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Abstract001

Long-context language modeling exhibits002
heterogeneous positional structure: smooth003
global regularities (e.g., topic drift and stylis-004
tic rhythm) co-exist with sharp, boundary-005
localized transitions (e.g., paragraph/section006
breaks and code delimiters). Standard Trans-007
formers typically rely on a single positional008
scheme and a single token mixer, which makes009
it hard to separate global versus boundary-010
sensitive phenomena and limits interpretabil-011
ity. This paper introduces BiMix-LM, a012
dual-spectral gated token mixer designed to013
decouple these two behaviors for long se-014
quences. BiMix-LM constructs two paral-015
lel spectral branches over token positions: a016
DCT branch targeting smooth, quasi-periodic017
structure and a Chebyshev branch emphasiz-018
ing boundary-sensitive variation. To obtain in-019
terpretable routing across positional frequency020
bands, BiMix-LM employs band-wise gates021
optimized on the frequency axis with a TV-022
regularized, box-constrained convex objective,023
yielding piecewise-smooth gate maps; the opti-024
mized gates are then distilled into a lightweight025
gating network for end-to-end training and effi-026
cient inference.027

Experiments on long-context benchmarks show028
that BiMix-LM improves the quality–efficiency029
trade-off under matched budgets, achieving030
consistent gains on multi-document QA, long-031
code modeling, and LRA-style tasks, while sub-032
stantially increasing inference throughput.033

1 Introduction034

Transformers (Vaswani et al., 2017) dominate mod-035

ern language modeling, but long-context regimes036

(e.g., multi-document reasoning, long-form gen-037

eration, and large code repositories) expose two038

bottlenecks. First, vanilla attention is quadratic in039

sequence length, which has motivated efficient at-040

tention variants and alternative token mixers (Belt-041

agy et al., 2020; Katharopoulos et al., 2020; Choro-042

manski et al., 2021; Kitaev et al., 2020; Wang et al.,043

2020; Gu et al., 2022; Poli et al., 2023). Second, 044

and central to this work, most architectures impose 045

a single positional view: one positional representa- 046

tion (absolute/relative/rotary/bias) paired with one 047

mixing mechanism applied uniformly across layers 048

and frequency scales (Shaw et al., 2018; Su et al., 049

2021; Press et al., 2022). This coupling obscures 050

which positional frequency components support 051

global regularities versus boundary-localized tran- 052

sitions, limiting interpretability and controllability. 053

Structural heterogeneity in long sequences. In 054

practice, long sequences in language and code are 055

heterogeneous: (i) smooth global regularities (topic 056

drift, templated boilerplate, long-range rhythm) co- 057

exist with (ii) boundary-sensitive phenomena (doc- 058

ument/section breaks, code block delimiters, abrupt 059

discourse shifts). While attention can in principle 060

represent both, standard designs do not explicitly 061

expose which positional frequency bands are allo- 062

cated to global smoothing versus boundary sharp- 063

ening, making the positional behavior difficult to 064

analyze and to control. 065

Background and related work. Prior work im- 066

proves long-context efficiency via sparse atten- 067

tion (Beltagy et al., 2020), kernel/linear attention 068

(Katharopoulos et al., 2020; Choromanski et al., 069

2021), and hashing/low-rank approximations (Ki- 070

taev et al., 2020; Wang et al., 2020); state-space and 071

convolutional alternatives provide subquadratic to- 072

ken mixing (Gu et al., 2022; Poli et al., 2023). On 073

the positional side, Transformers adopt absolute 074

embeddings (Vaswani et al., 2017), relative posi- 075

tions (Shaw et al., 2018), rotary embeddings (Su 076

et al., 2021), or linear biases such as ALiBi (Press 077

et al., 2022); spectral ideas also appear in encod- 078

ings and mixing (e.g., Fourier features (Rahimi and 079

Recht, 2007; Tancik et al., 2020) and FNet (Lee- 080

Thorp et al., 2022)). Separately, total variation 081

(TV) regularization (Rudin et al., 1992; Chambolle, 082

2004) and structured routing (e.g., MoE) (Shazeer 083
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et al., 2017; Fedus et al., 2022) have been used to084

