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ABSTRACT

Markov game is a popular reinforcement learning framework for modeling com-
petitive players in a dynamic environment. However, most of the existing works
on Markov game focus on computing a certain equilibrium following uncertain in-
teractions among the players but ignore the uncertainty of the environment model,
which is ubiquitous in practical scenarios. In this work, we develop a tractable so-
lution to Markov games with environment model uncertainty. Specifically, we pro-
pose a new and tractable notion of robust correlated equilibrium for Markov games
with environment model uncertainty. In particular, we prove that robust correlated
equilibrium has a simple modification structure, and its characterization of equi-
librium critically depends on the environment model uncertainty. Moreover, we
propose the first fully-decentralized stochastic algorithm for computing such ro-
bust correlated equilibrium. Our analysis proves that the algorithm achieves the
polynomial sample complexity O(S A% H®e~2) for computing an approximate ro-
bust correlated equilibrium with € accuracy.

1 INTRODUCTION

Markov game is a general and popular reinforcement learning framework for modeling multiple
players competing with each other in a dynamic environment (Littman| [1994). In a Markov game,
players interact with each other through a Markov decision process, and each player aims to im-
prove its own decision-making to compete for more reward. In particular, many important real-life
applications fit into this framework, including multi-player games (e.g., GO game (Silver et al.
20165 2017)), decentralized multi-agent robotic control (Brambilla et al., 2013) and distributed au-
tonomous driving (Shalev-Shwartz et al.,[2016), etc.

One of the central goals of Markov game is to achieve Nash equilibrium (NE) among the players,
i.e., an optimal product policy so that no player can improve its gain by deviating from its own
policy alone. Such NE has been shown to exist for general Markov games (Filar & Vrieze, 2012)).
However, it turns out that finding NE of a Markov game is generally a PPAD-complete problem
that cannot be efficiently solved in polynomial time (Deng et al., [2021; Jin et al.| [2022b)), except
for some special Markov games with either zero-sum reward (Bai & Jin, [2020; Jin et al.l |2018) or
potential structure (Leonardos et al.,[2021;|Zhang et al.,|2021)). Therefore, instead of computing NE,
researchers have proposed a tractable surrogate notion — the correlated equilibrium (CE) (Moulin &
Viall [1978)), which is similar to NE but allows dependency among the players’ policies (see Defini-
tion[2.3). Recently, many computation-efficient algorithms have been developed for computing CE
with provable convergence guarantees (Jin et al., | 2022a; Liu et al., [2021§ L1 et al., 2021)).

Although Markov games have been extensively investigated, this standard framework only consid-
ers the competition among the players but ignores the ‘competition’ from the environment, i.e.,
environment model uncertainty, which is a critical factor that often reduces players’ gains and must
be considered in practical applications. For example, many applications such as autonomous driv-
ing and network robotic control naturally involve uncertain environments that have non-stationary
or even adversarial transition kernels. As another example, the policy trained in a simulated en-
vironment often suffers from significant performance degradation when implemented in the real
environment, due to model mismatch. In all these scenarios, it is much desired to learn an optimal
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robust policy against such model uncertainty. In fact, to account for model uncertainty, many robust
reinforcement learning approaches have been developed and extensively studied in the single-agent
case (Wang & Zou| [2021} |L1 et al.| 2022bjjaj [Neufeld & Sester} [2022)). However, model uncertainty
is still underexplored in the general case with multiple competing agents, where only two works
(Kardes et al.| 2011} [Zhang et al., 2020)) exist to our knowledge. Specifically, Kardes et al.| (2011
applied the robust Markov game with model uncertainty to the application of queueing control.
(Zhang et al. [2020) proposed provably convergent Q-learning and actor-critic type algorithms to
compute a certain robust variant of NE of robust Markov games. However, computing robust NE of
general Markov games with model uncertainty is in general a PPAD-complete problem and there-
fore no polynomial-time algorithm can exist. This motivates the two major goals of this work: (i)
to propose a tractable surrogate robust equilibrium notion and study its fundamental properties; and
(i) to develop a fully decentralized, provably-convergent and computation-efficient algorithm for
computing such robust equilibrium.

1.1 OUR CONTRIBUTIONS

In this work, we study episodic Markov games in an uncertain environment, i.e., the environment
transition kernel in every time step is queried from an underlying uncertainty set. To find a proper
equilibrium policy of such Markov games with model uncertainty,within polynomial time, we make
the following technical contributions.

* We propose a new tractable notion of robust correlated equilibrium (CE) for Markov games with
model uncertainty (see Definition [3.4). Specifically, robust CE generalizes the standard CE in
that it is defined based on robust value function (see eq. (2)), which corresponds to the worst-case
value function achieved under model uncertainty.

* We study the fundamental properties of robust CE. Specifically, we show that robust CE can be
equivalently defined using either stochastic modification or deterministic modification (see Propo-
sition[3.3)). This indicates that robust CE inherits the modification structure from the standard CE.
Moreover, through an illustrative example (see Proposition [3.6), we prove that the characteriza-
tion of equilibrium of robust CE critically depends on the specific environment model uncertainty
model, i.e., robust CE reduces to robust Nash equilibrium under certain uncertainty models.

* We develop a fully decentralized robust V-learning algorithm for finding robust CE of Markov
games with model uncertainty. This algorithm is a generalization of the original V-learning al-
gorithm (for solving standard Markov games) and adopts robust TD learning in its critic update.
Under low level of model uncertainty, we prove that this algorithm achieves a polynomial episode

complexity O(SA2H®e=2) for computing an approximate robust CE with e accuracy. This is
the first non-asymptotic convergence result for solving Markov games with model uncertainty.
Moreover, our analysis of robust V-learning is substantially different from that of the original V-
learning. Please refer to the elaboration of technical novelty after Corollary 43| for more details.
To briefly elaborate, this is because the use of robust TD update enables tracking the desired ro-
bust value function at the cost of introducing uncertainty to the state transitions when unrolling the
iterative updates. Therefore, we need to bound the model uncertainty via a stronger convergence
metric, which leads to solving a linear system that involves an upper triangular Toeplitz matrix.

1.2 RELATED WORK

Markov games Markov games, also known as stochastic games, are standard formalism in multi-
agent RL (Littman, {1994). The existence of NE for multi-player general-sum Markov games has
been established in (Fink} (1964). Various algorithms have been designed to find NE, such as Nash-
Q learning (Hu & Wellman, [2003)), FF-Q learning (Littman et alJ, 2001), and correlated-Q learn-
ing (Greenwald et al., 2003)). The first polynomial-time algorithm for finding NE is developed in
(Hansen et al., 2013), but works only for zero-sum games. Recent studies showed that finding
NE of general-sum multi-player games is PPAD-complete, so they cannot be solved in polynomial
time (Deng et al., 2021; Jin et al., [2022b). Another notable goal in Markov games is to find a
weaker version of NE, such as correlated equilibrium (CE) or coarse correlated equilibrium (CCE).
Polynomial-time algorithms such as V-learning (Jin et al.| 2022aj; Mao & Basar, [2022; [Song et al.,
2021) and Nash value iteration (Liu et al.,2021) have been developed for computing CE and CCE.
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Robust reinforcement learning Single-agent robust reinforcement learning has been widely ex-
plored (Nilim & Ghaoui}, 2003} Nilim & El Ghaouil [2005; |Wiesemann et al., 2013} [Satia & Lave Jr,
1973)), which assume the environment transition kernel belongs to a given uncertainty set. Under a
specific uncertainty model, Roy et al.|(2017) and Wang & Zou| (2021)) developed model-free online
robust Q-learning algorithms to solve the robust reinforcement learning problem. For robust multi-
agent reinforcement learning, value iteration-based algorithm has been developed in (Kardes et al.,
2011)) but with no explicit analytical form. For cooperative multi-agent reinforcement learning with
model uncertainty, Huang et al.| (2021) proposed a robust policy iteration algorithm to maximize
the gain of the whole group. For non-cooperative Markov games with model uncertainty, Zhang
et al.|(2020) introduced robust Q-learning and actor-critic algorithms with asymptotic convergence
guarantees of finding robust NE. To the best of our knowledge, there is no existing polynomial-time
algorithm for solving Markov games with model uncertainty.

2 PRELIMINARIES OF MARKOV GAME

An episodic m-player Markov game is specified by the five-element tuple (H, S, A, P, {r( )};-”:1),
where H is the length of each episode, S and A := Xm AU correspond to the state space and

joint action space, respectively, and they are assumed to be finite. Moreover, () : S x A — [0,1]
denotes the reward function of the j-th player and P := {P;, } /£ he1 corresponds to the collection of
transition kernels at time steps h = 1, ..., H. At every time step h, the players observe a global state
sp € S of the environment. Then, they take a joint action a;, = [agll), cee aﬁlm)] following a joint
stochastic policy 7, (-|s1:n, @1:(h—1)), Which corresponds to a distribution on the joint action space

A that depends on the past states s1.;, := {s¢}/_; and past actions ay,(,_1) 1= {a;}"=}. After that,
the global state transfers to a new state s, following the state transition kernel P(+|sp, ap,), and
(j)(

each player j receives a local reward 7, (s}, a5 ) from the environment.

In the above Markov game, each player j collects its own rewards over the episodes. In particular,
denote 7 := {Tl'h}thl as the collection of joint policies over the time steps, we can define the
following value function for the j-th player at state s and time step h under policy 7.

H
(Value Function): ”#L( = E[Zréj)(se,ag)’sh = S,W,P}, (D)
t=h

which corresponds to the expected cumulative reward received by player j starting from state s at
time step h under joint policy 7. The goal of the player j is to optimize its own policy () :=
{’/T(J )} h—1 in order to maximize its associated value function. However, since every player’s value
function is also affected by the other players’ policies and actions, the players must compete with
each other to gain more rewards until they reach a certain equilibrium. Here, we introduce two
popular equilibrium notions that will be discussed throughout the paper.

Definition 2.1 (Nash Equilibrium (NE)). A joint policy 7 is called an NE if the following two
conditions are met: (i) for any time step h, the joint policy 7y, is a product of independent policies,

ie., mp = 7r,(1) oo X 7rh ™) ; (i) For any player j with any associated policy 7/, it holds that

oY) (s) > vl

=) e (\d) 1( s) for all states s € S. Here, 7(\9) denotes the joint policy of all the other

players excluding the player j, and ‘x’ means that 7(/) is independent from 7(\7).

