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ABSTRACT

Learning models with categorical variables requires optimizing expectations over
discrete distributions, a setting in which stochastic gradient-based optimization is
challenging due to the non-differentiability of categorical sampling. A common
workaround is to replace the discrete distribution with a continuous relaxation,
yielding a smooth surrogate that admits reparameterized gradient estimates via
the reparameterization trick. Building on this idea, we introduce REDGE, a
novel and efficient diffusion-based soft reparameterization method for categorical
distributions. Our approach defines a flexible class of gradient estimators that
includes the STRAIGHT-THROUGH estimator as a special case. Experiments
spanning latent variable models and inference-time reward guidance in discrete
diffusion models demonstrate that REDGE consistently matches or outperforms
existing gradient-based methods.

1 INTRODUCTION

Many learning problems involve discrete choices, such as actions in reinforcement learning, cat-
egorical latent variables in variational inference, token-level decisions in sequence modeling, or
combinatorial assignments in structured prediction and discrete optimization. A common primitive in
these settings is the minimization of an objective of the form E [f(X)], where m, is a categorical dis-
tribution corresponding to the law of L independent discrete random variables each taking values in a
vocabulary of size K. The function f represents a downstream loss or constraint penalty evaluated on
discrete samples, typically through one-hot encodings. Computing Vo E, [f(X)] exactly is generally

intractable: in the absence of exploitable structure in f, it requires summing over K * configurations.
The challenge, therefore, is to construct gradient estimators that are both computationally feasible
and have a low mean squared error.

Existing estimators exhibit a standard bias—variance trade-off. Score-function estimators, such as
REINFORCE (Williams, [1992; |Greensmith et al., [2004), are unbiased but often suffer from high
variance, which motivates the use of variance-reduction techniques most often using learned control
variates (Tucker et al.| 2017; |Grathwohl et al.l [2018)); they often yield useful gradients in practice
but are biased with respect to the true discrete objective, with recent refinements such as REINMAX
improving the approximation (Liu et al., 2023a). Continuous relaxations based on approximate
reparameterizations, most notably the GUMBEL-SOFTMAX / Concrete construction (Maddison et al.}
2017; |Jang et al., 2017), replace m, by a smooth family on the simplex controlled by a temperature
parameter. While this enables pathwise differentiation, taking the temperature small to reduce
bias drives the sampler towards an argmax map and typically leads to ill-conditioned or vanishing
gradients, while higher temperatures provide well-behaved gradients but correspond to optimizing a
more relaxed objective.

Contributions. In this work, we revisit continuous relaxations through the lens of denoising
diffusion models (Sohl-Dickstein et al.| 2015 |Song & Ermon, 2019; Ho et al., [2020). Diffusion
models generate data by transforming a Gaussian sample into a sample from the target data distribution
through iterative denoising dynamics explicitly constructed as the reverse of a chosen forward noising
process. In practice, implementing the sampler requires only access to a denoiser; that is, a function
that, given a noisy input and its noise level or time index, returns the expected clean signal.
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We exploit the key observation that for a categorical distribution supported on simplex vertices,
the denoiser at each noise level can be computed in closed form. This enables us to construct a
training-free, diffusion-based, differentiable, and approximate sampling map from Gaussian noise
to the categorical distribution m,. We then analyze the small-noise regime, which serves as the
temperature parameter, and characterize the emergence of nearly constant transport regions and sharp
decision boundaries, explaining when and why gradients become uninformative as the relaxation
approaches the discrete target. We derive practical gradient estimators, including hard variants, that
recover the hard STRAIGHT-THROUGH Bengio et al.| (2013) and REINMAX [Liu et al.| (2023a)) as
special cases when using a single diffusion step. We also propose a parameter-dependent initialization
that improves performance while keeping the diffusion overhead small. Empirically, we find that
our diffusion-based reparameterization yields strong results across a diverse set of benchmarks,
including polynomial programming, variational inference, and inference-time reward guidance,
typically matching or improving upon prior estimators.

Notation. For any positive integer n, let [n] := {1,...,n}. We denote the K-simplex by AK~1 =
{weRE : 1 wh =1}. For a matrix z € REXK | we write 7 € RX for its 4-th row and 2%/
for the (4, j)-th element. Besides, we identify any = € RE*¥ as a vector using the row-major order
in which the matrix elements are ordered by row. The softmax operator on a matrix z € REXF ig
defined row-wise by softmax(z) € RE*X with entries softmax(z)™* = exp(z?*)/ Zszl exp(z')
for (i,k) € [L] x [K]. Foramap f : R? — R™, we write J, f € R™*4 for its Jacobian matrix.
To write Jacobians for maps f : RL XK' _y RLxK conveniently, we implicitly identify matrices

with their vectorized forms. Gradients and Jacobians are taken with respect to these vectorized
representations, and we do not distinguish notationally between a matrix and its vectorization.

2 BACKGROUND

We consider optimization problems where the objective is an expectation with respect to a discrete
distribution over a finite vocabulary X, of the form

F(8) = Eq[fo(X)] =) folz) m(x) , M

zeX

where f : X x © — R, © C R™, and {7y : § € O} is a parameterized family of probability mass
functions (p.m.f.) over X. Without loss of generality, we assume that X = V' for some L € N, where
V = {e; }£_, denotes the set of K one-hot encodings, and e, € R¥ is the one-hot vector with 1 at
position k. We also assume that the distribution 7, factorizes according to this categorical structure:
forany § € © and z = (z*,...,2%) € X,

-~ exp((z' , b))
ﬂlelwixi,ﬂixi ::L’@,7 2
0= HmeD me) = o ) .

where 0 — @y € REXK js such that ¢}, are the logits of the i-th categorical component. The
factorization (2)) is standard and is used in reinforcement learning to model policies Wu et al.| (2018));
Berner et al.|(2019); [Vinyals et al.|(2019), in training Boltzmann machines Hinton| (2012), in VQ-
VAEs Van Den Oord et al.|(2017), and more recently for modelling transitions in discrete diffusion
models/Hoogeboom et al.| (2021);|Austin et al.| (2021); Campbell et al.[(2022); Lou et al.| (2023); [Shi
et al.|(2024);/Sahoo et al. (2024).

Under mild regularity assumptions on f and ¢y, the gradient of (IJ) is given by
VoF(0) = Ex, [Vo fo(X)] + X pex fo(2) Vomy () ©)

and is intractable as the sum ranges over K L states. Furthermore, while the first term can be
approximated via Monte Carlo, the second term has to be estimated separately. One option is to
use the REINFORCE estimator. |Williams| (1992) However, it is well known that the vanilla forma
of this estimator suffers from high variance |Sutton & Barto| (2018) and has be to combined with
baselines or other control-variate techniques to reduce variance |Greensmith et al.| (2004); Mnih &
Gregor (2014); Mnih & Rezende; Tucker et al.| (2017)); Titsias & Shi|(2022)); |Grathwonhl et al.| (2018)).
Other estimation methods have been proposed, such as the STRAIGHT-THROUGH estimator |Bengio



Accepted as a workshop paper at ReALM-GEN, ICLR 2026

et al.[(2013)) or GUMBEL-SOFTMAX reparameterization Maddison et al.|(2017); Jang et al.|(2017)),
which we briefly review here. For simplicity, we assume throughout that f does not depend on 6 (i.e.,
fo(z) = f(x)) and is differentiable in .

STRAIGHT-THROUGH and REINMAX estimators. Popular estimators either replace the objective
F by a differentiable surrogate and use its gradient, or directly construct a surrogate for Vy F'
itself. One such estimator is the STRAIGHT-THROUGH (ST) approach, which replaces the discrete
objective by the surrogate obtained by swapping f and the expectation in (1), and differentiates the
map 0 — f(E, [X]). Noting that JoE, [X] = Cov, (X) Jops, the gradient of this surrogate is
J gap(;r(Cov,re (X)Vz f(Er [X]). A popular practical instance of ST replaces the expectation inside
V. f with a single Monte Carlo sample X ~ m,, often referred to as hard ST:

VsSTE(X:0) = Jopp' Covr, (X)Vuf(X) . @)

This gradient estimator was first considered by Hinton et al.|(2012)) in the context of training with
hard thresholds, where the backward pass treats the threshold operation as the identity. It was later
formalized by Bengio et al.|(2013)) for quantization-aware training of deep networks. The resulting
gradient estimator is often effective in practice but is, by construction, biased with respect to the true
discrete objective. When f is linear, hard ST yields an unbiased gradient of F'.

The REINMAX estimator |Liu et al.|(2023a) refines hard ST by providing an exact unbiased estimator
of Vo F'(0) in case f is quadratic, obtained via a trapezoidal (Heun-type) rule. In Section we show
that it admits the following simple form, closely mirroring hard ST:

VEMF(X:60) = 5 Jogd Bo(X)Vaf(X), 5)

where X ~ m,. Here By(X) = Cov, (X) + Co(X), where Cy(X) is block-diagonal with L blocks
of size K x K; its (-th block is CJ”(X) = (X! — B, [X/])(X* — E, [X*])T, implying that
Er, [6& (X)] = Cov (X ). We provide further details and proofs in Section

Continuous relaxations and soft reparameterizations. For continuous distributions, the reparam-
eterization trick expresses a sample as a deterministic transform of auxiliary noise |Kingma & Welling
(2013). Specifically, we temporarily assume that 7, is a distribution that admits a reparameterization,
that is, m, := Law (Tg(Z )), where Z follows a distribution p that does not depend on 6, typically
uniform or Gaussian. Assume also that for p-almost every z the map 6 — Tp(z) is differentiable for
any 6 € © and that z — V f(Ty(z)) satisfies standard domination conditions for all § € ©, so that
differentiation under the expectation is justified by the Lebesgue dominated convergence theorem.
Then

VoF(8) = VoE[f (To(2))] = E[JoTo(Z) " Vo f (To(2))] , (6)

which yields a low-variance Monte Carlo estimator of the objective gradient|Schulman et al.| (2015).
In the discrete case however, such an exact reparameterization is not available. Any representation
of 7, as the pushforward of a simple continuous base distribution typically yields a map 6 — Tp(z)
that is piecewise constant with jump discontinuities. As a consequence, for any 6, JoTyp(z) = 0 for
almost every z, and therefore E[J4Tp(Z) "V, f(Tp(Z))] = 0 while Vo F () # 0. Thus (6) does not
hold in the discrete setting as the differentiability at every 6 € © fails, and the domination condition
needed to justify differentiation under the integral sign is violated. To circumvent this issue, one
typically resorts to continuous relaxations of 7, i.e., distributions admitting a density with respect to
the Lebesgue measure. For such relaxations, @ is valid, at the cost of introducing bias in exchange
for lower-variance gradient estimates.

The Gumbel-Softmax (or Concrete) distribution Maddison et al.| (2017)); Jang et al.| (2017) is a
canonical example of such a relaxation: 7, is replaced with a temperature-indexed family of con-
tinuous distributions (7). on the simplex that admit pathwise gradient estimator satisfying (6)).
Specifically, 7! := Law(T?(G)) is used as a relaxed surrogate for m,, where for all 6 € ©,

T(G) = softmax((¢g + G)/7), T>0,
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and G € RE*X s a random matrix with i.i.d. Gumbel entries G ~ Gumbel(0,1). As 7 — 0,
{ﬂf : 7 > 0} converges in distribution to Ty; see|Gumbel| (1954). This is known as the Gumbel-max
trick|Maddison et al.| (2017). It is easy to verify that for the surrogate objective I (€) = E o [f(X)],
which converges to £"as 7 — 0, (6) holds under appropriate assumptions on f, thus allowmg an
approximate reparameterization trick at the expense of a certain bias controlled by the parameter 7.

3 METHOD

In this section, we present REDGE (Reparameterized Diffusion Gradient Estimator), which builds
on diffusion models to define a continuous relaxation for m,. We begin by reviewing the basics of
these models.