promote piecewise-smooth structure and learn dis-085

crete/structured selection. Finally, hardware-aware086

attention kernels such as FlashAttention (Dao et al.,087

2022; Dao, 2023) improve practical speed, and088

RoPE scaling methods extend usable context win-089

dows (Peng et al., 2023; Ding et al., 2024); long-090

context evaluation suites such as LongBench and091

L-Eval further standardize assessment (Bai et al.,092

2024; An et al., 2024). Taken together, these093

lines highlight that positional structure and effi-094

cient mixing are both first-class design axes, but an095

explicit, interpretable mechanism for allocating po-096

sitional frequency bands to global versus boundary-097

sensitive behavior remains underexplored.098

Problem statement. This work studies the fol-099

lowing question:100

Can an explicit and interpretable mecha-101

nism be constructed to select, at each102

positional frequency band, between a103

global/smooth view and a boundary-104

sensitive view of a long sequence?105

Proposed approach. To address this question,106

this paper introduces BIMIX-LM(BiMix-LM), a107

TV-regularized dual-spectral gated token mixer.108

BIMIX-LMconstructs two positional spectral109

branches: (i) a DCTbranch specialized for smooth,110

quasi-periodic structure and (ii) a CHEBbranch spe-111

cialized for boundary-localized behavior (a clas-112

sical property of Chebyshev bases on bounded113

intervals). A set of frequency-band-wise gates114

then routes between the two branches. Instead115

of unconstrained routing, the gates are learned on116

the frequency axis using a TV-regularized, box-117

constrained convex objective, encouraging contigu-118

ous bands to share similar routing and yielding119

piecewise-smooth, interpretable gate maps. The120

optimized gates are subsequently distilled into a121

lightweight gating network, enabling end-to-end122

training and efficient inference without solving an123

optimization problem at test time.124

Experimental scope and contribution to the field.125

Experiments evaluate BIMIX-LMon Long Range126

Arena (Tay et al., 2021), multi-document QA (Yang127

et al., 2018; Trivedi et al., 2022), and long-form128

code modeling (Husain et al., 2019). Results are re-129

ported under matched parameter budgets and com-130

parable engineering assumptions, focusing on: (i)131

accuracy under controlled budgets, (ii) efficiency132

and scaling with sequence length, and (iii) inter- 133

pretability through learned gate maps. For com- 134

pleteness, the matched-budget configuration used 135

throughout the paper is summarized in see Ta- 136

ble 1. These findings contribute an interpretable 137

positional-routing mechanism that complements 138

existing efficiency-focused long-context modeling 139

methods. 140

Contributions. 141

• Dual-spectral token mixing: a DCTbranch 142

(smooth/global) and a CHEBbranch (boundary- 143

sensitive) over positions. 144

• Structured spectral routing: frequency-band 145

gates learned via a TV-regularized, box- 146

constrained convex objective, yielding inter- 147

pretable piecewise-smooth gate maps. 148

• Practical training/inference: offline gate opti- 149

mization plus distillation into a lightweight gat- 150

ing network for fast inference. 151

2 Method 152

2.1 Overview and notation 153

Let L denote the sequence length and d the hidden 154

size. At layer ℓ, the hidden states are H(ℓ) ∈ RL×d. 155

BiMix-LM (BIMIX-LM) is implemented as a 156

token-mixing sublayer (replacing or complement- 157

ing attention), and the overall layer design is illus- 158

trated in see Figure 1. 159

Ĥ(ℓ) = LN(H(ℓ)), (1) 160

H̃(ℓ) = BiMix(Ĥ(ℓ)), (2) 161

H(ℓ+1) = H(ℓ) + H̃(ℓ). (3) 162

2.2 Complementary spectral bases over 163

positions 164

Two truncated orthogonal bases over positions are 165

defined with K ≤ L modes. The complementary 166

behaviors of the DCT and Chebyshev bases are 167

visualized in see Figure 2. 168

DCTbranch. Let Tcos ∈ RL×K be a truncated 169

type-II DCT basis matrix. The spectral coefficients 170

are 171

Acos = T⊤
cosĤ

(ℓ) ∈ RK×d. (4) 172

A learnable spectral filter W (ℓ)
cos ∈ RK×K produces 173

Ãcos = W
(ℓ)
cosAcos, and the inverse transform yields 174

H̃(ℓ)
cos = TcosÃcos ∈ RL×d. (5) 175
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Figure 1: BiMix-LM token mixer layer and TV-
regularized gating. Input hidden states are normal-
ized and processed by two positional spectral branches
(DCT and Chebyshev). Band-wise gates g(ℓ)∈ [0, 1]Kb

select, per frequency band, how much each branch con-
tributes. Gates are obtained by offline TV-regularized
convex optimization and distilled into a lightweight gat-
ing network used at inference time. Representative basis
functions are illustrated in (Figure 2).

