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Abstract

Neural networks learn effective feature representations, which can be transferred to
new tasks without additional training. While larger datasets are known to improve
feature transfer, the theoretical conditions for the success of such transfer remain
unclear. This work investigates feature transfer in networks trained for classification
to identify the conditions that enable effective clustering in unseen classes. We
first reveal that higher similarity between training and unseen distributions leads
to improved Cohesion and Separability. We then show that feature expressiveness
is enhanced when inputs are similar to the training classes, while the features of
irrelevant inputs remain indistinguishable. We validate our analysis on synthetic
and benchmark datasets, including CAR, CUB, SOP, ISC, and ImageNet. Our
analysis highlights the importance of the similarity between training classes and
the input distribution for successful feature transfer.

1 Introduction

Neural networks have demonstrated remarkable success through their ability to learn hidden represen-
tations, which are crucial for generalization [Damian et al.,|2022]]. These learned features, especially
those extracted from the penultimate layers, are semantically meaningful and transferable across tasks
[Yosinski et al., 2014} [Kornblith et al., 2019]]. A wide range of techniques, from open-set clustering
[Roth et al., [2020] to vision-language models [Li et al.| 2023]] and language models [Kojima et al.,
2023|], leverage feature transfer for downstream tasks. Recent successes in feature transfer have
been largely attributed to the increasing volume of available data [Brown et al., 2020, |Radford et al.,
2021, |An et al.}|2023]]. However, the underlying conditions under which features can be effectively
transferred remain underexplored.
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Among various applications, classification-based visual open-set clustering [Musgrave et al.| [2020] is
a fundamental benchmark for evaluating feature transferability on unseen data. The task typically
involves training a classifier on one set of classes and then testing it on a disjoint set of unseen classes
to assess whether the extracted features form cohesive and separable class-wise clusters in unseen
data [Wang et al., |2018|, [Seidenschwarz et al., 2021} |Deng et al., 2022]. Given this context, we aim to
investigate feature transfer through open-set clustering with the following research questions:

Can we capture the presence of feature learning in classification and identify the conditions
under which features cluster effectively in new distributions?

To address this, we consider a two-layer nonlinear network trained with a single gradient descent
step on a mean-squared classification loss in the proportional regime (in Section [2). Then, we
show that the dominant part of the trained feature function consists of random initialization and a
spike component (Def. [3.4) associated with the training data (in Section [3). Finally, leveraging the
dominant features, we identify conditions for effective clustering in unseen distributions (in Section E])
First, we assess the intra-class Cohesion and inter-class
Separability of trained features through numerical and
analytical analysis, as standard measures of clustering
performance [Clémenccon, 2011, Papa et al., 2015} |Liu
et al., 2017, L1 and Liul 2021]]. As a result, we find that
Cohesion increases as the train-unseen similarity grows.
Meanwhile, for Separability, if classes are assigned to
different training classes, it also increases with the train-
unseen similarity; otherwise, it decreases, as shown in

Figure[]

] ~ Figure 1: Mapping input data (left) to
Second, we analyze the “spike component,” the predomi- [earned feature space (right); Training

nant element of the feature function in multi-class settings. ¢asses are solid balls, unseen classes
We show that the inner product between the spike compo- ab,p,n are dashed lines. Cohesion:
nent and a new input governs the feature’s expressiveness. Strong Cohesion occurs for a,p,n, which
Specifically, the spike component maps new inputs usinga  pave high similarity to the training data
linear combination of randomly initialized classifier-head compared to b. Separability of a,n: as-
weights. Therefore, we find that the spike direction con- signed to different training class, they
tributes to feature extraction only when it aligns with the  ¢,qw high Separability. Separability of

input data, as illustrated in Figure 3] a,p: assigned to the same training class,

Empirically, we evaluate train-unseen similarity, Cohe- they exhibit low Separability.

sion, Separability under our theoretical assumptions using

synthetic datasets. As predicted by our analysis, Cohesion and Separability follow the expected
trends with respect to train-unseen similarity. We further study open-set clustering in realistic set-
tings and demonstrate the practical implications of our theoretical results. In most cases, clustering
performance is higher when the unseen classes belong to the same semantic domain as the training
classes (Expr. IV). Moreover, adding dissimilar classes does not enhance performance (Expr. V),
whereas incorporating semantically related training classes does (Expr. VI)—consistent with our
theoretical claims.

This work provides new insights showing that effective feature transfer depends on the train-unseen
similarity, further implying that features can be learned in a data-efficient manner without relying on
large-scale data. Our contributions are summarized as follows:

* We analyze the classifier’s feature representation, providing insights into how feature extractors
operate:
— Higher train-unseen similarity increases Cohesion.

— Higher train-unseen similarity increases Separability between data assigned to different
classes but reduces it otherwise.

— Feature expressiveness improves as more spike directions become non-orthogonal to the input.
* We validate the theoretical results through experiments and show that they hold in practical settings.

* We generalize the distribution assumption of prior works to non-centered sub-Gaussian distributions
and present novel proof techniques for classifier analysis (refer to Assumption [2.2)).



1.1 Related Works

Deep Metric Learning and Open-Set Clustering Metric learning has been proposed to cluster
visually similar unseen classes using classi cation or triplet logses [Movshovitz-Attias|et al|, 2017,
Zhai and Wul| 2019, Boudiaf et &l., 2021]. Several recent approaches have focused on increasing the
number of training classes to improve clustering performance. One line of work introduces virtual
classes [Chen et al., 2018, Qian et[al., 2020, Gu et al.,|2021]. Another approach leverages a large
number of classes induced from the dataset of Schuhmann|et al| [2021] to achieve state-of-the-art
performance [An et al., 2023]. This empirical trend aligns with our analysis, which suggests that
performance improves as the number of relevant classes for clustering increases. However, to the
best of our knowledge, theoretical analyses of feature transfer—particularly within metric-learning
frameworks without additional training—remain unexplored.

Neural Collapse (NC) and the Unconstrained Layer-Peeled Model (ULPM) Recent studies

have introduced the concept of Neural Collapse [Papyan| et al.| 2020] to explain the emergence of
intra-class feature compactness and feature-weight alignment in trained neural networks. To analyze
these phenomena, several studies propose the ULPM which treats understand the training dynamics
of NC treating features and classi er weights as unconstrained free variables [Fang et al., 2021, Zhu
et al| [ 2021, Ji et al., 2022, Tirer and Bruina, 2022]. Unlike the two-layer network model adopted in
our study, ULPM assumes free variable features, which limits the analyzability of input distribution
and, consequently, prevents the study of feature transferability.

Feature Learning in Two-Layer Networks The Conjugate Kernel (CK) has been widely used

to analyze feature learning in two-layer networks [Louart et al., 2017, Goldt et al., 2020, Hu and
Lu, 2022]. More recently, Ba et al. [2022], Moniri et al. [2024] have shown that feature learning
can reduce population risk in teacher-student regression settings. In contrast, our work investigates
feature transfer in classi er-trained networks, particularly in scenarios resembling metric learning,
which remain theoretically underexplored. To this end, we extend CK-based regression analyses to
accommodate non-centered sub-Gaussian inputs with Hermite-expandable activations (Sections I,
H), enabling classi er-based training with arbitrary labels and distributions. Moreover, Table 1 in
Appendix C compares our framework with contemporary studies on feature learning in shallow
networks.

Additional related work on shallow-network feature learning, feature transferability, and classi er-
based feature analysis is provided in Appendix C.

2 Problem Statement

Notations We denote b k either thel. 2 or operator norm. Let be the Hadamard product and
A ¥ be the Hadamard power. Consta® > 0 and 2 R may vary from line to line. De ne
JdK, f1;2; ;dg. Foro;O; notations regarding complexity, we follow Moniri et al. [2024].

Training Data We consider a one-vs-one classi cation problem viititlasses that constructs
P, '; problems. Let,;:::;ck denote the class-conditional distributions of tge training data,
and the training dataset e = ( X; Y ), whereX 2 R" ¢ andY 2 JKK': Here X = :le fx

ckg m ; wherem is the number of instances per class &m = n 2.

Network Structure in the Proportional Regime We consider two-layer networks in the propor-
tional regime [Ba et al., 2022], which represents a scenario where the network width and the size
of the dataset are of similar scales. Ietd, andN be sample size, data, and feature dimension,
respectively. We perform our analysis undem;N=n"! casn;d;N !'1 . Concretely, the initial
weights of the rst layer and the second layer ®vg 2 RY N anda; 2 RN fori;j 2 KKs.t.i<j ,
respectively. These are initializedW&[i]  Unif (¢ 1) fori 2 IN Kanda; follows a Gaussian
distributionN(0; &1). DenoteW as the rst-layer weights after a single gradient step. Accord-
ingly, we de neFo(x) , (WG x)andF(x), (W?x) as the initialized and trained features,
respectively.

20ur theorem also holds in imbalanced settings, but we use balanced settings here for simplicity.



Optimization Problem Denote the set of all network parameters as f W, a;»; jAk 1.k O
Let Xj be a matrix inR?™ 4 where the rstm rows contain samples c¢; and the lasm rows

contain samples  c;. Lety, [1;1;:::;1; 1;:::; 1F 2 R®M be a vector consisting oh
ones followed bym negative ones. To cIaSS|fy the given data, we use the Mean Squared Error,

P
LGy )= o

< Ky (X W)ag k2 1)
P
The weight update for the rst layer is given W = Wy + G, whereG , g—vaz i<
h i
1 > >
Gj = = Xi [ (X W)a;  y)ay X W] )
We then introduce the assumptions for the theoretical analysis. We omit the learning rate for simplicity,
but it may be explicitly included as= (1) without affecting the proof.

Assumption 2.1(Activation Function) Let (x) be an element-wise activation s.£ % 9s
bounded by almost surely. It admits a Hermite decomposition i.€z) = &:o cH«(2), where
& = SE[ (2)Hk(2)] for a standard Gaussian We assume, = 0;¢; > OandcZk! Ck 3°2 W,

for constants>; w > 0 e.g., the Shifted ReLU, de ned asax(x; 0) =

Assumption 2.2(Training Data) We assume the class-conditional distributionsre non-centered
Sub-Gaussians [Vershynin, 2018, Cao et al., 2021, Cole and Lu, 2024], a necessary generalization for
classi cation tasks involving non-identical distributions with bounded support. This extends common
assumptions such as Gaussians and Gaussian mixtures (see Appendix Table 1 for comparison).

Gj, st

To accommodate non-centered Sub-Gaussian distributions, we generalize Hermite expectation tech-
niques from centered Gaussians to non-centered Sub-Gaussians (Lemma F.5, Appendix H), extending
prior work on centered Gaussian cases [O'Donnell, 2021, Moniri et al., 2024]. We also adapt key
results for centered Sub-Gaussians [Vershynin, 2010, 2018] to the non-centered setting (Appendix ).
Please refer to Appendix D for preliminary information on Hermite polynomials and for additional
notations used in the proofs.

3 Feature Decomposition

This section analyzes the one-step trained feature extractor in the proportional regime. As a rst step,
we linearize the gradier@ in the proportional regime to approximate the trained feature.

Theorem 3.1(Gradient Approximation) LetA;; , <X ya1 a rank-one structure for eadh-th
classi cation problem. Under Assumptions 2.1 and 2 2, and for suf ciently large
X log®n
kG Aj k . ;owp.l o o(l): 3)

i<j

For the proof, please refer to Appendix E. Theorem 3.1 spows that the gré&lieith respect tdN,
exhibits an almost RanR-structure and can be expressed ags; Aj; . Next, leveraging  Aj

and the Hermite decomposition of the activatignwe deterministically decompose the one-step
trained featurd=(x) = ((Wo + G)” x) into its dominant and residual components, in order to
analyze the feature structure for new inputs based on its deterministic and dominant terms.

De nition 3.2 (Spike Direction) The spike directionis de ned as j = %Xij? y 2 RY: If the
distinction betweem andj is not essential, we omit the subscripts.

Theorem 3.3(Feature Decompgsnmn)Jnder Assumptions ZF]. and 2.2, bébz R" ¢ follow
Sub-Gaussiarl, , logn, Fo. , -1 &Hk(XWy), and,s_ , k 1 ckck(X“ i< a,J)

F—F%L+SL+ ;o wp.1l o ol); 4)
whereks k = ( 7kF0Lk—( n),andk k= o(" n).