3.1 DIFFUSION MODELS.

We present denoising diffusion models (DDMs) (Sohl-Dickstein et al., 2015 Song & Ermon, [2019;
Ho et al.| 2020) and the DDIM framework Song et al.|(2021)) from the interpolation viewpoint (Liu
et al.| 2023b; |Lipman et al., [2023; |Albergo et al., |2023)). More details are provided in Section

DDMs define a generative procedure for a data distribution 7, by specifying a continuous family
of marginals (,);c[o,1] that connects 7, to the simple reference distribution 7; := N(0,I). More
precisely, we consider here m, = Law(X;), where

X = oy Xo + 0 Xy, @)

Xo and X are independent samples from 7y and 7 respectively. In addition, (c)epo,1) and
(0¢)tejo,1) are non-increasing and non-decreasing schedules, respectively, with boundary conditions
(a0, 00) = (1,0) and (1, 01) := (0, 1). To generate new samples, DDMs simulate a time-reversed
Markov chain. Given a decreasing sequence (t1){—4 of n time steps with ¢,,_; = 1 and t; = 0,
reverse transitions are applied iteratively to map a sample from 7, to one from 7, , progressively
denoising until the clean data distribution 7 is reached.

The DDIM framework (Song et al.l [2021) introduces a general family of reverse transitions for
denoising diffusion models. It relies on a schedule (7;);c[o,1], satisfying n; < o forall ¢ € [0, 1],
along with a family of conditional distribution given for s < ¢ by

@lo (ms|zo, 21) = N(2s; asmo + /02 —n2 21, 21

When 71, = 0, this Gaussian is understood, by abuse of notation, as a Dirac mass centered at the same
mean. Clearly, for all 1), € [0, 0], a sample from ¢,  (-[Xo, X1) with (Xo, X1) ~ Tl'o ®@N(0,1) is

a sample from 7. Note that if X7| X, X1 ~ ¢7 ; (-| X0, X1), then X7|Xo, X; ~ q20.(-|20, wt)
q%0.1 (| X0, (X; — a; Xo) /o) where the joint distribution of the random variables (Xo, Xy, X1) is
defined in ([7). We define the reverse transition

T (2s|2e) = E[qg\o,t($s|Xo7Xt) ‘Xt = xt} . 8)

By construction, the transitions (8) satisfy the margmahzatlon property, i.e. forany 0 < s <t <1,
o (zs) = [ 7l (xs|@e) 7, (2¢)d,. Thus, (”tklthrl)k _; defines a set of reverse transitions that enable

stepwise sampling from the sequence (74, )zo- In practice, however, these transitions are intractable.
A common approximation is to replace XO in the second line of (8) by its conditional expectations
(Ho et al., |2020; |Song et al., 2021). More precisely, let Z(x, t) = [ 2o 7o (zo|z¢)dzo, where mg,
is defined as the conditional distribution of X given X in (7). Then the model proposed in|Ho et al.
(2020); [Song et al.[(2021) corresponds to approximating each Trgk‘t,c+1 by

Prieer (@klzre1) = @ 10,40, (TklTo (Tht1s thrn)s Thi)-

For simplicity, we consider next only the deterministic sampler with n; = 0 for all s € [0, 1]. Then
Prikg1 (|Tx 1) becomes a Dirac at Ty, ., , (¢,,,, ) Where for s < t:

Top(z¢) = (s — o5 /04)Tg(w, 1) + 058 /04 9)
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Finally, define for all k < n — 2 and #; € RY*X the DDIM mapping:
Ty (#1) = Toitiyy © - © Toartys (1) - (10)

When the denoiser (¢, z) — Z,(z,t) is intractable it is replaced with a trained parametric model.

3.2 DIFFUSION-BASED CATEGORICAL REPARAMETERIZATION

We now introduce our diffusion-based soft reparameterization of 7,. This reparameterization is based
on a DDM with target 7§ = 7,. Since m, is a discrete measure, the resulting denoising distribution,
denoted by 7§, is also discrete. Indeed, by (7) and the factorization (2)), the conditional distribution
factorizes as 8, (xo|2¢) oc [T, wori (xh|at), where mii? (|2 oc mi (z)N (2 aparf, 021k ). With
this structure, the posterior-mean denoiser #§ (x4, 1) == 3 2o T0 76 (xo|z¢) simplifies to a matrix of
posterior probabilities due to the one-hot structure; that is, for any ¢ € [L] and j € [K], we have

28 (wg, 1) = 778"2 (ej]x¢), and the denoiser can be computed exactly and efficiently. Indeed, since

|l — e ||? = ||} — 20427 +0¢t,weget
B0 (@, 1) = (e oxp(— %ft 2 __ exp(pg) exp(aay’ [o7)
0 ) =

[l 12 —20u 2} ’f+at) B

> 7 (ex) exp(— 507 Yoy exp(pf) explayait /o7))

This yields the following simple matrix form for the denoiser:
&8 (xy,t) = softmax(pg + sz /02) . (11)

Unlike standard diffusion models that learn an approximate denoiser using a neural network, here
the denoiser #§(-, ) has a closed-form expression due to the factorized categorical structure. This
enables reverse transitions from 7, to 7, without denoiser approximation and yields an approximate,
differentiable sampling procedure. Denote for any k£ < n — 2 by Tfk the DDIM map associated with
& (¢, t) defined in (9). Then, T} (X;) with X1 ~ N(0, I)®% is an approximate sample from the

Gaussian mixture with density 7{ (zy,) == D e ]_[Z I N(2}, 5 o, 02 Tic)my(20) and TY (X1 ) is
an approximate relaxed sample from . By (6)), a natural choice of gradient estimator is

JoTy (X1) Ve f(Xo) , (REDGE)

where X ~ mf, (- |T0|t1 (Xl)). See Algonthm [[l As a result, with a single diffusion step, the
reparameterized sample is T¢ (X1) = §(X1,1) = Er [Xo]. due to the boundary condition a; = 0,
and we recover the STRAIGHT-THROUGH estimator (both soft and hard) as a special case. In
contrast, using many diffusion steps and appropriately chosen timesteps (tk)z;é yields an almost
exact reparameterization of m,. As discussed previously, this is precisely the regime we seek to
avoid: the gradient of the mapping essentially vanishes, resulting in a high-variance reparameterized
gradient. This trade-off is directly analogous to the role of the temperature parameter 7 in GUMBEL-
SOFTMAX relaxations, where a high temperature yields a relaxed but biased approximation, while
a low temperature results in a high-variance estimator. In our case, the relaxation parameter is
determined by the number of diffusion steps and the placement of the timesteps (tk)z;ll

More precisely, Proposition |1| characterizes, at a fixed number of timesteps, the behavior of the
reparameterized gradient as t; — 0. The proof is given in Section B]

Proposition 1. With L = 1 and the timesteps (tk)z;; fixed, under assumptions stated in the
Appendix, we have for all 6 € ©,
Jlim | JeTE(X1)|| =0, P-as. with Xy ~ N(0,Ik) (12)
1—>

The proof consists in showing that, as ¢; — 0, the last DDIM step Tgm collapses almost all points in
RE onto a single one-hot vector, and as a consequence, the Jacobian of Tg with respect to 6 vanishes.
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Figure 1: Visualization of the DDIM transport for iy = 0-86_2 + (1 — 0) - 52 with the linear schedule
(a¢,0¢) = (1 — ¢, t). First two rows: DDIM trajectories with varying ¢; for two different values of 6 € [0, 1].
Third row: The DDIM map 6 +— Tg (z1; t1:n—1) for fixed input quantiles z and three different values of ¢;. ®
stands for the standard Gaussian cdf.

We illustrate Proposition [T]in Figure[T} Following the previous discussion, ¢; should not be chosen so
small that the gradients become uninformative.

3.3 EXTENSIONS

REINMAX extension. We derive a REINMAX [Liu et al.| (2023al) version of our diffusion-
based reparameterization trick. First, by the marginalization property we have that m,(z¢) =
[ 78, (wolwe, )7l (24, )day,, and we can write, using the tower property, that E, [f(X)] =
Elhe(X:,)], where Xy, is given by () with 7y = 7, and hg(z,) = >, f(x0) 7, (Tol2t,)-
The Gaussian mixture ¢ | can be reparameterized approximately using the DDIM map Tfl in

and therefore E[hg (X, )] &~ E[hg(T{ (X1))] for any § € ©. A Monte Carlo estimator of the total
gradient of the r.h.s. at § = 6’ is given by

Voho (T (X1))|y_p + J6TE(X1) T | ,_y Vo (T7, (X1)),

where the intractable terms are the gradients w.r.t. 6 and x of the conditional expectation hy. The
key observation is that for any x;, , the gradient of 6 — hg(x;,) is a specific case of differentiating
an expectation w.r.t. the parameters of a categorical distribution, which in this case is wg‘tl (|zty)-
Here by using the STRAIGHT-THROUGH approximation (@) we recover our hard gradient estimator
(REDGE)); i.e. Viphg(xs,) ~ Vof(28(z¢,,t1)). Our REINMAX-based estimator replaces hard ST
with REINMAX (@8) as an estimator of Vphg (1, ). We refer to this gradient estimator as REINDGE.
When using a single diffusion step, i.e. t; = 1, the function hy is constant and equal to IEWH [X] due to
the boundary condition o; = 0, and REINMAX is recovered as a special case. The same observation
holds for the map x, — hg(zy, ), for any 6, but here we simply use the STRAIGHT-THROUGH
estimator.

Parameter dependent 7;. In the previous construction, the terminal distribution 7; is fixed
to a standard Gaussian m; = N (O,IK)®L. In our setting, however, we can exploit the fac-
torization (Z) to select a parameter—dependent Gaussian distribution 7 that best approximates
7, in the maximum-likelihood sense. Specifically, we take 7{ with factorized density 7f(z) =
T, N(2%; uh, Diag(v})), where for all i € [L], (up,vh) € R¥ x RE and Diag(vy) € RF*¥
is a diagonal matrix with vy as diagonal entries. The parameters are then defined as any solution
to the maximum-likelihood problem of maximizing Er, [log 7 (Xo)] w.r.t. (119, vs) Whose one so-
lution is given by matching the mean and per—coordinate variances of 7;; i.e. py = Eﬂei [X{¢] and
vl = ph ® (1 — ). We restrict ourselves to a diagonal covariance in order to avoid expensive matrix
inversions in the denoiser expression derived next. Data—dependent base distributions of this kind
have also been considered in other applications, see for instance [gil Lee et al.| (2022)); Popov et al.
(2021); [Luo et al.| (2023)); Ohayon et al.|(2025). When using the base distribution wf and setting
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ns = 0 for all s € [0, 1], the DDIM map (9) keeps the same form as before. The denoiser, however,
is different and is now given in matrix form by

N QA @
28 (24, t) =softmax (g + ;29 © (xy — opg — ?tl))
t
where \g € REXK with \p/ = 1/vp7 and 1 € RE*K s the all-ones matrix. See Sectionfor
a derivation and Section |D|for the DDIM sampler with arbitrary schedule (7s),¢[o,1. We refer to

the resulting gradient estimator as REDGE-Cov. Finally, for large vocabularies K, the diagonal
covariance can become ill-conditioned, so we also consider a scalar variant with Diag(v}) = 021.

4 EXPERIMENTS

In this section, we evaluate our method on benchmark problems spanning Sudoku solving and
generative modeling. Further experiments are given in Section |F and |G| We compare against three
representative baselines: the STRAIGHT-THROUGH (ST) estimator Bengio et al.| (2013)), GUMBEL-
SOFTMAX (using its straight-through variant) Jang et al.[|(2017)), and REINMAX |Liu et al.|(2023al).
We focus on these since REINMAX is a recent strong method that reports state-of-the-art results and is
shown to outperform several earlier alternatives Liu et al.|(2023a), so we omit additional baselines. In
addition, we don’t compare against REBAR/RELAX-style estimators|Tucker et al.|(2017); |Grathwohl
et al.|(2018) because they are meta-estimators that wrap a base estimator with learned control variates
and additional tuning. All hyperparameters are reported in Section[H.I] We also report the runtime
and memory usage in Section[H.4] For all methods we use the hard version. For REDGE and its
variants, we use the linear schedule (o, o) = (1 — ¢, t) (Lipman et al., 2023} [Esser et al., 2024). For
the timesteps we first specify ¢; and then set t, = ¢ + (1 —t1)k/(n — 1) fork € 2 :n —1].

