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ABSTRACT

The information exponent (Ben Arous et al. (2021)) — which is equivalent to the
lowest degree in the Hermite expansion of the link function for Gaussian single-
index models — has played an important role in predicting the sample complexity
of online stochastic gradient descent (SGD) in various learning tasks. In this work,
we demonstrate that, for multi-index models, focusing solely on the lowest degree
can miss key structural details of the model and result in suboptimal rates.

Specifically, we consider the task of learning target functions of form f,(x) =

Zle ¢(v} -x), where P < d, the ground-truth directions {v} }£_, are orthonor-
mal, and only the second and 2 L-th Hermite coefficients of the link function ¢ can
be nonzero. Based on the theory of information exponent, when the lowest degree
is 2L, recovering the directions requires d?~~! poly(P) samples, and when the
lowest degree is 2, only the relevant subspace (not the exact directions) can be re-
covered due to the rotational invariance of the second-order terms. In contrast, we
show that by considering both second- and higher-order terms, we can first learn
the relevant space via the second-order terms, and then the exact directions using
the higher-order terms, and the overall sample and complexity of online SGD is

dpoly(P).

1 INTRODUCTION

In many learning problems, the target function exhibits or is assumed to exhibit a low-dimensional
structure. A classical model of this type is the multi-index model, where the target function depends
only on a P-dimensional subspace of the ambient space R?, with P typically much smaller than d.
When the relevant dimension P = 1, the model is known as the single-index model, which dates
back to at least Ichimura (1993). Both single- and multi-index models have been widely studied,
especially in the context of neural network and stochastic gradient descent (SGD) in recent years,
sometimes under the name “feature learning”(Ben Arous et al. (2021); Bietti et al. (2022); Damian
et al. (2022); Abbe et al. (2022; 2023); Damian et al. (2024); Oko et al. (2024); Dandi et al. (2024)).

In Ben Arous et al. (2021), the authors show that for single-index models, the behavior of online
SGD can be split into two phases: an initial “searching” phase, where most of the samples are used
boost the correlation with the relevant (one-dimensional) subspace to a constant, and a subsequent
“descending” phase, where the correlation further increases to 1. They introduce the concept of the
information exponent (IE), defined as the index of the first nonzero coefficient in the Taylor expan-
sion of the population loss around 0, which corresponds to the lowest degree in the Hermite expan-
sion of the link function in Gaussian single-index models. They prove that the sample complexity
of online SGD is O(d) when IE = 2 and O(dk_l) when IE = k > 3. After that, various lower and
upper bounds have been established for single-index models in Bietti et al. (2022); Damian et al.
(2023; 2024). Similar results for certain multi-index models have also been derived in Abbe et al.
(2022; 2023); Bietti et al. (2023); Oko et al. (2024). In all cases, the sample complexity of online
SGD scales with d"®—1 when IE > 3.!

'The sample complexity can be significantly improved with non-gradient-based methods (Chen & Meka
(2020); Troiani et al. (2024); Barbier et al. (2019)), or if we reuse the batches or preprocess the labels (Arnaboldi
et al. (2024); Dandi et al. (2024); Lee et al. (2024); Damian et al. (2024)). The latter leads to the notion of
generative exponent (Damian et al. (2024)). However, note that our next example is valid for the generative
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For multi-index models of form f.(x) = ZkP:l ¢r (v}, - ), another layer of complexity arises.
In this setting, there are two types of recovery: recovering each direction vj, (strong recovery)
and recovering the subspace spanned by {v}};. The former notion is stronger, because once the
directions are known, the learning task essentially reduces to learning the one-dimensional ¢; :
R — R for each k& € [P]. However, strong recovery is not always possible. To see this, consider
the case ¢ (z) = ha(z), where hy, is the L-th (normalized) Hermite polynomial. One can show
that this corresponds to decomposing the projection matrix (a second-order tensor) of the subspace
span{vj }. If the model is isotropic in the relevant subspace, recovering the directions is impossible
due to the rotational invariance (see Section 3.1 for more discussion). In contrast, when ¢y (z) =
ha(z) + hy(z), the identifiability property of the fourth-order tensor decomposition problem allows
strong recovery via tensor power method or (stochastic) gradient descent (Ge et al. (2018); Li et al.
(2020); Ge et al. (2021)). Note that in both examples, the information exponent is 2, indicating that
information exponent alone does not distinguish between these two scenarios.

This leads to a natural question: Can we combine the above results for orthogonal multi-index
models by first using the second-order terms to recover the subspace and then using the higher-order
terms to learn the directions? Ideally, the first stage would require at most O(d poly(P)) samples,
consistent with the case IE = 2, and once the subspace is recovered, later steps would also cost
at most d poly(P) samples.”> This would yield an overall O(d poly(P)) sample (and also time)
complexity for strong recovery of the ground-truth directions. Note that the d-denpendence matches
the IE = 2 case and the strong recovery guarantee aligns with the results for IE > 2. In this work,
we prove the following theorem, providing a positive answer to this question.

Theorem 1.1 (Informal version of Theorem 2.1). Suppose that the target function is f.(x) =
Zle (v} - ) where § = ho + hor, (L > 2) and {v}}}_, are orthonormal, and the input
follows the standard Gaussian distribution N (0, I;). Then, we can use online SGD (followed by a
ridge regression step) to train a two-layer network of width poly (P) to learn (with high probability)
this target function using O(d poly(P)) samples and steps.

Remark. For simplicity, we assume the link function is ¢ = hg + hoy,. Our results can be extended
to more general even link function, provided their Hermite coefficients decay sufficiently fast. See
Section 2 (in particular Lemma 2.1 and Lemma 2.2) for further discussion. &

Organization The rest of the paper is organized as follows. First, we review the related works and
summarize our contributions. Then, we describe the detailed setting and state the formal version of
the main theorem in Section 2. In Section 3, we discuss the easier case where the training algorithm
is population gradient flow. Then, in Section 4, we show how to convert the gradient flow analysis
to an online SGD one. Finally, we conclude in Section 5. The proofs, simulation results, and a table
of contents can be found in the appendix.

1.1 RELATED WORK

In this subsection, we discuss works that are directly related to ours or were not covered earlier in
the introduction.

Along the line of information exponent, the paper most related to ours is (Oko et al. (2024)). They
show that for near orthogonal multi-index models, the sample complexity of recovering all ground-
truth directions using online SGD is O(PdIE’l) when IE > 3. However, their results do not apply
to the case IE = 2 for the reason we have discussed earlier. Our result considers the situation where
both IE = 2 and IE > 3 terms are present and show that in this case, the sample complexity of
online SGD is O(d poly(P)).

During the writing of this manuscript, we became aware of the concurrent work (Ben Arous et al.
(2024)). Our main results are not directly comparable since the settings are different. They run
SGD on the Stiefel manifold which automatically prevents collapse but allow the target model to

exponent as well with some slight modifications. In other words, the generative exponent is also not sufficient
to capture the richer structure of multi-index models.

The d factor in the second stage comes from the fact that the typical squared norm of the noise is d, so we
have to choose the step size to be O(d™") for the noise to be reasonably small.
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have condition number larger than 1. In addition, only the lowest degree is considered in their work.
However, they also show (in a different setting) that when the second order term is isotropic, the
initial randomness can be preserved throughout training. A similar idea is used in our analysis of
Stage 1.1 (cf. Section 3.1).

Another related line of research is learning two-layer networks in the teacher-student setting (Zhong
et al. (2017); Li & Yuan (2017); Tian (2017); Li et al. (2020); Zhou et al. (2021); Ge et al. (2021)).
Among them, the ones most relevant to this work are (Li et al. (2020)) and the follow-up (Ge et al.
(2021)), both of which consider orthogonal models similar to ours and use similar ideas in the
analysis of the population process. However, they do not assume a low-dimensional structure and
only provide very crude poly(d)-style sample complexity bounds.

1.2 OUR CONTRIBUTIONS

‘We summarize our contributions as follows:

* We demonstrate that information exponent alone is insufficient to characterize certain structures
in the learning task and show that for a specific orthogonal multi-index model, if we consider
both the lower- and higher-order terms, the sample complexity of strong recovery using online
SGD can be greatly improved over the vanilla information exponent-based analysis.

* In the analysis, we prove that when the second-order term is isotropic, the initial randomness can
be preserved during training and the relevant subspace can be recovered using O(d poly(P))
samples. To the best of our knowledge, this has only been shown by the concurrent work
(Ben Arous et al. (2024)) in a different setting.

* As aby-product, we provide a collection of user-friendly technical lemmas to analyze difference
between noisy one-dimensional processes and their deterministic counterparts, which may be of
independent interests (see Section 4.1 and Section F.2).

2 SETUP AND MAIN RESULT

In this section, we describe the setting of our learning task and the training algorithm. Then we for-
mally state our main result. We will also convert the problem to an orthogonal tensor decomposition
task using the standard Hermite argument (Ge et al. (2018)).

Notations We use [|-||,, to denote the p-norm of a vector. When p = 2, we often drop the subscript
and simply write ||-||. For a,b,6 € R, a = b+ ¢ means |a — b| < |4| and a V b = max{a, b}
and a A b = min{a, b}. Beside the standard asymptotic (big O) notations, we also use the notation
fa = Or(ga), which means there exists a constant C, > 0 that can depend only on L such that
fa < CpLgg for all large enough d. Sometimes we also write fq <r, gq for f4 = Or(g4). The actual
value of C, can vary between lines, but we will typically point this out when it does.

2.1 INPUT AND TARGET FUNCTION

We assume the input x follows the standard Gaussian distribution A/ (0, I;) and the target function
has form f,(x) = ZkP:l (v - x), where logc d < P < d for a large universal constant C' > 0,
{v;}£_, are orthonormal and ¢(z) = ha(2) + hor(z) with L > 2 and by : R — R being the I-th
(normalized) Hermite polynomial.

Our target model and algorithm will all be invariant under rotation. Hence, we may assume without
loss of generality that v; = ej where {ey} is the standard basis of R<. For now, we continue
writing v} since most of the results in this section do not depend on the orthonormality of {v; }.

2.2 LEARNER MODEL, LOSS FUNCTION AND ITS GRADIENT

Our learner model is a width-m two-layer network f(x) := f(z;a,V) := > 1" | ar¢(v;-x), where
a=(a,....,an) ER™and V = (vy,...,v,) € (S~1)™ are the trainable parameters. We will
call {v; };c[m) the first-layer neurons. We measure the difference between the learner and the target
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model using the mean-square error (MSE). Given a sample (x, f.(x)), we define the per-sample
loss as

(z) = Il(z;a,V) = % (fu(m) — f(x))?.

For convenience, we denote the population MSE loss with £ := L(a, V) := E, l(x;a, V). With
Hermite expansion, one can rewrite £ as a tensor decomposition loss as in the following lemma.
The proof of this lemma is standard and can be found in, for example, Ge et al. (2018). We also
provide a proof in Appendix A for completeness.

Lemma 2.1 (Population loss). Consider the setting described above. Forl € N>, let (;ASI denote
the I-th Hermite coefficient of ¢ (with respect to the normalized Hermite polynomials). Then, for the
population loss, we have

oo P m [eS) m
a 1 N
* l l
L = Const. — E E E CLJ¢12 <'Uk,'U_j> + 5 g E ajlaj2¢l2 <vj17vj2> ) (1)
1=0 k=1 j=1 1=0 j1,j2=1

where Const. is a real number that does not depend on a nor'V'.

Remark. The lemma does not require {v; }+ to be orthonormal nor ¢ = hg + har. All we need is
¢ € L3N (0, 1)) so that the Hermite expansion is well-defined. &

For the per-sample and population gradients, we have the following lemma, the proof of which can
also be found in Appendix A.

Lemma 2.2 (First-layer gradients). Consider the setting described above. Suppose that ¢ = hs +
har, and |a;| < ag for some ag > 0 and all i € [m)]. Then, for each i € [m], we have

P P
Vo, £ =—2a; Y _ (v}, v;)vi — 2La; »_ (vj,v:)*" " vf &5 2Lmag, )
k=1 k=1

where z = 2’ &9 0 means ||z — 2'||, < 6.

Moreover, for € ~ N (0, 1) and every direction w € S~ that is independent of x, there exists a
constant Cp, > 0 that can depend only on L such that

_ 1 /s\1/(2L)
P (a5 (Vo () — VoL,u)| > 5) < Cpexp <_CL (%) > ,

1 L/ s \VeD
P (a5 | Vo, l(z) — Vo L] > s) < C logd — ~ ’
(" |V, U() |2 5) < Crexp | logd = (Pﬁ)

ag2E(Vy,l(x),u)” < CpP?.

Remark on the population gradient. Note that (2) implies that when a is small, the dynamics of
different neurons are approximately decoupled. This allows us to consider each neuron separately.
The same is also true when we consider the per-sample gradient. Hence, we can often drop the
subscript ¢ and say v := v; is an arbitrary first-layer neuron and the (population) gradient with
respect to it is given by (2).

