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Abstract

Behavior cloning provides strong imitation learning guarantees when training and
test environments share the same dynamics. However, in many deployment set-
tings the test environment’s transitions differ from training, and classical offline
IL offers no recourse: the learner must commit to an action at every state, even
when its demonstrations are uninformative and could lead to arbitrary degradation
of performance. This motivates the study of selective imitation, where the learner
may choose to sfop when it cannot act reliably. We introduce a model for selective
imitation under arbitrary dynamics shift: given labeled expert demonstrations from
a training environment and unlabeled state trajectories from the same expert in a
test environment, the learner outputs a selective policy that is complete (rarely stops
in training) and sound (incurs low regret before stopping in test). Our algorithm,
SeqRejectron, constructs a stopping rule using a small set of validator policies
whose size is independent of the horizon or policy class. For deterministic policies,
this yields horizon-free O(log |I1|/€?) sample complexity, assuming sparse costs.
For stochastic policies, we obtain analogous horizon-free guarantees using a cumu-
lative Hellinger stopping time. We extend the framework to misspecified experts
and different expert policies across train and test and obtain results that gracefully
degrade with the amount of misspecification.

1 Introduction

A central challenge in deploying learned policies is environment shift: the dynamics governing state
transitions at test time may differ from those encountered during training. This arises ubiquitously: in
sim-to-real transfer for robotics [Tobin et al., 2017]], in autonomous driving where conditions vary
between simulation and the road [Codevilla et al.l 2019], and in any domain where a policy trained
on demonstrations must act in a changed environment.

Classical imitation learning offers strong guarantees when training and test environments coincide,
but these guarantees become vacuous under even modest dynamics shift. Even with infinite data, a
policy may perform arbitrarily poorly if the test environment’s state support differs from the training
environment’s. The fundamental issue is that it cannot recognize when its training data no longer
provides reliable guidance, and has no mechanism to stop before things go wrong. This motivates a
basic question: can a policy learn not only what to do, but when to stop?

We develop a framework for learning to imitate with the option to abstain, drawing on the PQ learning
paradigm from selective classification [Goldwasser et al.l|2020]]. We consider a practical setting where
the learner is given labeled (state, action) expert demonstrations from a training environment M, but
only unlabeled (state-only) expert trajectories from a test environment /N. This asymmetry naturally
models settings where passive observation is cheap and abundant, but action telemetry is costly or
proprietary. For instance, in autonomous driving, a learner might train on rich kinematic data from a
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sensor-equipped fleet, but must generalize to new cities using massive datasets of public dashcam
footage—which provide valid visual states of expert driving, but completely lack the underlying
steering commands [Xu et al., 2017, [Torabi et al., 2018}, |(Codevilla et al., 2019]. In healthcare, a
sepsis treatment policy trained on a fully instrumented ICU system may be deployed to a setting
where precise dosage decisions are unavailable [Komorowski et al., [2018| [Finlayson et al.| [2021]]. In
algorithmic trading, a model trained on historical market conditions with full access to proprietary
executed trades must often navigate novel macroeconomic regimes where only public ticker data is
observable, leaving the exact buy and sell actions of top experts completely hidden.

The goal is to learn a selective policy that acts when its training data supports confident prediction
and stops execution otherwise. We require completeness (the policy rarely stops when deployed in
the training environment) and soundness (whenever the policy chooses to act in the test environment,
it matches the expert’s performance). A policy that always stops is trivially sound but useless; one
that never stops is trivially complete but unsafe. The tension makes the problem nontrivial.

1.1 Our approach and results

We certify trajectory prefixes using validator policies: competing explanations of the expert drawn
from the training-consistent version space. The learner executes a base policy 7, continuing only
while every validator agrees and abstaining at the first disagreement. Because a small validator set
always suffices, the resulting sample complexity depends on the horizon H only through the trajectory
cost scale Cp,,, and the complexity of the policy class. We call this approach SeqRejectron. It
generalizes the selective classification algorithm of |(Goldwasser et al.|[2020] to sequential decision-
making, mirroring recent horizon-independent rates for imitation learning [Foster et al., 2024]] while
accommodating dynamics shift. We analyze it in three increasingly general settings.

Deterministic policies (Section [3). We first develop our framework for finite classes of deterministic
policies. In this setting, each validator triggers at the first state where it disagrees with the base policy.
We prove that a surprisingly sparse set of these validators is always sufficient to safely stop execution.
Additionally, we demonstrate that this approach is oracle-efficient by providing an exact reduction to
multiple-instance learning [Maron and Lozano-Pérez, |1997]].

Stochastic policies (Section ). The binary disagreement test is too coarse for stochastic policies,
where two distributions may differ softly at every step without any single step being alarming. We
replace it with a cumulative Hellinger stopping time that tracks a trajectory-level divergence budget,
preserving the validator template. The main result gives finite-samples bounds on both the stopping
rate and the regret. This bound has both a cost-driven and variance-driven exponent. We prove
an Q(1/€%) labeled-sample lower bound already in the single-step stochastic setting, matching the
cost-driven part of the upper bound and leaving the variance-driven exponent open.

Misspecified policy classes (Section [5). Under misspecification, the exact-consistency version
space might not contain the expert. We replace it with a symmetrically regularized game that softly
penalizes source-data disagreement, ensuring the validator distribution remains well-defined and
sparse. We show that the guarantees degrade gracefully under misspecification.

1.2 Related work

Our work builds on three strands of literatureE] First, it is closely related to imitation learning and
recent analyses of behavior cloning. Behavior cloning reduces imitation learning to supervised
prediction, but is classically limited by compounding error under distribution shift [Pomerleau, |1988|
Ross and Bagnell, 2010, [Ross et al.,[2011]]. Recent theory has further characterized the statistical
limits of offline imitation learning and identified settings in which horizon-independent guarantees
are possible [Rajaraman et al., 2020, Swamy et al., 2022} [Foster et al., [2024]]. We study a modified
setting, where the learner is trained offline, but the test dynamics may shift arbitrarily.

Second, our framework is inspired by selective classification and learning under arbitrary distribution
shift. Closest to our setting is the PQ framework, which studies source-labeled, target-unlabeled
learning with abstention under arbitrary shift [Goldwasser et al.,|2020| |Kalai and Kanade} 2021} Goel
et al., 2024]. Our framework can be viewed as a sequential analogue of PQ learning, where the
learner abstains along a trajectory through a stopping rule rather than on a single prediction.

'We defer a more comprehensive literature review to Section
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Third, our work is related to robustness and uncertainty in reinforcement learning and robotics,
including robust control, sim-to-real transfer, domain randomization, and OOD detection [lyengar,
2005} Nilim and EI Ghaoui, 2005, Wiesemann et al., 2013} (Tobin et al., 2017 [Peng et al., 2018|
Chebotar et al., 2019, |Chae et al., 2022} [Haider et al., [2023|]. These approaches aim to make policies
robust or adaptive to changing environments, but are typically heuristic, make strong assumptions
about the nature of the shift, or require online access to the test distribution. By contrast, we study
distribution-free guarantees under arbitrary dynamics shift using only labeled source demonstrations
and unlabeled target trajectories, with abstentio as the safety mechanism.

2 Problem Formulation

Markov decision processes. A finite-horizon Markov decision process (MDP) is a tuple M =
(S, A, P,c, H), where S is the state space, A is the action spac H is the horizon, P = { P}/ }
specifies the state evolution, and ¢ = {cj, } /L, are per-step cost functions c¢;, : S x A — [0, 1]. Here
Py € A(S) is the initial-state distribution, and foreach h = 1,..., H — 1, Py(- | s,a) € A(S) is
the transition kernel. A (possibly nonstationary, possibly randomized) policy is 7 = {m, }}__, with
7, 2 S = A(A). Together, (M, 7) induce a distribution over trajectories (s1,a1), ..., (sy,an) via
s1 ~ Py, ap ~7h(-| sp),and spr1 ~ Pp(- | sp,ap) forh =1,..., H—1. We denote the expected

cumulative cost of 7 in M by Jay(m; ¢) := EM™ | ¢ (s, an)|.

Stopping times. A key feature of our framework is that the learner may stop execution mid-trajectory.
We formalize this decision to abstain via a stopping time adapted to the observed history. Denote
the canonical sample space of full state-action trajectories by Q = (S x A)#. Let G = {G, }L |
be the pre-action filtration on 2, where G;, = o(s1,a1,...,8h—1,an—1,Sn). Thus G contains
exactly the information available at step h, just before the learner chooses a;,. For convenience,
we also let Gg1 = o(s1,a1,...,8m,an). We define the point of abstention as a stopping time
7:Q — {1,...,H,H + 1} adapted to the filtration G. The event {7 = h} signifies that the
learner stops execution at step h, having observed the history up to s;,. We adopt the convention that
7 = H + 1 if the learner completes the full trajectory without abstaining.

Problem statement. Let M := (S, A, P,c,H) and N = (S, A,Q,c, H) be MDPs that share
state space, action space, costs, and horizon, but may differ in their dynamics P = {Ph}hH:_O1 and

Q = {Qn};=). We refer to M as the training environment and N as the test environment. For any
environment £ € {M, N} and policy 7, we write P for the law of the trajectory under (E, ),
and PF, .;.¢. for the law of the state trajectory s1.p. Let Cnax denote an upper bound on the total

trajectory cost Zthl ch(sh,an).

Let IT be a finite policy class and let 7* € II denote an expert policy whose behavior we seek to
imitate. We do not assume that 7* is optimal for c. The learner observes demonstrations generated by
7*, but does not observe realized costs or expert actions in N:

* Labeled training rollouts: drawn i.i.d. from (M, 7*), Dirain = {(Sk, 1.0, Gk,1:0) } 11 -
* Unlabeled test rollouts: state-only trajectories drawn i.i.d. from (N, 7%), Dyest = {t1,1:5 }]- ;-

Without the option to abstain, the problem is poorly posed under environment shift: if the expert-
induced state supports of M and N are disjoint, even infinite labeled data from M cannot determine
the expert’s actions on test-time states. To maintain low regret across all valid expert hypotheses, the
learner is forced to abstain on unseen test states. We therefore allow the learner to stop execution
mid-trajectory. We formalize this via the notion of a selective policy.

Definition 1 (Selective policy, stopped regret, and stopping rate). A selective policy is a pair
(m,7), where m € Il is a policy and T is a stopping time adapted to the pre-action filtration

Gn =0(s1,a1,...,8h—1,0n—1,Sk). When deployed, it incurs cost only on the time steps before T.
We define the stopped cost and stopped regret (in the test environment N ) as
T—1
In(m,75¢) ==ENT Zch(sh,ah) ) Regret (7, 7;¢) = JIn(m,7;¢) — In (7%, 75 ¢).

h=1

>Throughout, will will interchangeably refer to abstention as stopping.
3To simplify presentation, we assume throughout that S and A are countable; the definitions and results extend to general
spaces with the appropriate measure-theoretic treatment.
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We define the stopping rate (in the training environment M) as o (70, 7) == Pry (7 < H).

Intuitively, a selective policy can be thought of as an agent equipped with a fail-safe, executing its
learned behavior only as long as it remains confident. For example, consider a self-driving car trained
exclusively to navigate dry, sunny roads. If it is suddenly deployed in a blizzard where tire traction
and visibility drastically change, a standard imitation policy might blindly attempt a normal turn and
crash. A selective policy, by contrast, recognizes that these icy conditions fall outside its training
support and safely pulls over before a catastrophic error occurs.

Problem 1 (Selective imitation learning: stopped regret formulation). Given labeled training rollouts
Dirain and unlabeled test rollouts Dyest, output a selective policy (7, T) satisfying:

» Completeness: o (m,7) < €. (The policy rarely abstains in M ).
* Soundness: Regret y (m,7;¢) < e. (The policy incurs low stopped regret in N ).

3 Selective Execution for Deterministic Policies

We first present our results for the case when 7* and II are deterministic policies. We first analyze
a per-step baseline that suffers an avoidable horizon factor H by treating rollouts as independent
decisions. We then resolve this via a trajectory-level construction based on validator policies that
certifies entire execution prefixes, yielding an improved sample complexity.

First attempt: Stepwise reduction to PQ-learning. A naive baseline applies Rejectron [Goldwasser
et al.||2020] independently at each step. However, converting these per-step guarantees to a trajectory-
level bound requires a union bound over H steps, yielding a suboptimal sample complexity of
O(H?C?,, log|TI|/€%). This introduces an avoidable H? penalty even when costs are sparse; we
defer the formal analysis of this stepwise reduction to Section

max

Trajectory-level validation via validator policies. The per-step reduction treats a trajectory as H
independent decisions, introducing an avoidable horizon factor. However, sequential rollouts have
inherent structure: until the learner diverges from the expert, stopping incurs only a prefix of the
expert’s cost. The danger is failing to stop before this first unrejected deviation. Therefore, our goal
is to certify an entire execution prefix at once.

Fix a base policy 7y € Il ersion- To determine when it is safe to continue executing 7y, we compare it
against other policies in the version space. For any m € Il esion, the first state where 7 disagrees with
o marks a point where 7 is no longer justified by that competing explanation of the expert. Since
no single competitor reliably detects all problematic rollouts across all trajectories, we compare g
against a set of validators, continuing only while every validator agrees with 7.

Definition 2 (Validator-induced stopping time). For any base policy my and set of policies ® C
Iersion, define the stopping time T, & as the first time along the realized trajectory at which at least
one validator in ® disagrees with my, or H + 1 if no such disagreement occurs:

Tﬂo}cp(T) ‘= min ({h S [H] cdm e d, 7Th(8h) 75 Wo’h(sh)} U {H + 1}) . (1)

The key question is therefore how to choose the validator set ®. Ideally, we would like ® to be
such that Prr, n[7ry,& < Tr, (x+}] is close to 1. That is, with high probability, @ tells us to stop
before 7y deviates from 7*. This tells us that until the stopping time 7, 4, the policies 7y and 7* are
approximately coupled, and hence incur similar cost. We would also like ® to be sparse; this prevents
us from rejecting too many trajectories, which is a form of overfitting.

