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ABSTRACT

This paper studies the problem of jointly learning a reward function, a cost func-
tion, and a policy from human feedback. We formulate the problem as a con-
strained bi-level optimization problem, where the upper level infers the reward
and cost functions from feedback, while the lower level optimizes a policy to best
align with that feedback. To solve this problem, we propose a double-loop algo-
rithm, Constrained Bi-level Optimization for Reinforcement Learning from Hu-
man Feedback (CB-RLHF), which solves the lower-level optimization problem
in the inner loop and the upper-level optimization problem in the outer loop. We
establish a theoretical guarantee that CB-RLHF converges at a rate of O(1/vK),
and we demonstrate its effectiveness across multiple simulation environments.

1 INTRODUCTION

In reinforcement learning (RL), an agent aims to learn an optimal policy that maximizes a cumulative
reward in a dynamic environment. Designing an appropriate reward function is crucial to ensure that
the learned policy aligns with the desired objective. However, reward engineering is challenging
due to the need to capture numerous attributes (Knox et al., 2023) and the risk of reward hacking
(Skalse et al., 2022)). Reinforcement learning from human feedback (RLHF) has emerged as a
promising approach to address these challenges. Existing RLHF algorithms (Christiano et al.,|2017
Ouyang et al., 2022; [Novoseller et al., |[2020; (Chen et al., 2022; | Xu et al., [2020; Wu & Sun, 2023;
Zhu et al [2023; [Kong & Yang| [2022; [Zhan et al. |2023) typically follow a three-step iterative
process: data collection, reward learning, and policy learning. First, humans provide feedback on
data generated by the current policy. Second, a reward function is inferred from this feedback,
often using a likelihood-based method grounded in the Bradley—Terry model (Bradley & Terry,
1952). Third, the agent updates its policy to maximize the cumulative return under the learned
reward. These steps are repeated as the updated policy generates new data. By learning a reward
function from human feedback, RLHF removes the need for manual reward design. For example,
in natural language generation, human preference comparisons over candidate responses replace the
impractical task of manually defining rewards for all possible outputs. RLHF has recently found
success across diverse domains, including robotics (Hejna III & Sadigh| [2023)), natural language
processing (Ouyang et al., [2022), and computer games (Ibarz et al.,[2018).

Despite recent progress, existing RLHF algorithms face two key limitations. The first is constraint
inference. In many real-world scenarios, constraints are intrinsic, yet one-dimensional human feed-
back is insufficient to distinguish between objectives and constraints. Consider the case where a
user poses a question that violates ethical guidelines. An ideal large language model should refuse
to answer such a question to satisfy safety constraints. However, from the standpoint of helpfulness,
the question remains unaddressed, and the response becomes unhelpful. As discussed in (Dai et al.}
2023)), the inherently conflicting factors (safety and helpfulness) arise when humans provide prefer-
ence feedback. In these situations, it would be preferable for humans to indicate preferences across
multiple dimensions, such as safety and helpfulness, rather than being restricted to a single axis
of comparison. Otherwise, ambiguity arises, since one-dimensional feedback cannot fully express
intentions over competing objectives. Meanwhile, the single reward function learned from one-
dimensional preference feedback may be insufficient to capture the full spectrum of these conflict-
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ing factors. As a result, existing RLHF methods can produce policies that violate these constraints,
leading to undesired or unsafe behaviors.

The second limitation is misalignment (Chakraborty et al., 2023)), which occurs when the learned
reward function fails to fully capture the human’s intended objective, leading to suboptimal policies.
In most RLHF methods, feedback collection, reward learning, and policy optimization are performed
iteratively. As a result, the dependence of the learned reward function on feedback generated by the
evolving policy is overlooked. Some RLHF algorithms (Lee et al., 2021} |Park et al.,[2022])) typically
update the reward function using an expanding dataset. In each iteration, new trajectories from the
current policy are added to the dataset. However, the reward function is updated using batches of
trajectories collected in previous iterations, without incorporating feedback on trajectories generated
by the current optimal policy. This disconnect allows agents to exploit inaccuracies in the reward
function and gradually drift away from the intended behavior, thereby exacerbating misalignment.

Contribution. The contributions of this paper are fourfold. First, we study the constrained RLHF
problem where human feedback reflects both optimality and constraint satisfaction. We formulate
this problem as a constrained bi-level optimization problem. In particular, the upper level aims to
learn both a reward function and a cost function from human feedback. The lower level aims to learn
a policy that optimizes the learned reward while satisfying the learned cost. The general approach
is to treat the lower-level optimization problem as a constrained RL task. However, the constrained
RL problem is inherently non-convex, making hypergradient (i.e., the gradient of the upper-level
optimization problem) computation possibly intractable since it requires the inverse Hessian of the
lower-level objective function. To overcome this challenge, we employ its dual problem to refor-
mulate the lower-level optimization problem. This reformulation guarantees the existence of the
required inverse Hessian while preserving the result policy equivalence to the original constrained
RL formulation. In this framework, the upper- and lower-level decision variables are coupled: hu-
man feedback used to optimize the reward and cost functions is generated from the data induced by
the optimal policy according to the current reward and cost functions. This dependency resolves the
misalignment limitation. Second, we propose Constrained Bi-level optimization for Reinforcement
Learning from Human Feedback (CB-RLHF), an algorithm for solving this constrained bi-level op-
timization problem. A particular challenge is to compute the hypergradient because it includes the
derivative of the lower-level optimal solution, which is possibly non-differentiable. We overcome
this by applying the Clarke subdifferential approximation with two gradient evaluations. Third, we
provide theoretical guarantees showing that the algorithm converges at a rate of O(1/ VK ), and
we validate the performance gap between the optimal policy and the learned policy. Fourth, we
demonstrate the effectiveness of our approach through four experiments, showing that CB-RLHF
simultaneously resolves the misalignment and constraint inference limitations at once.

2 RELATED WORK

RLHF. Human feedback in RLHF generally falls into two major classes: ranking and pairwise
comparison. Pairwise comparisons can be further divided into two types. The first is action-level
preference (Zhu et al.} 2023} [Kong & Yang]| 2022} Zhan et al.| 2023} Li et al., 2023)), where humans
indicate which action is preferable given a particular state. The second is trajectory-level prefer-
ence (Novoseller et al.l 2020; (Chen et al.| [2022; [ Xu et al., [2020; |Wu & Sun, [2023)), where humans
specify which of two trajectories is preferred. In this paper, we adopt trajectory-level preference.
Existing RLHF methods can be broadly categorized into online and offline variants. Online ap-
proaches (Novoseller et al., 2020; Saha et al., [2023}; (Chen et al.| 2022} |Xu et al.| 2020; [Wu & Sun,
2023} Dai et al., 2023)) continuously update the reward model and policy through interactive agent-
environment interactions, where human feedback is collected and incorporated during training. This
enables iterative refinement of both the reward function and the agent’s policy, improving alignment
and mitigating overoptimization. Recent works (Chakraborty et al., 2023} [Shen et al.,|2024) formu-
late RLHF as a bi-level optimization problem. In (Chakraborty et al.|[2023)), the upper-level problem
learns a reward function from human feedback, while the lower-level problem computes the optimal
policy with respect to the learned reward. Meanwhile, (Shen et al., [2024) replaces the lower-level
optimization problem with a penalty-based formulation, integrating it directly into the upper-level
objective function. Safe RLHF |Dai et al| (2023 decouples human feedback into two components:
helpfulness and harmlessness. This formulation yields unbiased preference signals while balancing
two potentially conflicting objectives. In particular, the harmlessness objective can be naturally in-
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terpreted as a constraint in the optimization problem. Offline approaches (Zhu et al., 2023} [Zhan
et al., 2023} L1 et al., |2023)) train the reward model and policy on a pre-collected dataset and cor-
responding human feedback. This approach is well-suited for domains where online interaction is
costly, unsafe, or impractical.

Constrained bi-level optimization. There has been growing interest in constrained bi-level opti-
mization problems, where the lower-level decision variable is subject to constraints. Such problems
arise across diverse domains, including machine learning (Xu & Zhu,, 2023b), robotics (Ming et al.,
2023), and economics (Mehdipourpicha & Bo, 2020). Two primary approaches have been pro-
posed to address constrained bi-level optimization problems: value function-based methods (Ye &
Zhu,, 2010; [Liu et al.l 2023} [Yao et al.| [2024) and implicit gradient-based methods (Gould et al.,
2016; Tsaknakis et al., [2022; |Khanduri et al., [2023}; | X1a0 et al., 2023 Xu & Zhul [2023a)). The value
function-based approach reformulates the original bi-level problem into a single-level problem using
the value function. The implicit gradient-based approach solves the constrained lower-level problem
using the Lagrangian framework and derives gradients via implicit differentiation. However, a key
limitation of both approaches is the assumption that the lower-level constraints are convex. In this
paper, we relax this convexity assumption.

3 MODEL AND PROBLEM STATEMENT

In this section, we introduce our formulation of the constrained RLHF problem.