Remark on the tail bounds. We will choose m = poly(P). In this case, in order for the RHS of
the bounds to be o(1) (after applying the union bound over all m neurons), it suffices to choose
s = w(Plog?* P) and s = w(Pd"/?log*" d). Up to some logarithmic terms, this matches what
one should expect when V,,,[(x) is a P2-subgaussian random vector. &

Remark on possible extensions. The formula (2) and the tail and variance bounds in this lemma
are essentially all the structures we need (besides the orthonormality) to establish our results. To
extend our results to general even link function whose Hermite coefficients decay sufficiently fast,
first note that the second-order and then the 2L-th order (the lowest even order that is larger than 2)
terms dominate the gradient. Moreover, since {v; } are assumed to be orthonormal, for any fixed
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even order (that is larger than 4), the minimizer of the corresponding terms matches the ground-truth
directions, and the gradient will always push the neurons toward one of the ground-truth directions.
In other words, they only help the model recover the directions. We consider only the lowest order
since it determines the overall complexity (as in the theory of information exponent).

Our tail bound is based on Theorem 1.3 of Adamczak & Wolff (2015) (cf. Theorem A.1), which
deals with polynomials of a fixed degree. Theorem 1.2 of Adamczak & Wolff (2015) deals with
general functions with controlled higher-order derivatives and can be used to extend our result to
non-polynomial link functions. See Appendix G for an empirical evidence. &

2.3 TRAINING ALGORITHM

Now, we describe the training algorithm. First, we initialize each output weight a; to be ag where
ap > 0 is a hyperparameter to be determined later and v; ~ Unif(S?~!) independently. Then, we
fix the output weights a and train the first-layer weight v; using online (spherical) SGD with step
size n/ag (n > 0) for T iterations. Then, we fix the first-layer weights and use ridge regression to
train the output weights a.

Let {(x¢, f.(;)) }1en be our samples where {a, } are i.i.d. standard Gaussian vectors, and let V,, =
(I —vv")V, denote the spherical gradient. Then, we can formally describe the training procedure
as follows:

Initialization:  ag; = ag, wo,; < Unif(S41), Vi € [m);
Vpt1,i = Ut — aﬂ@vil(ﬂﬂt;am Vi),
0 .
Stage 1: g Vi € [m],t € [TV; 3
Vit1,i = 75—
[De41,4l
| &
. 2
Stage 2: a= argal}nn N nZ::l Uzrin;a', Vi) +Aa’|”.

Here, the hyperparameters are the initialization scale ag > 0, network width m > 0, step size n > 0,
time horizon T" > 0, the number of samples N in Stage 2, and the regularization strength A > 0.

Before move on, we make some remarks here on the training algorithm. As we have seen in
Lemma 2.1 and Lemma 2.2, when the second-layer weights are small, the dynamics of the first-
layer weights are roughly decoupled. Hence, we choose to initialize each a; small and fix them at ag
in Stage 1. We rescale the learning rate with 1/ag to compensate the fact that the first-layer gradients
are proportional to ag.

We will show that after the first stage, for each ground truth direction v}, there will be some neurons
v; that converge to that direction. As a result, in the second stage, we can use ridge regression to
pick out those neurons and use them to fit the target function. The analysis of this stage is standard
and has been done in (Damian et al. (2022); Abbe et al. (2022); Ba et al. (2022); Lee et al. (2024);
Oko et al. (2024)). Hence, we will not further discuss this stage in the main text and defer the proofs
for this stage to Appendix D.

2.4 MAIN RESULT

The following is our main result. The proof of it can be found in Appendix E.

Theorem 2.1 (Main Theorem). Consider the setting and algorithm described above. Let C' > (
be a large universal constant. Suppose that logc d < P < dand {vZ}le are orthonormal. Let
op € (exp(— log® d),1) and e, > 0 be given. Suppose that we choose ag,n, T, N satisfying

2 Pm
= Q(PPlog"®(PV 1/6:)), ag=O < “ > N=0Q <>
m = (P2log " (PV1/%)), a0 = O mdP2+2 log” dlog(1/z.) F\e2a

-0 811(5]}» - O~ Ei(;lp
TR aprs 0g T (dfop) ) P \dPEFE )

! PL=1 1 log(P/e. . (dP2LAT
T:OL(ogd—i— + log( /€)>:OL<d i )
n opes
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Then, there exists some X\ > 0 such that at the end of training, we have L(a, V') < e, with proba-
bility at least 1 — O(dp).

3 THE GRADIENT FLOW ANALYSIS

In this section, we consider the situation where the training algorithm in Stage 1 is gradient flow
over the population loss instead of online SGD. The discussion here is non-rigorous and our formal
proof does not rely on anything in this section. Nevertheless, this gradient flow analysis will pro-
vide valuable intuition on the behavior of online SGD and also lead to rough guesses on the time
complexity.

For notational simplicity, we will assume without loss of generality that v;; = ej. Let v be an
arbitrary first-layer neuron. By Lemma 2.2, when we rescale the time by a,, !, the dynamics of v are
controlled by?

P
(IS Qka —vv! ek+2LZ 2L-1 (I —vv')ey.
k=1 k=1

The second term on the RHS comes from the normalized/projection. For each k € [d], we have

d
—vf ~ 4L{k < P} (1+ Lof" %) of — 4 (o< |* + L o<pll}y ) o @

We further split Stage 1 into two substages. In Stage 1.1, the second-order terms dominate and

H’USsz / |lvsp|* grows from ©(P/d) to ©(1). In Stage 1.2, v converges to one ground-truth
direction.

The direction to which v will converge depends on the index of the largest v} at the beginning
of Stage 1.2. With some standard concentration/anti-concentration argument, one can show that
maxpe|p] v? is at least 1 + ¢ times larger than the second-largest v7 for a small constant ¢ > 0 with
probability at least 1/ poly(P) at initialization (of Stage 1.1). Hence, as long as this gap can be
preserved throughout Stage 1, we can choose m = poly(P) to ensure all ground-truth directions
can be found after Stage 1.2.

3.1 STAGE 1.1: LEARNING THE SUBSPACE AND PRESERVATION OF THE GAP

In this substage, we track [[v<p|? / |v=p||? and v2/v2* where p, ¢ € [P] are arbitrary. The goal is
to show that ||lv<p 12 / |lvs p||? will grow to a constant while v2 /v? stay close to its initial value.

For the norm ratio, by (4), we have

2 2
d Jlocpl® _ gEllv<el®  Jv<pl® &5 lvspl
2 2 2 2
A7 flosp|®  flospl®  llospl® fospll
2 2L 2
docrl’ | ALoplzt 4 (losrl®+ Llvelpyioce
= 7 T 2 2
losp| losp| lopl
2 2L
Hv<PH24(Hv5PH + L veplfsriospl
+t o3 2 .
e

In particular, note that the terms coming from normalization cancel with each other. Moreover,

2
% Hzg}i“? > 4||\z<P”2 , and therefore, it takes only at most 1Jr%(l)log(d/P) =
>

O(log(d/P)) amount of time for the ratio to grow from ©(P/d) to ©(1). If we choose a small
step size 1 so that online SGD closely tracks the gradient flow, then the number of steps one should
expect is O(log(d/P)/n).

this implies

3We use 7 to index the time in this continuous-time process (as ¢ has been used to index the steps in the
discrete-time process) and will often omit it when it is clear from the context.
*A slightly different quantity will be used in the online SGD analysis, but the intuition remains the same.
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Meanwhile, for any p, ¢ € [P], we have
d vg 2L—2 Uz% 2 2L ”127
ar o = L0 = 4 (fosrl® + Llosrllr) of
vf) 2L—2 2 2L 2L—2 2L—2 ”12)
— 2 (4 + 2o =4 (lospl + Lllospllyy ) ) = 40 (u3572 = 02572) 5.
q q

Note that not only those terms coming from normalization cancel with each other, but also the
second-order terms. In particular, this also implies that we cannot learn the directions using only the
second-order terms. At initialization, it is unlikely that some v? are significantly larger than all other
vf. Hence, if we assume the induction hypothesis v /vz ~ v /v ,» we will have v} < O(1/P)
and the above will become d%vz/vg < O(L/P)v2/v?. Asaresult, v?  /v7 , < (1+0(1))v],/v5,
for any ¢ < ©(log(d/P)), as long as P > poly log d.

3.2 STAGE 1.2: LEARNING THE DIRECTIONS

Let v be a first-layer neuron with v > (1 + ¢) maxa<<p v; for some small constant ¢ > 0 at
initialization. By our previous discussion, we know at the end of Stage 1.1, the above bound still
holds with a potentially smaller constant ¢ > 0. In addition, since [[v<p||> = O(1), we also have
v} > Q(1/P) at the end of Stage 1.1. We claim that v will converge to e;. The argument here is
similar to the proofs in Li et al. (2020) and Ge et al. (2021).

Again, by (4), we have

d 2 I 2L L 2L
ot 4 (1 ocp|® + Lo? "2 — Lljvepl3y) v > 4L (o272 = Jocply) vi.

Assume the induction hypothesis v > (1 + ¢) maxo<k<p v} and write

P 2

_ _ v _

0?72 — ocpllyy = 0% (1= o}) = (ol = v}) Y ——h——ot 2
= lv<pll” —vi

Note that the summation is a weighted average of {sz_Q}kZQ and therefore is upper bounded by

l(lvf/(l + c))L_1 < (1 — ep)v ™2 for some constant ¢z, > 0 that can only depend on L. Thus, we
ave

~

d
iz 4L (1 - (||fu§p||2 - vf) (1 cL)) v2E > dep L (1 — o?) v2E,

When v} < 3/4, this implies <20} > ¢ Lofl. As a result, it takes at most O, (PL~1) amount of
time for v? to grow from (1/P) to 3/4. It is important that v? = Q(1/P) instead of Q(1/d) at
the start of Stage 1.2, since otherwise the time needed will be Or,(d“~1). After v? reaches 3/4, we
have (1 —v?) < —4c, L(3/4)? (1 — v}). Thus, v? will converge linearly to 1 afterwards.

4 FROM GRADIENT FLOW TO ONLINE SGD

In this section, we discuss how to convert the previous gradient flow analysis to an online SGD
one. Our actual proof will be based directly on the online SGD analysis, but the overall idea is still
proving that the online SGD dynamics of certain important quantities closely track their population
gradient descent (GD) counterparts. Our choice of learning rate n will be much smaller than what
needed for GD to track GF — the bottleneck comes from the GD-to-SGD conversion, not the GF-
to-GD one. In other words, provided that SGD tracks GD well, the number of steps/samples it needs
to finish each substage is roughly the amount of time GF needs, divided by the step size 7).

The rest of this section is organized as follows. In Section 4.1, we collect a few useful lemmas for
controlling the difference between noisy dynamics and their deterministic counterparts. The idea
behind them has appeared in Ben Arous et al. (2021) and is also used in Abbe et al. (2022). Here,
we simplify and slightly generalize their argument and provide a user-friendly interface. When used
properly, it reduces the GD-to-SGD proof to routine calculus. Then, in Section 4.2, we discuss how
to apply those general results to analyze the dynamics of online SGD in our setting.
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4.1 TECHNICAL LEMMAS FOR ANALYZING GENERAL NOISY DYNAMICS

We start with the lemma that will be used to analyze |v<p||® / [[vs p||*. The proof of it and all other
lemmas in this subsection can be found in Section F.2.

Lemma 4.1. Ler (2, F, (Fi)ien, P) be a filtered probability space. Suppose that (X ). is an (Fy)-
adapted real-valued process satisfying
Xiv1 = Xe +aXy + &1 + Zipr, Xo =10 >0, (5)

where o > 0 is fixed, (&) is an (Fi)¢-adapted process, and (Zy)¢ is an (Fy)i-adapted martingale
difference sequence. Define its deterministic counterpart as x; = (1 + a)txq.

LetT > 0 and op € (0,1) be given. Suppose that there exists some dp¢ € (0,1) and =,0, > 0
such that for every t < T, if X; = (1 4 0.5)xy, then we have |&;.1| < (1 + «)'=E with probability
atleast 1 — 6p ¢ and E[Z2 | | F;] < (14 a)tog. If

— _ Zo 5 _ Opaxd
=< — <
<7 and o7 < 6 (6)
then we have X; = (1 £ 0.5)x for all t € [T'] with probability at least 1 — T'ép ¢ — Op.