The key difficulty, however, is that ® must be computed without knowledge of 7*. We will thus
ask: Can we find a sparse validator set which stops before any policy in 1lesion deviates from my?
There is no obvious reason that one small deterministic validator set should work uniformly against
every policy in Il,esion. Fortunately, however, the following result shows that it is always possible to
compute a distribution over sparse validator sets which satisfies this guarantee with high probability.
We thus sample from this distribution to obtain a sparse validator set for 7*.

Definition 3 (p-valid validator distribution). Fix mg € Ilyesion and unlabeled test trajectories
Diest = {Tj};?:l. A distribution q over subsets ® C Ilyersion i called p-valid for m if

SUD € [y siop g [% Z;Lzl 1 [T‘"oﬂ’(Tj) > Tro,{m} (TJ)” <p

4



182
183
184
185
186

187

188

189
190
191
192

193
194
195
196
197

198
199
200
201
202

203
204
205

206

207

208

209
210
211
212

213
214
215
216
217

In words, a p-valid distribution places mass on validator sets that, on almost all empirical test
trajectories, stop no later than when any fixed competing policy in the version space diverges from .
The next lemma shows that this averaged notion of coverage can always be achieved by distributions
supported on small validator sets. Importantly, the support-size bound depends only on the target
violation level p; downstream, p will only depend on € and Ciax.

Lemma 1 (Existence of sparse valid validator distributions). For every p € (0, 1), there exists a

p-valid distribution ¢* over subsets ® C Tlersion such that every ® € supp(q*) satisfies |P| < H—I
The proof uses only two ingredients: the minimax theorem and the exchangeability of i.i.d. draws.
Importantly, there is no dependence on the state space, action space, horizon, or size of II. This
generality is important, and we will reuse it for stochastic policies (Sectiond) and the misspecified
setting (Section[3)). We state the general version as Lemma 5]in the appendix.

How do we compute ¢*? To keep the statistical argument separate from the computation, we
package Lemmainto a subroutine SPARSEVALIDATORDIST (Iyersion, 0 Drest; p, €, 9), which with
probability 1 — ¢, returns a (p + &)-valid distribution over subsets of ITersion With size < [1/p]. Here
¢ is a computational slack term that can be driven arbitrarily close to 0. A concrete, oracle-efficient
implementation is given in Section[B.6 where we realize this subroutine via no-regret dynamics.

Algorithm and guarantees. We are now ready to present our algorithm for selective imitation with
deterministic policies. The algorithm (Algorithm [I)) has a clean, simple structure. The labeled data
define a version space and a base policy my. The unlabeled test trajectories are used to construct a
sparse validator distribution, from which we sample a validator set. The returned selector continues
while every validator agrees with 7 and abstains at the first disagreement.

Algorithm 1 SeqRejectron for deterministic policies

Require: deterministic policy class II, labeled rollouts Dyain = {(Sin, @in) }ic[m), he[n]> unlabeled
rollouts Diest = {Tj }}1:1, tolerance 7, computational slack £, confidence §
1: Compute the training-consistent version space

Il ersion {ﬂ' ell: 7Th(3ih) = a;p forall 7 € [m}, h € [H]}

2: Choose any base policy my € Il ersion-
3: Let ¢* +— SPARSEVALIDATORDIST(IL ersions 70, Drest, 1/2,&,6/5).

4: Sample ®4,..., P N q* with k < [log,(5/9)] and set ® « Ule D,.
5. return the selective policy (7o, Try,a)-

Theorem 1 (SeqRejectron guarantee for deterministic classes). Run Algorithm (I| with hyperpa-
rameters 1,0,§ > 0. Define Z = ([logy(5/6)1[2/n] + 1)log|II| + log(5/0). Then, with
probability at least 1 — 0, the selective policy (7, Try.0) satisfies oy (7o, Trg,0) < % and

Regret n (70, Trrg.0; €) < Crmax (77 + 26+ \/@+ 3nZ>

Corollary 1. Suppose m = n > 6[log,(5/6)] log |II|. Set 1 == /6[log,(5/5)] log |II|/n. Then,
with probability at least 1 — 8, both the stopping rate and Regret y /Crnax scale as O(+/log [TI|/n).

The role of weight sharing in log |TI|. The sample complexity of Theorem [l|scales with log |IT].
When II shares parameters across time steps (e.g., a single neural network mapping states to actions),
log |TI| is independent of H and the bound is horizon-free in the strongest sense. In general, H enters
only through Cy,ax and log |II|, consistent with |Foster et al.| [2024]).

Bounding the test-side abstention. It is also natural to ask how often the selective policy abstains in
N. When the environment shift is bounded in total variation, the test-side stopping rate ay (g, 7)
inherits the training-side guarantees up to a TV correction term, plus an additional sequential penalty
that arises because the deployed policy’s actions can steer the trajectory out of the safe prefix before
the validator stops. See Section[B.5]in the appendix for a precise statement.
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4 Selective Execution for Stochastic Policies

Throughout this section, II denotes a finite class of (possibly stochastic, possibly nonstationary)
policies, and 7* € II is the expert. Recall that the deterministic construction rests on a binary
primitive: two policies either agree or disagree at each state. For stochastic policies this is too coarse,
since two distributions may differ softly at every step without any single discrepancy being alarming.
The right question is whether soft discrepancies accumulate enough to cause meaningful divergence
from the expert. We therefore replace three ingredients from the deterministic construction.

First, we take 7 to be the MLE and for v > 0 define the version space as a log-loss ball,
n = {m € I : LoglLoss(7, Dirain) < LoglLoss(mo, Derain) + 7}

version

where Logloss(7, Dyrain) = —% Py fo:l log mp(ain | sin). Second, we replace the first-
disagreement stopping time with one based on cumulative squared Hellinger distanceﬂ forp,q €

A(A), letd? (p,q) :=1—>, v/p(a)g(a), and for 6 > 0 define
h
T;)O)(I)(T) ‘= min ({h €[H|:Imred, Zd%{(ﬂk( | sk)s ok (- | sk)) > 9} U{H + 1}) .

k=1

Third, we define an analog to the SPARSEVALIDATORDIST subroutine: STOCHASTICSPARSEVAL-
IDATORDIST, which when called with parameters p, 6, and § returns a distribution ¢g* supported over
subsets ® C 1T of size at most [1/p], such thalE], with probability 1 — &, for every m € IT_,

version version”’

it holds that Eq_- [% St {Tgoﬁq)(Tj) >0 {W}(Tj)ﬂ <p.

Guarantees. The stochastic SeqRejectron follows the same template as Algorithm [I] save for the
changes mentioned above. To formalize our guarantees, let 77]7:,'7 denote the distribution of trajectories
induced by 7, stopped at time 7 in environment N (i.e., P;\T,T is supported over trajectory preﬁxes)ﬂ
Theorem 2 (SeqRejectron guarantee for stochastic classes). There exists an algorithm, the stochastic
SeqRejectron, with hyperparameters 1,0,~,6 > 0. Define Kens = [logy(4/0)][2/n] and Z =
(Kens + 1) log |TII] + log(4/0). If n > 8Z/n and m > (log |I1| 4 log(8/0))/~, then with probability
at least 1 — 6, this algorithm returns a selective policy (my, 77207@) satisfying ap(mo, 77(307@) <
Kens (12 + 48)~ and D3 (P, PN7) < 3(6 + 7).

Corollary 2. There exists a choice of parameters 7,1, 0 for stochastic SeqRejectron (depending
only on m, n, 02, log ||, and &) such that with probability at least 1 — 6, both cpr (o, Tgmfb) and

(log(1/8)+log |11))*/5  (log(1/8)+log |TT[)'/2 })
1/5 ) 1/4 .

Regret y (7o, Tﬁo’q,; ¢)/Crax are O (max { Y. -
To prove Corollary [2] we convert the guarantee of Theorem [2|into a total variation bound. A natural
question is whether this bound can be sharpened, as Theorem [2]is stated as a guarantee on the squared
Hellinger distance of the stopped trajectories. Indeed, [Foster et al.|[2024] use a variance-dependent
Hellinger change-of-measure lemma to avoid this apparent looseness in the full horizon setting. Their
bounds are stated in terms of an expert variance parameter o2, ; in our setting, however, this variance
parameter would depend on the learned stopping time. Thus, it is not clear how to make full use
of the squared Hellinger guarantee of Theorem [2]in our setting. It is an interesting question for
future work whether or not a different algorithm or analysis can sharpen Corollary [2] However, in
the following section, we present a natural variation of our objective which is more amenable to the
sharper Hellinger change-of-measure, and prove sharper rates accordingly.

Computational implementation and offline oracles. Unlike the deterministic setting, the cumulative
Hellinger thresholding required for stochastic policies does not yet admit a known oracle-efficient
reduction to standard ERM. We leave the development of computational oracles for this cumulative
objective—or rigorous guarantees for practical surrogates—to future work.

0

4For deterministic IT, d%( reduces to the disagreement indicator, so Tro,® with 6 < 1 recovers @)

5The existence of ¢* follows the exact same combinatorial argument as Lemma and is stated as Lemmain the appendix.

SMore formally, 77;:,‘7' is a probability measure over the space of finite histories H = UhH:+11 (S x A1 xS A
random draw from this measure takes the form (s1,a1,...,8r—1,ar—1, Sr) ontheevent {7 < H}, and is the full trajectory
(s1,a1,...,8H,am)ontheevent {7 = H + 1}.
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4.1 Expert handoff interpretation and switched regret guarantees

So far, we have studied policies that can stop execution mid-trajectory. However, in collaborative
autonomy—such as a self-driving car handing control back to a human driver upon encountering
unfamiliar condition—the episode does not end at abstention. We would like to guarantee that the
autonomous system does not drive the system into an unrecoverable state before handing off. Thus,
one may consider the switched policy that follows the learner until 7 and the expert thereafter.

Definition 4 (Switched policy and switched regret). For a base policy m € 11, an expert policy

7m* € 11, and a stopping time T, the switched policy 7% [, T, 7] executes w on steps 1,...,7 — 1
and ©* from step T onward. For costs ¢ = {ch},?:l, we define the switched regret (in N) as

Regrety (m, 75 ¢) == Iy (7™ [m, 7, 7%]; ¢) — In (755 €). 2)

Problem 2 (Selective imitation learning: switched regret formulation). Given labeled training
rollouts Dyyain and unlabeled test rollouts Diest, output a selective policy (m, T) such that

» Completeness: o (7, 7) < e. (The policy rarely abstains in M ).
* Soundness: Regretyy (m,7;¢) < e. (The policy incurs low switched regret in N ).

The switched regret is directly controlled by our Lemma 2] which generalizes the Hellinger regret
decomposition of Foster et al.|[2024]. Below, let 02, == Y," | . (Vi (zn) — QF (zn,an))?] <
C?2,... denote the expert-variance parameter of [Foster et al.|[2024] where (2, ay,) is the state-action
pair at time h under 7* and V" " Q}{* are the corresponding value and action-value functions.

Lemma 2 (Hellinger-based regret decomposition for stopped trajectories; generalization of Theorem
3.1 of |[Foster et al.|[2024]]). Assume Chax > 1. Let ™ be the expert policy. For any learned policy

7 and stopping time T, let Ts,, denote the policy that executes 7 for h < T and executes 7 for all
remaining steps h > 7. Then, for any ¢ € (0,e~1), the expected regret of ms, is bounded by:

J(msw) — J(7%) < \/6072,* - D%, (73;:,‘7, ’P;,‘T) +0 (Cmax log(CmaXe_l)) - D% (73]7;'7, ’P;,‘T) +e.
Corollary 3. Set v = (log|II| 4 log(8/0))/m. Let Z := log |II| + log(8/9). There exists a
choice of parameters 1 = 0 (depending only on m, n, 0+ /Cuax, |Il|, and §) such that with

(0n/Cmax)*Z 72 oxx _Z z
ml/5 ' ml/37 Cpax nl/47 nlt/2

probability at least 1 — 6: apy (o, Tgovq)) =0 (max{

sw A (Conax02 )2 CpnZ 0xrZ  CrmaxZ
and RegretN (7T077—7r07<1>70) =0 (max{ mi/5 ) Tml/3 0 pi/d s T plj2 .

Corollary [3] has several parts. Both the stopping rate and regret bounds are a maximum over four
terms. The first two terms are variance-driven and cost-driven contributions from the labeled sample,
and the last two are their unlabeled-sample counterparts. In Section|C.4] we show that the cost-driven
labeled-data portion of this upper bound is tight.

Switched regret vs. stopped regret. As previously hinted, the switched regret is driven to zero at a
faster rate than the stopped regret in the low o2, regime. This is perhaps unintuitive, as the switched
regret bound provides a qualitatively strong guarantee: that the learner does not drive the system
into an unrecoverable state before switching; on the other hand, the stopped regret guarantee only
guarantees that the learner is competitive with the expert on the prefix for which it acts. Providing a
resolution to this (for example, sharpening Corollary [2) is an interesting direction for future work. E]

5 Extending to Misspecified Policy Classes

Previous sections assumed the expert 77* lies in the learner’s policy class II. In practice, experts often
employ richer representations, breaking this realizability assumption. Here, we show our validator
framework degrades gracefully under misspecification. Throughout this section, let II be a finite class
of deterministic policies, and let 7* be a deterministic expert. We do not assume 7* € II.