In the existing literature, it has been shown that computing NE is in general a PPAD-complete
problem (Deng et al.| [2021} Jin et al., 2022b)), for which it is not possible to develop polynomial-
time algorithms. This has motivated researchers to propose a surrogate correlated equilibrium (CE)
notion (Moulin & Vial, [1978)). Before introducing the formal definition of CE, we first define the
following stochastic modification operator.

Definition 2.2 (Stochastic Modification). At any time step h, denote agf ) as player j’s action
induced by joint policy 7. Given the past states and actions 1.5, a1.(h—1), @ stochastic mod-

ification ngh associated with player j randomly maps a(] ) to another action a(] ), ie., agf) ~

;L])( [$1:05 @1:0—1, g)) Moreover, we denote qSh o my, as the joint policy modified by d)h , 1.e.,
y, first generates a joint action ay, : [ag), aé\”] and then d)(J ) maps agf) to another a(J )
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Throughout, we denote ¢(/) := {qbglj)}hH:l and ¢19) o 7 := {g{)g) o mp }H_| as the collections of
stochastic modifications and modified policies over the episode, respectively. We are now ready to
introduce the definition of correlated equilibrium (CE).

Definition 2.3 (Correlated Equilibrium (CE)). A joint policy 7 is called a CE if for any player j and

any stochastic modification ¢/, it holds that 'vff ) (s) > vé@)m ,(s) for all states s € S.
Intuitively, at CE, no player can improve its value function by modifying its own action induced by
the joint CE policy. Compare to NE policies, CE policies do not require joint independence among
all the players. In fact, it has been shown that any NE policy is guaranteed to be a CE policy (Jin
et al.| 2022a; Liu et al.| 20215 Song et al.| 2021)), and hence CE is a weaker equilibrium notion than
NE. Moreover, CE can be reformulated as linear programming and hence is tractable.

3 MARKOV GAME WITH MODEL UNCERTAINTY

In this section, we study episodic general-sum Markov games with uncertainty in the environment
transition kernel. We aim to define a tractable notion of correlated equilibrium under such model
uncertainty and study its fundamental properties.

3.1 ROBUST CORRELATED EQUILIBRIUM

We adopt the same episodic Markov game settings as described in Section[2] but consider uncertain
transition kernel. Specifically, at every time step h and for every state-action pair (s, a), the envi-

ronment transition kernel @h(-|s, a) is uncertain and belongs to a general uncertainty set Py (s, a).
Below we list some popular examples of uncertainty set.

Example 3.1 (KL divergence). The uncertainty set under KL divergence dgi is defined as

Pu(s,a) == {Pp(-[s,a): dxw (Pn(]s,a), Pr(‘]s,a)) < p}, where dir. (P,P) := 3, s P(s)In 553
and P, (+|s, a) denotes a fixed transition kernel.

Example 3.2 (R-contamination model). The uncertainty set under R-contamination model is
Phr(s,a) == {(1 — R)Py("|s,a) + Rq : ¢ € AlSI}, where P, (:|s, a) is a fixed transition kernel.

In the above examples, P, (-|s, a) can be understood as the original stationary transition kernel, and
the parameters p > 0 and R > 0 characterize the level of uncertainty. In a Markov game with
model uncertainty, the state transitions are determined by uncertain transition kernels queried from
the uncertainty sets. Therefore, it is possible that a certain transition kernel in the uncertainty set can
lead to frequent low-reward state transitions, which are unacceptable to the players. Hence, under
model uncertainty, each player aims to learn a robust optimal policy that maximizes its expected
accumulated reward in the worst case. Motivated by this intuition, we define the following robust
value function for the j-th player at state s and time step h under joint policy 7. For simplicity of
notation, we denote P := X) h.sa Pr(s,a) as the product of uncertainty sets.

(Robust Value Function): VTr(jfz = inf ]E[Zr(j) Sp, Gy ‘sh =3, ]P’} (2)
Pep

Intuitively, the robust value function characterizes the minimum expected total reward one can obtain
over all possible transition kernels in the uncertainty set. We note that the above robust value function
is defined for every single player in the Markov game. In particular, the worst-case (adversarial)
transition kernels associated with the players’ robust value functions are generally different from
each other. To deal with model uncertainty, the players aim to achieve a certain equilibrium in terms
of the robust value function. Specifically, we define the following robust Nash equilibrium (NE).

Definition 3.3 (Robust NE). A joint policy 7 is called robust NE if (i) for all h, 7, is a product
policy; (ii) for any player j with any policy 7U), we have Vﬁ(J )(s) > Vﬂ((])) i 1(8) forall s € S.
It can be seen that robust NE is similar to the NE defined in Definition 2.1} with the main difference
being that robust NE is defined based on the robust value function. However, robust NE is generally
more difficult to compute than NE. For example, NE is known to be tractable in zero-sum Markov
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games. As a comparison, in a zero-sum Markov game with model uncertainty, the environment
model uncertainty can be viewed as a third adversarial player that competes with both players and
breaks the zero-sum structure. Therefore, robust NE is not tractable in general, and this further
motivates us to define the following tractable surrogate notion of robust correlated equlibrium (CE).

Definition 3.4 (Robust CE). A joint policy = is called a robust CE if for any player j and any

stochastic modification ¢(7), it holds that Vﬂ(jl) (s) > V;f_‘j))oml(s) for all states s € S.

Although robust CE is a straightforward generalization of the standard CE defined in Definition[2.3]
it incorporates model uncertainty into the nature of correlated equilibrium and turns out to have more
complex structures than the standard CE as we elaborate in the next subsection.

3.2 PROPERTIES OF ROBUST CORRELATED EQUILIBRIUM

Stochastic modification is the key element to define CE. In particular, it has been shown that the
standard CE defined by stochastic modification is equivalent to that defined by deterministic modi-
fication. Our next result shows that robust CE inherits this property.

Proposition 3.5. In a Markov game with model uncertainty, for any robust CE 7 and any player j,

there exists a deterministic modification ¢\) such that Vﬂ(Jl) (s) = V(b((j;))w (s)foralls € S.

This result shows that robust CE can be equivalently defined based on deterministic modifications,
which provides a way to simplify the CE notion as there are only finitely many deterministic mod-
ifications but uncountable stochastic modifications. and we will leverage this property to build our
convergence analysis later. Since robust CE is defined over all stochastic modifications (including
deterministic ones), it is non-trivial to establish the above equivalence, and we need to develop the
following new techniques.

« Finding the optimal deterministic modification ¢/) with regard to a robust CE policy 7 is chal-

lenging, since the modification qﬁ,(f ) at step h depends not only on the past states s;., and past
actions ay.(—1) but also on player j’s current action ag ) generated by ;. Moreover, the opti-
mal choice of (;ng ) at step h depends on the optimal choice of qbgle for the previous step. These
structures motivate us to build an induction over the cases of horizon length 1,2, ..., H.

* Specifically, we first rewrite the modified policy qS;Lj ) o mp, in terms of gbéj ) (see eq. (@) in
Appendix IEI) so that the robust value function can be expressed as a functional of ¢(). To

build the induction, we assume that the optimal deterministic ¢(j ) exists for the robust value
functions with horizon length up to H — 1. Then, for the robust value function with hori-

zon length H, the optimal deterministic ¢g) for the last step H can be easily found since it
only involves the final-step reward rg). After that, we replace rg)_
ward 77{13)71 = rgll + infp,,_, E(rl(;)\sl:H,l,al;H,lﬁg) o m,Py_1) which only relies on
S1:H—1,01.17—1 (seeeq. (]'1;1'[)). Therefore, this robust value function is reduced to that with horizon
length H — 1, for which the optimal deterministic modification exists by the induction assump-
tion. Note that the proof of Lemmas [F2} [F3] [F4] [F.6] and [E] for proving Theorem [.4] about

convergence analysis also use induction, which is different from the induction used for proving
Proposition 3.3]
Our next result shows that for robust CE, its characterization of equilibrium can be different from
that of robust NE and critically depends on the specific environment uncertainty model.

, with the surrogate re-

Proposition 3.6. Robust CE and robust NE have the following relations.

1. In any robust Markov game, the set of robust CE includes the set of robust NE, or equivalently,
any robust NE is a robust CE.

2. There exists a Markov game whose robust CE is not robust NE.
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4 DECENTRALIZED ROBUST V-LEARNING

In this section, we develop a fully decentralized algorithm for finding robust CE of Markov games
with model uncertainty. Our algorithm is inspired by the V-learning algorithm for solving standard
Markov games (Jin et al.| 2022a), and adopts new techniques to address model uncertainty.

4.1 ALGORITHM DESIGN

We let every player j keep a value table Vh(] ) € RISI for each time step h, and denote {Vk(]}z ML
as the value tables held by player j in the k-th episode. The main steps of our algorithm consist
of a critic step and an actor step. In the critic step, we aim to learn the robust state value function
associated with the current policy. To do so, we apply the following robust TD-learning type updates
with every state-action transition sample (s, a, s’) to update the players’ value tables.

V() = (1= @)V () e () o, ooy (V) + 1)
Vidl(s) = {H +1- L V5 ()},

where the first update performs a robust TD type update and the second update performs a simple
upper truncation. Here, ; > 0 is a learning rate parameter where ¢ := Ny, 5, (s) denotes that state
s has been visited at step h for ¢ times at the beginning of the k-th episode, and the value function
mapping op, (s,q)(-) is defined via the following linear program for any value table V.

op,(s,a)(V) == _ inf (Pr(:]s,a), V(). 3)
Pr(-|s,a)EPr(s,a)
Intuitively, the above mapping corresponds to the worst-case expected state value of the next state.
In particular, when there is no model uncertainty and the transition kernel is Py (+|s, a), it reduces
to the expected state value at the next state, i.e., Ey < p, (.|s,a)[V (s")]. Moreover, this linear program
can be numerically solved for several important classes of uncertainty sets, as we elaborate below.

