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ABSTRACT

We investigate decentralized online convex optimization with compressed com-
munication, where n learners collaboratively minimize a sequence of global loss
functions using only local information and compressed data from their neighbors.
Prior work has established regret bounds of O(max{w=2p~*n!/2, w=4p=%}n/T)
and O(max{w=2p~*n'/2,w=*p=8}nInT) for convex and strongly convex func-
tions, respectively, where w € (0, 1] is the compression quality factor (w = 1
means no compression) and p < 1 is the spectral gap of the communication matrix.
However, these regret bounds suffer from a quadratic or even quartic dependence
on w~ 1. Moreover, the super-linear dependence on n is also undesirable. To over-
come these limitations, we propose a novel algorithm that achieves improved regret
bounds of O(w~'/2p~'n/T) and O(w~'p~2nInT) for convex and strongly con-
vex functions, respectively. The primary idea is to design a two-level blocking
update framework incorporating two novel ingredients: an online gossip strategy
and an error compensation scheme, which collaborate to achieve a better consensus
among local learners. Furthermore, we establish the first lower bounds for this
problem, justifying the optimality of our results with respect to both w and 7.
Additionally, we consider the bandit feedback scenario, and extend our method
with the classic gradient estimators to enhance existing regret bounds.

1 INTRODUCTION

Decentralized online convex optimization (D-OCO) (Yan et al., 2012; |[Hosseini et al., [2013)) has
emerged as a fundamental framework for modeling distributed real-world problems, such as tracking
in sensor networks (Li et al.,|2002; [Lesser et al., [2003) and dynamic packet routing (Awerbuch &
Kleinberg, 2004). Specifically, it is formulated as an iterative game between an adversary and a
set of local learners, indexed by 1, ...,n, which are connected through a network defined by an
undirected graph G = ([n], E) with E C [n] X [n]. In each round ¢ € [T, learner ¢ € [n] selects a
decision x; () from a convex set X C R?. Subsequently, the adversary chooses a group of convex
loss functions f; ;(-): R? — R and learner i suffers a loss f; ;(x;(t)). The goal of learner i is to
minimize the cumulative loss in terms of the global function f;(x) = Y77, fi ;(x) over T rounds,
which is equivalent to minimizing the regret ‘

T n T n
R(T0) = 3237 fus(xil0) = min 35 fus (x). (1)
t=1 j=1 t=1 j=1

The key difficulty in D-OCO lies in the fact that each learner only has access to its local function
ft.i(x). To approximate the global loss f;(x), prior studies (Yan et al., 2012; [Hosseini et al., 2013}
Zhang et al.L | 2017b; Wan et al.;,2020;2024; [2025) adopt the gossip protocols to aggregate information
about the global loss function, where each learner communicates with its neighbors based on a weight
matrix P. Nevertheless, the information (e.g., gradients and decisions) transmitted among learners
incurs significant communication overhead when the number of learners n is large, which limits the
practical applicability of these methods in distributed problems.

To tackle the communication bottleneck in D-OCO, [Tu et al.| (2022) propose a communication-
efficient method by leveraging data compression techniques (Tang et al.| 2018} |[Koloskova et al.|
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Table 1: A comparison of our work with existing results (Tu et al., 2022) for D-OCO with compressed
communication. Here, n is the number of learners, p < 1 is the spectral gap of the communication
matrix and w € (0, 1] is the compression ratio.

Source Loss functions Regret bounds
~2 —4.1/2 -4 -8
Tu et al.|(2022) Convex O(max{w™*p ) n'/2 w=tp=¥InVT)
Strongly convex  O(max{w2p~*n'/2,w=4p=%}nInT)
~1/2 -1
This work Convex O(w=2p~'ny/InnV/T)
Strongly convex Ow™tp™2nlnnnT)
Qw172 )~ 4p /T
Lower bound Convex (w p n\/j
Strongly convex Qw=p~?n1nT)

2019)) to reduce the volume of transmitted information. Their method, termed DC-DOGD, achieves
O(max{w=2p~*n'/2 w=*p=8Iny/T) and O(max{w 2p~*n'/2,w=*p~8}nInT) regret bounds
for convex and strongly convex loss functions, respectively, where w € (0, 1] is the compression ratio
that characterizes the quality of compression (w = 1 means no compression) and p < 1 is the spectral
gap of the communication matrix. However, their regret bounds suffer from a quadratic or even
quartic dependence on w™'. To enhance the communication efficiency, it is common to employ a
compressor with w < 1. In this case, the theoretical guarantees of their method degrade significantly.
Moreover, the dependence on 7 is far from that in Q(p~/*n+/T) and Q(p~/?n1n T') lower bounds
for convex and strongly convex functions in D-OCO (Wan et al., |[2025)). Thus, it is natural to ask
whether the regret bounds in D-OCO with compressed communication could be further improved.

Results. In this paper, we give an affirmative answer to this question. Specifically, we develop
a novel algorithm termed Two-level Compressed Decentralized Online Gradient Descent (Top-

DOGD), which enjoys better regret bounds of O(w™/2p~1n/T) and O(w~'p~2nInT) for convex
and strongly convex functions, respectively Furthermore, we establish nearly matching lower
bounds of Q(w~=1/2p~1/4n/T) and Q(w~'p~/?n1InT) for convex and strongly convex functions,
which are the first lower bounds for this problem. To demonstrate the significance of our work, we
present a comparison of our results with [Tu et al (2022) in Table[I] Additionally, we consider the
bandit feedback setting, and extend our method with classic gradient estimators (Flaxman et al.,
2005 |Agarwal et al., 2010). Let d denote the dimensionality. In the one-point bandit feedback
setting, we enhance the existing regret bounds of O(max{w=p~—2n/* w=2p~*}d'/?nT3/*) and
O(max{w=2/3p=4/3n1/6 ,=4/3 p=8/31q2/3nT2/3(In T)'/3) for convex and strongly convex func-
tions to O(w ™ /4p=1/2d1/2nT3/*) and O(w=1/3p=2/3d2/3nT%/3(In T')'/3). In the two-point bandit
feedback setting, we improve the existing regret bounds of O (max{w2p~*n'/2, w=*p~8}dn\/T)
and O(max{w 2p~*n2 w 4p=81d?>nInT) to O(w/2p~'dnV/T) and O(w'p~2d*nInT).
We compare our results with previous work in the bandit feedback setting in Table 2] Experi-

mental results on online classification demonstrate the effectiveness of our methods, which can be
found in Appendix D]

Techniques. The technical contribution of this paper lies in the development of two novel online
strategies to weaken the impacts of decentralization, compression and projection on the regret in
D-OCO, together with a unified framework that integrates them. Specifically, the effects consist
of three components: consensus error, compression error, and projection error. To control the first
two, we devise an online compressed gossip strategy, which is achieved through multiple steps of
gossip. To handle the projection error, we propose a projection error compensation scheme, which
recursively compresses the residual of the projection error and transmits the data to neighbors at
every recursion step. However, both of these techniques inherently require multiple communication
rounds per update, which is not allowed in D-OCO. To overcome this dilemma, we design a two-level
blocking update framework. We divide the total T" rounds into blocks of size L. = L; + Ly and
only update the decision once at the end of each block. Within each block, we first apply the online
compressed gossip strategy over L; rounds, and then perform the projection error compensation
scheme over L, rounds. Since we only update the decision once per block, we can evenly distribute

'We use the O() notation to hide constant factors and polylogarithmic factors in n.
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Table 2: A comparison of our work with existing results (Tu et al., 2022) for D-OCO with compressed
communication under bandit feedback setting. Here, d is the dimensionality, (1) and (2) denote
one-point and two-point bandit feedback settings, respectively.

Source Settings Regret bounds
Convex (1) O (max{w=p=2nt/*, w=2p~4}d"/2nT/4)
—2/3 —4/3.1/6  —4/3 —8/3\ 12/3 m2/3 1/3
Tu et al|(2022) Strongly convex (1)  O(max{w p~45ntb W P YBT3 (In T 5)
Convex (2) O(max{w=2p~*n'/2, w=4p=3}dnv/T)
Strongly convex (2) O(max{w=2p~*n'/2, w=4p=8Yd*nInT)
Convex (1) O(w=4p=124 2 (In n) /AT3/4)
—1/3 ,-2/3 12/3 1/372/3 1/3
This work Strongly convex (1) O(w™13p=2/3d*Pn(Inn)t/3T/3(In T)/3)
Convex (2) O(w=2p=Ydnv/Innv/T)
Strongly convex (2) Ow™p~2d*nInnInT)

the communications across rounds. By selecting appropriate block sizes L, and Lo, we can improve
the regret bound while ensuring a single communication per round.

2 DECENTRALIZED ONLINE CONVEX OPTIMIZATION (D-OCO)

D-OCO is a generalization of online convex optimization (Hazan et al.l [2016) with n > 2 local
learners connected through a network defined by an undirected graph G = ([n], E) with E C [n] x [n].
Different from centralized OCO, each learner < in D-OCO aims to minimize the regret with respect to
the global function f;(x) = Z;’:l ft,j(x), while only having access to its local function f ;(x) and
the information from its neighbors. The pioneering work of | Yan et al.[(2012) proposes a decentralized
variant of OGD (Zinkevich, 2003)), named D-OGD, by directly applying the standard gossip step
(Xiao & Boyd, 2004)) to the local decisions, and performing a gradient descent update using the
gradient of the local function. D-OGD achieves O(p~'/?1n%/4/T) and O(p~'n?/?InT) regret
bounds for convex and strongly convex loss functions, respectively. Later, Hosseini et al.| (2013)
develop a decentralized variant of FTRL (Hazan et al., 2007), termed D-FTRL, which enjoys the
same regret bounds as D-OGD. Notably, there exist large gaps between these bounds and the lower
bounds established by Wan et al.| (2022), i.e., Q(n\/f) and Q(n) lower bounds for convex and
strongly convex functions. To fill these gaps,|Wan et al.|(2025) design an online accelerated gossip
strategy and enhance the regret bounds to O(p~/*n\/Inny/T) and O(p~/?nlnniInT). They
further demonstrate the optimality of these upper bounds by deriving tighter Q(pfl/ 4n\/T) and
Q(p~'/?n1nT) lower bounds for convex and strongly convex functions.

In practice, the efficacy of D-OCO algorithms may be limited by the communication overhead
associated with exchanging information. To alleviate communication costs, several works (Tu
et al., 2022 Yuan et al.| 2022} (Cao & Bacsar, [2023; Zhang et al., 2023)) seek to transmit the com-
pressed data C(x) with fewer bits instead of broadcasting the full vector x, where x € R? and
C(-) : R* — R?is a compression operator such that C(x) can be more efficiently transmitted. In
particular, Tu et al.| (2022) propose a communication-efficient method by leveraging compressors,
and establishing O(max{w=2p~*n'/2 w=*p=8In\/T) and O(max{w2p~*n'/2 w=*p=3InInT)
regret bounds for convex and strongly convex loss functions. Moreover, they consider the ban-
dit setting, where the learner only has access to the loss value. In the one-point bandit feedback
setting (Flaxman et al., 2005), their method achieves O(max{w™'p~2n!/4 w=2p=4}d'/2nT3/4)
and O(max{w=2/3p=4/3p1/6 (y=4/3,=8/31q2/3nT2/3(InT)'/3) regret bounds for convex and
strongly convex loss functions, where d is the dimensionality. In the two-point bandit feedback
setting (Agarwal et al., [2010), Tu et al|(2022) establish O(max{wfzp%nl/aw*4p*8}dn\/f)
and O(max{w=2p~*n'/2 w=*p=8}d?>nInT) regret bounds for convex and strongly convex loss
functions. A contemporaneous work (Cao & Bacsar,[2023) provides the same regret bound for convex
loss functions in D-OCO with compressed communication.

We also provide additional discussions of compressed communication in Appendix [A]
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3 MAIN RESULTS

In this section, we first present preliminaries for D-OCO, including the assumptions and techniques
employed in our algorithmic design. We then introduce our method that achieves improved regret
bounds, and establish nearly matching lower bounds for D-OCO with compressed communication.

3.1 PRELIMINARIES

Similar to the previous work on D-OCO (Yan et al.,[2012; Hosseini et al., 2013; Wan et al.;|2025),
we introduce the following assumptions.