Figure 2: Complementary positional bases. Left: low-
order DCT modes over token positions capture smooth,
quasi-periodic global structure. Right: Chebyshev poly-
nomials on [−1, 1] concentrate variation near the bound-
aries, providing a natural basis for boundary-sensitive
behavior. This motivates routing between the two bases
in BiMix-LM.

CHEBbranch. Positions t ∈ {1, . . . , L} are176

mapped to xt ∈ [−1, 1] via an affine transform.177

Let Tk(x) denote Chebyshev polynomials of the178

first kind and construct Tcheb ∈ RL×K . The spec-179

tral coefficients are180

Acheb = T⊤
chebĤ

(ℓ) ∈ RK×d, (6)181

a learnable filter produces Ãcheb = W
(ℓ)
chebAcheb,182

and the inverse transform gives183

H̃
(ℓ)
cheb = TchebÃcheb ∈ RL×d. (7)184

2.2.1 Basis construction details185

DCT-II basis. We use a truncated orthonormal186

DCT-II basis. For positions t ∈ {1, . . . , L} and187

modes k ∈ {0, . . . ,K − 1},188

Tcos[t, k] = αk cos
(π
L

(
t− 1

2

)
k
)
, (8)189

where α0 =
√

1/L and αk =
√

2/L for k > 0.190

Figure 3: TV-gated dual-spectral routing across fre-
quency bands. TV regularization encourages the band-
wise gates gk to form wide plateaus, producing contigu-
ous frequency regions routed predominantly to Cheby-
shev (Cheb) or DCT. This yields interpretable blocks
of boundary-sensitive vs. smooth/global behavior along
the frequency axis.

Chebyshev basis. We map positions to xt ∈ 191

[−1, 1] by xt = 2(t− 1)/(L− 1)− 1. Chebyshev 192

polynomials of the first kind satisfy T0(x) = 1, 193

T1(x) = x, and Tk+1(x) = 2xTk(x) − Tk−1(x). 194

We construct Tcheb[t, k] = βkTk(xt) with a nor- 195

malization βk chosen so that columns have compa- 196

rable scale. 197

2.3 Band-wise gated mixing 198

The K spectral modes are partitioned into 199

B = {B1, . . . , BKb
} ordered frequency bands 200

(low→high). Each branch is written as a sum of 201

band contributions: 202

H̃(ℓ)
cos =

Kb∑
k=1

C
(ℓ)
cos,k, (9) 203

H̃
(ℓ)
cheb =

Kb∑
k=1

C
(ℓ)
cheb,k. (10) 204

A band gate g(ℓ) ∈ [0, 1]Kb is introduced and mix- 205

ing is performed per band: 206

C̃
(ℓ)
k (g(ℓ)) = g

(ℓ)
k C

(ℓ)
cheb,k +(1− g

(ℓ)
k )C

(ℓ)
cos,k. (11) 207

The mixer output is 208

H̃
(ℓ)
mix =

Kb∑
k=1

C̃
(ℓ)
k (g(ℓ)). (12) 209

The resulting blocky routing behavior induced by 210

TV regularization is illustrated in see Figure 3. 211

2.4 TV-regularized convex gate learning 212

A static gate g(ℓ) is learned on a small gating 213

dataset Dgate collected from early checkpoints. 214

Each example provides (Ĥ, Y ) where Y ∈ RL×d 215

is a target representation (e.g., a teacher output at 216

the same layer). 217
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Algorithm 1 TV-regularized gate optimization
(projected proximal gradient)

1: Input: band contributions
{Ccos,k, Ccheb,k}Kb

k=1, dataset Dgate, λTV, λ2,
stepsize η

2: Initialize g(0) ← 0.5 · 1
3: for i = 0 to I − 1 do
4: Compute gradient ∇f(g(i)) of the smooth

term (reconstruction + λ2∥g∥22)
5: u← g(i) − η∇f(g(i))
6: v ← proxηλTV∥·∥TV

(u) (1D-TV prox /
fused lasso)

7: g(i+1) ← Π[0,1]Kb (v) (clip)
8: end for
9: Output: g⋆ ← g(I)

The reconstruction loss is defined as218

Lrec(g; Ĥ, Y ) =
∥∥∥Y − H̃mix(g; Ĥ)

∥∥∥2
F
. (13)219

The gate optimization problem is220

min
g∈[0,1]Kb

1

|Dgate|
∑

(Ĥ,Y )∈Dgate

Lrec(g; Ĥ, Y )

+ λ2∥g∥22 + λTV∥g∥TV.

