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Abstract

We study a multi-round mechanism design prob-
lem, where we interact with a set of agents over
a sequence of rounds. We wish to design an
incentive-compatible (IC) online learning scheme
to maximize an application-specific objective
within a given class of mechanisms, without prior
knowledge of the agents’ type distributions. Even
if each mechanism in this class is IC in a sin-
gle round, if an algorithm naively chooses from
this class on each round, the entire learning pro-
cess may not be IC against non-myopic buyers
who appear over multiple rounds. On each round,
our method randomly chooses between the rec-
ommendation of a weakly differentially private
online learning algorithm (e.g., Hedge), and a
commitment mechanism which penalizes non-
truthful behavior. Our method is IC and achieves
o(r #) regret for the application-specific objec-
tive in an adversarial setting, where h quantifies
the long-sightedness of the agents. When com-
pared to prior work, our approach is conceptually
simpler, it applies to general mechanism design
problems (beyond auctions), and its regret scales
gracefully with the size of the mechanism class.

1. Introduction

In mechanism design, a social planner designs a protocol,
where a set of agents report their type to the mechanism,
and the mechanism chooses an outcome based on the re-
ported types. It is often desirable, if not necessary, that a
mechanism be incentive-compatible (IC), i.e. it is in the best
interest for each agent to report their types truthfully. When
designing the mechanism, we are interested in optimizing
some application-specific objectives. This typically requires
knowledge of the distribution on agents’ types. As exam-
ples, consider a seller who wishes to design either a reserve
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price auction or a posted price mechanism to sell an item.
In both cases, to maximize revenue (objective), the seller
requires knowledge of the distribution of buyers’ (agents)
valuations (types) for the item.

However, in practice, this type distribution is often unknown
a priori. Consequently, learning an optimal mechanism
from data has been one of the central themes in the inter-
section of machine learning and game theory. Several prior
works have studied learning optimal mechanisms from an
i.i.d. dataset of types in offline settings (Cole & Rough-
garden, 2014; Daskalakis et al., 2014; Balcan et al., 2016;
2018). In this work, our focus is on online settings, where
there is a stream of types and objectives, and the goal is to
design no-regret learning procedures which need to trade-off
between exploring candidate mechanisms in a mechanism
class, while simultaneously exploiting current knowledge
to maximize the desired objective (Kleinberg & Leighton,
2003; Blum & Hartline, 2005).

This problem of online mechanism learning has a distinctive
challenge: the data sources are themselves strategic agents
endowed with their own long-term utilities when interacting
with the mechanism over multiple rounds. These agents may
misreport their type for their own long-term benefit. This is
detrimental to learners who will be unable to estimate the
true frequency of types and optimize the given objective.
In particular, even if a multi-round mechanism is IC in a
single round, it does not necessarily translate to IC over
the entire learning process. Agents may find it beneficial
to misreport their type in the early rounds while incurring
some short-term loss, so as to manipulate later outcomes in
their favor, resulting in long-term gains.

To illustrate this, consider designing a revenue-optimal
posted price mechanism (PPM)!, where a seller has an in-
finite supply of a single item. The seller chooses a price p
without revealing it to the buyers. The buyers report their
value, and the seller sells the item to those whose value
exceeds p and charges them p. This mechanism is IC on any
single round. However, if the seller naively repeats this over
a sequence of rounds, and uses reported values from previ-

!This description is different, yet equivalent to another common
interpretation of the PPM, where the seller announces the price p
and buyers buy if their value is larger than p.
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ous rounds to set the current price, buyers may bid lower
in the early rounds. While this deceitful bidding strategy
may risk not getting the item early on, it would misguide a
learning algorithm to think the current price is too high, and
lower future prices, benefiting the buyer. Consequently, the
seller will not be able to optimize her long-term revenue.

Recent works have recognized this challenge and devel-
oped learning algorithms for auctions with various strategy-
robustness and IC guarantees (Amin et al., 2013; Mohri &
Munoz, 2014; 2015; Drutsa, 2017; 2018; Liu et al., 2018;
Drutsa, 2020b; Abernethy et al., 2019; Deng et al., 2020;
Mirrokni et al., 2020). However, all methods above only ap-
ply to auctions, and not general mechanism design problems.
Moreover, in most work, there is only a single parameter to
be learned in the mechanism (e.g. reserve price in an auction,
selling price in a PPM), and there is no natural extension
when there are multiple learnable parameters (e.g. VCG auc-
tions with several reserve prices (Hartline & Roughgarden,
2009; Roughgarden & Wang, 2019)).

Our approach offers the following advantages when com-
pared to prior work. First, it applies to general mechanism
design problems with application-specific objectives, includ-
ing mechanisms without money (Procaccia & Tennenholtz,
2013; Nissim et al., 2012). Second, it can be naturally
applied to settings with multiple learnable parameters. In
particular, by leveraging a weak notion of differential pri-
vacy, we are able to avoid the curse of dimensionality in
large parameter spaces. Third, our method is conceptually
much simpler than many of the existing work, as it is based
on the well-known Hedge algorithm (Hazan, 2016).

1.1. Summary of Contributions and Main Results
Our main contributions in this work are as follows:

1. In §3, we present a framework for IC online learn-
ing of mechanisms with full-information feedback. In
our framework, an online mechanism chooses a single-
round mechanism on each round; an environment re-
alizes agents’ types and the social planner’s objective.
Agents report their types, and then the single-round
mechanism chooses an outcome (see Protocol 1). Our
framework applies to general mechanism design prob-
lems where a social planner may have different objec-
tives on each round, and agents may have different
types on each round.

2. In §4.1, we show that, under certain conditions on the
agents’ long-sightedness (Definition 3.3), any weakly
differentially private (DP) sequence (Definition 2.2)
of distributions over mechanisms can be used as a
primitive for building an IC online learning mechanism.
Our notion of a weak DP sequence is a considerably
weaker technical requirement than the usual notion of
DP for sequential algorithms used to build IC online

mechanisms in prior work (Jain et al., 2012; Abernethy
etal., 2019).

3. In §4.2, we use the above result to construct an
IC online learning mechanism using the well-known
Hedge (a.k.a. exponential weights) algorithm (Hazan,
2016). As we show, Hedge provides a weak DP se-
quence. Our learning algorithm is (i) Nash incentive-
compatible (NIC, Definition 3.1) and (ii) achieves
O((log |M|) - T(+")/2) regret compared to the best
mechanism in any NIC mechanism class II. Here
h € [0,1) is an exponent that characterizes the long-
sightedness of agents (Definition 3.3 and Theorem 4.5).

4. In §5 and Appendix C, we apply our framework to
develop no-regret NIC online learning mechanisms
for various mechanism design problems. They are (i)
the k-facility location problem (Lu et al., 2010; Fo-
takis & Tzamos, 2013) where the goal is to minimize
the average distance between citizens and their closest
facilities, (ii) Social welfare maximization with ex-
post externality via the VCG mechanism with bidder-
specific reserve prices (Hartline & Roughgarden, 2009;
Roughgarden & Wang, 2019), and (iii) a resource allo-
cation problem (Demers et al., 1989) where we wish
to maximize the number of jobs completed.

Key insight. While prior works have used DP to achieve IC
for auctions in sequential settings, the standard notion of
DP for sequential algorithms (Jain et al., 2012) is stronger
than necessary. Our key insight is in recognizing that a
weaker notion of DP for sequential algorithms is sufficient,
and moreover that the vanilla Hedge algorithm satisfies this
property. This helps us reduce the dependence to loga-
rithmic in |II|. Conveniently, this approach also provides
a straightforward extension to general mechanism design
problems, beyond auctions.