Example 4.1 (KL divergence). Consider the uncertainty set P (s,a) defined under the KL di-
vergence in Example Then, the linear program (B)) reduces to the following one-dimensional
optimization problem, as proved in Theorem 1 of (Hu & Hong, [2013).

min alnEy p,(|s,a) [ev(sl)/a} + an. 4)

a>0

In practice, we can query some samples to approximate the expectation involved in the above one-
dimensional problem and solve it to obtain a sample-based estimator o, (5,q) (V).

Example 4.2 (R-contamination model). Consider the uncertainty set Py (s, a) defined by the R-
contamination model in Example [3.2] Then, the linear program (3) can be approximated by the
sample-based estimator o'p, (5 o) (V) = Rmax,es V(s) + (1 — R)V (s') (Wang & Zou, 2021).

In the actor step, we leverage the adversarial bandit algorithm developed in (Jin et al., 2022a) to
update the current policy. To briefly explain, in step h of episode k, every player j takes an action

o)
+ a
53) ~ w](szb( |s1,) and observes an adversarial loss 1 — ———"n.C e W Winir) , both of which are then

fed into the adversarial bandit algorithm to produce the policy wlg;l 5 (-|sn). The specific updates of
this algorithm are shown in Algonthmlln Append1xl (C] In particular, Jin et al.| (2022a)) proved that
it achieves a regret bound in the order of O(B+/H/t) (see Lemmaln the appendix).

The entire decentralized robust V-learning algorlthm is summarized in Algorithm [T| below, where
we use the estimator 0'p,, (5 4) instead of op, (s ) in the critic update. After obtaining all the policies
{7k.n }k,n, the final non-Markov output policy 7 is defined by randomly selecting an episode k& at
each step h and taking an action aj, ~ Ty j, (see Algorithmin Appendixfor more details).

4.2 CONVERGENCE AND COMPLEXITY ANALYSIS

For any joint policy 7, we measure its optlmahty gap toward achieving exact robust CE as follows,

where we define V(t(,?()37r 1(8) == max () vy

¢(J)Oﬂ ,(s) as player j’s value function associated with
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Algorithm 1: Decentralized Robust V-Learning (j-th player)

Initialize: Set V") (s) = V")) (s) = H+1=h, m1 (als) = i, N{)(s) = 0 forall 5,a,h
for episode k =1,..., K do

Observe initial state s, V,C(JIBI 41(s) =0forall s

forsteph=1,..., Hdo

Take action al(l) ~ 7rk h( lsn)

Transfer to next state sp, 1 ~ ]P’h( [sk, ap) with P, € Pr(sh,an)
Let V9, VO vy ) )

+1,h ke V1R ko Tht1,h k.h
Receive reward r,(l]) and set ¢ := N,gr)l n(Sn) < N,%(sh) +1

V(o) =(1 = a) V3 (sn) + ar (1) + 8, spany V) +87) 5

Vi, u(sn) =min{H +1—h, VD | (sp)} (©)
()= (49)
, 7y +0p, (sh.an) (V) ,
W,(C]_217h(~|sh):ADV_BANDIT(t,ah,1— h Ph(;’j’rh)( k’h“),w,(c{i(wsh)) 7
end
end

Output: Joint policy 7 defined by Algorithmin Appendix with hyperparameters .

the policy m modified by player j’s best-response modification ¢*.

(Optimality gap): max max [V(z)(f ()W (s) = vY) (s)] > 0. 8)
JE[J] s€S ’

In particular, policy = is a robust CE if the gap vanishes. We also need the following definitions to
characterize the impact of model uncertainty on Algorithm[Ifs convergence rate.

Definition 4.3. Regarding the uncertainty sets {P(s,a)}n,s,a, Value function mapping op, (s.q)
and state exploration probability, we define the following quantities.

* Uncertainty diameter: D := maxXp s.a,a' MaXpep, (o o) Fep, (s,a') IP(-) — IF’()HOO

* Estimation error: ¢ := supy, ; o v |0p, (s,a)(V) = 0P, (s,a)(V)|, where the supremum is taken
over all bounded value tables that satisfy 0 < V(s) < H + 1 for all s.

* State exploration: ppyin := mingp , P(sk, = s), which denotes the minimum probability of
visiting an arbitrary state s at any step h of any episode k.

The uncertainty diameter D defined above characterizes the diameter of the uncertainty set P;,. That
is, a larger D means that the transition kernel [P, can change over a wider range and therefore induces
larger uncertainty. For example, for the uncertainty set defined by the R-contamination model in
Example 3.2, the uncertainty diameter is analytically given by D = R max { maxgy Pp(s']s,a),1—
ming Py, (s'|s, a)} which monotonically increases with regard to the uncertainty set parameter R.
We obtain the following convergence rate of decentralized robust V-learning.

Theorem 4.4. Let S := |S| and A := maxi< <, ‘A @) \ correspond to the size of the state space

and action space, respectively. Choose B, c; and ol according to egs. ([™-E1). Let the diameter
of uncertainty set D satisfy D < max{?% Ponin S }. The output policy 7 produced by Algortthml
satisfies the following convergence rate wzth probablllty at least 1 — ¢0 for some constant ¢ > 0.

1. prmin > ST’ then

G (g — VD(g)) < H \/Hﬁﬂs mK HS A
Je) €8 (Virera(s) = Vil () *O<pmin—DH (4 M5 +e)):

To achieve an € gap, we set ¢ = O(Lx™) and require K = O(SA2HS ~2) episodes.

pmln
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2. If pmin < ﬁ, then

3 2
axmax (VO (s) — VO (a)) < 2 \/H S mKHSA
?é[mﬁrzlelg (V¢*om1(5) Vi (s)) <BDSH?* + (’)(H(A 7 In 5 + e>)

To achieve an € gap, we set ¢ = O(7) and require K = O(SA?H5e2) episodes.
Theorem characterizes the convergence rate and episode complexity of decentralized robust V-
learning. We note that the optimality gap adopted in the above theorem takes the maximum over all
the states and hence is stronger than that used in the original V-learning (Jin et al |2022b)). This is
because we need to develop new techniques to address the state transition uncertainty caused by the
environment model uncertainty. As a result, the environment model uncertainty diameter D should
not be too large compared to the state exploration probability p,,i, and the target accuracy e.

When there is only a single player (m = 1), we can prove that every robust CE policy achieves the
optimal robust value function, by noticing that for any given policies 7, ;1 over the action space A
there always exists a stochastic modification ¢ such that ¢ o w(a) = p(a) for all a € A. Therefore,
the robust V-learning algorithm can be applied to single-agent reinforcement learning to address
model uncertainty. We obtain the following corollary.

Corollary 4.5. In the case of a single player, the output policy @ produced by Algorithm|I|achieves
an approximate optimal robust value function at the same convergence rate as that in Theoremd.4)

Technical novelty of Theorem Our analysis leverages the following technical developments to
address model uncertainty and establish the convergence rate.

* To address model uncertainty, our decentralized robust V-learning algorithm adopts the worst-case
expected value function estimator o'p, (5,q)(V') in the critic update, as opposed to the exact value
V (s) used in the standard V-learning. Such a nonlinear operator allows us to track the robust value
function in the analysis. In particular, we developed various important properties of this operator
in LemmaE], including boundedness, monotonicity, etc., which are crucial to establish the key
Lemmas and[F.6|that lead to the desired convergence rate result.

* The proof of the original V-learning algorithm (Jin et al., |2022a) tracks the upper bound of
the optimality gap 0x.n = Vi n(Sk,n) — Vi p(sk,n) at a single state and builds a recursion
on it. This approach cannot be applied to our case as this gap turns into an uncertainty form
op,(s,a)(Viht1) — 0p, (s,a) (Vg p11), Which inevitably involves all possible states. To ad-
dress this issue, we decompose this term as op, (s.)(Vi.nt1) — 0P, (s,0) Vi py1) = Oknrr +
opy, (s,0) Vint1) = 0P, (s,0) (Vi ny1) — Ok, nt1 to link it to the desired term 0, , 41 (see eq. (12)).
Consequently, we need to solve a more challenging recursion that we build in Lemma[F.§]

* The decomposition mentioned in the previous bullet point involves an error term
op,(s,a) (Vie,ht1) = 0p, (s,0) Vg py1) — Ok,na1 that critically depends on the level of uncertainty.
For example, this error term vanishes when there is no model uncertainty. We develop an upper
bound of this error term in Lemma|[F.7)by leveraging the uncertainty diameter (Definition[4.3) and

introducing a stronger convergence metric A,(f ;L = ses (Véjg(s) —K,(cj L(s)) compared to dg p,.
* To derive the desired convergence rate, we build a recursion on the convergence metric

{Z,[le A,(j 31} heH) in Lemma The key challenge in solving this recursion is to rewrite it
as a vectorized linear system that involves an upper triangular Toeplitz matrix, whose spectrum
can be characterized analytically and used to derive the final result.

5 EXPERIMENTS

In this section, we compare the performance of V-learning and robust V-learning in the two-player
coordination game described in the proof of Proposition [3.6] Specifically, the game consists of five
states and each player has two actions. The state transition probability at step h = 1 is shown
in Figure [2| and the state remains unchanged at step h = 2. The two-player reward function is
defined as r(sg,a) = [0.5,0.5], r(s1,a) = [0,1], 7(s2,a) = [1,0], r(s3,a) = [0.95,0.95] and
r(s4,a) = [0, 0] for all actions a € .A. We consider the following types of uncertainty models.

1. Discrete uncertainty model P, = {P;,,, : p € {0, 2 }}: In this case, the analytical form of the

value function mapping op, (s, .4,) (V) can be explicitly calculated.
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2. KL divergence model in Example We set the centroid transition kernel to be P, = P ¢4
and choose uncertainty level parameter p = 0.1.

3. R-contamination model in Example We set the centroid transition kernel to be P, = IP1 g1
and choose uncertainty level parameter R = 0.01.