Remark on condition (6). One may interpret Z,; as those terms coming from the difference be-
tween the population and mini-batch gradients and &, as the higher-order error terms. « is usu-
ally small. In our case, it is proportional to the step size 7. T is usually the time needed for
X to grow from a small o > 0 to ©(1), which is roughly a~!log(1/zg). In other words, we
have o = O(1/T). As a result, in order for (6) to hold, it suffices to have = = O(xzy/T) and

oz = O(xo/ VT ). Note that the condition on oz is much weaker than the condition on Z. Mean-
while, since &;11 models the higher-order error terms, we should expect it to be able to satisfy the
stronger condition = < O(1/T). &

Remark on stochastic induction. One important feature of this lemma is that it only requires the
bounds [£441] < (1 + @)!E and E[Z7,, | Fi] < (1 + a)'o% to hold when X, = (1 = 0.5)z;. This
can be viewed as a form of induction. This is particularly useful when considering the dynamics
of, say, v,%. Similar to how the RHS of %vzﬁ = 207107 ) depends on v, i, the size of £ and
Z;41 will usually depend on X;. Hence, we will not be able to bound them without an induction
hypothesis on X. &

Remark on the dependence on dp. The dependence on Jp can be improved to poly log(1/dp) if
we have tail bounds on Z, 1 similar to the ones in Lemma 2.2. We state this lemma in this simpler
form because we will only take union bound over poly(P) events, and we are not optimizing the
dependence on P. We include in Section F.2 an example (cf. Lemma F.9 and Lemma F.10) where
this improvement is made (though that result will not be used in the proof). &

Proof sketch of Lemma 4.1. For the ease of presentation, we assume that |&; 11| < (1 + «)'= with
probability at least 1 — dp ¢ and E[Z7,; | F;] < (1 + «)'0% always hold. Recursively expand the
RHS of (5), and we obtain

t t
Xepr =14 a) T zg+ Y (1+0) 6+ > (1+a) " Zo.

s=1 s=1
Divide both sides with (1 4+ «)'™! and replace ¢ + 1 with ¢. Then, the above becomes

t ¢
Xi(l+a) " =ao+ > (1+a) "6+ Y (1+a) " Z.
s=1 s=1
The second term is bounded by T'= (uniformly over ¢ < T') with probability at least 1 —T'dp ¢. Note
that (1 + «)~*Z, is still a martingale difference sequence. Hence, by Doob’s L2-submartingale
inequality, the third term is bounded by x( /4 with probability at least 160% /(ax?). Thus, when (6)
holds, the RHS is (1 £ 0.5)x( with probability at least 1 — T'dp ¢ — dp. Multiply both sides with
(14 «)t, and we complete the proof. O



Under review as a conference paper at ICLR 2025

Using the same strategy, one can prove a similar lemma (cf. Lemma F.8) that deals with the case
a = 0, which will be used to show the preservation of the gap in Stage 1.1. Another interesting case
is where the growth is not linear but polynomial. This is the case of Stage 1.2 in our setting. For this
case, we have the following lemma.

Lemma 4.2. Suppose that (X,); satisfies
Xep1=Xe+aX{ + &1+ Zipr, Xo =20 >0,

where p > 1, the signal growth rate o > 0 and initialization xo > 0 are given and fixed, (&) is
an adapted process, and (Z;); is a martingale difference sequence. Let &, be the solution to the
deterministic recurrence relationship T111 = Ty + a2, %9 = x /2.

Fix T > 0,0p € (0,1). Suppose that there exist Z,07 > 0 and op¢ € (0,1) such that when

Xi > 24, we have |&| < E with probability at least 1 — dp ¢ and E[Z;11 | F;] < 02. Then, if
2

EX anda% < ﬁ%—iﬁ, we have Xy > Ty forall t <T.

The proof is essentially the same as the previous one, except that we need to replace (1 + «)?

with Hi;(l)(l + aXP~1). Let 2, be the version of Z; with the initial value being z instead of /2.
Unlike the linear case, here it is generally difficult to ensure X; > x;/2 since this type of polynomial
systems exhibits sharp transitions and blows up in finite time. In fact, the difference between the
deterministic processes Z; and x;/2 can be large. However, if one is only interested in the time
needed for X; to grow from a small value to a constant, then results obtained from z; and x; differ
only by a multiplicative constant, and when ¢ > 0 is small, both of them can be estimated using
their continuous-time counterpart ©, = z? (cf. Lemma F.12).

4.2 SAMPLE COMPLEXITY OF ONLINE SGD

In this subsection, we demonstrate how to use the previous results to obtain results for online SGD

and discuss why the sample complexity is O(d poly(P)) instead of O(d?F~1) even though we are
relying on the 2L-th order terms to learn the directions.

4.2.1 A SIMPLIFIED VERSION OF STAGE 1.1

As an example, we consider the dynamics of Pv?/(dv?) where p < P and ¢ > P and assume
both of v, and v, are small and Pv2/(dv?) < 1. This can be viewed as a simplified version of the

analysis of |[v<p I? / |lvs p||? in Stage 1.1. The analysis of other quantities/stages is essentially the
same — we rewrite the update rule to single out martingale difference terms and the higher-order
error terms, and apply a suitable lemma from the previous subsection (or Section F.2) to complete
the proof.

For the ease of presentation, in this subsection, we ignore the higher-order terms. In particular, we
assume the approximation

duirn ~ v+ 20 (1{k < PY = Jozpl’) +nZiap, Wk € [d],

where Z; 1 1 represents the difference between the population and mini-batch gradients. Then, we
compute

i~ (1440 (1{k < P} = losplP) ) of + 2002 £ Con®(1 v Z9).
Here, the last term is the higher-order term and will eventually be included in £. For simplicity,
we will also ignore them in the following discussion. The second term is the martingale difference

term. Its (conditional) variance depend on vy, and this necessitates the induction-style conditions in
Lemma E.6. Note that v7, , ,/v?,, , = 07,1 ,/07,, ,- Hence, we have

2
v, (14 (1= ocrl?)) 02 + 20,2,

i (1 — ||v§p||2> V2 + 20,7,
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For any small ¢ > 0 and small § > 0, we have the following elementary identity: #5 =
1 (1 -2 (1 — ﬁ)) ~ 1 (1-2). Repeatedly use this identity, and we can rewrite the above
equation as
PUt2+1,p s P (1 +an (1 HUSPH )) r 1-— 2192y
2
Wiig  d(1-dnlvep]) 2 (1= nllo<rl?) o3
2Pnv,Z, 2nveZ,
2 2
d (1 — 4n ||lv<p| ) v2 (1 —4n ||v<p| ) vg
2 2
~ (1+4n) Pup Doy 2nveZy 2P0, 2,
dv2  dvi 2 dvi

Suppose that v2 ~ v?2 at initialization and assume the induction hypothesis Pv2/(dv3) = (1 +
0.5)(1 + 4n)" Pvg ,,/(dvg,). Then, by Lemma 2.2, the conditional variance of the martingale dif-
ference terms (the last two terms) is bounded by Oy ((1 + 4n)'n?P*/d). Using the language of
Lemma 4.1, this means 02 < O (n>P*/d). Hence, in order for (the second condition of) (6) to
hold, it suffices to choose 7 <1, dp/(dP?). By our gradient flow analysis, the number steps Stage 1.1
needs is roughly log d/7. In other words, for Stage 1.1, the sample complexity is O, (dP?/dp) (if
we ignore the higher-order error terms).

4.2.2 THE IMPROVED SAMPLE COMPLEXITY FOR STAGE 1.2

To see why the existence of the second-order terms can reduce the sample complexity from d'*~! to
dpoly(P), first note that after Stage 1.1, max,c(pj vp will be Q(1/P). Also note that the conditions

in Lemma 4.2 depend on the initial value. With the initial value being Q(1/P) instead of O(1/d),
the largest possible step size we can choose will be O(1)/(d poly(P)), which is much larger than
the usual O(1/d-~1) requirement from the vanilla information exponent argument. Meanwhile, by
our gradient flow analysis, we know the number of iterations needed is O(P%~~! /n). Combine these
and we obtain the d poly (P) sample complexity.

5 CONCLUSION AND FUTURE DIRECTIONS

In this work, we study the task of learning multi-index models of form f, () = kazl ¢(vy-x) with
P < d, {v}}y be orthogonal and ¢ = hy + hay. By considering both the lower- and higher-order
terms, we prove an O(d poly(P)) bound on the sample complex for strong recovery of directions
using online SGD, which improve the results one can obtain using vanilla information exponent-
based analysis.

One possible future direction of our work is to generalize our results to more general link functions
and assume the learner model is a generic two-layer network with, say, ReLU activation. Another
interesting but more challenging direction is to consider the non-(near)-orthogonal case. We con-
jecture when the target model has a hierarchical structure across different orders, online SGD can
gradually learn the directions using those terms of different order sequentially.
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A FROM MULTI-INDEX MODEL TO TENSOR DECOMPOSITION

In this section, we show that the task of learning the multi-index target function f.(x) =

kazl ¢(v}; - ) can be reduced to tensor decomposition. We will need the following classical result
on Hermite polynomials (cf. Chapter 11.2 of O’Donnell (2014)) and correlated Gaussian variables.

Lemma A.1 (Proposition 11.31 of O’Donnell (2014)). For k € N> denote the normalized Hermite
polynomials. Let p € [—1,1] and z, 2" be p-correlated standard Gaussian variables. Then, we have

E, [hu(2)h; ()] = 1{k = )",

Lemma 2.1 (Population loss). Consider the setting described above. Forl € N>, let (;ASI denote
the I-th Hermite coefficient of ¢ (with respect to the normalized Hermite polynomials). Then, for the
population loss, we have

co P m ) m
~ % 1 1 N l
L = Const. — E E E aj¢l2 (vj,v5) +§ E E ajlaj2¢12 (vj,,05,) (D
1=0 k=1 j=1 =0 j1,j2=1

where Const. is a real number that does not depend on a nor V.

Proof. By definition, we have

P m
1
=- E R :
£=5,.E . ij(vk 7) ;am(%

L L
K * mNN]%O’Id) {0, - =)o(vi, )} - ZZ 4 n3~N(0 1.) {o(vi - z)p(v; - )}
k1,k2=1 242
" 7.71,]22 1(1]1 2 (0 1) {o(vj, - 2)p(vj, -x)}.

The first term is independent of @ and V. For the other two terms, we now use Lemma A.1 to
evaluate the expectation. Let ¢ = Z;io o1 h be the Hermite expansion of ¢ where the convergence
is in L? sense. For any p € [—1, 1] and p-correlated standard Gaussian variables z, 2/, we have

E,{ (2) }—Z¢k¢zE{hk 2} = Z¢kp7

’ k,l=0

where the first equality comes from the Dominated Convergence Theorem and the second from
Lemma A.1. Note that v}, - « and v; - @ are (v}, v;)-correlated standard Gaussian variables. Hence,
by applying the above identity to the second term, and we obtain

co P m

ZZ s B 0 2ol )k = 30373 adf (v )

k=1j=1 1=0 k=1 j=1
Similarly, for the last term, we have

1 (o) m N .
LY a IR GO ECORIEE D DD DR SURCA
]17]2 1 1=0 j1,j2=1
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Then, we consider the population and per-sample gradient. It is well-known that any Lipschitz
function of a Gaussian variable is still subgaussian. Similar tail bounds can still be obtained when
the function is not Lipschitz but has a bounded higher-order derivative. To estimate the tail of the
per-sample gradient, we need the following result from Adamczak & Wolff (2015). As a side note,
Theorem 1.2 of Adamczak & Wolff (2015) is a more general result that deals with general non-
Lipschitz functions with controlled higher-order derivatives. That result can be used to extend our
setting to link functions with infinitely many nonzero higher-order Hermite coefficients, given that
they decay sufficiently fast.

Theorem A.1 (Theorem 1.3 of Adamczak & Wolff (2015)). Let Z ~ N (0,1;) and f : R — R
be a polynomial of degree Q). Then, for any t > 0, we have

2/1J]
t
P Z2)—E f(Z)| >t < Coexp | —C5' min min () , 7)
where Cg > 0 is a constant that depends only on the degree @), P, is the collection of partitions of
[q], and for any J € P, and A € (R%)®1,

|7
JAl, =supd DAY - X0 e @)L xO| <1 we (1]
i€[d]? =1

Remark on the definition of ||-|| ;. The definition of || A|| ; might look bizarre, but it has a natu-
ral functional interpretation. Given a partition J € P,, we can treat a tensor A € (R?)®7 as a
multilinear function by grouping the indices according to .J as follows. For each J; € J, we take
X O ¢ (R4l and feed them into A to obtain a real number. Similar to how the induced norm is
defined for matrices, we restrict the norm of each X to be at most 1 to obtain this definition of
| Al ;. As an example, consider A € (R?)®3 and J = {{1,2},{3}}. In this case, X 1) is a matrix

and X @ is a vector, and we have

1Al y g =504 D0 Auia X[ X0 HX(l)HF =L HX(Q)HQ =1
i,5,k€[d]

&

Remark on the RHS of (7). Fix z € R? and f be a polynomial with degree at most . Suppose
that the coefficients of monomials of f are all bounded by some constant Ag > 0 that may depend
on Q. Note that f can contain at most d° monomials. Meanwhile, for each ¢ € [Q] and i € [d]¢,
[V?f(2)]; is nonzero only if [V9m(z)]; for some monomial m : R? — R contained in f. Since m
has degree at most @, V9m(z) can have at most Q! nonzero entries (across all different z). Thus,
the total number of possible nonzero entries in V9 f(2) is bounded by Q!d® and all entries of it are
bounded by Q!Aq. Thus, we have |[EVIf(Z)|, < Céng for some constant C, > 0 that can

depend only on Q). In other words, for the RHS of (7) to be o(1), we need ¢ = w(C’QdQ).