Algorithm overview. On each round, our construction ran-
domly chooses a lottery of two options. In the first, we
follow a mechanism in II recommended by Hedge, and in
the other, we implement a problem-specific commitment
mechanism that penalizes any non-truthful behavior (Nissim
et al., 2012). Then, the agents report their types after seeing
the lottery of mechanisms, which includes the probability
of each option that is set based on problem-specific factors.

Proof overview. On each round, the recommendation from
Hedge can be viewed as a sequence of randomized maps
from past observations to a single-round mechanism. We
show that each randomized map in the sequence being n-DP
is enough to guarantee that truth-telling is a Nash equilib-
rium in the online setting (Theorem 4.3), for some choice of
1 > 0. Specifically, while agents can gain by lying in Hedge,
the weak DP property ensures that this gain is bounded.
Then, the commitment mechanism cancels out this gain by
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sufficiently penalizing untruthful reporting. While similar
intuitions have been used in prior auction work, the key
challenge of applying this idea with our notion of weak DP
is that the agents’ potential gains are functions of the full
sequence of outcomes up to the final round 7. Hence, using
sequential composition (Dwork et al., 2014), we can only
bound the agents’ potential gains by an 51" factor of the
maximum utility, which grows linearly with 7.

To address this, we rely on a backward-induction argument.
First, we show that an agent has no incentive to deviate from
truth-telling in the last round. Then, we recursively apply
this argument to demonstrate that truth-telling is the best
strategy in all rounds. The key observation is that our weak
DP notion is sufficient for this proof technique to work.

1.2. Discussion of Most Relevant Works

Due to space constraints, we discuss only the most relevant
works here, and defer a detailed overview to Appendix D.
For discussions on previous regret bounds for settings simi-
lar to ours (Abernethy et al., 2019; Liu et al., 2018; Amin
et al., 2013), we refer readers to §4.3.

One of the closest lines of research to ours is dynamic mech-
anism design (Baron & Besanko, 1984; Thomas & Worrall,
1990; Courty & Hao, 2000; Bergemann & Vilimiki, 2010;
Ashlagi et al., 2016; Mirrokni et al., 2016; 2020; Bergemann
& Vilimiki, 2019; Deng et al., 2019b). In dynamic mecha-
nism design, the seller possesses precise knowledge of the
buyer’s value distribution across all rounds. Leveraging this
information, the seller designs a revenue-maximizing dy-
namic mechanism by adjusting the mechanism’s rule based
on the buyers’ past bids. Recently, dynamic mechanism
design has been extended to the setting where the exact
distributional knowledge requirement is relaxed to approxi-
mate ones (Golrezaei et al., 2019; Deng et al., 2019a; 2020).
However, even with these extensions, dynamic mechanism
design requires a strong assumption of the existence of an
underlying distribution on buyers’ values, and often ne-
cessitates all buyers to share their beliefs. Our approach
does not require any of this: We allow the types of agents
to be arbitrary sequences of time. Moreover, our Nash
incentive-compatibility guarantee does not require agents
to share their exact beliefs other than everyone reporting
their types truthfully. Furthermore, to the best of our knowl-
edge, dynamic mechanism design has primarily focused
on mechanisms involving monetary transactions, whereas
our framework operates independently of any payment or
quasilinear utility assumptions.

Besides the dynamic mechanism design literature, the clos-
est work to ours is Abernethy et al. (2019), who delve into an
online Bayesian optimal auction design problem. They use a
strongly DP online learning algorithm to design a version of
the Myerson auction that sells a limited supply of identical

items to multiple buyers. They show that this approach is
n-bid-approximate Bayesian incentive-compatible, mean-
ing that every agent submitting bids within 7 proximity to
their true values is a Nash equilibrium with respect to each
agent’s Bayesian belief. Our IC guarantee, Nash incentive
compatibility, is stronger as it does not depend on any prior
type distribution and holds for all true agent types (i.e. in
an ex-post sense). Moreover, our IC guarantee is valid even
when all previous information is public to all agents, while
previous works (Liu et al., 2018; Abernethy et al., 2019)
rely on the private information assumption where agents
cannot observe other agents’ previous bids.

To realize an incentive-compatible online mechanism, our
method uses a lottery between an online learning algorithm
and a commitment mechanism which penalizes agents for
non-truthful behavior. The technique of combining a differ-
entially private algorithm with a commitment mechanism
was originally introduced by Nissim et al. (2012) to design
approximately optimal singe-round mechanisms. We extend
their approach to the online setting without losing efficiency
in the sense that our regret bound is logarithmic in |TI|.

2. Background

In this section, we provide a brief overview of mechanism
design and differential privacy.

Notation and assumptions. For d € N, let [d] :=
{1,---,d}. Let 1] -] be the indicator function. For a set S,
let A(S) denote the set of probability distributions over S.
We use t € [T] (i € [n]) to denote rounds (agents). For any
set of round indexed variable {x;},let x<; := (2+) 1]
and r<; := (v,),cp. Throughout this paper, we assume
types of agents are discrete, that is, we set ©; introduced in
the next subsection as a countable set.

2.1. Mechanism Design

There are n agents, denoted [n]. Agent i has type 0; € ©,,
where O; is the set of available types. Each agent reports
their type to a mechanism, which may not necessarily be
the same as their true type 6;. We use b; € O; to denote
the type reported by agent 7. Based on the reported types,
the mechanism, possibly randomly, chooses an outcome
s € S, where S is the set of available outcomes. Then, each
agent i experiences utility u;(6;, s). The social planner’s
satisfaction is given by an (application-specific) objective
G(0,s) € [=1,1], where 0 := (0;);¢[n is all agent types.

A mechanism 7 is a map from reported types to a distribu-
tion over outcomes in S, i.e. 7 : [[;¢(,,) ©: = A(S), where
m(b) is the distribution induced on the set of outcomes when
the agents report b := (b;);c[n). An outcome s is then sam-
pled from 7(b). The goal of mechanism design is to design
7 which has large expected objective E. - (9) G(0, 5), when
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the agents are reporting truthfully, i.e. b; = 6, for all i € [n].

However, as agents may misreport their types to maximize
their utility, a mechanism should also be IC, i.e. incentivizes
agents to report their types truthfully. To state this formally,
with slight abuse of notation, let

Uu; (b7 T, 91) = SNW(E,bJ)

[ui (0, 5)], (D

denote the expected utility of agent 7 of type 6;, given re-
ported types b under mechanism 7. Here, u; on the RHS is
the utility of the agent for outcome s as defined above.

One common notion of IC is the dominant-strategy
incentive-compatibility (DSIC). We say that 7 is DSIC if
truth-telling is better for all agents regardless of the types
reported by the other agents. That is, for all i € [n],
91'7 b; €©;andb_; € O_; := HjE[n]\{i} @j, we have

i (05, b_5;7,0;) > i (b, b_;m,0;). (2)

While DSIC is a strong IC requirement, it is not always
attainable and hence, it is common to relax this require-
ment. In this work, we consider Nash incentive compatibil-
ity (NIC). We say that 7 is NIC, if for all ¢ € [n], 8;,b; € ©;
and _; € ©_;, we have

w;i (0;, 0357, 0;) > ui(bs,0—s;7,6;). 3)

That is, given that other agents report their types truthfully
(b—; = 0_;), reporting one’s type truthfully is an optimal
strategy. This means that truth-telling is a Nash equilibrium.
Since we aim to learn a mechanism in online, adversar-
ial environments without assuming type distributions, NIC
is appropriate for our setting. NIC is also stronger than
Bayes-Nash incentive compatibility (BNIC), which only
guarantees truth-telling in expectation over type distribu-
tions (Nisan et al., 2007).

