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Abstract

Markov chain Monte Carlo (MCMC) methods are foundational algorithms for
Bayesian inference and probabilistic modeling. However, most MCMC algorithms
are inherently sequential and their time complexity scales linearly with the sequence
length. Previous work on adapting MCMC to modern hardware has therefore fo-
cused on running many independent chains in parallel. Here, we take an alternative
approach: we propose algorithms to evaluate MCMC samplers in parallel across
the chain length. To do this, we build on recent methods for parallel evaluation of
nonlinear recursions that formulate the state sequence as a solution to a fixed-point
problem and solve for the fixed-point using a parallel form of Newton’s method.
We show how this approach can be used to parallelize Gibbs, Metropolis-adjusted
Langevin, and Hamiltonian Monte Carlo sampling across the sequence length. In
several examples, we demonstrate the simulation of up to hundreds of thousands
of MCMC samples with only tens of parallel Newton iterations. Additionally, we
develop two new parallel quasi-Newton methods to evaluate nonlinear recursions
with lower memory costs and reduced runtime. We find that the proposed parallel
algorithms accelerate MCMC sampling across multiple examples, in some cases
by more than an order of magnitude compared to sequential evaluation.

1 Introduction

Markov chain Monte Carlo (MCMC) algorithms sequentially generate samples from a target distribu-
tion, with computational cost linear in the length of the chain [1-3]. While modern hardware like
GPUs and TPUs can dramatically accelerate parallelizable algorithms, leveraging these advances for
MCMC remains challenging. In particular, while parallel resources can be used to simulate many
independent chains in parallel [4, 5], the runtime remains linear in the sequence length.

In this paper, we present a promising approach for parallelizing MCMC algorithms across the
sequence length to obtain sublinear chain-length complexity. The core idea is to adapt methods for
the parallel evaluation of nonlinear recursions [6—8] to MCMC algorithms. These methods formulate
the state sequence of a nonlinear sequence model as the solution of an optimization problem and
iteratively solve for the state sequence via a parallel-in-time formulation of Newton’s method.

We show that these methods can parallelize widely used classes of MCMC samplers across the chain
length, including Gibbs sampling [9], the Metropolis-adjusted Langevin algorithm (MALA) [10],
and Hamiltonian Monte Carlo (HMC) [11-13]. Across these examples, we often find that dozens of
parallel evaluations are sufficient to generate anywhere from thousands to hundreds of thousands of
samples. We also propose two new variations of the parallel Newton method that reduce computational
costs and improve efficiency for certain MCMC applications. With these approaches, we find that the
proposed parallel algorithms can dramatically accelerate MCMC sampling.
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Figure 1: Parallel evaluation of 100K HMC samples targeting the Rosenbrock distribution. (A) Dark lines
(black: sequential, blue: parallel) show simulated samples of the second coordinate for the first 1K samples at
three iterations of each method. The light gray line is the final sequential chain. (B) 100K samples after 1, 10,
25, or 147 parallel iterations (blue), converging to the sequential trace (gray) by iteration 147.

The paper is organized as follows. We first review how Newton’s method can parallelize nonlinear
recursions, then show how this framework applies to Gibbs sampling, MALA, and HMC across
the sequence length. For HMC, we additionally propose parallelizing only the leapfrog integration
within each proposal. Next, we introduce scalability improvements to parallel Newton methods
and a novel block quasi-Newton variant adapted for parallelizing leapfrog integration. Finally, we
present experiments demonstrating wall-clock speedups of parallel MCMC sampling across multiple
examples. In Figure 1, we illustrate our approach by simulating 100K HMC samples from a high-
curvature 2D distribution, where parallel HMC converges to the sequential trace in just 147 steps.
Our implementation is available at https://github.com/lindermanlab/parallel-mcmc.

2 Background

Our work builds on and extends previous approaches for parallelizing linear and nonlinear recursions.
Consider a recursion, s; = f;(s;—1), that when given an initial state s; yields a sequence of states,
si.7 = (s1,...,87) C RP, according to the transition functions, f; : R” + R?. The obvious
way to solve for the sequence of states is to evaluate the recursion sequentially. However, if f; is an
affine function (i.e., f:(s;—1) = J+s; + u, for some matrix J; and vector u;), then the system can
be evaluated in O(log T') time on a parallel machine using a parallel (a.k.a. associative) scan [14].
The key insight is that a composition of updates, f;11 o fy, is still an affine function. With O(T))
processors, one can compute all pairs of updates in parallel, yielding a sequence that is half as long.
By repeating this process O(log T') times, one can obtain the entire sequence in sublinear time. This
parallel algorithm underlies many modern machine learning models for sequential data [15-17].

In contrast, nonlinear sequential processes such as recurrent neural networks and, for our purposes,
common MCMC algorithms, are not directly parallelizable and instead are typically evaluated
sequentially. However, Danieli et al. [6] and Lim et al. [7] showed that we can view the states of a
nonlinear recursion as the solution of a fixed-point equation, and that a parallelized form of Newton’s
method can be used to solve for the state sequence. Lim et al. [7] and Danieli et al. [6] observed
that iteratively linearizing the transition functions, f;, around a guess for the state trajectory, sgf)T,

and evaluating the resulting linear system to obtain a new trajectory, sgf'TH), is equivalent to using

Newton’s method on an appropriately defined residual. More precisely, given sg and f.7, the residual
is the vector of temporal differences

r(s1.r) = vec([s1 — fi(so), ..., st — fr(sr-1)]) (1)
and the Newton update is given by the Taylor expansion,

i i i i 9 i
sg = ft(sg_)l) +J, (sg_ﬁl) — s,g_)l) , where J;:= a—f(sﬁ_)l) 2)
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By rearranging terms it is clear this is a linear dynamical system

s = g8 4o s — gs? 3)

u¢

with dynamics given by the time-varying Jacobians, J, and inputs, u;. The Jacobians and inputs
only depend on the states from the previous Newton iteration, and thus can be computed in parallel.
Crucially, this linear dynamical system can also be solved in O(log T') time on a parallel machine
using the parallel scan algorithm described above. This parallel update is repeated until the state
sequence converges within a numerical tolerance §. This algorithm was termed “DEER” by Lim et al.
[7] and “DeepPCR” by Danieli et al. [6]. For clarity, we refer to it as “DEER” or “Newton’s method.”

The DEER algorithm requires computing, storing, and multiplying 7" Jacobian matrices J of size
D x D. Therefore, DEER must perform O(7'D?) work and requires O(7'D?) memory, which can
be prohibitive in larger dimensionalities. To reduce computational complexity, Gonzalez et al. [8]
proposed quasi-DEER, a quasi-Newton method that retains only the diagonal of the Jacobian matrices,
diag(J+), and evaluates the following linear recursion

i = diag(J,) si Y + fi(st))) — diag(J,) st @

This reduces storage and matrix multiplication costs to O(T' D), which generally improves wall-clock
time and memory usage compared to DEER. However, computing the diagonal of the Jacobian
via automatic differentiation still requires D passes through the function, which can be slow or
memory-intensive. Gonzalez et al. [8] thus propose hard-coding the diagonal of the Jacobian when
possible. In Section 3.4, we propose an alternative that requires only a single forward pass through the
function and does not require hard-coded diagonal Jacobians. In summary, DEER variants evaluate
nonlinear sequence models by iteratively refining an initial state sequence using parallel-in-time
updates. A high-level overview of this procedure is shown in Algorithm 1 in Appendix A.

3 Parallelizing MCMC

In this work, we leverage parallel Newton methods to evaluate MCMC samplers. We set the sequence
of functions f7.7 to be the transitions of an MCMC sampler and s to be the initial state of the chain.
We then iteratively solve for the resulting MCMC sampling sequence sy.7. In this section we describe
the details of this approach for parallelizing reparameterized Gibbs sampling, MALA, and HMC, as
well as several techniques for improving the efficiency and scalability of parallel MCMC.

3.1 Parallel reparameterized Gibbs sampling

Gibbs samplers partition the joint distribution of the target into conditional distributions that can be
alternately sampled [9]. Here we focus on a subset of Gibbs samplers in which each conditional
distribution is reparameterizable, such that it is a deterministic and differentiable function of input
randomness. Suppose we are targeting a distribution p(x) over a random variable & € R”. Let

x, = (41,..-,2tD) € RP denote the state of the Gibbs sampler at iteration ¢t. We define f to be
the Gibbs sweep that iteratively updates each coordinate given input noise, £, € R”, such that
@y = f(®-1,8) = (@) (5)

Even though the MCMC transition kernel is fixed, the reparameterized update functions vary with
time because the input noise, &, changes at each step. More specifically, let f; be the Gibbs update
of coordinate d conditioned on all other coordinates,

Tt,d = fd((mt,l7 sy Tt d—1y Tt—1,d+1y -+ - $t717D), ét,d)? (6)

which importantly does not depend on x;_1 4. Then f is the composition of the D coordinate updates
f = fiofao---0 fp. Observe that when put in the form of equation (5) this is a nonlinear
dynamical system with states, s; = x, and transition functions, f;, which vary in time due to the
input randomness &,. Thus, we can directly apply the DEER algorithm to parallelize sampling.