The above bound might seem to be bad. Fortunately, in our case, we only need to consider f : R? —
R of form f(x) = F(uy - @, us - &, u3 - ©) where F is a polynomial and u;, us, uz € S9! are
three arbitrary directions. Suppose that  ~ N (0, I;) and define ¥ € R3*3 via &, ; = (u;, u;).
Then, we have

f(x) g (21/2,2) where z ~ N (0, I3).

When F : R3 — R is a degree-Q polynomial with coefficients being constants that can depend
only on @, so z — F (El/ 2z). Thus, we can apply this theorem (with dimension being 3) and our
previous discussion to obtain

2/Q
B(f(2)~Ef(Z)| > ] < Coexp (—t%) ,

where Cg > 0 is a constant that can depend only on Q). &
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Now, we are ready to prove Lemma 2.2, which we also restate bellow.

Lemma 2.2 (First-layer gradients). Consider the setting described above. Suppose that ¢ = ho +
hor, and |a;| < ag for some ag > 0 and all i € [m)]. Then, for each i € [m], we have

P P

Vo, £ =—2a; Y _ (v}, v;)vj —2La; »_ (vj,v:)*" " vff & 2Lmag, 2)
k=1 k=1

where z = z' &9 0 means ||z — 2'||, < 6.

Moreover, for € ~ N (0, 1) and every direction w € S~ that is independent of x, there exists a
constant Cp, > 0 that can depend only on L such that

P(aal (Vo l(x) = VoL, u)| > 3) <Cyp exp< gL ()1/(2L)> |

1 s 1/(2L)
P(ag!||Vy.l(x) — Vo L] > s) < Cpe lo d—<) ,
(ag " |V, () | >s) < LXp<g o \pva )

ag 2 K (Vy,l(x),u)” < CL P2

Proof. Fix i € [m]. First, by Lemma 2.1, we have

P
Vo, L==Ya;V §j 2 1 E: !
L =— a; Vo, 'u,ﬁ,vZ a; Vo, (U, v;) 5 a;a; Vo, (V;, ;)
k=1 le{2,2L} j=1
P P
2L—1
= —2a; E (v, v;) v) — 2La; E (vg, vi) vy,
k=1 k=1

1 -1 -1
+ iai Z l | Z - a; <’Ui,'0j> v; + 2la; (vi,vi> v;
e{2,2L} je[m]\{i}
Note that the last line is bounded by 2Lma%. In other words,

P P
Voo, L =—2a; Z (vj,v;) v — 2La; Z (i, v) i +9 2Lmal.
k=1 k=1
Now, consider the per-sample gradient. We write
Val@) = - (f(e) - f(z:0.V)) Vo, f(z:a.V)
= —a; (fu(z) — f(z;0,V)) ¢/ (vi - x)2
P

m

=—a;y_ o} -2)¢ (vi-B)x +a; Y apd(vp - 2)¢ (v; - @)

k=1
=:Gi1+Ggiz2-

Let u € S%! be an arbitrary direction. We now estimate the tail of (V,,l,u). By Theorem A.1
(and the second remark following it), we have

/(2L)
P ([o(vi - @)/ (v; @) (@ w) ~ Eo(vj - @)/ (vi - @) (2, w)| = s) < Cpexp (‘81 . ) :
x’ CL

for some constant C, > 0 that can depend only on L. Hence, we have

(s/P) /)
)

In particular, this implies that typical value of a; 1gi71 is bounded by O(P). Similarly, for g; o, we

have
(s/m) 1/(2L)
CE)

P (ai_l (i1, u) —E(g;1,u)| > 8) < Crexp <—

P (ag?[(gi1,u) — E(gi1,u)| > 5) < Crexp (‘ ®)
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or equivalently,

(s/(agm)) /1) )
Cr '

Note that since agm = o(1) < P, the RHS of this inequality is much smaller than the RHS of (8)
when we choose the same s. Combine the above bounds together, and we obtain that for each fixed

i € [m],
(s/ P/
&)

for some constant C'z, > 0 that can depend only on L and is potentially different from the C'r, in (8).
As a corollary, we have

P (ag " [(gi,1,u) — E(gi1,u)| > s) < Cpexp (—

B (a5 [(Vaul(), u) — (VoLu)| > 5) < Cp oxp (

P (ag " | Vo, l(x) — VoLl > 5)

d
<Y P (agl (Vo (@), ex) — (Vol,er)| > s/ﬁ)
k=1

L /s \VCD
< Crexp | log(d) — c, (M) .

Similarly, one can show that E (V. [(z), u)> < Cpa2P? for some constant C, > 0 that can depend
only on L and is potentially different from the C'f, in (8). O

B TYPICAL STRUCTURE AT INITIALIZATION

In this section, we use the results in Section F.1 to analyze the structure of vy, ..., v,, at initial-
ization. Recall that we initialize v; with Unif(S?~!) independently. Meanwhile, note that for

v ~ Unif(S?~1), we have v 4 Z/ || Z|| where Z ~ N (0, 1,).
We start with a lemma on the largest coordinate. This lemma ensures that Hngé is much smaller
than the second-order terms at least at initialization.

Lemma B.1 (Largest coordinate). Let v ~ Unif(S9~1). For any K > 1, we have

42K logd 4
max |v;| < VAR 08T it probability at least 1 — —.
i€ld) Vd d&

As a corollary, for any dp € (0,1), at initialization, we have

4+/21og(4m/é
mas vy < Lv/2losdm/0p)
i€[m] \/a
In particular, this implies that at initialization, at least with the same probability, for any L > 2,
4,/2K log d>2L iy (32K logd>L
Vd d '
Proof. Let Z ~ N (0,1,). Recall that Z/ || Z|| follows the uniform distribution over the sphere.
By Lemma F.1 with s = \/d/3, we have || Z|| > /d/2 with probability at least 1 — 2 exp(—d/18).
Then, by Lemma F.2, with probability at least 1 — 2e~4/18 — 2¢=5°/2 we have
max;e(q) | Zi o V2logd+s _ 2y2logd N 2s
1zl = Va2 va Vi
Let K > 1 be arbitrary. Choose s = /2K log d and the above becomes

maxie[d] |Z,| < 42K logd
izl = Vd

with probability at least 1 — dp.

2L
max ||v; <d
ma o 3 <

with probability at least 1 — K
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For the corollary, use union bound and choose K = log(4m/ép)/ log d, we have

4+/21og(4m/§
max ||v; . < 4y/2log(4m/dp)
i€[m] Vd

4
with probability at least 1 — d—?f — 1 0.

O

Suppose that we only have higher-order terms. Then, for a neuron v € S%! to converge to a
ground-truth direction ey, in a reasonable amount of time, we need v? to be the largest among all v?
and there is gap between it and the second largest v?. The following lemma ensures that when m
is large, for every ground-truth direction {e }vc[p. there will be at least one neuron satisfying the

above property. Note that in our case, we only need to ensure v} is the largest among all {v?}ie[ Pl
instead of {vf}ie[d] , as the second-order term will help us identify the correct subspace.

Lemma B.2 (Existence of good neurons). Let ép € (0,1) be given and ¢ > 1 a universal constant.
Suppose that the number of neurons m satisfies

1
m > 400c P8 v/log P log (P Vv (5) .
P

Then, at initialization, with probability at least 1 — dp, we have
|vi,pl > L+2¢c
maxge P\ (p} [Vig] — 1+c¢

Vp € [P]3i € [m] such that

Remark. In particular, note that the number of neurons we need is poly(P) instead of poly(d). &

Proof. Let Z ~ N (0,1;). Note that |v,|/|vg] < |Zp|/1Z4|. Hence, it suffices to consider the
largest and the second largest among {|Z;|};c(p. Let |v](1) and |v|(2y denote the largest and second
largest among {|v;|};c[p]. By Lemma F.4 (with d replaced by P), for any ¢ > 1, we have
p [v](1) S 14 2¢ 1 1
vy = 14+c¢] = 5n(l1+2¢c) P8<*\/log P’

Then, for each p € [P], by symmetry, we have

b v, | Jl+2 1 1

maXge[P]\{p} |’Uq| “ 1l4c| ™ 57T(1+26) PSCQ\/IOgP.

Now, define the event G, as

G, = {Hie i), [vi. > 1+2C}.

maxge[P)\{p} |’U1',q‘ — 1+4c

Then, we compute

P[Gp] 21— (]P’[ [p| B 1+2c]>m

maXee(P)\{p} vg| ~ 1+c

1 1 "
>1—(1-—
- ( 5m(1 + 2¢) PSCQs/logP>

1 m
>1- — .
- P ( 57(1 + 2c¢) PSCQ\/logP>

By union bound, we have

P
1 m
P G, >1— log P — .
L/_\1 ”1 S ( B S+ 20) P wogP)
Let dp € (0, 1) be given. Choose

1
m > 400cP% v/log Plog <P v 5) .
P

Then, the above becomes IP[/\;;l Gpl > 1 —6p. O
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Lemma B.3 (Typical structure at initialization). Let dp € (e~ log® 4.1) be given. Suppose that
{vp ., ~ Unif(S?~1) independently with

m = 400P% log"® (P V 1/6p).

Then, with probability at least 1 — 30p, we have

|Ui,p
maXge P\ {p} [Vi.ql
ol _ 20\/1og(P/5%)
oo = \/E )
VP _ |v<pl _ 3VP
3Vd~ bl T ovdo

Proof. The first two bounds comes directly from Lemma B.1 and Lemma B.2. By Lemma F.1, we
have

Vp € [P]3i € [m] such that

3
> o
-2
Vi € [m],

Vi € [m],

P (12l -E|Z]| > Vd/2) < 2e7%,
P (|1Z<pll - E|Z<pll = VP/2) < 267775,

As aresult, for any v ~ Unif(S?1), we have with probability at least 1 — 4¢~ /8 that

ol — 1z ~ E|z[ =42 d

Since we assume P > logcl d for a large C’, we have 4e~F/8 < op/m. This gives the third
bound. O]

C STAGE 1: RECOVERY OF THE SUBSPACE AND DIRECTIONS

In this section, we consider the stage where the second layer is fixed to be a small value and the first
layer is trained using online spherical SGD. Let v be an arbitrary first-layer neuron. By Lemma 2.2,
we can write its update rule as’

V41

77 —_—
A b
a 1Dl

Vpy1 = Uy + — (ﬁvﬁ + GUZt+1) y Vi1 =
0

where Z; 11 = ag (I —vv " )(Vyl(z) — V,L) and
Vol =T —vv " )VoL

P P
= 2ayp Z vp(I — va)ek +2Layg Z szfl(I — va)ek 4+, 2Lma?.
k=1 k=1

In particular, for each k € [d], we have®

i1 = vep + 1 (L{k < P} (24 2Lvf"2) = p) vk, + 0Z411,1 £ 2nLma,

where
P P
pi=2Y vl +2LY vi¥ =2|vcp|® + 2L |v<rl; 9
i=1 i=1
In addition, we have the following lemma on the dynamics of v7. The proof is routine calculation
and is deferred to the end of this section.

>See the remark following Lemma 2.2 for the meaning of an arbitrary first-layer neuron v. Also recall that
we assume w.l.o.g. that v}, = ey.
SWe will often drop the subscript ¢ when it is clear from the context.
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Lemma C.1 (Dynamics of v,%). For any first-layer neuron v and k € [d], we have

f)tgﬂyk =(1+2n({k< P} (2+ 2Lv,§L72) -p)) vE 4 2nup 2y,
+ 300L*nymag + 300L%n* (1V Z7) .

To proceed, we split Stage 1 into two substages. In Stage 1.1, we rely on the second-order terms
to learn the relevant subspace. We will also show that the gap between largest and second-largest
coordinates, which can be guaranteed with certain probability at initialization, is preserved through-
out Stage 1.1. These give Stage 1.2 a nice starting point. Then, we show that in Stage 1.2, online
spherical SGD can recover the directions using the 2L-th order terms.

C.1 STAGE 1.1: RECOVERY OF THE SUBSPACE AND PRESERVATION OF THE GAP

In this subsection, first we show that the ratio HvSPHQ / lvsp||* will grow from Q(P/d) to ©(1)
within O(dP) iterations and during this phase. We will rely on the second-order terms and bound
the influence of higher-order terms. This leads to the desired complexity. The next goal to show
the initial randomness is preserved. In our case, we only to the gap between the largest and the
second-largest coordinate to be preserved. This ensures that the neurons will not collapse to one
single direction. Formally, we have the following lemma.

Lemma C.2 (Stage 1.1). Let v € S%! be an arbitrary first-layer neuron satisfying ||v||, <

log® d/(2d) and |v<p|?®/ |vsp|* > 0.1P/d at initialization. Let p € (e=1e" 4 1) be given.
Suppose that we choose

1 op ~ op
< - and n< —o, (2 ).
TS egtd M TGP g T (s - (dPQ)

Then, with probability at least 1 — O(dp), we have

2

1 1 d ~

HUSPHQ >1 withinT = 1+o(l) log () = O(dP?) iterations.
lv<pl 47 P

Moreover, if at initialization, 1112) is the largest among {’Uz}ke[p] and is 1.5 times larger than the

second—lai;gest {vi} ke[P), then at the end of Stage 1.1, it is still 1.25 times larger than the second-

largest {v }re[p)-

Remark. To make the above result hold uniformly over all m = poly(P) neurons, it suffices to
replace op with dp/m. In addition, by Lemma B.3, the hypotheses of this lemma hold with high
probability at initialization. &

Proof. Tt suffices to combine Lemma C.4, Lemma C.5 and Lemma C.6. O

To prove this lemma, we will use stochastic induction (cf. Section F.2), in particular, Lemma F.6,
Lemma F.8, and Lemma F.10. For example, to analyze the dynamics of ||v<p |/ |vs pl|, it suf-
fices to write down the update rule of |Jv<p||* / v p||* and decompose it into a signal growth term,
a higher-order error term, and a martingale difference term as in Lemma F.6. Then, we bound the
higher-order error terms, and estimate the covariance of the martingale difference terms, assuming
the induction hypotheses.