In this work, we study finding an optimal mechanism in a
given class of mechanisms II. We say that IT is NIC (DSIC)
if all 7 € II is NIC (DSIC).

2.2. Differential Privacy

Next, we briefly review differential privacy. We refer readers
to Dwork et al. (2014) for a comprehensive overview. Let
X be an input domain and X™ be a Cartesian product of
X, representing the space of datasets of size m. Let Y be
an output space. We define DP as follows.

Definition 2.1 (Differential privacy). A mapping ¢

X™ — A(Y) is n-differentially private (n-DP) if for all
A C Y and all inputs ¢ = (z1,...,%y,) € X™ and
' = (zf,...,2],) € X™ that differ in at most one en-
try (x; # x; for at most one j € [m]), the following holds:

Pr (yeA)ge" Pr (yeA).

y~q(x) y~q(z')

Intuitively, this means that the output of an n-DP algorithm
does not change significantly if we change one input data
point. In sequential learning settings, we extend this defini-
tion as follows.

Definition 2.2 (Weak 7-DP sequence). Let g<p :=
(@t)te[r) be a sequence of mappings where ¢; : X'~! —
A(Y'). We say that g<7 is a weak n-DP sequence if ¢; is
n-DP for each t € [T1].

Readers familiar with the literature will recognize that the
above definition is weaker than the more standard defini-
tion (e.g. Jain et al. (2012)), which requires that Hthl q(+),
viewed as a map from X7 to A(Y'T) is n-DP. While the
stronger definition is relevant from a data privacy perspec-
tive, any compliant algorithm often comes with inevitable
performance degradation. However, for our purpose of de-
signing an IC online learning method, the weaker extension
in Definition 2.2 is sufficient. In particular, while the vanilla
Hedge algorithm is not strongly n-DP (Jain et al., 2012),
in §4.2, we show that it is weakly n-DP. In fact, this follows
immediately from a well-known DP technique called the
exponential mechanism, described below.

Proposition 2.3 (Exponential mechanism (McSherry & Tal-
war, 2007)). Consider a map q : X™ — A(Y') such that
q(z)(y) < exp(ng(x,y)), for some g : X™ xY — R, for
allx € X™andy € Y. Let Ag := max, oy |g(z,y) —
g(2', y)| where the maximum is taken over x,x’ € X™ that
differ in at most one entry. Then q is 2nAg-DP.

3. Nash Incentive-compatible Online
Mechanism Learning

In this section, we describe the problem of Nash incentive-
compatible online mechanism learning.

3.1. Online Mechanism Learning

A set of n agents repeatedly interact with an online mecha-
nism over a sequence of 7' rounds, although not all agents
need to appear on all rounds. On each round, the environ-
ment chooses types 6; ; one for each participating agent and
the social planner’s objective G;. Simultaneously, the online
mechanism M uses past information, to choose a single-
round mechanism 7; to collect agent types and choose an
outcome s; € S. Our goal is to design a learning algorithm
that is competitive against the single best mechanism in
hindsight in some mechanism class II. We have outlined
the protocol for online mechanism learning in Protocol 1.
Next, will now describe the individual components.

Agents. There are n agents, indexed by i € [n]. Each agent
i € [n] appears on a subset 7; C [T] of the rounds. Let
0; := (0;+)teT; where 0, ; € ©; be the sequence of types
for agent 4 in the rounds that she participates. Lety; : [T] —
[0, 1], be an agent-specific monotonically non-increasing
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Protocol 1. Online Mechanism Learning

Foreachroundt =1,...,T"

1. M chooses a single-round mechanism 7; based
on past reported types b, and observed objec-
tive functions G ;.

2. Each participating agent observes m; and re-
ports their types b; + € O;.

3. M executes m; with input b; and realizes an
outcome s; ~ ¢ (by).

4. Each participating agent experiences utility
wi(0s¢, S¢).

5. M observes GG; and experiences G (Gt, st).

function which discounts the agent’s future utilities. If the
mechanism chooses outcomes (st );c[r) on each round, the

agent’s utility is Y, .- i (t)ui(0i s, s¢).

If an agent participates in round ¢, she reports her type
b+ € ©;, not necessarily truthfully to the mechanism. If
an agent does not participate, we will set the reported and
true types as b;; = 6;; =1. For what follows, denote
by == (bit)ien]» b<t := (br)rep—1) and b<r = (b¢)ieir)-
Define 0;, 0.; and 0<7 similarly. Finally, we write the
agents as a tuple:

A= (n T, (Gt)te[T (ﬂ)ze[n]a (’Yz‘)z‘e[n]) 4

Objectives. The social planner’s objective functions are
given by Gy : [[;¢,,)(©: U {L}) xS — [~1,1] for each
round ¢ € [T]. These objectives could be application-
specific, and be chosen by an oblivious adversary.

Online mechanism. An online mechanism M = (M);en,
is a sequence of policies, where M; maps past reported
types b, and objectives GG - to a distribution over U, where
U= {m:Jl;c(,)(©: U{L}) = A(S)} is the class of all
single-round mechanisms. Some 7; is sampled from this
distribution My (b<¢, G <) and executed on round t.

Regret. To define the regret, first consider the cumulative
objective attained by an online mechanism M, given re-
ported types, b<r with respect to agents A.

ZGt 9t75t

Here, the expectation is over the sequence of outcomes
s<r generated by running Protocol 1 with M, A and b<r.
We compare the above quantity to the optimal cumulative
objective Opt(IT; A) attainable within a class of mechanisms

Alg (b<T, ./\/l A

IT with respect to agents A:

= max E
mell

The performance of M is measured by the gap between the
above two quantities, which is called the regret:

Reg(b<r, M, II; A) := Opt(IT; A) — Alg(b<p, M; A).

Opt(IT; A) E G0, 5)

s~7r(9t

3.2. Nash Incentive Compatibility

We next describe the IC requirement for an online learning
mechanism. For this, let h~; denote the history up to round
t — 1. It consists of the previous single-round mechanisms
chosen, submitted and true types of all agents, outcomes,
and objectives, i.e. het := (T, bet, Oct, S<t, Gt).

We will assume that throughout the 7" rounds, agents are
aware of their utility function w,;, and their true types 6; =
(em)teﬂ in past, current, and future rounds. Moreover, on
round ¢, agents may have access to the realized history h¢
while not required. Note that while agents may know the
true types, the online mechanism does not.

Agent’s strategy. An agent i’s strategy o; := (04.4(-))1eT;
is a sequence of policies, where o; ; maps the realized his-
tory h, to a reported type. That is, b; ; = 0; ;(h<¢) € ©;.
If agents follow randomized strategies, our results will hold
for all realizations of this strategy. We use o := (07);e[n] tO
denote a strategy profile of all agents and o_; to denote a
strategy profile except agent ¢’s.

The truth-telling strategy for agent i reports the true type
regardless of history. With a slight abuse of notation, we
denote this as 0; := (0;.(-))te7; Where 6; ,(-) := 0, ;. We
call 0 := (0;);e[n) the truth-telling strategy profile.