7We suggest a partial resolution: define the asymmetric stopped regret as Jn (7, 7;¢) — Jn(7*; c)—physically, this
compares the cost accumulated by the learner before handing over control to the cost the expert would have incurred driving
the entire route. It is not hard to see that this is upper bounded by the switched regret, hence our algorithm controls the
asymmetric stopped regret at the same rate as the switched regret (i.e., with the same rates as CorollaryE]).
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Misspecification benchmark. Let 7 be as in (I). For any deterministic policy = € II, define
dp () = Pry -+ [Tm{ﬂ*} < H] and dy () == Pry = [Tﬂ,{ﬂ*} < H] These are the probabilities
that 7 deviates from the expert at any time during the trajectory (which has horizon H). We define the
policy-specific and best-in-class misspecification, respectively, as A, := max(dys(7),dn (7)) and
A = minge Ay, Let 7 = arg min,cp A be the policy which achieves the best-in-class misspecifi-
cation. Finally, we define the empirical analogue of dys as das () == L 31 1 [ (1(S;) < H].

m

Agnostic version of Algorithm [I} When the expert lies outside the policy class (7* ¢ II), the
exact-consistency version space used in Algorithm [Tjmay fail to contain the expert. To ensure the
validator set remains well-defined and sparse even under misspecification, we transition from a
constrained optimization (forcing zero training disagreement) to a symmetrically regularized game.
In this agnostic framework, we allow validators to disagree with the base policy on the source data,
but we penalize this disagreement at a rate A. This allows the learner to "trade off" a small amount of
source-side abstention for a significant reduction in target-side late-stop risk. This shift is captured by
the following equilibrium result, which can be thought of as an “agnostic" analog of Lemmal[T}

Lemma 3. Let 79 € argmingcr da(w) be an empirical disagreement minimizer. For every
penalty parameter A > 0 and integer K > 1, there exists a distribution q* over validator sets
® = (¢1,...,0K) € II¥ that simultaneously satisfies the following two properties:

* EQN(I* {Zszl EM(‘ZSk)} <K- C/Z\M (7’1’0) + %,
* Egrgr H i 1 [Trga(T5) > Ty () (Tj)}] < A(EM(W) — jM(WO)) +L1

Similar to Section 3] Lemma[3]is a non-constructive result, although it may be realized by no-regret
play. We package the output Lemma [3]into an abstract subroutine, REGULARIZEDSPARSEVALIDA-
TORDIST and leave the question of its efficient computational implementation to future work.

Theorem 3. Let § > 0. Let myp € argmingey ds (). Fix a penalty A > 0 and committee size
K > 1, and let ¢ € A(TTX) be the equilibrium distribution from Lemma Define the complexity
measure Z = (K +1)log |II| +log §. Then, with probability at least 1 — 6, the randomized selective
policy (7o, Try @) With validator set drawn ® ~ ¢* satisfies

¢ Eongs [ani (M0, Trg0)] < (K+ 1A+ § +2(K +1)/52

2m’

* Egrg [RegretN(wo,TM,@; c)} < Chax (A + AA + % + 2A,/ % + \/%)

Corollary 4. There exists a choice of parameters K = A (depending on m,n,A, |11,
and &) such that, with probability at least 1 — 0, both Eg~g[an(mo, Trny,0)] an

Eg~q+ [Regret y (7o, Trg,@; ¢)]/Cmax are O (AUZ + (log |H\/m)1/5 + (log |H\/n)1/3).

Extension to off-policy test trajectories. While we have assumed a single expert across both
environments, this regularized framework naturally extends to settings where the training demonstrator
7" and test demonstrator 7™ differ, and neither necessarily lies in IT. By generalizing the disagreement
probabilities, we show that our algorithm degrades gracefully with the irreducible off-policy error
Aofr. We defer the formal setup and the proof of this guarantee to Section

6 Proof of Concept

We evaluate SeqRejectron in the LunarLander-v3 environment [Towers et al., 2024]], with the goal of
empirically characterizing the completeness-soundness tradeoff: the algorithm should stop minimally
on train while reliably detecting out-of-distribution dynamics and stopping at test time.

Experimental setup. The step cost ¢, is a quadratic penalty on distance to the landing pad, velocity
and angular velocity with a cap at 1. If the lander ever crashes, it incurs the maximum step-wise
cost for the remainder of the episode. Costs are then normalized to a maximum episode cost of 1.

8n contrast to Algorithm the regret guarantee of the misspecified SeqRejectron is stated in expectation over the draw
® ~ g¢*, and thus the algorithm must return the validator distribution ¢*. This is because in the agnostic setting, taking the
union of k validator sets (which we did to boost the success probability of Algorithm[T) would linearly amplify the irreducible
misspecification error (scaling the penalty to O(kA)).
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For the dynamics shift, the source domain M is windless and uses a reduced initial random impulse,
while the target domain NV applies a rightward wind force. Thus the environment shift consists of
the addition of wind and the stronger initial impulse. The expert 7* is a stochastic state-feedback
controller, parameterized by a neural network on the raw LunarLander observation features, tuned to
land in the target environment, but not necessarily optimal under the custom cost. The base learner
mo is fit by MLE on labeled demonstrations Dy,,j, drawn only from M .

To ensure tractability, we replace the game-theoretic construction of Section with an adversarial
posterior-sampling heuristic. First, using the labeled training demonstrations Diy,j,, we form a
Bayesian posterior over the policy parameters and sample a pool of candidates approximately
consistent with 7* on M. Next, we evaluate this pool on the unlabeled test trajectories Diesy and
greedily select the candidate that maximizes the cumulative squared Hellinger disagreement with
the base learner 7 (since our goal is to challenge our base learner on the test data). Repeating this
selection K = 3 times yields a validator set ®, which defines a stopping rule as in (2).

Cost and handoff rates vs 0 Time to handoff vs 6 Handoff rates vs validator count

ﬁ . -

—o— switched mean cost
-+ expert mean cost
learner mean cost
—o— source handoff
—— target handoff

—o— source handoff &
—o— target handoff £

—o— source handoff
—— target handoff

mean handoff step, capped at hor

2 3
validator policies

°

Figure 1: Left: normalized target switched cost and source/target handoff rates as functions of the
safety threshold 6. Dashed horizontal lines show the expert and learner mean costs. Middle: mean
handoff time as a function of , with trajectories that never hand off capped at the episode horizon.
Right: source and target handoff rates as a function of the number of validator policies, with § = 2
fixed. In all plots, shaded bands indicate standard error across trials.

Results. We evaluate the framework over 20 independent trials. In each trial, we collect m = 30
labeled training trajectories and n = 30 unlabeled test trajectories over a range of 6 threshold values.
Figure [T] summarizes the resulting tradeoffs. In the left panel, the source handoff rate collapses
steeply to near 0%, confirming that the validators rarely flag in-distribution trajectories. The target
handoff rate decays far more gradually with the trajectory cost mirroring its behavior. As handoff
becomes less frequent, the switched policy’s cost approaches the learner’s cost. The dashed black
line represents the expert’s average cost on the test environment. The red dashed line represents
the expected cost of 7y, and is the cost that would have been obtained by running vanilla behavior
cloning, without any abstention mechanism. This shows that SeqRejectron (with a suitable choice of
6 = 2) is able to reliably detect and abstain when it encounters environment shift.

The middle panel shows that larger 6 delays handoff, as expected, since the validator allows more
cumulative disagreement before switching. Finally, the right panel shows that increasing the number
of validators raises handoff rates, particularly in the target environment, by making the stopping
rule more sensitive to disagreement. This effect quickly saturates, suggesting that SeqRejectron is
somewhat robust to the choice of validator set size.

7 Conclusion

We introduced selective imitation learning, a framework where a learner abstains mid-trajectory
when training data is uninformative about the test environment. Our algorithm, SeqRejectron,
yields horizon-free sample complexity for deterministic classes under sparse costs, with analogous
guarantees for stochastic and misspecified classes. We also established an 2(1/€*) lower bound that
matches the labeled-sample cost-driven exponent. Several directions remain open. Computationally,
developing practical surrogates for the cumulative Hellinger objective in stochastic settings is needed.
Statistically, closing the gap between the variance-driven O(e~?) rate and our lower bound remains
open. Finally, incorporating partial structural knowledge about test dynamics (e.g., bounded TV
distance, density ratio, or parametric shift) could tighten test-side stopping rates. Ultimately, this
work establishes abstention as a principled response to unanticipated dynamics shift.
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A Additional Related Work

A.1 Background on imitation learning and reinforcement learning

Reinforcement learning. The standard framework for sequential decision-making is the Markov
decision process (MDP) [Sutton et al., |1998]], where an agent maximizes cumulative reward by
interacting with an environment governed by unknown transition dynamics. In the offline setting,
where the agent must learn from a fixed dataset without further environment interaction, pessimism-
based approaches [Rashidinejad et al., 2021} [Kumar et al.l 2020, |[Levine et al.l 2020] provide
guarantees when the dataset covers the target policy. Our work operates in a similarly offline
regime, but with a key difference: we observe datasets from two environments and provide PAC-style
guarantees without any online interaction with the test environment.

Imitation learning. The dominant paradigm for learning from demonstrations is behavior cloning
(BC), which reduces imitation learning to supervised prediction [Pomerleau, |I988| Ross and Bagnell,
2010]]. A central limitation of BC is compounding error: small per-step mistakes cause the learner to
drift to states outside the expert’s distribution, where further errors compound. Interactive methods
address this by querying the expert on the learner’s own rollouts: DAgger [Ross et al., [2011]] reduces
regret to O(eH) by collecting on-policy corrections, and subsequent work gave game-theoretic
formulations [Swamy et al.l 2021] and adversarial approaches via occupancy-measure matching [Ho
and Ermon, 2016, |Ziebart et al.,[2008]. Imitation from observation [Torabi et al.,[2018]] studies the
special case where only state sequences (not actions) are available, which is similar to our assumption
of unlabeled test trajectories, but does not provide theoretical guarantees.

Sample complexity of imitation learning. A precise theoretical understanding of BC’s sample
complexity has emerged over the past several years. Rajaraman et al.|[2020]] established fundamental
limits: offline BC requires 2(H?/¢) trajectories in the worst case, while online methods can achieve
O(H /¢), and|Swamy et al.|[2022] showed that replay estimation achieves minimax-optimal online IL
by reducing empirical variance in the expert visitation distribution. This apparent gap between offline
and online IL was recently revisited by [Foster et al.| [2024]], who showed that under weight-sharing,
log-loss BC achieves horizon-independent sample complexity via a trajectory-level Hellinger analysis,
whenever cumulative costs are controlled and the policy class shares parameters across time steps;
this matches the minimax rate even among interactive algorithms. Our work builds directly on this
Hellinger-based analysis, extending it to the environment-shift setting where test dynamics may
differ arbitrarily from training, and replacing the standard regret objective with a stopped regret that
accounts for the possibility of abstention.

A.2 Background on selective classification and learning with distribution shift

Learning under distribution shift. The classical approach to distribution shift is covariate shift
adaptation, where the marginal input distribution changes but the labeling rule is preserved. [Shi-
modairal [2000] introduced importance-weighting as a principled correction, and |Sugiyama et al.
[2007]] gave an importance-weighted cross-validation procedure for model selection under this shift.
On the theoretical side, |Ben-David et al.| [2010] and Mansour et al.| [2009] bound target error in terms
of source error and a divergence between domains. However, Ben-David and Urner| [2012]] establish
that without further assumptions on the relationship between source and target—such as bounded
density ratios or overlapping supports—successful domain adaptation is impossible in general. These
hardness results make clear that any distribution-free guarantee under arbitrary shift must either make
structural assumptions or give up on committing to an action everywhere.

Selective classification and PQ learning. Selective classification [Chowl 2003} |[El-Yaniv et al., 2010,
Geifman and El-Yaniv, 2017]] offers a way out: by allowing a classifier to abstain on inputs it cannot
reliably label, one can trade coverage for accuracy. Recent work on partial deferral for sequence
prediction studies one-time handoff to an expert after a chosen point in the sequence, which is closely
related in spirit to our expert-handoff view of abstention [Rayan and Tewari} [2025]; however, they
do not consider environment shift, which is the central focus of this work. Closest to our formal
setup, |(Goldwasser et al.|[2020] introduced the PQ learning framework, showing that abstention is
precisely the mechanism that circumvents the hardness of arbitrary distribution shift. Given labeled
samples from P and unlabeled samples from (), PQ learning asks for a selective classifier with
low error on () and low rejection rate on P—with no assumptions on the relationship between
P and Q. Their algorithm, Rejectron, iteratively builds validator classifiers that agree on P but
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disagree on (), and abstains wherever such disagreement exists. Subsequent work [[Kalai and Kanade|
2021]] showed that the computational complexity lies in between PAC learning and Agnostic PAC
learning. Another closely related model is the Testable Distribution Shift (TDS) |Klivans et al.| [2024a]]
which allows for rejecting the entire test distribution instead of selectively predicting. There has
been a flurry of recent work designing computationally efficient algorithms for these models under
assumptions only on the train distribution [Klivans et al.}[2024b| |Chandrasekaran et al., 2024, |Goel
et al.}[2024]. Our formulation can be viewed as a sequential analogue of PQ learning (Section [2), and
the validator-based construction of SeqRejectron can be thought of as a generalization of Rejectron
to trajectory-level certification.

A.3 Robustness, uncertainty quantification, and domain adaptation in RL

Sim-to-real transfer and domain randomization. The reality gap—the mismatch between simu-
lated and real-world appearance, physics, and dynamics—is a central obstacle to deploying learned
policies on physical systems [Tobin et al., 2017].

The dominant mitigation is domain randomization: training over a broad distribution of simulated
environments so the real world falls within the training support. This has been applied to visual
parameters [Tobin et al.| 2017} [Sadeghi and Levinel, 2016, |James et al., | 2019]], physical parameters
such as friction, mass, and actuator delays [Peng et al.|[2018| |Tan et al., 2018]], and scaled to dexterous
manipulation and Rubik’s-cube solving [Andrychowicz et al.; 2020, |Akkaya et al.| 2019]. Comple-
menting these empirical milestones, recent literature has formalized the theoretical foundations of this
approach. Specifically, these works have bounded the sim-to-real gap for uniform domain randomiza-
tion [Chen et al.| 2021]], established the method’s optimal asymptotic sample efficiency [Fujinami
et al.,[2025]] for linear systems, and proved the statistical consistency of data-driven, offline domain
randomization [[Fickinger et al.|2026]

A complementary line of work closes the gap adaptively: Chebotar et al.|[2019] iteratively refine the
randomization distribution using real rollouts; |Yu et al.|[2017] and [Kumar et al.|[2021]] condition
policies on online system-identification modules that infer dynamics at deployment; Rusu et al.|[2017]]
use progressive networks for visual transfer; and [Mehta et al.| [2020]] steer randomization toward
maximally informative environments. [Codevilla et al.| [2019]] document the resulting failure modes
of behavior cloning under sim-to-real shift, motivating principled responses to out-of-distribution
conditions.