Please refer to Appendix F for the proof. Theorem 3.3 represents that the learned features are mainly
composed of thepike componertwhich maps new inputs via inner products with the data-label
covariance j —andFq, , inherited from the random initialization. Under Theorems 3.1 and 3.3, it
follows that for suf ciently largen, the one-step trained feature is primarily described by the term
Fo.. + sL. Therefore, we introduce the deterministic Dominant Fedfurex) below, which serves

as the foundation for our subsequent analysis.



De nition 3.4 (DominarH Featur&_ (x)). For suf ciently largen, w.h.p and retaining only compo-
nents ofF larger tharo(' n), we de ne the dominant featufe_ as follows.

X X X
FL(x), cHk (Wg x) + o ( >x)a;) k. (5)
e
Foi (X) s (x)

whereFq. is the approximated randomly initialized feature, @nds the trainedSpike Component

FL (x) de ned in De nition 3.4 represents the dominant part of the feature decomposition using the
Hermite expansion for suf ciently large. This approximation is expressed through linear operations
and polynomials, facilitating an explicit closed-form representation of the clustering criteria.

4 Feature Analysis

4.1 Clustering Criteria Analysis

We analyze two key criteria-©ohesiorandSeparability—which capture intra-class compactness

and inter-class distinction of features to identify the conditions under which features from unseen
classes form coherent and separable clusters. We suggest that these quantities are governed by the
train ( )-unseer( ) similarity under Condition 4.2 in binary classi cation. Speci cally, we express

both CohesiorandSeparability(De nition 4.3) as closed-form polynomials of*

De nition 4.1 (Train-Unseen Similarity Given thespike direction in De nition 3.2 and the mean
of the unseen distribution, the Train-Unseen Similaritys de ned as

Condition4.2 Suppose; d; N are xed and suf ciently large. Under Assumptions 2.1, 2.2, let
ci = N( i;1q) fori 2 J2Kbe the class conditional distributions. De ngo.r o > 0to depend
only onN andd, and to be independent ofand , as in De nition G.1.

De nition 4.3 (CohesiorandSeparability. We de ne two clustering performance criteria as func-
tionals based on the inner product similarity between features, for given any f€ature

C(G), E [Ex ¢G(X)” Exo G(x9; S(G), E [Ex ¢,G(X)” Exo ¢,G(X9:

CohesionC(G) quanti es the expected inner product similarity between i.i.d. features belonging to
the same class, with the expectation taken over network parameteiSeparabilityS(G) quanti es

the expected dissimilarity between independent features from different ctasseslc ,, again with

the expectation taken over

SincekFor k=s k! Oasn!1 by Theorem 3.3, we focus on presentids, ) andS(s. )°.
Proposition 4.4(Cohesion of ). Following Condition 4.2, the Cohesidi(s, ) for c, is given by:

n #
S X< %’ . .
C(sL) = Ck Cxo kek Orr 0] > jk+k ol ket ©6)
k=1 r=0 r%=0
k=1
Proposition 4.5(Separability ofs; ). Under Condition 4.2, the Separabili§(s. ) for c1; ¢, yields:

#
% X > Nk orp o> KO % pr+r®

S(sL) = Ck Cko kik o o )" ( 2) k K : ()

11(0:—11 r=0 r0=0

The proofs of Propositions 4.4 and 4.5 are in Appendix G. In the above Proposigm9,andS(s, )

are computed in closed-form expressions and expressed as polynonmiedsmet/nseen Similarity
Also, C(F.) andS(F_ ), which include thé=o. term, are polynomials of thieain-unseen similarity

as shown in Propositions G.2 and G.3. With the polynomial from, to identify conditions that improve
the clustering criteria, we numerically evalu&é- ) andS(F_) by varying 7 and 3

SEmpirical support for the dominance sf in C(F.) andS(F.) is presented in Appendix K.



As illustrated in Figure 2, we nd thaCohesionincreases withh > j, i.e., as the “unseen” data
becomes more aligned with ti8pike Direction . Also, Separabilityrises when the magnitudes of

7 and 3 grow with opposite signs and decreases when they grow with the same sign i.e., it
increases when the two “unseen” classesaaggnedo different classes as explained below:
Note4.6 (Explanation ofissignmenand > ). represents the normal vector of the linear decision
boundary in binary classi cation within the data space before training, i.e. the direction that
determines class assignment based on the sign of its inner product with the data. Therefore, the sign
of ” indicates the clasassignmenbf unseen data with mean

These two phenomena can be interpreted
based on the property of the leading term
s. in F_. The phenomena follow the ex-
pressions inside the brackets of Egs. (6)
and (7). Furthermore, if the Shifted ReLU
is used as the activation function, the anal-
ysis in Appendix D.1 shows that the rst
Hermite coef cientc; takes a signi cantly
positive value, while the subsequent coef- .
cients oscillate and gradually diminish in  (a) CohesiorC(F ) (b) SeparabilityS(F)
magnitude. This suggests that the positive _ o . _
gontribution may dominate the summatiofy/gure 2: F by adjusting™ j and * ». We sein =
c o, which is consistent with our em320000 1 = 22 R" andk 1kik 2kik k=1.
pirical observations. However, further investigation is required to validate this hypothesis rigorously.
Additionally, in Appendix K, we show that our theory tends to hold over a wider rangeisreases,
and in Note G.6, we discuss thek term.

4.2 Spike Component Analysis

® “x; 7 x

—eo—o— A1
— e oo A2
— eo—@ A3
——e—— 4

(o]

(o]

[e]

o

(a) Dominant FeaturE_ (b) Two-layer Networke (c) lllustration of 1, 2, 3,and 4

Figure 3: Expressibilityof F_. andF trained with combinations of,, 3, and 4 (a, b): While
including , and 3 allow F_ andF to extract distinct features ag andx, vary, 4 yields less
informative representations. (c): Including and 4 does not contribute to distinguish andx,.

This section examines the impact of tygke componers, onF_ = Fo.. + s_, speci cally how
the learned component contributes to feature extraction for unseen inputs.

Corollary 4.7 (Corollary of Theorem 3.3)Let the inputs;; X, 2 RY and remark Dominant Feature
FL(X) = Fo. (X)+ s_(x) in Denition 3.4. Ifj] >x;  “xpj! 0(e.g., wherxy;x, ? ). Then,

ksL (x1) sL(x2)k! O and kF_(x1) Fr(x2)k!k For(X1) For (X2)k:

Corollary 4.7 shows how the dominant featliie behaves under different conditions. Speci cally, if
the direction oi is not orthogonal to j; , then spike of j; involve feature extraction. Conversely,
whenx is orthogonal to j; , the impact of spike; is eliminated, indicating that the training becomes
irrelevant and the feature extractor relies solely on the random features.

. L . P
To demonstrate this, we de ne fourdirections based on two test inputg; x> 2 S (" d) as
Midpoint ; = *3*2 Interpolation , = *1*3X2 Extrapolation 3 = —*132*2 and Orthogonal
4, a random unit vector orthogonal to bothandx; s.t.k ik = " d, 8i 2 JAK By construction,
1 and 4 cannot contribute to distinguishing the two inputs via inner product, whilend 3 can
distinguish the two inputs. See Figure 3 (c) for an illustration.



We evaluate both the approximated featUfesand the trained two-layer neural netwdfkon four

binary classi cation tasks, where each task involves Gaussian distributions with meamnd |

to form given ;, and covarianc®:1l withn = d = N = 2'%, For all non-empty combinations

of i, thelL, distances betwedn(x;) andF (x;), and betweelr_(x;) andF_ (x,), are measured

by varying the angle between andx; from 0 to 5 radians. The results are summarized using
Expressibility de ned as the maximurh, distance between two feature vectors for a given class
combination, normalized by the global maximum distance observed across all combinations. This
metric quanti es how well a representation distinguishes structural variations in the input space.

As shown in Figure 3 (a,b), features derived fromexhibit limited Expressibility In contrast,
features from , and 3 are more responsive to input variations, capturing meaningful structural
differences. When multiple expressivs (e.g., > and 3) are combined, the resulting features are
even more sensitive to input changes, re ecting improved representational capacity. These results
suggest that training with structurally relevant training classes enhances feapressibility while
incorporating unrelated classes ashas minimal impact.

Additional experimental results are presented in Appendix L, including analysgsanfd experi-
ments isolating the contributions of thg., ands. components. We also provide the original data
used in theexpressibilitycomputation of Figure 3. In summary, Consistent wih ; also shows
limited expressiveness. In addition, the component from ; and 4, mapsx; andx; to nearly
identical feature vectors. In contrast, thg, component introduces some separability, suggesting
thatF_ andF calculated from less expressivecan still extract weakly distinguishable features.

5 Experiments

We conduct seven experimental setups to validate our analysis and explore practical implications of
the above analysis for open-set clustering, using feasible clustering cRiecall @ 1(Remark 5.1).

Remarks.1 Recall@1, Ey, .y, 1y,= .. ¥i 1-nn denotes the class of the nearest featurg tarhis
serves as a practical metric for evaluating whether new unseen test classes form coherent clusters.

The choice of recall@1 is motivated by its ability to re ect clustering quality: when both Cohesion
and Separability are high, the nearest neighbor is more likely to belong to the same class, leading
to a higher recall@1. First, in Experiments I, Il and Ill, we examine the relationship betvaden
unseen similarityi.e. > ) andCohesionSeparability—as discussed in Section 4.1—aRdcall@1

within theoretical assumptions. Second, to demonstrate how our theoretical explanations can provide
intuition in practical settings, we conduct the Experiments 1V, V, VI, and VII. For this purpose, we
employ the open-set clustering problem using ne-grained real image datasets. For all experiments,
we repeat each experiment with three repetitions, except for VII, where we perform ve runs.

5.1 Setup for Theory Vaildation: Expr. I, 11, llI

Synthetic Data Design Based on Assumptions 2.1 and 2.2, and Condition 4.2, we construct three
types of non-centered sub-Gaussian training datasets—uniform ball, truncated Gaussian, and uniform
sphere (Data 1, 2, and 3). All distributions are origin-symmetric. For evaluation, we introduce two
Gaussian test distributions—Evahnd EvalR—parameterized by a translation vect@and a rotation
matrix R 2 SO(n) which control thetrain-unseen similaritySpeci cally, ase increases from 0 to 1,

> increases due to mean shift; similarly,Rspproaches the identity matiix > also increases
due to rotational alignment. Refer to Figure 24 and Appendix M.1 for illustrations and details.

Experiment Design For each experiment, we utilize Data2, and3, with each dataset paired

with a distinct evaluation dataset. Expr. | uses two Bvdistributions with translation parameter

e 2 [ 0:9,09]ande;, = ey, so they arassignedo opposite training classes. Experiments Il

and Il are based on two Evaldistributions, each parameterized by a small-angle random rotation
matrix R generated as described in Appendix P. In Expr. II, considering the case where the datasets
areassignedo opposite classes, the rst distribution usesand the second distribution useR.

In Expr. lll, considering the situation where the datasetsasgignedo the same class, the rst
distribution usefR and the second usés™ .



(a) Cohesion: Expr Il (b) Separability: Expr Il (c) Recall@1IP): Expr Il

(d) Cohesion: Expr Il (e) Separability: Expr 111 (f) Recall@1IP): Expr I

Figure 4: Upper row: In Expr I, all metrics increasejas j increases. Lower row: In Expr I,
where two test classes aassignedo a single train clasfiecall@landSeparabilitytend to decrease
asj > jincreases. This aligns with our predictions. In all cases, results usinglRa¢areported.
The red line— represents the values after one step of training,k.eThe blue line— represents
the values from initialization, i.eEg.

Expr. | Expr. 1l Expr. 1l

Figure 5: Summary of the synthetic data experiments: The large and dark circles represent low
train-unseen similaritywhile the small and light circles indicate higtain-unseen similarityThe
dataset® 1, D5, andD 3 correspond to synthetic Data 1, 2, and 3, respectively. C deGatession
and S denoteSeparability We scale all measurements using the absolute value at the 85th percentile.