Markov Decision Process (MDP). Consider a MDP without a reward function, denoted as
MDP\R (S, A,~, H, Py, P), which includes the state space S, the action space A, the discount
factor v € (0, 1], the finite horizon H € Z* and the initial state distribution Py. The transition
function P(s’|s, a) denotes the probability density of transitioning from state s € S to state s’ € S
upon taking action a € A. A policy 7(a|s) specifies the probability density of selecting action a
given state s. A trajectory 7 is defined as a sequence of state-action pairs over the horizon, i.e.,
T = S0,00,51,01,.--,5SH-1,0H—1-

Human Feedback. Given any two trajectories, a human could provide three types of feedback (Dai
et al., 2023): (i) preference label y,- € {0, 1} comparing optimality, (ii) preference label y. € {0, 1}
comparing constraint satisfaction, and (iii) classification label z € {1,—1} indicating whether a
trajectory violates the constraints. For any trajectory pair (79, 71), the label y, = 0 if the human
prefers 7y over 7 in terms of optimality; otherwise, y, = 1. Similarly, the label y. = 1 if the
human prefers 79 over 7 in terms of constraint satisfaction; otherwise, y. = 0. For any trajectory
T, the label z = 1 if 7 violates the constraints and z = —1 otherwise. We define the unknown
human feedback distribution as h;(y;, Y, 20, 21|70, 1) Where zg and z; are the classification labels
for trajectories 7 and 7y, respectively.

Problem statement. An agent aims to learn a policy 7* that best aligns with human feedback.
Consider a trajectory 7y generated by the policy 7* and a trajectory 7, generated by any other policy
7. By definition, a human is expected to prefer 7y over 71 both in terms of optimality and constraint
satisfaction, and to regard 7y as not violating any constraints (y, = 0,y. = 1 and z = —1 for 7).

4 PROBLEM FORMULATION AND CONSTRAINED BI-LEVEL SETUP

To learn the policy 7*, the agent employs two parametric functions: a reward function rg : S x A —
R and a cost function ¢y, : S x A — R, parameterized by decision variables ¢ € R% and ¢ € R%v,
respectively. To mitigate the misalignment issue, the agent requires human feedback on trajectories
generated by the optimal policy corresponding to the current reward and cost functions. The agent
thus simultaneously learns the reward function parameter ¢, the cost function parameter v, and the
associated policy. We formulate this problem as a constrained bi-level optimization problem where
the lower-level optimization problem learns a policy via constrained RL under the current 4 and
¢,y and the upper-level optimization problem updates 74 and ¢, by minimizing a cross-entropy loss
with human feedback.

The lower-level optimization problem. Define the cumulative reward of a policy 7 under reward
function 7y as J,, (1) £ E™ [Zth_Ol Y74 (sn, an)], where the initial state is sampled from the
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distribution Py. Analogously, define the cumulative cost as J., (1) 2 E™[S 7"y ey (sn, an)].
Given 7 and ¢y, the agent aims to solve the following constrained RL problem:

(m) <0, (1

Cep

max J,, (7) 4+ H(m), st J
where H(7w) £ E7| hH:_01 —~"In(n(an|sn))] is the discounted entropy. The problem (1) is non-
convex because both the objective function and the constraint are non-convex. Since the primal
problem is difficult to solve due to its non-convexity, we instead derive its dual formulation:

min G(A; ¢, ), 2)

A>0

where the dual function is defined as G(\; ¢,%) £ max, J,,(7) + H(w) — AJg, (7) and X is
the Lagrange multiplier. Notably, the dual problem is a convex optimization problem. Let
A*(¢, ) denote the optimal solution to the dual problem (2). With A* (¢, ¢)) we can get the policy
Tgp A+ (o) = argmax Jp. (m) + H(m) — X*(p,1)J., (7). As shown in the following lemma, this

policy solves the primal constrained RL problem (TJ).

Lemma 1. The strong duality holds for the primal problem (I)) and its dual problem (2). The policy
T b, A+ (6,4) 18 identical to the optimal policy of the primal problem (E])

The proof of Lemma [I|is provided in Appendix Since the policy 7y 4 A+ (4,y) coincides with
the optimal solution to the primal problem (TJ), we adopt the dual formulation (2 as the lower-level
optimization problem. This allows us to compute both the dual optimal solution A*(¢, ) and the
corresponding policy g .\« (,4)-

The upper-level optimization problem. With the policy 7y y x+(4,4) Obtained from the lower-
level optimization problem, the agent samples trajectories to elicit human feedback. To model pref-
erences, we adopt the Bradley—Terry model, which predicts human choices based on the current
reward and cost functions. For any trajectory 7, define the cumulative reward of this trajectory as

Ty (T) = hH:_01 fyhm)(sh, ap), $p,an € T and analogously, the cumulative cost of this trajectory

is Jo, (1) & ZhH;Ol ey (sh,an), sn,an € 7. Given a trajectory pair 7o, 71, the probabilities that
a human prefers 7y over 71 in terms of optimality and constraint satisfaction are estimated by the
Bradley—Terry model as follows:

exp(Jry (70))
exp(Jr, (10)) + exp(Jr, (11))

exp(Je,, (10))
eXp(JCw (TO)) + exp(‘]cw (Tl))

1
14+exp(—x) "

P, (10> 1)= = 0(Jr,(10) = Jr,(71)) for optimality,

P., (10 = 71)= = 0(Je, (10)—Je, (1)) for constraint satisfaction,

where o(z) £

The agent employs the reward function 74 to model the human preferences over optimality, and
the cost function cy, to model both the constraint satisfaction and constraint violation classification.
Using human feedback together with the Bradley—Terry model, the parameters ¢ and v are learned
by maximizing the log-likelihood of the observed labels.

The pairwise comparison loss for the reward parameter ¢, based on the optimality preference label
Y., 1S defined as:

Lr(¢; A*(d)a 'l/))) £ E(m,n,yT)ND(yT,yC,ZU,zl,7—0,7—1;774,%’**(%14,))[(1 - yr) log U(Jr¢ (TO) - Jr¢ (Tl))

+yrlogo(Jy, (1) — Jr, (70))]-

3)
The sample distribution of trajectories and the collected human feedback is
D(Yr, Yes 205 21, T0, T15 T p A= (6,45)) 2 11 (Yrs Yes S0, 51170, T1) P(T05 T o, 7 (6,10) ) P(T15 T A* (6,0 )
where (7374 p s (b)) = Po(s0) 7= P(sni1]sn, an) T pax(6,0)(@n|Sh), Sn,an € T is the
trajectory distribution induced by the policy 7y y x+(¢,)- Notice that hi(y,, e, 20, 21|70, T1)
reflects the human feedback distribution, which is realized through sampling. The loss function
(3) represents the cross-entropy loss between the predictions based on 74 and the actual human
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preference label y,.. Specifically, when y,. = 0, the loss encourages the reward function 7 to assign
a higher cumulative reward to the trajectory 79; conversely, when y, = 1, it encourages a higher
reward for 7.

The total loss for the cost parameter 1, incorporating both the constraint satisfaction preference label
Y. and the classification label z, is defined as:

Le(¥, X (,7))
= _E(T()le1y61201zl)ND(yrvyca507zl77'017-1§7T¢>,’¢1,>\*(¢>,w))[(1 —Ye) IOgU(ch (T0) — ch (11))

part 1 4)
+yclogo(Je, (11) — Je,, (10)) +log o (z0Je, (T0)) +log (2 Jey, (m1))].

part 1 part 2

Part 1 corresponds to the pairwise comparison loss for the cost parameter ¢, which is similar to
equation . When y. = 0, the comparison loss encourages the cost function ¢, to assign a higher
cumulative cost to the trajectory 79, and when y, = 1, it encourages a higher cost for 7. In
this way, the loss captures human preferences for trajectories with better constraint satisfaction.
Part 2 leverages the additional classification labels 2y, z; to further refine the learning of the cost
function. Assume the existence of a baseline trajectory 7, such that J.., (7,) = 0. If a trajectory
7 violates the constraint (i.e., z = 1), the cost function c,, should assign a higher cost to 7 and
Pe, (1= 1) = 0(Je, (1) = Je,, (1)) = 0(2Jc,(7)). Conversely, if a trajectory 7 does not violate
the constraint (i.e., z = —1),the baseline trajectory 7, should be assigned a higher cost and P, (1p >~
T) = 0(Je, (1) — Je, (7)) = 0(2Je, (7)) (Dai et al., 2023).

cy

The agent aims to find the parameters ¢ and v that minimize the loss functions defined in Equations
and (4). This leads to the following upper-level optimization problem:

ar%?blinF(cé, AN (0,9)) £ Li(6, X (0,9)) + Le(v, A (,9)). S

Constrained bi-level optimization formulation. By coupling the upper-level optimization prob-
lem (3)) with the lower-level optimization problem (2), we obtain the following constrained bi-level
optimization problem:

argminF'(¢, 1, A"(¢,9)), st. A*(¢,¥) = argmin - G(A; ¢, ). (6)

¢, A>0

The lower-level problem computes the optimal Lagrange multiplier A*(¢, ) and corresponding
optimal policy 7y o, 3+ (4,4,) based on the given reward function r and cost function c,. The upper-
level problem then learns the reward function rg- and the cost function ¢y« by minimizing the
losses derived from human feedback, which incorporate optimality preferences, constraint satisfac-
tion preferences, and classification labels.

