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Abstract

Mechanistic analyses of transformers often proceed head-by-head, looking for at-1

tention maps that correspond to computational roles. But when should an attention2

head be interpreted as a computational unit? In principle, multi-head attention need3

not organize computation in such a clean way. A single computational function4

may be distributed across heads, and a single head may participate in several5

computations, with invariants appearing only after OV routing and residual-stream6

summation. In natural language models, this is hard to resolve because the under-7

lying features and computations are unknown, and an apparently uninterpretable8

head may be polysemantic, part of a distributed circuit, or a sign that the ana-9

lyst chose the wrong decomposition. To get a handle on this issue, we study a10

controlled setting where the target computation is analytically specified: transform-11

ers trained on factored sequence processes. These processes require independent12

predictive updates for multiple latent factors, represented in orthogonal residual-13

stream subspaces. This lets us ask whether the attention circuits implementing14

these independent updates are themselves factorized. We find that they need not15

be. Per-factor updates constrain only the aggregate routed contribution across16

heads, leaving substantial freedom in how computation is distributed. Heads may17

specialize to individual factors, compose with other heads to implement one factor,18

or contribute polysemantically across factor boundaries. The regime that emerges19

depends on the generator’s spectrum, the head budget, and training dynamics. We20

introduce effective subspace attention, a scalar quantity that combines attention21

patterns with OV routing to recover invariant subspace-level contributions when22

individual maps are illegible. Our results show that independent computations23

can be implemented by shared attention circuits, and that individual heads may24

look uninterpretable even when the collective routed circuit implements a precise,25

theoretically predicted computation.26

1 Introduction27

When should an attention head be interpreted as a computational unit? Mechanistic analyses often28

proceed head-by-head, looking for attention maps that correspond to distinct roles. But multi-head29

attention need not organize computation this cleanly: a single computation may be distributed across30

heads Jermyn et al. [2023], and a single head may contribute to multiple computations Janiak31

et al. [2023]. In such cases, the invariant object is not an individual attention map, but the aggregate32

residual-stream update produced after OV routing and summation.33

In natural-language models we cannot easily tell these cases apart, because we lack ground truth for34

what the underlying features are and what computations the model is meant to implement. To study35

the question precisely, we need a setting where the functional units of the computation are known in36
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advance and are controllable. We can then ask if and how those known functions distribute across37

heads, and why.38

We use transformers trained on factored sequence processes: sequences generated by independent39

computational units, called factors, that evolve independently. Prior work shows that transformers40

trained on such processes represent each factor in its own orthogonal subspace of the residual41

stream Shai et al. [2026]. In this setting the computational units are known (each factor), the subspaces42

they occupy are known (orthogonal subspaces of the residual stream), and the per-factor update that43

attention must implement at each layer can be derived analytically from the data-generating process.44

We then ask: when the computation and corresponding representations of a network decompose into45

separable computational units, do the attention circuits naturally factor in the same way?46

We find that they do not. Even with independent computational units assigned to orthogonal subspaces47

of the residual stream, individual heads can be illegible while the collective routed contribution48

matches theory exactly. A computation downstream from an attention head simply receives the full49

residual stream, and whether the information present within was written by one or multiple heads is50

irrelevant.51

Our main contributions are:52

1. We derive a predictive theory for the collective update an attention layer must write into each53

independently updated subspace of the residual stream, along with the QK/OV division of labor54

it requires: QK supplies the temporal weighting, OV routes token-dependent contributions into55

the right subspace. From this we predict the minimum number of heads needed for any given56

configuration.57

2. We show that this subspace update admits many head-level decompositions. Heads can be58

specialized, compositional, and polysemantic, all while achieving the same loss.59

3. We introduce effective subspace attention, a quantity which decomposes the collective con-60

tribution of multiple attention heads into each subspace when individual attention maps are61

illegible.62

2 Background63

2.1 Data-generating processes and belief state geometry64

We consider training data generated by edge-emitting hidden Markov models (HMMs). An HMM is65

defined by a token alphabet X , a set of hidden states S , an initial distribution η(∅) over hidden states,66

and a collection of token-labeled transition matrices (T (x))x∈X , where T
(x)
i,j = Pr(x, sj | si) gives67

the joint probability of emitting token x and transitioning to state sj given current state si.68

An optimal Bayesian observer who knows the HMM structure but not the current hidden state69

maintains a belief state η over hidden states, updated upon observing each token x via:70

η′ =
η T (x)

η T (x) 1
, (1)

Starting from an initial state η(∅), the belief state after observing context x1:ℓ is:71

η(x1:ℓ) =
η(∅) T (x1) · · ·T (xℓ)

η(∅) T (x1) · · ·T (xℓ) 1
. (2)

For stationary processes, the optimal initial belief state is the stationary distribution η(∅) = π, the72

left eigenvector of T =
∑

x T
(x) associated with eigenvalue 1.73

Prior work shows that transformers trained on next-token prediction linearly represent the belief74

states induced by the data-generating process in the residual stream [Shai et al., 2024, Riechers et al.,75

2025].76

Factored representations The Factored World Hypothesis [Shai et al., 2026] formalizes generators77

with independently evolving latent factors, and shows that transformers represent the corresponding78

per-factor beliefs in approximately orthogonal residual-stream subspaces. We call a process inde-79

pendent if each token-labeled transition operator factorizes as T (x) =
⊗N

n=1 T
(x)
n , where factor n80
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has hidden state space Sn and transition dynamics T
(x)
n . The observed token x is determined by81

the joint output of latent subtokens z(n), though this decomposition is not exposed in the training82

data. Under independence, product beliefs remain product beliefs under Bayesian updating: if83

η(x1:ℓ) =
⊗

n η
(x1:ℓ)
n , then η(x1:ℓ+1) =

⊗
n η

(x1:ℓ+1)
n . Thus, the joint belief can be represented84

losslessly as per-factor beliefs with factor n occupying its own (dn−1)-dimensional subspace, where85

dn = |Sn|.86

2.2 An architectural division of labor87

The controlled setting we work in has a structurally manifest decomposition in the data generator88

itself, and that decomposition maps cleanly onto distinct components of the attention architecture.89

This lets us state up front what the architecture must implement, and which parts of the architecture90

are capable of implementing it. We describe the intuition here.91

For a factored generator, each factor transition matrix T
(x)
n has its own independent state space, so92

optimal beliefs evolve independently by factor. Each update requires three pieces of information:93

(i) which factor to update, set by the generator’s tensor-product structure; (ii) how strongly to weight94

each temporal offset, set by the factor spectrum; and (iii) what token-conditional vector to write into95

each factor’s subspace. This maps directly onto attention: QK chooses the temporal weights, while96

OV chooses what to write into each factor subspace. This yields two predictions:97

OV carries factor identity. For any attention pattern, head h writes only in the column space of98

W
(h)
O W

(h)
V : attention reweights value vectors but cannot change their span. Thus, if the residual99

stream decomposes into orthogonal factor subspaces
⊕

n VFn
[Shai et al., 2026], the OV maps must100

route contributions into these subspaces. Factor identity is therefore enforced by OV, not by the101

attention weights.102

QK reflects temporal structure, not token identity. In our toy model, each source contribution103

decomposes into a token-dependent direction and a factor-specific scalar ζd−s
n . Since the direction104

is routed by OV, QK is left to implement only the scalar: a lag-dependent weight from source s to105

destination d. Thus QK should be primarily offset-shaped rather than content-routed, with different106

factors inducing different lag profiles.107

These predictions constrain the aggregate layer-level circuit, not individual heads. They specify the108

QK/OV division of labor, but leave open how a fixed head budget distributes that work: heads may109

specialize, collaborate on one factor, or contribute polysemantically across factors. Thus orthogonal110

factor representations need not imply specialized heads. The remainder of this section makes this111

mechanism explicit.112

2.3 Constrained belief updates113

Optimal prediction requires sequential Bayesian updating: each new token refines the current114

predictive vector, which itself reflects all previous tokens (Eq. (1)). But attention is fundamentally115

parallel — at each position, it computes a weighted sum of value vectors from all source positions116

simultaneously. This creates a tension: how can a parallel mechanism approximate an inherently117

sequential computation?118

The key insight of Piotrowski et al. [2025] is that attention resolves this by treating each source119

token as independent evidence. The BOS token at position 0 provides the prior π through the OV120

circuit — the baseline prediction before any evidence is observed. Each subsequent token xs at121

offset k = d− s then contributes an independent correction: “given the prior, how does observing122

xs exactly k steps ago change my current predictions?” This correction is the geometric embedding123

of the difference between the prior Pr(Sd) = π and the pointwise update from the observed token124

Pr(Sd|Xs = xs) = πT |xsT d−s. T |xs captures the immediate evidence from the token and T d−s125

propagates that evidence forward through d− s steps of latent dynamics. Summing the prior from126

BOS with independent corrections from all source tokens gives the constrained belief update:127

r
(x1:d)
1 = π︸︷︷︸

from BOS

+

d∑
s=1

(
π T |xs T d−s − π

)
︸ ︷︷ ︸

correction from source s

. (3)
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Figure 1: Complete mechanistic description of a transformer trained on a factored process.
(a) The token embedding reflects the crystalline structure of the data generator: tokens arrange
in factor-specific clusters within orthogonal subspaces of the residual stream. (b) The QK circuit
determines how much each source token contributes at each offset, with heads combining to implement
the temporal decay rates predicted by the spectral decomposition. (c) The OV circuit determines the
direction and subspace of each contribution: displacement vectors within each factor’s constrained
predictive geometry point toward vertices of the belief simplex, with each factor’s subspace traversed
independently. (d) The MLP applies a nonlinear correction, transforming the constrained predictive
geometry (intermediate fractal) into the full predictive geometry. In this work, we focus on the
attention circuit (b–c, highlighted in orange): how the QK and OV circuits jointly implement belief
updates across a factored world, the degrees of freedom in how this computation is distributed across
heads, and what can be recovered when individual attention maps are not directly interpretable.