We generate episodic data by randomly querying transition kernels from these uncertainty sets in
every time step through a non-stationary process. Then we feed the generated data to both the
V-learning algorithm and our robust V-learning algorithm. The performance of the output policy
is evaluated by estimating the optimality gap used in our theoretical analysis (defined in eq. (§)).
Specifically, to evaluate an approximated optimality gap for the KL divergence and R-contamination
uncertainty models, we sample multiple transition kernels uniformly at random from these uncer-
tainty sets and evaluate the optimality gap over them. More details on the experiment setup and
hyper-parameter choices are described in Appendix

KL divergence model R-contamination model Discrete model
0.25
—— V-Learning —— V-Learning 0.25 —— V-Learning
—— Robust V-Learning —— Robust V-Learning A —— Robust V-Learning
2020 q 020 a \
) =3 ©0.20
z 2z fry
T 0.15 5015 ® 0.15
£ £ £
I ° a
O 0.10 0 0.10 0 0.10
— 0.05
0.05
0 10k 20k 30k 40k 50k 0 10k 20k 30k 40k 50k 0 10k 20k 30k 40k 50k
Number of episodes Number of episodes Number of episodes

Figure 1: Comparison of estimated optimality gap of the policies produced by V-learning and robust

V-learning. The optimality gap we estimate is max ;¢ [Véf?mwrl,l (s4) — Vﬂ(i)ﬂ)l (s4)]-

Figure [I] shows the results on the estimated optimality gap of the policies produced by both al-
gorithms, where each curve consists of 30 repetitions. It can be observed that robust V-learning
consistently outperforms V-learning and achieves a smaller optimality gap under all three types of
uncertainty models. This demonstrate that robust V-learning is good at computing approximate ro-
bust CE under general environment model uncertainty. In particular, under the discrete uncertainty
model, robust V-learning obtains the most substantial improvement over V-learning. This is because
the experiment setup chooses a high level of uncertainty and we can compute op, (V') exactly. For
both the KL divergence model and R-contamination model, we choose lower levels of uncertainty
and approximately compute op, (V). Hence, the corresponding performance gaps between robust
V-learning and V-learning are smaller.

6 CONCLUSION

In this work, we proposed a new and tractable notion of robust correlated equilibrium for Markov
games with environment model uncertainty. We showed that the robust correlated equilibrium has
a simple modification structure, and its characterization of equilibrium critically depends on the en-
vironment model uncertainty. Moreover, we proposed the first fully-decentralized robust V-learning
algorithm for computing such robust correlated equilibrium and established a polynomial sample
complexity for computing an approximate robust correlated equilibrium. We believe this work pro-
vides an initial solution to competitive multi-agent reinforcement learning in uncertain environment,
and an interesting future direction is to explore if it is possible to establish convergence of the algo-
rithm under relaxed requirements on the uncertainty diameter.
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A PROOF OF PROPOSITION [3.3]

First, we re-state Proposition [3.5] here.

Proposition A.1. In a Markov game with model uncertainty, any robust CE policy m can be achieved
by deterministic modifications, i.e., for any player j there exists a deterministic modification ¢/

such that Vﬂ(;jl)(s) = Véé))on,l(s)'

Proof. We will prove this proposition for a more general setting where each reward r,(lj ) =

rgj)(slzmalzh) relies on all the past and current states si., = {sp/}?,_, and actions ay., =
{ah/}Z':r Then the conclusion directly applies to the special case of interest where 7";5 ) =
rzj)(sh,ah).
We will find ¢) by applying mathematical induction to the horizon H.
When H = 1, the MDP does not involve transition kernel, so
VO (5 =307 om)(als)r (s, a1)
ay
= > oV @ s @) m (@, af s (s, )

~(J
al,ag )

=3 (Z o (a?]s,a) 3 m (@, ag\ﬁ”s)ﬁﬁ(s’al))

3 W a(\)
(i) iy ) )
< 3 (max - m(@d, o syt (s,01) ).
a ! a{\

where (i) uses the following formula that directly follows from the definition of stochastic modifica-

“w_»

tion /), and (ii) becomes “=" using the deterministic modification such that ¢§j ) (agj )|s, aﬁ-j)) =1

12
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for a certain a'”) € arg max o >, ® m (@, al\ ) (s, a1).

( ;j) (J)) W ([@ ,Sj)7aé\j)]

o 7h) (anls1n, a1:n—1) = o (af) |s1narn-1,a |S1:0, @1:0—-1)- (9)

a

This proves the existence of the optimal deterministic solution ¢/) for H = 1. Suppose it also
exists for horizon H — 1. Then it suffices to prove the existence of ¢/) for H as follows.

V¢((JJ))07T 1(5) :

_ fE|: (J) ,ar. ‘ =s, ) ,P:|
Jnf Z?‘ (Si:hsain)|s1 = s,V o

H-1
= inf <E T;(LJ)(SL}” ain)|s1 = s, {¢>§f) o Wh}th_llaple—Q}

Pi.H 2€P1.H -2 -

;~

f [U.,.‘:,(ﬂ ,IP._}
—I—PH 1IIEIPH1 Ty (Sum,01:m) |51 = 5,0V o, Pr.g—1

H-1
= inf <E[ Z Tﬁf)(shh? a1;h)’81 =s, {¢§f) o Wh}hHgllaP1:H72i|
h=1

Pir.y_—2€P1.H_2
+ Z Pr(si.g—1,a1.1-1]|51 = 5, {¢£j) ° Wh}th_llaple—Q)

S1:H—1,Q1:H—1

Pu_1(-|sg—1,am—1)
EPH-1(sH—1,aH-1)

H-1
inf <JE[ Z Téj)(slzhaal:h)‘sl =s, {¢§f) o Pr—2

ZPH71(3H|5H71a am-1) Z( g) ompg)(an|sim, a1:H71)7’g)(81:H, a1;H)>

SH aH

(@)
Pi.H—2€P1.H-2

+ Z Pr(s1:m—1,01:5-1]|51 = s, {¢§lj) om iy Prr—2)
S1:H—1,01:H—1
inf ZPH—1(5H|SH—17GH—1)

Py _1(-|sg—1,am—1)

€Pu_1(sp_1,am-1) °H

> (z»%’(agwslﬂ,am1,a§?>wH([6§?,a&}”nslﬂ,aw1>r§§><sw,aw>>

amn.,a (J)

_ f [ (J) . ’ — 5 {p¥) Hjl,]}”.,}
Pl:H72H€1771;H72 < Z Th sl-h al-h) 51 8 {¢h Oﬂh}h—l 1:H-2
+ Z Pr(si.p—1,01.1-1]|51 = 5, {¢Elj) omp i Pry—2)
S1:H—1,01:H—1
inf > Pu_i(sulsp-1,an-1) Z¢<J) ) |s1.rr, arp-1,05))

Pu_1(-|sg—1,am—1) —) o
€EPa-1(SH-1,aH—1) SH,A 5 ay

S rr(a, aly” HSLH,al;H1)Tg)(81;H7a1:H)>
o\
H

() H-1 .
< inf (E[ T;(f)(shh, a1:h)‘51 =s, {¢§f) ° Wh}hH;11>P1:H72}

Pi.g—2€P1.H—
1:H—2 1:H—2 h=1

+ Z Pr(str—1, avm—1ls1 = s, {0 o m HIT Prar—s)

H-1(:|sg—1,am-1)
S1:H—1,81:H—1

€Pa-1(sg—1,am-1)
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Z Pu_1(sulsa—1,am-1 maXZWH afé),aH s1:m, a1 5-1)7 g)(sl:Haale)>

si,ald) aj (M)

(444) ) ; j j _

= Pl;Hfgle%l;Hsz[ Z ng)(sl:ha ar.n) + ?(é)_l(SLH—l, al:H—l)‘Sl = s, {¢§5) o '/Th}hH=117]P>1:H—2}a
(10)

where we denote Py, := {Pp/}1_, and Py, = {Pp/},_,, (i) uses eq. (@), (i) becomes “=”

using the deterministic modification (j)(J ) such that d)(J (a(J ) |s1.0,a1. 01, agq)) = 1 for a certain

(J) € argmax () > 09 '/TH([aSr{)a ) ]

lowmg surrogate ‘reward at step H — 1,

[s1.71, ale,l)r;I)(sle, a1.77), and (iii) denotes the fol-

7A"{H) 1(suH-1,01:5-1) = Tg)_l(sle—l,ale—l) + Pral. ‘Siélfl arr) Z Py_1(sulsp-1,am-1)
€EPr-1(sH—1,0H— 1)8&«12)
max m([aﬁé%ai}” ]|51:H7al:Hfl)T%()(Slevale) (11)
afy) 209
H

Note that eq. (T0) can be seen as the value function with horizon H — 1, so there are deterministic
modifications ¢§f * for h € [H — 1] that maximize eq. (I0), which along with ¢g) above forms

the deterministic modification (/) := {d);j)} ne() that maximizes quf]))oﬂ L (). This completes the

proof. O

B PROOF OF PROPOSITION 3.6

Proposition 3.6. Robust CE and robust NE have the following relations.

1. In any robust Markov game, the set of robust CE includes the set of robust NE, or equivalently,
any robust NE is a robust CE.

2. There exists a Markov game whose robust CE is not robust NE.

Proof. First, we will prove item[T]that the set of robust CE always includes the set of robust NE. This
part of proof is directly taken from Proposition 9 (Jin et al.| 2022a)) with changing the V-function to
the robust V-function. Let m = ] X g X -+ - X 7rm be a robust Nash equilibrium; then

MV 9

(9

<V(s),
where (i) is because that 7 is a product policy and (ii) applies the definition of robust Nash equilib-
rium (see Definition [2])). It implies that 7 is also a robust CE by Definition 2.3}

Next, we prove item 2} It suffices to give an example of a Markov game setting and a robust CE

policy 7 that is not NE. Consider a two-player coordination game in which there are five states
S = {s;}}_, and each player has two actions A = {a,z(-l)} _o X {0(2)}Z o- At time step h = 1,
Figure [2| depicts the transition kernel IP; ,, parameterized by a parameter p € [0, %) At time step
h = 2, we set the transition kernel Py ,,(s|s,a) = 1 for all s and a, i.e., players stay in their current
state no matter what actions are taken. The rewards of both players are set as r(sg,a) = [0.5,0.5],
r(s1,a) = [0,1], r(s2,a) = [1,0], r(s3,a) = [0.95,0.95], and r(s4,a) = [0, 0] for any action a €
A. The initial state is fixed to be s = s4. We consider the uncertainty set P, = {PP,, : p € (%, %)}
where there are two robust NE, i.e., 71 (a = [0,1]|s = s4) = 1 and 71 (a = [1,0]|s = s4) = 1 (m2
can be arbitrary). Moreover, any convex combination of these two policies is a robust CE but not
robust CE.