Nash incentive-compatible learning. To define the NIC
requirement, we should define the expected utility for an
agent. Given an online mechanism M, agents A, and strat-
egy profile o, with a slight abuse of notation, we denote the
expected utility for agent ¢ as

ui(o; M, A) :=E l Z ~i(t)ui(0; ¢, st)] . 5)

teT;

Here, u; on the RHS is the utility of the agent with type
0;.+ for outcome s, and is similar to the RHS of (1). More-
over, the expectation is over the joint distribution of s<7,
induced by the interaction between the strategies o, mecha-
nism M, and agents A via Protocol 1. We can now extend
the definition of NIC (see (3)) for online mechanisms.

Definition 3.1 (NIC, Online setting). An online mecha-
nism M is Nash incentive-compatible (NIC) with respect
to agents A, if for every agent 4,

wi(0;,0_i; M, A) > u;(0},0_;; M, A),
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that is, no agent ¢ has incentive to deviate from the truth-
telling strategy 6;, given that other agents are truth-telling.

In other words, NIC guarantees that the truth-telling strategy
profile is a Nash equilibrium of the game induced by M and
E. Finally, we can state our definition of a Nash incentive-
compatible online mechanism.

Definition 3.2 (NICOM). Let A be a class of possible
agents (i.e. a set of the tuples in (4)), and let A7 C A
be the subset of all A € A whose total number of rounds
is T. We say that a mechanism M is a Nash incentive-
compatible online mechanism (NICOM) for a single-round
mechanism class IT with respect to an agent class A, if,

1. The regret of M is sub-linear given that agents report
their types truthfully. That is,

sup Reg(f<r, M,II; A) € o(T).
A€ Ar

2. For every A € A, M is NIC with respect to A.

In the above definition, we assume that the mechanism M
has full knowledge of the agent class .4, but not of realized
agents A € A (e.g. their true types) except for 7.

Long-sightedness. Before we proceed, we discuss one
more condition necessary to state our results. If agents
prioritize future gains and are willing to incur initial losses
for a longer period, incentive-compatible online learning
gets more challenging. Hence, prior works in this space
have assumed that agents either appear a small number of
rounds, i.e. |7;| € o(T'), and/or that the discounted utilities
grow sublinearly, i.e. Zle 7i(t) € o(T) to circumvent
this issue (Liu et al., 2018; Abernethy et al., 2019). In
fact, Amin et al. (2013)’s Theorem 3 implies that if either of
these does not hold, it is impossible to design an incentive-
compatible posted price mechanism even when there is a
single buyer. Below, we use a similar characterization of an
agent’s long-sightedness, which combines both definitions.

Definition 3.3 (Long-sighted agents). The long-sightedness
« of the agents A is,

a(4) =

max

T
1
min 75 (7)), [Tl | -
i€[n], te[T] <%(t) T:t’Y( ) | z|>

Furthermore, for an agent class A, let ar(A) =
SUP ¢ 4, @(A), where Ar is the set of all A € A whose
total rounds are 7T'.

When v;(t) = v for all ¢, for some v € [0,1), we have
a(A) < 71, which is the maximum (discounted) utility an
agent can achieve. On the other extreme, when ;(-) = 1,
now a(A) = max;ep,) |7;| is the maximum number of
times an agent appears. We will see that our regret bound

increases with ar(A).

4. Method

In this section, we describe our key methodological contri-
butions. In §4.1, we provide a general recipe for building
a NICOM from a weak DP sequence. Then, in §4.2, we
instantiate this recipe via the Hedge algorithm. In §4.3 and
4.4, we provide a series of discussions on our main result
including references to previous bounds for similar settings.

4.1. Designing NIC Online Mechanisms

Commitment mechanism. A key ingredient of our con-
struction is a commitment mechanism 7°™. This refers to
any strictly DSIC mechanism—usually far from optimal—that
penalizes non-truthful behaviors. Our method will use ran-
domly choose between a mechanism from the target class
II, and the commitment mechanism.

Below, we define the penalty gap, which quantifies the
power of a commitment mechanism, i.e. its ability to penal-
ize non-truthful behavior. For this, recall that I/ is the class
of all single-round mechanisms.

Definition 4.1 (Penalty gap). For a single-round mechanism
m € U, the penalty gap () is the minimum difference in
any agent’s utility between reporting truthfully and non-
truthfully, regardless of the others’ behavior. That is,

= i E i(0;,
ﬁ(ﬂ—) i,@i,brgigi,bfi swﬂ'(ai,b,i)U( S)
R w89
SNW(bi,b—i)u ( 8)

Our method will not require 7°°™ to be in the target mech-
anism class II. The purpose of 7°°™ is solely to cancel
out any potential gains from lying. As such, we require a
commitment mechanism with 5(7°™) > 0, and our regret
bound will scale with how powerful 3(7¢°™) is. As we show
in the examples in §5 and Appendix C, it is often possible
to find a good commitment mechanism for a problem.

NIC via Weak DP Sequences. Now, we present a general
construction of NICOMs, using a weak differentially private
sequence (Definition 2.2) and a commitment mechanism.

Definition 4.2 (Weak 7-DP mechanism). Consider any
A € [0, 1], commitment mechanism 7°°™ and weak n-DP
sequence (¢ ""),. Here, ¢/ is a map from b, and
G < to a distribution over /. Let M™“P? be an online mech-
anism that outputs the following mechanism in (6) for each
t. Below, m{' € U is a single-round mechanism sampled

from ¢ (b, G;). We have,

me() = (1= A) - () + A - 7eom (). ©6)

The above definition says that M*“PP outputs a lottery which
realizes the commitment mechanism with probability A\, and
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the recommendation of a weak 7-DP sequence ¢/ " (e.g.
an algorithm such as Hedge) with probability 1 — A.

Next, we state our main theoretical result of this subsection.

Theorem 4.3. Let 11 be a NIC single-round mechanism
class and A be agents. If 3 B( com) > «(A), then M*P?
is NIC with respect to agents A.

From this theorem, we can conclude that when 3(7°°™) > 0
and the agents are not too long-sighted (i.e. ar(.A) is sub-
linear in T°), for a suitable choice of A and 7, the proposed
mechanism M™P? is Nash incentive-compatible.

Proof sketch: The weak n-DP sequence limits how much the
agent can earn by changing a reported type in each round,
given that other agents’ strategies do not depend on histories.
Combining the maximum possible earnings limited by the
weak 1-DP sequence and the minimum penalty induced by
the commitment mechanism, we show that no agent has
an incentive to deviate from truth-telling in the last round
when other agents are truthful. By recursively applying this
argument, we demonstrate that being truthful in all rounds is
optimal for any agent whenever others are truthful, making
truth-telling a Nash equilibrium. The full proof is in App.A.

4.2. NIC online learning via Hedge

To apply Theorem 4.3 and design a NICOM, we need to
find a sequence of maps (online learners) g ® that sat-
isfies the weak DP constraint, while also aEhieving sub-
linear regret. In this subsection, we show that the Hedge
algorithm (Hazan, 2016), one of the most common online
learning algorithms for the expert problem, satisfies both
properties. For simplicity of exposition, we will assume that
the mechanism class II is finite. If this is not the case, we
can discretize the mechanism’s learnable parameters, and
then separately control the discretization error.