5 ALGORITHM

In this section, we develop the algorithm CB-RLHF to solve the constrained bi-level optimiza-
tion problem (6). A key challenge lies in computing the hypergradients Hy (¢, 1, \*(¢,4)) and
Hy (6,9, X*(¢,1)), both of which depend on the lower-level optimal solution \*(¢, ). The ex-
pressions for these two hypergradients are

Hy(d,9, X (0,9)) = Vo F (6,9, X(6,9)) + VA (6,90) T VAF (6,4, A (6,4)), (D)

and

Hy (6,9, N (6,9)) = Vi F(6, 0, X (6,9)) + Vy A" (,8) T VAF (6,9, A (,4)).  (8)

To compute these hypergradients, the upper-level objective function F(¢, 1, \*(¢, 1)) and the map-
ping A*(¢, ¥) need to be continuously differentiable with respect to ¢ and «). However, this assump-
tion is restrictive as the lower-level optimization problem in @ is constrained and \*(¢, ¢)) may fail
to be differentiable (Xu & Zhul 2023a). In particular, given any ¢’, if there is a non-differentiable
point in its neighborhood B(¢’, €), a ball centered at ¢’ with radius e, the gradient descent may break
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down. In such cases, the updates of ¢’ become non-smooth around the non-differentiable point, as
the hypergradient is not well-defined there. This non-differentiability presents a fundamental obsta-
cle for both hypergradient computation and algorithm design.

We adopt the Clarke subdifferential framework (Clarkel [1975)) to overcome this challenge.
Definition 1. The Clarke subdifferential (Clarke| |1975) of a locally Lipschitz function f(x) : R™ —
R at a point x is defined as Of(z) = conv{s € R" : I{x;},s.t.7; — x, V f(x;) — s}

Following Definition [I} the subdifferential with respect to ¢ can be approximated by extending the
Clarke subdifferential as conv{Hy(¢', 1, \*(¢',¢))|¢’ € B(¢,€)}. For any given ¢, we can sample
all feasible points in the neighborhood B(¢, €), compute the corresponding gradients, and take their
convex hull to approximate the subdifferential. If all points in B(¢, €) are differentiable, then the
convex hull coincides with the exact hypergradient. Otherwise, the approximation accounts for the
influence of non-differentiable points. Analogously, the approximated subdifferential with respect
to ¢ is conv{Hy (¢, V', X\ (¢, ¢’)) ' € B(v,€)}. These approximated subdifferentials can then
be used to update the decision variables, serving as a substitute for gradient descent with exact
hypergradients.

However, computing a hypergradient is computationally expensive. This is primarily because it
typically involves calculating the second-order Hessian of the lower-level objective function, which
is prohibitively costly to compute. Moreover, a large number of sampled points further amplifies
the computational burden, as a hypergradient needs to be computed at each sampled neighbor. As a
result, approximating the hypergradient for all sampled neighbors significantly increases the overall
computational cost.

We address this computational challenge in two ways. First, for each ¢ or ¢, we approximate the hy-
pergradient when a non-differentiable point is in the neighborhood B(¢, €) or (v, €); otherwise, we
compute the exact hypergradient. This selective approach reduces computational cost by avoiding
unnecessary approximations. Second, inspired by Equation (5) in (Xu & Zhul [2023a), we further
approximate the hypergradient using only two gradient evaluations, thereby achieving a tractable
and efficient computation.

5.1 HYPERGRADIENT COMPUTATION

When A\*(¢,v) is continuously differentiable at ¢ or v, we compute Hy(d, 9, A*(¢, 1)) or
Hy(¢,%, X*(¢,1)). Otherwise, we approximate the subdifferential at ¢ or 9.

Check non-differentiability. Since the upper-level objective function F'(¢, 4, \*(¢,1)) in the
problem (6)) is continuously differentiable (as shown in Appendix [A.7), whereas the lower-level
optimal solution A*(¢, ) may not be. Therefore, it is necessary to verify the differentiability of
A*(¢, ). To this end, we consider the Lagrangian formulation of the convex optimization problem
as L(¢, 0, \,v) = G(\; ¢,9) — v(¢, )\, 1)), where v(¢, ) denotes the Lagrangian multi-
plier. The procedure for checking differentiability with respect to each ¢ on B(¢', €) is summarized
in Proposition|[I] and the process for each ¢ is analogous.

Proposition 1. For any ¢ and € > 0, the lower-level optimal solution \*(¢, ) is continuously
differentiable on B(¢,¢€) if there exists § > 0 that v(¢p,v) > ||Vev(o,¥)|e or X*(¢,9) >
[VeA* (¢, ¥)|e.

The explicit expressions of v(¢, 1) and A* (¢, ¢) are shown in Appendix When either inequal-
ity is satisfied, no point in the neighborhood 5(¢, €) results in v(¢, 1)) = 0 and A*(¢,¢) = 0. When
v(p, 1) = 0.and A*(¢, 1)) = 0, the lower-level optimal solution A\*(¢, 1)) lies exactly on the bound-
ary of the constraint, while the constraint itself does not affect the optimality condition. This creates
a fragile balance where even small perturbations in ¢ can abruptly alter whether the constraint is ac-
tive in shaping A*(¢, ¢)). Due to the abrupt nature of this transition, the mapping from ¢ to A* (¢, ¥)
becomes non-smooth and thus non-differentiable.

Computing exact hypergradients. When the conditions in Proposition |l| are satisfied, the
exact hypergradients can be directly computed. In this case, we obtain the hypergradients

Hy(h, 9, X*(p,9)) and Hy (¢, 1, \*(¢, 1)) from Equation (7) and (8), respectively. These hyper-
gradients are computed by applying the chain rule to differentiate the upper-level objective function

F(¢, 1, A* (¢, 1)) with respect to ¢ and ).
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Approximating subdifferentials. When the conditions in Proposition |I| are violated, the corre-
sponding subdifferentials are approximated as follows:

and

Sy = {xty (6,9, A (¢, ¥)) + (1 = K)VyF (g, 4, A (6,9))|r € [0,1]}. (10)
One gradient evaluation corresponds to the exact hypergradient Hgy(o, 1, \*(o,v)) or
Hy(¢,%,X*(¢,1)), while the other is obtained by considering the lower-level optimal solu-
tion as zero which reduces Hy (¢, ¥, \*(¢,v)) to V4 F (¢, ¢, X*(¢,1)) or Hy (¢, 9, A\ (9, )) to
Vo F (9,1, \*(¢,1)). Since each subdifferential is approximated using two gradient evaluations,
the convex hull simplifies to a linear combination. With this approximation strategy, we are now
ready to present the complete algorithm for solving the constrained bi-level optimization problem.

Algorithm 1 Constrained Bi-level optimization for RLHF (CB-RLHF)

1: Initialize parameters ¢° and 1/, step size sequences {ax }, {8k}, {ws }, and the initial radius €g
2. fork=1,--- , K do
3: € k%

4: fort =0,1,--- ,t — 1 do

5: Compute A" = max (0, \t — w, VAG(\; ¢, %))

6: end for

7 )\k (Zsk 7702 )\tk 1 ¢k 2

8: if v gbk > ||V¢I/ (;Sk ¥F)||€* or )\k(¢’“ PE) > [V AR (9%, k)| eF then
9: Compute g¢ = Hy(¢", ", Nk (¢, 4F)) through Equation

10: else

11: Compute g5 = arg mingesg, |||l

12: end if

130 i u(@8,0F) > [[Vyr(dF, oF)[|e" or NE(6F, 4F) > [y AR (¢, 4F)[|e" then
14: Compute g, = Hy (¢", 9", \¥(¢F,4*)) through Equation

15: else

16: Compute 95} = argmingeg, |9l

17: end if

18: AP — F — akg(’;

19: PR =k — Brgh
20: end for

5.2 ALGORITHM STATEMENT

The CB-RLHF algorithm is summarized in Algorithm[I] At each iteration k, the agent first partially
solves the lower-level optimization problem within an inner loop and then uses this intermediate
solution to address the upper-level optimization problem in the outer loop. The next step is to de-
termine whether to compute exact hypergradients or approximate subdifferentials by checking the
conditions in Proposition[1} For each ¢, if \*(¢*,¢*) is continuously differentiable over the neigh-
borhood B(¢*, ) the hypergradient is computed directly by extending Equation (7). Otherwise, it is

proximated using Equation (9). An analogous procedure is applied for 1)*, using either Equation
(8) or Equation . Finally, the parameters ¢* and ¢/* are updated via gradient descent.

6 ANALYTICAL RESULT

In this section, we present our analytical results on the convergence rate of the hypergradient and
the performance gap between the learned policy and the human policy. To facilitate the analysis, we
impose the following assumptions on the estimated reward function and the cost functions.
Assumption 1. For any s € S,a € A, the reward function ry(s,a) satisfies |ry(s,a)] <
Ry, [|[Vgrs(s,a)|| < Rpo, and HV2 re(s,a)|| < Rp3 for any ¢. Similarly, the cost function ¢y (s, a)
satisfies |cy (s, a)| < Cp, || Vypey (s, a)|| < Cpe, and ||Vwc¢(s a)|| < Cys for any 1.
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Assumption 2. We assume there exists a reward (cost) model class F, the estimated reward function
T4, the estimated cost function cy, the true reward function of the human ry, the true cost function
of the human cy, belong to F.

Assumption [T| implies that the derivatives of the reward function 74 and the cost function ¢, are
bounded. Such boundedness of higher-order derivatives is a standard assumption and has been
widely adopted in bi-level optimization (Liu & Zhul 2022} |Zeng et al.| 2022), RL (Wang et al.,
2019; Zhang et al.,[2020), and RLHF (Zhu et al., 2023). Assumption@]further states that all reward
and cost functions belong to a common function class, such as neural networks. This assumption
has also been employed in prior RLHF studies (L1 et al., [2023).