This is the best approximation to Bayesian updating achievable by summing independent pairwise128

contributions — precisely the functional form that attention can implement.129

The spectral decomposition of the transition matrix T reveals a clean separation of roles. In our case,130

each factor is represented by a “Mess3" generator which has a single nontrivial decaying eigenvalue131

ζ of T . In this case, the corrections can be re-written through spectral decomposition as132

∆r
(x1:d)
1 =

d∑
s=1

ζd−s π T |xs Pζ , (4)

where PζT = TPζ = ζPζ (see Appendix I.1 for additional details).133

Equation (4) realizes the division of labor above: lag appears only in the scalar ζd−s, while token134

identity appears only in the displacement πT |xsPζ . The current-token term (s = d, k = 0) is the only135

exception, since it can also enter through the residual stream via the token embedding; see App. D.136

Piotrowski et al. [2025] confirmed this correspondence in transformers trained on the Mess3 process137

(Appendix I) and further showed that when the eigenvalue ζ is negative, the alternating pattern ζd−s138

cannot be implemented by a single attention head, whose weights must be non-negative.139

2.4 Per-factor constrained belief updates140

For a factored process with transition operators T (x) =
⊗N

n=1 T
(x)
n , each Mess3 factor n has its141

own transition matrix Tn =
∑

z(n) T
(z(n))
n , stationary distribution πn, and eigenvalue ζn. Since the142

factors are represented in orthogonal subspaces, the constrained belief update (Eq. (3)) decomposes143

into independent per-factor updates:144

∆r(x1:d)
n =

d∑
s=1

ζd−s
n · gn

(
z(n)s

)
, (5)

where z(n)s is the sub-token for factor n at position s and gn(z) = πn T
|z
n Pζn,n is a token-dependent145

displacement direction that is independent of offset. For a given destination d, each correction term146

depends only on factor n’s transition dynamics and the corresponding sub-token at source s.147
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Figure 2: OV routes factor-specific information into subspaces while QK specializes to temporal
over semantic information. Left: OV-circuit energy projected into the residual-stream subspaces
associated with each factor, comparing (a) early training with the (b) end of training. Note that the
bar for the perpendicular component represents an average over the remaining dmodel − 4 dimensions
not accounted for by VF0

⊕ VF1
. (c): The two factor-associated subspaces are each orthogonal

to one another. This is averaged over 8 different models and 2 different heads per model. Right:
holding all else fixed, we perform causal interventions on the QK-circuit and measure the impact on
cross-entropy loss (∆CE). Interventions include shuffling token identity and position information of
the embeddings entering the circuit, as well as shuffling attention weights within lag bins.

3 From specialized heads to aggregate computation148

All experiments use single-layer pre-norm decoder-only transformers trained on two-factor Mess3149

sequences; full hyperparameters are in Appendix L.1.150

3.1 When heads are interpretable: distinct positive eigenvalues151

We first train a two-head transformer on a two-factor Mess3 process with eigenvalues ζ0 = 0.7152

and ζ1 = 0.4. The natural ansatz is head specialization: head n implements the temporal decay153

A(n)(d, s) ∝ ζd−s
n through QK, independent of subtoken identity and absolute position, while OV154

routes its output into factor subspace VFn
.155

First, we use a behavioral method to find VFn ⊂ Rdmodel , 2-d orthogonal subspaces that correspond156

to each factor. Once identified, we can define a write-to fraction that measures how much of the157

image of the OV circuit lands inside or outside of each subspace (see Appendix E for a detailed158

description of finding and evaluating these subspaces). Figure 2 shows that OV matrices initially159

write no more to the factor subspaces VFn
than to other directions, but by the end of training place160

most of their write-to energy in VF0
⊕ VF1

, a 4-dimensional subspace of the 120-dimensional161

residual stream. Thus OV learns to route updates into the orthogonal factor subspaces. Separating162

by head shows near-specialization. Recovering the intermediate activation geometry in Figure 13163

also suggests strong alignment between a specific head and a factor’s belief states. However, it is not164

exact specialization: in Figure 3, 11% of one factor’s write-to energy comes from the head primarily165

associated with the other factor. This leakage is consistent with the training trajectory. Early in166

training, both heads reduce loss on the slower-decaying factor (largest eigenvalue), which has the167

larger available loss reduction; only later does one head re-specialize to the faster-decaying factor.168

This kind of staged learning is consistent with prior work on learning dynamics in neural networks169

and transformers [Kunin et al., 2025, Saxe et al., 2014, Yüksel et al., 2026]. Thus, even in a setting170

where a specialized solution is available, gradient descent can transiently pass through collaborative171

decompositions.172

QK shows the complementary structure predicted by the theory. The rightmost panel in Figure173

2 shows token-shuffle interventions that indicate that attention is primarily lag dependent: loss174

increases when attention weights are shuffled across source positions, but not when shuffled only175

among tokens at the same position. When the position shuffles are constrained to preserve lag, the176

effect is significantly reduced. This indicates the QK circuits’ sensitivity to the position shuffle is177
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Figure 3: We measure how much the loss is reduced per-factor during training (a), and for each
factor, how much of each head’s energy is being written into that factor as it progresses towards its
final attention maps (b). For ζ0 = 0.7 and ζ1 = 0.4, during training, we see that the model prefers
reducing loss for the factor with the larger eigenvalue (as there is more loss to reduce). Initially, this
admits a collaborative solution where both heads focus on factor 0. Eventually, the second head
re-specializes to factor 1. Plots are averaged across 8 heads, and heads are aligned such that head A
is the one primarily responsible for factor 0 (and vice versa). In (right) we examine a single seed
and see that the heads are largely specialized, but there is some leakage from head 0 into factor 0,
explained by the fact that both heads initially focused on that factor.

Figure 4: Per-head attention patterns can be interpretable on their own. In this case, for two
factors with positive but different magnitude eigenvalues (ζ0 = 0.70 and ζ1 = 0.40), the decay rates
of the attention profiles of each head uniquely match the temporal dynamics of one of the two factors
– indicating we are in a regime of head specialization.

largely due to a sensitivity to lag and not the absolute position. Figure 4 shows attention weights178

binned by lag k = d − s. Since the k = 0 term shares a degree of freedom with the residual179

skip connection, we fit only off-diagonal attention weights; see Appendix D. The ζ0 = 0.7 head180

matches the predicted exponential decay, while the ζ1 = 0.4 head drifts at large lags, where the181

required corrections are small. Masking attention beyond lag τ confirms this: the slower-decaying182

factor remains sensitive up to τ = 5, while the faster-decaying factor is sensitive only up to τ = 4.183

We determine these thresholds using a noise floor. Lags whose ablation changes loss by less than184

10−5nats are deemed irrelevant. See Appendix F for details. Fitting only behaviorally relevant lags185

yields good agreement for both heads.186

This example cleanly separates OV routing from QK temporal weighting, but also shows why187

individual heads are not the invariant unit of analysis. The model is constrained only by the aggregate188

routed update written into the residual stream, not by which head supplies it. This motivates effective189

subspace attention.190

3.2 Effective subspace attention191

To extract the invariant factor-level computation, let fn map the residual-stream contribution onto the192

belief update for factor n in Eq. (5). We define the effective subspace attention193

αn(d, s) =

〈
fn

(∑
h A

(h)
d,sv

(h)
s

)
,gn(z

(n)
s )

〉
∥∥∥gn(z

(n)
s )

∥∥∥2 . (6)
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Figure 5: In the mixed-sign case, heads are not specialized by write magnitude. In (a) both heads
write substantially into both factor subspaces. In (b) the heads write in nearly the same direction in
the positive-eigenvalue subspace, but anti-parallel in the negative-eigenvalue subspace (c), providing
the signed OV-coupling needed for alternating decay.

This projects the summed routed contribution from source s to destination d onto the token-dependent194

displacement direction for factor n. Under the constrained belief-update theory,195

αn(d, s) = ζd−s
n .