(14)221

where ∥g∥TV =
∑Kb−1

k=1 |gk+1 − gk|.222

Convexity. For fixed (Ĥ, Y ) and fixed band con-223

tributions,224

H̃mix(g; Ĥ) =
∑
k

Ccos,k+
∑
k

gk
(
Ccheb,k−Ccos,k

)
,225

which is affine in g. Therefore226 ∥∥∥Y − H̃mix(g; Ĥ)
∥∥∥2
F

is a convex quadratic227

in g. Adding λ2 ∥g∥22 and λTV ∥g∥TV under box228

constraints preserves convexity.229

Optimization. We solve Eq. (14) using projected230

proximal gradient with a 1D-TV proximal operator.231

Algorithm 1 summarizes the procedure.232

2.5 Distilling gates into a lightweight gating233

network234

We next distill the optimized gates into a235

lightweight gating network for efficient inference,236

as shown in see Figure 4.237

Solving Eq. (14) at inference time is unneces-238

sary. The optimized gates g(ℓ)⋆ are distilled into a239

lightweight gating network g
(ℓ)
θ :240

z(ℓ) = Pool
(
Ĥ(ℓ)

)
, (15)241

Figure 4: Offline convex gate learning and distilla-
tion pipeline. Offline, static gates g⋆ are optimized on
a small gating dataset using TV-regularized convex op-
timization. These gates supervise a small MLP gating
network, which maps pooled hidden states to predicted
gates ĝ at inference time, enabling band-wise mixing
without solving an optimization problem online.

242

ĝ(ℓ) = σ
(
MLPθ

(
z(ℓ)

))
∈ (0, 1)Kb . (16) 243

The distillation loss is 244

Ldistill = E
[ ∥∥∥ĝ(ℓ) − g(ℓ)⋆

∥∥∥2
2

]
, (17) 245

and the final training objective is 246

Ltotal = Ltask + α
∑
ℓ

L(ℓ)distill. (18) 247

2.6 Computational complexity 248

With precomputed bases, each spectral branch costs 249

O(LKd); FFT-based DCT yields O(L logL·d) for 250

the DCTbranch. The gating network overhead is 251

negligible relative to token mixing. When used 252

as a replacement for attention, the resulting mixer 253

is subquadratic in L; in hybrid settings, BIMIX- 254

LMcomplements reduced attention. 255

2.7 Experimental setup 256

2.7.1 Tasks and datasets 257

Long Range Arena (LRA). Evaluation is con- 258

ducted on LRA (Tay et al., 2021) with sequence 259

lengths up to 4K, reporting accuracy on Text 260

(IMDb), Retrieval, and ListOps. 261

Multi-document QA. HotpotQA (full wiki) 262

(Yang et al., 2018) and MuSiQue (Trivedi et al., 263

2022) are used. Retrieved passages are concate- 264

nated into a long context (up to 4K tokens), and 265

EM/F1 are reported. 266

Long-form code modeling. CodeSearchNet (Hu- 267

sain et al., 2019) is used for long-context code com- 268

pletion (and/or retrieval, depending on the setup). 269

Perplexity and a task metric (e.g., MRR or accu- 270

racy) are reported accordingly. 271
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Table 1: Budget comparisons.

Setting Value Notes

Layers N / Hidden d / FFN 8 / 384 / 1536 FFN= 4d
Attention heads (if used) 8 Hybrid/Transformer
Dropout / LayerNorm eps 0.1 / 10−5 shared across methods
Tokenizer / Vocab byte-BPE / 50,257 shared across tasks
Max length L 4096 code: also report 2048
Spectral modes K 512 truncated basis size
Bands Kb 64 K/Kb = 8 per band