3.2 Metropolis-adjusted Langevin dynamics (MALA)
MALA generates proposals via Langevin dynamics and then accepts or rejects the proposed state with
a Metropolis correction [10]. For target distribution p(x) and step size ¢, the proposal is generated via

%, =x; 1+ eVylogp(x,_1) +V2e&,, & ~N(0,1) (7



and accepted with probability min{1, p(X;)q(x¢—1 | X¢)/p(x¢—1)q(X¢ | x¢—1)} where ¢(X; | x¢—1)
is the proposal density of candidate x; given x;_;. Importantly, MALA can be cast as a nonlinear
recursion amenable to parallelization by setting the state s;_; = x;—;. The MALA update function
fe(zi—1) = MALA(x;_1, {€,,u:}) depends on input random variables &, ~ N(0,I) and u; ~
U(0,1). We define it as follows, with logistic function ¢ and binary indicator function 1(...):
function MALA(x¢_1, {&;,ut})

Xy ¢ X1 + €Vxlogp(xe—1) + \/Zét

o < min{l, p(X)q(xi—1 | X¢)/p(xe-1)q(Xe | x¢-1)}

g <+ loga —loguy

g < 0(g) + stop_gradient(1(g > 0) — o(g)) > stop-gradient trick
Xt gXe + (1 —g)x¢—1 > accept-reject via gating variable
return x;

end function

Notably, the accept—reject step renders the MALA update non-differentiable. In our proposed
MALA function, the exact MALA update is computed in the forward pass, while the Jacobian for
DEER is obtained using the stop-gradient trick [see 18], which yields a differentiable relaxation of
the accept—reject step. Critically, Proposition 1 of Gonzalez et al. [8] guarantees that DEER and
quasi-DEER still globally converge to the true sequential MALA trace in this setting, despite the
approximate Jacobian and non-differentiable f;. That is, given shared input randomness, both parallel
and classical sequential MALA return the same set of samples up to the numerical tolerance .

3.3 Parallelizing Hamiltonian Monte Carlo

Hamiltonian Monte Carlo (HMC) is a prominent MCMC algorithm that uses gradient information
with augmented momentum variables to efficiently explore the sampling space [11-13]. Each step
of HMC consists of sampling new momenta, integrating Hamiltonian dynamics, and accepting or
rejecting the proposed state. In the following, we present two approaches for parallelizing HMC that
either: 1) parallelize across sampling steps; or 2) parallelize the leapfrog integration within each step.
We focus on HMC with a fixed number of leapfrog steps and step size and discuss considerations for
future work on parallelizing NUTS [19] and other adaptive HMC algorithms in Section 6.

Parallel HMC with Sequential Leapfrog Integration. The most straightforward way to parallelize
HMC is to extend our MALA strategy and parallelize across HMC sampling steps. Here, the function
ft runs a sequential leapfrog integrator to generate a new proposal. As before for MALA, we
substitute a differentiable relaxation of the accept-reject step for the Jacobian. We used this method
in Figure 1 and apply it to logistic regression in Section 5.

Sequential HMC with Parallel Leapfrog Integration. Alternatively, we could run HMC steps
sequentially and parallelize the inner leapfrog integration loop. Let p(x) be the target distribution with
x € RP. Each HMC step samples a momentum variable v € R” and then integrates Hamiltonian
dynamics for L steps using the leapfrog integrator with step size e. If the momentum is updated with
a half-step before integrating, the resulting integration step is

Xt =Xp—1+€Vi_1; Ve = v+ eVilogp(x;) (8)

fort = {1, ..., L}. After integration, the momentum is updated with a negative half-step and then
the candidate state is accepted or rejected. To apply DEER to this problem, we set the state to the
concatenation of the position and momentum states s; = [x;, v¢] and define f; : R2D 5 R2D 35 the
leapfrog integrator steps in equation (8). The complete algorithm is presented in Appendix A.2. This
novel ability to parallelize leapfrog integration raises new considerations about the optimal step size
and acceptance rates, which we discuss in Appendix B.3.

Block quasi-DEER for parallelizing leapfrog integration. The Jacobian of the leapfrog step has
the following block structure, where I p is an identity matrix:

ID EID

J _ o =
(st-1) = 5o (se-1) = eV2logp(xs_1+evi_1) Ip+eV2logp(xs_1+evi_q)

Os
The diagonal quasi-DEER algorithm discards information in the off-diagonal blocks. We therefore
propose an alternative “block quasi-DEER” algorithm that employs the diagonal of each block of the
Jacobian. For leapfrog integration, this approximate Jacobian is exact for the top row and takes into
account interactions between the position and momentum states in the off-diagonal blocks. Crucially,
the block quasi-DEER matrix form can also be parallelized via an efficient linear recursion with
O(T'D) memory and O(T D) work. See Appendix A for additional details of this approach.
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3.4 Scaling parallel MCMC

In this section, we propose several ways to make parallel MCMC more efficient by reducing the
computational cost of each update or reducing the number of parallel Newton iterations.

A general stochastic approach for efficient quasi-DEER. Quasi-DEER [8] and our block variant
require the diagonal of a Jacobian, which is not always easily available in closed form. Computing
the diagonal via automatic differentiation requires D passes through the function to compute the full
Jacobian and retain only the diagonal elements, which is computationally and memory intensive for
large systems. We therefore propose a stochastic quasi-DEER that is generally memory efficient
and still enjoys global convergence guarantees due to Proposition 1 of Gonzalez et al. [8]. Our
approach leverages a general stochastic estimator of the diagonal of the Jacobian [20, 21] based on
Hutchinson’s method [22] and given by the following, where each element z; ~ Rademacher:

diag(J¢) = Ezuradlz © (J:2)]. (10)

This expectation can be estimated via standard Monte Carlo using efficient Jacobian-vector products.
The resulting stochastic quasi-DEER algorithm joins the family of memory-efficient quasi-DEER
algorithms proposed in Gonzalez et al. [8]. Empirically, we find that only one or a few Monte
Carlo samples often suffice to estimate diag(J;). Notably, when using a single sample estimate the
stochastic quasi-DEER algorithm requires only one forward pass through the function f; to evaluate
it at the state s;_; and compute the Jacobian-vector product J;z. This substantially improves over
the D passes through the function required for automatic differentiation and matches the number of
forward passes required by Picard iterations [23]. In our results, stochastic quasi-DEER yields major
efficiency gains, and we expect it to be broadly useful for parallel evaluation of nonlinear recursions.

High quality approximate samples with early-stopping. The sample sequence generated via par-
allel Newton iterations at convergence is equal to the sequence generated from sequential evaluation,
up to numerical tolerance. However, we observe that intermediate sample sequences before conver-
gence can still apparently produce high-quality samples. For example, consider the samples generated
at the 25th parallel iteration in Figure 1. We therefore propose an approximate sampling scheme
where samples are generated by early-stopping the parallel Newton iterations before convergence.

Orthogonal coordinate transformation for quasi-DEER. As quasi-DEER relies on a diagonal
approximation to the Jacobian, its performance can depend on the accuracy of this approximation. To
mitigate this issue in some problems, we propose to reparameterize the system for quasi-DEER using
an orthogonal coordinate transformation z; = QTst with Q € RP*P and QTQ = I. In this new
set of coordinates, the dynamics of the system are given by

z: = Q' f1(Qzi1) 2 fi(z_1). (11)

The resulting Jacobian in these coordinates is J; = QTJ +Q. If J; is closer to diagonal than J,
the quasi-DEER approximation will be more accurate. At convergence, we map the transformed
states back to the original coordinates via s; = Qz;. These efforts to make Markovian systems more
amenable to quasi-DEER are part of a broader theme in the community; for example, Farsang et al.
[24] develops a nonlinear RNN where the dynamics are constrained to be diagonal. The orthogonal
change of coordinates is particularly effective for dynamical systems with real and symmetric (or
near-symmetric) Jacobians. Importantly, this is the case for MALA. If we ignore the accept-reject step
in MALA then the Jacobian is J; = I +€eVZ log p(x;—1). Assuming continuity of second derivatives
of log p(x), this is a real and symmetric matrix that can be diagonalized with an orthogonal matrix Q.