Let d(S,S8’) = min{||z — y|||x € S,y € S’} denote the distance between two sets S and S’. We
now state Lemma[2] which establishes the feasibility of approximating the subdifferential using only
two hypergradient evaluations.

Lemma 2. Assume there exists a small ¢ > 0 with a ¢ € B(p,e) leads
10 \*(¢',¢) non-differentiable at ¢'.  We have d(Sg4,conv{Hy(¢" 0, \*(¢",¢))|¢" €
B(¢, €), \*(¢",v) differentiable}) < O(e).

Lemma [2! shows that the approximation error between the estimated subdifferential S, and
conv{Hy(¢", ¢, \*(¢",9))|¢" € B(d,¢€), \* (¢, 1) differentiable} is bounded by O(e). An anal-
ogous result holds for ). Therefore, a convex combination of just two gradient evaluations provides
a computationally efficient yet theoretically sound approximation of the subdifferential. This con-
struction guarantees stable updates even in the presence of non-differentiable points. Accounting
for this approximation error, we now establish the convergence rate of the proposed algorithm in the
following theorem.

Theorem 1. Suppose Assumption |l| holds, by choosing oy, B, o % and € = k%, the following

K
convergence guarantee holds:

1 1
min{||gs[|*|gs € So} < O(—=),and min{|lgy|*|gy € Sy} < O %)

VK

Theorem |1| shows that Algorithm 1| converges at a rate of O(\/%) This result implies that the
proposed subdifferential approximation method (Equation (9) and (I0)) effectively approximates
the true subdifferential.

Let N(F, || - ||, 1) denote the n—covering number for the function class F under the infinity norm
I - [loo and n as the number of preference data collected at each iteration.We define the cumula-
tive reward difference between g« 4« x«(¢+ 4+) and human policy 7, according to the true reward

function ry as SUbOPLR(Tye e x+ (6% 1)) = Jrn (Th) — oy (T p A= (6 o) )- Analogously, the
cumulative cost difference between gy« x=(¢+ =) and 7, according to the true cost function cy,

is defined as SubOPtC (T ye e ae (g2 ) = Jepn (1) = Ty (T e A (6% %) )-
Theorem 2. Suppose Assumptions|l|and2|hold, the following holds with probability at least 1 — §:

1. NE oo 2
SUBOPLR (g - ) < W Fin DL ewl)
and
1. N(F ||l 2)
SubOPtC Ty e o (97 ,7)) < O(\/n ln(%)).

Theorem 2] demonstrates that the policy Ty« - x«(g+ 4= is learned efficiently.

7 EXPERIMENT

This section presents the experimental results of Algorithm [I]in the MuJoCo environment (Towers
et al.| [2024), a widely used physics engine and simulation platform for modeling and controlling
complex robotic systems in reinforcement learning and robotics research. We evaluate CB-RLHF
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on four benchmark tasks, Walker2D, Half Cheetah, Hopper, and Swimmer. In each environment,
the default reward function is adopted as the ground-truth reward, and a corresponding ground-truth
cost function is designed. Detailed descriptions of these environments and the construction of the
cost functions are provided in the Appendix [A.10]

We compare the proposed algorithm with three baseline methods: PEBBLE (Lee et al., [2021)), Safe
RLHF (Dai et al., 2023), and PARL (Chakraborty et al., 2023). PEBBLE, a standard RLHF algo-
rithm, suffers from both the constraint inference and misalignment limitations. Safe RLHF addresses
the constraint inference limitation, while PARL mitigates the misalignment issue. In contrast, CB-
RLHF simultaneously tackles both. During training, human feedback is synthetically generated
based on the ground-truth reward and cost functions. For each trajectory pair, the trajectory with
the higher cumulative reward under the ground-truth reward function is preferred in terms of opti-
mality, while the trajectory with the lower cumulative cost under the ground-truth cost function is
preferred in terms of constraint satisfaction. A trajectory is considered to violate the constraint if its
cumulative cost exceeds zero.

Table 1: Cumulative return and constraint violation rate at the final environment step.

Environment Algorithm Cumulative return Constraint violation rate

PEBBLE 750.46 + 101.82 0.99+0.01

Walker2d Safe RLHF  1069.51 4+ 138.74 0.98 £0.01
PARL 1086.01 £ 210.05 0.91 +£0.07

CB-RLHF 1157.41 £ 183.75 0.87 £ 0.07

PEBBLE 935.89 £90.71 0.06 = 0.05

HalfCheetah Safe RLHF 100.92 £+ 163.55 0.13+0.10
PARL 1933.58 £ 429.37 0.29 +0.07

CB-RLHF 1849.94 + 36.59 0.13 +0.08

PEBBLE 164.12 £ 117.90 0.69 £ 0.30

Hopper Safe RLHF 329.08 £17.67 0.52 £0.23
PARL 303.94 £ 22.30 0.60 £ 0.37

CB-RLHF 292.45 £10.77 0.33£0.21

PEBBLE —8.45 £ 14.17 0.02£0.01

Swimmer Safe RLHF 38.45 £ 6.87 0.17+£0.07
PARL 70.22 £ 14.37 0.29£0.14

CB-RLHF 73.19 £ 10.65 0.02 +0.02

For each cumulative return calculation, we evaluate the policy learned at the current environment
step by sampling 100 trajectories. We then compute the average cumulative reward under the
ground-truth reward function and the average cumulative cost under the ground-truth cost func-
tion, defining the cumulative return as the cumulative reward minus the cumulative cost. Similarly,
each learned policy is assessed over 100 independent trials to estimate the constraint violation rate,
defined as the fraction of trials in which the agent violates the constraint.

From Table [1} excluding the unsuccessful learning cases (e.g., Safe RLHF in Half Cheetah), we
observe that at the final environment step, PARL and CB-RLHF achieve higher cumulative returns
than Safe RLHF and PEBBLE, confirming that misalignment can lead to suboptimal policies. At the
same time, CB-RLHF and Safe RLHF achieve lower constraint violation rates, indicating that learn-
ing a cost function enables the agent to better satisfy constraints. Overall, these results demonstrate
that CB-RLHF simultaneously addresses both the misalignment and constraint inference limitations.

8 CONCLUSION

We develop a constrained RLHF framework that enables an agent to jointly learn a reward function,
a cost function, and a policy from human feedback. This framework simultaneously addresses the
misalignment and constraint inference limitations. Building on this formulation, we introduced the
CB-RLHF algorithm and established theoretical guarantees, including its convergence rate and the
performance gap between the optimal and learned policies. Experiments on MuJoCo environments
further validate the effectiveness of CB-RLHF, demonstrating its ability to achieve strong perfor-
mance while ensuring constraint satisfaction.
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A APPENDIX

A.1 NOTION AND NOTATIONS
We define some equations used in the appendix as follows:

* The casual entropy from state s and action a :
H(m,s,a) = —In(r(als)) + 7 [, cg P(s'|s,a)H(m, s")ds’.
* the casual entropy from state s:
H(m,s) = [ o m(als)H(m,s,a)da.
¢ The cumulative reward from state s and action a:
Jr(m,s,a) =r(s,a) + 7 [, cg P(8']s,a) (7, 8")ds'.
e the cumulative reward from state s:
Jr(m,8) = [,ca7(als) (7, s, a)da.
* the cumulative cost from state s and action a:
Jo(m,8,a) = c(s,a) + ’st'es P(s'|s,a)de(m,s")ds’
e the cumulative cost from state s:
Je(m,8) = [, o4 m(als)Je(m, 5,a)da.

During the proofs, we use some symbols to label the methods and theorems used for deriving the
current equation. The symbols and what they represent are as follows:

* The symbol (i) represents chain rule.

* The symbol (i7) represents the linearity of expectation.

* The symbol (7i7) represents the close form of geometric series.

* The symbol (iv) represents the triangle inequality.
* The symbol (v) represents the holder’s inequality.
* The symbol (vi) represents Taylor’s theorem.

* The symbol (vii) means the usage of other equations in this paper.

o~ o~ o~ o~ o~ o~ o~ o~

* The symbol (viii) means keeping expansion.

12
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Based on the idea of soft Q learning (Haarnoja et al.| 2017)), the formula of the constrained soft
(11)

Bellman policy for continuous state-action space is as follows:
t
oxp(Qy7hi (s, a))

)

(s))
12)

!

(s')ds',

W¢,¢,A(a|5) = S0
exp(V¢7¢7ig\

(s,a) =re(s,a) — Aey(s,a) + V/g/es P(8/|S,G)V<;§/{§
(13)

It (s,a))da.

()=t [ en(@pl!,
acA
(s), there-

soft

@b, A

Q
(s,a) — V,\V;ﬁii\

soft
VfiMb»A
soft
@51, A
(s) separately.