5.2 Results of Theory Vaildation: Expr. I, 11, Il

In Figure 4, we present the results of Expr. Il and Il using Data 1; uniform ball. These results show
that as thdrain-unseen similarityncreases, th€ohesionconsistently increases. On the case of
Separability in Expr. 1l, the two unseen classes assignedo different training classes. As the
train-unseen similarityncreases, th&eparabilityalso increases accordingly. In contrast, in Expr. 11l
where the two unseen classes asgsignedo the same training class, we observe Beparability
decreases as thigin—unseen similarityncreases. A similar trend is observed Recall@1 which
follows the behavior oSeparability

Figure 5 summarizes the results across all cases. For individual plots, refer to Appendix M.2. Except
for the Separabilityin Expr. 1ll, both Cohesiorand Separabilitygenerally increase wittrain-unseen
similarity (from big dark points to small light ones), with the drop in Expr. Ill attributed to duplicated
training class assignment. These observations align with our analysis. On top of that, Appendix M.3
provides empirical evidence that the relationship between the clustering criterismamdnseen
similarity holds in both multi-step and multi-layer settings. These ndings suggest that our theoretical
framework remains valid, at least to some extent, beyond the two-layer, one-step setting.



5.3 Setup for Practical Vaildation: Expr. IV, V, VI, VII

Building on our analysis, which identi ed conditions for effective feature clustering under unseen
distributions, we conduct experiments to examine whether the theoretical insights hold in practical
settings. First, we examine if the positive relationship betwesn-unseen similarityand clustering
criteria also holds for semantic similarity afRécall@1(Expr. IV). Second, we evaluate whether the
theoretical result—that featuexpressivenesmproves only with a larger number of non-orthogonal
spike directions-holds in practice, by examining whether increasing the number of semantically
similar training classes enhances clustering performance (Expr. V, VI). Finally, we test if removing
redundantlyassignedunseen classes improves performance more than random removal (Expr. VII).

We use the datasets CAR (Vehicle, Krause et al. [2013]), CUB (Bird, Wah et al. [2011]), SOP
(Product, Song et al. [2015]), and ISC (Clothing, Liu et al. [2016]), referrddamsain We de ne
ImageNet [Deng et al., 2009] subsets for the Vehicle, Bird, Product, and Clothing domains, denoted
as I(V), I(B), I(P), and I(C), and refer to them asb In1k The classes are manually selected and
listed in Appendix O. We also de ne a dataset calfedbsampled whole Inlkvhich includes all
classes. To balance the number of samples per class with thDeeraindata, we subsample 82,

58, 5, and 6 samples per class in ImageNet variants, respectively. Most experimental con gurations
follow the approach of Zhai and Wu [2019], a seminal baseline. We utilize ResNet-18 and 50 [He
et al., 2015] with random initialization and ImageNet pre-trained weights.

5.4 Results of Practical Vaildation: Expr. 1V, V, VI, VII

For Expr. IV, we train with eaclibomaindataset (CAR, CUB, SOP,

and ISC train) anDbomaintsub Inlkdataset (CAR+I(V), CUB+I(B),

SOP+I(P), and ISC+I(C)), and then measured how well each model

clusters across all test datasets (CAR, CUB, SOP, and ISC test).

Figure 6 demonstrates that clustering test data semantically related

to training classes is more effective than using classes from unrelated

domains. This observation aligns with our theoretical prediction that

clustering performance increasegrain-unseen similarityncreases,

provided under limited redundaassignmentsThe trend held in 29

out of 32 experiments. Refer to Appendix N.1 for comprehensive o
results, which also include additional experiments demonstrating ~ ResNet18 (init)
the correspondence betweteain-unseen similarityand semantic

similarity, as well as between clustering criteria aecall@1

In Expr. V, after learning th&®omain Domain+sub InlkandDo-
main+subsampled whole Inlkve measurdrkecall@1for corre-
sponding testsets. Including all ImageNet classd3amainoffers

no clear advantage over including only related ImageNet classes
(Figure 7a). Meanwhile, clustering on CAR and CUB with random
initialization improved withDomain+sub Inlkcompared tdomain

This supports our results that feature extraction is driven by sim-
ilar training classes with the input forming non-orthogospike

directions See Figure 35 and Table 9 for additional results.

. . . . ResNet50 (init
In Expr. VI, we investigate how gradually increasing the number of (init)

semantically related training classes affects clustering performahizgire 6: Expr. IV,Recall@1
on eachDomaintest dataset. Eachomaintraining datasets is measurements. In most cases,
divided into four stages, introducing 25%, 50%, 75%, and 10@P& highest performance is ob-
of its classes at Steps 0 through 3, respectively. The classesareed when the domains of
randomly sampled. As shown in Figure 7b, increasing the numbettté training and test datasets
semantically related training classes improves performance. Retgrespond.

to Figure 36 for more results.

ForExpr. VIl , during the evaluation phase, removing redundassignedinseen classes resulted in

a 2.31 percentage point improvemenRacall@ lcompared to random removal of the same number

of unseen classes, with a maximum improvement of 12.71 percentage points, amaximum drop of
-6.04 percentage points, and a success rate of 82.81%. This suggests that cagdigateenthinder
clustering, corroborating our analysis®&parability We refer to more details in Appendix N.2.



(a) Expr V in ResNet18(init). The pin'", redms, (b) Expr VI, Recall@1values for the CAR, ,
and blues= represenDomain Domaintsub In1k SOP, and ISC datasets are shown with dashed lines
Domaintsubsampled whole In1kespectively. - - for ResNet18 and solid lines— for ResNet50.

Figure 7: Key results of (a) Expr. V and (b) Expr. VI. (a) Adding all ImageNet clad3em@in+
subsampled whole Inllields similar performance gains to adding only domain-relevant classes
(Domain+ sub In1R. (b) Using more classes within ti@mainimproves performance.

6 Conclusion

In this study, we investigate the feature learning dynamics of a two-layer classi er in the proportional
regime by extending the conventional regression setting and introducing novel technical lemmas,
thereby providing a deeper understanding of the mechanisms underlying feature transferability. To
our knowledge, this is the rst work to quantitatively connect train-unseen alignment with open-set
clustering performance, rather than relying solely on hypothesis-level arguments. Our analyses reveal
thatCohesiorincreases with higher similarity between training and unseen data, $arability
depends not only on this similarity but also on avoiding redundant elssgnments-urthermore,

our framework characterizes how featesgressivenedsr unseen classes depends on the number of
semantically related training classes, showing that splke directionsion-orthogonal to the input
contribute meaningfully to feature extraction. Beyond validation on synthetic datasets, our theoretical
insights also hold for real-world datasets, where we observe improved clustering performance when
training classes are semantically aligned with the target domain.

6.1 Limitations and Future Works

While our study provides valuable insights into feature learning and transferability, several important
directions remain for future researdfirst, while the Hermite approximation was helpful for our
feature analysis, it introduced challenges due to discrepancies between nonlinear neural networks and
the polynomial functions used to approximate them. Speci cally, we observed that our theoretical
predictions tend to align better as the dimensionality increases (Figure 2). In nite dimensions,
while a similar trend could be identi ed in the unnormalized results shown in Figure 3, a precise
scaling alignment was lacking. Moreover, in Section 4.1, we hypothesized that the in uence of
Hermite approximation coef cients would be positive and con rmed this experimentally, although

a theoretical veri cation remains an open avenue for future work. These observations suggest
promising directions for future research exploring alternative approximation techniques or more
re ned analytical methods.Second an important direction for future research is to extend the
concepts of Cohesion and Separability to multi-step, multi-layer and multi-class softmax, integrating
techniques like normalization and temperature scaling. This could help align our analysis more closely
with practical settings, particularly in the context of Neural Collapse research under arbitrary input
distributions.Finally, in contrast to prior work that emphasizes large-scale datasets on broad domains
[Brown et al., 2020, An et al., 2023], our arguments highlight the importance of domain-relevant
datasets for effective feature transfer. This perspective aligns with recent research on constructing
ef cient training coresets [Mirzasoleiman et al., 2020, Paul et al., 2023, Xia et al., 2023, Zhang
et al., 2023, Jain et al., 2022] and suggests a potential new direction for representation-aware coreset
selection. For instance, reducing the number of training classes or excluding training data that do not
contribute to relevant directions can lower computational complexity while still enabling successful
clustering and feature transfer.
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NeurlPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately re ect the
paper's contributions and scope?

Answer: [Yes]

Justi cation: The abstract and/or introduction clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations.

Guidelines:

» The answer NA means that the abstract and introduction do not include the claims
made in the paper.

» The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

» The claims made should match theoretical and experimental results, and re ect how
much the results can be expected to generalize to other settings.

« Itis ne to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justi cation: The limitations of the work discussedif
Guidelines:

» The answer NA means that the paper has no limitation while the answer No means that

the paper has limitations, but those are not discussed in the paper.

The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,

model well-speci cation, asymptotic approximations only holding locally). The authors
should re ect on how these assumptions might be violated in practice and what the
implications would be.

» The authors should re ect on the scope of the claims made, e.g., if the approach was

only tested on a few datasets or with a few runs. In general, empirical results often

depend on implicit assumptions, which should be articulated.

The authors should re ect on the factors that in uence the performance of the approach.

For example, a facial recognition algorithm may perform poorly when image resolution

is low or images are taken in low lighting. Or a speech-to-text system might not be

used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

» The authors should discuss the computational ef ciency of the proposed algorithms
and how they scale with dataset size.

« If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

» While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren't acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be speci cally instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justi cation: The paper provide the full set of assumptions in Assumption 2.1 and Assump-
tion 2.2and a complete (and correct) proof in Appendix E, Appendix F, and Appendix G.

Guidelines:

The answer NA means that the paper does not include theoretical results.

All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

All assumptions should be clearly stated or referenced in the statement of any theorems.

The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justi cation: The paper fully disclose all the information needed to reproduce the main
experimental results in Section 5, Appendix M.1, Appendix O, and Appendix P.

Guidelines:

The answer NA means that the paper does not include experiments.

If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or veri able.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suf ce, or if the contribution is a speci ¢ model and empirical evaluation, it may

be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurlPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with suf cient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer:

Justi cation: The paper focuses on theoretical analysis and validation based on publicly
available datasets and existing code. Therefore, no additional code is provided. However,
suf cient information is included to allow for faithful reproduction of the results.

Guidelines:

» The answer NA means that paper does not include experiments requiring code.

» Please see the NeurlPS code and data submission guiddiites/(nips.cc/
public/guides/CodeSubmissionPolicy ) for more details.

» While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

 The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurlPS code and data submission guidtpes (
/Inips.cc/public/guides/CodeSubmissionPolicy ) for more details.

» The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

« At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justi cation: The paper specify all the training and test details in Section 5, Appendix M.1,
and Appendix O.

Guidelines:

» The answer NA means that the paper does not include experiments.

» The experimental setting should be presented in the core of the paper to a level of detalil
that is necessary to appreciate the results and make sense of them.

 The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical signi cance

Question: Does the paper report error bars suitably and correctly de ned or other appropriate
information about the statistical signi cance of the experiments?

Answer: [Yes]
Justi cation: The paper report error bars suitably. We repeat experiment at least three times.
Guidelines:

» The answer NA means that the paper does not include experiments.

» The authors should answer "Yes" if the results are accompanied by error bars, con -
dence intervals, or statistical signi cance tests, at least for the experiments that support
the main claims of the paper.
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8.

10.

 The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

» The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

» The assumptions made should be given (e.g., Normally distributed errors).

« |t should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% Cl, if the hypothesis
of Normality of errors is not veri ed.

» For asymmetric distributions, the authors should be careful not to show in tables or
gures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

« If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding gures or tables in the text.
Experiments compute resources
Question: For each experiment, does the paper provide suf cient information on the com-

puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justi cation: The computer resources is noted in Appendix A
Guidelines:

» The answer NA means that the paper does not include experiments.

» The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

» The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn't make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurlPS Code of Ethickttps://neurips.cc/public/EthicsGuidelines ?

Answer: [Yes]

Justi cation: The research conducted in the paper conform, in every respect, with the
NeurlPS Code of Ethics

Guidelines:

* The answer NA means that the authors have not reviewed the NeurIlPS Code of Ethics.