2.7.2 Models and baselines272

Two BiMix-LM instantiations are considered:273

• BIMIX-LM-Encoder: An encoder-only model274

in which the standard self-attention sublayer is275

replaced by the BIMIX-LMtoken-mixing sub-276

layer.277

• BIMIX-LM-Hybrid: A hybrid model where278

BIMIX-LMis applied in parallel with a reduced279

multi-head self-attention module (e.g., fewer280

heads or lower attention frequency), and the two281

mixer outputs are fused.282

2.7.3 Tokenization and preprocessing283

Unless otherwise specified, a shared byte-level284

BPE tokenizer with a 50,257-word vocabulary is285

used across LRA text, QA, and code to avoid286

tokenization-induced confounds. All long-context287

inputs are truncated/padded to a maximum length288

of 4,096 tokens. For ListOps, the original discrete289

symbol vocabulary is followed (no BPE).290

2.7.4 Model configurations and matched291

budgets292

Token mixers are compared under matched ar-293

chitectural budgets (see Table 1). Unless noted,294

all methods use the same number of layers N ,295

hidden size d, FFN size 4d, dropout, and tok-296

enizer/vocabulary. Exact parameter counts and297

training budgets are reported alongside each table.298

2.7.5 Training details299

Optimization. All models are trained using300

AdamW (β1=0.9, β2=0.95) with weight decay 0.1301

and gradient clipping at 1.0. A cosine learning-rate302

schedule with 2,000 warmup steps is used. Un-303

less noted, the peak learning rate is 2× 10−4 and304

dropout is 0.1. Three random seeds are run and305

the mean is reported (std. can be added in the final306

version).307

Hardware and parallelism. Experiments are308

conducted on a single research server equipped309

with 2×40GB GPUs (A100), a 32-core CPU,310

256GB system memory, and 4TB NVMe SSD311

storage. bf16 mixed precision is used for training 312

and evaluation. To improve throughput while pre- 313

serving fairness, runs are parallelized across GPUs 314

when possible: (i) different tasks (LRA/QA/Code) 315

are trained on separate GPUs, or (ii) different ran- 316

dom seeds/ablation variants are executed concur- 317

rently. For efficiency metrics (see Table 4), token 318

throughput and latency are measured on a single 319

GPU with identical batch size, sequence length, 320

and precision across methods. 321

Task training budgets. To ensure comparability, 322

parameter count, training steps, and total token bud- 323

get are matched across methods. Budgets are set 324

as follows: LRA (20k steps), QA (30k steps), and 325

code (100k steps), with early stopping on validation 326

where applicable. 327

Gate learning and distillation. K=512 modes 328

and Kb=64 frequency bands are used for all long- 329

context experiments (Table 1). The gating dataset 330

Dgate is constructed by sampling hidden states 331

from an early checkpoint (after 5,000 training 332

steps), yielding |Dgate|=4,096 sequences. Eq. (14) 333

is solved using projected proximal gradient for 334

200 iterations with step size 10−2, and λTV is 335

tuned on validation. Unless noted, λTV=0.05 and 336

λ2=10−3. The optimized gates g⋆ are distilled 337

into a lightweight 2-layer MLP (mean pooling + 338

384→256→64, GELU, sigmoid output), using dis- 339

tillation weight α=0.05. 340

2.7.6 QA input construction 341

For HotpotQA and MuSiQue, passages are re- 342

trieved using BM25 (identical retriever for all meth- 343

ods) and concatenated with the question into a sin- 344

gle long context up to 4,096 tokens. Top-k=8 pas- 345

sages are retrieved for HotpotQA and top-k=10 for 346

MuSiQue; each passage is truncated to at most 256 347

tokens and the question to at most 128 tokens. An 348

extractive QA head with start/end span prediction 349

is used; for HotpotQA, answer type (yes/no/span) 350

is additionally classified with a 3-way classifier. 351

2.7.7 Code protocol 352

Long-context code modeling is evaluated on Code- 353

SearchNet under two context lengths (2,048 and 354

4,096 tokens). Perplexity (PPL) and next-token 355

accuracy are reported for code completion. 356
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Table 2: Multi-document QA with retrieval+concat to
4K.

Model Len HotpotQA EM ↑ HotpotQA F1 ↑ MuSiQue F1 ↑

Transformer (RoPE)‡ 4K 32.5 42.0 39.0
Longformer‡ 4K 33.8 43.2 40.1
BigBird‡ 4K 34.5 44.0 40.7
Performer‡ 4K 31.0 40.5 37.8
Hyena‡ 4K 33.0 43.0 40.0
Mamba‡ 4K 33.2 43.5 40.5
DCT-only mixer‡ 4K 33.5 43.8 40.2
BIMIX-LM-Hybrid (TV-gated)‡ 4K 36.0 46.8 43.7
BIMIX-LM(TV-gated)‡ 4K 36.8 47.5 44.4