Assumption 1 (Communication matrix) The communication matrix P € R™*" is supported on the
graph G = ([n], E), symmetric, and doubly stochastic, which satisfies

. O<Pij < 10nlyif(z',j) EEori:j;
* Y1 Py = Xjen, By = 1,Vi € [n};
* Yimi Py = Yen, Py = 1,Yj €[],

where N; denotes the set including the immediate neighbors of the learner i and itself. Moreover, P
is positive semi-definite, and its second largest singular value denoted by oo(P) is strictly smaller
than 1. We define p = 1 — 09(P) € (0,1] and g = ||I,, — P|| € [0, 2].

Assumption 2 (Convexity) The loss function f, ;(-) of each learner i € [n] in every round t € [T is
convex over the feasible domain X.

Assumption 3 (Strong convexity) The loss function f, ;(-) of each learner i € [n] in every round
t € [T) is p-strongly convex over the domain X, i.e., it holds that fi ;(y) > f1.:(x) +(V f1:(x),y —
x) + by — x||% forvx,y € X.

Assumption 4 (Bounded gradient) The gradient of function f, ;(-) of each learner i € [n] in every
round t € [T is bounded by G over the domain X, i.e., it holds that ||V f, ;(x)|| < G, forVx € X.

Assumption 5 (Bounded domain) The set X contains the origin 0, i.e., 0 € X, and it is bounded by
D, ie., it holds that |x — y|| < D, forVx,y € X.

A compressor C(-) : R% — R? is a mapping whose output can be encoded with fewer bits than the
original input. In this paper, we consider a broad class of compressors with the following general
property (Koloskova et al.,|2019).

Definition 1 (Compressor) A compression operator C(-) : R® — R? is termed an w-contractive
compressor, if it satisfies

Ee [lC(x) - x| < (1 - w) 1x|* v € RY,
for a parameter w > 0. Here, Ec[-] denotes the expectation over the internal randomness of C-).

The compression error of the above compressor is 1 — w. To mitigate this error, Huang et al.|(2022)
design the repeated compressor, as summarized in Algorithm[I] The core idea is to repeatedly apply
the compressor for L rounds and transmit the compressed data at each round, which involves L rounds
of communication. When L = 1, the repeated compressor degenerates to the standard compressor.
We state the following lemma to provide the compression error of the repeated compressor.

Lemma 1 (Repeated compressor) (Lemma 2 in Huang et al.|(2022)) Given a w-contractive com-
pressor C(-) and for any compression rounds L > 1, Algorithmensures

Ee [IC2(x) = x|*] < (1-w)* 1x|*  vx € RY,

where Cp(x) = cp = Zle A; is the total output produced by Algorithm
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Algorithm 1 Repeated compressor Cy, ()

1: Input: compression round L, compressor C, data x
2: Initialize cg = 0

3: fori =1to L do

4:  Compute A; = C(x — ¢;—1) and send to neighbors
5 Calculate c; = c;_1 + A;

6: end for

Remark 1 Lemmall|shows that the compression error of the repeated compressor decays exponen-
tially with the compression rounds L, albeit at the cost of requiring L communication rounds.

A straightforward approach for decentralized optimization with compressed communication is to
integrate a compressor into the standard gossip, where each learner transmits the compressed decision
to its neighbors. However, this approach fails to converge to the average decision. To address this,
Koloskova et al.| (2019) adopt the difference compression technique (Tang et al., [2018)) to develop
Choco-gossip. Each learner ¢ maintains auxiliary variables x;(¢) € R to record the data received
from neighbors j, and %;(t) € R? to track the data it has transmitted to neighbors over the past
rounds. In each round ¢, learner 7 updates its decision and auxiliary variables X;(t) as follows:

Xi(t+1) =x,(t) +7 Y Piy(&;(t) = %(1))
JEN; (2)

Xj(t+1) =%;(t) +C(x;(t+1) —%;(1)),Vj €N,

where v < 1 is the consensus step size and C(x; (¢t + 1) — X;(t)) is the received data from neighbor j.
At each round ¢, each learner 4 transmits C(x;(¢ + 1) — X;(¢)) to its neighbors ;. One might notice
that Choco-gossip requires each learner to store deg(i) + 2 variables, where deg(7) is the degree of
learner ¢. This is not necessary and Koloskova et al.| (2019) present an efficient version that only
involves three additional variables. We provide more details in Appendix [F.4]

In D-OCO with compressed communication, |Tu et al.|(2022)) integrate D-OGD with Choco-gossip to
develop a communication-efficient method, referred to as DC-DOGD. At each round ¢, each player ¢
plays a decision x;(t) and suffers a loss f; ;(x;(¢)). Then learner ¢ updates its decision by leveraging
both the local gradient and the information X (¢) received from its neighbors:

Xi(t+ 1) = Pa(x:(t) = 1V fra(ea(t) +7 Y Pyy(35(8) — %i(t)))
JEN; (3)

%;(t+1) = %;(t) +C(x;(t +1) — %,(t)),Vj € Vi,

where 7 is the learning rate and Py (+) is the projection onto the domain X'. Different from |Koloskova
et al.| (2019), each learner is required to project its decision onto the feasible domain in D-OCO,
which inevitably introduces an extra projection error.

3.2 OUR IMPROVED ALGORITHM

To begin with, we first briefly outline the key challenges in D-OCO with compressed communication
and then present the corresponding techniques we develop to address them.

Motivation. The regret of DC-DOGD (Tu et al. [2022) can be decomposed into the regret of
the averaged decision X(¢) = 2 > | x;(t) and the approximation error, which consists of three
components: (i) consensus error, arising from the network size and topology; (ii) compression error,
introduced by the compressed communication; and (iii) projection error, caused by the projection

operation in (3). To achieve tighter regret bounds, we focus on controlling the approximation error.

Online compressed gossip strategy. Since DC-DOGD performs a single gossip step per update,
the decision of each learner converges to the average decision at a slow rate. To resolve this, we use
the multi-step gossip to reduce the consensus and compression errors. More precisely, we have the
following lemma to establish the convergence rate.
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Algorithm 2 Top-DOGD
1: Input: consensus step size vy, learning rate 7, block size L = L; + Lo
2: Initialize x;(1) = 0,%;(1) = 0,Vi € [n]
3: for block b= 1to T//L do

4: if b =1 then
5: fort =1to L do
6: Play the decision x;(1) and suffer the loss f; ;(x;(1))
7: end for
8: else
9:  Sety!V(b) = xi(b) — myzi(b — 1), 1V (b) = %i(b), b, = 1
10 fort =(b—1)L+1to(b—1)L+ Ly do
11: Play the decision x;(b) and suffer the loss f; ;(x;(b))
12: Transmit C(y, POy — g (bl)(b)) to neighbors j € N;
. o (b1+1) _ A(b1) (1) (g, o (b1) ; i
13: Compute y; (b) = (0) +C(y; ' (b) —y; " (b)) for j € N;
14: Compute y(bl+ )(b) accordlng to ( and setby = by +1
15: end for > online compressed gossip strategy
. _ (L1+1) (L1+1) _
16: Setr (b+ 1) =0,r;(b+1) = Px(y, () -y, (b),be =1
17: fort—(b—l)L+L1+1tode0
18: Play the decision x;(b) and suffer the loss f; ;(x; (b))
19: Transmit A bZ)( b) =C(r;(b+1) — (bZ)(b + 1)) and send A§b2)(b) tojeN;
20: Compute rE- 2+1)(b +1)= §b2)(b +1)+ AEbQ)(b) and set by = by + 1
21: end for > projection error compensation scheme
22: Update x;(b + 1) = 37V () + £{* "V (b + 1) for j € A
23: Compute z;(b) = f;’L(b a1 Vfei(xi(b)) and update x;(b + 1) = Pr (v " (b))
24:  end if
25: end for

Lemma 2 (Theorem 2 in |Koloskova et al.|(2019)) We define e, = Ec[> i, ||x;i(t) — SOIR
% (t) — %;(t)]|*] and %(t) = * S xi(t). The first termy_ - ||x;(t) — X(t)||? characterizes the

n
. 2 . .
consensus error; and the second term Y ., ||x;(t) — %X;(t)||” characterizes the compression error.
Given an w-contractive compressor C(+), for any round t, by setting v = and

performing the update in (2)) for Ly rounds, we can ensure

pw
16p+p2+452+2pB2 —8pw

@)Ll

errrn, < (1-— D)

€t.

As can be observed, the errors decrease at an exponential rate as the number of gossip rounds
increases. While repeatedly executing the gossip step can mitigate errors, this results in multiple
communication rounds per update, which substantially exacerbates the communication burden we
aim to alleviate. Motivated by Wan et al.|(2024; 2025), we integrate the blocking update mechanism
with Choco-gossip to design an online compressed gossip strategy. If we partition the total rounds
into blocks and update once at the end of each block, the communications can be distributed across
rounds. With an appropriate block size, this allows us to control the errors while keeping only one
communication per round. Nevertheless, this mechanism alone is insufficient, as the projection step
in D-OCO introduces an additional error.

Projection error compensation scheme. The projection operation in (3) introduces an extra
error, which induces an O(n) dependence in the bound of the approximation error. By carefully
analyzing the error, we find that if each learner ¢ were able to add the projection error of neighbor
j € N to the auxiliary variable x;(¢), the O(n) dependence could be avoided. However, each
learner only broadcasts the compressed data, which leads to an O(1 — w) bias. Notably, if the
projection error can be constrained in the order of O(1/n), the upper bound becomes independent of
n. Drawing inspiration from |Huang et al.|(2022)), we employ the repeated compressor. By recursively
applying a compressor over Ly = [In(8n)/w] rounds, we can ensure the compression error satisfies

Ec [||CL2 (x) — x||2} <(1—w)l2 |x]* < ﬁ ||x||?. However, a direct application of this technique
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incurs Ly communication rounds per update. To overcome this dilemma, we again utilize the blocking
update mechanism to distribute the communications into each round per block.

Overall algorithm: a two-level blocking update structure. To unify the two strategies within a
single framework, we propose a two-level blocking update framework. Concretely, we partition the T’
rounds into several blocks with block size L = Ly + Ly. We maintain the same decision x;(b) for
each learner 7 in block b (we assume 7'/ L is an integer without loss of generality) and only update
the decision at the end of each block. In block b, we first apply our online compressed gossip strategy
for L rounds and then use the projection error compensation scheme for Lo rounds.

We present our Top-DOGD in Algorithm For each learner ¢, we first initialize the decision x;(1) =
0 € R? and the local replica %;(1) = 0 € R? to store the information from its neighbors j € ;. In

each block b > 2, we start with updating the surrogate decision y(l) (b) = x;(b) —mpz;(b— 1), where

z;(b—1) = Zib:_(;)fé)LH V fi,i(x;(b — 1)) is the sum of gradients in block b — 1, and set the local
auxiliary variable ygl) (b) = x;(b). Next, we perform our online compressed gossip strategy for L
rounds (Lines 5-10). For by € [1, L1], learner ¢ transmits C(ygbl) (b) — ygbl)(b)) to neighbor j € N;.
After receiving the information from its neighbors, learner ¢ updates y§b1+” (b) and then computes
v ) =y 0) + 4 Y Py ) - P 0)). @
JEN;
Within the second sub-block, we apply our projection error compensation scheme (Lines 12—-15). Each
learner i recursively compresses the residual of the projection error r; (b+1) = x;(b+1)— yELlH) (b)
over L, rounds and sends compressed data to its neighbors per round. At the end of the block b,

the learner ¢ updates its decision x;(b + 1) = Px (yELlH)(b)). In the following, we establish the

theoretical guarantees of Top-DOGD for convex and strongly convex loss functions, respectively.

w = VLT’
y= 2p62+452+(2—w£) EEESTrEweE Under Assumptions and[_f] for any i € [n] and convex loss
functions, Algorithm|2| ensures

Ec [R(T, )] <O(nVLT) = O(w=?p~'nvInnVT).

Theorem 1 Let L, = (%J%W,L2 = fw],ll =L1+Ly=0w p2lnn), m=n= -2
c

Theorem 2 Let L1 = [%“,LQ = (@],L =L+ Ly = O(w p~2Inn), n, = m,

v = 2p52+452+(2:J£)(52+2B)p+p2' Under Assumptions and for any i € [n] and p-strongly
convex loss functions, Algorithm[2] ensures

Ec [R(T,i)] <O(nLInT) = O(w ' p~?nInninT).