4.1 INFERENCE-TIME GUIDANCE WITH MASKED DIFFUSION

We start by providing some necessary background on Masked Diffusion models (MDM) Shi et al.
(2024); Sahoo et al.|(2024). We defer a more formal introduction to Section E}

Masked diffusion. Let p be a target distribution defined on X with the vocabulary augmented
by the mask token m. MDMs provide an approximate sampler for p via an iterative unmasking
process. We denote the learned model distribution by pg’w, where 1 are the model parameters. We
use the superscript d (for discrete) to avoid conflict with the Gaussian diffusion notation. MDMs
rely on a clean-data predictor pg’f,f (-|X%) that outputs a factorized categorical approximation (2 to
the posterior of Xy ~ p given a partially masked state X, under a joint distribution where X, is
obtained from X by setting independently across the dimensions X} = m with probability (1 — 34)
and X; = X[ otherwise. () is chosen as a decreasing schedule.

Inference-time guidance. Given a reward r we want to steer sampling at test time by locally modi-
fying the model’s step-wise predictive distribution to favor samples with higher reward. Following
Murata et al| (2025), this can be achieved by training, given xj, at diffusion step k, a factorized
variational distribution 7, (-|x%) to approximate the filfed distribution with p.m.f. at 2y proportional
to exp(— (mo))po‘f(xomk) This is done by minimizing the forward KL divergence objective

Fi(0) :=Er, (.2) [ (X0)] + KL (5 () 10571 (k) - (13)

We then draw X from the obtained proposal and then sample X, _; as previously done. We provide
more details in Section[E] We consider two such applications in the next subsections. In all cases, we
optimize the logits directly by setting s = 6 and treating § € RL*K as the optimization variable.
We detail the guidance algorithm in Section [E]

4.1.1 MDM GUIDANCE FOR SOLVING SUDOKU PUZZLES.

We follow Ye et al.| (2024) and train a masked diffusion model (MDM) to approximate the distribution
p(+|c) over valid completions of an incomplete Sudoku grid ¢, viewed as a categorical distribution
on V&, where V denotes the set of one-hot vectors of length 10 and the mask m is ejo. Let G
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Figure 2: Left: Masked diffusion guidance on Sudoku: fraction solved and mean constraint violations (1000
test puzzles, 10 seeds, 20 diffusion steps), for early (1%) and late (90%) checkpoints, as a function of the
gradient-step budget. For each estimator, we sweep hyperparameters and learning rates, select the setting that
minimizes the AUC of mean violations over step budgets (100-2000), and plot its violations and solve rate across
budgets. Right: Average violations heatmap as a function of n and the timestep t1. For each configuration
(n, t1) we report the lowest AUC obtained over a sweep of four learning rates.
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Figure 3: Solving Sudoku without pre-trained MDM. Similarly to Figurewe select a single configuration by
minimizing the area under the mean-violation curve over budgets (100 to 8e4 steps)

denote the 27 constraint groups (rows, columns, and blocks). For g € G, define the digit-count map
8¢(X) =3 _;c, PX", where P drops the mask coordinate so that s, (X) € R? counts digits in g. We

use the reward r(z) = > Hsg(:v) — 1 HZ For the first experiment, we use two checkpoints with

very different baseline performance: an early model that solves about 1% of the 1000 test Sudokus
and a late model that solves 90%. We apply inference-time guidance by optimizing (13)), estimating
the reward-gradient term with hard gradient estimators and differentiating the KL term exactly.

Results.  The results are given in Figure 2] From the 1% checkpoint, guidance with REDGE
raises the solve rate to 89%, outperforming the strongest baselines, which plateau in the mid-80s.
STRAIGHT-THROUGH performs substantially worse, and using a smaller t; (REINDGE) improves
over the larger-t; REINMAX special case. Starting from the 90% checkpoint, guidance further
improves performance, reaching solve rate 93% with REDGE-Cov.

Direct optimization without pre-training. We also study a no-prior variant in which we drop
the MDM entirely and directly optimize E-/ [r(X)] w.r.t. the parameters of factorized categorical
distribution 7. The Sudoku clues in c are enforced by setting the logit of the observed digit to a
very large value at each clue location after every gradient step (whereas with a pre-trained MDM
this conditioning is already reflected in the posterior initialization). Surprisingly, the best-performing
estimators achieve solve rates in the mid-to-high 90s, substantially higher than what is obtained
when guiding from the weak 1% checkpoint, while REDGE and GUMBEL-SOFTMAX lag behind.
Finally, we provide a comprehensive heatmap summarizing how the performance of REDGE and
REDGE-CoV behaves as a function of (n, t;). We make three empirical remarks; (i) we can see that
in all cases a too small ¢; results in worst performance, as suggested by our theoretical analysis and
Figure[T] (ii) Despite its strong performance REDGE-COV is more sensitive to the hyperparameters
than REDGE. (iii) Using more diffusion steps doesn’t affect the performance much, except for very
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Figure 4: Left: Average CLIP score for CLIP-guided image generation. Middle and right: sensitivity of CLIP
score to the temperature parameters ¢1 and 7. We report the mean over 200 images; for each estimator, we sweep
hyperparameters and learning rates, select the setting that maximizes the AUC of CLIP score over gradient steps
budget.

small £;. This connection between 1, n and the performance of our gradient estimators is discussed
and studied in more detail in Appendix [F2]

4.1.2 REWARD-GUIDED IMAGE GENERATION

We next apply inference-time guidance to discrete image generation with a class-conditional pre-
trained MaskGIT |Chang et al.| (2022) model trained on the ImageNet dataset and operating on
VQ-VAE codes. We generate images at resolution 384 x 384 x 3 |Besnier et al.| (2025)) by sampling a
sequence of discrete latent codes [K %, where each image is represented by L = 576 codes, each
taking one of K = 16384 codebook entries. Each image is thus represented by a latent embedding
in Ro76%d with d = 8. We write E for the embedding matrix in REX4 Given z € X, the reward
consists in decoding the embedding = - E € R¥*? and then computing the CLIP score Radford et al.
(2021); [Hessel et al.|(2021) with a target prompt.

Results. As shown in Figure[d guidance monotonically improves CLIP score as a function of the
gradient step budget. REDGE, REDGE-CoV, and STRAIGHT-THROUGH achieve comparable perfor-
mance, outperforming REINDGE and GUMBEL-SOFTMAX and substantially surpassing REINMAX.
The middle panel of Figure | shows that performance peaks at ¢; = 0.9, a regime that is closer to
straight-through behavior and is consistent with STRAIGHT-THROUGH also performing well. How-
ever, strong performance persists for ¢; € {0.5,0.7}, indicating a broad operating range for REDGE
and suggesting that its gains are not solely driven by the near-STRAIGHT-THROUGH limit. On the
other hand, REDGE-CoV and GUMBEL-SOFTMAX exhibit substantially higher hyperparameter
sensitivity.

Takeaways and practical tuning. Across our benchmarks, REDGE is the most reliable, delivering
strong performance across diverse objectives, whereas our variants as well as STRAIGHT-THROUGH,
REINMAX, and GUMBEL-SOFTMAX are more setting-dependent. REDGE-COV can be particularly
strong in favorable regimes but is more hyperparameter-sensitive than REDGE, which offers the
best robustness—performance trade-off. For tuning, a small number of diffusion steps (e.g., n =
3,5) coupled with a moderate ¢; (e.g. t; € {0.5,0.7,0.9}) is a strong default. The endpoint
t1 = 1 recovers the straight-through limit and is a useful reference when STRAIGHT-THROUGH is
competitive.

Conclusion We introduced REDGE, a diffusion-based approach to categorical reparameterization
that leverages the fact that, for categorical distributions, the denoiser is available in closed form,
yielding a training-free differentiable sampling map from Gaussian noise to m,. We analyzed the
effect of ¢; (playing the role of a temperature) and explained how near-constant transport regions
and sharp decision boundaries arise as the relaxation tightens, leading to uninformative gradients.
The resulting family of estimators includes hard variants and recovers STRAIGHT-THROUGH and
REINMAX as one-step special cases. Beyond improving default schedules and diagnostics for robust
hyperparameter selection, a promising direction is to reduce residual bias using REBAR/RELAX-style
control variates, treating REDGE as a strong base pathwise estimator.
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Algorithm 1 Soft reparameterization with DDIM transitions

n—1 n—1

1: Input: grid (¢); ), schedule (ay, , 0, )5
2: Sample x ~ N(0,I1x)®F

3: for k =n — 1 down to O do

4 &g « softmax(pg + oy, x/07, )

5: Iil < (LEZ _atk+1-’i0)/atk+1

6: T4 oy, To+ 04,21

7: end for

8: return x

A burger with 2 steaks A church with a sunset
stacked inside in the background

A red bee on a flower A vase with yellow flowers

=
A volcano erupting with

blue fumes of smoke

Figure 5: REDGE samples generated by CLIP-guided MaskGIT from the prompts shown.

A RELATED WORKS

Reparameterization trick. Beyond GUMBEL-SOFTMAX, several works propose alternative ap-
proximate reparameterizations. [Potapczynski et al.| (2020) replace Gumbel noise with an invertible
push-forward of a Gaussian, yielding a richer family of simplex-valued relaxations.
(2020) relax the factorization assumption in (Z) by modeling correlated multivariate Bernoulli
variables via a Gaussian copula. [Paulus et al.| (2020a)) generalize the Gumbel-max trick through
solutions of random linear programs, obtaining differentiable relaxations by adding a strongly convex
regularizer.

Denoiser for mixture of Dirac delta. When training a diffusion model on a dataset (X;)Y ,, the

minimizer of the denoising loss is the denoiser for the empirical distribution N ~* vazl dx, and is
available in closed form; see [Karras et al.| (2022, Appendix B.3). In this work, we similarly leverage
closed-form denoisers for distributions over V%, but for a different purpose: we use them to construct a
soft reparameterization and to differentiate through diffusion trajectories to obtain pathwise gradients.
In concurrent work, [Andersson & Zhaol| (2025)) propose using diffusion models within a sequential
Monte Carlo setting to generate /V i.i.d. reparameterized samples from the parameter-dependent
empirical mixture > 2 w? § x¢» where w{ > 0and 37,7, w! =1, and § denotes the state-space
model parameters. This enables parameter estimation by differentiating end-to-end through the
particle filter used to estimate the observation likelihood.

B PROOFS

B.1 GRADIENT INSTABILITY: STATEMENT OF PROPOSITION [[] AND ITS CONDITIONS

In this section we assume without loss of generality that L = 1, K > 2, and ¢y = 6 € RE. We
also define for all ¢ € (0, 1], ¢; = oz /2. With these notations, noting that #:9(, t) is the probability
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vector associated to 7§, (+]7):

&4 (x,t) == softmax(f + c;z) , x € R, (14)
#0(x, 1) = Kexp(m tet) o ele), i€ {l,... K}, (15)
Y gy exp(0F + ciak)
In addition, recall the notation
Y (z) = Covae (1) (X) - (16)
Finally, define the union of decision boundaries:
H:= {z € R : thereexists j, k € [K], 27 = 2" = mzax:ci} . (17)

We define the margin function m : RX — R as the gap between the largest and second-largest
coordinates

m(z) = maxz’ — my(z) , (18)
max{z/ : j€{l,...,K}, 27 # max; 2’} if there exists 7 # max; x
) :{ @1 b, 2 # max;a') _ ” )
max; T otherwise .
Note that for z ¢ H, argmax; ek 27 is reduced to a singleton and therefore,
m(z):= min (2" ® —27), k*(2) = argmaxa’ . (20)
J#k* () J€[K]

We now consider the following assumptions.

(A1) The schedule (ay, 0¢)¢c(o,1 is such that lim; ¢ ¢; = co where we recall that ¢; = a/o?.