From the expression of 4 4 x, we can get V In(mg y.2) = VAQ
t
(s,a) and V¢V;7’ZZ{A

soft
@.h, A
Based on the equation of V*°/¢(s), the gradient V,,V*°/*(s) could be calculated as follows:

fore, we can calculate V,Q

VAVSAGs),
@) Joea Va exp(Q;?{Z)\(s,a))da
ot (s,a))da
soft soft (s,a)da
(14)

PPN
oo (5 A))VAQGTy,
)

Vdffft)\ (s')ds")da,

(vii) Jaea ©XP(Q
eXp(quzﬁit)\(s))
[ mewrtals)eats.a oy [ P19
a€A s’'es
P(/]s.a) / Towa(@]s) [~y (s, )
eSS a’'€A

- faeA exp(Q

(vii)
(vii)

= Towa(als)(—cy(s a) +v

acA s
+ / P(s"|s',a)\VAV;°L (s")ds"|da’ ds)da,

s'"ES T

H-1
= E™vA Y =y ey (sn, an)lso = 9]
h=0
where the first (vii) uses the expression in equation and (1)), and the second (iii) uses the
expression in equation (T2).
o (s,a) from Q1Y (s, a).
(s')ds")da,
(15)

Similarly, we can get VQ
(s, a),
soft
VQWJ,)\

ft
VAQ;(,)w,A
(vie) —cy(s,a) + 'y/ P(s'|s,a)Vy
s'esS

H-1
ETwA Y " ="y (sn, an)|so = s, a0 = al

(viid)
h=0

= _ch (7r¢7w7)\7 S, a)a
where (vii) uses the expression in equation (12)).
(14) and (15), we can get V, In(7%) as follows:
soft <S7 ag, a2> - v/\V;’Z{;t)\ (8))

By summing the results of equation
ViaIn(mgpa(ar, azls)) = VaQy",
Jey (Typ0, 8, 0).

(16)

= Jey, (To,p,: 8)
13
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A.2 IMPORTANT GRADIENTS

In this section, the necessary gradients for future proofs are calculated. First, the gradients respect
to A are shown as follows:

VAH (g 4p,2)

= Po(So)/ VAT, (a0[80) H (Tp.5,x, S0, a0) + Tg,4.2(a0[80) VAH (Tp.4,7, S0, ao)daodso
spES a()GA

= Po(So)/ Vit (aols0) H (g .0, 505 @0) + 74,1 (a0ls0) Va(—1n(mg 4 x)(aolso)
S0ES apg€A

+’y/ P(81|So,GQ)H(F¢7w’>\,Sl)dsl)d(lodSO

s1€S

= Po(So)/ Tp,p,1(a0]50) VaIn(mg 4.5 (ao|s0)) H (7,415 S0, @o)

sp€ES ap€A

— g a(a0ls0) VaIn(mg 4 2)(aolso) + 7/
s1€S

+ 7wy paai|s1)VaH (74 p 1, S1,a1)dardsidagdsg

P(s1]s0, ao)/ Vit pa(ai|s1)H(mgpx, 51,a1)
a1 €A

— [ Palso) [ malaolso) V(.. (aolso) H (o 50:00)
spE€S ap€A

— g p.a(aols0)Valn(mg g x)(aolso) + 7/ P(51|So,ao)/ Tppa(ai]s1)Valn(mg 4 a(a1]s1))
Sles CLIEA

H (7.0, 51,01) + T2 (a1]51) Va(=In(mg g 1 (a1]s1))

+ Y P(82|S1, a1)H(7T¢7w7,\, SQ)dSQ)dClldSldClOdSo
s$2€S

— [ Fmppns) / 70 (@3)V s 1157 (a]8)) (H (0, 5, 0) — 1)dads
ses acA

Vadry (Tg.p.2)

= Po(So)/ VaTs,5,2(a0180) Jry (Tp,,05 805 @0) + .1 (@0]80) V ATy, (Tg,4,15 S0, a0)daodso
sp€S ap€A
= Po(So)/ VAT s,5,0(a0180) Jry (Tp,,0, 805 @0) + 74,1 (@0]S0) VAT (S0, a0)
sp€S apg€EA
+’y/ P(31|50,a0)JT¢(7T¢7¢7,\,sl)dsl)daodso
s1ES
= Py(s0) / VaTs,5,0(a0180) Jr, (Tp,,0, 505 G0) + 7T¢,w,A(a0|50)7/ P(s1]s0,a0)
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Through the same process, we can get Vx.J., (74,4, x) as follows:
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The gradients respect to ¢ are shown as follows:
VTZ’H(,/T@#” S, a)

— Vo ln(mou(als) +7 [ P50V (rp )5
s'es

@)

O Tytnmonals) 7 [ P1sa) [ (ra(als) Vb (res'a)
s'eS a’€A

+ Vymy(d'[s") H(mp,p, ', a)]dd'ds’,

2 V(. (als)) +7/ P(S/‘S’a)/ o @18V H (g, ')
a’e

+ Vy In(my,y(a'|s") H(Tp,p, 8" a")|da’ ds’,
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=y mmplal) +7 [ PW1sa) [ mul@)- Ty nmpl]s)
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Vyde, (T, 5, a)
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s'eS
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A.3 PROOF oF LEMMA[I]

The Lagranian function of the constrained RL problem is L(m; ¢, %, \) e

ET [Zf;ol Y (rg(snyan) + In(m(anlsy)) — Acy(sh,an)). From (Haarnoja et al,, 2017), the

optimal solution for arg maxL(7; ¢, 1, \) exists, and it is the continuous constrained soft Bellman
well

policy. We assume the policy 7 is time-dependent but stationary, the partial derivative according to

7" is as follows:

OL(m; ¢, 9, \)
omh(als)
A H-1
@ P(s, = s){y"(In(z"(a|s)) + 1) + E[ Z A In(r (an|sk))|sn = s, an = a
i=h+1
H-1
+ 9" (rg(sn,an) = Acy(sn,an)) + E™[ Y 4"(ro(sn, an) = Aey(sn, an))lsn = s,an = d]},
i=h+1

where P(s;, = s) represents the probability (density) of reaching state s at time h. Since 7(als) > 0
foralla € A, s € S according to equation (T1), the Lagranian function L(7; ¢, %, A) reaches the

maximum when %&Ti’;\) = 0 with P(sp, = s) # 0 for at least one time. We can get 1 —

H(mgp.0,8,0) = vy (Tppx: 8, @) +AJe, (Tg .2, 8, a) = 0. The dual function miny>o G(X; ¢, 1)).
The derivative of G(\; ¢, 1) according to \ is as follows:
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= VaH(mpp0)) + Vade, (Topn) = AVATe, (T p0) — Jey (Tpp.0)

— [ $Eons) [ Fairldl)VaIn(ma(@ls)) (1~ H(o0:500) + T (R 5:0)
ses acA

— )\JCw (7T¢7w7)\, S, a))dads — ch (7T¢7w7)\)

When G(A;¢,%) reach the minimum, the gradient VG (A; ¢, ) should be 0 which means
Jey (Mo a=(s,0)) = 0. We can see that 7y y x-(4,4) is a feasible solution for the constrained
RL problem. However, A* should be non-negative. If the calculated A* is non-negative, we can

get H(mg p 2+ (g,0)) T ey (T a=(p) < P° < d° = GO (,9);0,9) = H(mTg 42 (p,0)) T
Jry (T p.6, 3% (¢,1)) Where p* is the maximum value for the primal problem and d* is the minimal
value of miny>o G(A; ¢,). If the calculated A* is negative, the final result for A*(¢, 1)) is 0.
Therefore, we can get H(7g y,0) + Jr, (Tg.4,0) = G(0; ¢, 1)) which means 7y 4 o is still a feasible
policy for the primal problem. Overall, the strong duality holds for the prime problem and the dual
problem.

A.4 HYPERGRADIENT CALCULATION

In order to simplify the computation, we use f(79,71) = (1 — y,)logo(Jy, (7o)

o) —
yrlogo(Jr, (1) = Jr,(70)) + (1 = ye) log o (Je,, (10) = Je,, (1)) + yelog o (Je, (1) —
loga(soJe, (10)) +logo(s1Je, (71)) for the following calculation.

Define pu4(m) = E™[Vg4re] and gy (m) = E™[Vycy)

The hypergradient corresponding to ¢ is calculated as follows:

Iry (1)) +
ey (10)) +

=Vy > f(70,71)D(7; N (6, )

(70,71)

= > Vof(r0. ) D(ri N (6,8)) + f (70, 71) VD (73 X" (¢, )

(70,71)

= Y Vof(r0,m)D(m; A*(¢,8)) + f(70,7) Vo In(D (75 X" (6, 4))) D(73 A" (6, )

(70,71)
= Ep@rnc (0,00 Vo (10, 71) + [ (70, 71) Vg (In(hi (Yr Ye, S0, 51170, 71)) + In(p(70; A* (6, 1))
+In(p(r1; X* (6, ¥))))]
= Eptraa (o) Vo f (10, 1) + (70, 71) (Ve In(p(70; A* (6, 9))) + Vi In(p(715 A* (6,7))))]

H—-1
= Ep(rin- (6,00 [Vof (10,71) + F(70,71) (Y Vo In(ms,x (60 (ah]s]))
h=0
H-1
+ Y Veln(myy s, (@nlsi)],
h=0

where a, s € 19 and a},, s}, € 71. Analogously, we can get

VyF(¢, 9, X (¢,¢))

H—-1
= Ep(rn (6.0 Voo (70,71) + (10, 7) (Y Vs In(4, 4 1= (0, (a5 |55))
h=0
H-1
+ 3 V(g e (o) (@i |sh)))],
h=0

17
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and
V)\F((ba 1/)7 )‘*(QS, w))