« If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

» The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]

Justi cation: The paper discuss both potential positive societal impacts and negative societal
impacts of the work performed in Appendix B

Guidelines:
» The answer NA means that there is no societal impact of the work performed.
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11.

12.

« If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake pro les, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact speci ¢
groups), privacy considerations, and security considerations.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

» The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the ef ciency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.qg., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justi cation: We answered [NA] because our work does not involve generative models, lan-
guage models, or any components with high risk of misuse. We only use benchmark datasets
that are widely adopted in metric learning research and commonly used in demonstrations.

Guidelines:

» The answer NA means that the paper poses no such risks.

» Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety lters.

» Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

» We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justi cation: We used four retrieval datasets proposed in previous computer vision research
as well as the ImageNet dataset for research purposes, and we have included proper citations.

Guidelines:
» The answer NA means that the paper does not use existing assets.

» The authors should cite the original paper that produced the code package or dataset.

» The authors should state which version of the asset is used and, if possible, include a
URL.

» The name of the license (e.g., CC-BY 4.0) should be included for each asset.
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13.

14.

15.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

« If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datapetgerswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset's creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]

Justi cation: Since our work focuses on analyzing existing models, we do not introduce any
new assets.

Guidelines:

» The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

» The paper should discuss whether and how consent was obtained from people whose
asset is used.

» At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip le.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Justi cation: We do not conduct crowdsourcing experiments and research with human
subjects.

Guidelines:

» The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

« Including this information in the supplemental material is ne, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

» According to the NeurlPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)

approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justi cation: The paper does not involve crowdsourcing nor research with human subjects
Guidelines:

» The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.
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« Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

» We recognize that the procedures for this may vary signi cantly between institutions
and locations, and we expect authors to adhere to the NeurlPS Code of Ethics and the
guidelines for their institution.

« For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scienti ¢ rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justi cation: We answered [NA] because LLMs are not used as important, original, or
non-standard components in the core methods of this research.
Guidelines:

» The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

» Please refer to our LLM policyhttps://neurips.cc/Conferences/2025/LLM )
for what should or should not be described.
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A Computational Resources

For all experiments, we use one NVIDIA GeForce RTX 3090, Intel(R) Xeon(R) Gold 5218 CPU @
2.30GHz and 128GB CPU memory.

B Broader impacts

This paper presents work aimed at advancing the eld of Machine Learning. In this research, we
analyze the potential for clustering performance improvement through the classi cation training
of many classes. Such an approach may reduce the level of personal data masking required for
ne-grained data differentiation, which could trigger new ethical discussions regarding privacy
protection. Additionally, to effectively implement this approach, there may be a tendency to collect
more data, which can have signi cant implications for the scale and scope of data collection and data
management practices.

C Additional Related Works

Table 1: Comparison of Data and Target Settings Between Our Work and Other Feature Learning
Studies: We use a non-centered Sub-Gaussian distribution as the data distribution, encompassing
all existing studies below. Moreover, the classi cation problem requires multiple non-identical
distributions, so we adopt a non-centered assumption. Unlike these works that assume a teacher
structure and study whether the feature extractor can learn it, we analyze what structure the feature
extractor learns when trained on arbitrarily labeled targets. This enables us to characterize the criteria

when transferring features to a clustering task, making our setting more aligned with real-world

applications.
Data Distribution Key Target Function Miscellaneous

Ba et al. [2022] x  N(0;1) f (W x)+ N(; ?)
Dandi et al. [2023] x  N(O;1) fwix; ;wXx)
Cui et al. [2024] x  N(O;1) f (%)
Dandi et al. [2024] X N(O;1) f (w” x)
Moniri et al. [2024] X p N(O;1) f(w” x)
Demir and Dogan [2025] X N(; ) f (w” xjc) ¢ is GMM component assign
Ba et al. [2023] x N@O;I+d ) f(plfr:dw> X) 2 [0;1)
Mousavi-Hosseini et al. [2023] x  N(0; M) f (kW;;k) + kk=1, N(; ?
Damian et al. [2022] X N(;1) f (Ax)
Nichani et al. [2023] X centeredSG f (x> Ax) SG denotes Sub-Gaussian
Wang et al. [2023] x  N(0;1) f (x> Ax)
Fu et al. [2025] X Unif (8¢ 1) f(x>A1x; X7 Arx)
ours | X non-centere®G | f1, 1g | The target is an arbitrary label

Additional Works on Feature Learning in Shallow Networks Dandi et al. [2023] studied how

neural networks can learn feature structure step-by-step during gradient descent. To demonstrate
that neural networks can effectively learn low-dimensional structures, Ba et al. [2023] and Mousavi-
Hosseini et al. [2023] analyzed the dynamics of learning when both the teacher and the data contain
low-dimensional structures such as spikes.

Demir and Dogan [2025] assumed a Gaussian mixture model for the data, proposed Conditional
Gaussian Equivalence, and stochastically approximated a 2-layer network. While this approach
might appear similar to our Theorem 3.3, our proof does not require conditional approximations or
constructing a stochastically equivalent model, as we rely solely on the Sub-Gaussian property. This
provides a more straightforward approach to analyzing the features of new data.
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Building on the work of Damian et al. [2022], several studies analyze the sample complexity of
neural networks in learning internal representations while performing regression tasks. These studies
consider progressively more complex forms of teacher, g(g>, Ax), where the data comes from a
centered distribution, as discussed in Nichani et al. [2023], Wang et al. [2023], and Fu et al. [2025].
These works primarily focus on regression problems with a teacher, whereas we assume arbitrarily
assigned classi cation labels without using a teacher function. Furthermore, the transfer learning
aspect in these studies examines sample complexity when the function heayl,ie ¢hanged, but

the internal structure, e.; x, is preserved. In contrast, our work investigates feature transfer in
classi cation settings where new input distributions are introduced without additional learning.

Extending the heuristic results of Cui et al. [2024], Dandi et al. [2024] analyzed the learned feature
extractor using an equivalent model to characterize the test error in regression problems and analyze
the spectral tail behavior of the feature extractor's covariance matrix. Their study explored the
phenomenon of spikes in the spectrum, resulting in heavy-tailed distributions. Similarly, we derive
an equivalent model suited to our classi cation setup and examine the characteristics of clustering
errors for unseen distributions (see Section 4.1). We then investigate the behavior of the spike term in
the feature extractor (see Section 4.2).

Feature Transferability in Deep Metric Learning  The explanation for how Deep Metric Learning
learns transferable features towards unseen data remains insuf cient. Chopra et al. [2005] suggested
that CNNs' robustness to geometric distortions enables the creation of generalizable features. This
explanation has been replaced in transformer-based research by the idea that, without the inductive
biases of CNNs, transformers are less constrained and thus capable of extracting generalizable
features [EI-Nouby et al., 2021, Caron et al., 2021].

Following the manifold hypothesis [Chang et al., 2003, Lee et al., 2003, Talwalkar et al., 2008,
Goodfellow et al., 2016], Liu et al. [2018], Ermolov et al. [2022] explained that normalized softmax
for metric learning works well because the hyperspherical/hyperbolic feature space and the data
lie on a manifold. However, these studies do not adequately analyze how features are learned and
transferred through classi cation.

There are empirical studies on classi er transfer learning (not feature transfer like ours, which doesn't
require learning) (Li et al. [2024]) and theoretical studies (Lampinen and Ganguli [2019], Tripuraneni
et al. [2020]).

Neural Collapse (NC) and Features Learned by Classi ers Studies exist exploring Neural
Collapse (NC) and features learned by classi ers under the free variable assumption. Hui et al. [2022]
argue that NC does not manifest on test data. Sohoni et al. [2020], Yang et al. [2023] claim that even
on training data, NC is not fully realized, with critical ne-grained structures concealed. Notably,
Yang et al. [2023] utilized a two-layer network to analyze training data features. Regarding NC on
novel data, Galanti et al. [2022] statistically analyzes NC in transfer learning, suggesting that NC
generalizes to new samples within training classes and unseen classes with empirical observations.
However, their analysis is constrained by focusing on general function spaces rather than specic
neural network architectures.

Also, there are papers addressing the alignment phenomenon between the network and the training
data in neural network classi cation tasks (Min et al. [2024]), studies on the increased separability and
cohesion of training data features in classi cation settings (Zarka et al. [2021], Das and Chaudhuri
[2019]), and research showing that classi er networks outperform linear classi ers through feature
learning (Shi et al. [2022], Frei et al. [2023], Re netti et al. [2021]).

Furthermore, there are theoretical papers studying optimization properties like implicit margin
maximization (Lyu et al. [2021], Wu et al. [2023]) and interpolation (Chatteriji et al. [2021], George
et al. [2023]).

MSE for Classi cation  Utilizing MSE in classi cation is as well-established as using softmax-
cross entropy, especially in theoretical analyses of classi cation problems [Han et al., 2022, Zhou
etal., 2022].
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Generalization Bound for Metric Learning Research on the generalization bounds of metric
learning related to the U-process we use is also ongoing [Bellet and Habrard, 2015, Huai et al., 2019,
Zhou et al., 2024]. However, these studies do not analyze the exact feature learning structure.

D Additional Notations

The operatodiag( ) creates a matrix with the input vector elements placed along the diagonal. Let
lcondiion b€ 1 if the condition is true and O otherwise. Inet be factorials ofn. Letn!! be double
factorial. We de ne( 1)!! = 0!l = 1. Forop; Op; p notations, we follow Moniri et al. [2024 kg

is the Frobenius nornk k; is the in nity norm. kk , is orlicz-2 norme() Standard basis vector
with 1 at positioni. bn=2c denotes the oor oh=2. ( z) is the Gamma function.

Additional information on Hermite Polynomials We employ the probabilist's Hermite poly-
nomials [Szeg, 1975, Bienstman, 2023, Moniri et al., 2024]. We dertotgx) ask-th Hermite
polynomial.

Then-th Hermite polynomialsH , (), are de ned by the recurrence relatiddy+1 (X) = xXH »(X)

nH, 1(x); forn 1, with the initial conditiondH(x) = 1;H1(x) = x: Using this recurrence, we
haveH,(x) = x2  1;Ha(x) = x®  3x;
Hermite polynomials can be represented in the following explicit form:

2

n x2 d" x2
Hn(x) =( 1)e2dxne 7

for n 2 Np. Lastly, there is another expression:

9(%(: ( 1)m XN 2m
Ha(x) = nt mi(n  2m)! 2m

m=0

(8)

The probabilist's Hermite polynomials form an orthogonal set with respect to the standard normal
X2 . . . oy . .

weight function (x) = 912:e 7z ontheinterval 1 ;1 ). Their orthogonality condition is given

by: z, . )
Hm(x)Hn(x)ije 7 dx = nllpp

D.1 Hermite Coef cients of shifted ReLU

One of the activation functions that satisfy our condition 2.1 is shifted ReLU,

(x) = max(0;x) 1912:: (9)
This enables a Hermite decomposition with coef cients given by

&= SEL @Ha ) (10
Then the zeroth coef cient is calculated as

0= El () 1]= Ej[max(0;x)] plzj
YA 1

= X (x)dx plj:O
0 2

(11)

By the way, ifn 6 0, E[F2= Hn]= p2=E[1l Hn]= p2=E[Ho Hn] =0 by orthogonality.
Thus, the shift only affects = 0.
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The coef cientc, of the expansion of Shifted-ReLU is de ned as:

8
<0 if n=0;

Ch= . Pppeac( pm 2" 2 " (), : 12)
s Tzt ; otherwise

We directly calculate Equation (12) and obtain the following result in Figure 8.

Figure 8: Hermite coef cient of shifted ReLU

E Proof of Theorem 3.1

This section builds upon the proof structure introduced by Ba et al. [2022], adapting and extending
their technique to our classi cation learning framework. Unlike their assumption of centered Gaussian
training data, we consider non-centered Sub-Gaussian data distributions. In this process, we apply a
novel approach involving the concentration of the operator norm on a random matrix. Also, since our
framework is not in a teacher-student setting, we use class labels instead of a teacher function.

Gradient Decomposition We decompose the gradient (Equation (2)) using Hermite decomposition,
which allows us to extract the essential rank-one matrix structure foripabtclassi cation problem.
Denote %= ¢; + 9 for the Hermite decomposition result.