Proposition 2. Fix 0 € RX and suppose that (A@) holds. Consider the DDIM sampler T§ : RE —
RE with the last time step t1 € (0,1) and all other time steps (ti)x>2 fixed. Then, for any x1 € RE
such that T} (x1) & H, there exists M (t;) > 0 only depending on ty such that

| JoTE (21)|] < 2K (K — 1)(1 + ¢, M (t2)) exp ( — m(T}. (x1))er, /2) - (21)

Consider now the additional assumption:

(A2) For any § € R, there exists a measurable map )Z'g : RE — RX such that for X; ~
N(0,Ix), P-almost surely it holds

lim T, (X1) = XJ(X1) and XJ(X))¢H.
1—

Assumption (A2)) is a mild local regularity and non-degeneracy assumption on the DDIM sampler
with ¢; near 0. In particular, it the number of DDIM step is equal to 1, it easy to verify that
limy, 0 Tf)l (X1) converges to the one-hot vector associated to argmax; X* and therefore ( holds.
Furthermore, (A i only requires that, for each 6 € RX the trajectory t1 +— Tt‘g1 (X1), started from
Gaussian noise X7 ~ N (0, Ix), admits an almost-sure limit as ¢; — 0, and that this limit does not
lie on the decision boundary H. In particular, we do not assume that X§ (X1) coincides with the data
distribution or that it is one-hot; we only use that the limiting state is well-defined and is not in H.

Corollary 1. Fix § € R¥ and suppose that (-(A[Z]) hold. Let X1 ~ N(0,1) and consider the
DDIM sampler T§ : RE — RE with the last time step t1 € (0, 1) and all other time steps (ti,)x>2
fixed. Then, P-almost surely

lim || JoT§ (X1)|| =0. (22)

t1—0

In the next section, we state and prove preliminary results needed for the proof of Proposition 2]
postponed to Section
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B.2 SUPPORTING LEMMAS FOR PROPOSITION[]

Lemma 1. For eacht € (0,1] and x € RE,
Joib(x,t) =X0(x), Jpal(x,t) = e X0(x) .

Proof. By (T4), a direct computation gives, for all 7, j € [K], x, 6,
Dpi & (x, 1) = &5 (2, 1) (6s5 — 2 (,1)7) ,
0 in matrix form
Joif(z,t) = Diag (&9 (z,t)) — 28 (x,t)30 (2, 1) "
By definition, ¢ () = Eﬂg‘t(_‘w) [XoX | — 25 (x,t)28(x,t) T, where (X, X;) follows the distribu-
tion with density m, (2o)N(z¢; arxo, 071k ), and by (14)

E,. w8, (lo) XOX0 Zele 7T0\t (e;]z) = Diag(ﬁcg(x,t))

and hence the equality Jo#9(x,t) = X(x). The Jacobian w.r.t.  follows using similar arguments.
O

Lemma 2 (Continuity of the margin function outside of H (T7)). ma is continuous on R¥ \ H and
therefore m as well.

Proof. Note that R¥ \ H is the disjoint union of the opensets U; = {z € H : i = argmax; 7 }.

Since on U;, mo(x) = max;,; ¥/, we obtain that ms is continuous on RE\ H. O
Lemma 3 (Softmax bound). Ler z ¢ H where H is defined in (I7) and p(z) = softmax(z). Then,
1= p(2)" ) < (K = 1) exp (= m(z)) (23)

and for all j # k*(z),
p(z)) < exp (—m(2)). (24)

Proof. For ease of notation, we simply denote p(z) by p. Since z ¢ H, We have that
j j k*(z
i exp(z7) _ exp(zd — 2F"(2))
Ele exp(zf) 1+ Z#k*(z) exp(zf — 2k (2))

and for every j # k*(z), we have 2*"(*) — 27 > m(z2), so 2/ — 2" (3) < —m(2) and p? <
exp(—m(z)). Then

PO = ST < (K 1)exp(—m()) .
J#k*(2)
O

Lemma 4 (Covariance control). Let p € A¥~! and ¥ = Diag(p) —pp'. Let p™* := max;e (g p’.

Then it holds that

K .
Z |Z]k| S 2K (]- 7pmax) .
7,k=1

As a consequence, |X|| < 2K (1 — pmax), where || - || is the operator norm.

Proof. By definition of the covariance matrix E we have that 77 = pJ (1 — p?) and |%7*| = pJpF.
Let k* = argmax; ¢ p" and define p™* = P . Forall j € [K],

ZIEJ’“I—E“Jer’p =P (=p)+p ) pr=2(1-p).
k#j k#j

15
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Next, we have that p? (1 — p/) < 1 — p™* since if j = k* then p? (1 — p/) < 1 — p™ and if j # k*
then p](l — p]) S p] S Ef;ék;* pz =1 pmax' Hence

K
DI <21 =)
k=1

The final bound is an easy consequence of the norm equivalent in finite dimension. O

We define the notation a(s,t) = as — az04 /0 and b(s,t) = 05/0; so that the one-step map writes
TS, (x) = a(s,t) 2§ (2, t) + b(s, t)z . (25)

Lemma 5 (DDIM Jacobian bound). There exists a finite constant M (t2) < oo, depending only on ts,
K and the schedule (a, 0t), such that for all v, € R¥ and all t, € (0,t5),

| JoTY (z1)|| < M(t2) - (26)
In particular, the bound in (26)) does not depend on t;.

Proof. Single-step bound. We start with a single-step bound on the Jacobian of the map th with
s < t. For fixed t > t5 and s € [0, ¢], the reverse step Tf\t has the form , SO using Lemma SO
we obtain

JoT}(x) = als, ) 2 (2) ,

Jsz\t(I) = a(s,t) ¢, X0 () + b(s, t) I .
Since the schedule t — (ay, 04, 1/0:) is continuous on [t2, 1], since t2 > 0, the coefficients
a(s,t),b(s,t) and c; are bounded on the compact set {(s,t) : 0 < s < ¢, t3 < ¢ < 1}. Therefore,

the uniform covariance bound from Lemma@ implies that there exist finite constants L1 (t2), Lo (t2)
such that for all ¢ € [t2,1], s € [0,¢], » € R and § € RE,

| JoTS ()| < Li(t2), | JoT8 ()] < La(t2) - (27)

Bound via induction. Next, for each k € [1 : n— 1] we use the following notation for the parameter
Jacobian

Gr(z1,0') == Jeﬂi(xl)b:e' :

By construction, the initial state at time ¢,,_; = 1 does not depend on 6, so G,,_1(x1,6") = 0 for all
X.

For k = 2,...,n — 1 we have, by definition of the sampler,
Ttek (r1) = Tfi\tkﬂ (Ttiﬂ(xl)) .
Applying the chain rule with respect to § at 6, gives
Gr(21,0") = JeTté;c‘thrl (Ttem(xl)) ’9:9/ + Jthemtkﬂ (Tti+1(xl)) Gryr(21,0') -

We now show by induction that for all k£ € [2 : n — 1], there exists a constant M}, (¢2) depending
only on L (t2), La(t2) and the number of DDIM steps such that |Gy (x1,60")|| < My (t2). First, the
constant bounding |Gy, —1 (1, 6)|| is trivial. Assume then that |G 41 (21,0")|| < My41(t2). Taking
norms and applying the inequality witht = {541 > to and s = ¢, yields

G (21, 0)|| < La(t2) + La(t2) |Gy (21, 6)] - (28)
and thus |Gy (z1,0")|| < Mg(t2) = L1(t2) + La(t2) My41(t2), which shows the result. O

B.3 PROOF OF THE MAIN RESULTS
Proof of Proposition[2] Step 1: Jacobian bounds on a compact set. Let ¢ H, and recall the

margin function writes m(z) = minjg-(,) (z* @ — 29) with k*(z) = argmax;cr 2’. By
definition of H, it holds then that m(z) > 0.

16
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Now consider the logit margin defined for all j # k*(x) by Al (z,0) = (0% ) — 07) 4 ¢y (a*" @) —
x7). Then, letting B(0) = max(; jye[x)2 [0" — 6|, we have that

Al(z,0) > —B(0) + c;m(z) .
Since lim;_,9c¢; = oo by (, there exists ¢, (6, z) such that for all t < t,(6, ), A (xz,0) >
cym(x)/2 and thus

min Al (z,0) = m(0 + c,x) > cem(x)/2
J#k* (@)
where we have used that k* (6 + c;x) = k*(z) since Al(z,0) > 0 for all ] # k*(z). Now define
for t; < t.(6, ), p™™(z,t1) = max;c(x) 24 (2, 1)’ and we recall that &4 (x,¢;) := softmax(# +
ct,x) € AK=1. Applying Lemmaw1th z = 0 + ¢, x, we obtain

1 —pmax(I,tl) < (K _ 1) exp (_m(9+ct1z)) < (K — 1) exp ( _ m(:c) Ct1> .

Hence by Lemma[d] for the covariance (T6) we have that

150, (@)]| < 2K (1 — p™(x, 1)) < 2K(K — 1) exp ( — mg”) ct1> .

Using the gradient identities in LemmanT&tl( ) = ¢, XY (2) and JoT¢,, (z) = XY () then for
t1 € (0,t.(6, x)), we have the following bounds
19 T51e, (2)[| < e, Mic exp(=m(@)er, /2) , (29)
[0 T5, ()] < Mic exp(=m(z)er, /2), (30)
with My 1= 2K (K —1).

Step 2: chain rule for the parameter gradient. For any z; € R, T{(z;,) = Tom (Tt
thus for any 6’ € R¥,

JoTg (a1 |9 0’ J9T09\t1 (Ttel ($1))|9=9/ +J$T09|t1 (Ttel (z1)) 'J9Ttel (21
Hence, taking the norms, we get
13678 (1) g || < 1 T0T51, (T2 @0)) |g_go Il + 1 3T, (T2 @) 36T, (1), |

By Lemma there exists a finite constant M (t2) (depending only on t5, K and the schedule) such
that

(z1)) and

1

Moo -

sup  sup HJ@T75 1)|9:9,’ < M(ta) .

t1€(0,t2) z1 ERK

Finally, since by assumptions z; € R¥ is such that T (z1) ¢ H, we get by applying the bounds (29)

and (30)
H J9TO z1 ‘9 9/” < (1 + cth(t2))MK €xXp ( - m(Tt‘gl/ (ml))ctl /2) .
which yields the result. O

Proof of Proposition[l] The proof is an immediate consequence of Lemma 2]and Proposition2] [

C HARD STRAIGHT-THROUGH AND REINMAX ESTIMATORS

For completeness we derive the REINMAX gradient estimator from first principles and recover the
simpler expression in [@8). We first consider the case L = 1. We will then extend to the case L > 1.
The categorical distribution is parameterized by the vector of logits ¢ € RX, with

Ty = where @, (e;) = L(SD) i€ K]

b K )
. ’ Zj:l exp(y’)

17
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Let
F(0) = Er [f(X)] =Ecg, [f(X)],

Yo
where @g : R™ — R is differentiable. By the chain rule,
T m
VoF(0) = (Jogo) ' VoEw [[(X)]| _ €R™ 31)
=®o

It therefore suffices to consider the parametrization in terms of logits, from which the results for all
parameterizations can be readily derived when the logit vectors depend on a parameter 6.

C.1 HARD STRAIGHT-THROUGH ESTIMATOR

By definition, we have

K K

Eo [f(X)] =) flem,(ei) = VoEw, [f(X)] =) f(ei)Viw,(e:)

=1 i=1
Using a baseline subtraction, chosen here as Eg [f(X)], and exploiting the identities
Zjil w,(ej) = 1and Zszl V@, (e;) = 0, we can rewrite the gradient as

K

Ve B [F(X)] = D (flei) = f(e))) Ve m,(ei) m,(e;) - (32)

ij=1

This symmetric form is the starting point used by the authors to motivate the first-order approximation
interpretation of the straight-through estimator. Indeed, applying a first-order Taylor expansion of f
around e; yields

fled) — flej) = Viuf(e;) " (ei —ej) .

Substituting this approximation into the symmetric expression gives

K
v«p ]Eww [f(X)] ~ Z vxf(ej)T(ei - ej) VSD w@(ei)ww(ej)'

4,j=1

It can then be shown that the expectation of the straight-through gradient estimator @) coincides with
the right-hand side, which explains the interpretation of straight-through as an unbiased estimator of
a first-order approximation of the true gradient. Define

VETF(X3 ) = JpEe [X] Vo f(X) = Cove [X]V,f(X). (33)
Lemma 6. It holds that

K
Eww {§£TF(X7§0)} = Jtpqu, [X]T]Eng [vzf(X)] = Z fo(ei)T(ej - ei)V¢w¢(ej)w@(ei) .