H-1

= ED(T;,\*(¢,¢))[f(To7Tl)(Z VaIn(mgp s (60 (@] sh))
h=0
H—-1

+ Z Valn(mg 4 3+ (9,0) (@nls1)))]
h=0

Next the terms in Vs F(6, 1, (), Vi F (6,90, \*(6,)), and VaF (6,40, \* (6, ) are cal-
culated as follows:

Vg In(o(Jr, (T0) = Jr,(11)))
exp(Jr, (10))
exp(Jr, (70)) + exp(Jr, (1))
= VgJr,(10) — Vg In(exp(Jy, (10)) + exp(Jr, (11)))
B Vg, (10) exp(Jr, (10)) + Vg dr, (11) exp(Jr, (11))
exp(Jr, (10)) + exp(Jr, (11))

= V4 In(

= V¢Jr¢ (To) +

Analogously, we can get

Vo dry (10) exp(Jr, (10)) + Vg Jr, (11) exp(Jr, (11))

VaInlolry (m)=drg (o)) = Vo dry ()= XD (Jr, (70)) + exp(r, (1)

VeIn(o(Je, (10) = Je, (11))) = 0

Vo 111(0((]%(71) - ch (10))) =0

Vo (0 (70) ey () = Vi, () 2ol DX () + Voo (1) x0T, (1)

exp(Je, (70)) + exp(Je,, (71))

Vo 0 (e (1) ey () = Vi (1)~ 2ol VORI ) 1 T e (1) 0l (1)

exp(Je, (10)) + exp(Je, (11))

Vw ln(a(JT'¢ (TO) - J7'¢, (Tl))) =0

VyIn(o(Jy, (1) = Jry(70))) =0

VyIn(o(se, (7))
1
1 +exp(s/e, (T)))
= —VyIn(1 + exp(sJe, (7))
_ sV Je, (1) exp(sde, (7))
1 +exp(sde, (7))

= V¢ ln(

Analogously, we can get

B SV¢J¢¢ (1) eXP(Sch (7))

Vgln(o(se, (1)) = 1+ exp(sde, (7))

=0

18
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Therefore, we can get

quf(To, 1)

=1 —y)VgIn(o(Jr,(10) = Jr,(11))) + -V In(o(Jr, (11) — Jr, (70)))

+ (1 =ye)VeIn(o(Je, (10) = Je, (11))) + yc Vg In(o(Je, (11) — Je, (70)))

+ Vg In(o(so e, (10))) + Vg In(a(s1Je, (11)))

Vv, (10) exp(Jr, (10)) + Vg Jr, (1) exp(Jr, (11))

~ L= )Ved(m) + 4 Vol () = D, (70)) + XDy, (1))

Vy f(70,71)
=1 =y)VypIn(o(Jr,(10) = Jr,(11))) + yr Ve In(o (Jr, (1) = Jr, (70)))
+ (1= ye)VyIn(o(Je, (10) = Je, (1)) + ¥V In(o (e, (11) = Je, (70)))
+ VyIn(o(soJe, (70))) + Vy In(o(s1Je, (11)))
Ve, (10) exp(Je, (10)) + Ve, (1) exp(Je, (1))
exp(Je, (70)) + exp(Je, (11))
soVede, (10) exp(sode, (10))  $1Vgde, (11) exp(s1e, (11))
1+ exp(soJe, (10)) 1 +exp(s1Je, (1))

= (1 =9e)VoJe, (10) + 4 VyJe, (11) =

The necessary gradients and elements used for approximating subdifferetial are shown as follows:

VAG(\; 0, 0)
= Vade, (Tpp.0)

:/ f(7T¢,w,A,S)/ 7oA (als)Valn(mg g x(als))Je, (Tg.p.1, 8, a)dads
sES acA

VerG(X; ¢,v)

= Ve, (Tp,0,0)

= E™ A [V In(mg, g, (als)) e, (Tp,p,0, 8, a)]

VyrG(A; ¢,1)
= Vyde, (Tg4,1)
= BT [V In(7mg g2 (als)) e, (Tg s 8, a) + Vicy]

Recall that the Lagrangian of the lower-level optimization problem is L(¢, %, A, v/) EYe (A d,0) —
vA. When \*(¢,¢) = 0 and v(¢,v) > 0, the constraint is strictly active, corresponding to the
equation (4) in (Xu & Zhu}|2023a)), we can get

2 _ 71

(VoA (6, 0)", Vo (o, 9)"]" = — {VAL(_(@T’AA’”) Y)“} [V2AL(d, 0, A, )T, =V AT]T
2 . 1171

[VoX (6.0)7 Vor(6,0)")" = — [VAG%‘W 01] V20G( 6,6)7, 017,

2 . _
—[VEGs 9,07, 0T = [V*G(_Aﬁ’w 01] (VoA (¢, )", Vr(,9) "],

from the above equation, we can get VA*(¢, ) = 0 and V4v (¢, ) = Vfb/\G()\; ¢, 7). Similarly,
we can get Vy\*(¢,1) = 0 and Vv (¢, ) = VfMG()\; ¢, 1) through the same process.

When A*(¢,¢0) > 0 and v(p,¥) = 0, we can get Vyv(o,¢p) = 0,
Vtﬁ)‘*(d)aw) = _viG(Aa ¢»¢)71V?¢,\G()\§ ¢ﬂ/’), VwV(QWﬁ) = O’ and vd))‘*(gbvw) =
—VIG(X; 0, 9) T VLGN ¢, ).
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A.5 PROOF OF LEMMA [2]

Proof. Define S, = conv{Hy(¢", ¢, N\ (¢",9))[¢" € B(¢,€), \*(¢",1)) differentiable}. For
all ¢ € R%, consider there exists a small ¢ > 0. Through Taylor’s theorem, we can get

H (D, 0, A (@, )| — [[H (9,40, A"(¢", ¥))[I| < Oe) for all ¢" € B(¢,e€). Therefore, we can
get [[[H(¢, 4, A"(¢,4))[| = d(0, 53)] < O(e).

From Proposition 4 of (Xu & Zhu, 2023a), we can conclude that |||H(¢',%,0)|| — d(0,S},)| =
IV F (¢, 4,0)]| = d(0,55)] < O(e) forall ¢’ € B(g, ).

For any g € Sy, we can conclude g = kHy (¢, 0, N (9,7)) + (1 — K)V4F (¢, ,0) with & € [0, 1].
Then we have

gl = d(0, 5G| < |kl Hy (¢, 0, A" (6, )| + (1 = K)[ V6 F(d, 4, 0)]| — d(0, )l
= [k([[He (¢, v, A" (&, )| = d(0,55)) + (1 = &) (Vo (¢, 0)]| — d(0, 55))l
=r0(e) + (1 — K)O(e)
=0(e)

Finally, we can conclude that |d(0, Sy) — d(0, S)| = d(Sg, Sj) < O(e).

A.6 STRONG CONVEX

We show that there exists a positive constant y; such that V?\G (X;9,1) > py for the lower-level
problem without constraint. For any lower-level iteration number k;, we can get

A1 — A%,
= || Ay — we V3G (A5 0, 10) — A*||%,

= ”)‘kz =\ H2 + wlzﬂ ||@§\G(>\k’l7¢7 1/})“2 — Wk <¢§G()‘kz ; ¢7 1/1)7 >\k5l - >‘*>7
ki—1

. o . (a7
S ||)\kl - A H2 +wl2f||Hcmaw||2 + BleCmaxH)\O - Z wzviG(/\kzv(bvw) = A ”7
i=0
ktl—l
< Mk = MNP + wF I Hemaz |? + wiy Hemaz (160 = A+ 11> BiVIG(Ak; 6, 9)])).
i=0
Then we sum both side from k; = 0 to k;, we can get
k
> Ak = 1%,
k=0
Ky kiml
< Z ”/\k; - )\*”2 + B}%lHHcmaxHZ + Blecma;c(”/\O - >\*H + ” Z ﬂiviG(Ak;Qba ¢)||)a
k‘l:O =0
ki—1 ki—1
< Ao = AP + Z Bi 1 Hemaz||? + B Hemaz ([[ Ao — A ||+ || Z BiVIG(Ak; &, 0)1).
i=0 i=0
(13)

As Yt wg, and SR by, are finite sums, they are bounded. Since the lower-level prob-
lem is strictly convex, the value A\* exists, and ||A\g — A*|| is bounded. Then, all elements on the
right-hand side are bounded. Therefore, || Az, — A*||? is bounded for any finite k; > 0. According to

the Lemma 9 in (Liu & Zhu, [2022)), there exist a positive constant z; such that V%\G N, ) >
without considering the constraint. As A > 0 is a convex subset of R, we can conclude that
V3G (X; ¢,1) > py when X is differentiable.
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A.7 LIPSCHITZ CONTINUOUS AND BOUNDNESS

Without the constraint, we have the following lemmas.

Lemma 3. Without the constraint, the functions F (¢, 1, X) and G(X; ¢, 1) have the following prop-
erties.

1. For any (¢,9,)) € R¥% x R¥% x R, the gradients ¥V 4,F(p,,)), VyF(¢,,\) and
VaF(¢,9,\) are Lipschitz continuous with respect to \ with constants Lr, > 0, Lr, > 0 and
L, > 0, respectively. The gradient NV y\F (¢, 1, \) is Lipschitz continuous with respect to ¢ and 1
with constants L’FA > 0 and L’A > 0. The gradients V , F'(¢,, \) is Lipschitz continuous with
respect to ¢ with constant L/F¢' The V. F(¢,1, A) is Lipschitz continuous with respect to 1 with
constant L’léw.

