + D P(5|s, 10(5)) VeV (s) — VoI (6)

s'eS
359 Hence,
Vo (6) = Vops(s)Va Qo(5. )| oy oy + 3 PU5']5, 18(5)) Vo Va(s') — VoVi(s)
s'eS
Zde V@J Zda Vg,ug a Qg(s,a)|a:lw(s)
SsES seS
+> d(s) > P(s'|s, po () VoVa(s') = > d’(s)VgVi(s
SES s'eS sES

Using stationarity property of d’, we get
> D d()P(sIs, u0(5))VoVa(s') = ) d(s")VoVi(s)).
seES s'eS s'eS

Therefore, we get

Vo (0) =Y d”(s)Vono(s) VaQo(8: )|y (s) = Bsmas [Voro(s) VaQo(s,a)l oy, o]
seS

se0  Given that Vi i) (s) = 0if i # j, we have Vopug(s) = Diag (Vg1 i, (s), - .., Von pd’ (s)), which
361 implies _ , _
Vi J(0) =B, go [VQi/,in (8)Vai Qo(s,py"i(s),a")

). (15)

ai=pii, (s)
ss2  Proof of Theorem[3

363 We extend the notation for off-policy reward function to stochastic policies as follows. Let 3 be a
ss4 behavior policy under which {s,};>¢ is irreducible and aperiodic, with stationary distribution d®. For
365 a stochastic policy 7 : § — P(A), we define

=S (s / 15) (s, a)da

SES
se6 Recall that for a deterministic policy i : S — A, we have

p) =Y d’(s)R(s, u(s)).

sES

367 We introduce the following conditions which are identical to Conditions B1 from |Silver et al.
ses  [January 2014a].

13
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Conditions 1. Functions v, parametrized by o are said to be regular delta-approximation on R C A
if they satisfy the following conditions:

1. The distributions v, converge to a delta distribution: lim, o [, v+ (a’,a) f(a)da = f(a’)
for a’ € R and suitably smooth f. Specifically we require that this convergence is uniform
in a’ and over any class F of L-Lipschitz and bounded functions, |V, f(a)||< L < oo,
sup, f(a) < b < o0, i.e.

lim sup ‘/ vy(a',a)f(a)da — f(a’)| = 0.

ol feF a’eR

2. Foreacha' € R, v,(d’,-) is supported on some compact C,» C A with Lipschitz boundary
bd(C,), vanishes on the boundary and is continuously differentiable on C,.

3. For each a’ € R, for each a € A, the gradient Vv, (a’, a) exists.

4. Translation invariance: for all a € A,a’ € R, and any § € R" such that a + § € A,
a+de A v, (d,a)=v,(a +da+9).

The following lemma is an immediate corollary of Lemma 1 from |Silver et al.| [January 2014a].
Lemma 1. Let v, be a regular delta-approximation on R C A. Then, wherever the gradients exist

Vov(d',a) = =Vv(d,a).

Theorem [3]is a less technical restatement of the following result.

Theorem 8. Ler g : S — A. Denote the range of ug by Ry C A, and R = UgRg. For
each 0, consider my , a stochastic policy such that g ,(a|s) = v, (ug(s),a), where v, satisfy
Conditionson R. Then, there exists v > 0 such that, for each § € ©, 0 — Jr, (75)
o Iy, (10), 0 = VoJr,  (T0.6), and o — VgJx, (1) are properly defined on [0,7] (with
Zm,o(ﬂe,o) = Jroo(10) = Jue(119) and NVoJz, (70,0) = Voryo(1t0) = Vodu,(pe)), and we
ave:
1;% VoJr, . (To,0) = 1;5% VoJry., (1o) = VT, (ko).

To prove this result, we first state and prove the following Lemma.

Lemma 2. There exists v > 0 such that, for all 0 € © and o € [O, 7’}, stationary distribution d™°-c
exists and is unique. Moreover, for each 6 € ©, g — d™° and o — Vgd™ < are properly defined
n [O, r] and both are continuous at (.