,j=1

Proof. Since E5 [X] = Zszl ej w,(e;), its Jacobian with respect to ¢ is JoEg [X] =
Zle €; waw(ej)f Taking expectations in the definition of the straight-through estimator ()
then yields

=

Ea, |VSTF(Xi0)] = A (3 Ee, [X])Tvzf(ei)%(ei)

-
Il

I
KMN

Ve, (e;) ejTfo(ei) @, (e)-

4 1

J
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Using the identity Zjil V@, (e;) = 0, which follows from normalization of the categorical
distribution, we may perform a baseline subtraction and replace e; by (e; — €;), giving

K
Ea, [VSTF(Xi%)] = Z: Vo, (e5) (e — e) Vi fler) w,(e)

K
=Y Vefle)(ej — ) Vo, (e;) @, (e:),

ij=1

which is the claimed expression. O

We now extend these results to L > 1. In this case f(z) = f(z!,...,2%) where ¥ € VX, for
k € [L]. We have that, for any k € [L],

E@, .y, w0, F(XY o X)) = Ee [FH(X")],
where we have defined
fE(a?) = Esrcron 6y @0 [F(XY, .. Xk gk xR X, (34)
Now define @, = )¢ (1) @, Consider the STRAIGHT-THROUGH estimator
VE'F(X; ) = J,Eq [X] V. f(X). (35)

The matrix JoEo_ [X]T isa L x L block-diagonal matrix, whose k-th K x K diagonal block is
given by J tEe,  [X*]. Similarly, the vector V, f(z) is a L x 1 block vector, whose k-th K x 1
block is given by

[Ewr, Ve f(X)]]* = Eay , [V f5(XF)].
Applying Lemmal(6] we get

K
ES k
B, [VSTF(X;0)]]" = > Vaf*(ei) (e — €) Ve, (e) e (es)
i,j=1
which is a proxy of

K
(VoEa, [FOO])* = VB, [FOX9)] = 37 (75(e0) = £4(e5)) Vot () () -

ij=1

C.2 REINMAX ESTIMATOR

We again focus first on the case L = 1. The extension to general L follows exactly along the same
lines than for the hard STRAIGHT-THROUGH estimator. The baisc idea is to consider a second-
order approximation of (32) based on Heun’s method. Heun’s method, also known as the explicit
trapezoidal rule, is a second-order Runge—Kutta scheme that improves a first-order approximation
by averaging gradients evaluated at the two endpoints of a step. In our discrete setting, this yields a
symmetric approximation that averages the gradients at e; and e;.

Applying this principle yields the second-order approximation
K

VB [f(X)] =)

1,j=1

(me(ei) + me(ej))T(ei —ej) Vpm,(e;) @, (e;) - (36)

NN

If f : R"™ — R be quadratic, then it is easily shown that for all =,y € RE,

1)~ 7@) = 3 () + Vel @) (g - 2).
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We now derive the REINMAX estimator by rewriting (36)) in a more explicit and implementable form.

For all (i, k) € [K]?, we get
Ok @, (i) = wy(ei) (dir — @, (er)), (37)

where §;; denotes the Kronecker symbol.

Define the second-order approximation with respect to ¢ as

K

2o 1 T
VIE<, [F(X)] = D 5(Vaf(e) + Vaf(e)) (ei = e)) Vemy(en) w,le;) . (38)
ij=1
Substituting into (38) and extracting the k-th coordinate yields
K
“on k1 T
[VEE [f(X)]]" = 3 D (Vaf(ed) + Vaf(es)) (e — ej)m,(e:)(Bin — @, (en)) @, (e5).
ij=1
(39
The term proportional to —co, (e ) vanishes. Indeed,
i T
> (Vaf(es) + Vaf(es)) (e — ;) m,(ei) w,(e;) =0,
ij=1

by antisymmetry in (i, 7). Retaining only the contribution from §;; gives the explicit second-order
expression

K
= =S (VS (en) + Vaf(es) (e — ) mylen) woles) . (40)

j=1

93|

I\JM—

We now show how this quantity can be rewritten as an expectation involving a single evaluation of
V. f. We use the following elementary Lemma:

Lemma 7. For any k € [K], we get

(9208 [(X)))" = V2B [FOO)) =SB, [Ver ()T {m,(er)(ex — X) + (X,ed(X ~ Ex [X])}]

Proof. Write p; = ww(ei) and denote g; := V. f(e;) € RX. Since X is categorical on the one-hot
vectors, we will repeatedly use the identity

Ee, [(X)] = ijw(ej) for any function ¢ on {ej,...,ex}.

Step 1: split the explicit sum into two contributions. Starting from the explicit expression and
expanding the dot product gives

V2 [F(X)]]" = 5 (o (er =)+ 9] (ex =€) pips

j=1

K K
1 1
= ipkgzZPj(ek —€j) + 5 Pk ijgj(ek —€j).
j=1 j=1

=T =T5

DN =

Step 2: rewrite 75 as an expectation. Using the categorical expectation identity with ¢ (x) =
V.f(x)T (ex — z), we obtain

B, [V f(X) T (er — Zpg g; (ex — €5).
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Therefore,

Ty = 5 kB [Vaf(X) (01— X)) = 5 B [0 W F ()T (e~ X)),

since py, is constant with respect to X.

Step 3: rewrite 7} as an expectation. First note that

K K
> piler—ej) =ex— Y pje;=ex—p
j=1 j=1

Hence
1
T = 2]%91;'—(61@ — ).
Now use that for one-hot X, the scalar (X, e ) is the indicator 1{X = e }. In particular,
T (er — if X =e
4 =4, X (X — ) = g (e —p), i k>
(o) =0t (Xe) VA0 = {9 R
Therefore,
Ee, [(X, 1) Vi S (X)T(X = )] = ij ejex) 9] (e; — )
= Pk 9k (ek — K,
which implies
1
Ty = 5 Ba [(X,e4) Tl (X) (X = ).
We conclude by combining the identities for 77 and 75 yields the claimed expectation form. O
We will now establish an alternative expression for W?P“dE% [f(X)])k.
Lemma 8. Forany k € [K]|, we get
[VZEa, [FCON*
+(X,e),  w,(k)

:Ew
(")

w, (X, er) K
fo(X)T{Q o) ) erzez )~ 2o - Y (e
i=1

(41)

Proof. We establish the identity pointwise and then the equality of expectations follows imme-
diately. Let X ~ o, be categorical on {ey,...,ex} and denote p; = w,(e;) and p =
Ee [X] = Zfilpi e;. Since X is one-hot, for each i € [K] we have (X,e;) € {0,1} and
X = Zfil e; (X, e;). Define the “averaged” probabilities (used in REINMAX)

Di + <X7 €i>

¢(X) = 5 )

i € [K].

Then

K K 1 1
> a(X) sz Zx,ei>=§-1+§-1=1, (42)
i=1 i=1

so ¢(X) is a valid probability vector. Moreover,

K K K

1 1 + X
>en(X) =5 pei+ 5> e (Xe) = Eo 43)
=1 i=1 i=1
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For each fixed k € [K], define
A(X) = prler = X) + (X, ex) (X —p)

and

B(X) = 2m< Zezpl Xel)p;(ekéeipi).

Using @3) and "5 | e p; = 1, we rewrite B(X) as

+ X P
B(X):(pk+<X»€k>)(ek_M 5 )—?k(ek—u)
1 1
= (pr + (X, ex))er — 5(1% + (X, ex))p — §(pk + (X, en)) X — %ek + %M
@ <X,€k> _@ N <X7€k>
5 er + <X 6k> - s B X 5 X.

Now use the one-hot property: if (X,e;) = 1, then X = e, hence (X, e) er = (X, ex) X if
(X, ey = 0, both sides are 0. Therefore, in all cases,

<X, €k> € = <X, 6k> X. (44)
Substituting (@) into the expression for B(X) gives
Pk Pk (X, ex) (X, ex)
B(X)=Phe, Py X -
K)=Ta-53X+— 2
1 1
= 5 (prler = X) + (X ex) (X = ) = 5 ACX).
Since B(X) = 3 A(X) holds pointwise, we obtain
1
S B [Vaf (X)TA(X)] = B [V f(X) T B(X)],
which concludes the proof. O
Recalling that

JoEe [X] = Diag(Eq, [X]) — Eo [X]Ec [X]T,

(e (e

and defining the conditional distribution w, (e;|z) := (=, (e;) + (w, €;))/2, we obtain the standard

REINMAX estimator ’
~ ~ 1
VRMG(X, ) = [2Cove (1) (X) = 5 Cova, (X)| Vuf (X)), (45)
which satisfies
ViEe, [f(X)] = Ex [VAVG(X;¢)]. (46)

Since Heun’s method is exact for quadratic functions, this directly explains why REINMAX is
exact for quadratic objectives and can be interpreted as a principled second-order correction of the
straight-through estimator.

Lemmalshows that
Cover, (1 (X) = %cov% (X) + i(m B [X])( — B (X)),
and plugging in (@3) we recover {3); i.e.
VEMG(X; ) = 5 {Cove, (X) + (X — Ew [X)(X B [X)T}V.F(X) @)

Lemma 9. Let P = %Pl + %Pg be a mixture distribution on R%. Denote y; = Ep,[X] and
Y, == Covp,(X) fori € {1,2}. Then the mean p and covariance ¥ of P are
4%, 1

M1+ o T
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Proof. Let Z € {1,2} be the component indicator, with P(Z = 1) = P(Z = 2) =
X | (Z =1) ~ P;. Then
E[X|Z=i=mw, Cov(X|Z=1i)=%; icf{l,2}
By the law of total expectation,
p=EX] =E[E[X | Z]] = g1 + Fpa.
By the law of total covariance,
¥ = Cov(X) =E[Cov(X | Z)] + Cov(E[X | Z]).

The first term is

E[Cov(X | Z)] = 3% + 1%,
For the second term, since E[X | Z] = uz takes values pq and pa,

Cov(pz) = EBluzpy] —pp' = 3(uapl + papg ) — pp’

Using p = 1322 we expand

1
uuT = 1<M1M1T + mu; + IA2M1T + M2M2T)’
hence

Suapd + popd ) —pu” = < (] — papg — popd + popg )

e

= 1(#1 - Mz)(m - M2)T-

Combining the two terms gives the stated expression for 3. O

We now consider the extension to L > 1. The REINMAX estimator is given by

N 1

Ve G(X;p) = 5 Ba (X)Vaf (X)) , (48)
where X ~ w,, and

B (X) = Cove (X) + Cy(X)

where ap (X) is block-diagonal with L blocks of size K x K its ¢-th block is aﬁ,@ (X) = (X*—
T o~ .

Ew , (X)) (X' ~Eq [XY]) £ € [L]. s that B, [C(X)] = Covey, (X*). The matrix By, (X)

is also block-diagonal with L blocks of size K x K its ¢-th block is

BL (X%) i= [Ba, (X)) = Cove , (X) + (X' — B [X]) (X ~Eq , XN, relL.

ot

The vector @;MG (X; ) is a block vector with L blocks of size K x 1 blocks; the ¢-th block is given
by

~ 1
[VEMG(Xs @) = 5 Bg, (X Ve f(X) -
Taking the expectation yields to
= 1
Ex, [[VRIG(X; )| = 3Ea, [BL , (X Vo /' (X)]

ot

where f* is defined in (34). (@6) shows that, for £ € [L],

20 [Ba, (1)) = V2B [(X)] = B, [[9RYG(X:0)]]
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C.3 REINDGE, A REINMAX BASED GRADIENT ESTIMATOR

Recall, following the derivations in Section that hg(x4,) = >, f(xo) 7, (xo|x,). The
REINDGE gradient estimator at § = 6’ is given by

VEMho (203 T, (Xe,))| gy + J6TE (X0) T |, g VST o(wo; TF, (X1)) (49)

where X, ~ wg‘ltl (-|Tfl/ (X¢,)) and following the previous section and (@3)), we define for any
(xov Lty )’
!

vf;rl ho(zo; w4,) = . (Covwgm('\:ctl)(X)vxf(xO)

Ve ho(wo; 1, ) = % Jowg Bo(o; 2, )V f(20) .
and By (zo; 2, ) = (Covwg‘t1 (faey) (Xo0) + Co(zo; 1, ), where Cy(xo; 24, ) is block-diagonal with L
blocks of size K x K its ¢-th block is
C(@oi20) = (26 = Bt (o) X D@6~ Ent (o) [XDT

When using a single diffusion step (¢; = 1) and under the boundary condition a;; = 0, the reverse
transition no longer depends on the conditioning state (equivalently X carries no information about
X0), 80 hg(x1) is constant in 1 and hg(21) = E [f(Xo)]. Hence V,, hg(z1) = 0 and the second
term in (@9) vanishes. In that case, REINDGE reduces to precisely the REINMAX gradient estimator
for the categorical law m,. Therefore, in the same way that REDGE recovers STRAIGHT-THROUGH
as a special case, REINDGE recovers REINMAX as t; — 1.