By linearity, αn decomposes across heads as αn(d, s) =
∑

h α
(h)
n (d, s), so the theory constrains196

only the sum:197 ∑
h

α(h)
n (d, s) = ζd−s

n . (7)

Specialization is the case where one head supplies this quantity for a factor. Collaboration is the198

case where several heads sum to it. Polysemanticity is the case where a head contributes to multiple199

factors. We quantify these regimes with the coupling matrix induced by per-head effective subspace200

attention: polysemy measures spread across subspaces per head, and collaboration measures spread201

across heads per subspace; see Appendix C. Effective subspace attention lets us distinguish head-level202

structure from the invariant computation implemented by the full attention layer.203

3.3 When heads are not interpretable: positive/negative eigenvalues.204

We apply effective subspace attention to a two-head transformer trained on a factored process with205

eigenvalues ζ0 = 0.5 and ζ1 = −0.5. Piotrowski et al. [2025] showed that a negative eigenvalue206

requires two heads: because attention weights are nonnegative, a single head cannot implement the207

sign-alternating decay (−0.5)d−s. In this setting, we find that the two heads collaborate to implement208

the negative-eigenvalue factor, but also collaborate on the positive-eigenvalue factor.209

Let us begin by validating our predictions on the OV circuit. Just like the pattern shown in Figure210

2, we find that the subspaces VF0
and VF1

are nearly orthogonal to each other and carry the lion’s211

share of variation in the residual stream of the trained network. Unlike the previous case, however,212

we find no evidence of head specialization when looking at the write-to fraction. Figure 5 shows213

that instead, both heads contribute to both factors in approximate proportion to their total write-to214

magnitude. However, the direction in which they write differs. We establish this by looking at the215

cosine between the two heads’ write operators into VFn , computed in matrix-Frobenius geometry216

(details can be found in Appendix E).217

The right panel in Figure 5 reveals that while the global write share doesn’t distinguish factor 0 and 1,218

the signed value does. The two heads write to VF0
in nearly the same direction, but they are almost219

exactly anti-parallel in how they write to VF1
, providing the mechanism to fit the alternating decay220

rate. The top panel of Figure 6 shows a naive attempt at fitting a decay rate for each head individually221

for a trained model. We can see each head implements an alternating attention pattern, with one head222

specializing to odd k and one specializing to even k. Fits to the expected exponential decays are very223

poor when we look only at a single head, but the effective subspace attention allows contributions224

from both heads, and recovers the predicted monotone decay for ζ0 and the predicted alternating225

decay for ζ1. Recovering the geometry associated with each factor in Figure 14 also reveals that no226

single head is sufficient to represent the full geometry; both are required.227
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Figure 6: Raw per-head attention profiles fail to recover the ground truth dynamics in the mixed-
sign case, while effective subspace attention succeeds. Left: neither individual head matches the
predicted decay for either factor. Right: considering the relevant subspaces routed to by the OV
vectors lets us recover the monotone positive decay and the alternating negative decay.

3.4 Minimum architecture228

For a factored process, an attention head supplies a non-negative lag-dependent attention pattern,229

while its OV circuit determines how that pattern is signed and routed into factor subspaces. Thus the230

relevant architectural resource is not one head per eigenvalue or one head per factor, but the number231

of non-negative temporal rays needed to express the required signed lag-dependent updates after OV232

coupling. We refer to this as a conic decomposition of the update geometry.233

This distinction matters in mixed-sign settings. A negative eigenvalue cannot be implemented by a234

single head, since attention weights are non-negative; two non-negative rays are needed to compose235

the alternating signed update. However, the same two non-negative rays can also be coupled with the236

same sign through OV to produce a monotone positive decay. Therefore, when a positive eigenvalue237

is present, it can sometimes be implemented "for free" by reusing the rays already required for the238

negative mode, reducing the head count below a naive per-eigenmode assignment. Appendix J gives239

the full conic argument. Table 1 lists the resulting predictions, which we test in the next section.240

Table 1: Minimum head count under different two-eigenvalue cases.

Configuration Values Identifier Hmin Hmin (modes)

+ζ1,+ζ2, |ζ1| ̸= |ζ2| +0.7, +0.4 D+
h=2 2 2

+ζ1,+ζ1 +0.7, +0.7 I+h=1 1 1
+ζ1,−ζ1 +0.5, -0.5 S±

h=2 2 2
+ζ1,−ζ2, |ζ1| ̸= |ζ2| +0.7, -0.5 D±

h=2 / D±
h=3 2 3

−ζ1,−ζ1 -0.5, -0.5 I−h=2 2 2

4 Effective attention recovers the invariant computation241

Table 1 outlines the 5 different configurations of 2-factor processes we generate sequences from.242

Note that we omit the case of −ζ1,−ζ2 with |ζ1| ̸= |ζ2|. This is because the narrow range of negative243

values for Mess3, [−0.5, 0), means that the eigenvalues will either be so close together that the244

process can be approximated with fewer heads, or that one of the values will be close to 0 and245

therefore almost IID. The identifiers will be used in subsequent figures.246

For each configuration in Table 1, we train models with nheads ∈ {1, . . . , 6} across eight random247

seeds. Figure 7 summarizes the central empirical result: the conic head-count prediction matches the248

empirical loss plateau, while effective subspace attention recovers the predicted factor-level updates249

even when raw attention maps are not individually interpretable. First, the minimum head count250

predicted by our conic framework aligns with the point at which loss plateaus: adding heads below this251

threshold substantially improves performance, while additional heads provide little benefit. Second,252

raw attention maps are not reliable indicators of whether the correct computation has been learned.253

In several configurations, individual heads do not match any predicted decay pattern. However,254
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Figure 7: (a) DKL versus the number of excess heads evaluated on 10,240 sequences. The conic
minimum head count aligns with the empirical loss plateau across all five configurations. (b) Raw
attention maps are not reliable indicators of whether the correct factor-level computation has been
learned: some heads match predicted decay patterns, but many do not. Effective subspace attention,
which incorporates OV routing and sums across heads, consistently recovers the predicted decay
rates. (c) Polysemy and collaboration are common whenever multiple heads are available: heads
often contribute to multiple factors, and factors are often implemented by multiple heads. Thus the
invariant computation is generally the routed aggregate update, not an individual attention head.

effective subspace attention, which incorporates OV routing and sums contributions across heads,255

consistently recovers the theoretically predicted factor-level decay rates. Finally, polysemy and256

collaboration show that distributed implementations are common. Except in the single-head case,257

heads often contribute to multiple factors and factors are often implemented by multiple heads. Thus,258

the invariant computation is recovered at the routed aggregate level, not necessarily at the level of259

individual attention heads. In appendix C, we see that as we make more heads available than is260

needed, signatures of collaboration become even stronger.261

5 Conclusion262

We asked when an attention head should be treated as a computational unit. In our setting, the263

answer is: the computational unit is at the level of the routed aggregate, not the individual head. The264

data-generating spectrum sets a minimum head count that trained models reliably reach across all265

five configurations we tested. Above that floor, the same predicted update admits many head-level266

decompositions that loss treats as equivalent and per-head inspection cannot distinguish, regardless267

of whether they are specialized, collaborative, or polysemantic.268

What recovers the invariant they share is effective subspace attention: it routes the post-OV, summed269

contribution into each factor’s subspace and returns the lag-dependent scalar predicted by the con-270

strained belief update, regardless of which heads supplied it. The unit of computation, in our setting,271

is the residual-stream subspace into which a layer collectively writes rather than the heads that write272

into it. This opens a question for natural-data interpretability: how can we find such subspaces in273

scaled models, and in doing so uncover their natural units of computation?274

6 Limitations and future work.275

Our analysis is restricted to single-layer transformers trained on processes with known ground truth,276

where the computation depends entirely on lag. Extending to multi-layer architectures, richer spectral277

structure, and processes beyond conditional independence and exclusively temporal dynamics remains278

important future work. More broadly, our current theory is combinatorial in the spectrum—counting279

distinct magnitudes and sign-changing modes—whereas the optimization problem faced by a finite280

model is also metric. A natural next step is to characterize how approximation quality degrades as281

eigenvalues move closer together or toward zero, and to replace a binary notion of “enough heads”282

with a quantitative tradeoff between spectral separation, exact implementability, and loss.283
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A Related Work392

A.1 Interpretability of Attention393

How interpretability relates to attention depends strongly on choosing what attention is supposed to394

explain. Early work often drew equivalences between attention weights and token-level explanations:395

if a token was attended strongly to, that token was considered important for prediction Yang et al.396

[2016]. This interpretation has been heavily contested. Jain and Wallace [2019] argue that attention397

weights often do not correlate with other measures of feature importance, and that alternative attention398

distributions can often produce similar outputs. Wiegreffe and Pinter [2019] respond that attention399

can still be explanatory under some definitions, but only when the relationship between attention400

and the rest of the model is respected. A reasonable conclusion is that attention maps are useful401

diagnostic objects, but not faithful explanations by default, and that interpretation should take the rest402

of the model into account.403

Mechanistic interpretability shifts the question away from focusing on individual tokens to instead404

whether attention heads implement specific, identifiable computations. This is a more complete405

framing because a head is not just a pattern: its behavior depends also on value vectors, output406

projections, and downstream effects in the residual stream [Elhage et al., 2021, Kobayashi et al.,407

2020]. Work on induction heads Olsson et al. [2022], the IOI circuit Wang et al. [2023], greater-than408

circuits Hanna et al. [2023], modular addition Nanda et al. [2023], copy suppression McDougall et al.409

[2024], and function vectors Todd et al. [2024] shows that some heads participate in relatively clean410

mechanisms. In these cases, heads are interpretable not as isolated components but as participants411

in larger circuits. Individual heads can be polysemantic, exhibiting multiple task-relevant attention412

patterns in different contexts Janiak et al. [2023]. More generally, attentional features may be413

represented in superposition across heads rather than localized to a single head Jermyn et al. [2023].414

Recent work therefore decomposes attention computation at a finer granularity, either by tracing415

interactions between attention features Kamath et al. [2025] or by decomposing the QK circuit into416

sparse query-key feature pairs Wynroe and Sharkey [2024]. This suggests that heads are useful units417

of analysis, but not always the most fundamental units of explanation.418

However, even successful circuit analyses complicate the claim that heads are clean. Many heads can419

be pruned with little effect, suggesting redundancy [Michel et al., 2019, Li and Janson, 2024, Voita420

et al., 2019]. In more detailed analyses, heads often collaborate, compensate, or inhibit one another421