Sliding window updates. To improve algorithm performance for higher-dimensional problems, we
adapted the sliding window technique proposed in Shih et al. [23]. In this approach, at each iteration
we apply a DEER update within a window of the sequence rather than across the entire sequence
length. The window is initialized to start at the first time point. After each iteration, the window is
shifted forward in the sequence to the first time point that has not yet converged within the tolerance.

4 Related Work

Parallelizing diffusions. A related line of work has developed parallelizable algorithms for sam-
pling from diffusions. Shih et al. [23] used Picard iterations, which also cast the state sequence
as a fixed point, to parallelize diffusion model sampling. Follow-up works include the Parareal
algorithm [25] by Selvam et al. [26] and Anderson acceleration via triangular nonlinear equations by
Tang et al. [27]. In fact, recent work has shown that in this setting, Picard iterations can be interpreted
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Figure 2: Parallel Gibbs sampling. (A) The number of iterations for DEER and preconditioned memory-
efficient quasi-DEER scales approximately logarithmically in the sequence length (solid line is median and
shaded areas are 90% confidence intervals). (B) Quasi-DEER is faster than sequential sampling on CPU or GPU
across varying batch sizes, i.e., number of independent chains evaluated in parallel.

as a version of quasi-DEER where the Jacobian is replaced by the identity [28]. More closely related
to our work, Anari et al. [29] used Picard iterations to parallelize Langevin diffusion sampling. While
these studies are highly relevant, there are important differences from our work. First, they focus on
parallel simulation of SDEs, which differ from MCMC algorithms involving discrete accept—reject
steps and coordinate-wise updates. Next, Picard iterations achieve linear convergence, whereas our
Newton-based approach attains quadratic convergence under certain conditions. Separately, Danieli
et al. [6] further demonstrated the promise of parallel Newton methods for diffusion model simulation,
showing theoretical speedups under the assumption of perfect Jacobian parallelization, though limited
in practice by memory constraints. The stochastic quasi-DEER approach may alleviate such memory
issues and aid parallelizing diffusion model sampling.

Related work for parallel MCMC. Many works have sought to accelerate MCMC via parallel
computing [30, 4]. The most related is Grazzi and Zanella [31], which parallelized random-walk
Metropolis sampling using Picard iterations. In contrast, we focus on Gibbs sampling and gradient-
based MCMC algorithms and employ first-order Newton methods for parallelization. Beyond this,
the most common approach is to run multiple independent chains in parallel, which is supported
by modern MCMC libraries [32—35] and theoretical analysis [36, 5]. However, some samplers like
the No-U-Turn Sampler (NUTS), an adaptive HMC algorithm [19] with additional control-flow
computations that complicate GPU acceleration, may not be as easily parallelizable across chains.
This motivated GPU-friendly adaptive HMC variants [37, 4] and finite-state machine formulations
of MCMC algorithms that alleviate GPU synchronization issues [38]. Finally, many parallel-chain
MCMC algorithms also share information across chains [39, 40].

Parallel computation in MCMC extends beyond batching independent chains. For Gibbs sampling,
extensive work has focused on parallelizing Gibbs update sequences within a sample iteration [41—
43]. In multi-proposal MCMC, multiple candidate states are generated in parallel to enhance target
exploration [44-49]. Pre-fetching approaches parallelize tasks such as proposal generation alongside
other computations [50, 51, 30]. Parallel-in-time algorithms have been developed for Bayesian
smoothing in state space models [52-54] and are related to our work. Finally, many approaches
partition data into subsets and run parallelizable inference processes for each data subset [55-57, 30].

5 Results

Our experiments evaluate the number of Newton iterations to convergence, wall-clock time relative to
sequential sampling, and sample quality for parallel Gibbs, MALA, and HMC across multiple prob-
lems. Our implementations were in JAX [58] with wall-clock times measured post-JIT compilation.
Unless otherwise noted, all runs used a single H100 GPU on a SLURM cluster.

5.1 Parallel Gibbs sampling for a hierarchical Gaussian model

We first demonstrate parallelization of a reparameterized Gibbs sampler for the eight schools prob-
lem [3, 59], a hierarchical Gaussian model of test scores x, ,, for school s and student n with 20
students per school (see Appendix B.2 for additional details). We sampled synthetic data from this
model with specified means and standard deviations per school, and used a parallelized Gibbs sampler
to draw samples from the 18-dimensional posterior distribution.
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Figure 3: Parallel MALA performance using efficient quasi-DEER (Q-DEER). (A) Wall-clock times to
sample chains of length L for batch size B = 2 for parallel MALA (“Par.") vs. sequential MALA (“Seq.").
(B) For batch size B = 2, the distribution/number of Newton iterations needed for each chain to numerically
converge. The light-blue band represents a 60% confidence interval over 20x random seeds. The gray dots show
the number of iterations needed for numerical convergence of a particular seed as an example. The dashed line
represents the maximum permitted number of iterations at a given setting of L. Parallel MALA often converges
in only a few dozen iterations, even when generating tens of thousands of samples. (C) Wall-clock speedup
multipliers of parallel over sequential MALA with 90% confidence intervals over 20x random seeds. The gray
dotted line marks a multiplier of 1.0, i.e. equal performance. For many batch sizes, Q-DEER can generate
numerically-equivalent samples more than an order of magnitude faster than sequential sampling.

We investigated the convergence and wall-clock speed of DEER and efficient quasi-DEER on an
A100 GPU using a 3-sample stochastic Jacobian diagonal estimate and diagonal preconditioning.
We compared wall-clock times to sequential sampling baselines on GPU and CPU across various
numbers of chains and chain lengths. We found parallel Newton methods converged rapidly for this
problem, requiring tens of DEER iterations or 100-150 quasi-DEER iterations for chain lengths up
to 1M samples (Figure 2A). Furthermore, for batches of 32 or 64 chains, Quasi-DEER yielded the
fastest wall-clock sampling times across all settings (Figure 2B), achieving approximately 2x faster
sampling than sequential methods.

5.2 Parallel MALA for Bayesian Logistic Regression

We next evaluated parallel MALA, focusing on (1) the convergence rate of Newton’s method and
the wall-clock time relative to sequential MALA, and (2) its efficiency in generating useful samples.
For parallel MALA, we used the stochastic quasi-DEER algorithm with a 1-sample estimate of
the diagonal. We targeted the posterior of a Bayesian logistic regression (BLR) model of the
German Credit Dataset with whitened covariates [60, 61] and a A/(0, I) prior. We compared
parallel and sequential MALA with step size e = 0.0015 (=80% acceptance rate) across batches
of independent chains B € 1,2, 4,8, 16, 32 and chain lengths L € 1K, 2K, 4K, 8K, 16K, 32K, 64K.
Each configuration was repeated across 20 random seeds. The main text reports representative subsets
of B and L highlighting key trends; full results and metric details are in Appendix C.1.

Wall-Clock Time and Convergence. From Figures 3A and 3C, we observe that for all tested
sequence lengths L and batch sizes B except for B = 32, parallel MALA can generate the same B
batches of L samples each much faster than sequential MALA, achieving speedups of up to 20 or 30
times for some smaller batch sizes. However, sequential MALA is slightly faster than parallel MALA
for batch size B = 32. This reflects a trade-off in the allocation of parallel resources, where for large
batch sizes parallel MALA saturates our GPU resources, degrading performance. Eventually, parallel
MALA resulted in out-of-memory errors with B = 32 and L = 64K, and scaling to this size of
samples or larger with parallel MALA would require the sliding window technique. Notably, parallel
MALA typically converged in tens of Newton iterations (fig. 3B), and only rarely had chains not yet
converged at our prespecified max_iters (red dashed line in Figure 3B and Appendix B).

On Sample Quality via MMD and Newly-Accessible Tradeoffs. We next investigated the quality
of samples generated via parallel MALA and whether parallel or sequential sampling was more
efficient at generating high quality samples. To assess sample quality, we computed the Maximum
Mean Discrepancy (MMD) [62] between sets of MALA samples and a ground truth set of samples
computed via NUTS (Hoffman et al. [19], see Appendix B). This allowed us to compare sample
quality across batch sizes and chain length with lower MMDs value implying higher sample quality.

Parallel MALA produced samples of virtually identical quality to sequential sampling as measured
by MMD (Figure 4), while achieving over an order-of-magnitude speedup for smaller batch sizes.



For the largest batch size (B = 32), however, parallel MALA was slower than sequential MALA. To
determine which combination of B, L, and sampling mode most efficiently generated useful samples,
we computed interpolated timing estimates to identify the fastest configuration for simulating B
chains of L samples. The purple stars in Figure 4 denote such interpolated settings: for instance,
rather than one run with B = 32 and L = 16K, four parallel MALA runs with B = 8 and L = 16K
will likely achieve comparable sample quality in less time, while avoiding GPU oversaturation.