Remark 2 Compared to the previous regret bounds of O(max{w=2p~4n'/2 w=*p=8}nV/T) and
O(max{w2p~*n'/2 w=*p=8InInT) (Tu et al., 2022), our method achieves tighter dependence
on w, p and n. This enhancement is particularly critical in large-scale communication environments.

Additional discussion. Our refined bounds result from the coordinated use of the two strategies, as
neither alone is sufficient to achieve the desired improvement. To highlight their significance, we
conduct an ablation analysis by considering two scenarios: (i) performing the online compressed
gossip strategy with L; = 1, and (ii) removing the projection error compensation scheme (Ly = 0).
First, when L; = 1, our method becomes a combination of DC-DOGD (Tu et al.| [2022) with our
projection error compensation scheme, which does not improve the regret bounds of [Tu et al.| (2022).
Although we can mitigate the projection error, we cannot reduce the consensus error and compression
error as we desire. If L, = 0, we suffer the projection error in each round. We can only obtain
O(w=2p=n5/*\/Innv/T) and O(w~'p~2n3/2 InnIn T) regret bounds for convex and strongly
convex loss functions. While the dependence on w and p is still tighter than the regret bounds of [Tu
et al.| (2022), the dependence on n is worse than the regret bounds of Top-DOGD.

3.3 LOWER BOUNDS

In this section, we present lower bounds for convex and strongly convex loss functions in D-OCO
with compressed communication. In D-OCO, |Wan et al.| (2025) have derived the lower bounds of
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Q(p~/*n\/T) and Q(p~'/?>nInT) for convex and strongly convex losses. Their analysis leverages
the 1-connected cycle graph (Duchi et al.,2011), where the adversary can force at least one learner to
suffer [n/4] rounds of communication delay before receiving the information of the global function
fi(x). By leveraging this topology, they establish the aforementioned lower bounds.

The existing literature lacks lower bounds that explicitly characterize the dependence on the com-
pression ratio w. To fill this, we model the compression effect by adopting the randomized gossip
compressor C(+) : R* — R4, which outputs C(x) = x with probability w and C(x) = 0 otherwise.
Under this scheme, two connected learners ¢ and j can successfully exchange data only with prob-
ability w in each round. Consequently, the expected number of rounds required for a successful
transmission is [1/w]. Building on this construction, we establish the following lower bounds.

Theorem 3 Given the feasible domain X = [2_—\%, %]d and n = 2m + 2 for some positive integer

m. For any D-OCO algorithm, if n < 8wT + 8w, there exists a sequence of convex loss functions
satisfying AssumptionH} a graph G = ([n], E), a compressor satisfying Definition[l| and a matrix P
satisfying Assumption|l|such that

nGD(rT)"/?
EC [R(T7 1)} > W

Theorem 4 Given the feasible domain X = |0, %]d and n = 2m + 2 for some positive integer

m. For any D-OCO algorithm, if 16n + w < wT, there exists a sequence of u-strongly convex loss
Sfunctions satisfying Assumption{d|with G = uD, a graph G = ([n], E), a compressor satisfying
Definition[I} and a matrix P satisfying Assumption[I|such that

(log,(30w(T —1)/n) — 2)(n — Q)WMDQ_

Ec [R(T,1)] > 2220512

Remark 3 We have established the Q(w=/?p=/*n/T) and Q(w='p~/?nIn T) lower bounds for
convex and strongly convex loss functions, which match the corresponding upper bounds up to p and
polylogarithmic factors in n.

4 EXTENSION TO BANDIT FEEDBACK SETTING

In this section, we extend our method into the bandit feedback setting by employing classical gradient
estimators, with more details provided in Appendix [C} Following prior work (Flaxman et al., 2005}
Agarwal et al.| | 2010), we present an assumption specific to the bandit feedback setting.

Assumption 6 (Bounded domain) The convex set X contains the ball with radius r, and is contained
in the ball with radius R, i.e., it holds that TB C X C RB,B={u € R?: |lu|| < 1}.

4.1 ONE-POINT BANDIT FEEDBACK SETTING

We first consider the one-point bandit feedback setting. The key challenge in this setting is the lack
of gradients. To overcome this, we adopt the one-point gradient estimator (Flaxman et al., [2005])

d
§ii= Eft,i(xi(t))ut,h (5)

where x;(t) = x;(b) + euy ;, € € (0,1) and uy; is uniformly sampled from B = {u € R?| |lu|| < 1}
fort € [(b— 1)L + 1,bL]. This estimator is an unbiased estimator of the gradient, i.e., E[g; ;] =
V fii(x;(t)). We integrate it with Top-DOGD to develop Two-level Compressed Decentralized
Online Bandit Descent with One-point Feedback (Top-DOBD-1). Ineachround t € [(b—1)L+1,bL],
the learner plays the decision x;(t) = x;(b) + eu; ;. There are two modifications: (i) replacing
the gradient V f, ;(x;(¢)) with the one-point gradient estimator, and (ii) projecting onto the domain
(1 = ¢)X, where ¢ € (0,1) is the shrinkage size. Then, we present the regret bounds of our method.

n In(8
Theorem 5 Let L, = f28,ylp"1,L2 = f%LL = L1+ Loy =1 = d%’ 7=
ST T (T2 ¢ = 1€ = cd"2LYAT =Y where ¢ is a constant such that € < r.



Under review as a conference paper at ICLR 2026

Under Assumptions and [5] for any i € [n] and convex loss functions, Top-DOBD-1 ensures
Ec [R(T,i)] <O(w™Y*p= 124" 2n(Iln n)/4T3/4),
nn In(8n
Theorem 6 Let L, = [%LLQ = [%LILTZS Ly + Lz, m’ v
2P52+4ﬁ2+(zf£)(B2+25)p+p2 (== cd2/3L1/3(¥)1/3, where c is a constant such that
€ < r. Under Assumptions and @ for any i € [n] and p-strongly convex loss functions,
Top-DOBD-1 ensures

Ec [R(T,i)] <O(w™Y/3p=23d23n(Inn) /31?3 (InT)/3).

Remark 4 In contrast to the regret bounds of O(max{w™'p~2n'/* w=2p=*1d"/?nT3/*) and
O(max{w=2/3p=4/3p1/6 ,=4/3 p=8/31q2/3nT%/3(In T)'/3) for convex and strongly convex loss
functions of Tu et al.|(12022)), our methods achieve tighter dependence on w, p, and n.

4.2 TwO-POINT BANDIT FEEDBACK SETTING

In the two-point bandit feedback setting (Agarwal et al.| 2010), since the learner ¢ can have access to
two loss values f; ;(x;1(¢)) and f; ;(x;,2(t)) in each round, the regret is redefined as

T n T n
Ro(T, i) = ZZ Je5(xi1(1)) ;‘ frj(xio(t) ngvlz Z ft.5(x).
t=1 j=1 t=1j=1

Fort € [(b — 1)L + 1,bL], each player ¢ plays the decision x; 1 (t) = x;(b) + €uy; and x; »(t) =
x;(b) — euy; and suffers two losses. We construct the gradient as

i = o (fuilxin () — fualxia(0) e ©

We replace the gradient with the two-point gradient estimator (Agarwal et al., 2010) to develop our
method, named as Top-DOBD-2. In the following, we establish its regret bounds.

Theorem7 Let m, = 7 = -1 [, = [2Bn] 1, = (RO 1 = 1, 4 [, v =
2/)/32+4/32+(2—w£ LRIy (= fe= ¢T=1/2 where ¢ is a constant such that € < r. Under

Assumptions and@ Sor any i € [n] and convex loss functions, Top-DOBD-2 ensures
Ec [Ro(T,1)] <O(w™?p~tdnvInnVT).

In(8
Theorem 8 Let 1, 7M(b£+8), L, = [728¢2”],L2 = [LW”)],L = L1+ Ly, v =
2p52+452+(2f£ (62+25)p+p2,§ = <= CI;T, where c is a constant such that ¢ < r. Under

Assumptions and @ Sor any i € [n] and p-strongly convex loss functions, Top-DOBD-2 ensures
Ec [Ro(T,i)] <O(w™'p~2d*nInnInT).

Remark 5 Compared to the previous regret bounds of O(max{w=2p~*n'/2 w=4p=8}dn/T) and
O(max{w=2p~ /2 w=*p=8Yd*nInT) (Tu et al., 2022), our method again achieves tighter de-
pendence on w, p and n.

5 CONCLUSION

In this paper, we investigate decentralized online convex optimization with compressed com-
munication. First, we introduce a novel method, named Top-DOGD, achieving better regret
bounds of O(w™/2p~'ny/T) and O(w~'p~2nInT) for convex and strongly convex loss func-
tions. Furthermore, we demonstrate their near-optimality by establishing the Q(w~/2p~1/4n+/T)
and Q(w™p~'/2n1nT) lower bounds for convex and strongly convex loss functions, respectively.
Additionally, we consider the bandit feedback setting and extend Top-DOGD by utilizing the classic
gradient estimators. Our proposed algorithms improve the dependence on the compression ratio w,
number of learners n and the spectral gap of the communication matrix p under both the one-point
and two-point bandit feedback settings.
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REPRODUCIBILITY STATEMENT

We provide clear explanations of all assumptions and include complete proofs of our theoretical
claims in the appendix. For the experimental results, we specify the dataset, baseline methods, and
hyperparameter choices, and we will release the code to ensure full reproducibility when this paper is
published.
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THE USE OF LLMS

We used large language models (LLMs) solely for minor language polishing of the manuscript. The
LLMs did not contribute to research ideation, algorithm design, theoretical analysis, or experimental
work. Their role was strictly limited to assisting with improving readability and grammar.

A ADDITIONAL DISCUSSION ON RELATED WORK

A.1 COMPRESSED COMMUNICATION

In order to reduce the volume of data exchanged between learners, several works attempt to transmit
the compressed information C(x) instead of broadcasting the full vector x, where x € RY C(") :
R? — R is an operator chosen such that C(x) can be more efficiently represented. The mainstream
communication compression techniques can be summarized in two classes: unbiased compressor
(Jiang & Agrawall 2018} |Tang et al., 2018; Zhang et al.,|2017a) and biased (contractive) compressor
(Seide et al., |2014; |Wangni et al., 2018 |Stich et al.,2018). More discussions of compressors can be
found in Richtarik et al.| (2022) and Beznosikov et al.|(2023)).

An unbiased compressor outputs C(x) such that E¢[C(x)] = x for any input x € R¢. Quantization,
as a typical unbiased compression technique, represents 32-bit data using fewer bits. In contrast, a
contractive compressor yields a biased vector with smaller variance. One popular approach is sparsifi-
cation, which constructs a sparse vector by selecting a subset of the entries. [Wangni et al.|(2018) and
Stich et al.| (2018) reduce communication costs by transmitting only a few entries of x, selected either
at random or by choosing those with the largest values. To further reduce the compression error of
the compressor, Huang et al.|(2022)) introduce the fast compressor (repeated compressor). The core
idea is to compress information for L rounds and communicate in each round, which reduces the
compression error of compressor exponentially with the number of compression rounds L. While
using an unbiased compressor may achieve better theoretical guarantees, contractive compressors can
offer comparable and even superior empirical performance under weaker assumptions. Following
Koloskova et al.|(2019), we do not distinguish these two approaches, and refer to both of them as
compression operators in this paper.

A.2 DIFFERENCE COMPRESSION AND ERROR FEEDBACK

Since a direct combination of compressor and the standard gossip fails to converge to the correct
solution. [Tang et al.|(2018) propose difference compression (DC) is a popular compression scheme
and analyze under the unbiased compressor. DC adds replicas of neighboring states of each learner
and transmits the compressed state-difference information. Later, Koloskova et al.|(2019) give the
analysis for the biased compressor.

Error feedback (EF) (Seide et al.| 2014; |Strom, |2015; |Karimireddy et al., [2019) is another common
compression scheme, aiming to correct errors introduced by the compressor. Specifically, DC focuses
on the discrepancy between the current decision and its replica, which is widely used in distributed
optimization because the exchanged state variables typically converge to a nonzero limit. In contrast,
EF compresses the sum of the local gradient and an accumulated residual error, popular in federated
learning problems where the exchanged gradient information is expected to vanish asymptotically.

B EXAMPLES OF COMPRESSOR

In this section, we present some examples of compressor.

* Sparsification. Randomly selecting k& out of d coordinates (Rand-k), or selecting the
k coordinates with the largest absolute values (Top-k), both yield compressors with a

compression ratio of w = %
* Randomized gossip. Outputting C(x) = x with probability p € (0,1] and C(x) = 0
otherwise leads to a compression ratio of w = p.