Hedge algorithm. First, we state the Hedge update rule.
Here, we are interested in finding a mechanism = in a fi-
nite set of mechanisms II, which maximizes the sum of
objectives ), G¢(6, s). For any n > 0, past reported types
b<, observed objectives G.; and a mechanism class II,
let q:’:?ge(bq, G <) be the probability distribution over 11
whose probability masses are given by

=1

t—1
¢ by, Gy ()  exp (77 S Fr (b, m) G

Here Fy(0;,7) := Egurp,) G¢(0:,5). Consequently, we
. hedge . .
may view each g, (b<;) as an exponential mechanism
(Proposition 2.3) with g := S.'_! F, and Ag = 2 as

F:(+,-) € [-1,1]. Hence, we immediately conclude that:

Lemma 4.4. (¢)%*

4n-DP sequence.

)tE[T] given in Definition 7 is a weak

The Hedge NICOM: We can now present our main method,
an algorithm for online mechanism learning using Hedge.
For any A € [0, 1], a commitment mechanism 7™, and
mechanism class I, let MM be an online mechanism
that outputs the following mechanism for each ¢t € [T7.
Below, 7}" € Il is a single-round mechansim sampled from
hedge(b<t, G<t). That s,
me(+) =

(=X m () + A7) ®)

Our theorem below states that AMHed2e js a NICOM with
suitable choices of A\,  and 7°°™.

Theorem 4.5. Let IT be a NIC mechanism class and A be
an agent class. Then, the Hedge learner MY (8) is a
NICOM with regret guarantee

sup Reg(O<r, MHedee 1. 4)
AeAr

€ 0 ((log 1] + B(x™)™") - \Jar(A)T)

forn :=1/\/ar(A)T and \ € @( Vor(A) /T> In par-

7.{-u)m )

ticular, when ap(A) € O(T"), the regret is in O(T Lk ).

Proof sketch: The proof follows almost directly from the
standard regret bound of the Hedge algorithm (Hazan, 2016).
By the linearity of expectation, the commitment mechanism
causes a small AT offset to the standard regret. After choos-
ing appropriate parameters, we obtain the stated regret. We
give the full proof of Theorem 4.5 in Appendix B.

As mentioned in §1.1, thanks to Theorem 4.3, which relies
only on our weak notion of sequential DP, we are able
to utilize the Hedge algorithm, resulting in a logarithmic
dependence on the size of the mechanism class |TI|.

4.3. Discussion I: Contextualizing the Regret Bound

In this subsection, we provide several pointers to help inter-
pret and contextualize our main regret bound in Theorem 4.5.
It is important to beware that the regret bounds cited below,
which have been suitably converted to meet our convention,
are not directly comparable to ours due to differences in
problem settings and strategy-proofness guarantees.

The work most closely related to ours is by Abernethy et al.
(2019), who present an approximately IC online auction
within the Bayesian framework. They establish a regret
bound of O(T'/e + (ke)'/3T) with an IC guarantee, where
€ is the DP parameter that appears in the approximate IC
guarantee and k is the maximum number of rounds an agent
can participate in. This bound becomes vacuous when k
grows with T, leading to a superlinear regret even when
e tends to 0. Specifically, if we formulate this bound in
terms of our h parameter so that k € O(T™"), the bound
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becomes O(T*+"/3) for fixed €. In contrast, our bound
remains sublinear O(71*")/2) whenever £ is sublinear.

Other relevant works by Amin et al. (2013) and Liu et al.
(2018) consider strategic regret in the online posted-price
auction, which is a regret measured with respect to non-
myopic buyers and is defined as SReg(A) := Rev(p*,v)—
Rev(A, B), where Rev(v, p*) is the revenue by the best-
fixed price p* with respect to the buyer’s true values v :=
(v1,...,v7) and Rev(A, B) is the revenue of algorithm A
with respect to non-myopic buyer B.

For T" long-sightedness (i.e., effective horizon), Amin et al.
(2013) offer strategic regret bounds of O(T"/2+") when the
buyer’s valuation is fixed in all rounds (Theorem 1 therein),
which is slightly worse than our O(T1*")/2) bound, and
O(CT\/E) for stochastic valuations, where c is an instance-
dependent factor (Theorem 2 therein). However, these set-
tings are less general than our adversarial setting.

Liu et al. (2018) demonstrate a regret bound of O(T(3+h)/4)
for adversarial settings when tfiere are continuous values,
but their analysis can obtain a O(T*+")/2) bound for dis-
crete values which match our regret bound. Note that their
algorithm is specific to single-item auctions, and conceptu-
ally more complicated than ours.

As seen above, the recurring theme of regret bounds that
are “robust” against non-myopic agents is their dependency
on the agents’ long-sightedness. Notably, all of the above
bounds become vacuous when the long-sightedness be-
comes linear, that is, when h = 1. This phenomenon aligns
with the negative result given in Amin et al. (2013).

4.4. Discussion II: Limitations and Extensions

Our construction relies on the commitment mechanism and
our regret bound depends on the power of the commitment
mechanism to penalize untruthful agents. Our examples
in §5 and Appendix C show that it is often possible to find
such a commitment mechanism, quantify its penalty gap,
and obtain transparent bounds on the regret. That said,
designing a good commitment mechanism may not always
be straightforward for a problem.

To simplify the exposition, we only consider exact com-
mitment mechanisms that strictly punish any type report
that is not equal to the true type. The existence of an exact
commitment mechanism often relies on the assumption that
agents’ types are discrete (for continuous types, the gap may
be arbitrarily close to zero). Hence, in this work, we only
consider mechanisms with discrete agent types. Our con-
struction can be extended to incorporate continuous types
via an approximate commitment mechanism, leading to an
approximate IC guarantee. However, to simplify the presen-
tation and focus on the main insights, we focus on discrete
types and consider exact commitment mechanisms.

In mechanism design, we are often interested in individ-
ual rationality (IR), which stipulates that the agent’s utility
when participating truthfully is larger than when not par-
ticipating. While we have not explicitly considered IR, by
choosing an IR mechanism class and commitment mecha-
nism, we straightforwardly obtain an IR online mechanism.

We also reiterate that we assumed |II| was finite in §4.2
when applying the Hedge algorithm. If this is not the case,
we can choose a discretization with good coverage, apply
Hedge on the discretization, and then control the discretiza-
tion error to obtain final regret bounds.

Finally, we also wish to mention that our methods can
be quite straightforwardly extended to contextual settings,
where an online mechanism takes in a piece of information
z € X (such as UserID) as an auxiliary input to choose
a mechanism for each round. In this case, we can simply
instantiate the Hedge over a subset of policies IT¥ .

5. Application Examples

We now apply our framework to develop no-regret NICOMs
for three different mechanism design problems: (i) Online
facility location, (ii) VCG auctions with reserve prices under
ex-post externality, and (iii) online optimal resource allo-
cation. Of these, (i) and (iii) are examples of mechanism
design without money. Due to space constraints, we only
present the first two problems here, and defer the online
optimal resource allocation to Appendix C.

5.1. Online Facility Location.

Consider a government trying to locate & moving facili-
ties (e.g. moving clinics, libraries) every day. The local
government wants to locate these facilities to minimize the
average distance between each resident and their closest
facility, weighted by utilization rate. To simplify the prob-
lem, we assume n residents are located on a finite 1d grid
I, = {0, %, %7 e 1}, hence ©; = I, for all i € [n].
A social outcome s € S is a tuple ((z1,01), ..., (T, 0k))
where x; € I, and o; C [n], where z; indicates the location
of facility [ and o, is the set of residents who are allowed to
use facility .