The induction hypotheses we will maintain in this substage are the following:

log2 d

|ve,<p|? dwo<rl® 5
RSP = @)1+ ) RS g2 <

2 2
[ve,>pll lvo,p[I*

They are established in Lemma C.4, Lemma C.9 and Lemma C.8.
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C.1.1 LEARNING THE SUBSPACE

Now, we derive formulas for the dynamics of the ratio ||v<p|”/|vsp|°. Since we will use
Lemma F.6 to analyze it, the goal here is separate the signal terms, martingale difference terms,
and higher-order error terms.

Lemma C.3 (Dynamics of the norm ratio). Assume the induction hypotheses. Let v be an arbitrary
first-layer neuron. For any t < T, we have

v <pll” _ lo<p|”
= = L+dn+ey)+¢
oceasel” sl e
C(+4n—2mp+e) lv<pl® 20 (vsp,Zop) 2n {v<p, Z<p)
(1= 20p) ||vsp|® (1= 20p) [lospl® (1= 20p) |l e
where ¢, = 4Ln ||’U§p||§§ / H’USPH2 and for any ép € (0,1), we have with probability at least

1 — 6p, that
1
|&i41] < CL(1+ 4n)'nP <ma0 v nP3 loght (6)> ’
P

where Cp, > 0 is a constant that can depend on L.

Proof. Recall from Lemma C.1 that
oty = (1420 (1{k < P} (24 2Lv}" %) — p)) v} + 200k Zk
+ 300L*npmag £ 300L%n* (1V Z3) .

Hence, for the norms, we have (the higher order terms are changed; additional P, d factors)

[o<p|® = (1 +20(2 - p)) [lv<p|® + 4Ly [lv<p|sr + 20 (v<p, Z<p)

+300L° Pymay % 300L%* (P || Z<p ),

=: fgp,t
W10 = (1= 20p) [osp|* + 20 (vsp, Z5p)
+300L>dnmag + 300Ln” (dV || Z3p]|) -

=:&>p

For notational simplicity, put €, = 4L’I7HUSPH;§/”’USP||2. Note that ||[v<p|/|vsp| =
lo<p|l / |©>p||. Thus, we have

|vert,<pll® (14202 —p) +e) |vepl’ + 20 (vep, Z<p) + E<p

7 = p)
vir1,> Pl (1 —=2np) lvspll” +2n(vsp, Z>p) +&sp
2

_ (I+4n—2np+e) [lv<p| 2n(vsp, Z>p) Esp

- 2 1 - - 2 = 2
(1= 2np) [[vspl| [Dt11,> Pl 01415 Pl
2n (v<p, Z<p) §<p

" B) - D)
[0t41,> Pl |Dt+1,> Pl

(1447 — 2np +&,) |lv<p|?
2
(1 —2np) lvsp||
(144 —2np +&,) lo<p|? 20 (vsp, Zop) | 20 (vep, Z<p)

2 ~ 2 ~ 2
(1= 2np) [[vspl [Dt+1,>pl [Dt+1,>pll
(1+4n—2np+e) Jv<pl®  &p E<p
o 2 - 2 N PR
(1 —=2np) |lvspl| [Ot41,> Pl [Dt41,> Pl

Note that up to some higher-order terms, the first line contains the signal terms and the second line
contains the martingale difference terms. Now, our goal is to factor out those higher-order terms.
For the first line, first recall from (13) that p < 4L, and then we use the fact that

1

T 1— 24222 V2| <1/2, (10)
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to obtain

14+4n—2np+¢,) ||v 2 v 2
( (717 2:772) r )||||2<P” = ::U<P:2 (1+4n —2np +&,) (1 + 2np £ 64L%%)
- >P >P

2
= ||”§PH2 (1+4n + e, £2000L%7?) .

lvspl

Similarly, for the second line, we write

1 1 (1 2 (vop, Zop) +£>p>

N 2
D415 (1 — 2p) |vsp|? [Dt+1,> Pl

By the tail bounds in Lemma 2.2 and the union bound, for any dp € (0, 1), we have

C
|(@=p, Z=p)| < CFEPlog®” (?) . |(T=F, Z<p)| < CFPlog?t < §L)
P P

|Z1| < C2LPlog?t (C;Ld) vk € [d],
P

with probability at least 1 — 2dp. In particular, note that the second bound also implies, with at least
the same probability, we have

Crd
|€<p| < 600L%nP (mao v nCiL p? logtt ((;)) ,

Crd
€< p| < 600L3nd (mao v nCtEP? log (;)) .
P

By our definition of Stage 1.1, we have ||0;11 > p||2 > 1/2. Therefore, with probability at least
1 — 26p, we have

1 1 1
(1 + C)nPlog*" ()> ,
(A (1 — 2np) |lvsp|® op

for some constant C’L > 0 that can depend on L. Thus, for the ratio of the norms, we have

2 2

2
i spl™  llosel

—2 ; 2 9 Z 1
_(I+4n—2np+ey) IIggPII 1 (vsp >P>2 (1 )P log?h ())
(1—2np) lvspl (1= 2np) lv=pl| op

2n{v<p, Z<p) ar (1
5 <1 + CnP log %

(1 —=2np) [lvspl|
(1+4n—2p+e,) Jv<p|® & {<p
B 2 - 2 N PR
(1 —2np) |lvsp|| I0t+1.>pl"  IOer1>pll

Collect the higher-order terms into & 1, so that the above becomes

||'Ut+1,§PH2 _ ||'U§P||2 (

5 1+4n+¢ey) + &1
[vit1,>pl lvspll

C(+4n—2mp+e) lv<pl® 20 (vsp,Zop) 2n {v<p, Z<p)
(1= 2np) |vsp|® (1=2np) Jlospl® (1= 2np) Jvsp|®
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For the higher-order terms, we have with probability at least 1 — O(dp)

Jv<p|® lv<p|® nl (vsp, Z-p) | 1
1&t41| S ——> 2 E— = - nPlogQL 5
lvspll lvspll lvspll

nl (v<p, Z<p) | 2L (1> lv<pl® |€p] [$93]
op

[
Jv<pl® 5 lo<pll® | llv<pll \ 2p2y ar (1
SL — 3 + ~ 3 + a2 |7 P lOg (57
vspll [vsplI”  [lospll P
d||v 2 P d
+ ( | SP[L + 2) n (mao v nP?%logtt (5)>
vspll [vspll P
d
<t (1+4n)nP (mao Vv nP?log*t (5)) ,
P

where we use the induction hypothesis [[v<p|®/ |vsp|® = © ((1+ 4n)'P/d) to handle the
d||lv<p|®/|lvsp|* factor in the last line. O

lospll* l[ospl*  Jospl”

With the above formula, we can now use Lemma F.6 to analyze the dynamics of ratio of the norms.
Lemma C.4 (Learning the subspace). Let v be an arbitrary fixed first-layer neuron. Suppose that
1 op = dp
d ns =0 ,
dlogd " T P2 log T (d/sy) <dP2)
Then, throughout Stage 1.1, we have

(1 + 4n)" |lvo,<p|” < lv<pl]® < 30 +4n)’ | vo,<p|”
2

magp NL

2 = 2 = 27
2 wospll” T llvsel lvo.>pll

and Stage 1.1 takes at most (1 + o(1))(4n)~'log (d/P) = Oy, (dP?/6p) iterations. To obtain
estimates that uniformly hold for all neurons, it suffices to replace dp with dp/m.

Proof. By Lemma C.3, we have

2 2
v v
[ t+1,spH2 _ v<rll (1+45+ )+ Ern
[virrspl”  llospll
(L4 —2np+5) |v<pl® 27 (vsp, Zsp) 2n (v<p, Z<p)

(1= 2np) vsp| (1= 2np) [lvsp|® (1= 2np)|lvsp|”

= Hy = 12
where &, := 4Ln ||'u§p||§§ / |lv<p|? and for any &p € (0,1), we have with probability at least

1 — 6 /T, that
T
|&1| < Cp(1+4n)'nP <ma0 v nP? log*t (6)> ,
P

where C, > 0 is a constant that can depend on L. By our induction hypothesis vg <log*d /P, we

P _
4Ln Z 2L 4Ln loep|2E™ QZ 4L10g2L *(d)

|| pll” Pt

In particular, note that §,, does not depend on ¢ and is 0( ). For the martingale difference terms, by
Lemma 2.2, we have

=: Ndy.

U
||U<P||

4 4

v v
E[(H))? | ] S0 ) §P||6E[<@,Z>p>2|ft} <y nzpe losr
[o>pll lospl*

2
v v
B[ 7] <ot L2 8 [z 2o | 7] <, pr2 Lzl
ol ol
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Put Hyyq := Ht(}r)l + Ht@) The above bounds imply that

2 2 p3
v P
E[H | F] St 2P27H ver| L P3(1 +477)t“ 07§P||2 Ny : d (1 +4n)*
v >P|| lvo,>pll

where the second inequality comes from our induction hypothesis.

For notatlonal simplicity, put X; := |lv<p|®/ |vsp|? 27 = (1+4n)' X, and z;7 = (1 + An(1+
8,))t Xo. * will serve as the lower and upper bounds for the deterministic counterpart of X, since

(L+4n) X + &1 + Hepr < Xppr < (L+4n(1 +60)) Xe + o1 + Hegr
Moreover, note that for any ¢t < T', we have

af (14491 +6,)
x; 1+4n

(1+4n(1 +6,)) (1 — 4+ 167%))"

< (14 476, + 40p?)’
< exp (40nT (6, + 1)) .-
Since T' < log d/n), the above implies

+

1< 2L <exp(40logd (6, +n)) < 1+ 80logd (6, +n) = 1+ o(1),
Ty

where the last (approximate) identity holds whenever

1 4L1og* % (d) 1 L
by €K — <= & P> (L)Y D1og?d.
< logd Pt Siogd > (41) o8

In particular, this implies that the (multiplicative) difference between a:j' and x; is small.
Now, we apply Lemma F.6 to X;. In our case, we have
T n?P3
E<rnP <ma0 Vv nP?log** <6>) , 0% <L T
P

a =4(14 o(1))n and Xo = O(P/d). Recall that T' < O(log d/n). Hence, to meet the conditions
of Lemma F.6, it suffices to choose

1
mao S ———
T X ~" dlogd’
nP ( mag v nP?log*" [ — <r 20 o &
o r NS !
~ dP2log*" (T/6p) logd
2 p3 2
n P < (5POZXO 5[p
=
a ~L 16 U P
To satisfy the above conditions, it suffices to choose
1 < op
ma .
0 5L Tlogd T P2 10 5 (4/0p)
Then, by Lemma F.6, we have, with probability at least 1 — ©(dp), 0.5z; < X; < 1.5z} .
Since #7 = (1 + o(1))x,, this implies 0.52; < X; < 2z;. To complete the proof, it suf-
fices to note that for z; to grow from ©(P/d) to 1, the number of iterations needed is bounded
by (1 + o(1))(4n)~ ! log (d/P). O

C.1.2 PRESERVATION OF THE GAP

Now, we show that the gap between the largest coordinate and the second-largest coordinate can be
preserved in Stage 1.1. Let p = argmax;c(p) v v7(0) and consider the ratio v2/v2, where ¢ € [P]
is arbitrary. The proof is conceptually very similar to the previous one, except that we will use
Lemma F.8 instead of Lemma F.6. However, there is still some technical subtlety that is not involved
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in the previous analysis. When v? is close to 0, the dynamics of v7/v2 can be unstable, violating
the conditions of Lemma F.8. Intuitively, this should not cause any fundamental issue, since we are
only interested in the square of largest and second-largest coordinates, both of which should be at
least 2(1/d) throughout Stage 1.1. To handle this technical issue, we will partition ¢ € [P] based
on the initial value vg ,. When v§ , = Q(1/d), we consider the dynamics of the ratio v /v; directly.

If US, q is small, we will use Lemma C.7 and Lemma C.8, and bound the ratio in a more direct way.

Lemma C.5 (Gap between large and small coordinates). Consider p,q € [P]. There exists a uni-
versal constant c,, > 0 such that if vap > 1/dand U(2), ¢ S G /d, and we choose the hyperparameters
according to Lemma C.7 and Lemma C.8, then we have with probability at least 1 — O(dp), that
vz > 2113 throughout Stage 1.1.