C > > 1 > > 1 > > .
Gj = leij ya; + ﬁxij yaj 2 (Xij Wo) ﬁxij (X Wo)(ay a5 ) Xy Wo):  (13)

Denote
Ajj %Xf yay
By . SX7va 20Xy Wo) (14)
Ci ., %Xf (Xij Wo)(ay &) %Xij Wo):

We derive the norm bound for the teriAg , B; , andC;; in Lemma E.1. We establish the following
Theorem 3.1 using these bounds.

We will omit the subscripij since it does not cause any confusion in Lemma E.1, Remark E.2, and
Proof of Lemma E.1. The following statements hold &jr. For the aforementionef, B, andC,
we obtain bounds for each operator norm as follows.
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Lemma E.1 (Probabilistic Bounds on Gradient Decomposition Components)
p_

P kAk C(ié CBL) 2e N4gon
N nN
_ _ o
P kBk %(pﬁ+ pd)(pﬁ"' pN)IogN Ce™N+e ™y Neclo’n,g P e @2
n

P kCk P%—N(Zpa+ pﬁ)lognlogN 2 ne ® + pe clog’n 4 Ng clog®n .

(15)
Remarke.2 (Reformulated Lemma E.1)n the proportional regime, these quantities can be inter-

changed to a constantasd;N !'1 . Thus, Lemma E.1 is reformulated as follows
p

P(kAk ="n) Ce ™)
ClogN cn clog?n
+
P kBk m C(e ne ) (16)
2
p kck SlOON Ior? N Clne o+ ne oo’y

Also, for the gradient, we have

logn log®n 1
logn , log )= Os(P=)  (17)

kGk = kA + B+ Ck kAk+kBk+ka:Op(p%+ - -

Proof of Theorem 3.1UsingkG;;  Aj k= kBj + Cj k k Bj k+ kCj kand Remark E.2

2 2
P kGij Aij k Clog n IO%+ |Ogn n) Cne CIOanI (18)

P kGij Aij k C(

Therefore, almost surely, in the proportional limit,

2 2 2 2
kGij Aij k C|O§:] n — pﬁgl%% k Aij kgl%% OIO@@% kGij k + kGij Aij k :

(19)

Weget(l % )kGy; Ak OPKGj k. For large enough for1 - 099r 1

2 2
ke Ak %9 ﬁ” kG k  clogn (20)
Sum up for8ij ,
kG Aij k=k Gij Aij k kGij Aij k C (21)
i<j i<j i<j n

with probabilityl C(ne €'9°n + g cn), O

E.1 Proof of LemmaE.1

Use the norm bound of sub-Gaussian vectors and the spectral bound of sub-Gaussian matrices as the
main idea of the proof.

Proof of Lemma E.1X). We obtain
C
A= p—Xya: (22)
n N
Then, we can nd an explicit notation of the norm as

KAK = ﬂglﬁkx>ya> k= %%kxwkzkakz = jglﬁ Y XXy Tkak,  (23)
n n n

We probabilistically bound the two components of Equation (23) in the following two paragraphs,
respectively.
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kak, study Byde nition,a N (0; i),sopﬁa[i]isaSub-Gaussian. Use Thm 3.1.1in Vershynin
[2018],

P K'Nak "N t 20 lett='N

(24)

P(kak, 1) 2e N

y> XXy 1= study Note that thdJ; V matrices resulting from the SVD belong to tBegroup,
so there is no length transformation.

y>>>((X 7y = kX~ yk3 = k)l(J VZyks = k V7yik

=" AVTYE A VwiE= Z.kykd=n 2, (25)
i [
We get y> XX~y =2 P N min. min IS the singular value oX which is an anistropic Sub-
Gaussian matrix. With the result of Remark 1.2 |Fr)1 Liaw et al. [2016],
P min (IO n cd) e (26)
P -
ThereforeP(kAk  C(pi- Cp—-))  2(e N +e o), O

Proof of Lemma E.1K). Remark on the de nition oB.

B= r]4e>1ﬁx>ya> 9 (XW): (27)

kBk jlslﬁkx k kya” 9 (XW )k (by Property of Operator Norm)
n
jl@)lﬁkx kkyks k 9 (XWo)k kak;  (by Fact J.2) (28)
n
= %kx kk 3(XWo)kkaky (kyky =1)
n

We probabilistically bound the three components in the last line of Equation (28) in the following
paragraphs, respectively.

k 9 (XWy)k study Use the result of D.4 in Fan and Wang [2020], which is held for orthogonal
columns. X is sampled from continuous support distributianc,. The rst vector is linearly
independent with probability one due to the continuous support of its distribution. For the second
vector, which is drawn independently, the probability that it lies in the span of the rst vector is O,
as it also has a continuous density. This reasoning extendséators, implying that, with high
probability, they are orthogonal or nearly orthogonal because no vector falls into the span of the
others. Thus8B > 0, the following holds.

Pk 0k c("n+ N) BgAs) 2e N

X (29)
Ag = filk Wok  Bg[f  (kWpik?® 1)> BZgg:
i=1
Therefore, D p_
Pk Sk C( n+ N) B) 2 N+PAg) (30)
q— q —
P(Ag)study Wechoose=C &,B=C &.
case ofkWpik B BylLemmal.3,
r__
p_— P— P N d N
Pk NWok 2 N+ d) 2 N) PkkWok C ﬁ) 2e (31)

ThereforekWok B atleastw.pl 2e N
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PN 2 2 2 " 2 2 g
case of ;_; (kWp; k= 1) B< By de nition, kWg.ik“ =1,s00 B?*, trivially.
We knowP(AS) 2e N,

r

P d. .
N) W) 2e N (32)

pk 9k cPr+

Studies of the remaining components Use Lemma J.6, and 1.3,

r—_ r __
0 nN 2 cN cd
k 5k C e q w.p.1 C(e +e *%) (33)
kak ptﬁ wp.1 2Ne ¢’ (34)
_ pP-
KXk Ph+de+t wp.1 2e @®: (35)
In summary, we get
r— r __
C p_— P nN N2 t
kBk —p—=( n+ d+t —+ — p=
lett =log n,t°= Pastd
_ P p_- P— p_.P_
P(kBk je—c;\lid Prs TP+ T N)logN  CeNie @i Ne e CTH D7
n
(36)
O
Proof of Lemma E.1). Remark on the de nition otC,
c= x> (XWy) aa” AXW ): (37)

nN

We can bound the norm as follows,

kCk %kx kk aa” % (by Property of Operator Norm)
%kx kk a k; kak; k %e (by FactJ.2) (38)

P—
%kx kk a ki kak; ( %is bounded, st % nN):
n

We probabilistically bound thk a k; to nish the proof.

Control of kak;  Lett = P d. GivenX s.t. P( X; pa pa) 2e °*, consider one

element X7 Wo a= [ a X Woli] .

We know ai;pﬁwo;i is an independent centered Sub-Gaussian, and use Fact J.3,
then %pﬁwo a is sub-exponential and mean is zero, sinka (xj> Woi)k

kak ,k (xj> Wo:i)k , < 1 . Apply the Bernstein inequality for the sub-exponential,

[ 2
P(j (X a)j logn givenf X; d dg) 2e clo™n: (39)

For every elemerit (XWg)ak; lognw.p.1 [2ne clog®n+2ne Cd]
By Lemma J.6P(kak; t:p N) 1 2Ne °® and Lemma 1.3 with = pa
c P P cd clog?n clog®n .
P kCk pm(z d+  n)lognlogN 2 ne *“ + ne + Ne © o (40)

O
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F Proof of Theorem 3.3

Corollary F.1 (Corollary of Theorem 3.1)By Lemma J.4, we have wp. o(1),

X . log?n p_ log” n
kKXG ¢ X j & k= 0( ?1 n) = O(ﬂgﬁ—) (41)

i<j

RemarkF.2 (Updata Rule)W; = Wy + G, soXW; = XW, + XG. X 2 R" ¢ is sub-Gaussian
random matrix

We generalize Corollary F.1, which provides a monomial approximation of the data-gradient product
in polynomial form, into Lemma F.3. This result approximates the Hadamard power of the data-
gradient product, enabling the decomposition of the dominant feature.

Lemma F.3 (Polynomial Approximation of Data-Gradient ProducEor anyk 2 N, suf ciently
largen, and w.p. 1 - 0(1),

X
k(XG)*® (X  ja)%k=0(n #log*n) (42)

i<j

Lemma F.4 below provides norm bounds for a single Hermite polynomial, enabling the Hermite
decomposition of the activation function to be bounded in the proof of Theorem 3.3.

Lemma F.4 (Operator Norm Bound dfl (XW)). Following condition in Section 2, Assume event
=sup , (K(WoWg )oK kep  C occurs, the following statement holds.

p — 3 p e
kHj (XWo)kop = Op(" nlogzn  j!) (43)
We introduce the following lemma to prove Lemma F.4.
Lemma F.5(Bound onE[kH (XW ¢)H (XW )~ k]). Following condition of Lemma F.4,
EkH;j (XW o)H;j (XW o)  kop  Cj! (44)

The proofs of the lemmas above can be found in Section F.1.
Finally, we prove Theorem 3.3.

Proof of Theorem 3.3LetL = O(logn).
P
Denote | (2) = |t=1 c&Hk(2),FL = L(XW)andF_.o = | (XWy), then,

F=F +( L)XW ): (45)

Bound ( L)(XW ) term Using Lemma F.5w in assumption 2.1, w.d  o(1)

KE[( L)(XWo)( L)(XW0)>]kZ
3 » 1,
C kig C k3w cC k 2 Wdk CL 2W: (46)
k=L+1 k=L+1 L

Therefore, following same proof technique as Lemma F.4, F.5, and J.7 one can obtain follows:

q
k( LY(XWo)Kop = 0p( N log®n L 2 W)= op(IO n) 47)
Also, becaus&Wko, = O(1),
q
k( L)XW )Kop = 0 nlog®n L 2 W)= Op(p n) (48)
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BoundF‘ term We writeF| + Fo. = F' + F}, then

S
FL=FLot+t  o(HK(XW) H(XWo)): (49)
k=1

Thus, We have to studylx (XW ) Hg(XWg) term.

Hk(XW)  H(XWo)

= H(XWy + XG7)  Hi(XWy)
K 1 (50)

= (XG)%* + :‘ Hi j(XWo) (XG)?: (byLemmalJ.l)
j=1

Substituting Equation (50) into Equation (49), we expand the resulting epression and complete the
proof by bounding 1, 2, and 3, making use of the facts theFo k = ( ~ n) (as shown by

. P K P . ok p_
Moniri et al. [2024]) and that |, _, cice X i< i & =( n).