Then, for an outcome s, resident ¢’s utility on round ¢ when
their location is 6; ; is

min

i(0;,8) i =1—
ui(0i¢,5) I€[K] st i€or

|.’L'l - 9i,t|7

and u;(0; ¢, s) == 0if i ¢ o, for any [ € [k]. The govern-
ment’s objective on round ¢ given types 0 is

Gt(Ht, 8) = Z Tit ui(ez}h S)
i€[n]

Here, r; ¢ € [0, 1] is the utilization rate of a facility by the
resident ¢ during round .
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Posted-location mechanism. We consider the class of
“posted-location” mechanisms, which is parametrized by
w € I* representing the locations of facilities. This
class II}%, is defined as follows: for each w € IV,

mh € I’ is a mechanism that deterministically outputs
((w1,[n]),...,(wg,[n])) € S regardless of input types.
That is, it deterministically sets the locations of the facilities
atw € I¥, and allows any agents to use any facility so that
agents can pick the closest facility to them. As the mecha-
nism’s output does not depend on the reported types, it is
NIC in a single round; but if we naively use previous reports
to set future locations, the online mechanism is not NIC.

Commitment mechanism. We construct a commitment
mechanism 7™ for the online facility locating as follows:
Given type reports b; := (bit)ic[n), 7" samples | € [m)]
uniformly at random and place one facility in % and other
k — 1 facilities in f? (ie. x1 = % and x; = # for2 <[ <
k). Then, 7°°™ sets o, = arg min; ¢,y b, .1 |1 —bi | for
each [ € [k], that is, facility [ is only accessible to residents
whose closest facility is [ according to their reports.

Then, the penalty gap 3(7°°™) is at least m 2. To see this,
suppose b; ; > 0; ¢. If 7™ chooses an outcome s such that
x1 = 0,4, the resident 7 suffers at least m~! utility loss
compared to that of reporting 6; ;, as they have to use some
facility { > 2 located at z; = 6; ; + m~L. As 7°°™ chooses
such an outcome with probability at least m ", the expected
utility loss is at least m 2. By a similar argument, the same
holds when b; ; < 6; ;. Hence 3(7°°™) > m~2.

Regret bound. Finally, as there are |I” | possible place-
ments of facilities, we have that [ITP-,| = || =

(m + 1)*. Hence, there is a NICOM for II}-, with regret
0 ((k logm + m?) - T%h) for any agent class A such that
Sup ge 4, a(A) € O(T") for some h € [0,1).

5.2. VCG Mechanism under Ex-post Externalities
Consider a government selling a permit to n firms via VCG
mechanism (Nisan et al., 2007). We use o C [n] to denote
the set of firms who get the permit and p € [0, 1]™ is the
price of the permit charged to each firm. Then, the social
outcome space is S := {(o0,p) : 0 C [n],p € [0,1]™}. For
all i € [n], let type space ©; be I,,, := {0, 1,2 .. 1},
representing a firm’s possible valuations of the permit.

The government’s objective function is the social welfare:
Gi(0t,8) == > icobi,t — ci(0) where 0; ; is firm 4’s valu-
ation of the permit at round ¢ and ¢;(-) is an ex-post exter-
nality (such as pollution) revealed after round ¢. To balance
the total value and externalities, the government introduces
bidder-specific reserve prices w € I, where w; is the
minimum price of the permit charged to firm <.

VCG mechanism with bidder-specific reserve prices.
We define a class of mechanisms HXC,S as follows: Given
input bids b := (b;)icn), mo° € IIVCC with bidder-
specific reserve prices w € I} decides the set of winners
o* C {0,1}" as follows:

0* € arg max Z b - ]l[j € 0],
oPu®) jep, (b)

where Py, (b) := {i € [n] : b; #L, b; > w;}, and charges
p* € [0,1]™ where

OCPw(b)< Z bj'l[j60]>

p; = max
JE€Pw (O\{i}

- 2

JEPw (B)\{i}

b; - 1[j € o™ (b,w)].

For any reserve price, this mechanism is NIC (actually,
DSIC) with respect to the quasi-linear utility u;(60;, s) :=
(0; — p;) - 1[i € o] for s € S (Nisan et al., 2007).

Commitment mechanism. Our choice of 7™ for this
problem is as follows: Given bids b; := (bi¢)ic[n)> 7™
samples z € Iy, uniformly at random and outputs (o, p)
where o = {i € [n] : b; s #1, b;; > z} and p; = z for all
i € [n]. Then, the penalty gap 3(7°™) is at least (2m) 2
which can be seen as follows: Suppose b;; < 6;;. If
7¢M chooses an outcome such that p; = 6;, — (2m)~1,
the firm 7 suffers at least (2m) ™! utility loss compared to
that of reporting 60, ;. Similarly, the firm ¢ suffers at least
(2m)~! when b; ; > 0; ;, if 7™ chooses an outcome such
that p; = 6;; + (2m)~!. As these events happens with
probability at least (2m) =1, B(m™) > (2m)~2.

Regret bound. To sum up, we have that 5(x*™) >
(2m)~2 and [I1)SS| = |I7,| = (m 4 1)™. Therefore, by
Theorem 4.5, there is a NICOM for this problem with regret
0] ((n logm + m?) - T%h) under any agent class A such

that ar(A) € O(T") for some h € [0, 1).

6. Summary

We studied an online mechanism design setting, where
we wish to design an online mechanism that is Nash
incentive-compatible (NIC) throughout the entire learning
process against non-myopic agents, while maximizing an
application-specific objective. In contrast with prior work,
our method applies to general mechanism design problems
in online adversarial settings. We show that a weak notion
of DP, which is satisfied by the Hedge algorithm, is suffi-
cient to achieve NIC. This allows us to obtain regret bounds
that scale logarithmically in the size of the mechanism class.
We apply our framework to design NIC online learning
procedures for three different mechanism design problems.
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A. Proof of Theorem 4.3

In this appendix, we give a proof of Theorem 4.3 restated in below.

Theorem 4.3. Let I1 be a NIC single-round mechanism class and A be agents. If ﬁ B(reom) > a(A), then M¥PF is NIC
with respect to agents A.

Proof. Fix any i € [n]. For any strategy profile (o;,0_;), we can rewrite agent i’s expected utility as follows:

ui(oi,0_;; M¥PF A) :=E [ Z ¥i(t)ui (i, St)‘|
teT;

= >l b<t[s { i(0i1, 5¢)

teT;

leZ’YZ [1 Oitr 1)

b<tH

bgt” , (A1)

where the first expectation is over all randomness and E;_, (Eb <T) is the expectation with respect to the distribution of b<;
(b<7) induced by the interaction between agents A employing strategy (o, o—;) and online mechanism M™PP via Protocol
1. And E,, [ - |b<,] is the expectation with respect to the following distribution:

D(br) i= (1= A) - g7 ™" P (b<r) (be) + A - 7" (be) € A(S),

where ¢/ " (b-)(b;) € A(S) is the distribution defined by process s ~ m(b;), 7 ~ ¢ P (by).

For each t € [T'], let b; <¢ := (bi,r)recy) Where b; » :=_1, if and only if 7 ¢ T; and b_; <¢ := (b <t) je[n]\{s}» define 0; <,
0_i <. similarly but with true types. With these notations, (A.1) can be rewritten as

Z% [z ztast)

Ui(%ﬁ—i;MWDP’A)

bi<t, bi,<t” .

b, <T;b77 <r

teT;
Suppose other players are truthful, that is, o_; = 6_;. Substituting 0_; = 0_; to the above, we have that b_; <7 = 0_; <7
and hence
u;(04,0-3; M"PP, A) lZ% [ wi(0i.¢,¢) | bi<t, H—i,gt] 0_i<t|, (A.2)
1 <T t€77

where Eyp, _,. is the distribution over agent ¢’s reported types (bi1)1eT; induced by playing o; while other agents’ strategies
are f_;. Using Holder’s inequality to (A.2), we have that

ui(aivefi;MWDl:A Z’Y’L |: U; Zt»st)
teT;

bt 0-i<1) (A3)

for some b; <7.