2. Forany (¢,9,\) € R% x R% x R, we have |[V\F(¢,1,\)|| < Cg, with Cp, >0

3. Forany (¢,1,\) € R% x R% x R, the gradients V\G(\; ¢,1), VZG(X\; ¢, ), V?»\G(/\; o, )
and Vi \G(A; ¢,%) are Lipschitz continuous with respect to X\ with constants Lg, > 0,
Lg,, >0, Lg,, > 0and Lg,,, respectively. The gradients ViG(X; ¢, 1), Vé/\G(/\;qﬁ,d)) and
VQQMG()\; ¢,) are Lipschitz continuous with respect to ¢ with constants Lg, . > 0, L'G(M >0
and L’GW > 0, respectively. The gradients V3G (\; ¢, 1)), Vﬁ»\G(A; @,) and V?MG(A; @,) are
Lipschitz continuous with respect to 1 with constants L¢,, . > 0, L’C’;(M > 0 and L’C’;W > 0, respec-
tively.

4. Forany (¢,%, \) € R4 xR% xR, we have ||V3))\G(¢71/J7 N < Cq,, and HVfMG(qS,w, A <
CGw/\ with CG¢A > 0and C(;w/\ > 0.

First, we show the lipschitz continuous of Hy(¢, 1, A) with respect to ¢ and . For any (¢,v) €
R% x R%, \; € Rand Ay € R, we can get

[H (¢, A1) = H(é,1, Aa)

= [IVoF(¢,%, A1) + VorG(A1; 0, 9) [V3G(A1; 6, 9)] T VAF (6,4, A1)

— Vo F(9,9,X2) + V3G (A2; 6, ) [VIG(A2; 6, 9)] T VAF (¢, 9, o) |

< IVoF(,1, A1) = Vo F($,0, X0l

+ [ VEAG(A15 0, 0) [VIG (156, 0)] T (VAF (6,9, A1) — VaF (9,4, X2)) |

+ (VG (M5 6,¥) — VG (23 6, 0)) [VRG(A1; 6, 0)] T VAF (0,9, Ao) |

+ VI GN2; 0, 0) ([VAG(A1; 0, 90)] 71 = [VAG (N3 0, 9)] ) VAF (6,4, M) |

For any two invertible matrix X; and X5, we can get || X; ' — X, || = || X7 (X1 — X)X, ! <
X711 X1 — Xo|/| X5 || Therefore, keep solving,

HH(¢JP, )‘1) - H((bawa )\Z)H

Ly C Cr, L Cp, L C,
ety TGN = | 4 —REEATC \ |
H i Iz

l

SLF¢||)\1_>\2||+ )\1—>\2||+

Lp CG Crg Lg CG Cr L¢g CG
A DA + A AX PN + A >\2>\ ¢>\)H>\1 7)\2”

= (Lp, +
¢ 1 It 14
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For any (¢, \) € R% x R, ¢; € R% and ¢ € R%, we can get

[ H (¢1,9, A1) — H (2,9, Nl

= [V F(¢1,%, A1) + VIAG(X; 1, ¥)[VIG(A; 61, 9)] T VA F (61,1, A)

— Vo F (2,9, A1) + V2 G(X; d2, ¥)[VIG(X; d2, ¥)] T VAF (62,7, )|

S|V F(h1,¢, M) — Ve F (g2, A1)

+ [VEAG (X 01, ) [VIG(X; 61, 0)] " (VAF (41,9, A) = VaF (¢2,9, 1)

+ [(VIAG(X; 61, 0) — VIAG(X; 62, 9)) [VAG(X; ¢1, )]~ VaF (¢, 90, N ||

+ IVIAG; 2, ) ([VAG(A; 61, 9)] 71 = [VAG(A; 62, 9)] VA F (62,9, M|

L' Ca Cr,L G Cr LG Ca
SL%¢||¢1—¢2||+ —2— 1 — ol + ———> b1 — do| + %W 1= 92
i
L CG C’F LG CF L CG

= (L, + =2 T g ST ) — |

12 Hi

Lp, C Cr, Lg,, C Cr, Lg,, C L C Cr, Ly
LetLy = Ly, + =27 2= fon  “O@a0or and Ly, = L, 4 =0 4 —200e
CF/\LGMCGN

, WE have \|H(¢7¢7)\1) - H(¢7¢7)\2)H < L)\HAI - )\QH and ||H(¢17w7)\1) -
(¢27T/J7 M| < Ly|l¢1 — ¢2]|. Next, we have

HH(¢17"/}7)‘*(¢17¢))) _H(¢23'¢}a )\*(¢2»1/1))||
< ||H(¢171/17>\*(¢1,1/)))) - H(¢1,¢,)\*(¢27¢))H + HH(¢17¢7>\*(¢27¢))) - H(@ﬂ/f’)\*(@,w))n
< LA (61, %) — A" (b2, )| + Lyl o1 — @2l

L,\C,
< (2 4 Ly 6 — oo
g
Let L = ACG“’* + Ly, we can conclude that ||H (¢1,, A*(¢1,9))) — H(d2,¥, X (¢2,9))]| <
L||p1 — ¢2]|.

A.8 PROOF OF THEOREMIII

First, we need to quantify all approximation errors. The overall approximation error comes from two
aspects, one from the approximation of the subgradient and another one is the difference between
the calculated A and A\* from the lower-level. The approximation of the subgradient is O(e) as
shown in Lemma [2| Following the idea of gradient descent, we can show that |[\r, — \*|| <

L o o
(1- %)kl Ao — A*||. Therefore, we conclude the approximation error at iteration k as Fy =
g

Loy vk . : N :
Cse+ (1= =) [N — A*|,where Cs is coefficient of the approximation error of the subgradient.
g
Next, we can show

F(¢k+1aw7 A*(¢k+1aw))
L
< F((bk?w?A*((bk?w)) + <H/(¢k?1/]?)‘*(¢lvw>)a¢k+l - ¢k> + §H¢k+1 - ¢k”2

2
= F((bk?w?)‘*((bkaw» - ak<H/(¢k7w7)‘*(¢lvw>)7H(¢k71/)7)\*(¢17¢))> + %HH(%ﬂﬁa)\*(%ﬂﬁ))HZ
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Define H(¢p, ¥, A\ (¢1,9)) = H'(dk, ¥, \*(¢1,¢)) + Ek.
F(ppr1,%, N (ra1,1)) becomes:

Then the expectation of

E[F(Q%Jd7 1/)7 A (¢k+17 ¢))}

< F(brs 0, N (s ) — i (H' (1,0, N (@1, ¥)), H (P 0, N (b, ) + E)
2
+ %HH'(@@,M N (ks ) 4+ H(pro, 0, N (b1, ) — H' (s 10, X (1, 10) |2

< F(d)k»w»)‘*(d)kvw)) - ak<H/(¢k»¢»)\*(¢1»¢))7HI(¢kaZ/% )\*(ﬁbkﬂ/’)) + Ek>
2 2
+ ZOE Y ar (H (00,5, X* (65, 9))) + ZoE [ (65,6, X (B0 O + Lo (H (85, 0, X (61, 0)), B
2
= P60, A" (90 0) — (s — ) [ (96, X (51,16)

La2 L
(= Lad) (H' (G0, X (60,1, B+ 20 Var(H (60,0, X (60, 0) + 225 5

By using the fact that 2(H'(¢y, ¥, \* (¢, ), Ex) < | H'(dr, ¥, A* (61, ¥))|I” + || Eg[|” and
choosing o, < %, we can get

E[F(¢r11,%, N (Prg1,7))]

2
< (90, X (61,)) = S (006, X° (01, 0D = [ BRI?) + Z2EVar(H (61,6, X" (5, 1)

Then consider from k£ = 0, we can get

K-1
ak

2 HH/ ¢k¢awa)‘*(¢k}a ))H2]

B

:=0
K-1

< Fo, ), X (60, ¥)) — F* + > 0"“||E I+ va H (¢, 0, X (61, 9)))

k=0

Here, we quantify the value of Var(H (¢, ¥, A* (o, ¥))).

Var(H(¢w, ¥, N (¢n, 1))
< (|1 H ¢k, %, X (¢, %)) I
)

= [|H'(¢r, 0, A" (61, 9))) + Cse?
< (Cr, + Z92° | g0
Hg
Then we can conclude that
=
? [HH/(d)kawa)‘*(d)kh ))||2]
k=0
2 * 1 = 2 *
S K7( (¢071/)7 (¢0a¢)) - F )+ E ||Ek|| +LOZkV(l7‘( (¢kﬂ/’7>\ (¢kﬂ/})))
k=0
K—1

<KL( (G0, X* (60, 1)) — F*) +

=[ =

L L
CRe+ 2Cue(1 = =2 Ao = X+ (L= =)™ rg = A7[)?

g g

=
i
o

Ca..C C
+ Lak((Cr, + %y +2C,¢(Cr, + %) +C22)
g g
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By choosing o, = ﬁ, ky =k and € = 5, we can get

K—

Z [1E (65,1, A (s )]

I oo St o NI by o X

(CF¢ n CG(ZZCF )2 ) 205772(CF¢ + CG(ZZCF) . c§7r4

VK 6VE 90VEK

_G &

VK K

C C
where Cy = 2L(F(¢o, v, A*(d0, ) — F*) + (Cr, + CGZZCF)Q n 20573(0%6+ Gﬁz Fy N %34
and Cy = ng“ + 205(#H7LG(§£||)\07>\*‘|7F2 + (MWLG*;:”/\O#‘*IP. Then we can conclude that
1= 1
min{llgs|*lgs € S} < 37 > Bl (641, X" (1 9)I] < O( ) (19)

A.9 PROOF OF THEOREM[2]

Assumption 3. The human preference models h,, (-|79,71) o exp Jy, (1) and he, (|70, T1)
exp Je, (Tp) where T, is the preferred trajectory between 1y and 1.