All of these methods attempt to bridge the reality gap. Our work is complementary: rather than
correcting for an unknown shift, we learn to detect when dynamics have changed too much for
reliable execution and abstain, with distribution-free PAC guarantees that require no assumptions on
the magnitude or structure of the mismatch.

Robust reinforcement learning. Robust RL seeks policies that perform well under worst-case
dynamics drawn from a prespecified uncertainty set. The foundational framework is the robust MDP,
in which nature adversarially selects transitions within a rectangular uncertainty set; Iyengar|[2005]]
and |Nilim and El Ghaoui| [2005] independently showed that such problems admit tractable dynamic-
programming solutions, and Wiesemann et al.|[2013]] extended this to more general uncertainty
sets and ambiguity models. In the deep RL setting, Pinto et al.[[2017] train a protagonist against
an adversary that applies destabilizing forces (RARL), and |[Rajeswaran et al.|[2016] optimize over
an ensemble of source models (EPOpt) to guard against model error. |[Zhang et al.| [2020] study
robustness to observation and action perturbations in deep RL, and [Tessler et al.| [2019] isolate
the action-perturbation setting. On the theoretical side, Panaganti and Kalathil [2022]] and [Shi and
Chil[2024] establish sample complexity bounds for learning robust policies from offline data under
(s, a)-rectangular and distributionally robust uncertainty sets, respectively. All of these methods
require the learner to commit ahead of time to an uncertainty set or dynamics prior—implicitly
assuming knowledge of the shift’s structure or magnitude.

Imitation learning under dynamics mismatch. Classical IL theory assumes that the learner and
expert share the same transition dynamics. A growing body of work relaxes this assumption.

Several approaches use adversarial methods to match occupancy measures across environments:
Ho and Ermon| [2016] introduce GAIL, which frames IL as a distribution-matching problem and
provides a foundation for dynamics-robust extensions; [Fu et al.|[2017] show that adversarial IRL
(AIRL) can recover reward functions that transfer under moderate dynamics shift; and Kostrikov et al.
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[2019] propose a distribution-correction method (DAC) that compensates for off-policy mismatch via
density-ratio reweighting.

Other works directly target the setting where expert and learner operate under different dynamics.
Gangwani and Peng|[2020] and Desai et al.| [2020]] use adversarial state-distribution matching and
transition-dynamics alignment respectively. [Viano et al.|[2021]] bound performance degradation as a
function of the ¢; distance between transition kernels, and (Chae et al.|[2022] train policies that are
robust across a family of perturbed MDPs (RIME). Eysenbach et al.| [2020]] compensate for dynamics
mismatch by modifying the reward with a classifier that distinguishes source from target transitions,
though this requires online RL access to the target domain. [Lauffer et al.[[2025] address the covariate
shift that arises when a learned policy diverges into unfamiliar dynamics, using on-policy expert
corrections for multi-turn LM agents. Finally, Espinosa-Dice et al.|[2025]] study the misspecification
setting in which the expert falls outside the learner’s policy class.

All of these methods attempt to correct for or tolerate dynamics mismatch via reward modification,
distribution matching, or robust optimization, and most require either interactive access to the target
environment or assumptions on the magnitude of the shift. Our work is complementary: we make no
assumptions on the dynamics and instead learn, from offline data alone, to detect when the shift is
too large to act reliably and abstain, with distribution-free PAC guarantees on both the stopping rate
and the stopped regret.

Control-theoretic safety and reachability. Classical approaches to safe deployment ground safety
guarantees in known system dynamics. Hamilton-Jacobi reachability [[Tomlin et al., | 2000, Bansal
et al.,|2017] computes the exact set of states from which a safety constraint can be guaranteed, and
control barrier functions (CBFs) [Ames et al.l [2019] enforce forward invariance of a safe set via
Lyapunov-style certificates. Prajna and Jadbabaie [Prajna and Jadbabaie, 2004 give analogous barrier
certificates for hybrid systems. These methods offer strong formal guarantees, but require an accurate
model of the transition dynamics.

Uncertainty-aware deployment. A natural response to distribution shift is to monitor epistemic
uncertainty at deployment and abstain or intervene when it is high; MC dropout [|Gal and Ghahramanil,
2016] and deep ensembles [Lakshminarayanan et al., 2017] are the dominant practical tools for
obtaining such estimates. These estimates have been deployed directly in safety-critical settings:
Liitjens et al.|[2019] use MC dropout and bootstrapped ensembles to modulate collision-avoidance
policies when epistemic uncertainty is high, and Kahn et al.|[2017] propagate learned uncertainty
estimates through a model-based planner for robot navigation. However, the thresholds used to trigger
abstention in these methods are typically heuristic. Neggatu et al. [2025]] use uncertainty estimates
to switch between an offline RL policy and a more conservative behavior-cloning policy, but do not
prove theoretical guarantees, unlike ours. Several works [Haider et al.| 2023| [Prashant et al., [2025]]
frame out-of-distribution shift in RL as changes in the transition dynamics, but the proposed methods
do not rigorously bound the downstream regret.

Conformal prediction (see |Angelopoulos and Bates| [2023] for a foundational treatment) offers
a distribution-free alternative with rigorous finite-sample coverage guarantees. |[Tibshirani et al.
[2019] extend the framework to covariate shift via importance weighting; and |Gibbs and Candes
[2021]] develop online conformal methods that adapt to distribution shift as it occurs. Recent
work has extended these ideas to sequential and dynamical settings. [Lindemann et al.| [2023a]] use
conformal prediction to construct probabilistic prediction regions for safe motion planning in dynamic
environments; |Dixit et al.| [2023]] apply adaptive conformal prediction to quantify multi-step-ahead
uncertainty for MPC among dynamic agents; [Lindemann et al.| [2023b] give conformal runtime
verification guarantees for signal temporal logic specifications; and |Lee and Matni|[2024] establish
conformal coverage guarantees from a single trajectory of temporally correlated data generated by an
unknown stochastic dynamical system.

All of these methods share our high-level goal of detecting when a deployed agent has ventured
outside its training support and should stop. Ensemble and conformal methods differ from ours in
a fundamental way, however: ensemble approaches rely on heuristic variance thresholds to trigger
abstention, while conformal methods provide rigorous marginal coverage for prediction sets at
each step. Neither directly bounds the regret accumulated along a trajectory before abstention.
Our approach avoids both heuristics and prediction sets, instead providing frequentist PAC-style
guarantees directly on the stopping time that bound the stopped regret in the test environment.
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B Additional Results and Proofs from the Deterministic Section

B.1 Supporting technical lemmas

Lemma 4 (Prefix coupling for deterministic policies). Let m and 7 be deterministic policies on
a horizon-H MDP with pre-action filtration Gy, = o(s1,a1,...,Sh—1,an—1,Sk). Define the first-
deviation time

Tr {n+y =min{h € [H] : m,(sp) # 7 (sn) },

with the convention min() = H + 1. Let T be any stopping time adapted to {G,}, and define
h* == min(7, 7x {+}), and define the stopped sigma-algebra

Gne = {ACQ:AN{h* = h} € G forevery h € [H + 1]}.

Intuitively, Gy« represents the information available up until the (random) time h*. Then, for any
environment M, every event £ € Gy« satisfies Prys [E] = Pray .+ [E]. Consequently, for every
bounded Gy~ -measurable random variable Z, we also have Eys »[Z] = Epp o+ [ Z].

Proof. We first check that h* is a stopping time. For each k € [H], the event {7 (r+} < k} =
Ule{wj(sj) # m7(sj)} belongs to Gy because each s; is G; C Gi-measurable and 7;, 7 are
deterministic; for k = H + 1 the claim is trivial. Hence 7. (~} is a stopping time, and so is
h* = min(T, T‘ﬂ'y{ﬂ*})'

It remains to show that 7 and 77* induce the same distribution on Gy« -measurable events. Fix k € [H|
and any pre-action prefix t;, = (s1,a1,...,8k—1,ak—1, Sx) With h*(tx) = k. On the event {h* = k}

we have k < 7 1+, 50 Tj(s;) = 7 (s;) forall j < k, and therefore

k—1
Pr[(si,a1,...,85—1,a5-1,8k) = tg, h* = k] = Py(s1) | I Pj(sj11 | s5,m5(s5))
M, 1
j=
= Pr [(817a17 .. '7Sk717ak7175k) = tk7 h* = k]
M,m*

When k = H + 1, the same argument applied to full trajectories shows that the probabilities also
agree on the slice {h* = H + 1}, since 7;(s;) = 77 (s;) for every j € [H] there. For any £ € Gj-,
the slice £ N {h* = k} is Gy-measurable, so its probability is a sum of prefix probabilities of the
form above; summing over k gives Prys [E] = Pras .+ [€]. Because the two laws are equal on G+,
their expectations agree for every bounded Gy, «-measurable random variable. O

Lemma 5 (General statement of Lemmal[l). Let M be an positive integer and let T C [M]"™ be any
set of vectors. For any target € € (0,1), set K = [1/€]|. There exists a probability distribution ¢*
over subsets S C T of size at most K with the following two properties.

1. (Coverage) For every T € T :

1 n
Eg~g+ [n Z 1 [xvneuslvz > Ti” <€

=1

2. (Sparsity) The support of q* consists entirely of sets of size at most [1/€].

Proof. Define a finite zero-sum game in which the maximizer chooses p € A(7) and the minimizer
chooses ¢ € A(TX), with payoff

¢(p,q) :=ErepEsnyq

1 n
— Z 1 |:Hlin’U,' > Ti:| .
n 4 veS
=1
Since ¢ is bilinear in (p, ¢), von Neumann’s minimax theorem gives

minmax @(p,q) = maxmin ¢(p, q).
q P p q
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To bound the maximin, fix any p € A(7) and let p¥ denote the strategy of forming S = {v1, ..., vk}
by drawing vy, ..., vk i.i.d. from p. Then

1 n
min ,q) < ) == Pr min (v;); > 7 | -
q o(p,q) < o(p.p") n i:ZlT»'Uh---vUKNP (je[K]( ) )

For a fixed coordinate 4, the event {min;(v;); > 7} holds if and only if 7; is strictly the smallest
value among the K + 1 i.i.d. draws 7;, (v1);, . . ., (Vi );. Since these draws are exchangeable, each is
equally likely to be the strict minimum, and since these K + 1 events are mutually exclusive, each
occurs with probability at most 1/(K + 1). Therefore

1~ 1 1

K
<N =
op.pt) < n;K+1 K+1

Since this holds for every p € A(T), we conclude max, ming ¢(p,q) < 1/(K +1).
Combining with the minimax equality and using K = [1/¢] sothat K +1 > 1/e:

1
< €.
g P P q K+1
Hence there exists ¢* € A(TX) with max,, ¢(p, ¢*) < e. Taking p = 4, for any fixed 7 € T yields
the coverage condition. The sparsity condition holds because every S in the support of ¢* satisfies
S| < K =[1/e]. O

min max ¢(p,q) = maxmin ¢(p,q) <

B.2 Analysis of stepwise reduction to PQ-learning

Assume A = {0,1} and 7* € II is deterministic. For each h € [H], let 2 and Y denote the
expert’s step-h state marginals under M and N. We apply Rejectron [Goldwasser et al., 2020] at each

step h with labeled examples (s, 77;(s)) for s ~ 7 and unlabeled examples from i, == S ph! +5 by,

yielding a predictor-selector pair (7, gr). Define # = (#1,...,%x), 9 = (91,.-.,91), and
T, = min{h : gn(s5) = 0}. We run each step-h learner with confidence ¢ /H and union-bound over
h, so all guarantees below hold simultaneously with probability at least 1 — §.

For tolerance ~y, the PQ guarantee gives for every h € [H|:
Pr [gn(s) = 0] <, ©)
sevp

M
h

Pr [gn(s) = 1, Ta(s) # mh(s)] < 7. )

s~fin
Since fi;, averages uﬁ/f and ,uhN , both marginals inherit a 2 accepted-error bound from (@).

Abstention on M. Let E;, be the event that step h is the first time the learner either abstains or makes
an unrejected mistake and let Ay := ﬂi:ll{gt(st) =1, T(sy) = wt*(st)}. Thus Ay, is the event
that, before step h, the learner has neither abstained nor made an unrejected mistake. By definition,

By = A 0 ({gn(s) = 0} U {gn(sn) = 1, Fulsn) # mi(s)})-

Since the event inside the intersection is Gj,-measurable, by Lemma [} we may change measure from
PIM’T} to PIMJ* :

Pr(E) = Pr (4n0 ({on(sn) = 0} U fgn(sn) = 1. Fuls) # mi(sn)}) )

Pr ({9n(s) = 0 U {an(n) = 1, Falon) # i (s0)})

A}I)r*(gh(sh) =0)+ N}?L(Qh(sh) =1, Tn(sn) # m(sn))

, T

= Pr [gn(s) =0] + b [gn(s) = 1,@n(s) # mh(s)] < 3.

s~,uiLVI

IN

IN

Since abstaining implies E}, occurs for some h, we have

H
an(®,9) <Y Pr(By) < 3Hy,
h=1
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Regret on N. Let F}, be the event that the first unrejected misstep occurs at step h prior to any
abstention. Similar to the argument above, if A, := ﬂ?;ll {g1(s¢) =1, T4(st) = wf(se)}, then
Fp = An N {gn(sn) =1, Tn(sn) # m,(sn)}-

We may first change measure from Pry # to Pry »+ while retaining the factor Ay, and then drop Aj,.
Thus

Pr(F) < Pr(gn(sn) = 1, @a(sn) # wi(sn)) = Pr [gn(s) = 1, @u(s) # mii(s)] < 2.