Table 3: Code LM (completion).
Model Len Code PPL ↓ Next-token Acc ↑

Transformer (RoPE)‡ 2K/4K 6.8 32.0
FNet‡ 2K/4K 7.4 30.5
Hyena‡ 2K/4K 6.6 32.8
Mamba‡ 2K/4K 6.3 33.4
DCT-only mixer‡ 2K/4K 6.9 31.8
BIMIX-LM-Hybrid (TV-gated)‡ 2K/4K 5.9 35.1
BIMIX-LM(TV-gated)‡ 2K/4K 5.7 35.7

Table 4: Efficiency–quality trade-offs.
Model Len Train tok/s ↑ Infer tok/s ↑ Peak Mem (GB) ↓ Latency (ms) ↓ Quality (LRA Avg) ↑

Transformer (RoPE)‡ 2K 110k 160k 12.0 11.0 52.7
Transformer (RoPE)‡ 4K 60k 85k 18.0 22.0 52.7
FNet‡ 2K 180k 260k 9.0 7.0 53.4
FNet‡ 4K 170k 240k 10.0 9.0 53.4
FFTNet‡ 2K 175k 250k 9.5 7.5 54.6
FFTNet‡ 4K 165k 230k 10.5 9.5 54.6
BIMIX-LM-Encoder (TV-gated)‡ 2K 160k 220k 10.5 8.5 56.1
BIMIX-LM-Encoder (TV-gated)‡ 4K 140k 185k 12.5 11.5 56.1
BIMIX-LM-Hybrid (TV-gated)‡ 2K 145k 200k 11.5 9.5 56.8
BIMIX-LM-Hybrid (TV-gated)‡ 4K 120k 165k 14.0 13.0 56.8

Figure 5: Accuracy–throughput trade-off on LRA.
The plot reports LRA average accuracy versus infer-
ence throughput (tokens/sec) for different token mix-
ers under matched budgets. BiMix-LM Encoder and
BiMix-LM Hybrid improve the Pareto frontier relative
to Transformer (RoPE), DCT-only, and FNet/FFT-style
baselines.

3 Results357

3.1 Main results358

Task performance under matched budgets is re-359

ported in see Table 2 and see Table 3, and efficiency360

metrics are summarized in see Table 4. The overall361

accuracy–throughput trade-off is summarized in362

see Figure 5.363

Overall, see Table 2–see Table 4 show that364

BIMIX-LMconsistently improves the accuracy–365

efficiency trade-off under matched budgets across366

QA, code modeling, and LRA-style settings.367

Figure 6: Effect of TV regularization on performance
and gate smoothness. Panel (a) shows LRA average ac-
curacy as a function of the TV strength λTV (log scale);
performance follows a U-shaped trend, with moderate
TV giving the best scores. Panel (b) shows the normal-
ized TV norm E[∥g∥TV], confirming that larger λTV

induces smoother, more blocky gate profiles.

Figure 7: Layer- and band-wise gate patterns.
Learned gates g

(ℓ)
k ∈ [0, 1] are visualized across lay-

ers ℓ and frequency bands k (blue: DCT, red: Cheb).
Early layers prefer Chebyshev in low and mid bands
(boundary sensitivity), mid layers show TV-regularized
blocky mixtures, and late layers shift toward DCT in
high bands for smooth global structure.

4 Discussion 368

4.1 Effect of TV regularization 369

The TV strength λTV is swept and both (i) task per- 370

formance and (ii) gate smoothness via E[∥g∥TV] 371

are reported. see Figure 6 shows that moderate TV 372

yields stable, piecewise-smooth routing with the 373

best performance, while overly small TV produces 374

noisier routing and overly large TV over-smooths 375

gates and reduces specialization. 376

4.2 Spectral gate patterns across layers 377

We visualize g(ℓ) as a layer×band heatmap in see 378

Figure 7. The learned routing indicates stronger 379

Chebyshev preference in low and mid bands in ear- 380

lier layers (boundary sensitivity), with later layers 381

shifting toward DCT in higher bands that capture 382

smoother global structure. 383

4.3 Ablations 384

Controlled variants isolating the contribution of 385

TV, distillation, and each branch are reported in see 386

Table 5. 387
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Table 5: Ablations.
Variant Metric (LRA Avg) ↑ Notes