Proof. According to the assumption [3| for each trajectory pair I' = {79, 71 }, the human preference
is generated according to the human preference model k., (7|I"):

B exp (Jr, (7))
ha, (T|1) = Yoerexp (Jp, (7))

where 7y, is the reward function of the human.

Define a preference model class H(I") defined on I', which is parametrized by the function r:

exp (Jr, (7))
Zr’el“ exp (Jw (7))

Define Njj(H(T), || - [|oc, 1) as the bracketing number of IT(T").

H(T) = {h,,(7|T") = for some 71y € F}.

From the upper-level objective function, we can get

1 o () 1 exp (Jn, ()
Zl S en L)) 2 n Zl S pexp (Jr, (7))

~ ‘Zlm(h”5 (r|T)) > - Zln(hrh (rIl))
> Il (7]0)) = 5 S e, (7)) > 0

For any h belongs to the same bracket with h,, , according to Markov’s inequality, we can get

"1 B, lexp(S7; § In(72))]
P(exp(ziln(hm > < e .

i=1
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Through Boole’s inequality, we can get

1 h B, [exp(Z1y 3G )] - Ny(H(T), |- [l 2)

P(Vﬁ € H7exp(z 3 ln(hrh )) > exp(e)) < exp(e)

i=1

Therefore, with probability at least §, we can get

Ern,, lexp(3iy 3 In(72- =) Ny (R D), [ oo )
exp( )

Eren,, lexp(32iLy 5 In(5"

7“h

)

N Ny(HT) |- Moo )

e = In(

(e

h Ny(HD), || - [loos )
7)) +In( 5 )-

With probability at least 1 — ¢ and any policy = we can get

1
e=n ln(Ethh [exp(i In(

Th

len( ") < nin(Ba, [exp(%ln( o) + (G loes ),

i=1 2 he, by, 5
1. h Ny(HT), || - [loo, £
0 < nln(Exp,, exp(s In(—))]) + In( GIONIR n))
2 he, 5
h Ny, | - oo, £

= nin(E,[y/hh,,]) + ln(Nn(”H(F),6|| loos %)).

Through In(z) < 2 — 1, we can get

= i) < L O b )

Next, we can bound the difference between h and h,, .

Ex[|h = he,|IF] = Exll

1 N . 1
<O(-1
< O(-In( : )
Then we can bound the difference between h,., and h,., .

Eﬂ[”hw - hrh ”%] = Efr[”hw - ﬁ + ﬁ - hTh”%]
< Exllhr, = hlli]1 + Ex[||h = By, [[7]

1. Ny(HT), | - oo, 2
< 02 n o ()6\\ | n)))
1= oo 13 = Ny = oy 2 < (= | + oy = oy D = By | = gy = By, ])
(4+i):&
We can conclude that
B, b ] < 02 1 MO o),
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Since the softmax function is continuous, there exists a constant L;, > 0 such that
‘hw —hp, | < LhHr¢> — 7|0

Then, according to Lemma 2.14 in (Sen, 2018), we can get Njj(H(), || [|oo: ) < N(F, || [lo, 1)
for all K iterations. Overall, we can get

1L N(F oo )
Exlllhry = he, |17] < O(= In 3 )
n
Meanwhile, define Ch,, LS eXP(—eiII{E’E?}(IS(Hfb) is the upper bound of the hl we have
7, Th
he,

EW[HJm (1) = I, (7—)”%] = E7r[|| ln(h )H%]

Th
< ETF[”Chr,L (h’T(p - h’"'h) ﬁ]
1 N(EF - lsos )
<O(—In(————24)).
< O(- ()

From above, we can get ||J,, (1) — J,, (m)[|? < O(: ln(%‘l‘”’%))) for all 7. Let 7* be the
policy of the human, we can conclude that

SubOptR(Ty = A= (6 =) = Jrp (T7) = Try (Tge p= A= (6 00%))
= T (1) = Tr g (T7) & T (1) = T (T e A= (87,07))
Ty (Tgm e xx (g0 7)) = o, (T e A= (6% )
Since Ty« g+ r+(p,p+) i the optimal policy corresponding to rg-, we can get J, . (7*) —
Ty (T r) < 0. Meanwhile, [[Jy, (1) — Jp,. (7|2 < O(: n(XELl=ri) )y gng
[ Jrye (g =) = Ty, (e =) 1] < O(2 ln(%”‘”’%))). Therefore, we can conclude that

SubOPLR(T g e A= (9% 1)) < iy, (T7) = T (T7) F T (T e x= (07,00)) = T (Tpr px 2= (9,00%))

§w¢1mNﬁwwu¢5)

n 1)

The proof process for ¢y, is the same as that of 7. O

A.10 EXPERIMENT DETAILS

All Python3 codes are run on a Windows 10 desktop with 13th Gen Intel(R) Core(TM) 17-13700KF
CPU and 32 GB of RAM. In CB-RLHF, the reward function updates every 10 environment set with
three sets of feedback. We use SAC to calculate the policy, and the hyperparameters of SAC are
shown below.

Hyperparameter Value
Initial temperature 0.2
Learning rate 0.001
Critic target update freq 10

(B1, B2) (.9,.999)
Hidden units per each layer 256
Batch Size 100
Optimizer Adam
Critic EMA 7 0.005
Discount vy .99

A.10.1 WLAKER2D

The walker is a two-dimensional bipedal robot consisting of a torso and two legs, each with a thigh,
shin, and foot joint. Its movement is controlled by applying torques to these joints. The continuous
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(d) Results on Swimmer. Left: Cumulative return. Right: Constraint violation rate.

27



Under review as a conference paper at ICLR 2026

observation and action spaces have dimensions of 17 and 6, respectively. The walker’s objective is to
move forward as quickly as possible while maintaining stability. The default reward function is the
sum of a healthy reward, a forward reward, and a control cost. The healthy reward is a fixed value
of 1 per timestep if the walker remains upright. The forward reward is proportional to the forward
displacement, given by 125(x — '), where 2 and 2’ denote the walker’s positions after and before
the action, respectively. The control cost is 0.001]|a| % where a,, is the action. In addition, we
impose a constraint on the angles of the torso and six joints, applying penalties when their absolute
values exceed 0.75 radians. The cost function is 23:1 max(0, Jag;| — 0.75), where ag; denotes the
angle of the torso or a joint.

A.10.2 HALF CHEETAH

The Half Cheetah is a 2-dimensional robot with 8 joints. Its movement is controlled by applying
torques to these joints. The continuous observation and action spaces have dimensions of 17 and 6,
respectively. The robot’s objective is to move forward as quickly as possible. The default reward
function is the sum of a forward reward, and a control cost. The forward reward is proportional to
the forward displacement, given by 20(z — z’), where x and z’ denote the walker’s positions after
and before the action, respectively. The control cost is 0.001||a,,||3, where a,, is the action. In
addition, we impose a constraint on the angular velocity of 7 hinges, applying penalties when their
absolute values exceed 12 radians per second. The cost function is 21.721 max(0, |av;| — 12), where
av; denotes the angular velocity of a hinge.

A.10.3 HOOPER

The hopper is a two-dimensional one-legged figure 4 body parts: torso, thigh, leg, and foot. Its
movement is controlled by applying torques to three hinges. The continuous observation and action
spaces have dimensions of 11 and 3, respectively. The robot’s objective is to move forward as
quickly as possible. The default reward function is the same as that of the Walker2D. In addition,
we impose a constraint on the torques of hinges, applying penalties when their absolute values
exceed 0.75 Nm. The cost function is Zle max(0, |¢;] — 0.75), where ¢; denotes the torque of a
hinge.

A.10.4 SWIMMER

The swimmer is a planar 2D agent with a torso and two linked segments. Its movement is controlled
by applying torques to the rotors and using fluid friction. The continuous observation and action
spaces have dimensions of 8 and 2, respectively. The robot’s objective is to move as fast as possible
towards the right. The default reward function is the sum of a forward reward, and a control cost.
The forward reward is proportional to the forward displacement, given by 25(z — z’), where z
and 7’ denote the walker’s positions after and before the action, respectively. The control cost is
0.0001]|a,||3, where a,, is the action. In addition, we impose a constraint on the angular velocity
of 2 hinges, applying penalties when their absolute values exceed 0.75 radians per second. The cost

function is Z?:I max(0, |t;] — 0.75), where ¢; denotes the the torque of a hinge.

A.11 THE USE OF LARGE LANGUAGE MODELS (LLMS)

We confirm that LLM (ChatGPT 5) assistance was limited to improving grammar and readability.
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