N, 7 S~y
Since the learner incurs zero stopped regret unless an unrejected misstep occurs—which costs at most

Cmax—We obtain

H
Regret 5 (7, g5 ¢) < Crnax Z Pr(Fy) < 2ChaxHY.
h=1
Sample complexity. Setting v = ©(¢/(H Ciax)) to achieve Regret y; < ¢, and using the PQ sample
~ 2 ~2
O(H Cmaélog \H|)

complexity of O(log |II|/+2) per step, yields m = n = trajectories (since one

trajectory provides an example for each step). This H? penalty is unavoidable in this approach: the
reduction certifies H isolated decisions rather than a single trajectory prefix, and the horizon factor
enters through the per-step tolerance regardless of the cost structure.

B.3 Proof of Lemmall]

Let M = H + 1. For each policy @ € Ilyemsion, let v™ € [M]™ be its empirical stopping-time
vector on the n test trajectories, where the j-th coordinate is given by (v™); = 7y, (x}(T}). Let
T = {v™ : 7 € yersion } be the finite set of all such vectors.

Applying Lemma 5] to the set 7 with target error € = p implies the existence of a distribution ¢* over
subsets ® C Il esion satisfying:

* Forall 7 € ILersion: Eapnge H Z?:l 1[7r,.0(T;) > TWO’{,F}(T]')]} < p.
* Forall ® € supp(q*): |®| < [1/p].

This is exactly the ¢* required by Lemmal|T]

B.4 Proof of Theorem[ll
We prove the theorem through four steps: constructing the validator distribution, bounding the
empirical risk, generalizing to the population, and bounding the regret on /V.

Throughout, let K = [log,(5/6)][2/n] denote the maximum ensemble size and
)
Z = (K +1)log 11| +logg

the complexity term appearing in generalization bounds.
Step 1 (Existence of ¢*). By Proposition[I] Algorithm 2]yields a (1/2 + &)-valid distribution ¢* over
subsets of I ersion Such that every ® € supp(g*) satisfies || < [%—‘ with probability 1 — §/5.

Step 2 (Bound the empirical risk). The output & = Ule ®; is the union of k = [log,(5/9)]
independent draws from ¢*, so |®| < k- [2/n] = K deterministically. By Markov’s inequality
applied to the /2 + & coverage guarantee,

n

1
q>,.Pqu* ﬁzl[Tﬂquh(Tj) > Tﬂo,{ﬂ'*}(T]’)} > 77"_25
(2 .7,:1

B 8L e (@) > e @] ppve 1

- n+2€ n+2¢6 2
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We refer to the term on the left hand side as the risk. Since 7, &(7;) = min; 7, &, (7;), then if any
®, achieves risk < 7, then so does ®. Equivalently, ® only has high risk if all k£ independent draws
have high risk. Since these draws are independent,

1 [log,(5/6)1
) <8/5

n k
1 1
HZ [Tro,@ (Tj) > Tro {ney (T3)] > 1+ 28 SH§§ (2
j=1 i=1

For the training data, all policies in ® U {my} belong to Il ersion by construction, meaning they agree
with 7* on every observed state-action pair in Dyyain. Therefore, for all ¢ € [m):

Tﬂ07(1><5)—7'7r0 [ }(S) H+1,

where the first equality holds because no policy in ® ever disagrees with 7y on any training trajectory
(since both agree with 77* on all observed states), and the second holds because 7* and 7 both belong
to Ilyersion and hence agree on all observed actions. Since 7, »(S;) = H+ 1> H for all 4, the

empirical stopping rate = > | 1[7r, ¢(S;) < H] = 0, and since 7ry ¢ (S;) = Ty, {x+}(S;) for all
i, the empirical risk - Z:’;l 1[7ry,0(Si) > Ty 143 (Si)] = 0 as well.

Step 3 (Bound generalization error on the expert’s distribution). We use uniform convergence
over Hx = {(m, ®) : mo € I, ® C 11, |®| < K}, which satisfies |H | < |TI|%+! as 7 and each
of the at most K elements of ® are chosen from II. We identify three failure events each occurring
with probability at most 4/5.

Test risk generalization. Let Y (mo, ®) = 1[7r, 0 (1) > Try (x+}(T)], so that E[Y] = 1 Z?:l Y (T5)
is the empirical test risk over Dies; and E”N* Y] = Pry e [Trg,0(T) > Try {3 (T)] is the true test

risk. Since Y € {0, 1}, \//'z;"(Y) < E[Y?] = E[Y]. By the empirical Bernstein inequality applied to
each fixed hypothesis in H x, then union-bounded over all |H k| hypotheses, with probability at least
1 —6/4, every (mp, ®) € Hx simultaneously satisfies:

2B(Y] log(5|Hx|/9) , 3log(5[Hkl/0)

EX [Y] < E[Y]+ \/

Since |Hx| < |I|5*, we have log(5|Hk|/d) < (K + 1)log|II| + log(5/5) = Z. Since the
empirical step guarantees E[Y] < n + 2¢, this implies:

201292 32
s |

ER [Y] <n+2€+ .

Train abstention generalization. The true stopping rate of (m, ®) on expert trajectories is
Prafqa[Trn,0(S) < H] and the empirical stopping rate over Diain i8 % S 1 Tre,0(Si) < HJ.
For any fixed (o, ®) € Hx with Prajq«[7r0(S) < H] > Z, each of the m ii.d. draws
S; ~ (M, 7*) independently fails to trigger abstention with probability at most 1 — %, so the
probability of observing zero empirical abstention is at most (1 — %)m < e~Z. A union bound over
all [H x| < |IT|X+1 hypotheses gives failure probability at most |Hx|e ™% < §/5.

Train risk generalization. The true train risk of (7o, 7ry,a) 1S Prasz+ [Try,#(S) > Try,{x+}(S)] and
the empirical train risk is = > [TWO’ (8i) > Try,{x+}(S)]. Just like above, any hypothesis with
Profzt [Trg,0(S) > Ty (x+3(S)] > Z achieves zero empirical train risk with probability at most
(1—£)™ < e, and a union bound over H x gives failure probability at most §/5.

Taking a union bound over all failure events, with probability at least 1 — 4, uniform convergence
holds simultaneously for all three failure events across all hypotheses in H 5 .

Step 4 (Bound stopping rate and regret on the learned policy’s distribution). We first address the
stopping rate on M under (7, 7,4 ). The generalization steps for the train abstention and train risk,

respectively, give Pras o+ [Try.0 < H| < % and Pras o+ [Try.0 > Tﬂo’{ﬂ*}} < % Define the safe
event B = {7ry ¢ < Ty n+} }» 50 Pray o+ [BY] < Z. Then,

Pr [Tm)q) <H|< Pr [{TﬂOq) < H} N B| —|—J&3r [B€].
, 70
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To apply Lemma let h* = min(7r,, @, Try,{x+})- Both {Tr, & < H} N B and B¢ lie in G- : for
each h € [H], the slice {7r,,0 < H} N BN {h* = h}equals {7, & = h} N {7x, (x+} > h}, which
is G,-measurable since 7, ¢ is a stopping time and {7, (-} > h} depends only on whether 7
and 7* agree on s1, ..., Sp—1 (the case h = H + 1 is trivial as the slice is the empty set); the same
argument applies to B°. Lemma ] therefore gives

{7roe < H} N B] =

)

< < < < —
o 1 {rme SHYN B < Pr[rnge < H] <

and Pryy,x, [B°] = Pras -+ [B°] < Z. Combining yields Pty x, [Try,0 < H] < 22.

To bound the stopped regret on N, note that Pry -, [B°] = Pry »«[B¢] < n+2+4/ W + 32

n
by the test generalization guarantee and Lemma [d] Decomposing the expected stopped cost of
(70, Ty, @) Over B and B¢,

B Trg,®—1 ] Trg,®—1 Trg,®—1
Regrety (mo, 7x,.0:¢) = ER [ (D0 n)1(B)| +ER |( X e )1B)| ~EX | X @
| h=l | h=1 h=1
i T-rrO,<I)_1 ] Tﬂo‘q)—l
<Ey ( Z Ch)l(B) +CmaX'£71;O[BC]_ N Z Ch
L h=1 ] h=1
Trg,®—1
~- _ET ( ch>1(B"’) + Chax - Pr [B°]
h=1 70
< Chax - Pr [B¢] (costs are nonnegative)

20 +28)Z 37

<Cmax<77+2§+ M_’_)’
n n

where the first inequality applies Lemma El] on B (because Tr, .0 < Tr, (x+} On B, the selective

. 0,9 -1 >
policy’s expected prefix cost Z;:“il’ cr, matches the expert’s expected cost over that prefix) and

bounds the total cost on B¢ by Clax-

B.5 Transferring the completeness guarantee to the test environment

While our objective does not require bounding the test-side stopping rate ay (7o, 7) == Pry -, [T <
H] distribution-free, it is natural to ask how this rate scales if the environment shift is bounded. Let
ds'?*e (M, N') denote the total variation distance between the state-trajectory distributions induced by
the expert in M and N.

Define the safe event B = {7 < 7 15+}} and let h* = min(7, 7, (+}). Both {7 < H} N B and
B¢ lie in Gp,« by the same measurability argument as in the proof of Theorem|I| By a union bound
and two applications of Lemma]

an (M0, Try @) < Pr [{Taye < H} N B]+ Pr [B
»TT0

70

= Pr {0 < H} N B+ Pr [B]

= le,:f* [Tro,0 < H] + NI?,{* [Tro,® > Trg {m+}])-

For a fixed validator set, the abstention event {7 < H } is strictly a measurable function of the state
trajectory. Thus, its probability under the expert can differ between the test environment (/V) and
training environment (M) by at most the TV distance:

NPr* [Tro.0 < H| < Afr*[%,@ < H] + d552* (M, N).

Finally, substituting the high-probability bounds from the proof of Theorem|I](where the train-side
abstention is bounded by Z/m and the late-stop risk by n + \/2nZ/n + 3Z/n) yields

Z 12nZ 37
O‘N(TFOaT)Si—i_dirt*Me(MvN)—i_n—"_ iU + .
m n n

PQ-style TV transfer Sequential penalty
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The first two terms are the sequential analogue of the rejection-rate transfer in batch selective
classification [Goldwasser et al., 2020]]: the abstention event is a fixed measurable set, so its probability
shifts by at most the TV distance. The final term has no batch analogue; it arises because the deployed
policy’s actions can steer the trajectory out of the safe prefix before the validators stop it.

B.6 Constructing a validator distribution using no-regret dynamics

The nonconstructive minimax proof of Lemma [I] can be made algorithmic via the well-known
connection between approximate minimax equilibria and no-regret play. In Section[B.6} we formulate
the problem as a repeated game where a maximization player maintains a distribution over the
version space using a no-regret algorithm, and the validation player plays an (approximate) best-
response by sampling a sparse validator set. Averaging the validation player’s choices over 7' rounds
yields a distribution that converges to the minimax optimum. This gives an explicit, oracle-efficient
implementation of the SPARSEVALIDATORDIST subroutine.

Fix the version space Il esion, @ base policy myp € Iliersion, and unlabeled test trajectories Diest =
{T};}7_,. Write each test trajectory as Tj = (sj1,. .., Sjm)-

Algorithm 2 SPARSEVALIDATORDIST(ILersions 70, Drests 25 €, 0)

Require: version space Il,sion, base policy 7y, unlabeled test trajectories Diest = {Tj };Lzl, toler-
ance p € (0, 1), computational slack &, confidence §, no-regret algorithm A with regret bound
Regyp.

1: Set K + [1/p].

Set T large enough that 87 4 \/W <&

Initialize any distribution p1 over Iyersion-
fort=1,...,7T do

Draw 7t, ..., 7wt "R pt and set & « {xt, ... 7wl }.
For each 7 € Tyersion, define the payoff uf(7) = 1 Z;Zl 1 [Trg,0t (T5) > Trg 4y (T5)].

Update p‘*! using A for maximizing the payoffs u’.
Return the empirical distribution g := % Zthl Ot .

A A

The interpretation of the payoff is straightforward: u'(r) is the fraction of empirical test trajectories
on which the validator set ®* stops strictly later than the single competing policy 7. Thus the
maximization player tries to expose competitors against which the current validator set is weak, while
the validation player responds by sampling a fresh set from the current maximizer distribution.

Proposition 1 (Generic no-regret construction of ¢*). Let q be the output of Algorithm 2} With
probability at least 1 — §, we have

S|

sup Eg~g
7 E I ersion

Zl [Tro.@ (T5) > Trg (3} (T3] | < p+E
J=1

n particular, using Hedge yields Reg; < og ||, meaning T = O ( 22282220 ) rounds
In particular, using Hedge yields Regp < /2T log |T1 ing T = O (el pell/o) d
suffice to return an O(p)-valid distribution supported on sets of size at most [1/p].

The no-regret construction above is explicit, but inefficient (when using Hedge) when the version
space is large. A standard choice in online learning with large action spaces is to use Follow-the-
Perturbed-Leader (FTPL) instead of Hedge. However, a naive FTPL implementation would perturb
one coordinate per policy in Ilesion, Which is also intractable. Instead, we show that by perturbing
the dataset, and then solving a multiple-instance learning problem [Dietterich et al.,|1997, Maron
and Lozano-Pérez, 1997 over this perturbed dataset, we can implement an oracle-efficient no-regret
algorithm for the maximizer. This places our implementation in the setting of generalized FTPL
[Dudik et al.,|2020]. The full formulation and proofs of this reduction are deferred to Section

25



983

984
985

986

988
989

990
991
992

993
994
995

996

997

998
999
1000

1001
1002
1003
1004
1005
1006
1007
1008
1009

1010
1011
1012
1013

1014
1015
1016

1017
1018

B.7 Proof of Proposition 1]

By the definition of g, the expected coverage for any fixed m € Il ersion 1S €xactly the average payoff
over all rounds:

n T
1 1
Ep~g o 21 (0,2 (Tj) > Try () (T)] | = T Zut(ﬂ)-

j=1 t=1

By the definition of external regret, this average payoff is bounded by the algorithm’s average expected
payoff plus the regret term:

1 & 1 & Reg
230U € 3 B[ ()] + 2L
t=1 t=1

It therefore remains to control the average expected payoff of the mixed strategy p’ against the
sampled validator set ®°.