Since the derivation of this estimator may seem abstract, we provide a code snippet of its implemen-
tation in Fig.

D DDIM WITH A GENERAL GAUSSIAN REFERENCE T

D.1 REVERSE TRANSITIONS

Let 7, be a probability distribution on R?. Consider the distribution path (m¢)tef0,1) defined by
m, = Law(X¢), where

Xi = Xo + 04 X1, (X0, X1) vy @7y, (50)

and we take the (more general) reference distribution 7; = A(p, %) with © € S, (R?). Let
(nt)tefo,1) be a schedule such that 0 < 7; < ;. In the sequel, whenever a distribution is absolutely
continuous w.r.t. the Lebesgue measure, we use the same notation for the distribution and its p.d.f.

If U and V are random variables, U = V denotes equality in distribution, i.e. Law(U) = Law(V).
Since 7 is Gaussian, we may decompose the Gaussian variable 0, X as

X1 £ (0F =) X+ (o= (2 —nd) 2 pt S22, (X0, 2) ~ m@N(0, 1) . (51)
Indeed, both sides have mean oy and covariance JEE.
Combining (50) and (51)), we obtain X £x .|, where we define
e N L N A ) PR S
(X0, X1,2;) ~ g @m @N(0,1) .

Denote by ¢, |x0,x1 ) the conditional distribution of X, given (Xo, X1) = (zg,%1). Then
clearly from @ and (52)) we have for all 7; € [0, oy],

m(dzy) = /qﬂo71(dxt|xo,xl)ﬂo(dmo)ﬂ'l(dml) ) (53)
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Now, for 0 < s < t < 1, define the reverse transition
o (dwg|z) = /quo,l(dxsﬂo,%) 7o, 111 (d (0, 71)|21) (54)

where g ;;(+|z¢) denotes the conditional distribution of (Xo, X;) given X; = x; under the
joint distribution induced by (50). This conditional can be written as m, ;,(d(wo,z1)|z:) =

5(1&70%150)/0} (d‘rl) 71-0\15(C1‘,L‘()|J"t)7
mo(dzo) N(xy; oo + o4 pu, 07%)
Ty (2) .

Indeed, for any bounded measurable function f, we get

7T0|t(d370|33t) = (55)

/f(3707$t7x1>770}1\t(d(3307xl)‘xt)ﬂ't(dxt) :/f(370755ta$1)6m(d$1)ﬂ-0(d$0)N(mt§atl’0+Ut//4a0't22)dxt

Ty — QT
= /f(a:o, T4, taito) 7o (dao)N(z¢; apg + opp, 02 Y)day
t

:/f(a:o,ata:o—|—0tu—|—at21/22,u—|—El/Qz)WO(dxo)N(z;O,Id)dz
— [ an, ez -+ orr, ) mo(deo) N D)

= /f(‘TOa T, 1‘1) 60&t®0+0t9€1 (dxt)ﬂo(de)N(xl; s E)dml

which shows that
7To,ut(d(ﬂvov951)|9Ct)77t(dﬂ€t) = Sayzotora (dzt)mo(dwo)my (d21) | (56)

where the r.h.s. is the joint distribution of the random variables (Xo, X;, X;) defined by (50). It then
follows that

/ 7 (dzsle) my () = / o1 (4]0, 1) T 110 (A(0, 1) |0y ()

- / o1 (A0, 21) o (Ao} (da)
= m (dzs)

where the second line follows from integrating the r.h.s. in (36) w.r.t. z; and the third one from (33).
Finally, by noting that

w7 (dzszy) = / 0.1 (|20, 21) T 1 (d(0, 71) 1)

= /qgwo,l(dszO,

a0, ("|z0,2t)

T 0 o (daolz)

where the defined qZ) ,(-|0, ¢), up to the notation, is exactly the DDIM bridge transition |Song
et al| (2021, Equation 7) when 4 = 04 and ¥ = I,;. Finally, the Gaussian approximation
q%0.¢(-1Zo (2, 1), 2,) used at inference, with (x4, t) = [ 20 g, (20 |2:)do, is the one solving

argmin  KL(w), (-|20) 7516 (-[21))

rs|t(-|m,,)€gngz

where G, 25, == {N(1,n2X) : p € R%} is the set of Gaussian distributions with covariance set to
2
N5,
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D.2 EXPLICIT DENOISER FOR CATEGORICAL DISTRIBUTIONS

In this section we extend the derivation in (3.2)) to the case where

L
T = ®N(,ui,Diag(vi)), phvt e RE) 0 > 0.

i=1
Following (52) and the factorization (@), we still have 7§, (zo|z;) o Hle 773"2 (z§|z?)

mois (wplat) o m () N(aj; vy + opp’, o7 Diag(v')) . (57)
With this structure, the denoiser &0 (xy,t) :== Y., o 7g;(2o|z;) simplifies to a matrix of posterior

probabilities due to the one-hot structure; i.e. for any i € [L] and j € [K], #§ (¢, )" = wg[f (ej]ze).

Using that

K ik k k)2
. . ) 1 (z¥F — e’ — oy u*®)
. ) 2\ e - t J
N(afs are; + o', o Ding(u')) exp< 27 2 7

we expand the quadratic term and drop all terms independent of j to obtain the logits

- - o ij 2 1

-0 i ij . Qe Ty — Otp ) .
10gl‘0($t,t)]:log(peJ—i-O?T—ﬁﬁ-FC(l,t). (58)
Equivalently, for each (4, j) € [L] x [K],

%

T (€5) exp (%(If — oyl — 4t))

(e, 1) = ” (59)

SR i (en) oxp (5t (0, — oopit — %))

which yields

. g !
&8 (24, t) =softmax (g + ﬁ O (zt — opp — ?tl))
t

where A € REXE with \J = 1/v%9 and 1 € RL*K is the all-ones matrix.

E VARIATIONAL GUIDANCE IN MASKED DIFFUSION MODELS

Masked diffusion models. We recall the reader that the state space we consider is X = VI
where the vocabulary of size K, V, is made of K one-hot encoding e, ..., ex. For all the masked
diffusion experiments we assume that the last state e in V is associated to the mask m. We further
denote by m € X the matrix with all masks, i.e. m? = m. In order to align with the notation from
previous works |Sahoo et al.| (2024); [Shi et al.| (2024), we define, for a row-stochastic matrix 7,

Cat (a;7) = [, (&, 7).

Let p be a target data distribution on X. We further assume that p(m) = 0. Similarly to Gaussian
diffusion (see Section [3.1)), MDMs define a generative procedure for p by specifying a continuous
family of marginals (p¢)¢cjo,1) that connects p to the simple reference &,,. More precisely, the
marginals are defined as

() = Z a0 (z|wo)p(o) , Where gfjo(w4|2o) = Cat(w; Brzo + (1 = Be)m) ,  (60)
roEX

where (ﬁt)te[o,u is a decreasing schedule satisfying 3y = 1 and 3; ~ 0. Define now the reverse
transition

6s_ﬁt 1_65

pg\t<$s|$t) = Z qg\o,t(xs‘xoﬁxt)pg\t(xdxt) , where qgwo,t($s|$07xt) = Cat(zs;

o+
roEX 1- ﬂt

(61)
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and pd; (zo|m¢) = p(x0)qSo(w¢|z0)/pf(2+) and is a probability distribution following the previous
definitions. Next, we have that

> o i@lz)pd(x) = > a0 (@slo, 2P (zolwe)pf (1)

Tt Z0,Tt

=Y qlo s (@slwo, xe)po(wo)fio (wi]wo)

Z0o,Tt

—ZHZ - Bt b = gj i)y, By + (1 = Be)m) plao)

zo =1 z‘
_ Bt z Bs i
SIS Cay+ T (B + (1= Bm)) plao)
)

xo 1=1
p(zo)

= Z<$s; Bsxo + (1 - Bs)m

= pg (zs)
where the third equality follows by linearity of the scalar product and the last one by the definition
of the marginal p¢. As a result, given a sample X; ~ p{, sampling from p? (| X;) yields an exact
sample from pd. However, sampling from this reverse transition is infeasible in practice because the
posterior pg, (- | X;) is intractable. MDMs sidestep this issue by learning a factorized approximation
to this posterior via cross-entropy minimization. Concretely, we introduce a factorized posterior that
matches the one-dimensional marginals of the target posterior:

pOIt Jwe) = Hp0|t whlay) ,  where Poxt (wplas) = Z pon g |ze) - (62)

1 L\i

It is straightforward to show that for all i € [L], if 2} = m then poﬁ(-\mt) = d,:. Following|Sahoo
et al.|(2024) we call this property carry-over unmasking.

The factorization (62)) can be learned straightforwardly with a neural network, and samples from
the resulting approximation can be generated efficiently. We denote the approximation pmt ( |¢).
Plugging this approximation in (61)) yields a tractable reverse transition, which, after discretization
and iterating it to propagate from one timestep to the next, defines an approximate sampler for the
data distribution starting from §,,

Inference-time guidance. We essentially follow the methodology proposed in|Murata et al.| (2025)).
Let us now assume that the target distribution is () o< exp(—7r(zo))p(xo), with r a positive
reward function, and assume also that we have access to a pre-trained MDM for p. In order to have
an MDM for ;1 we need, following the previous section, to have a factorized approximation of the
posterior

Ko (@ole) o< p(wo)giio(welzo) oc exp(—r(xo))phy (wolxe) -
Murata et al.| (2025) proposes to learn a factorized variational approximation of this posterior by
minimizing, at inference time and for each given z, an objective over the parameters of the factorized
family. Crucially, this optimization is performed on the fly for the current test instance and each time
step while keeping the pre-trained MDM for p fixed: no additional offline training or dataset-level
fine-tuning is required, and the variational parameters are discarded once the sample is produced.

More formally, let 7, be a factorized distribution (2) parameterized through its logits ¢g. Then at each
timestep ¢, Murata et al.| (2025) propose to optimize the KL divergence KL (m, || ud,(+|x¢)), which is
equivalent to the objective (I3)) upon replacing pg‘t (+|x¢) with the pre-trained factorized transition
pO\t ( |z¢). Once the factorized distribution is optimized, a sample X is drawn from it and the next
sample at timestep s is obtained by sampling ¢, (- |X0, x¢) defined previously. Another alternative

presented in Murata et al.| (2025) consists in simply sampling the next state from qs|0(~|X0). See
Algorithm 2] where we summarize the algorithm proposed in [Murata et al.| (2025).
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Algorithm 2 G2D2

Require: Pre-trained factorized posterior pgﬁf’; reward r; grid (ék),iw: 61 with 4o = 0and /p;_1 = 1;
schedule (B, )1y s inner optimization steps .J

I: T+ m

2: fork=M —1downtoOdo

3: g < b where bV = logpgi}i’il (ej|x)

4. forj=1,2,...,Jdo

5: g < OPTIMIZE (0; 0 — E [r(Xo)] + KL(%HpSiZH(M)))
6 end for

7 Sample Zo ~

8:  Sample x4, ~ qf o(-|Z0)

9:  Setzx <+ zy,
10: end for
11: return x

F IMPACT OF t; AND n ON OUR GRADIENT ESTIMATOR

In this section, we investigate the impact of the two main hyperparameters of our estimator n and ¢;
and draw practical conclusion as to how to set them.

F.1 IMPACT OF {; AND 1 ON THE QUALITY OF THE APPROXIMATION OF

In most experiments we use a small number of time steps, we typically set n € {3,...,9}. This
raises the question of whether such coarse discretizations suffice to obtain accurate samples from 7.