Zhang and Nanda [2024]. The IOI circuit, for example, includes name-mover heads, backup heads,422

and negative heads, rather than a single decisive component. Similarly, work on self-repair [Rushing423

and Nanda, 2024, McGrath et al., 2023, Edin et al., 2025] shows that ablating one head can change424

the behavior of other components which then compensate, and research within training dynamics425

suggests that a transformer may consist of many such circuits Singh et al. [2024].426

The emerging view is therefore mixed. Attention weights alone are weak explanations, and individual427

heads should not be presumed to correspond to clean, independent mechanisms. However, attention428

heads can still be meaningful units when the full circuit is accounted for.429
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B Effective Attention430

The constrained belief update for factor n at destination position d is:431

r(z1:d)n = πn +

d∑
s=1

(
πnT

|z(n)
s

n T d−s
n − πn

)
. (8)

Each displacement can be written as:432

πnT
|z(n)

s
n T d−s

n − πn = ζd−s
n · gn

(
z(n)s

)
, (9)

where gn(z) =
(
πnT

|z
n − πn

)
Pζn,n is the token-dependent displacement direction (independent433

of offset), and ζn is the non-trivial eigenvalue of Tn. The eigenvalue decay ζd−s
n is the scalar we wish434

to recover.435

The displacement map fn maps the summed per-source OV contribution into factor n’s constrained436

belief update. For a given (destination d, source s) pair:437

fn

(∑
h

A
(h)
d,s v

(h)
s

)
≈ ζd−s

n · gn

(
z(n)s

)
. (10)

To isolate the decay, we project onto the known k=0 displacement direction gn

(
z
(n)
s

)
, which438

corresponds to offset zero where ζ0n = 1:439

αn(d, s) =

〈
fn

(∑
h A

(h)
d,s v

(h)
s

)
, gn

(
z
(n)
s

)〉
∥∥∥gn

(
z
(n)
s

)∥∥∥2 . (11)

This is a scalar-valued function of (d, s). Under the constrained belief update theory:440

αn(d, s) = ζd−s
n . (12)

The denominator normalizes out the token-dependent magnitude, leaving only the offset-dependent441

decay. This is well-defined whenever gn

(
z
(n)
s

)
̸= 0, which holds for any token z that is informative442

about factor n.443

By linearity of fn, the effective attention decomposes additively across heads:444

αn(d, s) =
∑
h

α(h)
n (d, s) , (13)

where445

α(h)
n (d, s) =

〈
fn

(
A

(h)
d,s v

(h)
s

)
, gn

(
z
(n)
s

)〉
∥∥∥gn

(
z
(n)
s

)∥∥∥2 . (14)

Under head specialization, α(h)
n (d, s) ≈ ζd−s

n for exactly one head h and ≈ 0 for all others. In the446

compositional specialized case, multiple heads may contribute to the same factor while remaining447

factor-specific. Under polysemantic attention, no individual α(h)
n matches ζd−s

n , but their sum does.448

C Measuring polysemy and collaboration449

The per-head effective attention (14) also defines a natural coupling matrix C ∈ RH×N that can be450

used to quantify how factor information is distributed across heads:451

Ch,n ∝ Ez, k

[∣∣∣ᾱ(h)
n (z(n), k)

∣∣∣2] . (15)
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where452

ᾱ(h)
n (z(n), k) = E

(d,s):d−s=k, z
(n)
s =z

[
α(h)
n (d, s)

]
(16)

The average effective attention ᾱ
(h)
n (z, k) describes the average attention head h pays to subtoken453

z(n) at a position k steps back from the query token. The average is over positions consistent with this454

lag, and sequences conditioned on a particular subtoken identity at this position. Since the effective455

attention can be negative, the coupling matrix measures the average attention power relevant to factor456

n within head h. From this matrix, we can define two probability distributions:457

P (n | h) = Chn∑
n′ Chn′

(17)

P (h | n) = Chn∑
h′ Ch′n

(18)

which characterize the amount a given head is responsible for a factor and the amount a given factor458

is handled by a particular head, respectively. We can also define relative weightings459

wn =

∑
h Chn∑

n′h′ Chn′
(19)

wh =

∑
n Chn∑

n′h′ Chn′
(20)

that quantify the overall magnitude of a given head or factor’s contribution to the coupling matrix.460

The entropy H[P ] (not to be confused with number of heads H) of distribution P quantifies how461

peaked or spread a distribution is. Using the distributions in (17)- (18), we define462

Π =
1

logN

H∑
h=1

whH[P (n | h)] (polysemy) (21)

Γ =
1

logH

N∑
n=1

wnH[P (h | n)] (collaboration) , (22)

The polysemy score Π quantifies the extent to which a given head attends to multiple factors on463

average. It is zero when heads are responsible for one factor only and one when heads attend to all464

factors evenly. Similarly, the collaboration score Γ quantifies the fraction of total heads responsible465

for a particular factor on average. It is zero when each factor is handled by a single head and one466

when each factor is handled evenly by all heads. Finally, we define the effective number of heads for467

a particular factor468

Neff(n) = exp(H[P (h | n)]) (23)

and its weighted average469

N̄eff =
∑
n

wnNeff(n) (24)

C.1 Π, Γ, and Neff as a function of H470

Figure C.1 plots the metrics Π,Γ, and Neff as for a varying number of total heads.471
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Figure 8: Polysemy Π, collaboration Γ, and effective number of heads as a function of total number
of heads in the model. In each run, we fix dmodel and vary nheads which determines dhead. Error bars
reflect the 95% confidence intervals over 8 random seeds.

D Skip-connection shares degrees of freedom with diagonal attention472

The residual stream at position d after the attention layer is:473

x
(d)
mid = x(d)

pre︸︷︷︸
skip connection

+
∑
h

[
A

(h)
d,0v

(h)
BOS +A

(h)
d,dv

(h)
d +

d−1∑
s=1

A
(h)
d,sv

(h)
s

]
. (25)

Projecting into factor n’s subspace, this must equal the constrained belief update (Eq. 4). The three474

terms on the right-hand side of Eq. 25 correspond to three groups of contributions:475

Non-local sources (1 ≤ s < d). These contribute the offset k ≥ 1 displacements and enter476

exclusively through attention. The spectral theory applies unambiguously:477 ∑
h

A
(h)
d,sfn(v

(h)
s ) = ζd−s

n · gn(z
(n)
s ) . (26)

BOS token (s = 0). The BOS token encodes a share of the prior πn through attention to position 0:478 ∑
h

A
(h)
d,0fn(v

(h)
BOS) = γn · πn (27)

for some scalar γn that may vary with position d but not with token identity.479

Current token (s = d) and skip connection. The offset k = 0 displacement gn(z
(n)
d ) and the480

remaining share of the prior (1− γn) · πn must be jointly delivered by two pathways:481

fn(x
(d)
pre ) +

∑
h

A
(h)
d,dfn(v

(h)
d ) = (1− γn) · πn + gn(z

(n)
d ) . (28)

The left-hand side has two terms but only their sum is constrained. The model is free to distribute the482

k=0 displacement across these two pathways without affecting the total. This is a degree of freedom483

that does not exist at any other offset.484

D.1 Experimental test: one-hot embeddings485

If the token embedding carries part of gn(z
(n)
d ) through the skip connection, then removing this486

information pathway should force the model to compensate through diagonal attention. We test this487

by comparing two training conditions:488

• Learned embeddings (standard): the embedding matrix WE is trained jointly with all489

other parameters. The skip connection can carry arbitrary token-dependent information into490

resid_mid.491
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• One-hot embeddings: WE is frozen as a one-hot encoding (identity matrix, zero-padded to492

dmodel). The skip connection passes through a vector that identifies the token but contains no493

learned displacement structure. The k=0 displacement must be delivered entirely through494

diagonal attention.495

All other parameters are trained normally in both conditions. We train 8 seeds per condition on the496

ζ1 = 0.5, ζ2 = −0.5 case (as we observe this setting empirically having little diagonal-attention),497

holding all hyperparameters fixed.498

D.2 Results499

Figure 9 shows the mean attention weights across lag for both conditions. With learned embeddings,500

Ād,d is lower across lag 0, but all other positions match or are higher, reflecting the degree of freedom:501

different seeds distribute the k=0 displacement differently between the embedding and diagonal502

attention. With one-hot embeddings, Ād,d is consistently higher.503

Figure 9: Mean attention-weights grouped by lag across seeds for learned vs. one-hot embeddings.
Learned embeddings show lower diagonal attention across all seeds for head A, which we take to
be the head implementing the ζ1 = 0.5 and the even offsets of ζ2 = −0.5. Notably, scores at all
other lags are essentially an exact match. The only difference is in the diagonal attention. One-hot
embeddings force higher diagonal attention because the model cannot use the embedding to store
additional information. This isolates the k = 0 degree of freedom: the current-token displacement
can be shared between the learned embedding/skip pathway and diagonal attention, while non-local
attention patterns remain unchanged.