O
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C POLICIES IN ALGORITHM [

In this section, we will elaborate how is 7y, 5, in a=[11] a=1[10]
Algorithm[I] obtained from the adversarial ban- (\ o) ( ) (s ( %) (sa) (s) ,\/Sz\ (s3)
dit algorithm, and the definition of the output SN L N D
. ~ [N L \ o 1-2p\_ » _
policy 7. VL » \/,,ﬁ\/
([ s4) T 54 )
N \_/
Obtaining 7 ,: In Algorithm [T} to output a=[01] = [00]
robus.t equ1l1br1um (Tobust CE), we adqpt V- (%) ‘,\/; 1\ (s 2\/ \/;3\) (=) (%) (s?; ‘/E;\)
learning algorithm (Jin et al.|[2022a) for single- " w27 U U T N
. T \ -2/ > \ \
agent adversarial bandit to update the cur- N Yo NS
4 . - —2p =
rent policy. To elaborate, we denote the i- \»»{sf) RS s4>
/ N

th iteration of this algorithm as m;11(-)
ADV_BANDIT(b;, ¢;(-)), where the player
takes action b; € B following its own policy
m;(-) obtained from its previous iteration and observes the noisy bandit-feedback ¢; (b;) with the loss
function ¢; selected by the adversary. The procedure of implementing ADV_BANDIT algorithm for
multiple iterations is shown in Algorithm 6 of (Jin et al.| 2022a)) and we extracted the ¢-th iteration
as shown in the following Algorithm 2]

Figure 2: Transition kernel at h = 1

Algorithm 2: Adversarial bandit algorithm (ADV_BANDIT)

Input: Iteration index 4, action b and the corresponding bandit-feedback ¢(b), the previous
policy 7;.
for each action b € B do
i (T mi (D) £(b)
liz’(b|b) T
£;(V'|b) < 0,¥0 € B/{b}
7(+b) < exp [ — o 2;21 wjl?j(~|b)} , where Zj is obtained from the j-th iteration of
ADV_BANDIT algorithm
end

Output: 7;,; obtained by solving the linear equation ;1 (-) = >, g Tit1(b)7(-]b)

It has been proved by Corollary 25 of (Jin et al.,|2022b) that Algorithm |Z| has the following conver-
gence rate.

Lemma C.1. Implement Algorithm[2|for iterations i = 1,. ..t with hyperparameter choices w; =
% (o is defined in eq. 21)), v¢ = ni = /(HInB)/t. Then for any 6 € (0,1), with
probability at least 1 — §, we have

min' " i [(mi(), 50} — (60 m) (), 5())] < 108y TEEL),

where ¢ o m; can be defined by reducing the definition of stochastic modification in Definition2.2|to
single-agent policy ;.

Implementing output policy 7: After obtaining all 7, j, by calling Algorithm [2]in Algorithm 1]
we define the final output policy 7 as Algorithm [ below.

To facilitate the technical proof in Lemma [F.4] and Lemma [F.6] we also define policy 7 for all
k € [K] and h € [H] in Algorithm 4] which can be seen as part of Algorithm 3]

D PROOF OF THEOREM [£.4]

Definition D.1. Let s, ;, be the state visited at i-th step k-th episode. The density of sy, j, is univer-
sally bounded below by pp,in; that is

Pmin = inf P(Sk:,h = 5)
s€S,keN,he[H]

15



Under review as a conference paper at ICLR 2023

Algorithm 3: Implement output policy 7.

Input: States s1.5, policies {7, }re[k],ne[m) Obtained from Algorithm
Sample k € [K] uniformly at random.
forsteph=1,..., Hdo
Lett < N p(sp) and {k} (sn)}_q (ki (sn) < ki (sn) < ... <k} (sp) < k) be the
episodes where state sy, is visited at the h-th step, i.e., Sy (5,) n = Sh-

Randomly select i € [t] with probability o} and set k < ki (sp,).
Generate ap, ~ 7y n(-|S1).

end

Output: Joint actions aq.p.

Algorithm 4: Implement policy 7y .

Input: Time step h, episode k, states sp.p, policies {Tl'k/7 he H}ﬁ,:l obtained from Algorithm
forsteph’ =h,h+1,...,Hdo
Sett Nk,h’(sh/) and let {ki,(sh/) g:l (kl/(Sh/) < kz/(Sh/) <...< kz/(sh/) < k)be
the episodes where state s,/ is visited at h’-th step, i.e., Ski, (syr),h = S+

Randomly select i € [t] with probability o} and set k < ki, (sp’).
an ~ T w (-|sn).

end

Output: Joint actions ap.f.

Theorem 4.4. Let S := |S| and A := max) <<y, |AY)| correspond to the size of the state space

and action space, respectively. Choose [)’i”, oy and o according to eqs. (19)-R1). Let the diameter
of Lfncertainlﬁy set D satisfy D < Inax{”"_ﬁ, SH? } The output policy ﬁ produced by Algorithm
satisfies the following convergence rate with probability at least 1 — ¢ for some constant ¢ > 0.

1. prmin > ﬁ; then

) v < H \/H3S mK HSA2
%?ﬁ%le(g{ (V,10:1(s) V. (s)) < O<’Pmin —DH (A e In 5 + e>>.

To achieve an € gap, we set ¢ = O(L22) and require K = O(SA?H®p,? €2) episodes.

2. prmin < ﬁ; then

H“S mKHSA2 +e>).

max max (V, () (s) — VY >( )) <5DSH* + (’) 5

je[J] se& v Premil 1

To achieve an € gap, we set ¢ = O(+;) and require K = 6(SA2H5€_2) episodes.

Proof. Note that Vk h( ) (defined by eqs. (B) & (6)) and V,(CJ 1 (s) (defined by egs. (23) & (26)) are
respectively the upper bound and the lower bound of v (s) (Since Vk(J}Z( ) > quf e () 2

Tk, h\h

(,f )h n(s) = K,(c;l(s) based on Lemmas |F.4{ & |F. . Denote the gap between the upper bound and
the lower bound as follows
51(:21 = Vk(,jiz(sk,h) - K,(f;gl(sk,h) > 0.

Let sin, ag,n respectively be the state and action at the h-th step in the k-th episode. Let
(ki hi<icng, By, < kR j < ... < k" < k) be the set of episodes in which the state sy, j, is
visited at the h-th step. ny 5, = Nk7h(sk h) is the number of such visits.

Then we unroll the update rule for both Vk(jh) (sk,n) and K;f ;L(Sk,h) along k as follows.

o (1)~ )
00 <V (sk.m) = V) (skn)

16
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Nk, h
(44) ~
= agk,h(H —h+1 + Z o, kR (UPh (Sk,n>ay, - )(V(Z)h,thl) - Uph(slc,hwak’;c . )<Vl(clk)h’h+1) + 25 )
(44%) Tk, b ) ( Nk,h ) Nk, h
< Z a;lk,h (O”Ph(sk,h»ak}; h,h)(ng h’h+1) - O-Ph(sk,h,aki b )(Kkji Wohtl ) +2 Z ank hB ! + 2e Z a’ﬂk h
=1 o ’ .

(iv) &t H3  mKHSA?

() (49) J
< Zank h <U73h(sk h,a k1 N h)(VZhvthl) _O.Ph(sk’h’ak}‘;’h,h)(zk‘z h+1)> +®(A_7\/nkh ln 6 ) +4€,

=1

where (i) uses egs. (6) & (26), (ii) unrolls the update rules (3) & 23, (iii) uses eq. (Z7) and o = 0
(eq. (1)), and (iv) uses eqs. (22) & (24). By summing over k, we obtain the following recursion:

K mMk,n
(J) () (9)
;6 kzzl i=1 o (UP( DV it) = OPuonnay ) (Y wh“)>
K 2
H3 mKHSA?
@( j ) 4K
+Z:1 \/ In 5 + [4

K

—
INE
=

(4) (4) § nh
(Jph(% hyQp! ;L)(Vk’ h+1) OPn(sk,n,ap 1) Vk/ h+1 Qy
k'=1 i= nk/+1

K 3 mKHSA?
\/ LA™ j )+4Ke
Nk, )

k'=1

Nrct1,n(8) 3 mKHSA2
S T
n

(4) (4)
(JP;L(Sk,h,ak/,h)(Vk’j,h-i-l) - O—P}L(Sk,;“ak/,h)(Kkj/,h-i-l))

mKHSA?

Y e(a \/H3NK+1h( )In f)ﬂm

CQ\H

S

K
(4) (4)
) Z (07’}1(% RO, h) V ’j,h—i-l) - UP;L(Sk,mak/,h)(Kkj/,h-i-l))
r—1

K
) Z ( K/ h+1 (8K n+1) — Vl(cj/?h+1(sk’7h+1>)

A
m\’*
>

—
—_
+

| =

II
—

k'

(Viiasrnen) = Vi (s ) (12)

|-

+(1+

’

Il
—

mKHSA?

+56 (Aj H3% > Nicrals) n—— ) +4Ke

K
: ( ) Z (Uph (Sk,nsaps 1) Vk(’j,)thl) - aph(sk,hvaw,h,)(Kl(cj’?thl))

k'=1

K
1 ,
(1 * ) Z (Vk(/ h1 (S n1) — Vgc]'?h+1(5k’,h+1))

k'=1

17
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+ (1+%) Za,?h+1+e(A \/H SKlnI:;SA?>+4Ke

k/=1

where (i) changes the order of summation, (ii) uses eq. @) and pigeonhole argument, (iii) uses

NK“ n(s) V/1/n = ©(Ng41,1(s)), (iv) applies Jensen’s inequality to the convex function /-,
and (v) is by the definition of dy 1. Now we apply Lemma|F.7|to the first two terms above on the
right-hand side,

K
() ()
Z (UP}L(Sk.}Lyak/,h)(Vk/],h+1) - O—'Ph(sk,h,ak/,h)(Kkj’,h—&-l))
k'=1

K
Z ( W 1 Sk ht1) — V](cj’?h+1(8k',h+1))' (13)

Then we obtain the recursion

Zé(]) <D( ) Z Z (Vk(J;fH Vl(cjh+1( )) + (1 + %) \/ 32K H?In QHEH

k=1s€S

HSA?