13
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Algorithm 3 Top-DOBD-1

1: Input: consensus step size v, learning rate 7, block size L = L; + Lo, shrinkage size &,
exploration size €

2: Initialize x;(1) = 0,%;(1) = 0, Vi € [n]

3: for block b= 1to T'/L do

4: if b =1 then

5: fort =1to L do

6: Play the decision x;(t) = x;(1) + euy ;

7: Suffer the loss f ;(x;(¢))

8: Construct the gradient g; ; = %ft’i(xi(t) =x;(1) + euri)ue

9: end for

10:  else

1 Sety () = x,(b) — mzs(b — 1), 5 (b) = %i(b), by = 1

12: fort=(b—1)L+1to(b—1)L+ Ly do

13: Play the decision x;(t) = x;(b) + euy ;

14: Suffer the loss fi ;(x;(t))

15: Construct the gradient g; ; = %fm(xi(t))um

16: Transmit C(y bl)(b) y (bl)(b)) to neighbors j € N;

17: Compute y(ler )(b) = A(bl)( b) +C(y (bl)( b) — A(bl)(b)) for j € N;

by b1 by ~ (b1

18: Compute Y (5) = ) (1) +9 X0 Pufe" ™ 0) 5 (0) by = by 1
19: end for > online compressed gossip strategy
200 SetrM(b+1) =0,r;(b+1) = Py_oyx(y TV 0) =y (1), 0, = 1
21: fort =(b— 1)L+ L1 +1tobL do
22: Play the decision x;(t) = x;(b) + euy;
23: Suffer the loss fi ;(x;(t))
24: Construct the gradient g; ; = %ft7i(x7;(b) +euy;)uy
25: Transmit A(bZ)( b)=C(r;(b+1)— rEbQ)(b + 1)) and send AgbZ)(b) toj eN;
26: Compute r(b2+1)(b +1) = (b")(b +1)+ Agbz)(b) and set by = by + 1
27: end for > projection error compensation scheme
28: Update x;(b+ 1) = (L1+1)(b) r(L2+1)(b +1)forj e N;
29: Compute z,(b) = Zt (v—1)+1 8t,i and update x; (b + 1) = Pi_¢)x (y; (L 1H)(b))
30:  end if
31: end for

* Rescaled unbiased estimators. Suppose E¢[x]| = x,E¢ |:||C(X)H2:| < 7 ||x]?, then C’(x) =

1¢(x) is a compressor with w = 1.
T T

C EXTENSION TO BANDIT FEEDBACK SETTING

In this section, we summarize our algorithms for bandit feedback setting. Top-DOBD-1 for the
one-point bandit feedback setting is presented in Algorithm 3] and Top-DOBD-2 for the two-point
bandit feedback setting is shown in Algorithm 4]

C.1 ONE-POINT BANDIT FEEDBACK SETTING

We first consider the one-point bandit feedback setting, where each learner only has access to the
loss value instead of the gradient of the loss function. We utilize the one-point gradient estimator
(Flaxman et al., [2005)

R d
8t = *ft,i(Xi(t))ut,m

where x;(t) = x;(b) + eu,; € € (0,1) and u; is uniformly sampled from B = {u € Rd\ |lul| <1}
fort € [(b— 1)L + 1,bL]. This estimator unblasedly approximates the gradient, i.e., E[g; ;] =

14
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Algorithm 4 Top-DOBD-2

1: Input: consensus step size v, learning rate 7, block size L = L; + Lo, shrinkage size &,
exploration size €

2: Initialize x;(1) = 0,%;(1) = 0, Vi € [n]

3: for block b= 1to T'/L do

4: if b =1 then

5: fort =1to L do
6: Play the decisions x; 1(t) = x;(1) + eu; and x; 2(¢) = x;(1) — euy;
7 Suffer the loss f; ;(x;,1(t)) and fi ;(x; 2(t))
8: Construct the gradient g; ; = % (fri(xi1(t) — fri(xi2(t))) ue,
9: end for
10:  else
1: Sety™M(B) = xi(b) — mzi(b— 1), 5 (B) = %i(b), b1 = 1
12: fort=(b—1)L+1to(b—1)L+ Ly do
13: Play the decisions x; 1(t) = x;(b) + euy ; and x; 2(t) = x;(b) — euy;
14: Suffer the loss f;;(x;,1(t)) and f; ;(x; 2(t))
15: Construct the gradient & ; = == ( fo;(xi,1(t)) — fr,i(xi,2(2))) ue
16: Transmit C(y bl)(b) y (bl)(b)) to neighbors j € N;
17: Compute y(ler )(b) = A(bl)( b) +C(y (bl)( b) — A(bl)(b)) forj € NV;
18: Compute y "+ (8) = ") (5) + > jen; Pis <y§b1+” (b) = 9 (0)), by = by +1
19: end for > online compressed gossip strategy
200 SetriV(b+1)=0,ri(b+1) = Pu_opu(y TV (0) — v TV (0), 00 = 1
21: fort =(b— 1)L+ L1 +1tobL do
22: Play the decisions x; 1(t) = x;(b) + euy ; and x; 2(t) = x;(b) — euy;
23: Suffer the loss f;;(x;,1(t)) and fi ;(x; 2(t))
24: Construct the gradient g; ; = 2% (fri(xin () — fri(xi2(8))) ug
25: Transmit A(bZ)( b) =C(r;(b+1) — rEbQ)(b + 1)) and send AgbZ)(b) tojenN;
26: Compute r(b2+1)(b +1) = rEbQ)(b +1)+ Agbz)(b) and set by = by + 1
27: end for > projection error compensation scheme
28: Update x;(b+ 1) = (L1+1)(b) r(L2+1)(b +1)forj e N;
29: Compute z,(b) = Zt (v—1)+1 8t,i and update x; (b + 1) = Pi_¢)x (y; (L 1+1)(b))
30:  end if
31: end for

V fi.i(x;(b) + euy ;). In each round ¢ € [(b — 1)L + 1,bL], each learner ¢ plays the decision
x;(b) + euy; and construct the gradient estimator. Then we perform our two novel techniques. At
the end of each block, we project onto the domain (1 — ¢)X’, where ¢ € (0, 1) is the shrinkage size.

C.2 TwO-POINT BANDIT FEEDBACK SETTING

In the two-point bandit feedback setting (Agarwal et al.,|2010), since the learner ¢ can have access
to loss values f; ;(x;1(¢)) and f;;(x;2(¢)) in each round, the regret under the two-point bandit
feedback setting is redefined as

n

T
Zz.ftj Xll +ftj(X12 —)rfél)r(lZfoj
t=1 j=1

t=1 j=1

We utilize the classic gradient estimator (Agarwal et al., 2010). Our method, named as Top-DOBD-2,
presented in Algorithm[d] For ¢ € [(b — 1)L + 1,bL], each learner plays two decision x;1(t) =
x;(b) + euy; and x; 2(t) = x;(b) — eu,; and suffers two loss function. We construct the gradient
estimator as

i = % (fe.i(xi1(t) = fri(xi2(t))) g .
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Figure 1: Results for Convex Functions under the Full-information Setting.

In each round t € [(b — 1)L + 1,bL], each learner 7 plays two decisions x; 1 (t) = x;(b) + eu;; and
X;2(t) = x;(b) — euy; and construct the gradient estimator. Then we apply our two novel techniques.
At the end of each block, we projection the decision onto the domain (1 — ¢)X.
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Figure 2: Results for Strongly Convex Functions under the Full-information Setting.
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Figure 3: Results for Convex Functions under the One-point Bandit Setting.

In this section, we assess the performance of the proposed methods on an online classification task.
We compare the proposed algorithms Top-DOGD, Top-DOBD-1, and Top-DOBD-2 with the existing
methods DC-DOGD, DC-DOBD, and DC-DOBD-2 (Tu et al.l 2022).

Setup. We perform online classification to evaluate the performance of our method with ijcnnl
dataset from LIBSVM (Chang & Lin, [2011). In each round ¢ € [T, a batch of training examples
{(We1,961) s+ (Wem, Ye.m) | arrive, where (we g, y) € [—1,1]¢ x {~1,1},k = 1,...,m.
Each online learner i aims to predict a linear model x;(¢) and suffers a local loss. We consider
two types of convex functions. For general convex functions, the learner ¢ suffers the logistic loss
fri(x) = m% ZZL=1 In(1 + exp(fytykxthyk)), and for strongly convex functions, the learner i
suffers the regularized hinge loss f;i(x) = ;- >3 max{0,1 — ys kX Wi} + § |x]|*, where
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Figure 4: Results for Strongly Convex Functions under the One-point Bandit Setting.
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Figure 5: Results for Convex Functions under the Two-point Bandit Setting.
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Figure 6: Results for Strongly Convex Functions under the Two-point Bandit Setting.

w is the regularization parameter, m; is the data available to learner ¢ and Y, m; = m. The
connected communication network G([n], E') with n nodes and | E/| edges is generated randomly by
tool NetworkX (Hagberg et al., | 2008)), and then we use the Metropolis rule (Xiao & Boyd, 2004) to
construct the connectivity matrix P. We set 7' = 5000, m = 48 and px = 0.1 for strongly convex
setting. We conduct the experiments with 3 types of compressors with w = 0.05, 0.1, 0.5 under graph
with n = 16, |E| = 24.

Results. We repeat each experiment 5 times and depict the mean curve with error bars. We record
the average regret = > | R(T, ). As demonstrated in Figure Figure Figure Figure@ Figure
[5and Figure[@] it is evident that our methods suffer less regret, outperforming the approaches in|Tu
et al.[(2022)). Moreover, we also observe that our methods exhibit increasing improvement over the
existing methods as the compression ratio w decreases, which aligns with the theoretical guarantees.

Moreover, owing to the advantage in the dependence on w, our methods are more robust compared to
Tu et al.[(2022).
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E PROOF OF THEOREMS

E.1 PROOF OF THEOREMIII

Notation. Let n be the total number of learners, d be the dimensionality, L be the block size, w be
the compression ratio. In the proof, we use ||-|| for £2-norm in default and 7'/ L is assumed to be an
integer without loss of generality. We give some definitions

%i(b+1) =y ),
ri(b+1) = Pr(y " 0) — y () = x;(b+ 1) — % (b + 1),

v (p) =

The forth equality is due to the variable y(bl) (b) is same in all j € N;.

By using our definitions, we obtain the following equivalent update rules
X(b+1)=YErDb) + RE(b + 1),
X(b+1)=X(b+1)+R(b+1).
We next recall two basic projection inequalities:
[Px(x) — Px(y)ll < x —y, forvx,y € R, ©)
(Py(x) —x,x —y) < — | Px(x) —x||* <0, for Vx € R Vy € X. (8)

We first present a lemma that characterizes the regret of learner .

Lemma 3 Under Assumption [1) 2) 1 B) the regret of learner i for Algorithm2]is

T/L T n
=> Z me xi(0) = > D fri(x)
b=1 t=(b—1)L+1 j=1 t=1 j=1
T/L T/L
nD? 3 2
< 3L2G? £ 5, e [IRG+1 5 E [HX b1 H ]
S TR N Z e (170 + DIF] + e X+
T/L T/L
+3nGLY Ee [||X(b) +Z [ OIHE
b=1
According to Lemma 3] we have
T/L T/L 3 )
Ec [R(T, i 3L2G? B [|IR( + 1) 5 E [HX X041 H ]
¢ [R( Z”‘m* n;nzﬂr; e [I1RG+DIE] + 5 e (b+1),
T/L T/L
+3nGL Y Ee [|X(0) - XO)|,] + X 5-Ee [IRO)I] .
b=1 b= 2

Next, to give the bound of each term, we present the following lemma.
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Lemmad4 Under  Assumption

[28(2p/32+4ﬁ2+(2—g¢)(52+26>p+p2)1 Lo

wp
the following guarantees.