These results support Eq. 28: the skip connection and diagonal attention are interchangeable pathways504

for the k=0 displacement, and the model may exploit this freedom when learned embeddings are505

available.506

E Factor Subspace Identification and Quantification507

We use the vary-one routine from Shai et al. [2026] to identify subspaces.508

Because our data generator is a product of two independent processes, we can sample datasets that509

vary one factor’s subsequence while keeping the other fixed. For each factor, we fix the other to a510

single realization, collect activations across many realisations of the varied factor, and mean-center511

them per position. The top 2 principal components then form an orthonormal basis for that factor’s512

subspace: per-position centering cancels everything that is constant across the batch leaving only the513

variation induced by the varied factor, and since Mess3 beliefs are 2-dimensional, two components514

span the belief simplex.515

We define these bases as VFn
⊂ Rdmodel . We find that these subspaces account for the vast majority of516

the variance in the residual stream, explaining on average 97.2% of the variation, and the subspaces517
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VF1 and VF2 are effectively orthogonal to each other, with a near-zero overlap. Once identified, we518

can define a write-to-fraction that measures how much of the image of the OV circuit lands inside or519

outside of each subspace.520

Once equipped with the subspaces, VFn
⊂ Rdmodel we build the orthogonal-complement basis as the521

null space of the stacked factor bases V⊥ ∈ Rdmodel×(dmodel−4) since [VF0
| VF1

] is rank 4. Finally,522

we stack everything into a change-of-basis matrix:523

B = [VF0 | VF1 | V ⊥] ∈ Rdmodel×dmodel

When VF0
and VF1

are exactly orthogonal, B ∈ O(dmodel) is an orthogonal matrix and we can524

decompose any x ∈ Rdmodel into coordinate vectors relative to those subspaces525

y = B⊤x = [y0; y1; y⊥] , y0 ∈ R2, y1 ∈ R2, y⊥ ∈ Rdmodel−4 . (29)

In dmodel-dim form, the orthogonal projectors are:526

Pn = VFn
V⊤

Fn
, P⊥ = V ⊥ V ⊥⊤≈ I − P0 − P1

We note that the VFn
subspaces are not completely orthogonal to each other, which is why P1+P2+

P⊥ is only approximately the identity. This allows the following approximate decomposition.

x ≈ P0x+ P1x+ P⊥x = VF0
y0 +VF1

y1 +V ⊥ y⊥

With these definitions in hand, we can clearly measure how much each head’s OV circuit writes to527

different interpretable subspaces of the residual stream.528

fout(h, j) ≡
∣∣OVhbj

∣∣2
F∣∣OVh

∣∣2
F

(30)

where OVh ∈ Rdmodel×dmodel is head h’s OV matrix and bj ∈ Rdmodel is the j-th column of B, lying529

in VF0 ,VF1 , or V⊥ depending on which block index j falls into. Summing per-direction within530

a block recovers the subspace fraction: fout(h, n) =
∑

j∈VFn
fout(h, j) which we interpret as the531

percent of head h’s total write-to budget that lands in factor n’s subspace.532

The above assumes a uniform-input distribution, but this can be replaced with an empirical average533

over real data that also folds in attention. We define head h’s contribution to the residual stream for534

batch b at position d535

rh(b, d) =
∑
s≤d

A
(h)
d,s(b)vb,sW

(h)
O ∈ Rdmodel (31)

where vb,s ∈ Rdhead are the post LayerNorm inputs from the residual stream projected through W
(h)
V .536

From this, we can define537

frealized(h, j) =

∑
b,d

(
b⊤
j rh(b, d)

)2∑
b,d |rh(b, d)|22

(32)

and again, by summing over j ∈ VFn
, we can find frealized(h, n).538

When looking for a measure that is sensitive to direction, we use M
(n)
h = OVh,Vn ∈ Rdmodel × 2539

which is the OV map restricted to the rank-2 output subspace of VFn
. Its squared Frobenius norm is540

the unnormalized write-to-VFn
energy: |M(n)

h |2F = |OVhVFn
|F 2 (the numerator of fout(h, n). We541

then look at the cosine between two heads’ write operators, computed in matrix-Frobenius geometry:542

s(h, h′, n) =

〈
M

(n)
h M

(n)
h′

〉
F

|M(n)
h |F · |M(n)

h′ |F
; (33)

where ⟨A,B⟩F is the the inner product of the matrices viewed as vectors in Rdmodel·2.543
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Figure 10: The importance of attention weights to loss decay with lag. We measure the cumulative
impact on loss of ablating attention weights Ad,s for all τ = d − s ≥ τ∗. We then use this to
determine the threshold τ for our attention decay fits. Bar heights are mean values over 8 model
seeds.

F Additional Experiment Details544

See Figs. 10 and 11 for details.545

G Weight initialization and attention structure546

The experiments in the main text use an initialization range of 0.02 (uniform U(−0.02, 0.02) for547

all weight matrices). Here we investigate how initialization scale affects both the final loss and the548

structure of the learned attention patterns.549

G.1 Background: rich vs. lazy learning550

The scale of weight initialization determines whether a neural network operates in the rich (feature551

learning) or lazy (kernel) regime Dominé et al. [2025] Geiger et al. [2020]. At small initialization,552

the network starts with negligible structure and the optimizer builds representations from scratch553

— weights move far from their initial values and the learned features bear no resemblance to the554

random initialization. At large initialization, the initial random structure is amplified: gradients refine555

rather than replace the existing weight configuration, and the network stays closer to its initialization556

throughout training.557

For attention, this distinction has a concrete consequence. At small initialization, the QK dot products558

are near zero, so softmax produces near-uniform attention patterns. The optimizer has an easier time559
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Figure 11: For ζ1 = 0.5 and ζ2 = −0.5, we see in (a) that loss initially reduces most for the positive
factor. However, (b) shows that the attention heads converge to a polysemantic and collaborative
solution quickly, which they must to further reduce loss for both factors.

changing these to match the spectral structure predicted by the constrained belief update framework.560

At large initialization, the QK dot products are large, so softmax produces sharp, random attention561

patterns from the start. The OV circuit adapts to make use of whatever temporal structure the562

random initialization provides, but the QK circuit — whose gradients through softmax are small563

when attention is already saturated — has limited ability to reshape these patterns.564

G.2 Experimental setup565

We compare two initialization scales across all five configurations from Table 1:566

• Small init (init range = 0.02): the setting used throughout the main text.567

• Default init (TransformerLens default): substantially larger initialization scale.568

All other hyperparameters are held fixed. For each configuration and initialization scale, we train 8569

models with different random seeds.570

G.3 Results: loss571

Table 2 compares the final KL divergence between the two initialization scales. Models trained with572

small initialization consistently achieve lower loss across all five configurations. The gap is most573

pronounced for configurations requiring compositional attention, where the QK circuit must learn574

structured non-monotonic patterns that the random initialization does not provide.575

Table 2: Final DKL (nats, mean ± std across seeds) for small vs. default initialization. H: number
of heads. The ratio column shows how many times worse the large initialization is. Configurations
requiring compositional attention (negative eigenvalues) are most affected. Not only is loss worse on
average, the variance is much more extreme.

Configuration H Small init (0.02) Default init Ratio

Identical positive 1 0.00039± 0.00001 0.00045± 0.00001 1.14×
Distinct positive 2 0.00018± 0.00001 0.00034± 0.00004 1.96×
Distinct mag., ± (2H) 2 0.00030± 0.00001 0.00040± 0.00001 1.36×
Distinct mag., ± (3H) 3 0.00029± 0.00001 0.00049± 0.00008 1.69×
Same magnitude, ± 2 0.00028± 0.00001 0.00091± 0.00026 3.29×
Identical negative 2 0.00016± 0.00000 0.00106± 0.00062 6.78×
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G.4 Results: raw and effective attention576

The loss difference is explained by the quality of the learned temporal dynamics. Figure 12 shows577

our predictive framework applied to higher initialization.578

Figure 12: At larger initializations, the model fails to converge to optimal solutions. (a): Compared
to the main text, we here see a much more inconsistent pattern, where sometimes adding additional
heads will even worsen the model, as it gets stuck in a worse setting during optimization. (b):
Effective-attention reveals that for some configurations, the models simply do not learn the correct
patterns. We see that the cases with the worst matches are exactly the ones with the largest increase
in loss from table 2. (c): Our metrics show evidence of much more degenerate solutions. For the 2
worst cases, we have high polysemy yet low collaboration, indicating a dead head in the model and
therefore effectively an underparameterized architecture.

With small initialization, attention patterns achieve high R2 to the predicted candidate patterns across579

all configurations (consistent with the main text results). With default initialization, the R2 is lower —580

the patterns show exponential-like decay but at rates that deviate from the eigenvalues of the data581

generator. This is consistent with the rich/lazy distinction: small initialization allows the QK circuit582

to learn the precise spectral structure from scratch, while large initialization locks in approximate583

patterns early in training that the optimizer cannot fully correct.584

G.5 Interpretation585

These results connect to the gauge freedom framework in two ways. First, they show that the degrees586

of freedom in how attention distributes computation are not merely theoretical — the initialization587

scale shifts which point in the solution space the optimizer finds, with small initialization favoring588

specialized solutions and large initialization favoring more entangled configurations where no head589

cleanly matches a single predicted pattern.590

Second, the loss degradation at large initialization suggests that not all points in the solution space are591

equally accessible to gradient descent. The spectral theory predicts a family of equivalent solutions,592

but the QK parameterization’s inductive bias — shaped by the softmax saturation at large initial593

weights — restricts which solutions the optimizer can reach. The gauge freedom is real in the loss594

landscape but constrained in practice by the training dynamics.595

H Conic vs. eigenmode decomposition596

The conic analysis (Appendix J) establishes that the distinct magnitude ± configuration (ζ1 = +0.70,597

ζ2 = −0.50) admits solutions at both H = 2 (Hmin, the conic minimum) and H = 3 (Hmin(mode),598

the eigenmode prediction). Both achieve equivalent loss (Figure 7a), but they implement the compu-599

tation in qualitatively different ways.600

H.1 Two heads: conic decomposition601

At H = 2, the model cannot assign one head per eigenvalue. There are two eigenvalues but one is602

negative, requiring sign-alternating contributions that a single non-negative pattern cannot produce.603