(RS o s

) +4Ke. (14)

We apply Lemma [F8]to solve this recursive relation by setting

K K
I I C) N ) (4) _ L~ 1
an —;@fmbh =3 Y (W3 -vie) G =1+ .G = D(1+ =),

k=1s€eS

1 2mH mKHSA?
c3=(1+ﬁ) 32KH2lnn; +®( \/H3SK1n5])+4Ke.

Then we obtain

K 1 H—h 1
Soadh SD( E) (1 + ) z; ( ) (s VSLHH(S)) (15)
k=1 1=0

+3H[(1 ;)Wﬂa( \/HSSKanI;SAi)—S—ALKe},

yH—=h+1 < 3. For convenience, we define

Ay =3 (Vi) - i)

seS

where we also apply (1 + 7

and

U = 3H[(1+%) 32K H?In 2 : :

Then we can have the following compact form of eq. [T3}

26(]) <D Z 1+ z+1 ZAI&];L-&-I-&-L

Starting here, we let D < max{ ", <5 }. For, the case where D < P2 we take expectation on
both sides and obtain

mi 64, \/H3SKln mEHSA] )+ aKce).

H-

K
Z Z P(sp,n = s) (VIC(J;Z( ) — /(CJ;L ) Z =) Z Ak htiti T

k=1se8S i=0

18
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The left-hand side can be further lower bounded using Deﬁnitionwhen Pmin > 57~ We have

K
Punin Y AY) <D Z (14 )" Z A s + (16)

k=1
To solve this recursion, we apply Lemma@by setting

U; D
an = AU ,Ci=—2, and Cy =
Z k, h min Pmin
Let pmm < ;. Then we obtain the following upper bound:
K
. Y.
AN E— 17
nelm) £ Rk = i — HD 4
Lastly, we bound the optimality gap at the step h. In expectation with respect choosing k, we have
(5) (9)
max max[Vo?os 1 (s) = Ve (s)
< max VLI () = Vi (s)]
JE€ml T3
(4) (4)
<;2%7ZZV¢*OWk 1,1 _V‘ﬁ'k,hl(s)]
k=1s€eS
(i) _
< max fZZ( - Vi)
j€lm] K k=1seS
@ 1N
we (49)
=’ max — A
jelm] K ; ot

v [ 32H? 1n2mKHSA+@ A HgSlanHSA2)+4e}
= Pmin — HD K 0 K 1)

where (i) uses the definitions of & and 7, 5, given by Algorithms@&Elrespectively, (i1) uses Lemmas
@ & d sampling rule of k£ given in Algorithm (iii) is by the definition of A,(f L, and (iv)
uses eq. (I7) and A := maxi<j<m A;. It completes the proof.

When evaluating the sample complexity, we set ¢ = %e Then the last term is bounded by

€/2. Then we let ﬁ%H‘ﬁSAQ In W/K < ie. It solves the number of episodes for
achieving e-approximation of robust correlated equilibrium is K = O(SA2 H? € 2).
For the second case where D < W’ we recall that the first term of the recursion eq. (]E[)

D1+ 3) 5 (14 4) 5 (o)~ Whirs)

pmll’l

measures the influence of diameter of uncertainty set on the convergence error of robust V-learning.
We can estimate this term with a universal upper bound; that is, for h = 1,

D<1+é)§:( ) ZZ(Vk 114(5) Vij)ur,(’))

i=1

o1+ 7) X (1) L (1-9)
7DSKHi:1 (1+ ﬁ) (H — i)
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<5DSKH?.
Then eq. (T3) can be bounded by

N~

< mK HS A2

o0} <5DSKH? +3H [(1+ %) 32K H21n 2”;H +6(4 \/HSSK In——"— ) + dKce|.

k=1
(18)

The derived upper bound of optimality gap based on this inequality becomes

max [V (s1) — V) (s1)]

JE[m]

. 32H2 2mKHSA H3S mKHSA?
<5 2
<5DSH +3H[2 I = +®<A\/ I R )+4e],

where s; is the initial state. Since the initial state can be any state over S due to the initialization,
we obtain the desired bound. If D < <77, then this bound implies the same sample complexity;
the number of episodes for achieving e-approximation of robust correlated equilibrium is K =

O(SA2H¢?).
O

E PROOF OF COROLLARY

Corollary E.1. In the case of a single player, the output policy & produced by Algorithm[I|achieves
an approximate optimal robust value function at the same convergence rate as that in Theorem

Proof. 1t suffices to prove that for the single-agent case, all stochastic modifications of a policy form
the space of all policies. Let IT be all distributions over A and 7 € II is given with 7(a) > 0 for all
a € A. We will prove that

{¢ o7 : ¢ 1is a stochastic modification} = II.

For any p € II, we can construct the desired ¢ as follows: define ¢(-|b) = u forall b € A. Then we
will show that ¢ o 7 is same p.

pom(a) =Y m(b)p(alb)

be A

= 3" 7(b)ua) = u(a).

be A

This implies that IT = {¢ o 7 : ¢ is a stochastic modification}. It concludes that enumerating all
stochastic modifications of a given policy is equivalent to enumerating all policies. O

F SUPPORTING LEMMAS

Hyperparameter choices Throughout this subsection, we use the following hyperparameter
choices

. H3 mKHSA?
BIEJ) = CAJ\/t lnfjﬁ-e, (19)
H+1

e 20

(673 H+t, ( )

t
o) =0, aj=ao; [[ Q=0a))(i=1) 1)
j=it1
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where ¢ > 0 is an absolute constant. It can be seen that the above hyperparameters satisfy the
following conditions. (Eq. (22) is obvious and eqs. (23) & (24) are proved in Lemma 10 of Jin et al.
(20224).)

t
Z ai =1 (22)
i=1
Sai=1+ 23)
t=1
t 2
G H3 mKHSA?
S aip? =6 Aj\/t1n6 L) we (24)
=1

Pessimistic estimation of V function: To facilitate the proof, we also provide a pessimistic es-
timator of V functions denoted as K,(j )h which is constructed by the following update rules with

initial values V,"})(s) = V%), (s) = 0 for all s, k, j

V& ulsn) = = aVisn) + o (rf) +5p, 0,00 W) - 67): ©5)
z1(<j4)-1,h(5h) «— maX{O7ch(i)1,h(Sh)}' (26)

The above update rules are similar to those for optimistic estimation in eqs. (5) & (€), with the major
difference that +3Y) > 0 in eq. (@) yields optimism (i.e. Vk(j,g (s) > vV (s) > VY )h,, L (s) as

¢*oft n,h R
shown by Lemma D while —Bt(]) < 0ineq. yields pessimism (i.e. K,(jzl(s) < Vfr(]f)h L (s) as
shown by Lemma |F.4)
Lemma F.1. The operator op, (s,q) defined in eq. (@) has the following properties:

1. Boundedness: infy V(s') < op, (5,0)(V) < supy V(s').

2. Monotonicity: op,(s,a)(V') < 0p,(s.a)(V) for any V-tables V,V' such that V'(s) <
V(s),¥s.

3. Estimation bound: The estimator op, (s o) has the following bounds for any V function V.

Uph,(s,a) <V> —e< a-\Ph,(s,a)(‘/) < O-’Ph,(s,a)(V) +e. (27)

Proof. Proof of boundedness: The upper bound op, (5.4)(V') < sup,, V/(s') can be directly proved
based on eq. (3) as follows.

op, (s.a)(V) = inf Py,(s'|s,a)V (s’
Pu(s,a) (V) ﬁﬁh(.\s,a)eph(s,a)z n(s'ls,a)V(s")

s'es
< inf Z Pu(s'|s,a) sup V(s")
B (1s,0)€Ph(s0) S wes
@ sup V(s"),
s//es

where (i) uses >, sPn(s’[s,a) = 1. The proof logic for the lower bound inf, V(s") <
Op, (s,a) (V) is similar.

Proof of monotonicity: Suppose p € Py, (s, a) achieves the infimum in op, (5 4)(V') defined by eq.

@), i.e.
opu(sa) (V) = D p(s)V(s). (28)

s'eS

Then the monotonicity can be proved as follows.

Py, (s,a) (V) — 0P (s,a) (V/)

21
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= p(sV(s) - inf > Pu(s|s,a)V'(s)

’H‘»h('lswa)elph(sva)

s’eS s’eS

(i) (i4)

> p(sHV(s) = > psV'(s) > 0, (29)
s’eS s’eS

where (i) will be used later and (ii) uses p(s’) > 0and V(') > V'(s’) forall s’ € S.

Proof of estimation bound: ¢ := sup;, , , v |0p, (s,0) (V) = 5p, (5,a) (V)| defined by Definition
directly implies eq. 27). O

Lemma F.2. For any player j and all s € S, the V-table Vk(Jh) and l/k(J}B tracked by Alg()rithmat
the h-th step in the k-th episode satisfying XN/k(sz (s) > 0and Yk(Jh)(s) <H+1-h

Proof. We will only prove Y,C(Jh)(s) < H + 1 — h since the proof logic for ‘N/k(] ) (s) > 0 is similar.
For k = 1, the initial value Yl(jh)(s) :=0 < H + 1 — h. Then we assume Y,C(J,z(s) < H +1— hfor
a certain fixed k¥ > 1 and we prove l/,fj‘_)l,h(s) < H + 1 — h as follows.

VP alsn) 2 (1= a) V) (sn) + ae(ri? (sn,an) + G, (snan) (Vi hs1) — B

(i) . .
< (L= a)H+1—h)+ar(l+0p,(opan Vi) — B +e)

where (i) uses the update rules (23) & (26), (ii) uses l/k(’j)(s) < H+1— handeq. Z7), and (iii)

uses Bt(j ) > ¢ based on eq. (19) and the following inequality based on item of Lemma ﬂ This
concludes the proof.