Conditioned on the history H;_1 up to round ¢ — 1, the distribution p’ is fixed, and ®? is obtained by
drawing K = [1/p] policies i.i.d. from p’. The exchangeability argument from Lemmabounds the
conditional expected payoft:

1
E|Ept [u' (7")] ’ ’Ht_l] < Tl < p.
Since the expected payoffs ./, [u’(7")] are bounded in [0, 1], we can apply the Azuma—Hoeffding
inequality. With probability at least 1 — ¢, the empirical average concentrates around its conditional
expectation upper bound:

T
1 } : tr 1 log(1/4)
— ’ t < _—.
thlEMp W< oty Tor

Combining these bounds completes the proof.

B.8 Oracle-efficient constructions of a validator distribution

As mentioned in Section[B.6] the generic no-regret construction of a sparse validator distribution is
inefficient. In this section, we instantiate the generalized FTPL framework of [Dudik et al.| [2020] to
obtain an oracle-efficient implementation of the no-regret strategy required by Algorithm

The generalized FTPL framework guarantees efficient no-regret learning, provided an online game
can be reduced to a linearly perturbed offline optimization problem. To achieve this, we must map
our abstract policy class into a structured vector space via a translation matrix. Crucially, this matrix
must satisfy two structural conditions to ensure the random perturbations effectively smooth the
leader’s choices: admissibility (the matrix must have bounded entries and separate distinct policies to
control the geometric complexity of the action space) and implementability (any payoff generated
by the adversary must be expressible as a linear combination of the matrix’s columns). If these
conditions hold, FTPL can simulate the online game using synthetic datasets passed to a standard
offline optimization oracle.

We now formulate the online learning problem by defining the strategy space X, the adversary action
space Y, and the translation matrix I". This is very similar to the online learning problem constructed
in Section[B.6] except slightly more pedantic to ensure that our game satisfies the technical conditions
required by generalized FTPL.

* Strategy space X: Quotient IT,esi0n by empirical stopping-time equivalence: ™ ~ 7’ <=
Tro {7} (Tj) = T (x3 (T;) for all j € [n]. Let X denote the set of equivalence classes, and
for m € X write x5 = (T, (2} (T1)s - -+, oo (o} (Tn)) € {1,..., H + 1}

* Adversary action space Y: Let Y := {1,..., H + 1}". For any validator set ®, we define
its empirical cutoff vector h® = (7 o (T1), - - ., Try.®(Ty)), which is an element of Y.
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We define the payoff function f: X x Y — [0,1] as f(m, k) = lZ?,l 1[z, ; < h;]. Observe
that for any validator set ®, the payoff evaluates to f (7, h®) = Z;L 1 U0 (Tj) > Trg gy (T5)]-
Thus, the validator-distribution problem is exactly equwalent to online learning over X against
adversary actions in Y with payoff function f.

Finally, we define the generalized FTPL translation matrix I'. Its rows are indexed by the strategy
space X, its columns by the environment time steps (j,c) € [n] x {1,..., H}, and its entries map
the policies into structured cumulative features:

Lo o) = o (23 (T5) < .
We now prove that I satisfies the technical conditions necessary for generalized FTPL.

Lemma 6 (Admissibility and implementability of the cutoff matrix). The matrix I' is 1-admissible
and implementable with complexity 1, in the sense of\Dudik et al.| [2020)].

Proof. We first prove admissibility. Let 7, 7/ € X be distinct rows. Since they represent distinct
stopping-time vectors, there exists some trajectory j such that 7 ¢1(7}) # Ty, {73 (T}). Assuming
without loss of generality that 7, (71 (T;) < Ty, (73 (T}), We set ¢* = Tp 1 }(T ) — 1. Then
I ey =1and 'z 5 o+) = 0. Thus any two distinct rows are separated by some column. Because
all matrix entries lie in {0, 1}, distinct values in a column differ by exactly 1, making I" 1-admissible.

To prove implementability, we must show that each column can be simulated by a synthetic adversary
action. Fix a column (4, ¢) and define the adversary action yU©) €Y by y(J ) = =c+1land y](J ) =1
for all j' # j. Then for any 7 € X:

- 1
f(71'7y(]’ )):ﬁ [ﬂ'o{fr}( <C+1 +Z 7ro{7r} )<1]
J'#3
1 1
= o () < = ST

since 7, (x}(Tj:) > 1 always. Therefore, the weighted singleton dataset S; . = {(n,y5))}
implements column (j, ¢), because forall m, ' € X, 3", D)ES; o w(f(my)—f(7,y) =Tr (o) —
'z (j,¢)- Thus, each column is implementable by a single synthetic adversary action. O

By Corollary 2.11 of |[Dudik et al.|[2020], the admissibility and implementability of [" guarantee the
existence of an oracle-efficient, randomized no-regret maximization player. Specifically, because our
translation matrix I is 1-admissible (i.e., 6 = 1) and contains N = nH columns, the generalized
FTPL framework yields an expected regret bound of O(N+/T'/§) = O(nH+/T). It remains only to
identify the specific offline optimization problem required by the oracle on each round.

It remains only to identify the specific offline optimization problem required by the oracle on each
round. According to the generalized FTPL algorithm |Dudik et al. [2020] on each round ¢, the
maximization player draws independent, non-negative perturbations ! j.c for every column of the
translation matrix. The player must then compute the perturbed best response agalnst the empirical
history of the adversary’s actions—which, in our game, are the cutoff vectors h®" of the validator
sets ®° sampled on previous rounds s < ¢. Formally, the oracle must solve:

n

arg o Zf”hq) +ZZO‘ () [ (5)

j=1lc=1

where the first term represents the cumulative historical payoff and the second term injects the shared
linear perturbations. We now connect this oracle optimization problem to the multiple instance
learning (MIL) framework of Maron and Lozano-Pérez [[1997].

Problem (5)) reduces to weighted MIL over the disagreement class. To implement the oracle
efficiently, we show that the perturbed leader problem (5) can be cast as a (weighted) MIL problem.
The intuition behind this reduction is straightforward: a policy stops by step c on trajectory j if and
only if it disagrees with the base policy 7y on at least one state in the trajectory prefix up to step c.
This “at least one” condition exactly mirrors the definition of a positive bag in MIL. By treating each
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trajectory prefix as a “bag” of states, and any disagreement with 7 as a positive instance label, we
can formally map the FTPL objective to a realizable MIL objective.

Proposition 2. For the base policy mg and any policy m € 1 ersion, define the disagreement hypothesis
hz(h,s) = 1[mp(s) # mon(s)], and let Hyy = {hx : © € Ilyesion} be the corresponding
disagreement class. On round t, the perturbed leader problem in Q) is exactly equivalent to the
Sfollowing weighted realizable multiple-instance disagreement problem over Hr,:

arg max Zzwt Y1[3(h,sjn) € Bje : he(hysjn) = 1], (6)

7T€Hver5|on i—1 =1
where the aggregated weights and prefix bags are defined as
wﬁl ={s<t:Tre:(Tj)—1=c} + na] o Bj.={(1,51),...,(c,s5)}

Proof. Multiplying the objective in (3) by n (which preserves the argmax) and expanding the
definitions of f and I yields:

t—1 n
arg_max {303 1 [T (1) (L) < Trp00 (1) — 1] |3 0dd [y (1) <
version S_lj 1 Jj= 1c=1

Regrouping the first term by the cutoff value ¢ and combining it with the perturbation term gives the
simplified objective Z?:l Zil w;fcl 1Ty ¢} (T5) < c]. We map this to the MIL framework using
the disagreement hypothesis h(h, s) = 17 (s) # mo,x(s)]. By definition, the event 7 r1(T}) <
¢ occurs if and only if there is some step h < ¢ where 7, (s;5) # 7o,n(s;1). This is precisely
the condition that the prefix bag B; . is labeled positive by h, establishing (). Finally, since any
m € Ilyesion matches the expert on the labeled training data, h, is strictly zero on those states,
satisfying the negative singleton constraints of realizable MIL. O

Problem (5)) reduces to weighted MIL over the original class. Alternatively, for finite action
spaces A, we can avoid the binary disagreement wrapper and reduce directly over Il ersion via data
augmentation. By duplicating each state in a prefix for every alternative action a # m(s), we create
an augmented bag that a standard multi-class MIL solver evaluates as positive if 7 outputs any of
those alternative actions. This inflates bag sizes by |.A| — 1.

Proposition 3 (Exact perturbed best response as multi-class MIL over Ilesion). Assume a finite
action space A. On round t, the perturbed leader problem in (3)) is exactly equivalent to the following
weighted realizable multi-class multiple-instance problem over Il ersion:

arg _max ZZwt "1 [ ((h,sjn),a) € Bjc: mh(sjn) = a} ) @)
version =4 4

with weights wfi’_cl asin Propositionand augmented prefix bags:
e —{( (h, sjn), ) |h€{1 .,ch aEA\{ﬂ'Qh(S]‘h)}}.

Proof. The simplified FTPL objective matches Proposition [2f we only need to verify the positive bag
condition. A policy 7 disagrees with g on the prefix up to step ¢ if and only if 7, (s;5) = a for some
step h < ¢ and alternative action a € A\ {mo (s;,)}. This exactly matches the condition that 7
predicts at least one target label a in the augmented bag B, .. Finally, since all 7 € Il ersion perfectly
match the expert on the labeled training data, they never predict alternative actions on those states,
naturally satisfying the negative singleton constraints of realizable MIL. O

Agnostic oracle and computational-statistical tradeoff. So far, we have established the existence of
an oracle-efficient subroutine to compute a validator distribution. However, the specific optimization
problem, (weighted) MIL, is somewhat of an exotic class of problem and it is not clear such oracles
may actually be implemented or approximated in practice. It turns out, however, that we can relax
the requirement of a MIL oracle for 11 to a standard agnostic learning oracle for 1I (in fact, we can
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relax this to a weaker oracle known as a reliable learning oracle [Kalai and Kanadel 2021]]). This is
simply due to the stepwise reduction to PQ-learning of Section[B.2]

Of course, the cost is a degradation in our statistical guarantees. In particular, by moving from our
trajectory-wise problem to the stepwise reduction, we solve an easier computational problem but pick
up a dependence on H in our sample complexity. We leave the question of whether this tradeoff is
fundamental, or just a by-product of our algorithms, to future work.

C Proofs from the Stochastic Section

Algorithm 3 SeqRejectron for stochastic policies

Require: policy class II, labeled rollouts Dy, = {(sih,aih)}ie[,,1]7h€[H], unlabeled rollouts
Diest = {1} };’:1, tolerance 7, confidence 4, threshold 6, version-space radius -y

Compute the MLE base policy 7y < arg minger Logloss(m, Dirain)-

Form the version space IT.

version*

Let ¢* <~ STOCHASTICSPARSEVALIDATORDIST(IT), o> 70, Drest, 1/2, 0,0 /4).

Sample ®1,..., & "~ ¢* with k < [log,(4/6)] and set & « |J°_, ®,.
return the selective policy (o, 7% o).

AN

C.1 Proof of Theorem

Let (), 770;074)) be the output of Algorithm We first control the abstention probability on M, and
then the stopped trajectory Hellinger distance on V.
Step 1 (Control abstention on M). The quantity we want to bound is the probability that the

cumulative Hellinger distance exceeds 6. Define v* = w, and let -y be the version space
radius which is used by Algorithm[3] By assumption on m, we have that v* < ~y. Thus, by Lemma[7}
with probability at least 1 — §/4, we have 7* € I, and every 7 € 1T satisfies

version version
D} (P i) < 2 +7" < 15,
Combining this with the Hellinger triangle inequality, we have that for every = € II

version?
D%(PRr, Pii) < 2D3 (PR, PRy ) +2D5(Pip, PRy ) < 6.

Now consider any validator 7 € ® C II, . .. Let E be the event that the cumulative Hellinger

distance between 7 and 7 exceeds 6. To bound the probability of E under 7y, we introduce the
geometric mixture policy 7 o< /77, using the convention in Lemma By Lemma the trajectory
affinity satisfies

1 — D} (Phy. Pip) < Epopy, [e* Zi di(“h’m)} <Dr [Ble? +1 - PriE].
M M
Rearranging this inequality yields Prpz [E] < —= D} (P}, Pip) < D2 (P, Pip). To
shift this probability from the mixture policy to the deployed policy 7y, we apply a Hellinger
change-of-measure inequality (e.g., Lemma 3.1 of [Foster et al.|[2024])) alongside Lemma [0}

Pr [E] < 2 Pr[E] + 4D3 (Pf;, Py
Par Pis
_2(1+0)
- 0

2 o
_ (9 n 8) D% (P PD).

Substituting our version space bound D% (PZ,;,P7?) < 6+, the probability of E under 7 is at
most (2 + 48) 7. Note that the algorithm abstains (Tﬁo’q, < H) if and only if at least one of these
cumulative distances exceeds 6. By a union bound over the |®| < K, validators,

12
OKM(7'|-079) < Kens ( + 48) -

D3 (Pir, Pip) + 6 D5 (Pry. Prp)

0
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Step 2 (Bound Hellinger Distance of stopped trajectories on V). Let M = H + 1. For each policy

7 € I gons let v™ € [M]™ be its empirical stopping-time vector on the n test trajectories, where the

j-th coordinate is given by (v™); = 77« \(T}). Let T = {v™ : m € I, } be the finite set of all
such vectors.

By Lemma. applied to 7 with target error 17/2, there exists a distribution ¢* over subsets ®' C
I satisfying |®’| < [2/n] such that, because 7* € IT,

version ver5|on

n

1 n
Eong | o1 |:TT€0,<I>’(Tj) > Tgo,{w*}(Tj)} <3
j=1

For a validator set ®, define the empirical risk p(®) = + PO 178 Tro ey (L5) < 79 o(T})]. By an

identical argument to Theorem. (Markov’s inequality and multlple draws) we have p(tl)) < n with
probability at least 1 — §/4.