Instead, the model finds a conic solution: both heads learn non-standard attention patterns that are604
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individually difficult to interpret, but whose linear combination through the OV coupling recovers the605

correct per-factor decay rates.606

Figure 7b shows that for the 2-head case (D±
h=2), the raw attention R2 is low for both factors. No607

head cleanly implements either 0.7k or the even/odd pattern for (−0.5)k. However, the effective608

subspace attention R2 is high: the OV coupling successfully unmixes the heads’ contributions to609

recover both ζd−s
1 and ζd−s

2 .610

This is the conic decomposition in action. The two heads’ patterns are non-negative elements in the611

feasibility cone (Definition 49), and the coupling matrix decomposes them into the target eigenvalue612

decays. This requires that no head is fully specialized; all heads must collaborate on all factors.613

H.2 Three heads: eigenmode decomposition614

At H = 3, the model has enough capacity to assign one head per spectral role: one head implementing615

the positive decay, one implementing the even-offset pattern and one implementing the odd-offset616

pattern.617

Figure 7b confirms this: for the 3-head case (D±
h=3), the raw attention R2 for the positive 0.7 factor618

is much higher, despite loss being equivalent. The model finds it useful to allocate a head primarily619

to serving exponential decay. There is, however, also higher variance in this metric than for the620

other cases. The model effectively has a head more than it needs, meaning there is a larger space621

of equivalent solutions it can find. It has less pressure to implement the exact attention maps. The622

hard requirement that 2 heads must implement the negative eigenvalue remains, and as such we need623

effective attention to recover the contribution to the 2nd factor.624

H.3 Implications625

The crucial observation is that both solutions implement the same per-factor belief update. The626

residual stream at resid_mid contains the same constrained predictive geometry in both cases, and627

both achieve equivalent loss. The difference is purely in legibility: the 3-head eigenmode solution628

admits a slightly more directly interpretable solution, while the 2-head conic solution is completely629

opaque just from the attention maps.630

These findings reveal that the opaqueness of raw attention maps can come from multiple sources:631

in some cases, the model may be taking advantage of degrees of freedom and in others, there may632

simply exist a minimal decomposition of the mechanism that admits no clearly interpretable map.633

I The structure of our training data: A process with two non-Markovian634

factors635

Throughout this paper, we use non-Markovian training data sampled from an ergodic source composed636

of two independent factors to assess how the transformer would learn to represent and predict tokens637

from a simple "world" made of parts. Here each part is a particular three-state HMM from the638

parametrized Mess3 family.639

I.1 A Mess3 factor640

The Mess3 process Marzen and Crutchfield [2017], Shai et al. [2024], Piotrowski et al. [2025] has641

three hidden states and three observable tokens Z = {0, 1, 2}. Since Mess3 is a 3-state HMM, its642

local predictive vectors live in a 2-simplex. This 2-simplex corresponds to the set of probability643

distributions over the three hidden states.644

The Mess3 process is defined by two parameters, which can be interpreted as a latent-transition645

probability p ∈ (0, 1/2] and observation fidelity q ∈ [0, 1], with dependent quantities β = (1− q)/2646

and y = 1− 2p.1647

1In previous publications, p and q were denoted by x and α respectively. We use p and q here to avoid a serious internal
conflict of notation.
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The labeled transition matrices are:648

T (0) =

[
qy βp βp
qp βy βp
qp βp βy

]
(34)

T (1) =

[
βy qp βp
βp qy βp
βp qp βy

]
(35)

T (2) =

[
βy βp qp
βp βy qp
βp βp qy

]
. (36)

The net transition matrix649

T = T (0) + T (1) + T (2) = (q + 2β)

[
1− 2p p p

p 1− 2p p
p p 1− 2p

]
(37)

has a uniform stationary distribution π = πT = 1
3 [1 1 1], and a stationary right eigenstate of650

1 = T1 = [1 1 1]
⊤.651

Besides the stationary eigenvalue of 1, the net transition matrix T has eigenvalue ζ = 1 − 3p,652

which has (algebraic and geometric) multiplicity of 2 for p ∈ (0, 1/2] \ {1/3}. (Notice that Mess3653

degenerates into a memoryless fair coin at p = 1/3.)654

The spectral projection operator associated with stationarity is P1 = 1π. The spectral projection655

operator associated with ζ is Pζ = I − P1 = I − 1π. Note that these satisfy the eigen-relation656

PλT = TPλ = λPλ, are orthonormal PλPξ = Pλδλ,ξ, and form a decomposition of the identity657 ∑
λ∈ΛT

Pλ = I . Accordingly, they form not only a decomposition of the net latent transition658

operator T =
∑

λ∈ΛT
λPλ, but also an eigen-decomposition of powers of T , such that Tn =659 ∑

λ∈ΛT
λnPλ = 1π+ζnPζ . Note that Tn corresponds to the cummulative latent transition dynamic660

when marginalizing over observed symbols for n time steps.661

I.2 The joint dynamic662

The minimal HMM capable of generating the probabilistic structure of the training sequences is a663

9-state HMM obtained via the tensor product of two constituent Mess3 transition matrices:664

T (x) = T
(z(1))
1 ⊗ T

(z(2))
2 for x = z(1) + 3z(2) . (38)

Practically, training sequences are generated by running two HMMs in parallel and, based on the665

outputs of the two consituent HMMs, producing a token x ∈ X = {m}8m=0 at each timestep, where666

each token corresponds to a unique (z(1), z(2)) pair.667

J Minimum Architectural Requirement668

J.1 Minimum Architecture669

For a factored process, let each factor m have stationary distribution πm, transition matrix Tm, and670

non-stationary decay eigenvalue ζm. In Mess3, each factor has a two-dimensional non-stationary671

displacement space—the plane of the 2-simplex. Since the two non-stationary eigenvalues are equal,672

any vector in the plane of the simplex is an eigenstate of Tm associated with eigenvalue ζm. Thus lag673

propagation acts as a scalar on the entire displacement space:674

ymT k
m = ζkmym (39)

for any non-stationary displacement ym = ηm − πm of factor m. Hence, for a source token zs and675

lag k = d− s, the contribution to factor m can be written as676

ζkm gm(z(m)
s ), (40)
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where gm(z
(m)
s ) is the token-dependent displacement direction in the factor-m subspace.677

For two factors, write these two token-dependent displacement directions induced by the source token678

as679

u = g1(z
(1)
s ), v = g2(z

(2)
s ). (41)

Because the belief readout is factorized, the residual displacement decomposes as a direct sum of680

factor-wise displacements. Therefore the required lag-k update has the idealized form681

pk = ζk1u+ ζk2v . (42)

Using (u,v) as coordinates, this becomes the lag-update curve682

pk = (ζk1 , ζ
k
2 ) ∈ R2. (43)

We now ask how many attention heads are needed to express this family of updates under an idealized683

OV coupling model. The OV circuit of each head defines how strongly that head writes into the684

displacement subspace of each factor. In the two-factor case, collect these fixed OV couplings into a685

heads-by-factors matrix686

B =


b1,1 b1,2
b2,1 b2,2

...
...

bH,1 bH,2

 . (44)

The h-th row687

bh = (bh,1, bh,2) (45)

is the factor-space write direction supplied by the OV circuit of head h. Equivalently, in the original688

residual space, head h’s relevant OV contribution is idealized as689

bh,1u+ bh,2v . (46)

The attention mechanism supplies a lag-dependent nonnegative scalar Ah(k) ≥ 0 for each head.690

Thus the total update expressible by H heads has factor coordinates691

pk = B⊤A(k) =

H∑
h=1

Ah(k)

(
bh,1
bh,2

)
, Ah(k) ≥ 0. (47)

This separates the two roles: the OV circuits supply fixed factor-write directions, while the QK/atten-692

tion circuits supply the lag-dependent nonnegative coefficients. A single head can vary how much it693

writes as a function of lag, but its relative coupling to the two factors is fixed by its OV row.694

Therefore, under this conic OV-coupling abstraction, the relevant head-count quantity is not simply the695

number of eigenvalues or factors. It is the minimum number of OV coupling rays whose nonnegative696

cone contains the finite lag-update set697 {
(ζk1 , ζ

k
2 ) : k ≥ 0

}
. (48)

Equivalently,698

Hmin = min
{
H :

{
(ζk1 , ζ

k
2 ) : k ≥ 0

}
⊆ cone(b1, . . . , bH)

}
. (49)

This is a capacity calculation for the OV geometry. It assumes that the OV maps can realize699

the required factor-level coupling directions, while the attention mechanism must still learn the700

corresponding lag-dependent coefficients Ah(k). Thus the transformer need not assign one head to701

each factor or to each eigenvalue. Instead, it may learn a conic decomposition of the spectral update702

geometry. Whether the transformer prefers this solution in practice is examined in section H.703

Applying the rule above to our different configurations yields table 3 (partially copied from the704

experiments section).705
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Table 3: Minimum head count under different two-eigenvalue configurations.

Configuration Lag-update geometry Hmin

+ζ1,+ζ2, |ζ1| ̸= |ζ2| Curve in positive quadrant 2
+ζ1,+ζ1 Single ray 1
+ζ1,−ζ1 Two parity rays in half-plane 2
+ζ1,−ζ2, |ζ1| ̸= |ζ2| Two parity branches in half-plane 2
−ζ1,−ζ1 One line through origin 2
−ζ1,−ζ2, |ζ1| ̸= |ζ2| Curve in alternating quadrants 3

Figure 13: For ζ1 = 0.7, ζ2 = 0.4, regressing from the individual heads + the sum of both heads to
the constrained belief simplex shows strong alignment between each head and a specific geometry.