BIMIX-LM‡ 56.13 full model
BIMIX-LMw/o TV (λTV=0)‡ 54.80 noisier routing
BIMIX-LMw/o distillation (static g⋆)‡ 55.40 slower / less adaptive
DCT-only branch‡ 52.73 loses boundary sensitivity
CHEB-only branch‡ 51.90 loses smooth global structure
Random gate‡ 50.20 sanity check

4.4 When is BiMix-LM most beneficial?388

Empirical results suggest that BIMIX-LMis most389

useful when three conditions hold. First, the con-390

text must be sufficiently long such that purely lo-391

cal token mixers (e.g., fixed-window attention or392

local convolutions) face difficulty in propagating393

evidence across distant spans. In this regime, long-394

range dependencies often require multiple hops of395

information flow, and errors tend to accumulate396

when boundary handling is weak.397

Second, the input should exhibit explicit seg-398

mentation or discourse boundaries, such as con-399

catenated documents in multi-document QA, para-400

graph or section breaks in long-form text, or syn-401

tactic delimiters in code (e.g., function boundaries,402

indentation blocks, and bracketed scopes). These403

boundaries introduce sharp distributional shifts: ad-404

jacent tokens may belong to different subtopics,405

entities, or code scopes even when they are nearby406

in position. Consequently, a mixer that treats all407

positions with a single smoothness assumption may408

either oversmooth across boundaries (hurting local409

precision) or overemphasize high-frequency varia-410

tion everywhere (hurting global coherence).411

Third, the downstream metric should be sen-412

sitive to boundary-crossing errors. For instance,413

multi-hop QA requires selecting and aggregating414

evidence across retrieved passages while avoiding415

spurious mixing between unrelated passages. Simi-416

larly, long-context code completion benefits from417

maintaining scope correctness across delimiters418

and retrieving relevant definitions without contami-419

nating representations across unrelated blocks. In420

these cases, the cost of incorrectly blending infor-421

mation across boundaries is high, and improve-422

ments in boundary-awareness translate more di-423

rectly into end-task gains.424

Under the above conditions, dual-spectral rout-425

ing provides a natural inductive bias. The426

DCTbranch acts as a smooth global chan-427

nel: low-frequency modes capture slow topic428

drift, long-range stylistic regularities, and coarse-429

grained document-level structure. In contrast, the430

CHEBbranch emphasizes boundary-localized vari-431

ation on bounded intervals, enabling sharper re-432

sponses to abrupt transitions and better separation 433

of adjacent but semantically distinct segments. The 434

TV-regularized band-wise gates further encourage 435

contiguous frequency regions to adopt consistent 436

routing, which stabilizes learning and yields inter- 437

pretable “blocks” of frequencies dedicated to either 438

global smoothing or boundary sensitivity. 439

In contrast, when sequences are short, weakly 440

segmented, or approximately i.i.d. at the scale of 441

the receptive field (e.g., short-form classification, 442

short code snippets, or inputs dominated by a single 443

coherent passage), band-wise routing is less critical. 444

In such regimes, the optimal behavior often resem- 445

bles a predominantly smooth mixer: learned gates 446

tend to allocate most bands to the DCTbranch, and 447

the model reduces to a Fourier-style global token 448

mixer with limited need for boundary specializa- 449

tion. A practical implication is that BIMIX-LMis 450

best viewed as a long-context and structure-aware 451

module: its advantages become more pronounced 452

as context length and boundary heterogeneity in- 453

crease, whereas on short contexts the method be- 454

haves similarly to strong spectral mixers with mod- 455

est overhead. 456

4.5 Compatibility with pretrained LMs 457

Although the experiments in this work focus on 458

modest models trained from scratch, the design is 459

compatible with standard Transformer backbones. 460

Several integration strategies are plausible: 461

Mixer replacement. Replace a subset of self- 462

attention layers with BIMIX-LMlayers while keep- 463

ing embeddings, FFNs, and normalization un- 464

changed. Because BIMIX-LMmodifies only the 465

token-mixing sublayer and preserves the residual 466

interface, it can be inserted into existing architec- 467

tures with minimal structural changes. 468

Post-hoc adaptation for long-context extension. 469

Use BIMIX-LMas a lightweight adaptation mod- 470

ule for extending context length: freeze a pretrained 471

backbone while training only spectral filters and 472

the gating network on long-context data. 473

4.6 Qualitative behavior on QA instances 474

We provide schematic, paraphrased cases empha- 475

sizing tendencies of low/mid/high bands to route 476

toward Chebyshev or DCT across layers in see Ta- 477

ble 6. 478
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Table 6: Qualitative gate behavior on multi-
document QA. Examples are schematic and para-
phrased; emphasis is placed on relative tendencies of
low/mid/high bands to route toward Chebyshev or DCT
across layers.