To generalize to expert trajectories in IV, note the final validator set satisfies |®| < Kens. Consider
the indicator class

Vi = AT = 1r], 2y (T) < 75, o(T)] : Mo € IL ® C L[ ®] < Kens},

which has cardinality at most |IT|¥es*1. Applying the empirical Bernstein inequality with a union
bound, with probability at least 1 — ¢ /4, simultaneously for all such (7, <I>)

/ 2p 2772

p(®
where p(®) = Proo(z ) ( o (e (T) < 7'7?_07(1)(T)>. Under the assumption n > 87/, each
correction term is at most 7)/2, yielding p(®) < 27.

p(®) <

Finally, to transfer this to the deployed trajectories, let £ := {Tgo iy (T) < T£07¢(T)} and define
(T)=r

0
7o, PU{T*
7*, we have deterministically D% (P Pl’;f) < 0, because the event T_ﬁo_{ﬂ*}( ) <78 oo (1)

‘7-/7

}(T). Applying Lemma with validator set ® U {7*} and comparison policy

has probability zero under (7o, V). Since £ is measurable with respect to the trajectory stopped at 7/,
the binary Hellinger change-of-measure inequality yields

Pr (£) < 202 (P Pﬂ:l)
oy &) < ( i \/ o

<2 PI;V)(E) +4D?% (P”O PZ{')

2

< 4n+ 40,
where the last step uses p(®) < 27. A final application of Lemma now with validator set @,
comparison policy 7*, and failure probabilities 47 4 46 and 27, gives
(4n 4+ 46) + 29
2

7T|T

D% (P, Py ) <6+

=30 + 3n.

The four failure events above each occur with probability at most 6/4, so the claimed bounds hold
simultaneously with probability at least 1 — 4.

C.2 Supporting Hellinger lemmas

We collect the proofs of the four Hellinger lemmas used in the proof of Theorem [2]

Lemma 7 (Approximate minimizers are Hellinger-close). Let my be the MLE on a dataset of m
trajectories, and define v* := (log |I1| + log(2/4))/m. With probability at least 1 — §:

1. 7 €T e, Logloss(r*) < LoglLoss(mo) + v*.

version’
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2. Every m € Tl with LoglLoss() < Logloss(m) + v satisfies D% (P7;, Px; ) < v/2 +~*.

Proof. Let L(m) =[]~ e he1 Tr'*’ EZ?’“ }S( M; denote the likelihood ratio of the dataset under 7 versus

7*. For a single trajectory, the hkehhood ratio under 77]\'4* sums only the P}, -mass on trajectories in
the support of P, , so its expectation is at most 1 (and exactly 1 whenever PZ, < P7; ). Since L()
is a product of m independent trajectory likelihood ratios, we have E[L(r)] < 1 for all 7. Thus, by
Markov’s inequality and a union bound,

Pr [supL( ) > 2H|] < é
well 4 2

Taking the log and dividing by m, with probability at least 1 — §/2 the log-loss gap satisfies
Logloss(n*) < Logloss(mg) + v*, proving Part 1.

For Part 2, if 7 is a y-approximate minimizer then Logloss(m) < LoglLoss(7*) + ~y (since 7 is the
MLE), which rearranges to

m

) ) m H

mhiay | s,°) M s my

‘*Zk’ (H “)SV — > log H (k) L 2Ty ®
T (aj, |Sh) k=1 h=1 |'s,”)

>|s>

—my/2
(k)) >e ) C)

h
,t(ah) E

By definition, the expectation of each factor in the outer product equals 1 — D% (P5;, P, ), so the

LHS has expectation (1 — D% (PT,, PT; ))™ < e~Ph(PiPi)_ For any « with D2, (PT,, Pl ) >
~v/2 + ~v*, Markov’s inequality applied to () gives failure probability at most 6/(2|II|). A union
bound over IT completes the proof with overall probability at least 1 — J. [

Lemma 8 (Hellinger tensorization under geometric mixture). Let P™ and P~ denote the trajectory
distributions under policies 7 and ©' in an MDP M Deﬁne the geametric mixture policy by

mnla | s) = /mn(a | s) ) (a|s)/Zn(s), where Z(s) =, /mn(a|s) ) (a] s)ﬂ Then

H
1— D}(P™,P™ ) = Eqpr [H(l — dy (- | sn), m, (- | Sh)))] :

h=1

Proof. By definition, the trajectory-level squared Hellinger affinity is

1— D4 (P™,P™) Z,/Pﬂ ) P (

Expanding each trajectory probability,

H-1

H
P(T) P (T) = Py(s1) <H Pr(spht1 | sh,an > (H \/Wh(ah | sn) ), (an | sh)> .
h=1

Let Zy(sp) =Y, /mnla | sp)m),(a | sp) =1 —d3(mn(- | sn), 7}, (- | sn)). With the convention
in the lemma statement, the identity /7 (ap | sn) 7 (an | sn) = #n(an | sn) Zn(sn) holds for
every Sp,ap: it is the definition when Zj,(s,) > 0, and both sides are zero when Zj(s;) = 0.
Substituting,

P(T) P~ (T) = H

Summing over all trajectories 7' gives the result. O

If Zy,(s) = 0, define #,(- | s) arbitrarily. In this case (- | s) and 7} (- | s) have disjoint support, so

mh(a | s)7 (a | s) = 0 for every a, and the identities below still hold.
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Lemma 9 (Geometric mixture Hellinger bound). Ler 7,7, 7 be as in Lemma @ and let v =
D% (P™,P™). Then

D} (P™,P™) < SD}(P™,P™).

O

Proof. Define
P:=P", Q:=P", DP:=P".

From the proof of Lemma we have that pointwise P(T)Z(T) = \/P(T)Q(T) where Z(T)
[T:2, Zn(sn) < 1. Therefore P(T) > /P(T)Q(T), and

1—D%(P Z,/ >Z\/\/7 )-Q(T ZP T)V*Q(T)3/*.

Applying Hélder’s inequality with conjugate exponents 3/2 and 3, we obtain

ZP 1/2Q 1/2 _ Z(P(T)1/4Q(T)3/4)2/3P(T)1/3

T

2o\ 23 1/3
<2[<P<T>”4@<T>3/“>”3} ) ()

T T
2/3 1/3
2/

(ZP 1/4Q 3/4) 3_

Hence 1 — D% (P™,P™) < > P(T)1/4Q(T)3/4)2/3. Raising to the 3/2 power,
S5 P(T)YAQ(T)/* > (1 — D% (P™,P™))3/2, so by Bernoulli’s inequality:

IN

D%(P,Q) <1— (1 — D%(P™,P™ )% < D% (P™,P™).

N o

O

Lemma 10 (Stopped trajectory Hellinger bound). Let g, 7’ € Il and ® C I1. Let 7 := 7307¢(T). If
D satisfies
/

0 0
TN(Ijrlg,N) (oo (ny (T) < 7) <m and TNErI:,N)(TﬂO’{W/}(T) <T)<n

then, with probability at least 1 — n over T ~ (mo, N), the cumulative per-step Hellinger distance up

to T is bounded by 0:
T—1

Zd%{(ﬂé(‘ | sn),mo,n(: | sn)) < 0.

h=1
Furthermore, the stopped trajectory distributions satisfy
- - _|_ /
D5, (P P <0+ 15T
Proof. Let
=l (M), E={r<)
By hypothesis, Pr(;, x)(£¢) <1, so Pr(€) > 1 — n. Conditioned on &, the sum

T—1

Z d%(ﬂ;z("sh), mo.n(-|sn)) <6

h=1
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by the definition of 7’ and monotonicity of the sum.

For the second claim, define 7*(7T") := min(r,7'). Since 7% < 7/ on every trajectory, we have
>hers A3 (m, (- | sn), mo,n(+ | s)) < 0 pathwise. The stopped affinity therefore satisfies

Z \/7’%'7 "(T) = Ernpr [ 1T - d?{(ﬂl('l%),Wo,h('|8h)))]

h<T*

> Eppr [1 - Z d%{(”%('sh)7ﬂo,h('|3h))1 >1-0,

h<t*
TI"T

so D3 (P, Py <
Write A(P, Q) = > ./ P(T)Q(T) for the Hellinger affinity. On £, the stopped distributions at 7

and 7* agree, so
AP PTI) > ) \/73”"‘* ().

TeE
On the other hand,
(,PTro\ 77\7' Z \/,PWO\T PNT Z \/,Pwoh ,PNT ( )
TeE TeEe
By AM-GM, the second sum satisfies
- PR () + PR (D) _nt
o < N N <
PORESURUNECED Y . <1t
Tegc Tege
Tl",,_

Therefore A(Py"", PNT) > APY'™ PN ) — 2 which gives

71"_,_ 7"".,- ?7+77

Dy (PN, PNT) < Dy (PN PN )+ (n+1)/2 <0+ =5~

C.3 Proof of Lemmal[2]

Because 7, and 7* are valid policies evaluated over the full-horizon MDP NN, we can directly invoke
Theorem 3.1 of [Foster et al.|[2024] to bound their regret difference:

S () — J(77) < \/ 602, - D} (P, P™) + O (Cinax 10g(Cinaxe 1)) - D} (P™,P™ ) + ¢

where P™ and P™ " are the full-horizon trajectory distributions of 7, and 7*, respectively.

To evaluate the full-horizon Hellinger distance, we expand the Hellinger affinity between P™~ and
P . Recall that the squared Hellinger distance satisfies 1 — D% (P, Q) = 3. /P(T)Q(T). Let T,
denote the prefix of the trajectory up to the stopping time 7, and let 7% ; denote the suffix. Therefore,
the full-horizon trajectory distribution for any policy 7 factors as P™(T) = P™(T},;) P™ (T | T};).

By construction, the mixed policy 7, executes the learner 7 up to 7 and the expert 7* for all steps
h > 7. Thus, its prefix distribution is exactly the stopped learner distribution, P™ (T}, ) = P*I~ (T}, ).
Crucially, because 7 is a stopping time, the event {7 = ¢} depends exclusively on the trajectory prefix
T,.;. Consequently, for any prefix where the switch occurs at step ¢, the conditional distribution of
the remaining trajectory is governed entirely by the expert policy, yielding P™ (Ty 1.5 | Th.t) =
P™ (Tyy1:1 | Trt)- Thus,

1— D?{(’Pﬂ'sw”Pﬂ'*) — Z Z \/’pfrsw(TlT)’Pﬂ’sw (T>7_ | T‘T) 7)|7‘|I-_* (T‘T)rpﬂ-* (T>-r | TT)

Ty Ts~
= PR @R () Y P (T | ).
T, T,
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Because P™ (T, | T}, ) is a valid probability distribution over the suffix trajectories, the inner sum
evaluates exactly to 1 for every prefix 7},. The remaining sum is exactly the Hellinger affinity of the
stopped trajectories. Therefore, the full-horizon trajectory distance perfectly collapses to the distance
accumulated up to the stopping time:

D} (P, P™) = Dy (P, PTir). (10)
Substituting (T0) into the bound from Theorem 3.1 of [Foster et al|[2024]] concludes the proof.

C.4 Single-step lower bound for stochastic policies

How tight are these rates? The upper bound of Corollaryhas two regimes: a variance-driven 0 (e7®)

term and a cost-driven O(e~?) term. The next result shows that the cubic dependence is already
unavoidable in the single-step setting, matching the cost-driven part.

Theorem 4 (Stochastic PQ lower bound). There exists a constant cq > 0 such that:

For any dimension d > 1 and tolerance € € (0,1/16)], there exist a state space X, a stochastic policy
class 11 of log-cardinality d, and fixed known distributions P and Q) over X for which the following
holds: For any prope selective learner; if the labeled sample size is m < cg 6%, then there exists an
expert 7 € Il and a bounded cost function ¢ : X x {0,1} — [0, 1] such that

Elap(m,7)] > € or E[Regretg(m, 7ic)] > €

where the outer expectation is over the labeled sample and the learner’s internal randomization,
which in particular determine T and T.

Theorem@] shows that the ¢~ dependence in labeled sample complexity is already unavoidable in
the single-step stochastic setting. Crucially, because this lower bound is established in a single-step
environment (H = 1), there is no future horizon over which errors can accumulate after an abstention.
Consequently, the stopped regret and the switched regret are equal in this construction, meaning
this lower bound applies to both formulations. It therefore matches the Cy,,x-driven 0(6*3) portion

of Corollary [3| while leaving a gap to the current variance-driven O(e~?) labeled-sample rate. For
deterministic classes, the lower bound of |Goldwasser et al.|[2020] for PQ learning implies that the
0(1 /€?) labeled complexity is tight. Whether the sequential stochastic upper bound can be improved,
or whether stronger lower bounds are possible, remains open.

C.5 Proof of TheoremM

Let the state space be X = {1,2,..., N}. Let P be uniform over X, @ be uniform over a known
subset Sg = {1,...,d}, and let A € [0,1/2] be a parameter to be chosen later. Let IT be the class
of stochastic policies parameterized by o € {—1,1}%: for z € Sq, the expert 7* takes action 1
with probability 1/2 + o, A; for x ¢ Sg, the probability is 1/2. Similarly, define the cost function
co : X x{0,1} — [0,1] by ¢, (z,1) = 1{o, = —1} and ¢, (2,0) = 1{o, = 1} forz € Sg and 0
otherwise.

We now apply Yao’s minimax principle. It is enough to lower bound the expected performance
of a deterministic proper learner under the uniform prior o ~ Unif ({—1,1}%). Let D be the m
labeled samples from P the learner observes. Since the learner is deterministic, after observing D,
it will, for each state x, choose an acceptance probability o, (D) € [0, 1] and a bernoulli parameter
¢-(D) = 7(1]z). Crucially, because the learner is proper, it must output a policy in II, meaning
q=(D) € {1/2 - A,1/2 + A}.