Py sman) (Vihat) < max Vi (s) < max [max (0, V), (5))] < H = h.
O
The following lemma says that the tracked upper confidence bound Vk(]g (s) is always larger than the
lower confidence bound K,(Cj Z(s)

Lemma F.3. For any player j and all s € S, the V-tables Vk(j ) (s) and K,(CJ L(s) tracked by Algorithm
[)at the h-th step in the k-th episode satisfy the following inequality

VO (s) 2 V) (5). (30)

Proof. It suffices to show I~/k(J,3 (s) > l/k(J,Z (s) since it implies eq. (B0) as follows
V() = Vi (s)
® min{H + 1 — h, ‘716(],3 (sn)} — max{O,l/k(?g (sn)}
W min{ H + 1 — h,max[0, V9 (s)]} — min{ H + 1 — h, max[0, V%) (s1,)]}
(idi)
> 0, (3D
where (i) uses eqgs. (6) and (26), (ii) uses Lemma and (iii) uses ‘N/,C(]}Z(s) > Yk(]}z(s)

Then we prove Vk(],z (s) > l/k(J,B (s) viainduction with regards to k. For k = 1, ‘71(7];3 (s)=H+1-h>
1/1(7]2 (s) = 0 due to initialization. Suppose ‘7,53 ) (s) > l/k(J,Z(s) and thus eq. (30) holds for a certain
fixed k. Then we aim to prove ‘71521 n(s) > Yk(i)l, () (i.e., eq. (30) also holds for k + 1). It suffices
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to consider the case where s is the state visited at the h-th step in the k-th episode, that is, s = sy, 3.
Otherwise, 175217,1(3) = XN/k(j}B(s) > l/k(]}Z(s) = ch(i)l,h(s)' When s = sy, 5, the update rules (B) &
(23) imply that
Vk(i)l,h( ) Vk(—j&-)l h( )
=(1—ar) (V5() = V() + ar (3,60 (V1) = Fpu e D 0) ) + 200807
(3) ) ) N\ (i)
=0 (0,60 (V)41) = 0Py o (V1) —2¢ +2807) = 0 (32)

where (i) uses V,C(Jh)( ) > l/k(j,g (s) and eq. (17_7[) and (ii) uses Vk(J}B 1> V;f ) +1» the monotonicity of
0P, (s,a) (S€€ 1temlof Lemma and ﬁ > ¢ (see eq. (19)). This concludes the proof.
O

Lemma F.A4. The V-tables VW(Z )h’ ,, and K,(f ;1 satisfy the following inequality with probability at least

1- 6for all players j € [m] episodes k € K|, time steps h € [H| and states s € S and any

§€(0,3)

VD (s) 2 V) (s).

Tk, hyh

Proof. Tt suffices to prove v (s) > Vk(jfz( ); it implies v (s) > Zg%(s) because

T, byl Fk,h h

v (s) > 0 by its definition (Z)) (note that T(J)(Sz, a¢) > 0) and Z,(jzl( ) = max{O,l/k(ﬂz(sh)}.

Tk, n h
Now we start to prove Vh(j ) (s) > Vk(’ h)(s) by induction with respect to h backward. When
h = H + 1, the proof is tr1V1al as V7T( I){ (s) = 1/0(?21 4+1(8) = 0 for any policy w. Then suppose
Vﬁ(lz)thl ha1(s) > Vk(J,BH( ) holds so VTF(Z)HI ha1(s) > V,(C]L_H( ) for a certain fixed h, and we
will prove that V7, (s) > V\9)(s). Let {kihicics (b1 < k2 < ... < ki < k) be the set of

episodes where the state s is visited at the h-th step. Then we unroll the update rule (23)) of l/k(j}z (s)
as follows with respect to the episode k.

V() =3 at [r (s, a0 0) + Fpyssaye (Vi) = 8]

'M“

=1

—~
.
=

-

o [ (5, ak0) + 0B, 0y ) (Vi) + 2= B (33)

=1

where (i) uses eq. (27). Let

X' = at [Téj)(saaki,h) + J'Ph(sh,aki)h)(zgi%h_irl)} .

©)

Then X; always has the following bound since V', 1 Vi )h+1 (sn)} < H — h based

on Lemma

= max{0,V,

0<X; <al(H+1-h).

Then by using Azuma’s inequality and applying union bound to all j € [m],i € [t] C [K],h €
[H], s € S, we have the following bound with probability at least 1 — 4.

t

t t
Sox =[x < 5 (m RIS S a1 - T 2 g
= i=1 i=1

where (i) uses 22:1(0%) < QtH in Lemma 10 of Jin et al.| (2022a)). Therefore, with probability at
least 1 — 4, the following inequality holds for all j, k, h, s.

V(]) ZX
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(i) .
< ZQ;EW ) [ ,gn(s,aki7h>+aph(shwh)(zg{h+l)]

t

H3 2mKHS i ali)
g ;at(ﬁi —¢)

le

< ZO&EWM h |:Th (87 aki,h) + O-Ph,(Sh,,am,;L)(V;Z,B,}L+1,h+1):|

(“’) V(J) (),

thh

where (i) uses eq. (33), (ii) uses eq. (B4), (iii) uses eq. (24) and the assumption that VW(Z} ha1(8) =

Z,(f;) b +1(8) holds for ¢ = k* < k — 1, and (iv) uses the robust Bellman equation and the definition
of @y, 1, given by Algorithm 4 O

F.1 LEMMAS ON ROBUST CORRELATED EQUILIBRIUM

The following lemma follows Lemma 15 of (Jin et al., 2022a)), with the bandit input changed from

H—rn—Vhy1(sht1) H—rh=0p, (sp,,a,) Vh+1)
(ah’ H+ 1 ) to (a}“ hHh ap )

Lemma F.5. Let w11 1, be the policy given by the ADV_BANDIT_UPDATE algorithm at the h-th
step of the k-th episode. Then the following bound holds for all j € [m), k € [K], h € [H| and
s € S with probability at least 1 — § under Lemma|[C.1]

max ai {]EaMz,mo(ﬂk%) [r’(lj) (s,a) + 0Py, (s,a) (Vk(f));ﬁl)]}

o)
t
; - H3 mKHSA?
<> aj [anki,, 1) (5,0) + 0py (5.0 (Vk(ij,)h—o—l)]} + 104; \/t In fja (35)
i=1

H—rp(s,a)— 0'7>h

Proof. By applying Lemmao the loss function [;(a) = o) Vrtr) o any s, we
obtain that the following bound holds for all k£ € [K], h € [H] and s € S'with probability 1 — & (we

replace ¢ in the bound in Lemmawith KLHS by applying union bound to all k € [K], h € [H]
and s € §), which is equivalent to the above bound and thus concludes the proof.

: i [H - rgj)(s,a) - UP;L(s,a)(Vk(g,)h-s-l)]

H

H - r}(LJ)(S7 a) - O.”Ph(s}a) (Vk(7 )h+1)
Z at a~¢(1)o7rk1 |: H i|

< max
P()

H mKHSA2
+ 104, In ——2~.
t 0
O
Lemma F.6. For the j-th player, the V-tables Vd)(f()mk L.n(8) 1= maxye) V¢(J)om . ,(8) and Vk(fiz(s)

at h-th step in the k-th episode, satisfy the following inequality with probability at least 1 — 20 for
any 6 € (0, 5)

VER(s) = VL a(s)

¢* oty h
forall s € S.
Proof. 1t suffices to prove ‘7,6(],1)(8) > Vd)(f()mm »(8); it implies V,C(Jh)(s) > Vd)(f()mk} 5 (), since
Vk(jfg (sp) = min{H+1—h, V,G(J,Z(sh)} (seeeq. (6)) and V(f'c))ﬁkyh,h(s) '= max () V(;())Om X 7h(s) <
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H 41— h(since 7t < 1 forall j,h). Let {k;i}1<i<¢ (k1 < ko < ... < k¢ < k) be the set of
episodes where the state s is visited at the h-th step. Then we unroll the update rule (3)) of 17,6(7,3 (s)
with respect to the episode k as follows.

t
VIC(;J}Z (S) = OétO(H — h + 1) + Za; |:rl(lj)(s7a/ki,fl) + aPh(s,aki,h)(sz h+1) + B :|

i=1

%

¢
Za [ (J) (s, api, )—|—07;h(s)am’h)(vk(f7)h+l) —|—5§J)—e} .

i=1

where the above > uses o = 0 (see eq. (21I)) and eq. (27). Substituting (34) which holds with
probability at least 1 — § into the above inequality, we obtain that the following bound holds for all
7, k, h, s with probability at least 1 — ¢,

t
Vk(]}a Z E ok’ 7ﬂh 5 ak’ﬂh) +0—7’h(3,ak1¢,h)(vk1 )h+1)]

H? 2mKHS

—I—Zatﬂ(J T (36)

By substituting eq. (33) into eq. (36), we obtain the following bound which holds for all j, k, h, s
with probability at least 1 — 24 (since eq. (33) holds with probability at least 1 — & and so does eq.

@a.

Vk(]h) > max Z O‘tE¢<J>owk7 N |:rh )(37 (lki)h) + TPy (s,a,6 ) (Vlfi],)h-s-l)}

@)
¢ . 3 3 KHSA?
i3() _ Hil M—NA- Hil MBS
+ Z¢=1 (B =e) \/ﬁ NS
(4) (7)
>r;1?>x g Ozt andPomi [ (s,a) + U”Pn(&a)(vk’ h+1)] (7

where (i) holds using eq. (24).
Then we can apply induction to h backward to prove I~/k(j,2(s) V(;f zm - For the base case

h = H + 1, it can be easily seen that Véjgprl( ) = ng(fzmk f+1(8) = 0 based on A]gorithm

and the definition of VTF(J}S given by eq. (@). Suppose V,C(J}Z (s8) > Vd,(f gm n1(s) for a certain

fixed h and all j, k, s, so Vk,(j}zﬂ( ) > V(;f?mk n41(5). Then eq. (7) further implies the following
inequality, which concludes the proof. (Note that the whole induction builds on eq. (37) which holds

for all k&, h, j, s with probability at least 1 — 26.)

t
Vk(,J}B( ) > maxZat a~¢(1)o7-rk1 h |:Tf(L )(S a) + O-Ph(g a)(Vqﬁ(*gﬂkl h+17h+1)] > Vqﬂ(*lﬂ'” h,h’

hzl

where the second < uses the following inequality obtained via the same proof logic as Lemma 13
of Jin et al.|(2022a) (see the beginning of page 19 of [Jin et al.|(2022a))).