Now, we show that the above upper bound is attained by IAJZ"ST such that l;i,t = 0, for all t € 7;. To see this, define a
strategy modification function ¢; : HtT:1(@i U{Ll}) — Hz;l(@i U {L}) as follows:

1. Given input b; <7, ¢; checks whether there exists ¢ € 7; such that b; ; # 6, ;.
2. If there is no such ¢ € [T'], return unmodified (b; ;)i 7;-

3. Otherwise, let ¢* be the largest ¢t € 7; such that b; ; # 6, ;, and return the modified input (b; +):e7; Where b; ¢« is set to
0;.+~ and other elements are unchanged.

12
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Let ¢;(b;,<¢) denote the restriction of ¢;(b; <7) up to round ¢. Then, we claim that for any b; <7, the following holds.

Z'Yi(t)g%{ui(ei,tast) bi<t, 0 z<t] Z% |:z Oit,5¢t)

teT; teT;

i(bi<t), eﬂ,gt] (A4)

Proof of (A.4). First, it suffices to consider only b; <7 such that b; ; # 6, , for some ¢t € 7; as otherwise ¢;(b; <) = b; <.
Moreover, as ¢; only modifies b; » where ¢* is the largest ¢ € 7; such that b; ; # 6, ,, it suffices to show

Z i (1) g‘: [Ui(gi,t, st)
teT;N[t*:T) ! teT;N[t*:T]

bi<t, 971',51:} < Z %(t)E{m( ity 5t)

St

¢z( 7 <t) Z,St}a

where [t* : T] := {t*,1* +1,...,T}. By the linearity of expectation, Y, 7i(t) Es, [ui(6; 1, st)|bi,<t,0—i,<¢] can be
unfolded as

(I —=X)-l(t) g E wi(0ie, 5¢0) + X vi(t) g E wi(0ie, 5¢), (A.S)
StNAt(bi,St) St Bt(bz t)
teTiN[t*:T] teTiN[t*:T)

where the former expectations are over A (b; <;) := ¢ "% (bi,<t,0—i,<t) (bit, 0—i.¢) and the later expectations are over
Bt (bl, ) = qreom (bz,t7 a—z,t) .

Since 7 (-, w) is NIC and ¢; modifies b; 4+ to 6; 4+, the following holds for ¢ = ¢*.

ui(e’i,t*7 St*) < E Ui(0i7t*7 St*)' (A6)

E
s Apx (by <yx) st Apx (i (bs,<%))

On the other hand, for each ¢t > t*, A, is n-DP with respect to b; ; by the post-processing lemma (Lemma A.1). Hence, for
all t > t* we obtain

E [ui(ﬁiyt,st)—l—l <em.

ui(0,¢, 5 —|—1},
st~ A (bi, <) [ ( t t)

E
st~ Ag(di(bi <))

which follows from the definition of the weak 1-DP sequence (Definition 2.2) , the identity E[X] = fooo Pr[X > x]dx for
any non-negative random variable X and u;(-,-) € [—1,1]. As e” < 1 + 27 for ¥ € [0, 1], the above implies

E i(0; ¢, < E i(0;4¢,8¢) + 4n, A7
st~At(bi,9)uz( #8e) < st~At<¢i<bi,gt))u( it 5e) 41 St

forallt € T, N[t* +1:T).
Next, we consider the later expectations over B; in (A.5). Since By(b; ;) := 7™ (bi,t, 9,“) does not depend on past

reported types b; 1<, forall ¢ € T; N [t* + 1 : T'], we have that

E i(Bivs)= E (0i ¢, 50). A8
StNBt(bi‘t)u ( ot St) StNBt(bi,t)U( & St) ( )

On the other hand, for ¢ = ¢* term, by the definition of 5(7°™) (Definition 4.1), we obtain

E Wi (05 ¢, 80+ ) < E Wi (05 ¢, 8¢+ ) — B(7™), A9
StNBt*(bi,t*) ( ! t> St’\‘Bt*(ei,t*) ( ! t> IB( ) ( )

as ¢; modifies b; ¢+ t0 6 ¢x.
Finally, by combining (A.5) — (A.9), we obtain
> ) E {Uz‘(ei,u 5t) ‘ ¢i(bi,<t), Q—i,gt} - ) B [ini,t, st)
teTin[t*:T) ! teTin[t=:T] !

> () A BE™ =4 Y ()

teTiN[t*+1:T)

bi <t, Q—i,gt}

13
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> yi(t*) - A B(r™) — 4y - mm(Z ~i(t), vi( |T|>

t=t*
(by the monotonicity of v;(-))
. - ﬂ qreom
N L N

>0,
as AB(m°™)/4n > «(A). Hence, we have (A.4). O
Now, we apply (A.4) recursively to itself:
Z ’Yi(t)g{ui(oi,ta s5¢) | bi,<t, O3, <t} Z vi(t { w; (0,4, 5 ‘ &i(bi<t), 9—i,§t}

teT; ) teT;
<Z% |:z ity St ‘@ oi(bi,<t), 0—7,<t:|

teT;

<...

Since there are only finitely many rounds, after a finite number of applications of ¢;, the above process reaches to a fixed
point b; <7 = ¢;(b; <7) such that b; ; = 6, , for all t € T;. Hence,

Uu; (Ji, 6_;; MYPP, A) < Z 7i(t) E {Ui(ei,h 5¢)

teT;

<) ) E {uz‘(ﬁz‘,u 5t)
teT; !

= u;(0;,0_i; M"PF A).

bios O-isi (by (A3)

0i.<t, 9—1‘,9]

Therefore, the strategy profile 6 := (6;);c[,, is a Nash equilibrium. O

Lemma A.1 (Post-processing (Dwork et al., 2014)). Let f : Y — Y’ be an arbitrary function. If q is n-DP then
foq: X™ — A(Y') is also n-DP.

B. Proof of Theorem 4.5

In this appendix, we give a proof of Theorem 4.5 restated in below.

Theorem 4.5. Let I be a NIC mechanism class and A be an agent class. Then, the Hedge learner M™% (8) is a NICOM
with regret guarantee

sup Reg(f<r, MUk IT; A)
AcAp

co <(log | + B(x™) ) - Var(A) T)
forn:=1/\/ar(A)T and ) € @( Y aﬁﬁ, /T) In particular, when ar(A) € O(T"), the regret is in O( =a )

Proof. Recall that M4 ig given as follows: For given T' € N, MHed outputs the following mechanism for each ¢ € [T7:

mi() = (1= A) - g™ (b<t) () + A - 7" (),

n,t

where (qgegge(bq)) sz 1 the exponential weights sequence (Definition 7) with objectives Fy(0y,7) :=Eqsoro,) Ge(0r, 5).

First, we show that, for every 7' € N, there is a choice of (A, 1) such that the truth-telling profile is a Nash equilibrium of
any game induced by M"¢¢ and A € A;. By Lemma 4.4 and Theorem 4.3, this holds whenever

AB(n*m) > sup «a(A):=ar(A) and 7 € [0,1]. (B.1)
16n AcAr

14
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Then, for n := 1/y/ar(A)T € [0,1], there is a choice of A for each T" € N such that (B.1) holds for all T € N and

AEO (7W> Moreover, to choose such As, one only needs the knowledge of the whole class .4; hence such choices

can be made before starting any round.