Proof of Lemmal(2] For any policy g, we let (PSB s,) s be the transition matrix associated to the
K s,s'€
Markov Chain {s; };>0 induced by 8. In particular, foreach § € ©,0 > 0, s,s’ € S, we have

Pr, = P(s|s, ua(s),
Pl = / 70,0 (a|s)P(s|s,a)da = / Ve (po(s),a)P(s'|s, a)da.
A A
Letd € ©,s,5' €S, (0,) € O such that 6, — 6 and (0,),,c € R+ 5, 1 0:

TOn,on __ DHO
Ps,s’ Ps,s’

Tor.on _ pHon
< |P% Peo

Hon _ pHe
s,8 + Ps,s’ Ps,s’

Applying the first condition of Conditions[I|with f : a — P(s'|s, a) belonging to F:

=| [ o, 61,0 P, )~ P s )|

Pﬂ—envan _ Hen
s,s’ s s’

— 0.

n—oo

sup ’/ Ve, (a';a)f(a)da — f(a")

fe]: a’€R

By regularity assumptions on 6 — pg(s) and P(s|s, ), we have

P — P9 = |P(/|s, 10, (5)) = P(s'ls, ()| — 0.

s,s’ s,s’

14
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398
399
400

401
402

404
405

406

407

408

410
411

412
413
414

415
416

417

418

419

420

421

422

Hence,
TOn,on e
P —PS”S, — 0.

U
5,8 n—00

Therefore, for each s,s" € S, (0, 0) — P:Z’,", with P7%° = P"?, is continuous on © x {0}. Note

5,8/ T T 5,8
that, for eachn € N, P — [[, ., (P"), . is a polynomial function of the entries of P. Thus, for
eachn e N, f,, : (0,0) — HS;S, (Pree™), o with f,,(0,0) = ], ., (P*"), , is continuous on
© x {0}. Moreover, for each § € ©,0 > 0, from the structure of P™.v, if there is some n* € N
such that f,,(6,0) > 0 then, for all n > n*, f,,(0,0) > 0.

Now let us suppose that there exists (6,,) € ©ON" such that, for each n > 0 there is a o, < n~! such

that f,,(0,,0,) = 0. By compacity of ©, we can take (6,,) converging to some § € O. For each

n* € N, by continuity we have f,+(6,0) = lim f,«(6,,0,) = 0. Since P*¢ is irreducible and
n—oo

aperiodic, there is some n € N such that for all s, s’ € S and for all n* > n, (P“G "*) > 0, 1i.e.
fnx(0,0) > 0. This leads to a contradiction.

Hence, there exists n* > 0 such that forall § € © and o < n* !, fn(0,0) > 0. Weletr = n* LIt
follows that, forall § € © and o € [0, r] , P™.< is a transition matrix associated to an irreducible and
aperiodic Markov Chain, thus d™< is well defined as the unique stationary probability distribution
associated to P™-v. We fix § € O in the remaining of the proof.

Let /3 a policy for which the Markov Chain corresponding to P? is irreducible and aperiodic. Let
s« € 8, as asserted in [Marbach and Tsitsiklis| [2001]], considering stationary distribution dP as a
vector (d?) _o € RISI, d7 is the unique solution of the balance equations:

S diPP, =d, s eS\{s.},
seES

yodl=1.

seS

Hence, we have A® an |S| x |S| matrix and a # 0 a constant vector of RIS! such that the balance
equations is of the form

APdP = q (16)
with A°

s,s’

depending on PSB, . in an affine way, for each s, s’ € S. Moreover, A? is invertible, thus
d? is given by

1
8 _ SABNT
d det( ﬁ)ad](A ) a.

Entries of adj(A”) and det(A”) are polynomial functions of the entries of P”.

Thus, 0 +— d7™00 = madj(/l”v”)—ra is defined on [0, 7] and is continuous at 0.

Lemmaand integration by parts imply that, for s, s’ € S, o € [0,r]:

/ Vave(a',a)l,_,, ) P(8']s,a)da = —/ Vavo(ug(s),a)P(s'|s,a)da
A A

= / vo(po(s),a)V,P(s'|s,a)da + boundary terms
c

kg (s)

- »/C VU(U9(5)7G)VGP(S/|S’a)da

g (s)

where the boundary terms are zero since v, vanishes on the boundary due to Conditions

15



423

424

425
426
427

428

429
430

431

432
433

434

435

436
437

439

Thus, for s, s’ € S, 0 € [0,7]:
VP, = VQ/J4W9,U(a|s)P(s's,a)da
_ /A Voro.s (als)P(s'|s, a)da (17)
= /AV(mg(s) Va/yg(a’,a)\a,:lw(s) P(s'|s,a)da