Ve ls) = max VD (s)

¢*oftk. n,h ¢(j)

@) (4) )

= max max E ) . Ty (s,a) + UP;L(S@)(V )
o oG o olfk,nln O 1y O 1 L

(i1) .

ii () G)

= max max «a Ea~¢(j)o7'r ; (Th (s,0) + 0P, (s,0) <V¢ ° h+1)
¢(7) 4322)“).}1 P h kih (h+1) HOThi hy1s
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(#47) (G ~
7) : ’ (4) ’

< max E ozt amd@ om, s (rh (s,a) + max inf E n(s'|s, a)V(]) e h_H(s ))

o i Phv1ym Pa(ls,:a)€Pn(s,0) 7 RS
t
i J : ™ J
< max E B, 0 (ré V(s,a) + inf E Py (s']s,a) max V(; ) s th1(s'))
S h TTkYR Pr(-]s,a)€EPh(s,a) 7 hr1yeH (h+1) T ki ht1>

w (4) (4)
=" max atEa~¢§Lj)07fki . <’I“h (S7 a) + O-Ph’(s7a)(‘/¢*o7’.‘rki h+1’h+1))’
471 £ ?

where (i) uses robust Bellman equation and denotes [7 3]s, as the marginal distribution of a;, based
on policy 7y, defined by Algorithm (4] l (i) uses the definition of 7 5, given by Algorithm 4] l (iii)
and (iv) use the definition of P, (s,a) Elven by eq. @).

O

F.2 KEY LEMMAS TO HANDLE UNCERTAINTY

Lemma F.7.

K

(4) (4)
Z (O-Ph(sk,h7ak/,h)(Vk;j,h+1) - U'Ph(sk,}“ak/,h)(Kk]’,h—i-l))
=1

K
- Z ( k' h+1 (8k/,ht1) — Vgcj/?h+1(5k’,h+l))

K
Z Z (Vii(5) = Vi) 11(9)) + /32K 2 n 2”§H . (38)
€S

Proof. For the k'-th episode, let UPh(s;c,h,ak/,h)(Zlg?h-i-l) = Zspk/7h(s)zg?h+l(s) =

Pi hK,(f,)h - 1.e., the minimum is achieved at p{, ,,. Then

¥

K
Z (O-Ph(sk,haak/,h)(Vk('J,)h-‘rl) - JP;L(Sk,h,flk/,;L)(Kg?h+1))
k'=1
K . .
-y (Vk(’J,)thl(Sk’,h-l-l) _Kl(cj’?thl(Sk’,h-&-l))
k'=1

K K
< Z pf/,h (Vk(/j)h+1 Vz(ej/)h+1> Z ( W h Sk ht1) — Vz(cj/?h+1(3k’.,h+1)>

k=1 k'=1

K
)
< E :pk, ( wont1 — Yo h+1) E ,E( k' h+1 (Sk/,ht1) — Vk/,h+1(3k’,h+1) Sk ,hy Ak’ b
k=1 =1

(4)
K

K
+ ]E(Vk(/],31+1(sk’,h+1)_Kéj/?h—&-l(sk”thl)‘Sk',m ak',h) > (Vk(/],31+1(sk',h+1)_Kg?h—&-l(sk’,fﬂrl)) :

k'=1 k=1

(B)

Then we will bound terms (A) and (B), respectively. For term (A), we define pﬁcyh(s) =

Pr(sk,n+1 = S|Sk,h,ar,n) for some distribution sampled from the uncertainty set Py, (sx. 5, ak,n)-
Then we obtain

K K
> P (Vk'(i)h-&-l - Zg’?h-&-l) > E (Vk( h1 (8K 1) — Vl(cj’?h+1(5k’-,h+1)‘sk’,h>ak/,h>
k=1 k'=1
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%

=

Mw

K
T () () T (10) ()
Pi (Vk’]h-H vy h+1) =D P (Vk'],h+1 - Kk]’,h-H)
1 k'=1

(pk’,h — P;«,h)T (Vk(’J,)h—&-l - Kl(cj’?h—i-l)

’

x

%

—

M@

k=1
W V) v
max P11 (8) = Pl p ()] Z Z w1 (8) = Vil (s)
k'=1seS
< D Z Z (Vkum-l VI?ZLH(S))
k=1seS

where (i) expands the conditional expectation, (ii) combines the same term together, (iii) applies the
Holder’s inequality (u, v) < [[ul|so|lv][1, and (iv) uses ¢ := supy, ; , v lopn(s,0) (V) = 0P, (s,0) (V)]
defined by Definition 4.3]

Now we turn to bound term (B). Let
Y =E (Vk(’j,)h+1 (kn01) =V 1 (550 1) ’81@',}“ ak',h) - (V;c(/j;);L+1 (str041) =V iy (Sk',h+1)) :
Then Zz,zl Y}, forms a martingale with |Yy/| < 4H. By Azuma-Hoeffding inequality, with a

probability at least 1 — 6,

K
2mH
3 Y < \/32KH2 I T

5
k=1
Combining the bounds of (A) and (B), we obtain the upper bound of eq. (I3):
K

Z (Uph,(sk,h-,ak/,h)(Vk(/J,)h+1)_ Jph(sk,hyakl,h)(Kl(cj’?thl))
k'=1

03y (Vha(5) = Vhr(0)) + 32K 2 220

k=1s€eS

O

This lemma gives a more general version of recursion used inJin et al.[(2022a). When setting b;, = 0
and iterating to h = 1, this result is reduced to Jin et al.| (2022a).

Lemma F.8. Suppose the sequence {ay,, by} e[r41] satisfies the following recursion:
ag+1 =bpi1 =0,
ap < Ciapyr + Cobpgr + Cs.

Then for any h € [H),

H—-h H—h+1
) C -1
an<Co > Cibnyrsi+ ( o )Cs
=0

Proof. We prove it by induction with respect to h backward. For h = H, the statement obviously
holds. Then assuming the statement holds for h+ 1 (for some h < H'), we consider the upper bound
of ap:

(1)
ap < Ciapq1 + Cobpgr +C3

Y [cg th: ‘o Do + (C{;h__ll)cg] + Cobpyr + Cs
@) [th: 1 Ctt oot + bh+1} {C1 (Czlh__ll) + 1} Cs
i=0
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H—h

=Gy Z Cgbh-&-l-&-i + ( )C?n
i=0

where (i) uses the recursion, (ii) applies the induction hypothesis, and (iii) rearranges the order of
each term. It completes the proof. O

C{{—h+1 -1
C -1

Lemma F.9. Suppose the sequence {ay,, by} he[r41] satisfies the following recursion:

aH+1:0,
H—h ,
1N+l
ah<C1+C2;<1+H> aApt14i-
IfCo < 1/H, then
ap < C1
ma: _— .
hX h = 1—-HCy

Proof. We re-write the recursion in matrix form. Here inequality holds for entry-wise.

r 2 H—17
0 (1+4) (1+4) (1+ %)
al 1 1 H-2 al
- o0 (ew) e (E) e
<(C1 C H-3
2 I e [ R 0 (1+ %)
ag . aH
0 0 0 0 ]
Denote the upper triangular Toeplitz matrix by T. Then we take || - ||« on both sides and obtain
maxay, <C +GC HTHOOm}?xah
H-1 N
SC1+C2}LZ_:1<1+H) m;;ixah

<Ci+ CgH[(l + %)H — 1} mf?xah

< C;+HCy m}&bxxah.

When Co < 1/H, it solves the upper bound of maxy, aj, as

G

<
Waxan = 77HG,

G EXPERIMENTS SETUP

In this section, we clarify the details of the experiment setup. For fair comparison, both V-learning
and robust V-learning are implemented in the same way as follows:

1. Adversarial bandit algorithm: the maximum size of saved 0 5 in Algorithm [2{is limited to
10000; for example, when reaching the iterate ¢ = 10001, we will remove the first element
to save more computation memory.

2. Hyper-parameters: Both {a;} and {ﬁt(j )} depend on environment parameters S, A, H and
the high-probability bound parameter 4. For simplicity, we set the same fixed coefficients
for V-learning and robust V-learning.

3. Solve (V) for KL-type uncertainty set: For numerical stability, the minimum is solved
over a bounded interval [0.01,9.9].

28



Under review as a conference paper at ICLR 2023

To simulate the non-stationary environment, we sample the transition probability as follows: (1)
Pre-set a list of environments with the length n from the given uncertainty set. For discrete model,
the uncertainty set contains exact two elements P, = {P,, : p € {0, %}} For KL-divergence
model and R-contamination model, we sample multiple Gaussian noises with the same dimension
as the transition kernel; then we remove unqualified transition until there are 5 left. (2) We define
the index function i(h) = [sin(h) + X}, | %n, where % is the module operation, n is the number of
transitions, X} is a Gaussian random variable. For each step h, we choose the transition selected by
the index function to sample the next state.

For KL-divergence and R-contamination model, exactly solving the optimality gap over the whole
uncertainty set is not possible. The steps below are used to calculate the optimality gap of an output
policy 7 numerically in our experiment: (1) Evenly draw 5 transition kernels from the uncertainty
set. (2) For each sampled transition and each player, we estimate the expected future return of all
deterministic modifications of 7 starting from the initial state by running the environment for 100
times. (3) We choose the modification with the highest worst-case expected future return among
all simulations; this is the best response of 7. (4) The gap between the best response of 7 and the
V-table of 7 at the initial state is the optimality gap. We use this to evaluate the performance of all
models.

H ADDITIONAL EXPERIMENTS

We add additional experiments on different parameters:

1. Discrete uncertainty model: (a) P, = {Pp, : p € {0,0.1}}; (b) P, = {Pr, : p € {0,0.2}};
and (¢) Py, = {Py, : p € {0, 15—4}}

2. KL divergence model in Example @ We set the centroid transition kernel to be P, = P ¢4
and choose uncertainty level parameter (a) p = 0.15; (b) p = 0.12; and (c) p = 0.1.

3. R-contamination model in Example@ We set the centroid transition kernel to be P, = Py g1
and choose uncertainty level parameter (a) R = 0.03; (b) R = 0.02; and (c) R = 0.01.

KL divergence model R-contamination model Discrete model
0.25
—— V-Learning 0.25 —— V-Learning 0.25 —— V-Learning
—— Robust V-Learning \ —— Robust V-Learning —— Robust V-Learning
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2z 2z z
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Figure 3: Comparison of estimated optimality gap of the policies produced by V-learning and robust

V-learning. The optimality gap we estimate is max ¢ [Vdff Zm{“,l (54) — VTr(i )+1,1 (54)].
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