QA type (paraphrased) Observed gate pattern (informal)

Two-hop question requiring evi-
dence from an early biography and a
late news article

Early layers: strong Cheb prefer-
ence in low/mid bands around pas-
sage boundaries; mid layers: blocky
Cheb→DCT transitions; late lay-
ers: DCT dominates high bands for
global aggregation.

Single-hop question answerable
from the first passage alone

Gates are close to uniform; low-
frequency bands routed mostly to
DCT, with only mild Cheb spikes at
the passage boundary, resembling a
Fourier-only mixer.

List-style reasoning over multiple
short passages (e.g., counting prop-
erties)

Alternating Cheb blocks across
bands aligned with passage bound-
aries, indicating repeated use of
boundary-sensitive structure, while
mid bands remain DCT-heavy to
summarize the list globally.

4.7 Extensions beyond language479

The core idea of dual-spectral routing is modality-480

agnostic: any domain in which signals lie on a481

bounded interval with meaningful boundaries is482

a potential candidate. For audio or speech, the483

DCT branch may capture smooth prosodic contours484

while the Chebyshev branch emphasizes boundary485

events. For vision, analogous 2D bases could be486

defined over image rows/patches.487

4.8 Practical deployment considerations488

BIMIX-LMadds moderate overhead over Fourier-489

only mixers: DCT admits fast kernels, Cheby-490

shev transforms can be implemented via precom-491

puted bases or recursion, and the gating network is492

lightweight. The TV-regularized convex optimiza-493

tion is a one-time offline cost and does not affect494

inference.495

5 Conclusion496

This paper introduced BIMIX-LM, a TV-497

regularized dual-spectral gated token mixer for498

long-context language modeling. By routing po-499

sitional frequency bands between complementary500

DCTand CHEBbases, BIMIX-LMprovides an ex-501

plicit inductive bias for heterogeneous positional502

structure and yields interpretable gate maps (Fig-503

ure 7). A one-time offline convex objective504

for gate learning, followed by distillation into a505

lightweight gating network, makes the approach506

practical for end-to-end training and efficient in-507

ference (Figure 4). Across long-context bench-508

marks, BIMIX-LMdemonstrates improved quality–509

efficiency trade-offs relative to competitive token- 510

mixing baselines (Figure 5). 511

Limitations 512

The method introduces additional constant factors 513

due to dual spectral transforms and may be less 514

attractive at modest context lengths. The fixed 515

choice of DCT/CHEBbases may not be optimal 516

across all tasks or modalities; exploring learned or 517

task-adaptive bases is a natural direction for future 518

work. Finally, interpretability analysis here primar- 519

ily relies on gate visualizations; future work could 520

quantify alignment between learned gate patterns 521

and structural annotations. 522

Ethics and Reproducibility 523

Ethical considerations. This work proposes an 524

architectural token-mixing module for long-context 525

modeling and does not introduce new datasets con- 526

taining personal or sensitive information. As with 527

other language modeling methods, potential down- 528

stream misuse (e.g., generating deceptive long- 529

form content or unsafe code) depends on the de- 530

ployment setting and the safety policies of the host- 531

ing system. Our method is intended for improv- 532

ing boundary-aware reasoning and efficiency un- 533

der long contexts, and we recommend standard 534

safety measures (content filtering, monitoring, and 535

access control) when integrating the model into 536

user-facing applications. 537

Reproducibility checklist. To support repro- 538

ducibility, we specify (i) the exact optimiza- 539

tion objective for gate learning (Eq. 14) and the 540

corresponding solver procedure (Algorithm 1), 541

(ii) model and training hyperparameters (Sec- 542

tion 2.7.5), including optimizer, learning-rate 543

schedule, precision, and sequence length, and (iii) 544

the matched-budget protocol and evaluation met- 545

rics for each task (Section 2.7). In implementa- 546

tion, the DCT and Chebyshev bases can be pre- 547

computed for each L and K and cached; band par- 548

titions are deterministic given (K,Kb). We will 549

release code for basis construction, gate optimiza- 550

tion/distillation, and evaluation scripts to facilitate 551

replication and ablation studies. 552
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