In our setting, the denoiser (and thus the final reverse transition from ¢; to 0) is available in closed
form and the target distribution is simple. Empirically, this makes a small number of steps sufficient
to obtain samples whose empirical law is nearly indistinguishable from m,.

Empirical protocol. Since the categorical distributions we are interested in factorize over the
dimensions, it is sufficient to study the case L = 1. Therefore, we draw random logits 6 € RX
with K = 100 and form the target categorical distribution 7, = softmax(#). For each of 10 seeds,
we generate a reference set of 10,000 i.i.d. samples from 7, and compare it to (i) 10,000 samples
produced by REDGE, and (ii) 10,000 samples produced by REDGE-CoV. We also generate a second
i.i.d. set of 10,000 samples from 7, to quantify finite-sample fluctuations. For each method and each
(t1,n), we compute the empirical Wasserstein distance between the corresponding empirical laws
and the reference empirical law. Results are reported in Fig. [6]

. t; =0.1 t, =03 t; =05 t =07 t, =09
2 —— Empirical Law
o —$— REDGE %
E) -#- ReDGE-Cov h
& |
21 | i
< R ! N\
2 I ISEBan! 1 YEENE i TM‘Y»Y 1 TL*LL § T
i i 1 Ty N[FrTrr iy | [F] 1t ¥ — ¥ T 1T T
345678 12 345678 12 345678 12 345678 12 345678 12
n n n n n

Figure 6: Empirical Wasserstein distance between the laws induced by REDGE/REDGE-CoV and a reference
empirical law drawn from 7y, for different (¢1,7n). The gray band shows the mean =+ std. of the Wasserstein
distance between two independent empirical draws from 7, (finite-sample baseline).

Discussion. The gray band in Fig. [6|corresponds to the empirical standard deviation between two
independent empirical measures drawn from 7, that was computed using the different sets of i.i.d.
samples from 7,. Values within this band indicate that the sampler’s empirical law is statistically
indistinguishable from the target at this sample size. We observe that for most configurations, both
REDGE and REDGE-Cov fall within this baseline. The main failure mode occurs for small ¢;
combined with very few steps, roughly £; < 0.3 and n < 4.
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This dependence on ¢; is consistent with how sampling is performed. In the forward pass we first
approximate the marginal X}, by discretizing the diffusion on [1, ¢1] with n steps, and then sample

6 . . . . .
Xo ~ 7, (1| X, ). The latter step is exact in our setting (closed-form denoiser), so the sampling
accuracy is governed solely by the discretization error in the approximation of the marginal law of
X, - Holding n fixed, this error increases as the interval length |1 — ¢1| increases. Hence the most
challenging regime is precisely small £; with small n.

Remark 1. In Fig. @ we omit REINDGE because its sampling procedure is identical to REDGEIt
differs only in the gradient estimator and therefore does not affect the forward-pass approximation

quality of m,.

Overall, these results suggest that when accurate forward samples from (approximately) m, are
required, a conservative choice such as t; > 0.3 and n > 4 is sufficient in this regime. This choice is
also aligned with Proposition [T} overly small ¢; may lead to vanishing or unstable gradients, even
when sampling remains accurate.

Overlooking the mismatch between the sampling distribution induced by a relaxation and the target
law , can be benign in some settings, but detrimental in others. A particularly important case is
ELBO optimization, where this issue has been discussed in [Maddison et al.| (2017); Tucker et al.
(2017). Indeed, if one naively evaluates the objective on samples produced by a non-exact sampler—
such as the soft GUMBEL-SOFTMAX relaxation or our diffusion-based samplers—the resulting
Monte Carlo estimates generally do not correspond to the ELBO associated with m,. The reason is
that the ELBO contains a KL term defined under the variational distribution, whereas the samples
used to estimate the expectation are drawn from a different (relaxed) law. If not accounted for, this
discrepancy can decouple apparent optimization progress from actual improvements in the underlying
model. We illustrate this phenomenon empirically in the categorical VAE experiments on binarized
MNIST |Kingma & Welling; Rezende & Mohamed|(2015)).

Categorical VAE. Following the setups of [Tucker et al.| (2017); |Grathwohl et al.| (2018)); [Liu
et al.[(2023a). The encoder maps an input y € {0,1}"®* to logits ¢g(y) € R** and defines the
mean-field posterior 7, (+|y) in (). The decoder maps z € REXK to pixel logits 7, (2) € R™* and
defines py (- | 2) = H;iﬁ Bernoulli(o(n¢(2)7)), where o is the sigmoid function. Given a dataset

{Y,}N_,, we jointly optimize (6, ¢) by minimizing the negated ELBO

1 & 1 &
F(0;9) = -5 D Ery (v [log o (Y | Z0)] + N > KL(m(+1X0) || p2)

n=1 n=1
where p, := Uniform(X) is the discrete uniform prior on X.

This highlights a subtle but important issue. If we use samples from our sampler, we would actually be
optimizing —% 25:1 Ez, (1v) [logp¢(Yn | Zn)] + % Zﬁf:l KL(’/TQ(‘|Y7L) ‘ pz) where (- | Y3,)
is the law of 7§ (X1) which is not exactly equal to 7,(-|Y;,) unless we are using an infinite number
of steps. Therefore the objective that we are optimizing is not an ELBO. We emphazise that this is
not specific to our estimator but is an intrinsic fact about any soft-reparameterization of a categorical
distribution. Indeed, as discussed in Maddison et al.|(2017); Tucker et al.| (2017} this mismatch also
happens when using a GUMBEL-SOFTMAX relaxation in its soft version.

To empirically validate this discussion, we report (i) the best training loss computed using samples
from each sampler, and (ii) the corresponding “true” loss, computed at each epoch using independent
samples drawn directly from 7, (-|Y7,). Results are shown in Tables|1] and[4} We use a learning
rate of 10~4 and 200 epochs with N = 200. They match the above analysis: for small ¢; and n, the
reported training loss can appear artificially improved without a commensurate improvement in the
true objective. In contrast, for moderately larger ¢1 or n, the training loss becomes well aligned with
the true loss, and our samplers achieve performance comparable to, or better than, the baselines.

F.2 IMPACT OF t; AND 1 ON THE STABILITY AND QUALITY OF THE ESTIMATED GRADIENT

We study how the cutoff time ¢; and the number of discretization steps n (and their interaction) affect
the stability and quality of our gradient estimators.
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Table 1: VAE configs filetered by best training loss value (L=24, K=2).

Sampler Hyperparameter  Best loss  Best true loss
REDGE n=3,t =01 873197 174.5299
REINDGE n=3,t =01 872011 173.2382
REDGE-Cov n=23,t1 =03 87.5007 149.6025
GUMBEL-SOFTMAX T=04 94.4864 94.4623
REINMAX — 95.5282 95.5106
ST — 108.1155 108.0957

Table 2: VAE configs filtered by best true loss value (L=24, K=2).

Sampler Hyperparameter  Bestloss  Best true loss
REDGE n=>51t =03 943861 94.8035
REINDGE n=231%t =03 92.6446 93.6885
REDGE-Cov n="71% =06 934340 93.8271
GUMBEL-SOFTMAX T=04 94.4864 94.4623
REINMAX — 95.5282 95.5106
ST — 108.1155 108.0957

Empirically, Fig. [5] shows a clear trend: for sufficiently large ¢;, increasing n has little effect on
performance, whereas for t; — 0 larger n can degrade performance. At first glance this may
appear counter-intuitive—in diffusion models, finer discretizations are often beneficial. In our setting,
however, the performance drop is explained by gradient instabilities rather than sampling error.

A natural hypothesis is that increasing n forces backpropagation through a longer diffusion trajectory,
akin to differentiating through a deeper computational graph, which may lead to vanishing/exploding
gradients as it is the case in recurrent neural network training. While plausible, this explanation
is incomplete: it does not account for why the effect is pronounced when ¢; is small yet largely
negligible for ¢; 2 0.5.

Instead, the behavior is consistent with the mechanism behind the proof of Proposition[I] When ¢,
is close to 0, the reverse transition becomes highly concentrated and gradients associated with the
final step (from ¢; to 0) can be unstable. Increasing n refines the discretization on [1, 1], making
consecutive times to, t3, ... closer to ¢1. This effectively composes several near-terminal transitions,
so that the instabilities are propagated and amplified backward through additional steps. As a result,
for small ¢;, larger n can exacerbate vanishing/exploding behavior and lead to poorer optimization.
In contrast, when ¢; is bounded away from 0, the law of X}, is smoother, and the gradient becomes
largely insensitive to n. In that regime, taking more steps is at best marginally beneficial, and often
unnecessary since n = 3 already yields near-perfect samples (cf. §FT)) as indicated by Fig. [5]

Empirical verification. To corroborate this prediction, we consider the polynomial loss £ from
Appendix|[G} We fix § € RE*X with L = 10 and K = 2. For each configuration (t,n), we draw
a batch of 500 samples (X;);<500 from our sampler and compute per-sample gradients VoL (X;).
Fig.[7]reports the mean and standard deviation across the batch, and matches the behavior derived
theoretically: for small ¢;, increasing n substantially increases gradient dispersion, whereas for larger
t1 the gradient statistics become largely insensitive to n.

G FURTHER EXPERIMENTS

Polynomial programming We illustrate our approach on the polynomial programming toy prob-
lem also considered by [Tucker et al| (2017); |Grathwohl et al.| (2018)); Paulus et al. (2020b);
Liu et al| (2023a). In this setting, for all § € [L], the distribution 7} is given by 7 =

Bernoulli(%) , with § € RE*2 (here K = 2). Fixing ¢ = 0.45 and p > 1, we
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Table 3: VAE configs filtered by best training loss value (L=48, K=2).

Sampler Hyperparameter Best loss  Best true loss
REDGE n=3,%t =01 70.8737 171.3284
REINDGE n=3,t =01 710220 172.2232
REDGE-Cov n=23,t1 =02 716501 168.2566
GUMBEL-SOFTMAX 7=0.5 88.1752 88.2038
REINMAX — 87.7028 87.6808
ST — 99.1930 99.2280

Table 4: VAE configs filtered by best true loss value (L=48, K=2).

Sampler Hyperparameter Best loss  Best true loss

REDGE n=>5,t1 =04 87.9557 88.8152

REINDGE n=>51t =05 86.8424 86.9511

REDGE-Cov n=>5t =06 87.8160 89.0508

GUMBEL-SOFTMAX 7=0.5 88.1752 88.2038

REINMAX — 87.7028 87.6808

ST — 99.1930 99.2280
consider

1 2 P
06151@2%2EE% [HX —clLHp} , (63)

where X2 = [X12 ... X1:2]T and 1, = [1,...,1]". The minimum is attained in the limit

0" — +oo forall i € [L], that is when X%? = 0 almost surely for all i € [L]. We report results in
Fig.[8|with L = 128. We use a learning rate of 0.05 for all methods.

Results. We observe that STRAIGHT-THROUGH fails to reach the optimum and plateaus early,
whereas REINMAX achieves near-optimal performance. REDGE and REDGE-CovV perform on
par with GUMBEL-SOFTMAX, and with appropriate hyperparameter choices converge to the correct
solution (with REDGE-CoV typically converging slightly faster). Finally, REINDGE also attains
near-optimal performance, which is consistent with the fact that it recovers REINMAX as a special
case.

Following |Liu et al.| (2023a), we use a batch size of 256, a length of 128, 2 categorical dimensions
and a vector ¢ := (cy,...,cr) € RE, Vi, ¢; = 0.45.

Remark 2. We highlight several limitations of this example, which, to our knowledge, have not been
explicitly discussed in the gradient-estimation literature and somewhat undermine its relevance as a
stand-alone evaluation:

(1). The objective is separable and identical across dimensions, so the gradient can be recovered
from only two loss evaluations (one per coordinate value), instead of the usual K*, which in this
case would be 2'28.