Proof. By Lemma C.7, we have

1

1 1
> (1 +4n) UOp Z 2(1+47I) PL

[\

with probability at least 1 — O(dp). Meanwhile, by Lemma C.8, we have
0 <201+ 4n)’ ;

with probability at least 1 — O(0p). Hence, as long as ¢, < 1/(8C), we have v7, < v, /2

throughout Stage 1 with probability at least 1 — O(p). O

Lemma C.6 (Gap between large coordinates). Consider p,q € [P] and let ¢, > 0 be the universal
constant in the previous lemma. Suppose that Ug,p > vaq > ¢y/d. Leteg € (0,1) be given.
Suppose that the hyperparameters satisfy the conditions in Lemma C.7 and

mag S LiER 2L 10g3d U ER\/%
~ dlogd ~oer T YT dP21og 2 (d)op)

Then, we have |vg/v§ - Ug,p/vg,q| < eg throughout Stage 1.1 with probability at least 1 — O(dp).
Proof. First, note that by Lemma C.7, we have v7 , > ¢, /(2d) throughout Stage 1.1 with probability
atleast 1 — O(dp). Recall from Lemma C.1 that for any k < P, we have

b1 = (1420 (2Lvp" 2 + 2 — p)) v} + 2nvy, Zi £300L*pmag £ 300L*n (1V Z7) .
=: &k

Hence, for any p, ¢ € [P], we have
“ﬁ,m (1 +2n (2LU127L_2 +2 - p)) U127 +2nvpZp + &p
vg,t“ (1 + 29 (2Lv§L72 +2— p)) vg + 20024 + &,
v2 Ug 21w Z, 20vpZyp

v2 vg (1+2n(2 - p))v2 + 4Lyt * (1+2n (2Lvi" 2 +2 - p)) v2
2nvpZyp 2nvgZq + &4
+2n (2L’U3L72 +2— p)) vg @S,m
2nvyZ, 2nveZg + &,
v2 (1420 (2= p))v2 + 4Lzt 02,
N & + ALt L% v2 4Lnu* + &

~2 2 2
Vg,t41 Vg Vgt

+
aw‘"@w =

The first line contains the signal term and the martingale difference terms. The other three lines
contain the higher-order error terms. First, for the martingale difference terms, by our induction
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hypotheses and the variance bound in Lemma 2.2, we have

< |

2
2nv, 2. v2
( NVpLp ))U2> ’]—‘t <, P2 <, n2dP210g2d
q

2N, 2, 2 4
NVq4Lq 22Up s A
Fi| < p2L < dP%log" d,
(I+2n(2-p))vi+ 4LT}U§L> ’ t] SL 08 NI og

mgohgo

(L+2n(2Lvg" 2 +2—p g
where we have used the induction hypotheses v} > ©(1/d) and v2/v? = O(v§,/v5,) =
O(log2 d). Using the language of Lemma F.8, these imply
02 <p n*dP?log" d. (11)

Then, for the higher-order terms, first by the tail bounds in Lemma 2.2, we have for any op ¢ € (0,1),
that

C
|Z,| V| Z,| < CFPlog®” <<5L> with probability at least 1 — 2Jp ¢.
P,&

In particular, this implies that with at least the same probability, we have

1
€| V [€q] Sinmag V n? P? log** <5IP’£> .

Suppose that < 1/d. Then, we have
|| + 144l vy _ _
<plog’d <p,02q+77 1+U—’2’ (vpF =2 +02h7?)
q

& + 4Lno2t N vy 4Lz + &,

0311 vi 0 a
log?t d d
2 2 121 AL+2
<r nmagpdlog d+77PL—1 + n“dP*log %)
and
2nvpZ, 2nveZg + &,
(1+2n(2Lvg" 2 +2—p)) 02 05,141
2
0 [vpZy| n|vpZy|
St 5 Zg| + 1|
q Uq
d d d
SL 772dP2 1Og4L+1 (5P> + n3d1.5p3 10g6L+1 ((ﬁp) + n2d1.5P10g2L+1 ((ﬁp) mag,
and, similarly,
Uj 2nve Ly 2nveZg + &,
vg (1420 (2= p))vg + 4Lzt 07,1
V20| Z,
~L p,U ‘5q (MlvgZq| + 1&41)

|vg
d d d
<y n*dP? 1og4L+2 — | +72d*°p3 logGLJr2 — | + 772(11'5P10g2LJr2 — | may.
op op op
Suppose that < 1/(dP?), which is implied by the condition of Lemma C.4. Then, using the
language of Lemma F.8, we have

log*" d d
2 <1 nmagdlog®d + 7 fL_l + n?dP? log*tt? (5) . (12)
P
Combine this with (11), recall T = O(log d), apply Lemma F.8, and we obtain
02 2 loe2L g d
2 _ 02| <, Tymagdlog?® d + Tn—e—" + Ty’ dP? log*+2 <> \/5];1Tn2dP2 log* d
Vi Ui, PL— op

2L+1
<, ma d103d+M+ dP? logtt+3 4 55 'ndP2log® d
~L 0 g PL_l n 0g 6IP’ P n 0g )
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throughout Stage 1.1 with probability at least 1 — O(Jp). For the RHS to be bounded by e € (0, 1),
it suffices to require

€R P> log® d < £rVOp

mag S 3 ~ ) ~ :
O~ dlogd Een 0 T ap2 10t (4/6p)

C.1.3 OTHER INDUCTION HYPOTHESES

First, we verify the induction hypothesis: v2 < log? d/P for all p € [P]. This condition is used to
ensure the influence of the higher-order term is small compared to the influence of the second-order
terms.

Lemma C.7 (Bounds for moderately large vZ). Let v be an arbitrary first-layer neuron. Suppose
that p € [P] and ¢, /d < v, < ¢, log? d/d for some small c,,, ¢, > 0. Then, if we choose

co(1 A ey)dp
dP2log* ™ (d/op)’

mao < and 1 <p

Cy
dlogd
then there exists a universal constant C' > 1 such that with probability at least 1 — O(dp), we have

1 3C
5(1—&—47)) v0p<vtp<7(1—|—477) vop, vt <T.

In particular, this implies U?’p < log? d/ P throughout Stage 1.1.

Proof. First, by Lemma C.1, for any p < P, we have
0711, < (1440 +4Lnv2t2) v2 4 2nv, Z, + 300L>nmag + 300L%n* (1 v Z2)

L—1
log? d
< (1 + 4n (1 +L < Oi ) )) 02 + 2, Z, + 300L%nmag + 300L%n* (1V Z7)

2
p

plicity, put 6, = L (log” d/P)L71 (as in the proof of Lemma C.4) and &41,, = 300L3nmag +
300L3n? (1 \Y Zg ) , so that the above can be rewritten as

where the second line comes from the induction hypothesis vy < log;2 d/P. For notational sim-

vfﬂ » S vHl » < < (I+4n(1+9,)) vg + 2nvpZy, + &p.
By the tail bound in Lemma 2.2, there exists some constant C';, > 0 that may depend on L such that
for any dp ¢ € (0,1), we have
2L ar [ CL . o
|Z,| < C7"Plog 5 with probability at least 1 — dp ¢.
P.£

Meanwhile, for the martingale difference term, by our induction hypothesis on v, and the variance
estimate in Lemma 2.2, we have

E [(21vpZp)? | Fi] < 4CL772v§P2 S (L+4n(1+6,))" nvg p P2

P2%log*d
L (L an(L+0,) P —=.
Using the language of Lemma F.6, these mean
, P?log?d

_ 1
:SLn<mao\/nP210g4L (5))’ 0% <L n 4
P.§

Put 2, = (1 +4n(1 + 6,))"vg, where 2o = v, > ¢,/d. By the proof of Lemma C.4, we know
(1 +4n)T = ©(d/P). In particular, this implies nT" = H%(l) log(d/P). Then, by Lemma F.6, we
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have vf) < (14 0.5)z; with probability at least 1 — 20p, as long as mag and 7 are chosen so that

mag < &
0 L )
T o ~" dlogd
VP logtt (| =) ) <o = <
n(mao nPrlog™ \ =) ) Se g n< cs
~ P2 10g T (4 /6p)
P?log?d Spaa? Spc2
22 08 <t PATO n <t 71@01,2 )
d 16 dP2log?d

To complete the proof, we now estimate x;. Clear that z; > (1 + 4n)%zo. Meanwhile, we have

T T
(1+4n(1+5v)> _ <1+ 4n5v) < (Ltns)”

1+4n 1447
< exp (4nT4,) < exp ((1 +0(1)), log (;i)) < (d/P)*».

When P > log3 d, the last term is bounded by a universal constant C' > 0. As a result, we have

t
e < (1+4n(1 +6,))'xo = < T+ 4y )> (14 4n)tze < C(1 4 4n)txg.

O

Lemma C.8 (Upper bound for small vg). Let v be an arbitrary first-layer neuron. Suppose that
q € [P] and 1)3 < ¢, /d for some ¢, > 0. Then, if we choose

Cy

n< (1A ¢y)dp
dlogd

~ P2 10g T (d/0p)
then there exists a universal constant C' > 1 such that with probability at least 1 — O(dp), we have

14 4n)t
vi(ISZCCU%, Vit <T.

mag S

Proof. The proof is essentially the same as the previous one. It suffices to use Lemma F.7 in place
of Lemma F.6. O

The following lemma is not used in our proof. It serves as an example of using Lemma F.10 to
obtain poly log dependence on p.

Lemma C.9. There exists a constant C', > 0 that may depend on L such that if we choose

1
mag < —— and n< ,
Ld CrdPlog*+3 (TTT)
then with probability at least 1 — dp, we have
log®d

sup sup sup vf‘m <

i€m]r>Pt<T d

Proof. We will use Lemma F.10. Fix a first-layer neuron v and r > P. Assume the induction
hypothesis v? < K, /d where K,, > 0 is a parameter to be determined later. Recall from Lemma C.1
that

Vi1 < 07p1 = (1= 20p) 07 + 2nv,Z, £ 300L%nmag £ 300L%n* (1 v Z7) .

Let 41, denote the last two terms. Then, we can write
.2 2
vt-‘rl,r < Uy + 2771)7”27‘ + gT'

By the tail bound in Lemma 2.2, for any dp € (0, 1),

T
|Z,.| < C?EPlog*t (m) with probability at least 1 — 6p /T
LOP
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Hence, with probability at least 1 — dp /T, we have

&, < 300L3npmag + 300L3n*CH Plog® |
CLop

T
< 600L3C2%Ey ( mag v nPlog*” = E.
Crop

Meanwhile, for the martingale difference terms, Z,. satisfies the tail bound (15) with a = Cp,
b= P YL ¢=1/(2L), and 0% = C1, P2 Hence, by Lemma F.10, we have

2K ,1C,
sup vf7T—v§7T’§TE+Tn T|o%+ +

t< p2/e pl/e

]oglﬂ:(mﬁgy) log <1ﬁ>
op

T K, CLPT
<CpTy (mao Vv nPlog*" (%)) +— C! /TP logh™ <L5P) 7

with probability at least 1 — 2Jp, for some constant C; > 0 that may depend on L. Recall that
T < n~'logd. Therefore,

T K, PT
sub |viy =05, < Cplogd <ma0 vV nPlog*" <§P>> + FCIL\/MPIOQLH (5P> ;

with probability at least 1 — 2dp. Thus, apply the union bound over all neurons and all r > P,
replace dp with dp/(2md), and we obtain

Tmd
sup sup sup ’UZt,r — v?ﬁ07r| < C/logd (mao Vv nPlog*" ((;n )>
i€[m] r>P t<T P

K, PT'md
+ 76"L’\/1’110gdPlogL‘*'1 ((Sm) ,
P

with probability at least 1 — Jp. Finally, recall that we assume SUD;¢[m] SUPy> p SUPy< T vio,r <

log? /(2d). Choose K, = log®d. Then, we have SUD; e [yn] SUDy> p SUDy <7 V7 g, < log? d/d with
probability at least 1 — Jp as long as

e < logd
0< s
CYlogd ( mag V nP log*” a8 = log d
o 2d n<
~ 207aP1og?” (Tpd)
L ) oo
2
Ky cn Jnlogaploght! (P T’”d) Jlgd ! |
d op 2d 4(C1)2P210g?t+3 (PZ(;;nd>

O

C.2 STAGE 1.2: RECOVERY OF THE DIRECTIONS

Let v be an arbitrary first-layer neuron. Assume w.l.o.g. that v? is the largest at initialization and
vg1/ maxa<k<p vg ) > 1+ ¢, for some small constant ¢, > 0. By Lemma C.2, we know this gap
can be approximately preserved. In other words, we may assume that ”%1,1 / maxo<i<p U%h P
1 + ¢4 for some small constant ¢, > 0 that is potentially smaller than the previous c,. In this
subsection, we show that v? will grow from Q(1/P) to 3/4 and then to close to 1. Formally, we
prove the following lemma.

Lemma C.10 (Stage 1.2). Let v € S?! be an arbitrary first-layer neuron satisfying ”%1,1 >c/P

. C
and U%l 1/ maxo<j< p v%l x > 14cfor some small universal constant ¢ > 0. Let ép € (e” log d’ 1)
and €, > 0 be given. Suppose that we choose
Ev £50p

<, v d n< )
A0S TP log(1/e,) M TGP 1067 (465
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Then, with probability at least 1—O(8p), we have v} > 1—¢, within O, ((P*~1 +log(1/e,)) /n)
iterations.