K Belief State Geometry706

To visualize how individual heads contribute to the constrained belief geometry, we regress from707

partial attention-layer outputs to the ground-truth factored constrained belief state. Let xpre
d denote the708

residual stream before the attention layer at destination position d, and let o(h)d denote the OV-routed709

output of head h at the same position. For a two-head model, we construct three activation sets:710

x
(1)
d = xpre

d + o
(1)
d , x

(2)
d = xpre

d + o
(2)
d , x

(1,2)
d = xpre

d + o
(1)
d + o

(2)
d .

These correspond to adding only head 1, only head 2, or both heads to the pre-attention residual711

stream.712

For each activation set S ∈ {1, 2, (1, 2)}, we fit a linear map713

r̂Sd = WSx
S
d + bS

to predict the factored constrained belief state. In the two-factor Mess3 setting, each factor has a714

three-dimensional constrained belief vector, so the regression target is715

rfactd = [r
(0)
d ; r

(1)
d ] ∈ R6.

For visualization, we plot the recovered belief for each factor separately. Each three-dimensional716

factor belief is mapped to RGB coordinates, so points with similar inferred beliefs have similar colors.717

Comparing the regressions from x
(1)
d , x(2)

d , and x
(1,2)
d lets us see whether the constrained belief718

geometry is linearly recoverable from individual head contributions or only from their sum.719

For the 2 cases we walked through in the main body, ζ1 = 0.7, ζ2 = 0.4 and ζ1 = 0.5, ζ2 = −0.5,720

we show here the per-head and combined regressions to the belief state geometry in figures 13 and 14.721

L Experiment details722

L.1 Model hyperparameters723

We train pre-norm, decoder-only transformers on next-token prediction with cross-entropy loss.724

We use a single attention layer, sequence length of 11 (including BOS token), batch size of 128,725
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Figure 14: For ζ1 = 0.5, ζ2 = −0.5, regressing from the individual heads + the sum of both heads to
the constrained belief simplex shows that no head is strongly responsible for specific ground truth
geometry. In fact, both geometries require both heads.

dmodel = 120, dhead = dmodel // nheads, and dMLP = 4 · dmodel. We use the Adam optimizer with a726

learning rate of 5e− 4 and train for 100,000 steps.727

L.2 Compute728

We trained on Nvidia H100 GPUs. No model at any point during training took up more than 10GB of729

total GPU memory, and every model required less than 20 minutes of training.730

L.3 Mess3 parameters731

Table 4: Mess3 parameters for each two-factor configuration. For each factor, the transition parameter
is determined by p = (1− ζ)/3, and the emission parameter is fixed to q = 0.6.

Configuration ζ1 ζ2 p1 p2 q1 q2

Distinct positive +0.7 +0.4 0.1 0.2 0.6 0.6
Identical positive +0.7 +0.7 0.1 0.1 0.6 0.6
Same magnitude, mixed sign +0.5 −0.5 1/6 0.5 0.6 0.6
Distinct magnitude, mixed sign +0.7 −0.5 0.1 0.5 0.6 0.6
Identical negative −0.5 −0.5 0.5 0.5 0.6 0.6
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NeurIPS Paper Checklist732

1. Claims733

Question: Do the main claims made in the abstract and introduction accurately reflect the734

paper’s contributions and scope?735

Answer: [Yes]736

Justification: [TODO]737

Guidelines:738

• The answer [N/A] means that the abstract and introduction do not include the claims739

made in the paper.740

• The abstract and/or introduction should clearly state the claims made, including the741

contributions made in the paper and important assumptions and limitations. A [No] or742

[N/A] answer to this question will not be perceived well by the reviewers.743

• The claims made should match theoretical and experimental results, and reflect how744

much the results can be expected to generalize to other settings.745

• It is fine to include aspirational goals as motivation as long as it is clear that these goals746

are not attained by the paper.747

2. Limitations748

Question: Does the paper discuss the limitations of the work performed by the authors?749

Answer: [Yes]750

Justification: [TODO]751

Guidelines:752

• The answer [N/A] means that the paper has no limitation while the answer [No] means753

that the paper has limitations, but those are not discussed in the paper.754

• The authors are encouraged to create a separate “Limitations” section in their paper.755

• The paper should point out any strong assumptions and how robust the results are to756

violations of these assumptions (e.g., independence assumptions, noiseless settings,757

model well-specification, asymptotic approximations only holding locally). The authors758

should reflect on how these assumptions might be violated in practice and what the759

implications would be.760

• The authors should reflect on the scope of the claims made, e.g., if the approach was761

only tested on a few datasets or with a few runs. In general, empirical results often762

depend on implicit assumptions, which should be articulated.763

• The authors should reflect on the factors that influence the performance of the approach.764

For example, a facial recognition algorithm may perform poorly when image resolution765

is low or images are taken in low lighting. Or a speech-to-text system might not be766

used reliably to provide closed captions for online lectures because it fails to handle767

technical jargon.768

• The authors should discuss the computational efficiency of the proposed algorithms769

and how they scale with dataset size.770

• If applicable, the authors should discuss possible limitations of their approach to771

address problems of privacy and fairness.772

• While the authors might fear that complete honesty about limitations might be used by773

reviewers as grounds for rejection, a worse outcome might be that reviewers discover774

limitations that aren’t acknowledged in the paper. The authors should use their best775

judgment and recognize that individual actions in favor of transparency play an impor-776

tant role in developing norms that preserve the integrity of the community. Reviewers777

will be specifically instructed to not penalize honesty concerning limitations.778

3. Theory assumptions and proofs779

Question: For each theoretical result, does the paper provide the full set of assumptions and780

a complete (and correct) proof?781

Answer: [Yes]782
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Justification: [TODO]783

Guidelines:784

• The answer [N/A] means that the paper does not include theoretical results.785

• All the theorems, formulas, and proofs in the paper should be numbered and cross-786

referenced.787

• All assumptions should be clearly stated or referenced in the statement of any theorems.788

• The proofs can either appear in the main paper or the supplemental material, but if789

they appear in the supplemental material, the authors are encouraged to provide a short790

proof sketch to provide intuition.791

• Inversely, any informal proof provided in the core of the paper should be complemented792

by formal proofs provided in appendix or supplemental material.793

• Theorems and Lemmas that the proof relies upon should be properly referenced.794

4. Experimental result reproducibility795

Question: Does the paper fully disclose all the information needed to reproduce the main ex-796

perimental results of the paper to the extent that it affects the main claims and/or conclusions797

of the paper (regardless of whether the code and data are provided or not)?798

Answer: [Yes]799

Justification: [TODO]800

Guidelines:801

• The answer [N/A] means that the paper does not include experiments.802

• If the paper includes experiments, a [No] answer to this question will not be perceived803

well by the reviewers: Making the paper reproducible is important, regardless of804

whether the code and data are provided or not.805

• If the contribution is a dataset and/or model, the authors should describe the steps taken806

to make their results reproducible or verifiable.807

• Depending on the contribution, reproducibility can be accomplished in various ways.808

For example, if the contribution is a novel architecture, describing the architecture fully809

might suffice, or if the contribution is a specific model and empirical evaluation, it may810

be necessary to either make it possible for others to replicate the model with the same811

dataset, or provide access to the model. In general. releasing code and data is often812

one good way to accomplish this, but reproducibility can also be provided via detailed813

instructions for how to replicate the results, access to a hosted model (e.g., in the case814

of a large language model), releasing of a model checkpoint, or other means that are815

appropriate to the research performed.816

• While NeurIPS does not require releasing code, the conference does require all submis-817

sions to provide some reasonable avenue for reproducibility, which may depend on the818

nature of the contribution. For example819

(a) If the contribution is primarily a new algorithm, the paper should make it clear how820

to reproduce that algorithm.821

(b) If the contribution is primarily a new model architecture, the paper should describe822

the architecture clearly and fully.823

(c) If the contribution is a new model (e.g., a large language model), then there should824

either be a way to access this model for reproducing the results or a way to reproduce825

the model (e.g., with an open-source dataset or instructions for how to construct826

the dataset).827

(d) We recognize that reproducibility may be tricky in some cases, in which case828

authors are welcome to describe the particular way they provide for reproducibility.829

In the case of closed-source models, it may be that access to the model is limited in830

some way (e.g., to registered users), but it should be possible for other researchers831

to have some path to reproducing or verifying the results.832

5. Open access to data and code833

Question: Does the paper provide open access to the data and code, with sufficient instruc-834

tions to faithfully reproduce the main experimental results, as described in supplemental835

material?836
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Answer: [Yes]837

Justification: [TODO]838

Guidelines:839

• The answer [N/A] means that paper does not include experiments requiring code.840

• Please see the NeurIPS code and data submission guidelines (https://neurips.cc/841

public/guides/CodeSubmissionPolicy) for more details.842

• While we encourage the release of code and data, we understand that this might not843

be possible, so [No] is an acceptable answer. Papers cannot be rejected simply for not844

including code, unless this is central to the contribution (e.g., for a new open-source845

benchmark).846

• The instructions should contain the exact command and environment needed to run to847

reproduce the results. See the NeurIPS code and data submission guidelines (https:848

//neurips.cc/public/guides/CodeSubmissionPolicy) for more details.849

• The authors should provide instructions on data access and preparation, including how850

to access the raw data, preprocessed data, intermediate data, and generated data, etc.851