= Vgug(s)/c Vo (pg(s),a)VoP(s'|s,a)da

ug(s)

where exchange of derivation and integral in (T7) follows by application of Leibniz rule with:

*Va € A, 0 — mg,(a|s)P(s'|s,a) is differentiable, and Vymg ,(a|s)P(s's,a) =

V@M@(S) VQ’VU(G//? a)|g/:p,9(s)'

e Leta* € R,V0 € O,
IV omo.0(als)P(s |5, @) | = | Voro(s) Varvo (a', )]

a’=pg(s)

N

< 1010(5) lap || Vartr (@', @) )
up [V a10(5) o |1Vt (10(5), @)
[2<C]

sup [[Vosto (5) lop [1Vavo (a”s 0 = po(s) + )| (18)
S

IN

< sup [Vopg(s)lly, sup [[Varo(a®, a)l laec,-
0€© c

acCgqx*

where ||-||op denotes the operator norm, and (18) comes from translation invariance (we take

Vavs(a®,a) =0 fora € R"\Co»). a = sup [Vopg(s)|l,, sup [[Vavo(a®,a)l|laec,. is
€(~) a€Cyx

measurable, bounded and supported on C,+, so it is integrable on A.

* Dominated convergence ensures that, for each k € [1,m], partial derivative g;(0) =
0o, fA Vomg o (als)P(s'|s,a)da is continuous: let 6,, | 6, then

(Hn)—c'?ek/Aergn_,g(as)P(sﬂs,a)da
:aﬂkﬂan(s)/ ve(a®,a— pg, (s) + a*)VoP(s'|s,a)da

2 Do) [ w00 o(s) 40" VP, ) = ()

*

with the dominating function @ — sup |v,(a*, a)|sup [VaP(s'|s,a)| 1aec,.
a€Cy*
Thus o +— VyP[57 is defined for o € [0,r] and is continuous at 0, with VP’ =

N
Vopg(s) VaP(s']s,a)|,_,, () Indeed, let (0n), cy € [O,T]+ , o, 4 0, then, applying the first
condition of Conditions[I|with f : a — V,P(s'|s, a) belonging to F, we get

TO,0m
HWPS;; — VP,

— 0.

n— oo

= [IVouo(s)llp

/ Vo, (110(5), @) Vo P(s'|s,a)da — Vo P(s'|s, )|, (s)

Cug(s)

Since d™0-o = madj (A0.2) " g with | det (A™.) | > 0 forall o € [0, 7] and since entries

of adj (A™~) and det (A7) are polynomial functions of the entries of P™ ., it follows that
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o — Ved™ - is properly defined on [0, r] and is continuous at 0, which concludes the proof of
Lemmal[2l O

We now proceed to prove Theorem §]

Let § € ©, 1y as in Theorem[3] and 7 > 0 such that o — d™, o — Vyd™ are well defined on
[0, 7] and are continuous at 0. Then, the following two functions

0= Jry, (T6,0) Zd”“ /W@U(al) (s,a)da,

sES

o= Jﬂe,a (ug) = Z d™e (S)R(&M@(S))v
seS

are properly defined on [0, 7] (with Jr, ,(79,0) = Jr, o (110) = Jpu,(10))- Let s € S, by taking
similar arguments as in the proof of Lemma|Z|, we have

Vg/Ang(a| s)R(s, a)da—/AVgﬂg,o(a,s)R(s,a)da
= Vgug(s)/c Vo (g(s),a)V4R(s,a)da.

g (s)

Thus, o — VgJr, , (T9,.) is properly defined on [0, r| and

VoJry ., (To,0) ZV@d”“ /ng(a| YR(s,a)da

seS

+Zd”9’“(s)V9/A7rgg als)R(s,a)da

seS

= Z Vod™ / Vo (pe(s),a)R(s,a)da

seS

—&-Zd’r“ YVoue(s )/c Vo (116(8), @) Vo R(s, a)da.

seS #o(s)
Similarly, o — VgJx, , (119) is properly defined on [0, r] and

Jro.. (110) Z Vod™ 7 (s)R(s, nao(s)) + Z d™ (s)Vpg(s) V4 R(s, a)‘
sES sES

a=po(s)

To prove continuity at 0 of both o + Vg Jr,  (79,s) and o = Vg Jr, (pe) (With VoJr, ((7e0) =
VgJWG,O(/'I’G) = ve‘]ue (NG))’ let (Jn)nzo 1 0:

V6.0, (T6.0) = VoIms (m0.0)|
<||VoTry. (T0.0n) = Voduy, (o)l + |VoTns.. (1t6) — Vodu,(ue)| - (19)

For the first term of the r.h.s we have

Hverem (70,00) = Vory,, (MG)H
< S Vpdmen (s ||] o ), ) s, e — (s )

seS

+ ) d™n ()] Vora(s)llop

seS

/ Vo, (1e(s),a)VaR(s,a)da — VQR(s,aﬂa:M(s)
A
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Applying the first assumption in Conditionwith f:aw R(s,a)and f : a — V,R(s, a) belonging
to F we have, foreach s € S:

[ v po().0) (s, )0 — R, o) — 0 and
.A n o0
H/A Vo, (116(8),a)V,R(s,a)da — VaR(S,a)‘a:M(S) =2 0.

Moreover, for each s € S, d™7n (s) — d"®(s) and Vpd™on (s) — Vpd"?(s) (by Lemma ,

n— oo n—oo

and ||V pg(s)|lop< 00, s0

||v9‘]7re,an (71'9,%) - VHJﬂe,gn (M@)H n:; 0.

For the second term of the r.h.s of (T9), we have

Vo Try, (18) = VoTuy (1o)|| <D [Vad™n (s) — Vad ()| | R(s, po(s))]|
seS

+ Y ld™n (s) = a0 (s)] [ Vona(s)

seS

a=po(s)

‘ VaR(s, a)|

Continuity at 0 of o +— d™(s) and o +— Vyd™ (s) for each s € S, boundedness of R(s, "),
V.R(s,-) and Vg (s)ug(s) implies that

V6T x0.0,, (116) = Vo, (h6)]| — 0.
Hence,

VoTrs.,, (T6.0,) = Vodr, o (70,0)|| vd 0.

So, 0+ VgJr, ,(7o,0) and VgJr, (1e) are continuous at 0:

1;1% Vodr, . (To0) = 1;1% Vodrs , (10) = VT, (10)-

Proof of Theorem [4]

We will use the two-time-scale stochastic approximation analysis . We let the policy parameter 6,
fixed as §; = 6 when analysing the convergence of the critic step. Thus we can show the convergence
of w; towards an wy depending on 6, which will then be used to prove the convergence for the slow
time-scale.

Lemma 3. Under Assumption— the sequence w! generated from @) is bounded a.s., i.e.,
sup, ||wi||< oo a.s., for any i € N.

The proof follows the same steps as that of Lemma B.1 in the PMLR version of Zhang et al.|[2018].

Lemma 4. Under AssumptionE] the sequence {Ji} generated as in@is bounded a.s, i.e., sup,|J}| <
oo a.s., forany i € N.

The proof follows the same steps as that of Lemma B.2 in the PMLR version of [Zhang et al.|[2018].

The desired result holds since Step 1 and Step 2 of the proof of Theorem 4.6 inZhang et al.|[2018]]
can both be repeated in the setting of deterministic policies.

Proof of Theorem [3

Let Fio = 0(0;,s,,7 < t) afiltration. In addition, we define

}1(97 s,w) = VQ/JG(S) : VaQUJ(Saa)|a:;Lg(s) ’
H(0,s) = H(0,s,wp),
h(e) = Es~d9 [H(e’ 8)] .
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Then, for each § € O, we can introduce vy : S — R" the solution to the Poisson equation:
(I—P?%) vp(-)=H(O, ) — h(0)

that is given by vp(s) = > 450 Eq, ~po( o) [H (0, 8K) — h(0)]so = s] which is properly defined

(similar to the differential value function V).

With projection, actor update (5) becomes

Or41 =T [0 + Bo. . H(Or, 8¢, wi)] (20)
[9t + B, th(ot) - ﬁe t ( ( ) - (at; St)) — Bo.t (H(Qn St) - H(et, Snwt)ﬂ

=TI [9t + Bo,ch(0:) + Bo ( (I — P%)uy, St)) + 50,tAH

r ['9t + Bo,th(0t) + Bo,t (Vo,(5t) — vo,(5t11)) + Bo,t (Vat (St41) — Patl/et(st)) =+ 59,:&At1]

T [6: 4 Boi (h(6;) + Af + A7 + A7) ]

where
Ay = H(0y, 8,w1) — H(0y, 81),
A? = vp,(st) — vo, (5141),
A2 = vy, (s041) — PP vy, (s).