Across nearly all batch sizes and sequence MMD vs. Wall-Clock Time Tradeoffs
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gence for paral]elizing ]eapfrog integration Figure 4: MMD vs. wall-clock time performance for
using DEER, quasi-DEER, and block quasi- Parallel and sequential MALA. Blue circles denote par-
DEER with L. = 32 leapfrog steps across a allel MALA, red triangles denote Sequential MALA, and
range of step sizes and initial conditions (Fig- purple stars denote interpolated parallel MALA (e.g., se-
ure 5A). We found that DEER converged in  quentially running two independent B = 4, L = 16K
the fewest iterations’ although lt incurs avery instances instead of one B = 8, L = 16K run). Each line
high memory cost for this problem. Quasi- connects points of equal batch size across varying sequence
DEER incurs a light memory cost, but in this lengths L. Points closer to the bottom-left indicate greater
example often required close to the maximum compute-time efficiency (i.e., faster and higher quality).
number of parallel iterations to converge (L iterations). Block quasi-DEER, which accounts for
position and momentum interactions, notably reduced the number of iterations to convergence by
~ 2x compared to quasi-DEER across a range of relevant step sizes. In our timing experiments, we
therefore solely considered block quasi-DEER for parallelizing the leapfrog integration.

We compared the time to generate 1000 HMC samples from the BLR model across varying numbers
of leapfrog steps and step sizes using sequential or parallel leapfrog integration (fig. 5B). We simulated
a batch of four chains and estimated efficiency using effective sample size (ESS) per second using
ArviZ [63]. For relatively larger numbers of leapfrog steps, parallel leapfrog integration achieved
substantial efficiency gains over sequential leapfrog (fig. 5B), while for the largest step sizes and
fewest leapfrog steps sequential HMC was often more efficient. We also compared peak ESS/s across
hyperparameter settings for sequential HMC, HMC with parallel leapfrog, and HMC parallelized
across the sequence length (each with four chains). In this setting where the optimal number of
leapfrog steps is typically small, parallelizing HMC across the sequence achieved the highest ESS/s.
While fewer leapfrog steps were optimal here, the efficiency gains from parallel leapfrog at larger
leapfrog step counts may prove valuable in other problems. Appendix C further demonstrates parallel
leapfrog integration for HMC on a 501-dimensional item-response model [64].

5.4 Scaling Parallel MCMC

Memory-Efficient quasi-DEER. The stochastic quasi-DEER algorithm was critical for our MALA
BLR experiments. For parallelizing MALA, Figure 6 compares its wall-clock performance against a
quasi-DEER implementation that uses automatic differentiation to compute the Jacobian diagonal,
as the diagonal was not easily available in closed-form. The memory-efficient stochastic version
achieved over 10x faster wall-clock times and remained in memory in multiple additional settings.

Early-Stopping. It is well-established that traditional MCMC algorithms inherently output im-
perfect, approximate samples of the posterior. As such, a reasonable question is whether we must
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Figure 5: Parallel HMC sampling targeting a BLR posterior. (A) Block quasi-DEER converges more
efficiently than quasi-DEER for parallelizing leapfrog integration. (B) Relative ESS/s speedup of parallel vs.
sequential leapfrog. (C) Peak ESS/s across explored hyperparameter settings for running 4 chains with sequential
HMC, HMC with parallel leapfrog, or parallel HMC across the sequence.

run parallel MCMC until full convergence to obtain useful samples for approximating posterior
expectations, or if we can get comparable quality samples in much faster time via early-stopping
at intermediate Newton iterations. To probe this question, we used parallel MALA as our test case.
Indeed, early-stopped parallel MALA can often yield samples with comparable MMD to running
parallel MALA until convergence or generating sequential samples (fig. 6B). For example, with
B = 2 chains, running parallel MALA for only 8 iterations would have yielded samples with near
comparable MMD quality to those at convergence, but also with nearly an order of magnitude faster
runtime. However, early-stopped parallel MALA performance varies across settings (Appendix C.1)
and the optimal number of early-stopping iterations is likely problem-dependent. We leave more
thorough investigation of this to future work.
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Figure 6: Effectiveness of methods for scaling parallel MCMC: memory-efficient quasi-DEER and early
stopping. (A) Wall-clock speedup multipliers of memory-efficient quasi-DEER over automatic differentiation
(AD) quasi-DEER (dotted line is equal runtime). Error bars denote 90% confidence intervals over 20 random
seeds. Memory-efficient quasi-DEER consistently achieves over 10X faster wall-clock times. AD quasi-DEER
ran out of memory for (B, L) € {(4,64K), (8,32K), (16,16K+)}, so no bars appear for these cases. (B)
MMD-wall-clock tradeoffs for B = 2 Parallel MALA with/without early stopping. Points on the same line
share the same Newton iteration count (4, 8, 12, or full convergence); leftmost and rightmost points correspond
to L = 1K and L = 64K, respectively. Points closer to the bottom-left indicate greater compute-time efficiency.
One can often achieve comparable MMD with far fewer Newton iterations than needed for full convergence.

5.5 Sentiment Classification from LLM Embeddings

We next scaled parallel MALA to a higher-dimensional sentiment classification task. We
encoded reviews from the IMDB dataset [65] into 768-dimensional embeddings using
gemini-embedding-001 [66], partially inspired by Harrison et al. [67]. We targeted a BLR model
with a ridge prior that predicted binary sentiment for 1024 randomly selected reviews given the
embeddings. We simulated B = 4 chains with 4096 samples using sequential and parallel MALA
with a step size of € = 0.015. To handle the larger dimensionality, we applied the sliding window
method from Section 3.4 (considering window sizes of 128, 256, 512, and 1024) and used a precom-
puted orthogonal basis transformation from the left singular vectors of the feature covariance matrix.
Figure 7A depicts the sliding window approach and shows convergence of parallel samples to the
sequential trace. We found that parallel MALA achieved the fastest runtime with a window size of
256 (Figure 7B) and achieved over 3x faster wall-clock time than sequential MALA (Figure 7B-D).
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Figure 7: Sentiment classification from LLM embeddings. (A) Parallel and sequential samples of the first
coordinate of the posterior at an intermediate iteration (fop) and at convergence (below). The intermediate
iteration shows the sliding window approach: the blue-shaded area is the current window where the trace is
updated. (B) Wall-clock times for parallel and sequential MALA for sampling 4 chains as a function of window
length. (C) Number of iterations to convergence for Parallel MALA as a function of window length. (D)
Wall-clock speedup multiplier of parallel over sequential MALA for different window lengths.

6 Conclusion

In this paper, we introduced a novel framework for parallelizing MCMC across the sequence length
using parallel Newton iterations. We demonstrated how several widely-used MCMC algorithms
can be parallelized using this framework. In multiple experiments, we showed this approach can
generate many thousands of samples in tens of iterations, without sacrificing sample quality. In
some cases, our approach generated samples an order of magnitude faster than traditional sequential
methods. To obtain these results, we developed more efficient approaches for the parallelization
of nonlinear recurrences, which is of independent interest. Additionally, this framework provides
new opportunities and tradeoffs for the allocation of compute resources. First, one can now tradeoff
parallelization of both the batch size and the sequence length. Second, for early-stopping MCMC we
provide the ability to dynamically adapt the number of parallel iterations. Ultimately, this approach
offers a broadly applicable means of accelerating MCMC, a workhorse of modern statistics.

Limitations and Future Work. While our results demonstrate promising acceleration of MCMC
via parallel Newton’s method, several potential limitations remain. We found that convergence of
Newton’s method can vary with the sampler step size, target distribution geometry, and Newton-
method hyperparameters. Our experiments also primarily targeted unimodal distributions; although
we efficiently parallelized sampling of a mixture of Gaussians (Appendix B.5), highly-multimodal
targets may have unstable local Jacobians, requiring damped updates or alternative techniques [8].
Future work should establish a theory of when MCMC sampling is efficiently parallelizable and
provide guiding principles for adaptive hyperparameter selection. A clear opportunity is to leverage
results of contractivity in MCMC [68, 69] and to adapt concurrently-developed theory on DEER
convergence [70] to the MCMC setting.

Next, the presented algorithms trade increased memory and computational cost for reduced time
complexity by evaluating many additional functions and gradients in parallel. For target distributions
with high memory requirements, parallel MCMC may be less advantageous. Moreover, it remains
unclear whether allocating parallel resources to more chains or to longer chains yields greater
benefit: this is an open question warranting further theoretical and empirical study. In general, future
work should scale these methods to higher-dimensional and more challenging targets, and explore
specialized hardware-aware acceleration strategies to further improve efficiency.