Ee [IRG+ DI} <
— 2
Ee [[X(0+1) - X0+ 1)[;] <
. 2
Ee [HX(bJrl) —X(b+1)HF] <
We define the error e, as follows

epr1 = Ec

i=1

D lxi(b+1) = Ki(b+ 1) + |xi(b+ 1) — %;(b+ 1)||

2 H and by selecting L, -
_ In(8n) o w
= |— wl -|;’Y = 2P52+4B2+(2*£)(52+25)p+p2 we have
2 N 2 10, 5 5 o
=B |[x0) - %)+ X0 - XOI}| + @n+ 2L,
—Ee |[x0) - X+ 11X0) - XO)}] + 22w
™ F F 7 b
0 [ X 2 aiNIK 22 2
—Ec _HX(b) - X(b)HF + ]| Xx(0) —X(b)HF] 4 202G

= Ec[|X(b+1) = X(b+ 7] +Ec[| X(b+1) = X(b+1)|Z].

By fixing the learning rate 1, = 7, we have the following guarantee

By summing up, we have

1
ept1 < I

which is due to 3¢ 1 < 1

i=1 (2n)" — 1—-5

1
ep1 < =—ep + 37 L2G2. )
2n

3772L2G2 S 6772L2G27

2n

<2ande; = 0.

As for the term E¢ {HR(b +1) HH , we have

2 10
Ee [ RO+ DIF] < o-ev + (2n+ —)L7G%?

1 10

S 1_71(277/ + 7)L2G27’]2
™

<( 14n N 10n

R SO L S

< (3n + 2)L2G*n?,

)L2 G2n2

which is same to E¢ [||R(b) HH . Now, we can derive the regret bound of Top-DOGD.

First, we have

Ee [||X () -

As for the second term, we have

Ec

=l

:]EC

i

=1

1+

:EC

<.

L

<2Ec [

i=1

N

<2nn*L

%(b) — %;(b+ 1))
1%(b) —x(b+1) +X(b+ 1) — %; (b + 1)|?

Ix(b) =% (b + )|

X(O)| ] < ves < VLG < 3nLG.

- 2
(b) — X (b+ I)M

(10)

S IR(b+1) =%+ 1))

i=1

+ 2E¢

G? +2ep11 < (2n + 12)0*L*G*.
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Finally, by setting 1, = 7 = \/ﬁ, L=1L;+ Ly =0(w 'p~2Inn), we have

T/L T n
Ec [R(Ti)] =Ec |3 Z thsz D) =D > fri(x)
b=1 t=(b—1)L+1 j=1 t=1 j=1
nD? - T/L T/L 3 2
Srpry HIEY w35 e [IR®+DI3] + 5 -Ee [HX X(b+ 1)HF]
T/L T/L 1
+3nGLY e [[|X(0) = X0)]| ] + o e [IIR(b)llﬂ
b=1 b=1
T/L 3 2
nT+; 2y Ee IR+ DI ]+ anEe MX “’“)HF]
T/L T/L
+3nGL Y Be [|X0) - XO)| ] + 3 5 Ee [IROI]
b=1 b=1

Tn+ (5n + 3)LG*Tn + (n + 6)LG*Tn + InnTLG? + (2n + 1) LG*Tn
<O(MVLT) = O(w™Y2p " 'nVInnVT).

E.2 PROOF OF THEOREM[2|

The proof follows the similar structure as Theorem [I] except that we exploit strong convexity to
establish improved regret bounds.

Lemma 5 Under Assumption[I) 3| 4] B] the regret of learner i for Algorithm2]is

T/L T n
=> Z thsz ) =D > fri(x)
b=1t=(b—1)L+1 j=1 t=1 j=1
nD? T/L 1 1 T/L T/L B
<52 (- — pL) +3L*G*n >y +3nGL Y Ee [||X(b) = X(b)]| ]
pm o -1 b—1 b—1

T/L
3 - 2 1
+ Z 3 e 1R®+ D] + —]Ec [HX ~X(b+ 1)M + 5B 1RG)I7] -
According to Lemma[d] we have the following
1
epr1 < —ep + 377§L2G2. (11)
2n
To establish the bound of e, 1, we introduce the following lemma.
Lemma 6 Let {e}}»>1 denote a sequence of values satisfying e; = 0 and
1
ebs1 < 5ep+any L7,
where ¢ > 0, np = m. We have the following guarantee
ep < 4qL71;.

Therefore, by setting 1, = we have

1
n(bL+8)°

ey < 12L2G*n}.
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Then we give the bound of the terms in the regret individually

Ec [[|[X(0) =XO0)| ] < Vey < 2V3mLG.

As for the second term, we have

Ec -Hf(b) _ X+ 1)“1

=Ec¢ ZHX %0+ 1)?

—Eq Zux SR+ 1) +ROB+1) - Ri(b+ 1) (12

<2F¢ [Z |%(b) —=(b+ 1)|? Z||i(b+1)fii(b+1)||2

<2nmp 1 LPG? + 2ep11 < (2n +24)n;, L*G?.

+ 2E¢

For E¢ [% IR(b+1) ||ﬂ , we have the following.

—Ee [IRO+ 1>||2F]

b
1 40

L2 2,2
77b ((8 " 7) an)
<(8n + 6)L*G?np.

§i (726b + (2n + - )LQG2 2>

For E¢ {% IIR(b) HH, we have the following.

—Ee [IROI]

1 /2
<— (= AnL?G?*n?
77b<7 Co-r A - 1)

,'72
<(8n+6)L2G* 2L
b

<(16n +12)L*G?*ny_1,

Therefore we can derive the regret bound of Algorithm 2] for strongly convex functions. By setting
My = m, we have
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T/L

n T n
=3 Z D Fax®) =D fii(x)
b=1 ¢t=(b—1)L+1 j=1 t=1 j=1
D2 T/L . /L /L
< (= — L 1) 431262 S+ 3nGL S Ee [||X(6) — X))
b—1 Ui Tb—1 b=1 b=1
T/L 9 1 )
D e [IRG+ DIF] + 5 -Ee [Hx X(b+ ”M + 5, Be (1RO
nD? 1 AS S
< (- —nl)+ BLAGPn ) my+6V3nL’G? Y
1 b=1 b=1
T/L T/L T/L
+ (12n + 9)L*G? Z ny + (n 4+ 12)L2G? Z ny + (8n + 6)L2G? Z Mo—1
b=1 b=1 b=1

<4nDyu + ~ " (3LG2n1n(T +8) +6V3nG2LIn(T + 8)

+(20n + 15)G*LIn(T + 8) + (n + 12)G*L1In(T + 8))
<O(InIn(T)) = O(w™ p?ninninT).

T/L [ T/L bL 1

b=1 p(bL+8) = ,L b=1 =(b—1)L+1 t+8 = | fo t+8dt <

where the last inequality is due to ) |
% In(T'+8) =O0(InT).

E.3 PROOF OF THE THEOREM[3]

The structure of our proof follows that of [Wan et al.|(2024), with the main distinction being that we
incorporate a dedicated compressor to derive the lower bound. Let A € R™*" denote the adjacency
matrix of G, and let §; = |N;| — 1 denote the degree of node i. As presented in|Duchi et al.|(2011),
for any connected undirected graph, there exists a specific gossip matrix P satisfying Assumption|[I}

ie.,
1
rP=1I,——(D-A), 1

where dpax = max{dy,...,d,} and D = diag{dy, ..., o }.

[¢]
5 0
0 0
[ \
hu(x) ()
Ao 1o he
MO i MO

Figure 7: Example of 1-connected cycle graph

To maximize the impact of communication on the regret bound, we focus on the 1-connected cycle
graph, where the graph G is constructed by arranging n nodes on a circle and connecting each node
with its immediate left and right neighbors. We adopt the randomized gossip compressor C(+), which
outputs Q(x) = x with probability w € (0,1] and Q(x) = 0,4 otherwise. Under this scheme, two
connected learners ¢ and j can successfully exchange data only with probability w in each round.
Consequently, the expected number of rounds required for a successful exchange is 1/w.
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To derive the lower bound, we attempt to maximize the regret of learner 1. Specifically, we set the
loss functions as

ft,7z—f’rrL/2]+2(X) == ft,n(x) = ft,l(x) = ft,2(x) == ft,ﬁn/ﬂ (X) =0,

while the other loss functions are set carefully to construct the desired lower bound. It is straightfor-
ward to see that when w = 1, learner 1 must go through [m /2] rounds of communication to receive
information from learners [m/2] + 1,...,n — [m/2] 4+ 1. An illustrative example is provided in
Figure[7] Let K; denote the communication rounds. When w < 1, the expected communication
rounds becomes
m
Ee [Ki] = 2= (14)

2w

We give the proof below. For two player ¢ and ¢ + 1, the expected round a; ;41 for a successful
transmission is

) ) 1
azz+1 Zk w:wzk(l_w)k_lzau
k=1 k=1

where the second equality is due to Y~ | k¢" ! = ﬁ for |q| < 1. Therefore, we have

E[Ki]=E[ >  aunl= >  Elan]= [%W :

1<i<[m/2] 1<i<[m/2]

Let K = [m/2],Z = [(T —1)/K1|,co = 0 and ¢(z41)k, = T. The total T rounds can be divided
into the following Z + 1 intervals

[co+1, 1], [e1+1, ca], ..., [ez+ 1, czq1]
Following|Wan et al.| (2025), for any ¢ € {0,1,...,Z} and ¢ € [¢; + 1, ¢;41], we set
fe.tm/21 (%) = = frnmy21+1(%) = hi(x) = (Wi, %),
where the coordinates of w; is =G /+/d with probability 0.5. Then the global loss function is

fi(x) = (n — 2K 4+ 1)h;(x).

Moreover, it is obvious that the decision x; (¢; + 1), ...,x1(¢;i+1) forany i € {0,..., Z} are made
before the learner 1 has the access to h;(x). Then we can derive the expected lower bound for
R(T,1).

Ilt-‘:wo,...,wz [R(Ta 1)] = Wo,

Z i (n—2K +1 Z i‘i (n — 2K + 1)h;(x )]

=0 t=c;+1 =0 t=c; +1
Cit1
=n—-2K+1)Ey,,. [Z Z (Wi, xq(t mlnz (ciy1 — i) (Wi, x >]
1=0 t=c;+1
z
—(n—2K +1)Ey,, ., lglé}g (ciy1 — i) (Wi, X ]
=0

=0

z
n—2K+1)Ew,, w min X, (Ciy1 —ci)wi )|,
~ ) ’ Z[xe{ D/sz/zf}d< Z i >1
(15)

where the third equality is due to Ew, . w, [(W;,x1(t))] = 0 for Vt € [¢; + 1, ¢cit1].

Then, we denote €q1, ..., €od, .-, €21, --., €24 be the coordinates of w1, ..., Wz, which are identically
distributed variables with P(¢;; = £1) = 1/2fori € {0,...,Z} and j € {1, ...,d}. By using the
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Khintchine inequality on (I5), we have

d z
D €:G
Ew, w, R, D] =—mn—-2K+1DE., . S Cit1 — Ci) 2=
0’,2[( )] ( )01,,Zdj;2\/gi:21(+1 )\/g
Z
DG
=(n—-2K + 1)7115501,..4,6211 [ Z(Ci—i-l —Ci)eéin ]
i=0
z 16)
(n—2K +1)DG (
> Cinl — ;)2
= 2\/§ ;( +1 )
>(TL— 2K+ 1)DG CZ4+1 —00)2
- 2v/2 Z+1
_ (n—2K +1)DGT
227 +2

where the second inequality is due to the Cauchy-Schwarz inequality.

By applying Z = (T —1)/[35]] < 220=1 we have

(n—2K +1)DGT S (n—m—1)DGT
227 + 2 B 9,/ 4w(T-1) )

_ (m+1)DGT  (m+1)V/m+1DGT
o [A(T=1) o 2\/W(m+1)+2m+2

m

(m+1)v/m + 1DGT
T 2y8w(T 1) +2m+2
< ny/nDGT
T 4y/160w(T — 1) + 4m + 4
ny/nDGT
~ 4V/16wWT — 16w + 2n’
where the forth inequality is due to n = 2m + 2.

Ewo,...wz [R(T,1)] >

Then we introduce a lemma.