Next, we show that M4 guarantees no-regret: sup 4. Ar Reg(GST, MHedze T A) € o(T). By the linearity of expec-
tation and the standard regret bound of the exponential weights algorithm (Arora et al., 2012; Hazan, 2016), we have
that

sup Reg(O<r, M™% T A) < 4nT + — 1og|H\ + AT
AcAr n

Since 7 :=1//ar(A)T € [0,1] and X € @( Y aT(AVT) the LHS of the above bound is in O ((log [II| + B(w<™)~1) -

(ﬂ.com)

ar(A)T). O

C. Application: Online Optimal Resource Allocation
In this appendix, we provide an additional application of Theorem 4.5: Designing a Nash incentive-compatible online
mechanism for optimal resource allocation.

Setting. Consider there are k CPUs in a cluster shared by n users. A user’s type § € [n] represents her true demand on
CPU. The social outcome s is the CPU allocation vector, that is, s; € N represents the number of CPUs allocated to user
i. Hence, the outcome space is Sy, , := {s e N El e[n] Si = k:} We assume all users have identical utility functions
given by u(6, s) := 1 [s > 6], that is, an agent experiences utility 1 with enough resources and 0 for insufficient resources.
Then, the cluster manager’s objective function is the number of jobs completed, weighted by job importance. That is,
G(0y,8) == Zie[n] it - u(0;¢, ), where r; , € [0, 1]s are ex-post weighting factors (such as ex-post resource utilization
rates), specified by the cluster manager.

Target mechanisms. The cluster manager chooses any DSIC/NIC off-the-shelf single-round resource allocation mecha-
nism with parameters. An example would be the max-min fair allocation mechanism HM whose parameter is the initial
endowment vector w € .S, j, (Demers et al., 1989; Kandasamy et al., 2020). Another example would be the posted-allocation
mechanism whose outcome is always its parameter vector w € S, ;. With any choice of parametrized mechanism, the
cluster manager’s goal is to compete against the best parameter in terms of the cumulative social welfare ), el G(0s, 3).

Commitment mechanism. Our commitment mechanism 7™ is as follows: Given input demands b € [k]™, 7™ (b)

samples i € [n] and j € [2k] uniformly at random. If j > b;, set s; = b; and s; = [ £=% | for all j # 4, L. Otherwise, set

s; =0and s; = L%J for all j # 4, L. Then, we show the following.

Lemma C.1. For the commitment mechanism described above, we have that 3(7*°™) > (2nk)~!

Proof. First, recall the definition of (™) here. The penalty gap 8(7°™) is the minimum of the following quantity,

E 91', - E eia )
S~7|'(97;,b_7;) u( S) S’\‘ﬂ'(bivb—i) U( S)

over all 4, b_; and 0;,b; € O, such that b; # 6;. Fix an ¢ € [n] and b_;. Then, consider two cases b; > 6; and b; < ;.

Case b; > 0;. In this case, we have that

1 1 2k—b;
E 0;,85)=(1——]- -
s~ (b b_y) U( S) < ’I’L> e n 2k
1 1 /2k—-06; b —0
— (1= l
< n) ¢ n( 2k 2k )
1 1 2k—-0; b -0
=[(1-=). -
( n) C+n 2k 2nk

Egrn(9:,6_0) u(0i,5)
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< E 0;,8) — — b, —0; >1
- SNﬂ‘(Oi,b_i) U( S) an (as )

where C' is a constant that does not depend on the input demand of user ¢. Hence, we have that

) _ ) >
(0::5) (0:05) > 5.

E U E U
s~ (0;,b_;) s~ (bi,b_y)

when b; > 0;.

Case b; < 6;. In this case, observe that

1
E u(b;,s) = (1—)-0
s~ (bib_q) n
1 1 2k—-6;, 1 2k-06;
(1>.C+. - .
n n n

2k 2k
1 2k—0;
= E iy —_——
s~ (0;,b_3) U( S) n 2k
1
T s~m(0;,b—4) U( S) 2n (as )
Hence, we have that
E u(0;, ) — E u(6;,8) > S > 1
s~ (0;:,b_3) v s~ (bib_;) v - 2n — 277/]{1,
when b; < 6;. O

Regret bound. To sum up, we have that 3(7°™) > (2nk)~! for this problem. If the cluster manager’s goal is to

maximize the social welfare with respect to IIMYF, our Theorem 4.5 implies there is a NICOM for IIMYF with regret

O((n log k + nk) - T#) under any agent class A such that ar(A) € O(T") for some h € [0,1).

D. Related works

Dynamic pricing. Online learning for auctions traces back to the seminal work of Kleinberg & Leighton (2003). Online
learning of posted-price auctions is often referred to as dynamic pricing, and there is a wealth of literature on this subject
following the aforementioned seminal works. Therefore, we direct readers to a review of this topic (Den Boer, 2015).

Strategy-robust pricing. One of the first works to investigate non-myopic agents was by Amin et al. (2013), who
introduced a notion of regret that remains robust under strategic buyers. They devised a robust pricing algorithm for the
repeated single-bidder single-item posted price mechanism, assuming that the buyer’s value is drawn independently from an
unknown value distribution.

This setting has subsequently been generalized in two ways. The first is the contextual setting, where the seller observes
contextual information (such as UserID) while selling an item. Amin et al. (2014) were the first to study the problem of
robustly learning prices under the contextual setting. Drutsa (2020a), Zhiyanov & Drutsa (2020), Golrezaei et al. (2019),
and Deng et al. (2019a) further optimized regret bounds or extended the problem setting by considering noisy observations.

While previous works relied on distributional assumptions, a generalization of the previous stochastic setting to an online
adversarial setup was explored by Liu et al. (2018). Particularly, Liu et al. (2018) extended this to a multi-bidder second-price
auction in an adversarial environment, using a strongly differentially private algorithm for the expert problem. In comparison
to our work, previous studies focus on scenarios where the objective is to learn a single parameter (price or reserve price).

Motivated by online advertising, a line of work has studied bandit learning in single-item auctions under truthfulness
constraints (Babaioff et al., 2009; 2015; Devanur & Kakade, 2009). Here, buyers place a single bid at the beginning of the
game representing their value for the bid, and on each round, the seller observes the number of clicks for the buyer she
chooses for the round. When compared to our setting, as the buyers place only a single bid at the beginning, they have
significantly less opportunity to manipulate outcomes in their favor.
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Differential privacy and mechanism design. Since the seminal work of McSherry & Talwar (2007), differential privacy
and mechanism design have become closely intertwined fields. Subsequently, Nissim et al. (2012) and Kearns et al.
(2014) expanded the scope of mechanism design through differential privacy. Notably, Nissim et al. (2012) introduced the
commitment mechanism and constructed general mechanisms from the exponential mechanism, including mechanisms
without money (Moulin, 1980; Procaccia & Tennenholtz, 2013). Our work can be seen as a conceptual extension of Nissim
et al. (2012)’s work to an online adversarial setting. As discussed earlier, Liu et al. (2018) employed differential privacy
to design a strategy-robust online learning algorithm for single-item auctions. Additionally, as discussed in the main text,
Abernethy et al. (2019) applied a differentially private primitive to design a strategy-robust version of Myerson’s optimal
auction in the online setting. For further exploration of the growing trend of using differential privacy to control incentives,
we recommend reading a review by Zhang et al. (2021).
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