Our HMC experiments used fixed step sizes and trajectory lengths, unlike adaptive HMC samplers
such as NUTS [19]. Because NUTS introduces additional control flow to build sets of candidate
points, future work should examine its compatibility with the Jacobians required by DEER. However,
simpler dynamic HMC variants that randomly jitter step sizes and leapfrog step counts should remain
compatible with our methods. Beyond these HMC extensions, future directions also include applying
this framework to stochastic gradient samplers [71-73] and recent MCMC algorithms [74, 75].

Finally, the proposed algorithms have several immediate applications. They can accelerate machine
learning systems based on Langevin dynamics [76—78], enable faster approximate inference via early
stopping, and improve training algorithms that rely on MCMC sampling, such as Monte Carlo EM
and contrastive divergence [79]. In general, we envision this work unlocking MCMC sampling in
domains where sequential sampling was previously too time-consuming.
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reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [NA]
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Justification: Our paper is mainly computational and methodological, with less of a focus
on theoretical results.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

¢ Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: Please see our “Parallelizing MCMC" and “Results" sections, as well as
Appendices A and B. We also include full source code to reproduce all main experimental
results.

Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]
Justification: please see our full source code in the supplementary materials.
Guidelines:

» The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

 Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: Please see our “Parallelizing MCMC" and “Results" sections, as well as
Appendices A and B. We also include full source code with ample comments to reproduce
all main experimental results in our paper in our supplementary materials.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

¢ The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: All figures, whenever feasible, contain either error bars or confidence bands
to indicate statistical significance. We also explain in detail how these bars and bands are
computed.

Guidelines:

» The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.
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8.

10.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

¢ For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: Please see our “Results" section, Appendices A and B, and our supplementary
code.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: We have carefully read the NeurIPS Code of Ethics and have made sure that
our research conforms to it.

Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: This paper introduces a framework of foundational research methods that does
not have any direct paths to negative societal impacts, aside from the general interactions of
machine learning and statistical methods with society.
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Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

* Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: This paper does not involve any data or models that have high risk for misuse.
Guidelines:

» The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: We cite the main packages (e.g., JAX and TensorFlow Probability) and
acknowledge the original creators of the DEER / quasi-DEER algorithms.

Guidelines:
» The answer NA means that the paper does not use existing assets.
 The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.
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13.

14.

15.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

o If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]
Justification: Please see the README in our supplemental code.
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Justification: The findings in this paper do not involve crowdsourcing nor research with
human subjects.

Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.
* Including this information in the supplemental material is fine, but if the main contribu-

tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: The findings in this paper do not involve crowdsourcing nor research with
human subjects.

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.
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* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used

only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: The core methods introduced in this paper do not involve LLMs as any
important, original, or non-standard components.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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A Additional Algorithm Details

A.1 DEER Algorithm

The high-level steps of the DEER and quasi-DEER algorithms are shown in Algorithm 1, where
*DEER is either the DEER or quasi-DEER Newton update.

Algorithm 1 Parallel evaluation of nonlinear sequence models using variants of DEER

Require: initial state sg, function sequence f1.7, initial guess sg?%, tolerance 9, update xDEER

Amax % oo
1+ 0
while A, > ¢ do
SYZJTFI) = *DEER(SEZ:,)T, fi1,80) > global update with O(log T') parallel time complexity

Apax & maxy ||s§i+1) — S,Ei)HOo
11+ 1
end while

t 7
return s; ;.

A.2 HMC algorithm with parallel leapfrog

For clarity, the sequential HMC algorithm with parallel leapfrog evaluation is written in full in
Algorithm 2. The inner loop of L steps of leapfrog integration is evaluated using parallel Newton’s
method. It is also straightforward to add a diagonal mass matrix.

Algorithm 2 HMC Step with Parallel Leapfrog
function HMC(p(x), x(), ¢, L)

X < X(l)

vo < N(0,1) > sample momentum
Hy « $vo'vo — log p(x0) > compute energy
Vo < vo + 5 Vxlog p(xo) > half-step momentum
fort =1— Ldo > evaluate in parallel

X ¢ Xg—1 T €V
Vi ¢ vi_1 + € Vi log p(xy)
end for
vr < v — 5 Vylogp(xy) > reverse half-step momentum
Hp, + 2vi vy —logp(xp) > compute energy
U ~ Unif(0,1)
if U < min(1, Hy,/Hy) then > Accept-Reject Step
return x(“+1)
else
return x(*)
end if
end function

A.3 Block quasi-DEER for HMC with Parallel Leapfrog

Here we discuss parallelizing leapfrog with block quasi-DEER in additional detail. Recall that for
HMC with parallel leapfrog, the state of the function being parallelized is the concatenation of the
position and momentum states s; = [x;, v¢] with s; € R2D. The Jacobian of the leapfrog step used
in HMC with parallel leapfrog integration has a block structure:

9 Ox¢ Ox4
J(s¢—1) = i(st—l) = [Bz)(i,tl 8§$t1‘| (12)

Js Ox¢_1  Ovi_a

Ip elp

- [eVi logp(xi—1 +evi—1) Ip+e2V2logp(xi—1 + evi_1) (13)
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where I p is the identity matrix and V2 log p(x;—1 + €v;_1) is the Hessian of log p(x) evaluated at
the new position state x; = x;—1 + €v;_1. We note that here we have derived the Jacobian in the
absence of a mass matrix, but it is straightforward to add such a matrix and we use a diagonal mass
matrix in the item-response theory experiment. The top two blocks of this Jacobian are diagonal.
While the lower blocks depend on the target distribution, the lower-right block is also equal to a
diagonal matrix plus the Hessian term scaled by €2 such that it will be close to diagonal for small
step sizes. The structure of this Jacobian motivated the block quasi-DEER approximate Jacobian,
which retains only the diagonal of each block

diag( 0% ) diag( O )

N P CTEED e L L (o (14)
Q(si-1) dlag(aitjl) dlag(a‘?,til)
For parallelizing leapfrog integration in HMC, this approximate Jacobian is
J (S ) _ ID GID
BQS—1 ediag(VZlogp(xi—1 +evi_1)) Ip + € diag(VZlogp(xi—1 + €vi_1))
15)

Importantly, we are efficiently able to construct a single-sample stochastic estimate of the block
quasi-DEER Jacobian using only one Hessian-vector product since

diag(V2 log p(xi—1 + evi_1)) = Epupaalz © (Vilog p(xi—1 + evi_1) z)]. (16)

The Hessian-vector product can be efficiently computed using a combination of reverse-mode and
forward-mode autodifferentiation.

An important feature of quasi-DEER, which retains only the diagonal of the Jacobian, is it can be
implemented using a parallel linear recursion with O(T'D) memory and O(T' D) work. Here we show
how block-quasi DEER also admits such a recursion with a constant additional factor of memory and
work. Consider two matrices A and B that are each two-by-two block matrices and each block is
diagonal with

o by -
_ ap bp| _ |diag(a) diag(b)
A= c1 dq - [diag(c) diag(d) a7
L cp dp |
and
_ |diag(e) diag(f) (18)
diag(g) diag(h).
The matrix product of A and B is
AB — diaglaGe+bog) diaglacf+boh) (19)
~ |diag(c0e+dog) diag(cof+doh).

Notably, the product of A and B is also a block matrix composed of diagonal blocks and this
product can be computed with 8 element-wise products of size D. When the matrix A is of size
2D x 2D, the linear recursion requires O(7T'4D) memory to store the diagonal and two off-diagonals
for each time point and O(T'8D) work compared to O(72D) memory and O(T2D) work for a
linear recursion of purely diagonal matrices. The resulting linear complexity in D dramatically
improves over the cubic complexity in D for DEER when the dimension of the system is large. We
hypothesize that this parallel linear recursion used for block quasi-DEER could be useful in other
applications of parallelizing nonlinear dynamics with interacting variables and in deep state space
models. Additionally, while we constructed block quasi-DEER with a 2 x 2 block matrix for this
problem, we also note that a similar scheme is possible for block matrices that consist of k x k blocks
with each block being diagonal. We note that this approach has O(TkD) memory and O(Tk?D)
work, and so provides a natural interpolation between standard quasi-DEER, with O(T'D) memory
and O(T D) work, and standard DEER, with O(T'D?) memory and O(T D?) work.
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B Additional Experiment Details

In our applications we use a combination of absolute and relative tolerance [80] as the stopping
criterion for parallel Newton’s method. In all experiments, we set the absolute tolerance to 10~* and
relative tolerance to 10~ unless otherwise noted.