Lemma 7 (Lemma 6 in\Wan et al.|(2024)) For the 1-connected cycle graph withn = 2(m + 1)
where m denotes a positive integer, the gossip matrix defined in satisfies

2 72

— =T < 4nl.
l—02(P) p —

If n < 8wT + 8w, by utilizing Lemma[7} we have

nDGvVnT S nGDvnT

IEw w Tvl > = '
Oserns Z[R( )] 16\/% 32w1/2p1/4

E.4 PROOF OF THE THEOREM [4]

For the proof of the lower bound for strongly convex loss functions, we follow the analysis of [Wan
et al.[(2025)) while redefining both the loss functions and the decision domain. Specifically, we

choose the domain X' = [0, D/+/d] and define B,, as the Bernoulli distribution with probability p of
obtaining 1. For ¢ € [¢; + 1,¢;41] and i € {0, ..., Z}, we set

Jton—m/21+2(X) = -+ = frn(x) = fr1(x) = fr2(xX) = = fi pmy21(x) = g x|,
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D 2

X — —F=W;

Vd
where w; is sampled from the vectors 0, and 1, with P(w; = 1) = p. Clearly, h;(x) satisfies
Assumptionand AssumptionE]with G = pD. Then, forany i € 0,...,Z and ¢ € [¢; + 1, ¢i41],
the global loss function can be expressed as

)

ft, [m/2]+1(X) == ft,n—hn/21+1(x) = hi(x) = g

2

D " 2
—2K+1)||x— —=w; (2K -1
thk (n=2K +1) [lx = 5wl + 5 ) I
un o p(n—2K+1)D Vo pmn—2K4+1)°D*
=7 x| T Wi+ 5 wil®,

with expectation as
e )] _ (n—2K +1)Dp||> p(n—2K +1)D? <1_ (n—2K+1) ,p>,
05+ 2 n/d 2d
where p = [p, ..., p] € RY. We denote F'(x*) is the minimum of F'(x). We have
(n—2K +1)Dp c X,
nvd

n

*

and we further have the following gap
(n—2K +1)Dp|?
nVd

Next, we derive the lower bound for strongly convex functions. We again choose G as 1-connected
cycle graph, which ensures the x;(¢; + 1), ..., X1 (¢;41) are independent of w;.

a7

We have
Cit+1 Ci41
]EWO,...,WZ [R(T7 1)] = EWQ,...,WZ E E ff Xl mln E E ff
Li=0 t=c;+1 =0 t=c;+1
Cit+1 Ci+1
=Ewe,....wz E E — Ew,,... w, |min E E fi(x
xeX
Li=0 t=c;+1 1=0 t=c;+1
Cit+1 Cit+1
E]EWvaaWZ E E : F X1 E E F
Li=0 t=c;+1 1=0 t=c;+1

(18)

To give the lower bound of , we follow |Wan et al.| (2025)) to show that the regret of the learner 1 on
a specific p is large. Following Wan et al.| (2025)), we introduce a perturbation of the parameter from
p to p’, and the corresponding random vectors can be rewritten as wy, .., w’, and x(0), ..., x};(T).
We assume that the D-OCO algorithm is deterministic without loss of generality. As discussed in
Wan et al.|(2025), for any ¢t € [c; + 1, c¢;i11], X1(t) can be specified by a bit string X € {0,1}*
drawn from B,,. For a deterministic algorithm, the local learner 1 of the D-OCO algorithm at round

t € [ci + 1, ¢;+1]) can be denoted as a mapping function {0, 1}* — X such that x;(t) = A;(X).
Let Z; = |log,4(15Z + 16) — 1| and Z; > 1 due to 16w~ 1n + 1 < T. We further divide the first
Z' = £=(16%171 — 16) intervals into Z; epochs with the length 16,16, ..., 16%* and the m-th epoch

Ey, consists of the intervals = (16™ — 16), ..., (16™*! — 16) — 1 with length of 16™. We utilize a
lemma.

Lemma 8 (Lemma 8 in \Wan et al.| (2025)) Fix a block © and let ¢ < ﬁ be a parameter,
E=(n—2K+ )D/\/& and p = [p,...,p] € R% There exists a collection of nested intervals
[ I3 7] D11 DIy D -+ D Iz such that interval I, corresponds to epoch m, with the property that
I, has length 4~ (m+3), and for every p € I, we have
2
Ex [HAt(X) - ng2:|

over at least half the rounds t in intervals of epoch m.

16— (m+3) d§2
3
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By using Lemma@, there exists a value of p € N, ¢(z,)Im such that

Ci+1

2
pn (n —2K +1)Dp
EW07~--7WZ[R(T’1)]ZEW(),...,WZ Z Z X1
Li=0 t=c;+1 nVd
Z o pn _ (n—2K +1)Dp 2
ZEWO ..... Wz Z Z Xl
z 0t=c;+1 n\/g
= pun _ (n—2K+1)Dp|?
EENED 3D DIb o1 ]
Lm=14i€E,, t=c;+1 n\/g
Cit1 2
n n—2K +1)D
*ZZZEXMAA)( \[)p
m=1i€E,, t=c;+1 nvd

2 (e (omti—16) — Ct(16m—16)) 167" TP pu(n — 2K 4 1)2D?
> Z
32n

m=1

B 164( Qn)
o K1Z1M(7’L — 2K + 1)2D2
164(2n) ’

where the first inequality is due to (I7) and the third equality is due to ¢; = K. Moreover, we have

K1Z1(n —2K +1)? o mlog;(15Z + 16) — 2)(n — m — 1)?
2n - 4wn
(log14(30w(T — 1)/n) — 2)(n — 2)n
32w ’

v

By using Lemma[7] we can obtain

Eny....no, [R(T,1)] > (log (30w (T — 12) é;)w_ 2)(n — 2)nuD?

o (0g16(30w(T — 1)/n) — 2)(n — 2)mpD?
— 2222wp1/2 )

E.5 PROOF OF THEOREM 3

In the one-point bandit feedback, we perform gradient descent on the function fm(x) =
Ey, ;e [ft,i(x + €uy ;] over the domain (1 — ¢)X. Since Assumptions 4 and |6| hold, the value
of the loss function is bounded. For convenience of the proof, we further assume that the absolute
value of all loss functions f; ;(-) over X is bounded by a constant V. According to the one-point
gradient estimator |[Flaxman et al.| (2005), we have the following

d2v2
5 -

)| < S (02 <

Compared to the proof under the full information setting, the additional error in the bandit setting
lies in 2 aspects: (i) the error caused by the gradient estimator. (ii) the error caused by the feasible
domain (1 — ¢)X and the domain X.

€

We have the following inequality.
e =yl < 2R, | fri(x) = fri(x)] < Ge.

Then we introduce a lemma to give the error of Algorithm 3]
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Lemma 9 (Observation 1 in|Flaxman et al.|(2005)) The optimum in (1 — ()X is near the optimum
in X.

i S 00 £ 20T i 0

t=1 j=1 t=1 j=1

Therefore, we can derive the regret bound in the one-point feedback bandit setting.

i T n
E[R(T,i)] =E Z Z fr.5(x4.1(2) mlnz th 5(

t=1 i=1 t=1 j=1

[T/L (b+1)L n

<E Z Z th,j(xi( )+ euy ;) min sztﬂ +20VnT
| b=1 t=bL+1 j=1 xe(l- OX 42 i

[T/L (b+1)L n

T n
<E Z Z thﬁj(xi(b))_ min Zth,j(X) 4+ 2¢VnT + GenT

1-O)X
b=1 t=bL+1 j—1 xe(1-OX = 7

[T/L b+1)L »

<E|> D D fiilxih)) — min Zme +20VnT + 3GenT,

1—
b—1 t=bL+1 j=1 x€(1-OX =7

: (19)
where the first inequality is due to Lemma@, the second inequality is due to f; ;(x;(b) + euy ;) <

f1.:(x;(b)) + Ge and the last inequality is due to |f(t’i) (x) = fri(x)| < Ge.

The term « is the regret of the loss function f“ (). We can directly use the proof of Theorem

2nR? d2V2
Ee [a] <= + (20m + 10)LTn—
n
Therefore, by setting 1 = d\l/%LLT, C=<,e=cd/?LY*T~1/* where cis a constant such that € < r,
we can derive the final regret bound
2n R? d2V2

Ec[R(T,1)] < + (20n + 1O)LT77 +2¢VnT + 3GenT

SO(nd1/2L1/4T3/4) — O(w71/4p71/2d1/2n(1nn)1/4T3/4).

E.6 PROOF OF THEOREM [6]

As for the strongly convex functions, we can directly apply Lemma [5]to the term « and set 7, =

bL+8L, we have
1 L 2V T/L LV T/L
Ec [o] <2nR (a —plL) + 3L n—; I}_Zl m + 6v/3nL = b_zl M
ovro T/L 9vro T/L ve T/L
+ (12n 4 9)L? Zm—l—(n—&—l2)L2 an—l— (8n+6)L an 1

b=1 b=1

a2
<16n.R? o (24n + 6v/3n 4 27)LIn(T + 8).

(20)

27



Under review as a conference paper at ICLR 2026

By combining with (20) and setting ¢ = £, € = cd?/3LY3(In(T + 8))'/3T~1/3, where cis a
constant such that e < r, we can obtain

Ec[R(T,i)] < a+ 2¢VnT + 3GenT
d?v?
e (24n + 6v3n + 27)LIn(T + 8) + 2¢VnT + 3GenT
€

< 16nR*u +

< O(L'V3d*3nT?3In(T + 8))

= O(w_1/3p_2/3d2/3n(1nn)1/3T2/3(lnT)1/3).
E.7 PROOF OF THEOREM[7]

The proof for the two-point bandit case follows a procedure analogous to that of the one-point case.
The guarantees of two-point gradient estimator is

Eg:(x)] = Vfi(x), |&.l° < >G>

We have the following
[T//L
, X;, + X;,
Ec [Ry(T,i)] =Ec | ) Z thj 1 fuj (i f)rcrél)réZfoj
| b=1 t=(b—1)L+1 j=1 t=1 j=1

T//L bL+L n

<E¢ Z Z th,j(xi manwa + GenT

b=1 t=bL+1 j=1 t=1 j=1

(T//L bL+L n

<Ec|>, >, th,j(xi(b)) - mln Zth,] + GenT + 2¢VnT

| b=1 t=bL+1j=1 Y= =1
<E¢ [a] +2¢VnT + 3GenT,

where the first inequality is due to Zt (b—1)Lt1 ft,j(yi,l(t));rft,j(yi,l(t)) <
Zf (b— 1)L+1ft](xz( )) + GeL.

To bound the term «, we directly follow the proof of Theorem [5]and replace norm of the gradient
with d2G?. We have

2nR?

Ec [a] < + (20m + 10) LTnd*G>.

Therefore, by setting = y G%ﬁﬁ’ (= f, e = ¢I'~1/2, where c is a constant such that ¢ < r, we can
derive the final regret bound

2nR?

Ec[R(T, )] < + (20n + 10)LTnd*G? + 2¢VnT + 3GenT

<O(ndL'?T'?) = O(w™2p~Ydn(Inn)/211/?).

E.8 PROOF OF THEOREM[§]

The key difference of this part is to use the strong convexity to derive a tighter bound for a.. By

setting 1, = 5z, We have

1
Ec [a] <16nR?p + d2G2;(24n +6V3n + 27)LIn(T + 8). 1)
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By combining 1) with li and setting ¢ = =, € = CI;T, where c is a constant such that ¢ < r, we
can obtain

Ec|R(T,4)] < o+ 2¢(VnT + 3GenT
< 16nR*u + Pl (24n +6V3n +27)LIn(T + 8) + 2¢VnT + 3GenT

< O(d*LnIn(T + 8))
= 0w p2d*>nInnnT).