Proof. 1t suffices to combine Lemma C.12 and Lemma C.13. O

Lemma C.11 (Dynamics of v?). We have

2L) L 2nunZy —2n (v, Z)

vrn = v} (1+ 4L =2 — aLn|jo|37 -+

2
14210 (2= p) +4Ln|v[5]

where & satisfies || < Crnd (mao v nP2logtt (ﬁ) ) with probability least 1 — dp ¢ for some
constant Cp, > 0 that can depend on L.
Proof. Recall from Lemma C.1 that

@fﬂ,l = (1 +2n (2vaL72 +2 - p)) v? 4 2nu1 Zy
+300L3nmag & 300L%n* (1 Vv Z7)

=:&1,t+1

(1 +2n(2—-p) + 4L7]U2L 2) +2nv1Z1 + &1,¢41,

where p := 2 ||lv<p|® + 2L ||v§p||§IL’. Meanwhile, we also have

d

41 l* = (1420 (2Lop" 2 +2 = p)) o} + 21 (v, Z) + (1,€)
k=1

=1+20(2 - p) +4Ln||v|5; +2n (v, Z) + (1,€).

Then, we compute

V2 vi (1420 (2—p) +4Lnoi"?) + 2001 21 + &1a
t+1,1 —
T 122 p) + ALy ||vll5; + 20 (v, Z) + (1,€)
2 1429 (2 — p) + 4Lnoi" 2
Y1420 (2 p) + 4Ly ||v]|2E + 20 (v, Z) + (1,€)
2nv1 Zy E1,041

- 2
TTe-p) + AL [v]l57 + 20 (v, Z) + (1,€) |94
=: Tmpy + Tmps + Tmpg.

For notational simplicity, we define N2 := 1+ 21 (2 — p) + 4Ln ||v||§§ Meanwhile, by the tail
bound in Lemma 2.2, for each k € [d] and any dp ¢ € (0,1), we have

C
|Zy,| < Cfy Plog®" <6L> with probability at least 1 — dp ¢.
P,¢

Then, by union bound, with at least the same probability, we have

2
| (v, Z) | V max | Z| < C?E Plog®* (CM> .
ke(d] 5]}»’5

As a result, with at least the same probability, we have

2CLd
|€1] < 600L3n <ma0 v nCtEP? log < (SCL )> ,
P,§

2CLd
1(1,€) | < 600L3nd <ma0 vV nCiP? 1o ((?)) .
P.g

Now, we are ready to analyze each of Tmp; (i € [3]).
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First, for the signal term Tmp;, we write
1427 (2 — p) + 4Lnut—2
1+20(2 = p) + 4Ln |v|l5[ + 2n (v, Z) + (1,€)
1420 (2 — p) + 4Lnoi" 2 <1 (0, 2)+(1,8) )
1425 (2 = p) + 4Ly ||jv|2F N2 +2n(v,Z) +(1,€)

( —
L+29(2 - p) + dLnui" <l2n<v,Z> (12n<v,Z>+<1,e>> (1. )
( —

1+ 20 (2 — p) + 4Ly |57 N oes1]” e
1+ 9 (2 ALmu2l—2 9 YA

+ 21 (2 — p) +4Lnvy _ (1_ 77<”; >i4n2<v,Z>2i|<1,€>|>~
142n(2—p)+4Ln|v|5], N

For the first factor, by (10), we have

1+ 21 (2 — p) +4Lni" ">
2L
1+2n(2—p) +4Ln|vll5

(1420 (2 - p) + ALnp?L2) (1 — 9 (2— p) — ALy |v|?E + 160L2772)

=1+ 4Ln?*72 — 4Ly Hngf + 300L%n?.

As a result, we have

T 2 (v, Z
" (1 anmd - am ol s00z) (1- 2002 w4t 0,2 2 0,0
1 v
2n (v, Z
=14+ 4Lnw?t~2 — 4Ly H’UHgé — %

d
+Or(1)nd (mao Vv nP?log" <>) .
Op,¢
Then, we consider the (approximate) martingale difference term Tmp,. We have

Trpy — 210121 (1 (v, Z) + <1,E>>

Ng [

2777}121 9 AL d
= + 1)nd VvV nP<1 —_— .
N7 Or(L)n (mao TR\ Gee

Thus, we have

(v, Z) 2nunZ;
N2 N

0frn = o3 (14 ALyt~ — Ly |lo]l3})

+O0r(1)nd (mao Vv nP%log** <d>> .
5@75

Lemma C.12 (Weak recovery of directions). Suppose that we choose

Cq,L0P
dPL+31og*t (d/op)

Cqg,L
g,
maogdPQL and n <

Then within OL(PLfl) iterations, we will have v > 3/4 with probability at least 1 — O(dp).

NCg,L

Proof. By Lemma C.11, we have
2nuv1Zy — 2n (v, Z)
2L
1427(2 = p) +4Ln|lv]5L

Vi1 = 0% (1 + AL % — 4L ||U||§§) + + &1
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where & satisfies |&;| < Cpnd (mao v nP?log* ( e )) with probability least 1 — dp ¢ for some
constant C, > 0 that can depend on L. Meanwhile, by the variance bound in Lemma 2.2, we have

2
2nunZy —2n (v, Z
( iy — 20/ >2L> ‘ft N
1+42n(2—p) +4Ln vy

For the signal term, we write

P
v~ loepllyy = oft 7% = oft = Y ot
k=2
P 1)2
= o2 (1= o) = (Josp|® = vF) Do ——h——o2 2,

ims llv<pll” — o7

Note that the last summation is a weighted average of {sz 72}2963 p. Similar to the proof in
Section C.1.2, we can maintain the induction hypothesis v% / maxo< k< p v,% > 1+¢ / 27, which

gives
P L—1 L—1 _
vl% 2L—2 v UfL §
E T 3% < | max vk < | — B —
— v<p|® — v} 2<k<P 1+4c¢4/2 1+4ecyr

where ¢y ; > 0 is a constant that depend on L and c4. Therefore,

I oL I 5 UQL 2
V2 — oplfy 2 0272 (1= 02) = (o] - of) 72—
1+Cg,L
2L—-2
o (e e 0-19)
=1 (1- 1—
— lo<pll” +cgr (1= 27)

Cg,L  21—2 (1 2
_1+697Lv1 (1 vl).

As aresult, for the signal term, we have

(1+4Ln02L 2 4L77HU||3£) > v} <1+4L771+va 2(1—0%))
Cq,L
c
=0 4+ 4Ly ol 2L (1 2
LT Y ey v (1)
> 02 4 2L,
1 771+ oL 1

where the last line comes from the induction hypothesis v? < 3/4. Thus, using the notations of

Lemma F.11, we have

Cqg LL

d
=gtz = d P2log*l [ —— 2 _ 2 p2?
a=mn T+cor , Crn (mao VvV og i , 0;=0CLn

for some large constant C';, > 0 that may differ from the previous one. Meanwhile, by Lemma F.12
and the assumption zg = v? > Q(1/P), we have

1 PLfl PLfl
T 5 L—1 < SL .
Ty T« (e} NCy,L
Thus, to meet the conditions of Lemma F.11, it suffices to choose
— _ o Cq,L Cq.L
=< — = <
=T M0 S Gp 1S Pz o6 (d/05)
2
2 1705[p> 5[p>cg,L
<« < .
= 16T =L pLes

O

"The only difference is that now the 2L-th order terms cannot be simply ignored as we no longer have the
induction hypothesis vz < log? d/P. To handle them, it suffices to note that if v} > 1)3, then those 2 L-th order
terms are also larger for v, which will even lead to an amplification of the gap. In fact, this is why we can
recover the directions using them.
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Lemma C.13 (Strong recovery of directions). Let v € S¥~! be an arbitrary first-layer neuron. Let
op and €, be given. Suppose that we choose
Ex d 2(5[[»
ma —  an _—
0 S Tlog(1/e) 1S P oglT (d/88)

Then, with probability at least 1 — O(Sp), we have v¥ > 1 — e, within Or,(log(1/¢.)/n) iterations.

Proof. Again, by Lemma C.11, we have
2nuv1Zy — 2n (v, Z)
L+ 20 (2 - p) + 4Ly o3

2L
Vi1 =01 (1 + 4Lt — 4Ly ||v||2L> + + &1
where &; satisfies |&;| < Cpnd <ma0 vV nP2?log* (—)) with probability least 1 — dp ¢ for some
constant C';, > 0 that can depend on L. Meanwhile, by the proof of the previous lemma, we have

(1 + 4Lt — 4Ly Hv||§f) > v? (1 + 4Ln1_T_97’CLUfL*2 (1- v%))

g9,L

c
=} + 4L7771 +9’L vl (1 —7)

Cqg,L
3\ 2L
> 4L = 1—0?).
dramn 2 (1) o)
This implies
9 9 Cq,L 3\ 2F 2nun 2y — 2n (v, Z)
1—vt+171§(1—v1) 1—-4Ln : 1 - 57— Str1
I+cor 1+2n(2—p) +4Ln ||

For the martingale difference term, also by the previous proof, we have

( 2nu1 Zy — 20 (v, Z)

2
]:t <L772P2.
2L ~
1+2n(2—p)+4LnllvllzL> ‘

Let £, > 0 denote our target accuracy. Hence, in the language of Lemma F.6,® we have

2L
Cqg. L 3
Y e O T = 01 (log(1/2.)),
o=ty (1) T = Oullox(1/2.)
2 2 p2 = 2, ar (Td
oy =0 (1)n°P?, 2 =0r(1)nd | mag V nP*log 5 )
id

To meet the conditions of Lemma F.6, it suffices to choose

Ex Ex Ex

=< = & ma MNeaol1 /=) S ’
< 0 NL dlog(l/E ) e dP? log(l/&?*) 10g4L (d/(S]P’)
el Orco L
0% < 16 < 13 ]932

Then, with probability at least 1 — O(dp), we have v7 > 1 — ¢ within T = O (log(1/c.)/n)
iterations. O

C.3 DEFERRED PROOFS IN THIS SECTION
Proof of Lemma C.1. Recall that

Dr1 e = veg + 1 (1{k < P} (24 200" 2) — p) v + 0 Zes1 5 + 00411,k

$When « is negative, it suffices to replace o with our target e..
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where |01 1| < 2Lmag. Then, we compute
071 = (147 (1{k < P} (2+ 200" %) -
= (1+2n (1{k < P} (2 +2Lv}"7?) -
+n? (1{k < P} (24 2Lo" %) = p)” o}
+ 207 (1{k < P} (2+ 2Lv}" %) — p) v Zy,
+ 207 (1{k < P} (24 2Lv3" %) — p) vxOx
+ 10202 + 02 Z% + 202 2,0y

The last four lines, which we denote by Tmp(® for notational simplicity, contain terms that are
quadratic in 7. The first term is the second line is the “signal term” that corresponds to the GD
update, the second term forms a martingale difference sequence and the second term captures the
influence of other neuron and shrinks with a.

P)) v + N0y + ﬁZk)2
p)) U,% + 2nui Zy, + 2nv Oy,

First, we bound the second-order terms. For p, we have the following naive upper bound:
P P
=2 w2420y < (2420 2L-2 <242L 2L=2 <41, (1
p i_zlvz + i_zlvz <(2+ max vj lo<p|l” <2+ max v; <4L, (13)

where the last inequality comes from the fact L > 2. Similarly, we also have 2 + 2vaL —2 < 4L.
Hence, we have

|1{k < P} (24 2Lv}" %) — p| <2+ 2Lv7" % + p < 8L.
Thus, for the second-order terms (last four lines), we have
[ Tmp®) | < 64L%n*v} + 16 L |v, Zy| + 16 Ly* v O] + 1*Of + n* Z3 + 20> 2O,
< 100L2n*v? + 10Ln*Z} + 10Ly* O3
< 300L%n* (vi Vv Z7 v m?aj),
where we use the inequality ab < a?/2 + b2 /2 in the second line to handle the cross terms. In other
words, we have

@t2+1,k = (1 +2n (]1{/4 < P} (2 + 2LU;%L_2) - ,0)) U;% + 20 Zy + 21Oy
+ 300L3n? (v,% vV ZEV mgag) .
Meanwhile, for the last term in the first line, we have |2nv; Oy | < 4Lnvgmag. Thus,
@t2+1,k = (1 +2n (]l{k: < P} (2 + 2Lv,2§L72) — p)) vE + 2nup 2y,
+ 4Lnvimag £ 300L*n*m*ad + 300L*n> (vi V Z})
= (1429 (1{k < P} (2+2Lv;""?) — p)) v} + 2nvi 2y,
+ 300L3nmag £ 300L*n* (1 v Z3) .

D STAGE 2: TRAINING THE SECOND LAYER

Lemma D.1. Suppose that for each p € [P), there exists a first-layer neuron v; , with v?p’p >1—¢,
for some small positive £, = O(1/P), then we can choose a,. € R™ with ||a.|| = /P such that
L(a,, V) :=E(f.(z) — f(z;a,,V))* < 10LP%,.