For r < t we have
t—1

Zﬁe R A7 = Zﬁe k (Yo, (5k) — v, (Sk+41))

=r
t—1

= Z Bo.k (V0 (8) = Vorps (5611)) + Y Bok (Vor (Sr41) — Vo, (5641))

k=r

t—1 t—1
Z Bokt1 = Bo.k) Voo, (sk41) + Bo,ve, (1) — Bo,ve, (s1) + D e

ﬁ

—1

El(gl) + Z (2) + 777‘,t
k=r
where

6;(61) = (Bok+1 — Bok) Voy sy (Sk1)s
e = Bo (Vo (s541) — Vo (s141))
Nrt = 697»1/97‘( T) - Betyet (St)'

t—1
Lemma 5. >, Bo.x A7 converges a.s. for t — oo

Proof of Lemma[3] Since vg(s) is uniformly bounded for § € ©, s € S, we have for some K > 0

t—1
1
|| < K3 1Boksr = Bl
k=0

which converges given Assumption 3}

Moreover, since pg(s) is twice continuously differentiable, 6 — vy (s) is Lipschitz for each s, and so
we have

t—1
ZH )H <Z/69k“V9k Sk+1)_V9k+1(5k+1)||
k=0

< K? Zﬁe,k 10k — Okt

k=0

-1
< K? 253,1«

k=0
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Finally, lim ||n0.|| = B0 |ve, (s0)|| < oo a.s.

t—o0
Thus, 5 [|Be.r 42| < ito HGS) H +3020 He,(f)H + |[70,¢]| converges a.s. O
Lemma 6. ZZ_:B Bo kA3 converges a.s. for t — oc.

Proof of Lemmal6] We set

t—1 t—1
Zy = BonAi = Box (vo,(s641) — PP vp, (s1)) -
k=0 k=0
Since Z; is F;-adapted and [ [vg, (s¢41)|F:] = P%ve,(s:), Z; is a martingale. The remaining of the
proof is now similar to the proof of Lemma 2 on page 224 of Benveniste et al.| [1990]. O

Let g'(60;) = Eq, wae: [V 'ff,gt\]:t,g] and g(0) = [¢*(6),...,g" (F)]. We have
g'0) =D d*(s:) - 0 - &g,

stES
Given (10), & — wy is continuously differentiable and 6 + Vjywy is bounded so § +— wy is
Lipschitz-continuous. Thus 6 — &, , is Lipschitz-continuous for each s; € S. Due to our regularity
assumptions, 0 — wz 0, is also continuous for each i € N, s; € S. Moreover, 0 — de(s) is also
Lipschitz continuous for each s € S. Hence, 6 — ¢(f) is Lipschitz-continuous in 6 and the ODE
(T2) is well-posed. This holds even when using compatible features.
By critic faster convergence, we have lim; . [|§] — &} . ||= 0 s0 lim; oo A} = 0.

Hence, by Kushner-Clark lemma [Kushner and Clark][[1978] (pp 191-196) we have that the update in
(20) converges a.s. to the set of asymptotically stable equilibria of the ODE (12).

Proof of Theorem

We use the two-time scale technique: since critic updates at a faster rate than the actor, we let the
policy parameter 6; to be fixed as & when analysing the convergence of the critic update.

Lemma 7. Under Assumptions and @ for any i € N, sequence {\i} generated from @) is
bounded almost surely.

To prove this lemma we verify the conditions for Theorem A.2 of |Zhang et al.| [2018] to hold.
We use {F; 1} to denote the filtration with 71 = o (s, Cr_1,ar-1,77, Ar, 7 < t). With Ay =
[(AD T, ... (A T] T critic step (7) has the form:

A1 = (Cy @ I) (At + Bt - Y1) (21)

with ye 1 = (6fw(sg,an)’, ..., 00 w(sy, at)T)T € REN ® denotes Kronecker product and I is
the identity matrix. Using the same notation as in Assumption A.1 from [Zhang et al.|[2018]], we
have:

(N 31) = Baa [B0(50,0) 1 72] = [ m(alsn) (R (51,0) = ws1,) - Xu(sr,a) o
A
M,y = djw(se, ar)" —Boor [6§w(st, a)T|]-'t)1],
Ri(\) = Afr’(, -dy — Brg- A, where Aﬁrﬁ = [/ 7(a|s)R(s,a)w(s,a) da,s € S| .
A

Since feature vectors are uniformly bounded for any s € S and a € A, h' is Lipschitz continuous in
its first argument. Since, for i € A/, the r* are also uniformly bounded, I [|| M4 ||| F;1] < K- (1+
| A¢]|?) for some K > 0. Furthermore, finiteness of |S| ensures that, a.s., ||h(\;) — h(As, 5¢)]|2<
K’ (1+ ||\¢||?). Finally, ho(y) exists and has the form
hoo(y) = —Br0 - y.

From Assumption|l} we have that —B ¢ is a Hurwitcz matrix, thus the origin is a globally asymptot-
ically stable attractor of the ODE ¢ = h(y). Hence Theorem A.2 of Zhang et al.| [2018] applies,
which concludes the proof of Lemma 7}
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520 We introduce the following operators as in Zhang et al.|[2018]]:

521 o () :REN L RE
M =5aTe DA =5 SN
iEN
500 « J = (%nT ®]> : REN 5 REN guch that 7A = 1 ® (\).
523 e JL=1—-7J:REN 5 REN andwenote \| = T A=\ —1® (\).

524 We then proceed in two steps as in|[Zhang et al.|[2018]], firstly by showing the convergence a.s. of the
s25  disagreement vector sequence {\ ;} to zero, secondly showing that the consensus vector sequence
526 {(\:)} converges to the equilibrium such that {}\;) is solution to (13).

527 Lemma 8. Under Assumptions[} [I|and[6} for any M > 0, we have

sutpE[IIﬁX,iAL,t||21{suptHAtHSM}} < o0

see  Since dynamic of {)\;} described by is similar to (5.2) in|{Zhang et al. [2018]] we have

B8 b dentPFea] = 570 (1B A LelP42 1ALl B e 1 Fen)E + Bl |1 72.))
A\ t4+1
(22)

520 where p represents the spectral norm of E[C,” - (I — 11" /N) - C;], with p € [0, 1) by Assumption
sso (4 Since yj,; = 6} - w(s¢, ar)’ we have

E[llyesa |21 P01 ]| = B[ SN0 (51, 00) = wls, a)Ad) - wse, an) 721 Foa |
ieN

<2 E[ Z\\Ti(st’at)w(staat)TH2+||w(8t’at)T||4'||/\i||2\]:t,1]~
1eN

531 By uniform boundedness of r(s,-) and w(s,-) (Assumptions 1)) and finiteness of S, there exists
ss2 K7 > 0 such that

E[llges 210 | < Ka(1+ AP,

533 Thus, for any M > 0 there exists Ko > 0 such that, on the set {sup, <, [|A-[|< M},

]E|:||yt+1|‘2]l{sup7_§t\|)\7\|<]\/f}|‘Ft,1:| < K. (23)

sa¢ We let vy, = ||6):%>\J_,t||21{supT§tH)\TH<M}' Taking expectation over 1| noting that
535 Dsup, o,y A <nr} S Dgsup o, 2r | <ary We get

E(vi11) < ﬁf“ p (Ew) +2vE@®) - VK + Kz)

Nt+1

536 which is the same expression as (5.10) in Zhang et al.|[2018]]. So similar conclusions to the ones of
537 Step 1 of Zhang et al.[[2018] holds:

Sup E|:||B):i>‘l,t||2]]'{supt||kt\|§M}:| <00 (24)
and liltn Al =0as. (25)

538  We now show convergence of the consensus vector 1 ® (\;). Based on we have
(Aer1) = (Ce @ DA @ (Ae) + ALt + Baeyes1))
= (M) + (AL) + Bre((Cr @ D) (Y + By A L))
= (M) + B (h( A, 5¢) + Myya)
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where h(X, 8¢) = Ea,rr [(yeq1) | Fe] and My 1 = (Co@T) (Y1485, A Lt)) —Eapmr [(ye41) | F2].
Since (d¢) = 7(s¢, ar) — w(st, ar){A¢), we have

h()\t, St) = anw(f(suat)w(st? at)—r‘ft) + anw(w(st, at)<)\t> : U}(St, at)T|-7:t,1)