L L x k XDk j
F-=Fy+  o(XG)™+ & . Hk j(XWp) (XG)'
k=1 k=1 j=1
L Xh k X > yok
=Fg + 16 (X ij &)
2 k=1 i<j
X_ k X > yok
C1 G (X i &)
k=1 i<j
1
+  o(XG)* (51)

, ke
X X1y ‘
+ & . Hk j(XWo) (XG)'
k=1 j=1
2

X Xt K X :
& j Hi j(XWo) [X i a5 ]!

k=1 j=1 i<

X X1 K X -
3+ i . Hik j(XWo) [X j ;]!

k=1 j=1 ] i<i

For 1; »; a,itisderived as follows:

X X
k 1k ak(XG)*k  k(x i & )%k (by Triangle Inequality)

k=1 i<j (52)
X . log?n

C log™n n 2z = O(#ﬁ) = o(1) (byLemma F.3)
K =1
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X K1 K . X .
k 2k & . KHk j(RWG) [(XG”) ! d[X ij a; ] ']k (by Triangle Inequality)
k=1 j=1 i<j
X K1 _ X _
C kH j (XW0> )kk(XG>) ) Cll()(~ ij aﬁ) Tk (by FactJ.5)
k=1 j=1 i<j
X X lp — s P — i ;
C nlogzn j! n zlog” n (by LemmaF.4 and Lemma F.3)
k=1 j=1
% X PP iT0gizig
c s = O(log? n)
k=1 j=1 n
(53)
X K1 X .
k sk C kHe j(XWgo) [X i aﬁ] Tk (by Triangle Inequality)
k=1 j=1 i<j
X X1 , ,
C kdiag(X ) 'kkHy j (XW)kkdiaga) 'k (by FactJ.2)
k=1 j=1
1 | (54)
C (MaMp) kHi | (XW o)k (by Lemma J.4)
k=1 j=1
X K1 1 P — 3 5
C n 2zl log n" nlogz = O(logz n) (by Lemma F.4)
k=1 j=1
Therefore, we conclude the proof. O

F.1 Proofs of Lemma F.3, F.4, and F.5.
Proof of Lemma F.3k = 1 is trivial Corollary F.1. Fok 2, we need to showC > 0, w.p. 1-0(1),

X
kXG)™ cf(x  jaj)*k Cn TloTn: (55)

i<j

We use Binomial Expansion.
X X

(X'G)Ok =(XG X i aﬁ + i X i aﬁ )Ok
i<j i<j
K X X X
= (. )XG oX i8;)”  (aX i a5 )°% )+ (X i 8 )°
j=1 J i<j i<j i<j
(56)
Thus, X
(XG)* (X jap)™
i<j
XK X X 4 (57)
= j (XG  aX  ja)¥ o ' (X ja)dD
j=1 i i

Now we will show

X X _ " .
k(XG ¢ X ia;)% o T (X yap )™ Dk=0pllog n n %) (58)

i<j i<j
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X X _
kXG  aX &) o I (X a5 )t Dk

i<j i<j
X ) .
CKk(XG oX ja ) (Xxa )k Dk (by triangle inequality)
i<j X
Ckdiag X )% Tkpk(XG” X i @)% kopkdiag@)®® 'k (by FactJ.2) (59)
i<j
. X o
C(MaMp)* Tk(XG X i@ )9k  (by Lemma J.4)
i<j
cn z& Diog" Inylog n n 2z (by LemmaF.3)
= Op(n 7¥log**1 n)
Therefore, X
K(XG)® k(X a7 )%k= Op(n £ log* n) (60)
i<j
O
Proof of Lemma F.4Let A = H; (XWy), then
1 > > t2 >
P(kAkp 1) P Kk AA” EAA’ky — k EAA”kyp  (bylemmal?)
;E kEAA> EAA~ k (by Markov's inequality)
£k EAA” Kop » Y auatty
t2 1 q_ ——
. E kAA~ Kop max KEAA? Kop; (by Theorem 5.48 in Vershynin [2010])
2 1 qg_——
T E kKAA” Kop max  E[KAA> Kep]; (by Jensen's inequality)

q _—— N
LetM = E max;kH; (WoXi)k?and = C M'Nﬁ Moreover, we note tha!ix,‘\l—kJ is a sub-
Weibull random variable, and the bound of Kuchibhotla and Chakrabortty [2022] proposition A.6 can
be applied.
Use property of"ﬁ{‘i, Wy and Hermite polynomials, we have
M GEmaxk(WoXi) k3 G E maxkxik? N (logn)?: (61)
I I

Therefore, Clogn. Lett? = n Q,EKAA~ kop S.t.Qp is positive and increasing. Building on
the result derived above, we can continue expanding the expression as follows:

t2 1 q -
. E kAA~ Kop max E [KAA> Kop];

2 q_——
[tH EKAA” Kop] Clogn max( EKAA> Kkop;logn)
q___ (62)
=[EKAA” kop(Qn  1)] *Clogn max( EKAA> Kep;logn)
logn max(p EKAA > kop; logn)
EKAA~ KopQn

ChoosingQ, = log?®n, and using Lemma F.5, we conclude the proof. O
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Proof of Lemma F.5For this proof, we apply the proof techniques from Lemma H.1 for Gaussian
random variables to Sub-Gaussian random variables and extend the non-centered technique from
Theorem H.7.

For non-centered Sub-Gaussian random varigbigith mean , the following inequalities hold with
t2R:

2
kt2

E(e* Yy ez (63)

Building on the inequalities above, we rst prove the case where0 with s;t 2 R. For centered
Sub-Gaussian vectgg letz = g” u;z°= g~ v; -correlated. s.tkuk? = kvk? =1,u>v = ,then
by Equation (63)

2 2
Eexp(sz + tz9 exp(k?kukzs2 + k2u” vst + %kvkztz)

k2 2 2
exp E(S +2 st +t9)

Dividing by exp(%(s2 + t2)), then
2 2

k Kk X g
E exp(sz ?sz)exp(tzO Etz) exp(st) = j—lsJ tl
j=0

By applying proof techniques analogous to those in Lemma H.1, one can derive the following:

EH; (U @Hk(v" @) ! 1=k (64)

Forthe 6 0 case, considering a non-centered Sub-Gaussian Random gedgtbrmean and a
centered Sub-Gaussian Random vectart.g= + . We apply proof techniques analogous to
those in Theorem H.7.

Denote = min( j;k). Considerings” g;Vv” g,

E[Hj (U +u” )H(v" +v7 )]

)Q J > i > X( k > h >
= E[f : (U )'Hj i(u” )g f h (V> )"Hy n(v™ )]
i=0 h=0
X 2
= E[ (u> ) 9 )¢ 9H,(u” YHg(v” )] by Equation (64) (65)
xqzO 2 , )
(U™ ) v o) 9
0 9
C min(j; k)!

G Proof of Clustering Criteria Analysis

To reduce redundancy and complexity, we rst introduce the following notation.
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De nition G.1. Given xedN;d 2 R, e; s.t. the rst standard basis of euclidean space, » 2 RY,
A is normalized vector to unit length and let

Sc(i%lz = Ey unit (¢ 1l(W e) 12 R,
Sc(ﬁlz;ko = Ewl[(W” Al)k(W> /\2)ko]

(kl;l)<° = NS[%ZJ, k01k+k oiseven2 R+

l(<2l)< O(COS( 1 2)) = Nsc(ﬁlz;k olk+k Oiseven2 R+ (66)
&sile K
(ks;l)<°;r = N gd’kl (r ik 1)”1k;k°;riseven2 R.
2

2ck+ ks o0
Kk Orr 0 = N oo (r® DNK® DMy p0r0is even2 R+
2

We note that f};)(o (k?I)<°;r > 0. ForS((le;ko, it depends orwos( 1; 2). Ascos( 1; »2) increases,

S((f&;k o grows, while it decreases aes( 1; ») decreases. e.g. when =, Sffﬁ;k 0= Séﬁh KOs
)

andwhen 1 = 2= Sji., o

We introduce Propositions G.2 and G.3, which serve as extensions of the main results presented
in Propositions 4.4 and 4.5. These extended versions incorporate the complete expansion of the
dominant feature representation.

In the following, we provide detailed proofs of Propositions G.2 and G.3. Note that if we exclude the
contribution from the componefi.. in the computation, the resulting expressions reduce to those
in Propositions 4.4 and 4.5.

Proposition G.2 (Cohesion ofF_, extension of Proposition 4.4¥ollowing condition 4.2, the
Cohesion of| for c;, i 2 J2Kis given by:

2
) 0
% o K o e
C(FL): Ckaog +2P :foz%J (kcj’l)<°;r0j > jk r’k kk Kk g (67)
- d
‘1(0_:11 + lr(:o lr(ozo kik orr Oj z jk+k0 r rok kr+r°:

Proposition G.3 (Separability ofF_, extension of Proposition 4.5Following condition 4.2, the
Separability of~_ for c ;¢ is given by:

o 3
@mmu;mkmwzw

K G > ik ri o 0
+ _ o k k''k -k
S(FL) = P LEO k(,|3<)°,fj '1>J kO rO ro2 k z (68)
k=1 ©* t o roogkkoro 2 | k k'k 1k
KO=1 Py Pl

0 0 0
fz0  romg kkorro( 3 )¢ (3 )¢ Tk KT

We use the following Lemma to prove Proposition G.2 and Proposition G.3. The role of each Lemma
is as follows: Lemma G.4 is a foundational result in deriving the expected value associated with the
initialized weights of the rst layer and the corresponding input data distribution. Lemma G.5 forms
the basis of the computation of the expected value offlike componemnith the data distribution.

Lemma G.4 (Expectation of the Inner Product Between Uniform Sphere Sample and Given Vector)
LetCqx , E [(! Ze)¥] st.!  Unif(S* 1), then

E (0™ )¥]= k K*S{) Lkis even (69)

Proof of G.4. The uniform distribution on the sphere is origin-symmetric. Therefore, ihsrodd,
the Expectation is zero. In the other case, also use the isotropic property of a uniform sphere,

E[(1” )=k KEr[(1”en)] = k KeS§) (70)
O

37



Lemma G.5(Moment of the Product of Gaussian Random Vectoiven vectom 2 RN~ 2 R¢
and Gaussian Random vector N( ;| ). Letb= x> N( > ; k k?),then

> >y k X( k > k r r k>
Ex(x> a”) * = r ( ) K K(r DMiseved

r=0
Eak= K D' ciseven (71)
Nz
k KO _ (k + kO D)1k ois even
Eaa > a - k%ko : is ev
Proof. This follows directly from Corollary J.11. O

In the proof below, we utilize the results of Corollary J.11, Corollary J.12, and Lemma G.4.

Proof of Proposition G.2 Let theCohesiorof the initialized feature be
C(For) = Ew,[Ex c,For (X)” Exo ¢, For (X9 (72)
Let theCohesiorof the feature after training be
C(FL) = EwgalEx o FL(X)” Exo ¢, FL(x9] (73)

CalculateC(Fo..) ByLemmaG.4,

X X
Ewo[Ex o[ aHk(Wg X)I” Exo ¢ ckoHko(Wg x)]]

C(Fo,L) =
k=1 ko=1
S X > k+Kk°
= CCoEw,[  (Wold” 1)°7 "]
k=1 g=1
k=1
b 0 7
=N Ckao(k 1kk+k S,(jﬁz+ ko)l(k+k O)even
k=1
k%=1
= GG ok KK
k=1
k%=1
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Calculate C(F.)

hS X
C(FL) = EwpalBx o (GHK(WGx)+ (X a)*T Exo o, (GoHko(Wg x) + cf(x™ a) *]]

k=1 kO0=1
><_ > > >
= Ewgal  GkOko[ExHk(Wg X)” ExoHio(Wg X9
k=1
k%=1

+ 2EHi (WG %)™ Exod’(x™ a) K+ By (x™ a) ¥ Exo(x® a) ¥7]

S
= C(For)+2 GGl Ew, ExHi (W3 X)” EaExo(x® a) ¥’
W]
X k+ k° > ok> 0> ok
+ CCkoCy "~ Ea[Ex(X™ @)™ Exo(x™ a)®]
k=1
k%=1
X *x° o
= C(Fou)+2N ~ oGed (K 1K<SE)(—xy KO KK DK ko even
kik 0=1 NZ g T
X k+ kO X X 0
+ % K ko ( i )k+k0 ' rok kr+r°(r 1)!!(r0 1)!!1k+k 0:r;r0is even
k=1 N 2 1,0 romg r
k%=1
O
Proof of Proposition G.3.Let theSeparabilityof the initialized feature be
S(For) = Ew,[Ex «FoL (X)”Exo ¢,For (x9] (75)
Let theSeparabilityof the feature after training be
S(FL)= EwgalEx coFL (X)” Exo e FL (XO)] (76)
Calculate S(Fo..) ByLemmaG.4,
X X . R
S(FoL) = CkCkoBw,[  (Wold]” 1)"(Wold]” 2)°]
k=1 q=1
ko=1
X > K /o> k©
= N CkCkoBy unit (s nl(w™ 1) (W™ 2)" ]
k=1
kO=1
X k K© > AVK > K°
= N ok 1Kk 2K Ew[(W™ M) (W™ %) ] (77)
]
b
= N Ck Ckok 1kkk 2kkosg|z;k oLk+k 0is even
k=1
ko=1
b
= Ckaok 1|(kk zkko (kl;&o
k=1
k%=1
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Calculate S(F.)
S(FL) 5

Ex o Hk(Wg X)” Exo ¢, Hko(Wg x9)
X §+ Ey o Hi(WS X)” Exo ¢, (x% a) ¥
CkCkoEw,:a

Ex clcl(x a)Ok Exo cszo(WO X)
+ KRR (7 a)°k>Exo 6 (x% a) K

2
ke X kO > kO r© r% .0 0
gc (k k Sdk)N n [0 (3) k k' (r DK™ )Ny kor0is eve
2 r0=0

0

=

0

0 1 Xk >
kk Sc(ille)N% 1 r ( 1 )k 'k kr(r 1)”(k 1)”1k;r;k°iseven

r=0

S(FoyL)

x
..°7
me

k+k° k kO

+ o o (T3 kK e 1y
r=0 r0=0 r r

0
K+ KO 1(k + K 1)!!1k+k Or;r0is even
2

O

NoteG.6 (Discussion on thie k term). We note that whek k decreases, it reduces magnitude of

term inside the brackets of Egs. (6) and (7). This aligns with the intuitive notion that noisier training
data leads to less transferable features. To illustrate, suppose the training data consists of two classes
drawn fromc;  N( ;1 )andc, N(R ;I ), whereR is arotation matrix. Then the spike direction

converges (under large to ! %( R ) by law of large numbers
1. 1 1,nX n X 1
= — = _X:vVi = —(— : — P T .
nX y nXIyI 2(2 X 5 Xj)! 2( R ):
C1 C2
In the extreme case wheRe = 1, the classes are indistinguishable and 0, eliminating both
Cohesion and Separability. Whénh= |, = | which yields maximal separation.