• The authors should provide scripts to reproduce all experimental results for the new852

proposed method and baselines. If only a subset of experiments are reproducible, they853

should state which ones are omitted from the script and why.854

• At submission time, to preserve anonymity, the authors should release anonymized855

versions (if applicable).856

• Providing as much information as possible in supplemental material (appended to the857

paper) is recommended, but including URLs to data and code is permitted.858

6. Experimental setting/details859

Question: Does the paper specify all the training and test details (e.g., data splits, hyperpa-860

rameters, how they were chosen, type of optimizer) necessary to understand the results?861

Answer: [Yes]862

Justification: [TODO]863

Guidelines:864

• The answer [N/A] means that the paper does not include experiments.865

• The experimental setting should be presented in the core of the paper to a level of detail866

that is necessary to appreciate the results and make sense of them.867

• The full details can be provided either with the code, in appendix, or as supplemental868

material.869

7. Experiment statistical significance870

Question: Does the paper report error bars suitably and correctly defined or other appropriate871

information about the statistical significance of the experiments?872

Answer: [Yes]873

Justification: [TODO]874

Guidelines:875

• The answer [N/A] means that the paper does not include experiments.876

• The authors should answer [Yes] if the results are accompanied by error bars, confidence877

intervals, or statistical significance tests, at least for the experiments that support the878

main claims of the paper.879

• The factors of variability that the error bars are capturing should be clearly stated (for880

example, train/test split, initialization, random drawing of some parameter, or overall881

run with given experimental conditions).882

• The method for calculating the error bars should be explained (closed form formula,883

call to a library function, bootstrap, etc.)884

• The assumptions made should be given (e.g., Normally distributed errors).885

• It should be clear whether the error bar is the standard deviation or the standard error886

of the mean.887
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• It is OK to report 1-sigma error bars, but one should state it. The authors should888

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis889

of Normality of errors is not verified.890

• For asymmetric distributions, the authors should be careful not to show in tables or891

figures symmetric error bars that would yield results that are out of range (e.g., negative892

error rates).893

• If error bars are reported in tables or plots, the authors should explain in the text how894

they were calculated and reference the corresponding figures or tables in the text.895

8. Experiments compute resources896

Question: For each experiment, does the paper provide sufficient information on the com-897

puter resources (type of compute workers, memory, time of execution) needed to reproduce898

the experiments?899

Answer: [Yes]900

Justification: [TODO]901

Guidelines:902

• The answer [N/A] means that the paper does not include experiments.903

• The paper should indicate the type of compute workers CPU or GPU, internal cluster,904

or cloud provider, including relevant memory and storage.905

• The paper should provide the amount of compute required for each of the individual906

experimental runs as well as estimate the total compute.907

• The paper should disclose whether the full research project required more compute908

than the experiments reported in the paper (e.g., preliminary or failed experiments that909

didn’t make it into the paper).910

9. Code of ethics911

Question: Does the research conducted in the paper conform, in every respect, with the912

NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?913

Answer: [Yes]914

Justification: [TODO]915

Guidelines:916

• The answer [N/A] means that the authors have not reviewed the NeurIPS Code of917

Ethics.918

• If the authors answer [No], they should explain the special circumstances that require a919

deviation from the Code of Ethics.920

• The authors should make sure to preserve anonymity (e.g., if there is a special consid-921

eration due to laws or regulations in their jurisdiction).922

10. Broader impacts923

Question: Does the paper discuss both potential positive societal impacts and negative924

societal impacts of the work performed?925

Answer: [N/A]926

Justification: This paper is primarily theoretical and mechanistic. It studies transformers in927

a controlled synthetic setting where the data-generating process and target computations928

are analytically specified, with the goal of understanding when attention heads should or929

should not be interpreted as computational units. The work does not introduce a deployed930

system, application-specific model, dataset involving people, or new capability intended931

for real-world decision-making or content generation. We therefore do not identify a direct932

path to specific positive or negative societal impacts beyond the broad and indirect effects of933
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Guidelines:935

• The answer [N/A] means that there is no societal impact of the work performed.936

• If the authors answer [N/A] or [No], they should explain why their work has no societal937

impact or why the paper does not address societal impact.938
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• Examples of negative societal impacts include potential malicious or unintended uses939

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations940

(e.g., deployment of technologies that could make decisions that unfairly impact specific941

groups), privacy considerations, and security considerations.942

• The conference expects that many papers will be foundational research and not tied943

to particular applications, let alone deployments. However, if there is a direct path to944

any negative applications, the authors should point it out. For example, it is legitimate945

to point out that an improvement in the quality of generative models could be used to946

generate Deepfakes for disinformation. On the other hand, it is not needed to point out947
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technology is being used as intended but gives incorrect results, and harms following952

from (intentional or unintentional) misuse of the technology.953

• If there are negative societal impacts, the authors could also discuss possible mitigation954

strategies (e.g., gated release of models, providing defenses in addition to attacks,955

mechanisms for monitoring misuse, mechanisms to monitor how a system learns from956

feedback over time, improving the efficiency and accessibility of ML).957

11. Safeguards958

Question: Does the paper describe safeguards that have been put in place for responsible959

release of data or models that have a high risk for misuse (e.g., pre-trained language models,960

image generators, or scraped datasets)?961

Answer: [N/A]962

Justification: [TODO]963

Guidelines:964

• The answer [N/A] means that the paper poses no such risks.965

• Released models that have a high risk for misuse or dual-use should be released with966

necessary safeguards to allow for controlled use of the model, for example by requiring967

that users adhere to usage guidelines or restrictions to access the model or implementing968

safety filters.969

• Datasets that have been scraped from the Internet could pose safety risks. The authors970

should describe how they avoided releasing unsafe images.971

• We recognize that providing effective safeguards is challenging, and many papers do972

not require this, but we encourage authors to take this into account and make a best973

faith effort.974

12. Licenses for existing assets975

Question: Are the creators or original owners of assets (e.g., code, data, models), used in976

the paper, properly credited and are the license and terms of use explicitly mentioned and977

properly respected?978

Answer: [N/A]979

Justification: [TODO]980

Guidelines:981

• The answer [N/A] means that the paper does not use existing assets.982

• The authors should cite the original paper that produced the code package or dataset.983

• The authors should state which version of the asset is used and, if possible, include a984

URL.985

• The name of the license (e.g., CC-BY 4.0) should be included for each asset.986

• For scraped data from a particular source (e.g., website), the copyright and terms of987

service of that source should be provided.988

• If assets are released, the license, copyright information, and terms of use in the989

package should be provided. For popular datasets, paperswithcode.com/datasets990

has curated licenses for some datasets. Their licensing guide can help determine the991

license of a dataset.992
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• For existing datasets that are re-packaged, both the original license and the license of993

the derived asset (if it has changed) should be provided.994

• If this information is not available online, the authors are encouraged to reach out to995

the asset’s creators.996

13. New assets997

Question: Are new assets introduced in the paper well documented and is the documentation998

provided alongside the assets?999

Answer: [Yes]1000

Justification: [TODO]1001

Guidelines:1002

• The answer [N/A] means that the paper does not release new assets.1003

• Researchers should communicate the details of the dataset/code/model as part of their1004
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limitations, etc.1006

• The paper should discuss whether and how consent was obtained from people whose1007

asset is used.1008

• At submission time, remember to anonymize your assets (if applicable). You can either1009

create an anonymized URL or include an anonymized zip file.1010

14. Crowdsourcing and research with human subjects1011

Question: For crowdsourcing experiments and research with human subjects, does the paper1012

include the full text of instructions given to participants and screenshots, if applicable, as1013

well as details about compensation (if any)?1014

Answer: [N/A]1015

Justification: [TODO]1016

Guidelines:1017

• The answer [N/A] means that the paper does not involve crowdsourcing nor research1018

with human subjects.1019

• Including this information in the supplemental material is fine, but if the main contribu-1020

tion of the paper involves human subjects, then as much detail as possible should be1021

included in the main paper.1022

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,1023

or other labor should be paid at least the minimum wage in the country of the data1024

collector.1025

15. Institutional review board (IRB) approvals or equivalent for research with human1026

subjects1027

Question: Does the paper describe potential risks incurred by study participants, whether1028

such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)1029

approvals (or an equivalent approval/review based on the requirements of your country or1030

institution) were obtained?1031

Answer: [N/A]1032

Justification: [TODO]1033
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• The answer [N/A] means that the paper does not involve crowdsourcing nor research1035

with human subjects.1036

• Depending on the country in which research is conducted, IRB approval (or equivalent)1037

may be required for any human subjects research. If you obtained IRB approval, you1038

should clearly state this in the paper.1039

• We recognize that the procedures for this may vary significantly between institutions1040

and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the1041

guidelines for their institution.1042

• For initial submissions, do not include any information that would break anonymity (if1043

applicable), such as the institution conducting the review.1044
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16. Declaration of LLM usage1045

Question: Does the paper describe the usage of LLMs if it is an important, original, or1046

non-standard component of the core methods in this research? Note that if the LLM is used1047

only for writing, editing, or formatting purposes and does not impact the core methodology,1048

scientific rigor, or originality of the research, declaration is not required.1049

Answer: [N/A]1050

Justification: [TODO]1051

Guidelines:1052

• The answer [N/A] means that the core method development in this research does not1053

involve LLMs as any important, original, or non-standard components.1054

• Please refer to our LLM policy in the NeurIPS handbook for what should or should not1055

be described.1056
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