F PROOF FOR SUPPORTING LEMMAS

F.1 PROOF OoF LEMMA[3]

Since each learner ¢ maintains the local auxiliary variable x;(b) to store the data from the neighbor
j € N;. The variable %;(b) is same in all learner j € A;. Therefore, we have

Z > Piy(%;(b) — %4(b)) = 0.

i=1jeN;

Then we will demonstrate that the average decision ¥*(b) is same over k € [1, L + 1],

LSy ) = @) =70 - D0 S P — 58 = )

i=1 i=1jEN;

which implies that

y(h“)(b) _ %z":yl@ﬁl)(b) _ %Z sz =x(
i=1

i=1

‘We can rewrite that

1 1
i(b—i—l):—leb—l—l)—Frzb—l—l Z (L) +52rlb+1
i=1 = =1
I & @ (L (L 1«
= > vt B> S AP0 - 3B () + > rilb+
=1 i=1jeN; i=1
n n

1 (L1+1) 1
R =S b+ 1
DRZERCRR SR

1 (1 1 &
_EZ ¥, +E;rzb+1

i=1 =

1 & m 1
ﬁ;xi(b)—gZzl b-1) —1—5

i=1 i=

3

n

r;(b+1)
1

n

- 1
:i(b)—%Zzi(bfl £ nb+ ).
=1 i=1
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For any x € X, we have

2

(b +1) —x||> = ||%(b) — \+— Z (b+1)—m > zi(b—1)
j=1

o <izri<b+ 1).%0) _x> =205 (g b 1).5%(0) ~ )

i=1 =1
2

1 n
= %(b) —x|* + =5 S wi(b+ 1 nbzz] (b-1)
=1

n n (b—1)L
+2<i2ri(b+1)7x(b)—x>—2zbz< 3 Vft,j(xj(b—1)),x(b)—x>.

i=1 j=1 \t=(b—2)L+1
(22)
For the second term, we have
2
n n 2
Z b+1)—m > zi(b—1)| < ~|IR®+ D% + 2L G2 (23)
For the third term, we have
1 n
— Z r;(b+1 —x)
Tl i=1
2 n
:5Z<ri(b+ 1),%(b) —x;(b+1) + % (b+1) — x)
i=1
2 n B _ 2 n _
== > (ri(b+1),x(b) —%;(b+1)) + — Z<ri(b +1),%;(b+1) —x)
[t [t 24)
:% i:Zl(ri(b +1),%x(b) —x;(b+ 1)) + % ;(Px(fci(b +1) —%;(b+1),x%;(b+ 1) — x)
1 - 2 — ~ 2
<37 (Irato+ DI + 1K) —%i(b+ 1))
i=1
<(IRG+ VI +||[X0) - Xo+ 1))
n F o
where the first inequality is due to 2(a, b) < ||a||* + [|b]|* and inequality .
By using the convexity, we have
fr(%5(0)) = fi5(xi()) = G [|x:(b) =%, (O)]]
and
n  (b-1)L
Z > (Vb —1)),%(b) - x)
J=1t=(b—2)L+1
n (b-1)L
=2 Z (Va6 = D) XO) ~ X0~ )+ X0~ 1)~
J=1t=(b=2) L+
& ~-1)L & (b—1)L
- - b -
. Z Z (Vfej(x;(b—1)),%(b) —x(b—1)) — n Z Z (Vfei(x;(b—1)),x(b—1)
J=1t=(b—2)L+1 §=1t=(b—2)L+1
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Next, we give the bound of these two terms. For the first term, we have

n (b—-1)L
n _ _
=Y > (Vb - 1)X(0) ~X(b-1))
j=1t=(b—2)L+1
" n (b—1)L " n
= (- V(% (b= 1)), b; > Z Vfrg(xi (b~ 2))
Jj=1t=(b—2)L+1 J=1t=(b—2)L+1
n (b—1)L
77b 1
o> 2 Vhilbgb-1), 5 ri(b))
Jj=1t=(b—2)L+1 i=1 (25)
- n (b—1)L . n (b—1)L
- gz Y. Vixib-1) —:1 S>> Vixib-2)
J=1t=(b—2)L+1 Jj=1t=(b—2)L+1
n (b—1)L 2

+% %Z > Vixb—1)

j=11t=(b—2)L+1

1 n
*frygro

1 1
< mymp—1G*L* + §U§G2L2 + o ||R(b)||§ )

where the first equality is due to X(b) = X(b — 1) — 2= Ej 1 Zib (; o1 Vi i(xi(b—2))+
L5~  r;(b) and the first inequality is due to (a,b) < ||a|| ||6]] and —(a,b) < M.
For the second term, we have
n (=1L
Z Yo (VA —1)%(0b-1) ~x)
J=1t=(b—2)L+1
n (b-1)L

=YY (Vhsbb-1)x—%(b-1)

j=1t=(b—2)L+1

SN N (Db - D)x - (6 1))
J=1t=(b—2)L+1
n (b—1)L
* % YooY (VI —1)),x(b - 1) = X(b— 1))

J=1t=(b—2)L+1

n (b—1)L
U 77b
< Do fu0 = k(1) ZGLng<b—1>—x<b—1>||
j=1t=(b—2)L+1 j=1
n (b—1)L

:%Z Z Je(xX) = frj(xi(b—1)) + fi;j(xi(b—1)) — fr;(x;(b—1))

J=1t=(b—2)L+1

M _
+ > GL|x;(b—1)—x(b— 1)
j=1
n (b—1)L

% YooY ) = i - 1) + :’;’GLZI Ixi(b—1) — x;(b—1)]|

j=1t=(b—2)L+1

+RGLY (b - 1) =% - 1),
j=1

where the first and the second inequalities are due to the convexity.
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By using the fact that

S lxi(b— 1) % - D]l < Vi [X(b- 1)~ Xb— 1) .,
j=1

n

D lxi(b = 1) = x;(b — )]

=Y IR0~ 1) = x;(b = Dl +nxi(b ~ 1) ~x(b - 1]
<Vn|[X(b—-1)=Xb-1)|,+n||Xb0-1)-X(b-1)|,,
and thus we have

(b—1)L

Z Yo (Vigxib = 1)),%(b) = x)

j=1t=(b—2)L+1

(b—1)L (26)
77b b ~
Z Z fei () = fog(xi(b = 1)) + —=3nGL [X(b—1)-=X(b-1)|,.
j=1t=(b—2)L+1
By combining (23), (24), (23) and (26), we can derive
I+ 1)~ x? = () — x| + 3220267 + 2 [ RO+ DIE 4+ [X(0) = X0+ 1) +2mm 16222

n o (b— 1)L

+ RGOS+ 2’”’2 S 09— fuald = 1) + TEaGL X (b~ 1) - X (b~ 1) .

j=1t=(b—2)L+1
which implies

(b—1)L  n
Z th,j Xz ftj( )
=(b—2)L+1 j=1
n _ 3 1 3
<o—(I%(0) = x||* = [%(b+1) = x|*) + 5— RO+ D5 + 5— |RO) |7 + 5 LG + L2y 1 G
21y 21y 2my 2

+ o X0 = %6+ v+ 3062 | x00- 1) - X0~ 1)

By summing up over all blocks, we can derive

T/L n T n

=3 Z D i) =D fii(x)

b=1 t=(b—1)L+1 j=1 t=1 j=1

D2 s T/L T/L o 1 ) )

Somerp H3LC n;nﬁ;fﬁc 1R® +1)1F] + a5 [HX(b)—X(b+ 1)HF]

T/L T/L 1

+3nGL Y B [|X(0) = XO|] + D 5 -Be [IRO)F]
b=1 b=1

27)

F.2 PROOF OF LEMMA[

Before we give the proof of Lemmald] we first introduce a lemma to give the guarantee of our online
gossip technique.
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Lemma 10 Given a w-contractive compressor C(-) and setting the communication rounds Ly =
fQS,YIE 28N and step size ¥ = we have

wp
2pB2+4B%+(2—w)(B2+28)p+p*’

eL1+1 = 14n €1.

For projection error r; (b + 1), since X is convex, X(b) = L 3" | x;(b) € X and (1 — 7)x;(b) +
Y2 jen; Pijx;(b) € X, for v € (0, 1], we have

lei(b+ 1)1 = || P (%i (b + 1)) — %s(b + 1)
Li+1 2
x(b) —y "))

IN

2
— i(b) _ y(LlJrl)(b) +y(L1+1)(b) _ yz(LH_l)(b)H

2
= [x®) =7 @) + FE D @) -y )|

n 2

= |[%(b) — (X(b) — ’Z) S aib - 1) + FE D (b) — y B ()

i=1
2

2
+2 Hy(LnLl)(b) _ yELl-H)(b)H

n

o
< il (b —
2 - E z;(b—1)

2
< AFL2G + 2|7t (b) -y )|

where the third equality is due to ¥X1 41 (b) = 3 (b).
By using Lemma[I0} we have

Sl ]

2
<2 Hy<L1+U<b> v )|+ 2nnric?

Ec [|R(b+ DIF] = Ec

IN

Mp) — v p 2 22 L2G2
(0) —y; "(b)|| | +2nm,

1 = YNIE .
-Ec Eﬁ vy -y, )] +|y

1 -
- Ee Z I(b) — (b — 1) — x;(b) + myzi(b — 1)||* + [|%(b) — x:(b) + mpzs (b — 1)||
+2n L2G2

—nb ZI2G? 4 20 L2G*.

< e Zux ) = xi(B) + [(8) ~ x: (D)

For the second term, we have

2
n

Ee [|X0+1) - X0+ 1D[3] =Ee |3 |x0+1) - %ij(lw 1)

i=1 j=1

Different from the pervious work that introduces the additional projection error term, we will prove
the equality

2
n

in(b—i—l)—%ij(b—kl) :%ZZ||xi(b+l)—xj(b+l)H27 (28)

i=1 j=1 i=1 j=1
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which avoids the incurrence of an additional projection error term.

As for the left term, we have

2

n 1 n

Z xi(b—&-l)—Eij(b—i-l)

i=1 j=1

2
n 1 n
=> xi(b+1)° + ﬁzxj(bJrl) 2(x;(b+1), Zx]b—l—l

i=1 j=1

pllqz

.
Il
=

i (b + 1) +f S x(b+ 1) —%<ij(b+1),zxj(b+1)>
j=1 j=1 j=1

p'a:

Ixi (b +1)]* — ZXj(b+1)

.
Il
-

For the right term, we have

—ZZ||X,b+1—x](b+1 ZnZszb+1 —2Zszb+ % (b+1)))

1=1 j=1 =1 j=1

7Z||x2b+1 Zx,b+1 zn: (b+1))
=1 Jj=1
Zszb—i—l

2

le b+1)

Therefore we can derive equality (28). By using equality (28], we have

Ee [[[x(+1 7]
2
—Fe |3 xi<b+1)—%zxj(b+1)
5 33 Ee [Ixitb+ 1) = %0+ DI
<o DD Be [JRilb+ 1) = (b + 1))

2

:zn:Ec xi(b+1) —fz
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Then we can further derive the upper bound

i(b+1)

zn:]Ec J(b+1)—
i=1

3\’—‘
HM:

:Z]Ec ‘

2
yE ) —yi“*”(b)H }

1 - M @) — 50 H - H M) — 50 H2
<— , — »
s b= ol o[-
1 [ n n )
=1 Ee > lIxi(b) — mzi(b — 1) — %i(b) + mz(b— 1| | + 7Ec lz I (b) — Moz (b — 1) — %;(b)||*
Li=1 i=1
i - _ _ §L2G2 2
7 Z i (b) — (b || +Z [[xi(b) — %, (b || + 7 My
1
<

7 (HX@) ~XO)5+ | xw - X(b)HF> +2rcng

where the second inequality is due to ||a + b||* < 2|a||* + 2b]|*.