H Additional Results of Expectation of Hermite Polynomials

The non-standard Gaussian expectation of the product of two Hermite polynomials is computed as
follows. It is a generalization of the results of standard Gaussian distributions in O'Donnell [2021],
Moniri et al. [2024] into a generalized multivariate Gaussian. These provide a useful analysis tool for
Hermite polynomials and may offer a foundation for broader applications in future works involving
nonlinear activations decomposable into Hermite polynomials under the assumption of a multivariate
Gaussian distribution. We start with previously known facts and derive our generalized results.

H.1 Expectation of a product of two Hermite polynomials

Here is the result of the expectation of the product of two Hermite polynomials, obtained by utilizing
the orthogonality of Hermite polynomials with bivariate centered unit-variance correlated random
variables.

Lemma H.1 (Gaussian Expectation of the Product of Two Hermite Polynomials from Lemma C.1
Moniri et al. [2024]) See also derivation in Chapter 11.2 O'Donnell [2021].

Let(Z1; Z>) be jointly Gaussian witlE[Z1] = E[Z,] = 0, E[Z?] = E[Z2] = 1, andE[Z1Z,] =
Then foranyk;; k. 21 0;1; ;9

E[Hk, (Z1)Hk, (Z2)] = Ka! 1y, , (78)

In the other form, fod 2 N, Z  N(0;14),a;b2 S 1,
E[Hk, (Z” @)Hk,(Z7 b)] = k(& b)kllklzk ) (79)
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We extend Lemma H.1 to vector form for application in multiple dimensions.
FactH.2 (Vector Form of Lemma H.1)LetW 2 RY N st.8iW[i]2 S* 1. Forz N(0;1),

Ez no[Hj (W™ Z)H (W Z)7]= kI(W> W) T 1 (80)
X _
Ez no:y[Hj(W”Z)” Hi (W™ 2Z)] = k! KWIilk? 1z = k!N 1= (81)
Proof. We applyH; element-wise. We can acquire the above result by Lemma H.1. O

The following remark presents a modi ed condition of Lemma H.1 for the case waidr&=S" 1 in
Lemma H.1. In this case, the variancesZGfa andZ > bare not equal to 1, and the covariance may
exceed the bounds 1; 1]. Under this condition, we will compute the expectation of the product of
two Hermite polynomials as in Lemma H.1.

RemarkH.3 (the modi ed condition of Lemma H.1)Ford 2 N, u;v2 RY,Z  N(O:1q),
Z1=hu;Zi  N(O;kukd),Z, = twv;Zi  N(O;kvk2).

Then,Zy;Zzis =, hgp: ol - correlated
) _ Ezhu;Zihv; Zi _ hu;vi
COMZ1i22) =~ kkvk  ~ kuk kvk (82)
Additionally, |
Z 0  kuk? hu;vi
z, N0 hgui kvk? (83)

Now, we generalize the unit variance distribution assumptions so that Lemma H.1 holds for arbitrary
vectors as in Remark H.3. This could allow the networks' weights to become analyzable when they
go beyond the assumption of lying on the unit spheres.

Theorem H.4(Generalization of Lemma H.1 for non unit variance Gaussian distribution as Remark
H.3). Ford2 N,u;v2 R%, g N(O;lq),hu;gi  N(O;kuk3),hv;gi  N(O; kvk3).

Eq[H; (U™ 9)Hk (V™ 9)]
S il R DRE D s g g
= ukekvi@ kukekvie ol 9 ()] (84)

2 2 j
¥ %Eg[m (U™ g)(v> g)"T+ %EQIHMW 9)(u”g)']

RemarkH.5 (Unit-variance case of Theorem H.4)he same results can be derived as in Lemma H.1
when the variance it in Thm. H.4.

Proof of Theorem H.4(Generalize Chapter 11.2 O'Donnell [2021]'s derivation to non-unit variance)
E, no: 2)[€%] study

First, we study aboUEg n(o. 2)[€9] in order to analysis non-unit variance case.

1 2
Eg no; 2)[€°]= sz % 22dg

ol g g @2
- P PL2

tZ

) complete square (85)

= e?
Ezz o[exp(sZ + tZ 9] study
StudyingEz.z o[exp(sZ + tZ 9], we can derive what we need to show.
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# " #
Ezzo exp(SZ +1Z9 = Ey nou) exp shu;gi +exp thv;gi
" #

Y
Eg no;y eXxp (sui + tvi)g Use Equation (85)
i
Y 1 2 Y 1 2 2 2
= exp é(sui + tvj)° = exp s 2kuk? + hu; vist + t kvk
i i
(86)
Therefore,
#
exp hu;vist = Eq exp su”g %szkuk2 exp tv g %tzkvk2 : (87)

FactH.6 (Facts for the Proof of Lemma H.4Pne can verify the propositions below with simple
calculations.
LetP;(z)+ Z = Hj(2),Cy = kuk® 1,a> 0.
Letf (s)=exp(sz 1s?),f(s)=exp(sz 3as?),then
i , P
A. By Taylor expansionexp(hu; vist) =

1 o
i=0 j%hJ,VHSJtJ.

P
B. By Taylor expansiort, (s) = J -0 IIf(”)(O)SJ

C. f(M(©0)= Hy(2) + CuPn(2)

By using the fact thaéxp hu;vist = Eq exp(su”g 3s?kuk?)exp(tv>g 1t%kvk?) , we can
eliminate the different orders aft by a Taylor expansion and equating all monomials of the resulting
polynomials.
h [
vl 3 = By (0 90+ P (W 9C(H (V 9+ BV 9C))

Eq (H;(u” g)+(H (u”g) (u 9/ )Cu)(H; (v> g) + (H; (V 9 (v g)C)

. | (88)
= kukzkvszg H; (u g)H; (v g) +(kuk®  1)(kvk? 1)EﬁJ (v 9 (U g)
i |
k uk?(kvk? 1)E4 H (U g)(v>g) k vk®(kuk® 1)Eq H;(v” g)(u” g)
Therefore,
h i
Eg Hj (U g)H; (v g)
i h i
_ dthavil (kuk?  1)(kvk® 1) SN
" kulkvi® I kukekvie oo (V9 (17 9) | (89)
(kvk2 1) _h T (kukz 1) N N

RV Eg Hi(ug)(v g) + WEg Hj (v” g)(u” g)’

Note that the result of Lemma J.9 can be applied for the concrete calculation of results in Theorem
H.4 and conclude the proof. O

H.2 Expectation of a product of two Hermite polynomials—Generalization toward
non-centered Gaussian

We will change Theorem H.4 and Lemma J.9 to adopt a generalized Gaussian assumption with
non-centered mean.
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Theorem H.7 (Generalization of Thm. H.4 for any Gaussian distributioRdr d 2 N, u;v 2 RY,
N(0;1),g N(; ),Zi=hug N uu” u),Z,=hv;gi N(>v;v V).

Ey[H; (Z1)Hk(Z2)]

X |
- IERNCENCA
=0 =0
. I > i > 1 > 1 pi
{ u>)(jv> V\z 1 = w L:f 3\(,\: VV )E[( wvou) (vov)R ]

+ Eg[H; (pu> u)(pv> vk ]+ =

(90)

T pP—— pP—
Proof of Theorem H.7By reparametrization i.€Z; = u> u + U ,Z,= V> Vv +V
and Lemma J.1,

H(u>u+u )= D wyn () (91)

EolH; ( O (v” 9)] = EHCw U +w HC v v v )]
Fwyw ¢ “worne (v
. . ©2)
>d )« ] k > > pi pi
: W)W )EM (= u)He (7 v
=0 =0

=E

p >
Use the same proof technique as Theorem H.4, with— N O

p—— P——
EMH; (v u)He (v v)

H (u> j > > p
LA L ey ey
LY Ve (el v 1 CE Vel ay ne (v

(93)
In summary,
Eg[H; (u” @) Hk(v” g)]

XX
= P vy v
L, =0 =0

W W B D Py Py
+7(V>V>V Yew, (v v vy 1+ @ Yoy ne vy

(94)
O
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| Additional Lemmas of Sub-Gaussian Distribution

For a more detailed explanation and well-known results of the Sub-Gaussian we used, please refer
to Vershynin [2010, 2018]. We show below that the truncated Gaussian distribution utilized in our
synthetic data experiments is a Sub-Gaussian distribution.

The following lemmas serve distinct purposes in the overall paper: Lemma I.1 is employed to
verify the sub-Gaussianity of Data 2 in Expr. |, Il and Ill Lemma |.2 establishes a key property
that is instrumental throughout the entirety of our proof. Lemmas 1.3 and 1.4 provide the necessary
extensions of the results by Ba et al. [2022] and Moniri et al. [2024] to settings involving non-centered
sub-Gaussian distributions.

Lemma |.1 (Sub-Gaussian Property of Truncated Gaussidime truncated Gaussian distribution
has supportorfa; b s.t.a;b2 (1 ;1 )is Sub-Gaussian.

Proof. DenoteN(a.,)(0; 2) is Truncated Gaussian distribution which have supportat) s.t.
a;b2 (1 ;1).We utilize suf cient conditions for Sub-Gaussian distributions based on their tail
structure. supportN(a;n) (0; 2))  RY. ThereforeP(jXj t) s.t.X N(ap) (0; 2) has the same
tail behavior as Gaussian, and Gaussian is Sub-Gaussian. O

I.1 Generalization of centered Sub-Gaussian results toward non-centered

We verify below that the results on centered Sub-Gaussian distributions from Vershynin [2018] can
be extended to non-centered Sub-Gaussian distributions.

Lemma I.2 (Sub-Gaussian Property of Sum of non-centered Sub-Gaus3iaa)sum of non-centered
Sub-Gaussian random variables is Sub-Gaussian.

Proof. If the Orlicz 2 norm is boundekX k , < 1 , then X is Sub-Gaussian. AlskEXK ,
Xk ,, and the sum of the centered Sub-Gaussian random variable is Sub-Gaussian. We show
k Xik ,<1, st X)i(s non—centert)a(d Sub-Gaussian.

k Xik2 k (Xi EXi)k2+k E)(ik2
X X
kK (X EX)k,+ KEXik, (95)
X

X
k (Xi EXi)k2+C kXikz< 1
O
Lemma 1.3 (Operator norm bound for non-centered Sub-Gaussian matrix, generalization of 4.4.5 in
Vershynin [2018]) letA 2 R™ ", AJi][j ] is independent, non-centered Sub-Gaussgir» 0,
KAk CK( m+ n+tywp.1 exp( t?)