B.1 Parallel MALA

We use Bayesian logistic regression (BLR) on the German Credit Dataset (with whitened covari-
ates) [60, 61] as our testbed for this set of experiments. Specifically, we will use quasi-DEER-based
Parallel MALA to generate B independent chains of L samples each from the posterior distribution of
the BLR model with a A'(0, I) prior on the covariates. We vary the batch size B € {1,2,4, 8,16, 32}
and the sequence length L € {1000, 2000, 4000, 8000, 16000, 32000, 64000}. To solidify confidence
in our results, we will repeat all settings across 20 random seeds. We repeat the corresponding set-
tings for the baseline sequential MALA algorithm. To ensure fairness, we implement the sequential
procedure using the JIT-compilable jax.lax.scan module.

For both parallel and sequential MALA, we use a learning rate of e = 0.0015, selected to maintain
aroughly =~ 80% acceptance ratio. For both algorithms, we sample independent initial states from
their (0, I) priors for each of our B chains. Then, we run w = 3 burn-in steps to orient these initial
states into more statistically-plausible regions of the parameter space. We then set our initial guess of
states for all timepoints at Newton iteration O to the initial state such that sg?)T = sp.

For parallel MALA, we set a max_iter of 50 + 5L X 104, chosen heuristically because we
expect longer sequence lengths L to require more iterations until all sequence elements numerically
converge. We set the absolute tolerance to 5 x 10~*. From Appendix Figures 11 and 15, we see that
the vast majority of our trials across settings reach numerical convergence before their corresponding
max_iter values. This suggests that our max_iter cutoffs were appropriate.

To compute wall-clock times, for each random seed, we first perform 3 warm-up runs of each
evaluated algorithm. Then, we perform 5 timing runs of each evaluated algorithm, logging the
total wall-clock time across the 5 timing runs. Finally, we divide this total time by 5 to return our
wall-clock time for this seed. The warm-up runs serve to account for potential slowdowns (of both the
sequential and parallel MALA) from JIT-compilation overhead on initial executions. We average over
5 timing runs to reduce variance from uncontrollable system processes. We do note, qualitatively,
that the one-time cost of JIT-compilation did seem to be noticeably higher for our parallel algorithms
compared to the sequential baselines. However, in typical use cases involving repeated sampling
(i.e. repeated sampling calls), runtime over many calls will almost certainly dominate compile time.
As such, we believe that our timing methodology is well-justified. Nonetheless, reducing this initial
overhead remains a useful direction of future work.

For all experiments measuring wall-clock time, we set full_trace=False for our quasi-DEER
driver so that we only store the output after the last Gauss-Newton iteration. Each run of quasi-DEER
under this setup also outputs the numbers of iterations required for convergence of each of our B
chains, allowing us to generate Appendix Figure 11. To generate Figures 14 and 15, we require
access to the quasi-DEER samples after each Newton iteration, not just after convergence or hitting
the maximum iteration count. As such, for these experiments, we set full_trace=True.

All experiments were run on an NVIDIA H100 GPU with 80 GB of RAM.

B.1.1 Measuring Sample Quality via Maximum Mean Discrepancy (MMD)

To assess sample quality, we use Maximum Mean Discrepancy [62]. We do not use traditional
MCMC metrics like effective sample size (ESS) or R because such metrics mainly target the
autocorrelatedness of traditional sequential MCMC algorithms. In contrast, our parallel MALA
algorithm by nature does not proceed sequentially sample-by-sample, and the autocorrelation of
its generated samples are inherently limited by the autocorrelation of the base sequential MALA
algorithm.

Given that the dominant use case for generating MCMC samples is to use said samples towards
approximating the posterior expectation of some target function of interest, we can quantify sample
quality by how closely our sample-based estimates can match the true target posterior expectations.
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Formally, for probability distributions p;, p2 and function class F, the (theoretical) Maximum Mean
Discrepancy (MMD) is defined by Gretton et al. [62] as

MMD(F, p1,p2) = sup (Ep, [f(X)] = Ep, [F(Y)])

for X ~ p;and Y ~ p,. If we set ps to be the true target posterior distribution and let p; represent
the distribution represented by our generated samples, then MMD is a natural measure of sample
quality.

However, we do not have access to the true target posterior distribution ps. Thus, we approximate the
“ground truth” p, via a large set of gold standard MCMC samples generated using the state-of-the-art
No U-Turn Sampler with Dual-Averaging Stepsize Adaptation introduced by [19] and implemented
in TensorFlow Probability [81]. Specifically, following standard best practices, we aim for a
target acceptance probability of 75% with initial states being drawn from the N (0, I) prior. To
ensure high quality, we perform 50, 000 burn-in steps before collecting 100, 000 samples as our gold
standard approximation of the true target posterior.

Yet, taking the supremum over all f in a potentially-uncountable function class F is analytically
intractable. As such, following Gretton et al. [62], we pick a function class F corresponding to a
reproducing kernel — in our case, we will use a Gaussian RBF kernel:

&1 — @2lf3
k = -
(w17.'132) exp < 20_2 )
with hyperparameter o to be discussed in the next paragraph. Let {x;}}, refer to the samples
outputted by sequential or parallel MALA, with N = B x L and let {yj };‘il represent the gold

standard samples. In such a setting, we can empirically and unbiasedly estimate the MMD of our
samples with respect to the true target posterior as follows (see [62]):

I\TIVI\D(]:prhpZ) _1 sz mum]
i=1 j#i
XJ M 9 M N
szy“y? MNZZk(w“yj)
i=1 j#i i=1 j=1

Because we are working with hlgh-dlmensmnal settings with large batch sizes B and sequence length
L, we cannot store all of our samples in GPU memory at once. As such, we approximate each term
above using at most Mpax = 50, 000 randomly-selected samples from our MALA outputs and take

the average of our MMD estimates over 10 replications.

Finally, following Gretton et al. [62], we select o to be the median pairwise distance between samples
in our gold standard set. Because storing the entire pairwise distance matrix would overwhelm
our GPU memory, we randomly select 50, 000 samples from this set, compute the median pairwise
distance of this subset, and then take the mean over 10, 000 repetitions of this procedure.

B.2 Gibbs sampling experiment

The generative model for the Gibbs sampling experiment is
2

%~ X (0, 75) p~ N(po, 7 /o) (20)

0s ~ N(n, %) o7 ~ X" *(0,05) s ~ N (05,07) 2D
where vy = 0.1, 7’02 = 100.0, po = 0.0, Ky = 0.1, a9 = 0.1, and cro = 10.0. We paral-
lelized Gibbs sampling coordinate updates that simulate samples from the 18-dimensional posterior
(72, 11, {0s,02}5_, | X, ¢) where X are the set of observations across the S = 8 schools each with
N = 20 students and the hyperparameters are ¢ = {14, 70, /10, Ko, 0, 05 }. We simulated data such
that the means and standard errors corresponded to those in Table 5.2 of Gelman and Hill [64]. The
dynamics function at time-step ¢ proceeded via the following coordinate updates

2~ (7 | =1, {0s -1} 51, @) (22)
g~ P | {05011, 70,0) (23)
Ose ~ p(Os | e, 77,0241, X, 9) (24)

o2 ~p(oF, |05, X, ¢) (25)
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where 0, ; denotes the sampled value for 6, at time point t. We reparameterized this update using
standard reparameterization for Gaussian random variables and the fact that if z ~ x~2(v, 72) then
kz ~ x~2(v, k1?) for the 72 and &% given that the location parameter of the y ~2 distributions were
fixed and known for each of those variables. In our implementation, we passed a random number key
as input to each step of the function and sampled random variates as part of f;.

For each chain, we first simulated a draw from the prior distribution and then ran one sequential
sampling step targeting the posterior. The result of this sequential sampling step was set to be the
initial state sy for each chain. For Newton’s method, the guess of the state sequence at iteration O was
set to the initial state such that s§°> =sgforallt =1,...,7, as in the MALA experiment. When
using quasi-DEER for this problem, we used a 3-sample stochastic estimate of the diagonal. We
additionally applied a tuned diagonal preconditioner to the stochastic quasi-DEER Jacobian estimates.

To compare the timing of sequential and parallel sampling, we ran chains of batch size B &€
{1,2,4,8,16, 32,64} and length L € {8000, 16000, 32000, 64000, 128000}. For all batch sizes
except for B = 64, we additionally simulated chains of length L € {256000, 512000, 1024000}. On
a CPU, we ran sequential sampling for all batch sizes and for lengths up to L = 32000; for values of
L > 32000 we extrapolated the time for sequential sampling (i.e. for L = 64000 we doubled the
amount of time it took to simulate L = 32000 samples). We repeated each run 5 times and computed
the timing in a similar manner as our MALA experiments. That is, we computed the average time to
run the JIT-compiled code across 3 timing runs after performing 2 warm-up runs of each algorithm.