. 2
Next, we bound the term E¢ {HX b+1)—X(b+1) H ] . As for the repeated compressor, we have
Ec [||cL2 (x) — x||2} (1—w)L2 ||x||% By setting Ly = [26™)] we have (1 —w)2 < L, which

means E¢ [HCLQ( ) — x| } (B3

—8n

Ec [HX(b+ 1)~ X(b+ 1)m
- iEC [Hxi(b +1) — %;(b+ 1)||2]

_ZEC U
7221& U

2
FDE) e+ 1) =3I E) e+ 1) ]

() — 5 MHEC Z|rlb+1)ﬂ~ b+ 1))

1 n A N
<o Be |3 [vm - 300 ZRI0) [ [Zrlbﬂ I?
=1
*Ec Z ¢ (b) — mpzi (b — 1) — % (b)|* + [xs(b) — mpzi (b — 1) — R(b) + (b — 1)||21
2
+ e ;nrl(bﬂw
<25 (S b)) b —x0)2| + LEe |S RO+ D3|+ 2r2ezp
<7 -Ec D lIxi(b) = %i(b)[* + [Ixi(b) — ()| + - Ee S IRG+ DI +o un
=1 i=1
< _ 2 22 2.
<Ec > Ii) = KO + i) - XOI| +20°6%3
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F.3 PROOF OF LEMMA[3l

The proof is similar to Lemma 3] the key difference is that we need to utilize the strong convexity.
According to the proof of Lemma 3] we first have the following

2 2

[X(b+1)— X||

1 n

w2
1 n _ 2771; n (b—1)L B

+2 ﬁZri(bJrl),x(b)—x 772 S V(0 1),%(0) —x ).

j=1 \t=(b—2)L+1

% Zrzb—i—l anz]b—l
i=1

For the last term, we have
n (b=1)L
Z > (Vi —1)),%(b) —x)
=1 t=(b—2)L+1
n  (b—1)L
:—%Z Z (V (x5 (b— 1)), %(b) —%(b— 1) + (b — 1) — x)

=1 t=(b—2)L+1
1)L

n (b— n (b—1)L
Z Z (Vfr(x5(b—1)),%(b) —%(b— 1)) Z > (Viix(b—1)),%(b - 1) — x).
j=1t=(b—2)L+1 J=1t=(b—2)L+1

For the first term, we can directly use (23). For the second term, we have
. (b—1)L
b —
SIS S (Vb 1) E 1) )
J=1t=(b—2)L+1
T n  (b=1)L
b —

Z > (Vhuixi(b—1),x—x(b—1))

Jj=1t=(b— 2)L+1

n n (b—1)L
=" Z Z (Vfi(x;(b—1)),x —x;(b—1)) Z > (Vb =1)),x,;(b—1) —X(b—1))
j=1t=(b—2)L+1 j=1t=(b—2)L+1
n (b—1)L n
<SS Y S0 = fu b= 1) = B lx = x, 0= DF + 2D GLx (b - 1)~ % - 1)
j=1t=(b—2)L+1 =1
n  (b=1)L

:%Z Z Jrj(x) = frj(xi(b—1)) + frj(xi(b—1)) = fr;(x;(b—1))

j=1t=(b—2)L+1

n _ wL
+ fZGLnxj(b— 1) =x(b = 1) = 5 x =x;(b = 1)

j=1
n (b—1)L 0 n
<M b
gz > ft,j(x)—ft,j(xz‘(b—1))+;GLZ||Xi(b—1)—Xj(b—1)||
J=1t=(b—2)L+1 j=1
77b . _
" GLZIIXj(bfl)*X(b*I)H*7IIX x; (b= 1" ],
j=1
where the first inequality is due to the strong convexity. By using the fact that

2

- 2 1| 1 _ 2 _ 2
Sl x 0= D 2 S x x50 - 1) 2 & fax— ax(b— DI 2 ax - x0- 1
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and we have
n (b—1)L
Z > (Vhui(x(b—1),%(0b 1) - x)
j=1t=(b—2)L+1
n (b—1)L n
Z Do Fu(0 = fug (b= 1)+ RGLY xilb — 1) = x; (b~ 1)
j=1t=(b—2)L+1 Jj=1

_ L
BGLY s (b 1) ~ (b~ 1) = L [~ (b )

e L
<SS 00— fuslsalo— 1)+ E3nGL X (b~ 1) - Ko - V)]~ T2 x5 - 1))
J=1t=(b—2)L+1
(29)

By combining (23)), (24), (25) and (29), we can derive
(6 +1) = x|* = [I%(6) = x||* = mouL |[x = %(b = 1)||* + 3L* i G* + 2nym -1 L*G?

3 2 1 S 1 2
° 1 S xw) - Xp+1 H =
+ 2RO+ DI+~ ||X®) - X0+ 1)+~ 1RO

n (=1L

+%Z S fri(x) = foi(xi(d— ))+—3 GL||X(b-1)-X(b-1)|,.

j=1t=(b—2)L+1
which implies

b-1)L n

DD fuib—1) = fi(x)

t=(b—2)L+1 j=1

”<||x<>—x||2—||i<b+1>—x|\2> ””Lux—x(b—l)n + o ||R<b+1>|\p+

3
_2 LanbG2 + LGnb 1G?
u

2

2 —
o HX X+ 1)HF +3nGL|[X(b— 1)~ X(b—1)|, + 2—7% IR

By summing up over all blocks, we can derive

T/L T n
=) Z wa xi(0) = Y3 fei(x)
b=1t=(b—1)L+1 j=1 t=1j=1
LD S 11 —ML)+3L2G2nTz:/Lm+3nGLTX/:LIEC [ X®) — X®)] ]
T2 T e b—1 b—1 r
T/L 3 9 1
+3 g e IR0+ DIE] + gr-Be [|X0) = X6+ 0| + 5B [1R0)E).

(30)

F.4 PROOF OoF LEMMA[I(]

The efficient implementation of Choco-gossip is summarized in Algorithm 5] where each learner ¢
only needs to maintain three additional variables.

In the following, we give the proof for Lemma[I0] First, we provide its matrix version of Choco-
gossip in Algorithm [§] to simplify our proof. The proof of this lemma is based on the analysis
of [Koloskova et al.| (2019). The key difference is that we choose a different ~y to obtain a tighter
guarantee. We introduce the following lemma
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Algorithm 5 Efficient Choco-gossip

1: Input: communication round L, x;(1) € R¢ fori € [n], %;(1) = 0 for i € [n]
2: for learner i € [n] do
3: fort=1toLdo

4 xi(t +1) =x;(k) + 7 (si(t) — %4(2))
5 qz(t) :C(Xz(t-i-l) —Xl(t))

6: Send q;(t) and receive qJ (t)

8: Si(t + 1) = Si(t) + ZjGNi Pijqj(t)
9 end for

10: end for

Algorithm 6 Choco-gossip

1: Input: Communication round L, x;(1) € R for i € [n], %;(1) = 0 for i € [n]
2: for learner ¢ € [n] do
33 fort=1toLdo

4: X(t+1)= X()—i—vX( WP —1)
5: Q) = C(X(t+1) — X(1))

6: Xi(t+1)= ( )+ Q1)

7:  end for

8: end for

Lemma 11 (Lemma 16 in|Koloskova et al|(2019)) For P satisfying Assumption[l|and t € N, we
have

<(1-p)".

1
HPt — =1’
n 2

Since the variable X; () is same in all neighbors j € A;, we have Y . | djen: Pij(xi(t) —%4(1)) =
0. During iterates of the Algorithm[6] we can derive

X(+1) =%(0) 75 D 3 Ryl (0) - x(0) = X0,
=1 jeN;
which means the average decision is same over all rounds. We denote X = X (1) = --- = X(L;)

and can derive the following

() =X =[x - X +ax@e -]

=[xt~ X 4y (00 - X) (P 1) 4y (X0 - X)) (P - 1)H2

=[x -7« 1—7)I+WP)+’V(X(t)—X(t)) -1 F
<1+ D)X =F) (@ =D +9P)5+ 1+ 2 [l (X0 - x0) (P =D
<1+ P IEO =T (=T +P)7+ 1+ 2 p* IP =113 [ X0 - X0
(1422 [[(X(0) = X) (1 =T +P)5 + 1+—)y 1P 13 | %0 - x|

where the second equality is due to X (P — I) = 0.
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Algorithm 7 Choco-gossip for matrix

1: Input: gossip round L, x;(1) € R fori € [n], %;(1) = 0 fori € [n]
2: for learner i € [n] do
3: fort=1toLdo

4: Compute x;(t + 1) = x;(k) + 72]‘6/\/,; P;j(%,(t) — %i(t))
5: Compute q;(t) = C(x;(t + 1) — x;(t))

6: for neighbors j € N; do

7: Send q;(t) and receive q;(t)

8: Compute X, (t + 1) = %, (t) + q;(t)

9: end for
10:  end for
11: end for

As for the first term, we have

[(X(®) = X) (A =NI+ 7P| p <10 =N [[X() = X[ + 7 [[(X (&) = X) P[
= 1= [XWO) = X[+ [ (X#®) = X) (P =117 /n)||
= <1 ~NIXO =X+ [P (X ) = X
<= [ X(t) - X5,
where the second equality is due to (X (t) — X) 11" /n = 0.
Therefore, we have
() =X £ 04 B0 =02 X0 - X+ (04 228 [ 1~ x
o -
_E, MX(t +1) - X —C(X(t+1) - X(t))m
(1wEC[HXt+1 H }
Then we give the bound of the other term.
Ee [HXM - X+ 1)HQ]
<(1—wiEe |[|x¢t+1) H }
—(1 - w)Ee || X0 + %0 xol;]
—(1 - wpee | (x00 —X<t>) ()1 =P) + (X0 - TP =)
<+ )1 -wEe | (X0 - X0) (@ +)1 -7
F(+ D)0 - w)Ee X () —E(P—I)HQ]
<0+ 50 -0+ |[x0 - 20| + 0+ D - lxw - X
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We define

- 2 —
cens =Ee [+ 1) - K@+ ]+ xce+1)- X

:EC

D it +1) = %i(t+ D) + it + 1) —x|2‘| .

i=1
We further have

eern < max{(1+ )1 = 9p) + (1= @)1+ 2B (1 S8 + (1 =)L+ F)1+ 78 er

We want to select a appropriate -y, which satisfies

€41 S (1 — %)et.

‘We have to ensure

P 2 p
1+ )0 =79 + (1 —w)(1+ =)7"F < 1=, (31)
2\ 92 w 2 P
I+ =)y +1-w)(l+5)A+98)"<1-357. (32)
P 2 2
According to inequality (31), we have
2wp
< ————.
7= 852 +Wp2
According to inequality (32), we have
wp
Vs 2 2 2 2°
208% + 482 + 2 —w)(B* +28)p+p
Therefore, we choose v = 2p62+4ﬁ2+(2f£)(62+26)p+p2 , we have
e < (1= e < (1= Lyten.
. . nn 281Inn
By setting block size L = [%L we have ey < (1 — %)[ vl < €1

F.5 PROOF OF LEMMA [6]
We prove this lemma by Induction.

(1) When b = 1, this inequality holds. Suppose that the statement holds for k. Then for k + 1,

1
ehyo < —epr1 4+ qni L?
E+2 > on E+1 T qNky1

IN

2
EqL%]iLQ + qni+1L2-

Then we need to prove that
2
—qi L + i1 L < 3qL7n 4,
which is equal to prove
771%+1

g

<1

As 141 < 1y, this ineqlity holds. We finish the proof.
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G THE CHOICE OF PARAMETER IN PREVIOUS WORK

In the proof of Tu et al.| (2022), they need to minimized the term
er = Be[|| X (t+1) = X (¢ + V)[|7] + Ee[|| X (£ + 1) — X (¢ + 1)[[7].

According to the proof of |Tu et al.|(2022), they have

errr < [UM)l e + Cay ™ p~ g}

< Amax(U(7))er + Cay ™ p~ g,
where C'5 is a constant and
L—py U1y
U(v) = ,
) {uz’YQ 1—% - +ugy

and u; = 9<1+%) 1 —wpu = 3(1+2)us = (1+%) (1 —w)(B” +28) +
6(1+2)(1—w)p?
However, their use of the inequality is incorrect due to A\, (U(7)) < [[U(7)]].
We give a correct proof here.
We have e, = (1 py+upy®) B[ X (t41) — X (t+ 1) 3]+ (wry+usy+1 - § — 5 )Ee[| X 1+
1) = X(t+1)[3] + Csy~p~nn.

We need to choose + that ensures max{(1 — py + u27), (ury +uzy +1 — % — “’;)} <1-—39p,
which means

3
1—py+uy® <1-p,

4
w  w? 3
1l————<1——~p.
Uy + ugy + 5 5 = 1P
We have
p
< 2
W_4u27
w + w?

<__-r*
7= 200 Fur +ous)

p(w’+w)

_ pwitw) 2
5o rur FusTua) because w* + w < 2.

Therefore, we can have v <

3p2w? (w+1)

We choose v = o2 520, 0y 0?) 1242 (@1 2) (w2 (1—0) (FP T 20) T 1237 (w1 2)

=7 < L.

And we have 7*1 < O(w’2 p’3), which is on the same order with the result in|Tu et al.[(2022).

H PROOF FOR ADDITIONAL DISCUSSIONS

(1) Ly = 1. It is not hard to verify that, when L; = 1, the sum of the consensus error and the
compression error is on the same order as|Tu et al.|(2022)). Although we can reduce the projection
error to O(1), the consensus error is still the same as [Tang et al.[(2018]), which is the leading term in
the final regret. Thus, it does not helps to improve the existing regret bounds.

(i) Ly = 0. When Ly = 0, the upper bound of term ||x;(b) — %;(b)||* contains an additional
projection error ||r;(b)||* of the order O(1), which consequently induces an O(n) dependence on
ep+1, that is

1
Chr1 S g€t O(n*L*G?) < O(nn* L*G?).
n

It is not hard to verify that we can only obtain O(w~'/2p~'n®*/Inny/T) and
O(w='p~2n3/?Inn1n T) regret bounds for convex and strongly convex loss functions.
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