AlternativelykAk CK (p m+n+t)wp.1 exp( t?)
K =max;; KA[ilj Ik ,
Lemma 1.4 (Expectation of operator norm for non-centered Sub-Gaussian matrix generalization of
4.4.6 in Vershynin [2018]) o b

EkAk CK( m+ " n)
Alternatively,EKAk CK(pm+ n); and EkAk?> C(m+ n)

(96)

(97)

Proof of Lemma |.3 and Lemma |.88ased on the result of Lemma 1.2, one can follow the same
proof process of Vershynin [2018] O

J Supplementary Lemmas

Lemma J.1(Taylor expansion of Hermite polynomials from Lemma C.2 Moniri et al. [2028r
anyki; k, 2f0;1; ;gandx;y 2 R,

Xk
Hi(x +y) = j X' Hi j(y): (98)
j=0
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J.1 Lemmas for Norm Bounds

The proofs of the lemmas that require justi cation are provided in Section J.2.

Fc’ilctl‘].Z (Norm Bound for Hadamard Product from Ba et al. [202E)rm 2 R'';n 2 R'2;M 2
R 1 2,

mn”> M = diaglm)M diag(n) (99)
kmn> Mk k diagm)k kM k kdiag(n)k = kmk; kM kknk;

Using the suf cient conditions for Sub-Gaussianity via the Orlicz norm and bound assumptions on
activation, the following fact holds:

Fact J.3 (Sub-Gaussian Property of Random Variables after Activatioef)a Sub-Gaussian random
variablev s.t.kvk , k, and bounded function, then (v) is Sub-Gaussian, i.e.

k (Wk, k k,<1: (100)

Lemma J.4 (Norm Bounds of Data, Gradient and Parametetd)e following facts will be used in
subsequent proofs. Remark spike directign, %XU? y in De nition 3.2.

A. kX k= Op(" ), kyk = Op(" 1), k j k= Op(L)

B. kXij ij aij k = kX ij kzkai,- kz = Op(p ﬁ)

C. KWok = Op(1), KWk = kWo + Gk Kk Wok + kGk = Op(1)

D. kX; Gk = Op(" )

E. Ma, kajki =maxy ¢ nja [K]j %@Qw.pl 2ne clogn

F.Mp, kX ki =max; ¢ nj<X[K]; > j Clog*?n,wp.1 2ne clgn
G. Mw, , sup, ;k(WoWg) Xk Cwp.1 o1)

H. kA Xk k AKX
FactJ.5 (Bounds of Norms of Vectors and Matrice§or any vectou; v and any matrix; B

A. Kuv” kop = kukzkvks
kuk; K uk, " fkuk,

B.
C. ku ¥k Kk uk
K Pk P— ki P— ik = Pk
D. ku ¥k, nku Xk, nmax; (jutj) = = n(max; juij) = = nkuk
E. Schur Product Theorem
KA Bkop = sup tr(A” diagx)Bdiagx)) k Akep KBKop (101)

kxk=1

Lemma J.6 (Probabilistic Bound on the Inf Norm of Sub-Gaussian Random Vectay) Sub-
Gaussian R.\4,

P(kak; =" N) 1 2Ne @ (102)

Lemma J.7 (Operator Norm Bound of Random Matricespiven random matriA, Following
statement holds,

2
P(kAkop 1) P(k%AA> EAA Kop %k EAA Kop) (103)

J.2 Proofs of Lemma J.4, J.6, and J.7

proof of Lemma J.4lt is evident from Lemma |.3, Equation (24) in the proportional regime ghat
B, C,andD hold. We employ proof techniques adapted from Moniri et al. [2024] to pEgJe and

1
G. ForE, by Lemma J.6, with = log ¥ n,M,  S89°" wp. 1 o(1).
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ForF,
P(Cjx> j t)= P(Cjx> Ex> +Ex” j 1)
P(Cjx> Ex” j t CjEx™ j) 2exp( ct?):
Then,P(jx> j t) 2exp( c(t Ex> )?) 2exp( ct?).

(104)

ThereforeM, C Iog% n,w.p.1 o(1) witht =log 7n.
For G, refer Moniri et al. [2024]. FoH, refer Bai and Silverstein [2010] Corollary A.21. O

proof of Lemma J.6We use the Hoeffding inequality such that

t ot [t X ot
P(kak, %)=Pmia><1au P P fiaj P59 P jaij P
[

NP e ptﬁ - PG Naj 1) 2Nexp( c)

(105)
O
Proof of Lemma J.7We use the properties of the norm.
2
P(kAkop 1) = P(kAk;, t?)= P(k%AA>kOp %)
1 > > > t2
= P(k=AA EAA” + EAA" kop —)
rl‘ n 2 (106)
P(kHAA> EAA~ kop + KEAA” Kop H)
1 > > t2 >
= P(kHAA E(AA” )Kop P EKAA~ Kop)
O

J.3 Expectation of the Polynomial form of Two Gaussian Random Variables

We rstintroduce Isserlis' theorem. This theorem allows the expectation of the product of centered
Gaussian random variables to be expressed as a product of covariances, making the computation
feasible.

Theorem J.8(Isserlis' Theorem [Isserlis, 1918, Vignat, 2011DetX = (X1; ;Xg4) Gaussian

random vecto&.t. E[X]=0,andletA = fn1; ; ngbesetofintegers.t. 1 i d,8i.
DengteX 5 = 2aX ;,andX. =1. Let " (A) denote partitions oA into disjoint pairs, and
2 (A)isapair X v
E[Xal= E[X ;X i 11dis even (107)
27 (A) (i )2

Lemma J.9(Moment of Centered Bivariate Gaussian Variahlégrd 2 N,u;v 2 R4, g N(O; ),
Z1=hu;gi,Z, = hv;gi. |

Zq 0 kuk?  hu;vi

7z, N0 houi kv (108)
X ,isdenedat Thm. J.8
oo X x Y
Ezl;zz[Hj(Zl)Zz]: j! i m o - E[X pX q]:]-j+k 2m is even
m—OX Y2 (ff Z1g j 2molff Z,g kgg) (Pia)2
Ezl;Zz[Zleg] = E[X px q]:I-j+k is even

27 (ff Z1g jolff Z2g kgg) (Pa)2
(109)
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Proof. By the explicit formula of Hermite polynomials

c

% m .
CO™ g 1zl ™z (110)

Eruz, M (@02 1= e —sem

m=0

Therefore, we need to gure OLEZl;ZZ[Z'l)Zg]. We know Z;;Z, is a mean-zero Gaus-
pian. Thl@, we can apply Theorem J.8 wkh= ff Z;g pg [ff Z,g qgg, E[z)Z]] =
ZQ(A) (; )2 E[X X ]:1p+q is even

O

Corollary J.10 (Corollary of Lemma J.9, Moment of Centered Univariate Gaussian Variables)
RemarkZ;  N(O; kuk?) For the cas&k = 0,

E, [Z}]1= kuk (j  1)!'1iseven (111)
Proof.
i~k i X Y
Ezl;Zg[lez] = Ezl[zl] = 0 E[X px q]]-j is even
2°(fZ1g jg) (P:9)2
X v ) (fZig j9) p)g | | | (112)
= kl.lk 1J is e\/en: kUkJ 1J is e\/en: (J 1)!!kUkJ 1] is even
29(t21g jo) (pia)2 29219 jo)
O

The following Corollary, which calculates the Expectation of the Power of a Gaussian Random
Variable, can be derived using the binomial expansion with the reparametrization technique and
Corollary J.10. It corresponds to the c&se 0 in Lemma J.9.

Corollary J.11 (Corollary of Lemma J.9, Moments of Gaussian Variablgg)ven! 2 RY, let
Gaussian Random Variab®  N( > !; k! k?), then

Ez(Z)* = l,: (70X "Bz now k)[Z7]
(113)

- |: ( > )k t(t nit k! K™ 1t is even:

The following Corollary, which computes the Gaussian expectation of Hermite polynomials, is
derived from the explicit form of Hermite polynomials and Corollary J.10. It corresponds to the case
k =0 in Theorem H.7.

Corollary J.12 (Corollary of Theorem H.7 Gaussian Expectation of Hermite Polynomi&@sjen
I 2 &% 1 let Gaussian Random Variable N( ~!; 1), then
Ex[He(! "X = E no[H(P” + )]
X k > i > k
o (07 ) PEMHC)Ho(O)I= (17 )

j=0

(114)
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K Empirical Insights into High-Dimensional Asymptotics

In asymptotic analysis1;d; N ! 1 is crucial for observing the result. Please see Figure 9, Figure 10
for the CohesiorandSeparabilityin R?000; R20000. 320000 respectively. As the dimension increases,
the range wher€ohesiorandSeparabilityalign with our expectations.

For component analysis, please refer to Figure 11, Figure 12, and Figure @8tHesionwhich
demonstrates progressively wider ranges, and Figure 14, Figure 15, and Figur&Sgpdaoability
which exhibits a same ranges. We comp@ohesiorandSeparabilityfrom the predominarg, term
(Equation (6) and Equation (7)), with the suppressed contributions from other te@uhesiorand
Separabilityof F| (Equation (67) and Equation (68)).

L Additional Observation of Multi Classes Feature Analysis

We conduct experiments using new input data paoitandx,, andspike directions , and 3,
which are not orthogonal to; andx,, as well as 4, which is orthogonal to both in the main text.
Furthermore, we extended the experiment by incorporating the midpoint direqti,onxl*TX?. See
Figure 17. Consistent with our analysis, we observed thatiso does not contribute signi cantly to
feature formation.

To isolate the source of this behavior, we decomposed the network fuigtianto Fo.. ands, , and
conducted additional experiments. See Figure 18. This decomposition con rms that the observed
phenomenon primarily originates frosn .

We also provide the original (unprocessed) data used befgmessibilitycomputation. See Figure 19,
Figure 20, Figure 21, and Figure 22xpressibilityis the maximum feature distance achievable when

two data points are rotated to maximize their angular separation. This corresponds to the slope of the
original plot before scaling.

We summarize these slope values in Figure 23 to offer an alternative perspective. The results
demonstrate that including either midpoint or orthogonal directions during training leads to negligible
changes in slope.

These observations imply that training data aligned with the midpoint or orthogonal directions of new
input data do not contribute meaningfully to feature extraction.
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Figure 9: Cohesion iR?000; R20000, R320000 (|eft to right), with the computed range expanding from
top to bottom.
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Figure 10: Separability ilR2000; R20000, R320000 (|eft to right), with the computed range expanding
from top to bottom.
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Figure 11: Component analysis @bhesionin R?°00; R20000; 320000 (|eft to right) in the range
[ 10G 100} Top: Cohesiorof the dominant componest i.e. Equation (6). Bottom: sum of the
other terms in Equation (67), which make only suppressed contributions.

Figure 12: Component analysis @bhesionin R?°00; R20000. 320000 (|eft to right) in the range
[ 500 500] Top: Cohesiorof the dominant componest i.e. Equation (6). Bottom: sum of the
other terms in Equation (67), which make only suppressed contributions.
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Figure 13: Component analysis Gbhesionin R?000; R20000. R320000 (|eft to right) in the range
[ 100Q 1000] Top: Cohesiorof the dominant componest i.e. Equation (6). Bottom: sum of the
other terms in Equation (67), which make only suppressed contributions.

Figure 14: Component analysis $&parabilityin R?000; R20000. 320000 (|eft to right) in the range
[ 500 500] Top: Separabilityof the dominant componest i.e. Equation (7). Bottom: sum of the
other terms in Equation (68), which make only suppressed contributions.
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Figure 15: Component analysis $&parabilityin R?000; R20000. 320000 (jeft to right) in the range
[ 500 500] Top: Separabilityof the dominant componest i.e. Equation (7). Bottom: sum of the
other terms in Equation (68), which make only suppressed contributions.

Figure 16: Component analysis $&parabilityin R2000; R20000. 320000 (jeft to right) in the range
[ 100Q 1000] Top: Separabilityof the dominant componest i.e. Equation (7). Bottom: sum of
the other terms in Equation (68), which make only suppressed contributions.
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(a) Theory

(b) Two-layer Network

P
Figure 17:Expressibilitymeasurement witk; F_ of ﬁ 1 combinations of ;s. All cases are

strongly in uenced only by , and 3 directions. Thus when using only the or 4 directions, the
two features are always mapped to the nearly same position.
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(@) FoL

(b) s

P
Figure 18:Expressibilitymeasurement witko, ;s_ of 1 combinations of ;s. Fo.L is not
in uenced by trainind data and generates random features in all casésin uenced only by »
and 3. Thus when using only the; or 4, the two features are always mapped to the same position.

4
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