(2). The STRAIGHT-THROUGH estimator performs poorly in this experiment. However, note that
the discrete objective is determined entirely by the values of f at the vertices of the product simplex.
Consequently, any extension on R¥*? that matches f on these vertices defines the same discrete
problem, yet may induce a very different optimization landscape. As an illustration, consider the
extension

I , ,
fraxeR2 o 150 efPa™ + |1 — cPa?
which is linear and coincides with (63) on the vertices. For this relaxation, hard ST yields a low-

variance unbiased gradient estimator (and soft ST yields the exact gradient) that performs almost
optimally. We show the results with this linear relaxation in Fig[9)

(3). Finally, REINMAX is based on a second-order Taylor approximation of f. Consequently, when
p = 2in (63), the estimator is exact (see Section[C)). For other values of p, the estimator is no longer
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Figure 7: Mean and standard deviation (across 500 samples) of V¢ £(X;) as a function of (¢1,n). Top: REDGE,
bottom: REDGE-Cov.
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Figure 8: Polynomial programming benchmark for different values of the exponent p.

exact, although it often remains a close approximation in practice. This exactness is specific to
quadratic objectives and does not extend to general functions f.

We see in Figure[J]that in this setting STRAIGHT-THROUGH achieves the best performance.

H EXPERIMENTAL DETAILS

H.1 HYPERPARAMETER SWEEP

For all the our diffusion samplers REDGE, REDGE-Cov and REINDGE we sweep over the timestep
t; € {0.3,0.5,0.7,0.9}, the number of diffusion steps n — 1 with n € {3,5,7,9}. For the GUMBEL-
SOFTMAX baseline we sweep the temperature parameter 7~ € {0.01,0.05,0.1,0.2,...,1}. For all
the baselines we also sweep over the learning rate used in Adam in the range {0.01, 0.05, 0.1, 0.5}.

32



Accepted as a workshop paper at ReALM-GEN, ICLR 2026

Loss evolution (p = 2.0) Loss evolution (p = 3.0)
—e— REDGE (n = 5,1, = 0.1) 0.13 —e— REDGE (n = 5,1, = 0.1)
- @ ReDGE-Cov (n = 5,1, = 0.2) - ReDGE-Cov (n = 5,1, = 0.2)
—— REINDGE (n = 5, t; = 0.8) —&— REINDGE (n = 5, t; = 0.8)
0.24 GUMBEL-SOFTMAX (7 = 0.02) 0.12 GUMBEL-SOFTMAX (7 = 0.02)
—#*— REINMax —#*— REINMax
% —4— ST —— ST
S 0.11
—
0.22
0.10
0.20 —— 0.09 ——
0 500 1000 0 500 1000
Optimization steps Optimization steps

Figure 9: Polynomial programming benchmark for different values of the exponent p with the linear relaxation.

For all algorithms, we estimate gradients with respect to the untempered target 7, (x) o< exp({x, ¥g))
and do not use the 7-tempered target with p.m.f. proportional to exp({x, ¢g)/7), since this would
require sweeping 7 for each method and would change the objective across algorithms. Consequently,
REINMAX and STRAIGHT-THROUGH require no temperature (or relaxation) hyperparameter. The
hyperparameters are given in Table[3] [6|and

Table 5: Hyperparameters with the lowest AUC of the average violations for the MDM Sudoku experiment.

Algorithm Hyperparameters
REDGE n=3,t =0.71r=0.1
REINDGE n=29,t =0.5,1r=0.01
REDGE-Cov n=2>5,t =0.9,Ir=0.05
GUMBEL-SOFTMAX 7 = 1.0, Ir=0.05
REINMAX Ir=0.01

ST Ir=0.1

Table 6: Hyperparameters with the lowest AUC of the average violations for the Sudoku (without MDM)
experiment.

Algorithm Hyperparameters
REDGE n=3,t1 =0.51r=0.1
REINDGE n=29,t1 =0.5,1r=0.1
REDGE-Cov n=3,t =0.51r=0.1
GUMBEL-SOFTMAX 7 = 0.5,1Ir=0.1
REINMAX Ir=0.1

ST Ir= 0.05

H.2 SUDOKU EXPERIMENT

We follow |Ye et al.[(2024) and train a masked diffusion model (MDM) to approximate the distribution
p(+|c) over valid completions of an incomplete Sudoku grid c, viewed as a categorical distribution on
V311 je. each cell is represented by a categorical distribution. V denotes the set of one-hot vectors of
length 10, where the last one hot vector ey is reserved for the mask token m. Let G be the collection
of 27 groups (9 rows, 9 columns, 9 blocks), where each g € G is a subset of cell indices ¢ € [81]. We
define the digit-count function s, : X € V8 — >~ ieg PX ¢ where P removes the last coordinate of
X (due to the presence of the mask in the vocabulary). s, returns the all-ones vector if and only if
the digits in g form a valid permutation, i.e. each digit appears exactly once. We consider the reward
r(@) =Y cgllsg(x) — 1o]|”. The setup in[Ye et al] (2024) consists in collect one million solved
game{] and then using the first 100k as training set and the subsequent 1000 as the testing set. The

"https://www.kaggle.com/datasets/bryanpark/sudoku
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Table 7: Hyperparameters for the highest AUC for the CLIP score for the MaskGIT experiment.

Algorithm Hyperparameters
REDGE n=3,t =09,1r=0.5
REDGE-Cov n=3,t =0.9,1r=0.5
REINDGE n=3,t1 =0.9,1r=0.5
GUMBEL-SOFTMAX 7 =0.9,1Ir=0.5

ST Ir=0.5

REINMAX Ir=0.5

GPT-2 architecture (bi-directional) is used for the MDM with 6 million parameters. We train the
model to convergence, corresponding to a solve-rate of 98%. For all methods we use a single Monte
Carlo sample to estimate the loss. The hyperparameters are given in Table [5|and [6]

For the guidance algorithm, we implement Algorithm using the bridge transition
qgk\O,lka (|20, ¢, ., ) in place of ¢§ o(:|Zo). In addition, rather than sampling exactly from 7,
(which already performs well), we found that using its MAP estimate yields slightly better results;
specifically, we set Z( <— argmax, cx 7, (). We use the schedule 3,, = 1/(k + 1) and M = 20.

Finally, we make a few comments regarding the experiment without the pre-trained MDM. At first
sight, taking 7, to be fully factorized across cells may seem too restrictive, since valid Sudoku grids
exhibit strong dependencies. The key point, however, is that while 7, is mean-field conditional on a
fixed 0, the learning dynamics are not: the loss is highly non-separable, and each stochastic gradient
step updates many cell logits jointly through shared row/column/block constraints. Consequently,
dependencies are introduced through the optimization procedure itself. During training, updates
are computed from random samples of the grid. Therefore the parameter iterate is itself random:
after T steps, 07 is a random variable defined by the stochastic recursion induced by the optimizer.
The distribution of an output grid produced after 71" steps from initialization 6y is thus the mixture
E [7T9T \00} . Although each component in this mixture factorizes, the mixture does not: the shared
optimization noise couples all coordinates through the non-separable constraints, allowing the
resulting predictor to place most of its mass on globally consistent Sudoku configurations despite the
mean-field parameterization.

H.3 MASKGIT EXPERIMENT

We study inference-time reward guidance for discrete image generation using a pretrained, class-
conditional MaskGIT model (Chang et al., [2022). Concretely, we rely on the public implementation
and pretrained checkpoints from Besnier et al.| (2025), which operates in the discrete latent space
of a VQ-VAE tokenizer. Images at resolution 384 x 384 x 3 are represented as a grid of L = 576
discrete codes, each taking values in a codebook of size K = 16384. Each code is embedded in R¢
with d = 8; letting E € R¥*4 denote the embedding matrix, a token sequence [K]” corresponds
to a latent embedding z - E € RY*? where x € X is the one-hot encoding of the token sequence.
The latent embedding is then decoded back to pixel space by the VQ-VAE decoder. We use a
text-conditioned reward based on CLIP (Radford et al.,2021; Hessel et al.,[2021): given a discrete
sample z, we decode it to an image and compute its CLIP score with respect to a target prompt.
For each baseline we performed hyperparameter sweeps over 50 images and then we ran the best
configuration with 200 images; see Table[7] We use the following prompt template:

Prompt construction. Prompts are sampled from the ImageNet class map using a deterministic
template generator: We draw a class with replacement, keep the primary label (text before the
first comma), and fill one of four template families—plain “a photo of a/an ...” variants, color-
focused captions (45% probability), size adjectives (25%), or combined color+size (10%). Colors are
restricted to CLIP-friendly adjectives (red, blue, green, yellow, black, white, silver, gold) and sizes to
small, big; the remaining probability mass uses simple photographic descriptors (plain background,
natural light, shallow depth of field, etc.). This yields caption-like prompts that remain grounded and
avoid style cues beyond color/size.
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For the guidance algorithm, we implement Algorithmwith two modifications: after the step £o ~ m,,
we apply carry-over unmasking; and for the prior we use classifier-free guidance with guidance scale
3. Since the vocabulary K is large, the covariance matrix used in the initialization of REDGE-Cov
becomes degenerate so we instead clamp its diagonal elements to the lowerbound 0.1.

H.4 RUNTIME

We report the runtime for the guidance experiments. Our ReDGE gradient estimators trade a modest
amount of extra compute for improved performance, without increasing memory.

Table 8: Estimated runtime for the Sudoku MDM  Table 9: Estimated runtime the MaskGIT guidance

guidance experiment on a batch of 1000 Sudokus. experiment on a batch of 10 images.
Sampler Runtime (s) Memory (GiB) Sampler Runtime (s) Memory (GiB)
REDGE 182.19 7.20 REDGE 1118.78 8.23
REDGE-Cov 220.14 7.20 REDGE-Cov 1168.27 8.23
REINDGE 199.12 7.20 REINDGE 1163.91 8.23
ST 154.35 7.20 ST 1128.24 8.23
GUMBEL-SOFTMAX 150.00 7.20 GUMBEL-SOFTMAX 1095.44 8.23
REINMAX 160.00 7.20 REINMAX 1105.54 8.23

35



Accepted as a workshop paper at ReALM-GEN, ICLR 2026

def reindge(logits_theta, T_tl_theta, n_steps, eta, =xxkwargs):
# categorical denoiser
denoiser_fn = partial (cat_denoiser, logits=logits_theta)

schedule_kwargs = kwargs|["schedule"]

# base noise X_1 ~ N(0, I) used by the (approx.) transport map
X1 = torch.randn(xlogits_theta.shape, requires_grad=True, device=
logits_theta.device)

# transport to time tl, then last-step categorical objects
# returns: hard sample X0, relaxed proxy \hat{X0} (for ST), and
proxy used in forward pass where theta is detached
X0_hard, X0_soft_hat, X0_theta_detached = T_tl_theta(
logits=logits_theta,
initial_noise=X1,
denoiser_fn=denoiser_fn,
n_steps=n_steps,
eta=eta,
**schedule_kwargs,

)

delta = (X0_hard - X0_soft_hat) .detach()
grad_proxy_storage = {"value": None}
ran_once = {"done": False}

handles = {}

def save_grad_proxy(grad) :
# stores upstream gradient dL/d(X0_theta_detached)
grad_proxy_storage["value"] = grad.detach ()
return grad

def add_reinmax_to_logits(grad_logits):
grad_proxy = grad_proxy_storage["value"]

if not ran_once["done"]:
ran_once ["done"] = True

# ST part: gradient through the relaxed surrogate \hat{X0

g_ST_logits = torch.autograd.grad(
outputs=X0_soft_hat,
inputs=logits_theta,
grad_outputs=grad_proxy,
retain_graph=True,

) [0]

# projection term along delta = X0 - \hat{X0}

inner = (grad_proxy x delta).sum(dim=-1, keepdim=True)
proj_delta = inner x delta

# ReinMax-style correction (as in Eg. (grad-reinmax) 1in
the paper)
g_RM_logits = 0.5 » (g_ST_logits + proj_delta.squeeze())

handles["h_proxy"].remove ()
handles["h_logits"].remove ()
return grad_logits + g_RM_logits

return grad_logits
handles["h_proxy"] = X0_proxy.register_hook (save_grad_proxy)

handles["h_logits"] = logits_theta.register_hook(
add_redgemax_to_logits)

return X0_theta_detached

o ¥4
JU0

Figure 10: Implementation of REINDGE(§C.3)) via PyTorch hooks.
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