50 h is Lipschitz-continuous in its first argument. Moreover, since (A, ;) = 0 and 1" E(C;|F;1) =
17 as.:

1
Ea,mor [((CL ® I)(ye41 + B,\ji)w_,t)”]:t,l] =Eq rm [N(IT RI)(Cy @ I)(ys41 + 6):i>\J_,t)|ft,1}

17 ® I)(B(Cy| Fr1) @ DEayor [Yes1 + By ALtl Fea

1
= N(
1 ..+ B
N N(l E(CilFe1) @ DEqqor [ytJrl + 5A,t)w_,t|~7:t,1]
= EMNW [<yt+1>‘f'.t_,1] a.s.
So {M,} is a martingale difference sequence. Additionally we have

E[| M| Fea] <2-Elllyerr + B AL elld, [ Fea] + 2 [B[(yer1) | Fea]l1?

with G, = N=2.C, 11" C, ® I whose spectral norm is bounded for C} is stochastic. From and
we have that, for any M > 0, over the set {sup, ||A;||< M}, there exists K3, K4 < oo such that

E[||yt+1+5;j)m,t||2ct|]:t,1]]1{supt|\AtH§M} < KB'EmytJrl||2+H5):%)\J_,t||2|]:t71} Lisup, nf<my < Ky

Besides, since ri 41 and w are uniformly bounded, there exists K5 < oo such that
IE[(yes1) | Fea]lP< Ks - (1 + [[(A)][?). Thus, for any M > 0, there exists some Kz < 00
such that over the set {sup, ||[\:||< M}

E[|[Mer1|?|Fea] < Koo (L+11]?).

Hence, for any M > 0, assumptions (a.1) - (a.5) of B.1. from|Zhang et al.| [2018]] are verified on the
set {sup,||A¢||< M}. Finally, we consider the ODE asymptotically followed by (\;):

(A) = —Bro- (M) + Apg - d”

which has a single globally asymptotically stable equilibrium \* € R¥, since B, g is positive

definite: \* = B;}) <Az p-d". By Lemma sup,||(A¢)]|< oo a.s., all conditions to apply Theorem

B.2. of Zhang et al.|[2018] hold a.s., which means that (\;) = Afas. As A =1® (M) + AL
—00

and A ¢ tjo 0 a.s., we have for each i € N, a.s.,
A = By Arg-d.
Proof of Theorem [7]
Let F; 2 = 0(0,,7 < t) be the o-field generated by {0, 7 < t}, and let
Cia =& = Esonar [¥] - €l Fi2] Cia = Bopmar [V1 - (€ — &0, F2]
With local projection, actor update (G) becomes
0i 1 =T [0] + BosEs,ar [Uf - &l 0| Fr2) + Bo.eCla + BotCla) - (26)

So with b (8,) = B, wgr [ng‘ ey |]-‘t,2} and h(0) = [11(6), ..., h™ (0)], we have

i(0) =D d™(s0) - - &g, -

s:t€S

Given @, 0 > wy is continuously differentiable and 6 > Vgwy is bounded so 6 + wy is Lipschitz-
continuous. Thus 6 — &; 4 is Lipschitz-continuous for each s; € S. Our regularity assumptions
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ensure that 6 — 1)f , is continuous for each i € N, s; € S. Moreover, § — d?(s) is also Lipschitz

continuous for each s € S. Hence, 6 — ¢(0) is Lipschitz-continuous in 6 and the ODE is
well-posed. This holds even when using compatible features.

By critic faster convergence, we have lim;_, . [|§; — &} 5. [|= 0.

Let Mj = ‘24 BorCly. M} is a martingale sequence with respect to F;a.  Since
{wite, {Vadr(s,a)}s k. and {Vgpug(s)}s are bounded (Lemma [B] Assumption ), it follows

that the sequence {(t"’l} is bounded. Thus, by Assumption > E {HMZ_H — M} |2 |]-‘t72} =

. 2 . .
9.:C} < o0 a.s. The martingale convergence theorem ensures that { M/ | converges a.s.
Zt Hﬂ ; Ct,1 g g t g

Thus, for any € > 0,
S i 2 ) o

T=t
Hence, by Kushner-Clark lemma [Kushner and Clark] [1978]] (pp 191-196) we have that the update in
converges a.s. to the set of asymptotically stable equilibria of the ODE (12).

n>t

lirtn P (sup
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