0.20

T samples
3

0.05

0.00
0

0 2000 4000 6000 8000 10000
Iteration —— Parallel Gibbs  —— Sequential Gibbs T

Figure 8: Example samples from sequential and parallel Gibbs sampling. Left: Samples of 7
across iterations for sequential and parallel Gibbs sampling. The two sample traces are overlapping.
We note that we transformed 72 into 7 for visualization purposes. Right: The corresponding
histograms of samples of p(7 | X, ¢) are identical.

B.3 Sequential HMC with parallel leapfrog experimental details

We also applied sequential HMC with parallel leapfrog to the Bayesian logistic regression model
of the German-Credit dataset [60, 61] with whitened covariates. We focused on sampling 4 batched
chains and swept across the number of leapfrog steps L = {4, 8,12, 16, 20, 24, 32,40, 64, 96} and
step sizes ¢ = {0.005,0.0075,0.01,0.02,0.03,0.04,0.05,0.075,0.1}. Step sizes at 0.1 and above
resulted in unstable integration and acceptance rates near zero. For each combination of L and €, we
estimated the time to simulate 2000 samples from HMC using either sequential or parallel leapfrog
integration using a JIT-compiled function. We repeated each step size and number of leapfrog steps
across 10 random seeds. In all cases, we only used the absolute tolerance. For each run, we computed
the average effective sample size across parameters. We then reported the average effective sample
size per second. A relative comparison of the average ESS/s across runs between HMC with parallel
or sequential leapfrog is reported in Figure 5B. Additionally, the maximum ESS/s across settings of
L and € for HMC with parallel or sequential leapfrog is shown in Figure 5C.

When parallelizing the leapfrog algorithm, the initial state is the concatenation of the initial position
and the momentum after a half-step sy = [xq, vo]. We set the guess of the sequence of states to
be equal to this initial state, as in the Gibbs and MALA setups. Across 10 different initial states,
compared the number of iterations until convergence for DEER, block quasi-DEER, and quasi-DEER
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across the same set of step sizes and with L = 32 steps for BLR. These results are reported in
Figure 5A.

We next explored using sequential HMC with parallel leapfrog for an item-repsonse theory model [64,
61]. The target distribution in this case has D = 501 dimensions and the dataset has approximately
30K datapoints, making this a substantially larger problem. We compared the time to run HMC
with either sequential or parallel leapfrog across 1 or 2 chains and varying step sizes and number
of leapfrog steps. For each setting we ran 10 repeats across different random number seeds. We
estimated the time to simulate 1000 samples from the posterior distribution (Figure 19). Here, we
used a pre-tuned diagonal mass matrix, which empirically we found helped improve the convergence
of parallel leapfrog integration. We found that when simulating 1 chain the HMC with parallel
leapfrog can achieve speed-ups over HMC with sequential leapfrog. However, at two chains the
sequential leapfrog was faster.

B.3.1 Step-size for HMC with parallel leapfrog

Tuning the step size and number of leapfrog in HMC is important for optimal exploration of the target
distribution. The standard analyses for determining the optimal step size and acceptance rate typically
assume a linear time and computational cost in the number of leapfrog steps [12, 82]. However,
parallelizing the leapfrog integration can enable sublinear cost in the number of steps, violating this
assumption. A second compounding factor is that the number of parallel Newton iterations until
convergence of the parallel integration can vary as a function of the step size, as we saw in our
results. New analysis investigating the appropriate optimal step sizes and acceptance rates need to be
devised under these conditions. We hypothesize that in some cases, these conditions will favor the
use of smaller step sizes and more leapfrog steps, thereby increasing the optimal acceptance rate. We
currently leave a formal analysis of this to future work.

B.4 Parallel HMC across the sequence

We parallelized HMC across the sequence for both the Bayesian logistic regression example and for
the Rosenbrock distribution. For parallel HMC on Bayesian logistic regression we used memory-
efficient quasi-DEER to parallelize the algorithm. We tuned the step size, number of leapfrog steps,
and hyperparameters of the algorithm to consistently achieve fast convergence with high numbers of
samples. The resulting parameters were L = 4 leapfrog steps and step size ¢ = 0.04. We simulated
five sequential samples before setting the initial state for parallel HMC. In this case, we simulated
batches of 4 chains of length 1000. The initial guess of the states for parallel Newton’s method was
set to the initial state for all time points. When using memory-efficient quasi-DEER, we clipped
the magnitude of the diagonal Jacobian to be less than 1.0 and we used a damping factor of 0.4 [8].
We repeated the sampler across 10 different seeds. The sampler typically converged in around 20
iterations and the acceptance ratio was around 0.89%. We computed the ESS/s in the same manner
as for sequential HMC with sequential or parallel leapfrog in the previous subsection.

In Figure 1, we parallelized HMC sampling of the Rosenbrock “banana” distribution implemented in
TFDS [61]. We parallelized a chain of 100K samples where each HMC consisted of L = 8 leapfrog
steps with step size ¢ = 0.5. This resulted in an acceptance rate of approximately 97.6%. For this 2D
distribution, we used the full DEER Jacobian scaled by a damping factor of 0.5 [8] and clipped to
be within [—1, 1]. For this motivating example, we ran this with a single random seed and did not
examine timing or convergence profiles across runs.

B.5 Multimodal mixture of Gaussians example

Here we demonstrate that the approach can efficiently parallelize sampling from a multimodal
distribution. We constructed a mixture-of-Gaussians distribution in two dimensions with four
components (Figure 9). We used MALA with a step size of ¢ = 0.1 to simulate 100K samples from
this distribution. Parallel MALA using quasi-DEER with damping (called quasi-ELK in Gonzalez
et al. [8]) converged to the ground truth sequential trace in 50 parallel iterations. The resulting set of
samples at parallel iteration 50 are shown in Figure 9. While here we visualized the results for quasi
ELK, we note that quasi-DEER with clipped diagonal Jacobians between —1 and 1 also efficiently
converged in 72 parallel iterations. This preliminary result demonstrates the approaches can be used
to traverse multimodal distributions.
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Figure 9: Parallel sampling of a multimodal mixture of Gaussians distribution. The left two
panels show the target multimodal density and the final samples from running 50 parallel MALA
iterations to simulate 100K samples. The rightmost panel shows the last 10K samples from sequential
MALA sampling and parallel MALA sampling. Parallel MALA has converged to the ground truth
sequential trace of 100K samples in 50 parallel iterations such that the parallel and sequential traces
are completely overlapping.

C Additional Results Figures

C.1 Parallel MALA

In this section, we include the following additional results figures for parallel MALA. The intent of
these figures is to show trends over full parameter sweeps of batch size B and sequence length L that
corroborate and augment our findings in the main text:

* Figure 10: Wall-clock times (in seconds) for parallel MALA vs. sequential MALA sampling
to generate B batches of L samples apiece. This contains the full results corresponding to
Panel (A) in Figure 3 of the main text.

* Figure 11: Distributions of iterations needed for each of B chains to numerically converge
in parallel MALA. This contains the full results corresponding to Panel (B) in Figure 3 of
the main text.

* Figure 12: MMD vs. wall-clock time performance profiles for parallel MALA vs. sequential
MALA sampling. This contains the full results corresponding to Figure 4 of the main text.

 Figure 13: MMD vs. wall-clock time performance profiles for parallel MALA vs. sequential
MALA sampling, interpolating over batchsize B. This figure provides an alternate perspec-
tive (grouping by sequence length L instead of batch size B) of the results in Figure 12
above and Figure 4 of the main text.

* Figure 14: Early-stopping MMD vs. wall-clock time tradeoffs. This figure contains the full
results corresponding to Panel (B) in Figure 6 of the main text.

* Figure 15: Maximum absolute errors accrued by parallel MALA w.r.t. the sequential
sampling MALA algorithm as a function of Newton iteration. The purpose of this figure is
to demonstrate that parallel MALA achieves numerical convergence on most combinations
of batch size B and sequence length L within the maximum number of iterations.

* Figure 16: Pooled distributions of iterations needed for parallel MALA chains to converge.
This figure further emphasizes that the vast majority of length-L chains achieve numerical
convergence well before exhausting the maximum number of allowed iterations.

* Figure 17: Example samples of Bayesian logistic regression coefficient 5, on a numerically-
converged parallel MALA chain. This figure demonstrates that at numerical-convergence,
parallel and sequential MALA indeed output the same samples.