For z € Sq, define the one-step selective regret at state x as

RI(Da U) = anﬁ'DHz) [Co (Ia a)] - anwg(ﬂx) [CU (l’, a)]

1
=A+o0, (2 - qI(D)> . (direct computation)

10By proper selective learner, we mean that the base policy 7o always lies in IT. This holds for SeqRejectron. In the batch
(i.e., single step) setting this holds, for example, for Rejectron [Goldwasser et al.|[2020|] and the Slice-and-Dice algorithm of
Kalai and Kanade| [2021].
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Now, define 1, = E[o,|D]. By conditioning on D, we get

BIR.(D,0)D] = &+ (5 - (D)) = A~ Aln

where we used the proper learner constraint |3 — ¢, (D)| = A.
Multiplying by «, and then taking the expectation over D gives

Elaz(D)Re(D,0)] > AE[ag(D)] — AE[| ]
where the full expectation is now over ¢ and D.

Let n, (D) ~ Binomial(m, 1/N) be the number of times state z is observed. The posterior bias
satisfies

1 1
E[|n:(D)| | na(D) = k] =TV (Binomial (k, 3 + A) , Binomial (k7 3 A))
< 2v2AVE

by Pinsker’s inequality. Taking expectations yields E[|n,(D)|] < 2v2ARE { nm(D)} Then,
averaging over the possibilities of x gives

5 d
E[Regretq (7, 7;¢)] > AE[a(D)] — 2v2A

> =Y E[V(D)]

x=1

where @(D) = % Zizl a, (D). Jensen’s inequality on the second expectation then yields
E[Regret (#,7;¢)] > AE[@(D)] — 2v/2A% /%.

We now bound the other expectation. Since P is uniform, E,p[l — o (D)) =1 — Zi\;l a, (D).
Thus, if the learner satisfies E[E,~p[1 — o (D)]] < €, then + Ziv:l E[a,(D)] > 1 — €. Even if
the learner accepts with probability 1 on all states outside S, this still forces E[a(D)] > 1 — 2<.

Now, setting N = % and A = 4e gives us the bounds

2
E[Regretq (7, 7;¢)] > 2¢ — 32v/2¢%4 | ETm

Requiring this expected regret to be at most € yields:

2em d
1<32v26y /2 — > 2
< 32V2e d M= 109663

Setting ¢y = 1/4096 completes the proof.

D Proofs from the Misspecification Section

Notation. For a base policy mg € II, comparator m € II, and validator sequence ®, define the
expert-side late-stop risk

7"]\](770, Un (b) = TE]I;* I:TT"O:CI)(T) > TWO’{W}(T)} ’
N

with empirical analogue

n

=R 1
TN(WOJT?(I)) = n Zl [Tﬂo,‘?(Tj) > Tﬂav{ﬂ'}(Tj)} ’
j=1

where 77, ..., T, are the unlabeled expert test trajectories. This is the expert-side late-stop quantity
that appears in the equilibrium lemma and in the generalization argument.
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D.1 Proof of Lemma[3

Define a zero-sum game in which the maximizer chooses p € A(II) and the minimizer chooses
q € A(ITX), with payoff

_ ~ A~
Up,q) =ErpEong TN(77077T7(I))_A'dM(W)+?k§_:ldM(¢k)

Since U is bilinear, von Neumann’s minimax theorem implies min, max,U(p,q) =
max, min, U(p, q). To bound the maximin, fix any p € A(II) and let p denote the strategy
of forming ® = (¢1, ..., ¢x) by drawing ¢, . .., ¢x i.i.d. from p. Then,

K
. . ~ A ~
quln U(pa Q) § U(papK) = IE‘n-wp, Prpk [TN(’/TOa , (ﬁ)] —A- ]E7TNp [dM(W)] =+ ? ZE¢7k~P [dM(d)k)]
k=1
= Erp, onpk [?N(Wo, , <I>)] (the other two terms cancel)
1
“K+1

Since this holds for every p € A(II), we conclude min, max, U(p,q) = max, min, U(p,q) <

. o . . 1
77+ Hence, there exists a minimizer strategy ¢* € A(IT™) such that max, U(p,¢*) < z47.

Because this bound holds against any p, it holds in particular for the pure strategies d,. for any 7 € II.

N

. (same exchangeability argument as Lemma [5)

To prove the first part of Lemma 3] take p = dr, to be the pure strategy playing 7. Since my never
deviates from itself, the late-stop risk against any committee is exactly zero (75 = 0). Thus,

N ~ A Ko 1
U(éﬂmq ):O_A'dIW(WO)‘i‘?E@Nq* [];dM(¢k)] < K+ 1

K
~ ~ 1
= Eongr [Z dM(¢k)] < K -dp(mo) + e
k=1

To prove the second part of Lemma 3] take p = d, for an arbitrary target policy m € II. We have

K
U(67'r7 q*) = Eqqu* I:TN(W07 ™, (b):l — A . d]w(ﬂ') + EE@,N(I* [; dM(¢k:) S TH
~ 1 K 1
= Epng: [Py (mo, m, ®)] < A <dM(7T) - ?Efbwz* ];dM(fbk) ) + %1
~ ~ 1 R
= Egnyg- [P (0,7, ®)] <A (dM(ﬂ') - dM(wo)) + e (7o minimizes dpz)

D.2 Proof of Theorem[3|

The proof closely follows the proof of Theorem [I] (Section [B.4); we highlight the key differences and
omit steps that are identical.

Existence of a sparse regularized validator distribution. For parameters A, K, let ¢* be the
distribution guaranteed by Lemma[3] Throughout, we let A, K be free and optimize them at the end.

Bounding the empirical risk. Unlike the deterministic non-misspecified setting—which draws
k independent committees to suppress test risk and relies on the version space to prevent source
abstention—here we bound the expected empirical metrics over a single regularized sequence ¢ ~ ¢*
(recall that this is done so as to not amplify the irreducible error).

For the source data, the policy abstains if any validator in ¢ disagrees with 5. Combining the union
bound with the the first part of Lemma 3| bounds the expected empirical abstention:

K
~ ~ 1
Eong (@0 (70, Trg,0) | < Egrgr [Z dM(¢k)] < K -dpy(mo) + (11)

;{.
k=1
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For the test data, evaluating against any comparator m € II, the second part of Lemma [3] directly
bounds the expected empirical late-stop risk by the empirical suboptimality of 7. In particular, taking
our comparator to be T = arg min e Ay,

1

g [P (70, 7, ®)] < A(JM(fr) . EM(wO)) + = (12)

Bounding the generalization error on the expert’s distribution. We establish uniform convergence
over all [IT|X+! possible combinations of base policy my and validator set ®, exactly as in the
non-misspecified proof. Unlike that proof, the empirical source disagreements and target late-stop
risks are no longer small due to misspecification, so we use standard Hoeffding bounds rather than
fast-rate bounds. Let Z := (K + 1) log |II| +log(4/0). By Hoeffding’s inequality and a union bound,
with probability at least 1 — ¢, simultaneously for all (g, ®):

~ Z . - . Z
|dar(mo) — dar(mo)| < ) —, |7 (0, T, ®) — T (m0, 7, )| < 4/ o (13)

2m

For the source data, the true stopping rate satisfies ans (7o, Try.0) < Zszl dnr(¢x) by a union
bound. Taking the expectation over ® ~ ¢* and applying (I3)) for each ¢y, € @,

Z
Ky — 1
+ K4/ 5 (by (13))

K
Eomg [0 (70, Tro,0)] < Epngr lz dar(or)

<K-dy (w0)+A+K z (by (1))
<K- dM -|- K\/> (7o minimizes JM)
< KA + + 2K \/> (by and definition of A)
For the test data,
Eog: [r (70,7, 9)] < oy [P (mo. 7,0)] + 1/ 2 (by (T3

<A(dM() JM(WO))+1+F (by (12))

< Adae(®) — da(mo)) + = + 20y o [ 2 (by ()
1
il 1/7 ,/7 iti —ds <
§AA+K+2A 2m+ 577 (definition of A, and —d s (79) < 0)

where the last step uses dps (7) — dpr(mo) < Az < AL

Bounding the stopping rate and regret on the learned policy’s distribution. For the source data,
we apply the same union bound and prefix coupling argument as in the proof of Theorem [} The
one difference is that 7o may now deviate from 7*, contributing an additional d; () term. Since

da(mo) < dp(7)+2+/Z/2m < A+2./Z/2m by and the empirical minimality of 7, taking
the expectation over ¢* yields:

Eong [an (M0, Tro,0)] < Bomgr [onr (7%, g 00) | + dar(m0)

<KA+ +2K\/7> +A+2\/7
:(K+1)A+11x+2(K+1)\/Z~

For the target data, let B := {7 rr«} < Tr,,a } be the event that the deployed policy 7o deviates from
the true expert 7* before the validator set stops execution. As in the realizable case, the event B is
Gn+-measurable with h* = min (7, &, Tr,, {x+})- LemmaE]therefore gives Pry -, [B] = Pry -+ [B].
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To bound this probability on the expert’s distribution, we compare 7* to the best-in-class policy 7.
On any expert trajectory, if o deviates from 7* before @ triggers (event B), then either (1) 7 deviates
from 7* at some point during the trajectory, or (2) 7 perfectly matches 7* everywhere, meaning the
deviation between my and 7* is simultaneously a deviation between 7y and 7, and this deviation
occurs before ® triggers. This implies the set containment B C {7z (r+3 < H} U {7r;, 0 > Tr, (7} }
on expert trajectories. Applying a union bound, we have Pry .+ [B] < dn () + rn (7o, 7, @).

As in the proof of Theorem T} the stopped regret is bounded by C',ax times the probability of an
unrejected deviation from the expert, so taking the expectation over ¢* yields:

Eqn~q+ [Regret y (0, Tro,0; )] < Crmax - Eongs [ Pr [BH
- Crrnx E@,\,q [ PI' [B]]

< C1max (dN( ) + ]E<I>~q [TN 0, 7T (P

_Cmdx<A+AA++2A\/ +4/— )

Setting A = K = @(A‘l/ 2) balances the A-dependent and A-independent terms in both bounds,
yielding the rates in Theorem [3]

D.3 Proof of Corollary[d]
Let ¢ := log [TI| + log(4/8). We define the €* := max {(co/m)'/®, (co/n)'/3} and set K = A =
[(A'/2 + ¢*)~1]. Substituting this into Theorem

KA+ !

Al/g (AI/Z +€*) _ 2A1/2 +€*.

For the sample estimation penalties, noting C' < (K + 1)cg and K < (¢*)~!, the labeled penalty

is bounded by (¢*)~3/2,/co/m. By definition, ¢* > (co/m)/®, which implies \/co/m < (e*)*/2.
Thus, the labeled penalty is at most (¢*)~3/2(¢%)%/2 = €*. An identical balancing argument bounds

the unlabeled penalty: K'/2\/co/n < (e*)71/2(e¥)3/% = ¢*

Because all terms in the abstention and regret bounds of Theorem are upper-bounded by O(Al/ 2+
€*), expanding €* yields the claimed result.

D.4 Off-policy test trajectories under misspecification

So far, we have assumed that the expert 7* is the same across train and test environments. In practice,
however, train and test demonstrations often come from different sources—for example, using one
expert to pilot a simulated car, while using dashcam aggregated from multiple drivers. This creates a
challenging off-policy gap where the training behavior 7™ and test behavior 7t differ, and neither
necessarily lies in the policy class II. Fortunately, the same idea we used for misspecified experts—
finding a validator distribution via a regularized game, which induces a stopping time—extends
readily to policy shift between environments.

Concretely, suppose Dyain is generated by a deterministic policy 7, while Dieq; is generated by a
different deterministic policy 7', with neither policy necessarily in II. Let dY; and d% denote the
corresponding disagreement probabilities in (M, 7t) and (N, 7€), respectively, and let Regret's
denote regret against 7' in the test environment. Then, the agnostic SeqRejectron satisfies:

Proposition 4. There exists an algorithm, the agnostic SeqRejectron (which we described in
Section [3)), with hyperparameters K,\,6 > 0, with the following guarantee. Let A =
minzen max{dy,;(7), d% (7?)}[11] When run with a specific choice of parameters K, A (depending
on m,n, Ao, |11 6, the agnostic SeqRejectron will return
a pair (mo, q¢*) such that both Egnq [ar (70, Trg 0 )] and Egq+ [Regret' (7o, Trg,@; €)]/Cinax are

O (A + (og 11 /m)"/? + (1og 11| /m)"/*).

1Note that as long as there exists some policy 7= € IT which is able to behave similarly to 7t on M and to 7 on N, then
the irreducible error Aqg will be small.
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D.5 Proof of Proposition ]

The proof is a direct adaptation of the proof of Theorem [3] We first redefine the suboptimality gaps
and their empirical estimators with respect to the off-policy behavior policies 7'" and 7* instead of
the expert 7*:

() = 1\/113,71:" [Tfr,{wtf} < H}’ dy(7) = NI,)Tfte [Tﬁ,{frte} < H]

1 m
:EEIT Ay ( SH], 7% (mo, 7, @) = Z Tro,@ (T5) > Ty (3 (T, )}

Let mg € arg min e d}}(w). Applying the symmetrically regularized equilibrium (Lemma to
these modified losses guarantees the existence of a distribution ¢* such that:

K

~ ~ 1
Eony: l mm] < Kdjy(mo) + 5

k=1
~ ~ 1
Eqng [ (mo, m, ®)] < A(dl; () — diy;(m0)) + 7 foreverymell

From here, the mechanics follow exactly as before. Applying Hoeffding bounds introduces the
O(4/C/m) and O(4/C/n) concentration penalties to these empirical terms. The prefix-coupling
argument bounds the true completeness ay; by the sum of training disagreements, and the test regret
by Chuax times the late-stop risk against 7.

Finally, to bound the regret against the training demonstrator 7" in the test environment, coupling 7t

to 7 and then 7 to 7* naturally introduces the discrepancy terms d% (7) and d'% (7) via the union
bound, yielding the secondary result.

Finally, to obtain the optimal rates claimed in the proposition, we evaluate these bounds at the
comparator Tog € arg minzen max{dy; (7),d%(7)}. Setting K = A = {(Al/2 +e*)” W with
¢* = max{(log [II|/m)*/®, (log [II| /n)'/3} and applying the identical balancing argument from the
proof of Corollary 4] yields the final rate.
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