* Figure 18: Example samples of Bayesian logistic regression coefficient 5; on a not
numerically-converged parallel MALA chain. The purpose of this figure is to demonstrate
that even without complete numerical convergence, parallel MALA’s generated samples are
still effectively identical to those of sequential MALA'’s.
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Wall-Clock Time Until Floating-Point Convergence vs. Sequence Length (L)
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Figure 10: Wall-clock times (in seconds) for parallel MALA vs. sequential MALA sampling
to generate B batches of L samples apiece. The lightly-colored bands represent 90% confidence
intervals over 20x random seeds. For all results shown above, parallel MALA was run until full
numerical convergence. This figure contains the full results corresponding to Panel (A) in Figure 3 of
the main text. The main takeaway is that for all sequence lengths L and all batch sizes B except for
B = 32, parallel MALA is significantly faster than sequential MALA at generating samples.
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Figure 11: Distributions of iterations needed for each of B chains to numerically converge in
parallel MALA. The red dotted line represents the maximum number of iterations permitted for a
given setting. For a given collection of B chains, let ¢, represent the number of iterations needed
for chain b of B to converge. Letting tay < -+ < t(p) represent these numbers of iterations in
increasing order, the solid blue line represents the median of £y gp) (i.€., the 90th percentile within
these B chains) taken across 20x random seeds. The light-blue band represents a 60% confidence
interval of (g 9) computed across the 20x random seeds. The gray dots represent the observed
numbers of iterations until convergence for each chain b in B for one representative seeded trial. This
figure contains the full results corresponding to Panel (B) in Figure 3 of the main text. The main
takeaway is that in most settings, parallel MALA converges in only a few dozen iterations despite
generating tens, if not hundreds, of thousands of samples. Moreover, in the vast majority of settings,
parallel MALA numerically converges before reaching the maz_1ter limit.
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[Full-Convergence] MMD vs. Wall-Clock Time Tradeoff Curves + Interpolations (Fixing Batch Size B)
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Figure 12: MMD vs. wall-clock time performance profiles for parallel MALA vs. sequential
MALA sampling. The purpose of MMD is to measure sample quality. The main takeaway is
that for all batch sizes except for B = 32, we see that parallel MALA achieves virtually-identical
MMD (i.e., outputs equally high quality samples) as sequential sampling, oftentimes an order of
magnitude or more faster. On B = 32, we achieve rough parity. The solid blue triangles and solid
red circles represent the observed performances of parallel MALA and sequential MALA sampling,
respectively, with corresponding sequence lengths L annotated next to each point. In each panel,
we also investigate the performance tradeoffs of using smaller sequence lengths, but over multiple
serial runs. For example, assuming parallel MALA is run until numerical convergence, running
parallel MALA with B = 4 and L = 32K should output equivalent sample size and sample quality
as running eight instances of parallel MALA with B = 4 and L = 4K one after another, using the
last samples from each serial run as the initialization for the next instance. Of course running eight
instances of B = 4 and L = 4K should take eight times longer than running one instance of the same
settings. However, using smaller sequence lengths could lead to proportionately faster numerical
convergence per instance, making it potentially more time-efficient in certain cases than running one
single instance with a longer sequence length. As such, we linearly interpolate to investigate such
performance tradeoffs, with the interpolated values shown in the hollow triangles and circles. For
all panels, points closer to the bottom-left corner indicate better compute-time efficiency (i.e,
faster sampling and higher quality of samples). This figure contains the full results corresponding
to Figure 4 of the main text, organized by batch size B.
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[Full-Convergence] MMD vs. Wall-Clock Time Tradeoff Curves + Interpolations (Fixing Sequence Length L)
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Figure 13: MMD vs. wall-clock time performance profiles for parallel MALA vs. sequential
MALA sampling, interpolating over batch size B. Why don’t we always use B = 32 (or the
largest batch size possible)? Holding sequence length L fixed in each subplot, we explore MMD vs.
wall-clock-time tradeoffs of using various batch sizes. For example, assuming parallel MALA is
run until numerical convergence, running sixteen independent parallel MALA instances of B = 2
and L = 32K one after another should yield equivalent sample size and sample quality as running
one parallel MALA instance of B = 32 and L = 32K, and take 16x longer than running one
parallel MALA instance of B = 2 and L = 32K. However, directly running B = 32 and L = 32K
could overwhelm GPU memory, leading to significantly slower wall-clock performance than serially
running smaller batches. This reasoning justifies our interpolation-over-B analyses shown in the
hollow triangles and circles. The interpolations in the L. = 32K subplot reveal that running
sixteen independent instances of parallel MALA at L = 32K iterations apiece would have achieved
equivalent MMD as running parallel MALA or sequential sampling directly at B = 32 and L = 32K,
but with noticeably faster speed. For all panels, points closer to the bottom-left corner indicate
better compute-time efficiency (i.e, faster sampling and higher quality of samples). This figure
provides an alternate perspective (grouping by sequence length L instead of batch size B) of the
results in Figure 12 above and Figure 4 of the main text.
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[Early-Stopping] MMD vs. Wall-Clock Time Tradeoff Curves + Interpolations (Connecting by Iteration)
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Figure 14: Early-stopping MMD vs. wall-clock time tradeoffs. Empirically, we know that
the MMD of a batch of parallel MALA sample chains can converge to that sequential MALA’s in
significantly fewer iterations than are required for the numerical convergence of individual chains.
Each color-coded point represents the median MMD and interpolated wall-clock time (across 20x
random seeds) of parallel MALA for a given batch size B and sequence length L after running for
only a few iterations (see individual subplot legends) vs. running until full numerical convergence
(“Full Iters") and the sequential sampling baseline. The main takeaway is that in many cases, by
performing early stopping (i.e., only running for very few parallel MALA iterations instead of waiting
until full numerical convergence) one can obtain MCMC samples with comparable MMD sample
quality but in much faster time. This figure contains the full results corresponding to Panel (B) in
Figure 6 of the main text. For all panels, points closer to the bottom-left corner indicate better
compute-time efficiency (i.e, faster sampling and higher quality of samples).
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Distribution of Maximum Absolute Errors Over Parallel MALA Iteration
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Figure 15: Maximum absolute errors accrued by parallel MALA w.r.t. the sequential sampling
MALA algorithm as a function of Newton iteration. The solid blue line represents the median
of the median maximum absolute error (with the maximum taken over the entire sequence length L
and dimensions D), with the inner median computed over all chains b in B, and the outer median
computed over 20x random seeds. The lower and upper limits of the light blue shaded region represent
the medians (across 20x random seeds) of the 20th and 80th quantiles of the maximum absolute
error (taken over the B chains per seed). The main takeaway of this figure is that parallel MALA
achieves numerical convergence on most combinations of batch size B and sequence length L within
the maximum number of iterations.
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Distribution of Iterations Needed for Parallel MALA to Converge
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Figure 16: Pooled distributions of iterations needed for parallel MALA chains to converge.
Each histogram shows the number of iterations required for convergence for all chains with sequence
length L, pooled across all batch sizes B and 20 random seeds. The red dotted line marks the 75th
percentile, and the max_iter for each setting of L is marked by the right-most x-axis value. This
figure emphasizes that the vast majority of length-L chains achieve numerical convergence well
before exhausting the maximum number of allowed iterations.
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Figure 17: Example samples of Bayesian logistic regression coefficient 5, on a numerically-
converged parallel MALA chain. Left: trace plots of 31 across iterations for sequential and
parallel MALA sampling. The traces complete overlap, confirming that we indeed have numerical
convergence. Right: the histograms representing the posterior distributions implied by parallel and
sequential MALA’s samples are identical.
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Figure 18: Example samples of Bayesian logistic regression coefficient 3; on a not numerically-
converged parallel MALA chain. Specifically, this chain reached max_iters without numerical
convergence. Left: trace plots of 31 across iterations for sequential and parallel MALA sampling.
The traces still effectively completely overlap, implying that the two sets of samples are basically
identical. The discrepancy can be seen around iteration 18000. Right: despite the lack of numerical
convergence, the histograms representing the posterior distributions implied by parallel and sequential
MALA’s samples are effectively identical. The main takeaway of this figure is that even without
complete numerical convergence, parallel MALA’s generated samples are still effectively identical to
those of sequential MALA'’s.

C.2 Parallel Leapfrog Integration for HMC

Sequential HMC Item-Response Time Comparison
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Figure 19: Time comparison for sequential HMC on the item-response model with sequential
or parallel leapfrog integration. The time to simulate 1000 samples sequentially using HMC with
either sequential or parallel leapfrog on the item-response model, as a function of the step size,
number of leapfrog steps, and number of chains (panels). The target dimensionality is D = 501 for
this problem and each likelihood evaluation is computed across approximately 30K datapoints. For
one chain, HMC with parallel leapfrog is fastest across the two step sizes. However at two chains we
do not see speed-ups when using sequential HMC with parallel leapfrog for this problem.
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