Proof. Choose one v;, for each p € [P]. Then, we set the i,-th entries of a. to be 1 and all other
entries 0. Then, we write

M~

(fo(@) = f(x; 0., V)" = < (¢(zr) — D(vy, ’w))>

o
Il

1

(@(zx) = P(viy, - @) (D(21) — D(vi, - T)) -

>
Il
—

|
'M*u
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Recall from the proof of Lemma 2.1 (cf. Section A) that for any v, v’ € S%~!, we have
/ _ "2 Nn2L
LB e 2)e @) = (0.0 + (0.0
Hence, for k = [, we have
E (¢(x) — d(vi, - @))* = E¢*(wx) + E¢*(viy, - @) — 2E ¢(21) p(vy,, - )

=4-2 (U?k,k + v?f,k)
< 4Le,.

Meanwhile, for k # [, we have

E (¢(zk) — ¢(vi, - ®)) (¢(21) — (vs, - T))

E ¢(zk)d(z1) + E d(vi, - @)o(v;, - ) — Ed(2k)d(v;, - @) — E@(vi,, - )d(21)

>2L

< <'Uik7'Uil>2 + (vi,,, v;,
Note that
(v, ,v;,)° < 207 1, +2 (v, — e, v,)’ < 2, 4 2||vi, — ex||® = 26, +4(1 — vy, 1) < 66,
As aresult, (v;,, v¢l>2 + (v;,, v¢l>2L < 10g,,. Combining these two cases, we obtain

E (f.(z) — f(x;as, V))®> <4PLe, + 10P%, < 10LP?%,.
O

Now, we are ready to prove the following generalization bound for Stage 2. The proof of it is adapted
from Section B.8 of Oko et al. (2024), which in turn is based on (Damian et al. (2022); Abbe et al.
(2022); Ba et al. (2022)).

Lemma D.2. Suppose that for each p € [P), there exists a first-layer neuron v; , with v?p’p >1—¢,

Sor some small positive €, = O(1/P). Then, there exists some X\ > 0 such that the ridge estimator
a we obtain in Stage 2 satisfies

A 8 lal vm
sa, V) — f. < Y T 4 V10LP2%,,
”f( ) I HLl(D) \/N(SP

with probability at least 1 — 26p.

Proof. For notational simplicity, let D = N(0,1) and D= % Zf:’:l 0z, denote the empirical
distribution of the samples we use in Stage 2. In addition, we write f, for f(-; @, V') where V' is the
first-layer weights we have obtained in Stage 1 and X = (11, ); ;-
Let a, € R™ denote the second-layer weights we constructed in Lemma D.1 and @ € R™ denote
the ridge estimator obtained via minimizing a > || fi — faHiz( py T A |a||>. By the equivalence

between norm-constrained linear regression and ridge regression, there exists A > 0 such that
2 2 N
1 = falleiy < I = fal2apy and [lall < fla.]l-

Choose this A and let F := {f(-;a) : ||a|| < |la«||} be our hypothesis class. Note that f; € F.
Moreover, we have

1o = Fellzrioy = (Ifa = Fellaoy = o = Folliagsy ) + e = Fell ooy

< y Sﬁlfl\ | (Hfa - f*HLl(D) - ||fa - f*HLl(D)) + Hfd - f*”Ll(f))
< sup (”fa*f*HLl(D)*”fa*f*HLl(ﬁ))+||fa**f*||L2(ﬁ)’

a:llal<[la.|

where we used the fact that || fa — full 1 (py < lfa = fullp2(py < Ifa. — fellp1(p) in the last line.
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Now, we bound the first term. Let o := (0,))_; be i.i.d. Rademacher variables that are also
independent of everything else. By symmetrization and Theorem 7 of Meir & Zhang (2003), we
have

E [ Sup <||faf*|L1(D)||faf*||L1(D)>‘|

X la:[al<|a.]
<2 E ot ‘fa $T+n f*(wT+n)|
X.0q; nan<|\a*n N Z
<2 E ot (fo(@T4n) — fe(®T4n))
X.0q; nan<na*|\ N Z
2 ol 1 & '
<- E sup tha(wT+n)+2 E — t *(wT+n)'
N X’t’a:nansna*u; X =1

Note that the first term is two times the Rademacher complexity Rad y (F) of F (see, for example,
Chapter 4 of Wainwright (2019)). By (the proof of) Lemma 48 of Damian et al. (2022), we have

m

l|a.|| 2 lla.l
Rad E 2(vy, -
N(F) < IN mNN(“d)W z)|” = IN ;Mw’ld)wk )
_ el vm E 62(m)
VN x1~N(0,1)
:2||a*||\/ﬁ
VN
In other words, we have
4||a*||f
Eswp (lfa=Fllos) = I1fa = Follian)) <
a: all<lla| L) Lo =N
Hence, for any dp € (0, 1), by Markov’s inequality, we have
4la.|[vm
swp  (Ifa = Fellpi oy = Ma = Folliap) < 7
asfal<la N )R B =N

with probability at least 1 — dp. Apply the same argument to || fq, — f«l| 12(p) and recall from
Lemma D.1 that || f,, — f*||L2 ) < 10LP?%¢,, and we obtain

8 l|la.|| vm
Hfﬁ,_f*”Ll(D) SW+ IOLPQ&‘U,

with probability at least 1 — 20p. O

E PROOF OF THE MAIN THEOREM

Theorem 2.1 (Main Theorem). Consider the setting and algorithm described above. Let C' > 0
be a large universal constant. Suppose that logc d < P < dand {vZ}fZl are orthonormal. Let
op € (exp(— log® d),1) and e, > 0 be given. Suppose that we choose ag,n, T, N satisfying

2 Pm
Yol P81 1'5P\/15 , =0 ( Ef ), N=Q < )7
m=Q(PPlog *(PV1/de)), a0 =Ou| —omores log® dlog(1/z.) P\ ez

16 16
— OL *OP _ O~L «OP
n dPL+8 10g4L+1 (d/(S]p) dPL+8 |’
L—1 . 2047
T—0, logd + P! +log(P/e.) — 0, dpP .
U dpes

Then, there exists some X > 0 such that at the end of training, we have L(a, V') < e, with proba-
bility at least 1 — O(Jp).
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Proof. First, by Lemma B.3, we should choose m = 400P% logl'5 (PV1/ép). Meanwhile, by
Lemma D.2, to achieve target L!-error £, with probability at least 1 — O(dp), we need

Pm g2
Ve wmo(5)
Then, to meet the conditions of Lemma C.2 and Lemma C.10 (uniformly over those P good neu-
rons), we choose

-0 (i) - ()
0 b\ maper+2 log® dlog(1/e,)/’ K L\ gpr+s log*tY(d/sp) )
By Lemma C.2 and Lemma C.10, the numbers of iterations needed for Stage 1.1 and Stage 1.2

are Oy, (log(d/P)/n) and Op ((P*~! +1log(1/ey)) /n), respectively. Thus, the total number of
iterations is bounded by

o

logd + PE=1 + log(P/e.) ~  (dpoly(P)
=0 | ————).
7 €10p

F TECHNICAL LEMMAS

F.1 CONCENTRATION AND ANTI-CONCENTRATION OF GAUSSIAN VARIABLES

In this subsection, we first present several concentration and anti-concentration results for Gaussian
variables. While almost all of them have been proved in the past in different papers and textbooks
such as (van Handel (2016); Wainwright (2019)), we provide proofs of most of them for easier
reference.

Lemma F.1 (Concentration of norm). Let Z ~ N (0, I;). Then, we have
P(IZ] ~E|Z]| > s) < 2¢7* /2.

Remark. ||Z|| follows the chi distribution y4, whose expectation is v/2I'((d+1)/2)/T'(d/2). With
Stirling’s formula, one can show that for any large d,

\/&>E||Z|=m(1—1+O(1)>:\/8(1—2).

4d d?
L]

Proof. We will use without proof the following result: if Z ~ N (0,1;) and f : R? — R is 1-
Lipschitz, then f(Z) is 1-subgaussian. We apply this result to the 1-Lipschitz function ||-||. This

gives P (|| Z|| —E | Z| > s) < e~*"/2. Apply the same result to — ||-|| yields the lower tails. O

Lemma F.2 (Upper tail for the maximum). Let Z1, ..., Zg ~ N (0,1) be independent. We have the
upper tail

IP’(mz[id}]cZi|> 210gd+5><26_52/2, Vs > 0.
1€

Proof. For notational simplicity, put Z* = max;¢[q Z;. By union bound and the Chernoff bound,
we have for each s,60 > 0,

]P’(Z*Zs):P(\d/ZiZS> <dP(Zy >s)<d

i=1

0z
Be™™ o072

els

Choose f = s to minimize the RHS, and we obtain P(Z* > s) < el°8 d=s*/2_ Replace s with

2log d + s2 and this becomes
P<Z* > 21ogd+s) < P(Z* > 210gd—|—32) < e—5°/2.

Use the fact — min;e(q Z; 4 max;¢[q) Zi and we complete the proof. L]
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Lemma F.3 (Lower tail for the maximum). Let Z7,

.oy Za ~ N (0,1) be independent. Let ¢ > 0
be any universal constant. We have

1 1
P Z; > (1 v/2logd| > - .
[rvg?d)}( = (1+e)v2logd| = 8m(1 + ¢) d1+e)?*~1/logd

Proof. First, we prove a general result on the integral I(z) = fmoo e=v’/ 2dy. Make the change of

variable y = 7 to obtain I(z) = x floo e=*"7*/2d7. Since the integrand decays very fast as 7
grows, we expand 72 /2 around as 72/2 = 1/2 + (7 — 1) + (7 — 1)?/2. This gives

I(z) = ze v /2 /00 e D= (-1 24 = g /2 /C><> e
1

2.2 /9

e / d7
0
For the second factor, we have

/ e T 2y §/ e Tdr = 1
0 0

° e 2r2 1 1
[y [T (2 e L (1)
0 0 2

Combining these bounds together, we obtain

—z2%/2 1 —x2/2
e e
1-—= | <I < . 14
x < x2> sl < x (14
With this estimation, we are ready to prove this lemma. Let ¢ > 0 be a constant. Note that by our

previous tail bound, max;eq] Z; > (14 ¢)v/2logd =: 0 is a rare event. We have

faned 1o (- 2) =72

V2T =2 v 21
. d e=0/2 1 1
T 4/2r 0

8m(1 +c¢) di+o9*~1/logd

O
Lemma F.4 (Gap between the largest and the second largest). Let Z1,

coesZqg ~ N(0,1) be in-
dependent. Consider an arbitrary universal constant ¢ > 1/ V2. Define the good and bad events
as

G = {m?j](|Zz| > (1 +2c)\/2logd},
1€

B = {Eli £ j € [d], min{|Zi],|Z,]} > (1 +c)\/210gd}.

We have
E}Eg; < 8 (1 ;1%02);/10@ —0 asd— oco.
Let | Z|(1y and | Z|(2) be the largest and second-largest among |Z1|, ... ,|Zq|. We have
P [22; . 114;206] >P[GA-B] > (1-0(1)P(G) > 5w(11+ o d4c+4621@.
Proof. Let 0 < c¢1 < co be two universal constants to be determined later. By Lemma F.3, we have
P(G) := 2P {riré?;]czi > (14 c2)y/2logd ! !

> .
= (1l + ) AP 1, log d

39



Under review as a conference paper at ICLR 2025

Meanwhile, we have
P(B) =P [3i # j € [d], min{|Zi|, |Z;[} > (1+ e1)y/2logd]
< 2(5) (IP’ [Zl > (1 +cl)\/21ong2

< d*exp (—2(1 + ¢1)* log d)
_ d—2(1+c1)"‘+2.

Combine these bounds together, we obtain

P(B) _ Ar(1+ ¢)d+e2’ =1 /logd  4n(1+ ¢2)\/Togd

]P’(G) - d2(1+c1)? -2 T d2(4en)?—1—(14c2)?”

Suppose that ¢ = ¢ > 1/2 and choose ¢ = 2¢;. Then, the above becomes

P(B) _ 4m(1+ 2c)y/logd
P(G) a2

<

F.2 STOCHASTIC INDUCTION

Our proof is essentially a large induction. When certain properties hold, we know how to analyze
the dynamics and can show certain quantities are bounded with high probability. Meanwhile, certain
properties hold as long as those quantities are still well-controlled. In the deterministic setting, this
seemingly looped argument can be made formal by either mathematical induction (in discrete time)
or the continuity argument (in continuous time). In this subsection, we show the same can also be
done in the presence of randomness and derive a stochastic version of Gronwall’s lemma and its
generalizations.

We start with an example where Doob’s submartingale inequality can be directly used. Let
(Q, F, (Ft)t, P) be our filtered probability space and (Z;); be a martingale difference sequence.
Suppose that E[Z?,; | F;] is uniformly bounded by o%. Then, by Doob’s submartingale inequality,
forany M > 0 and T' > 0, we have

t

37,

s=1

) ’ To?
>M1 <M‘2E<ZZS> = M,f.

s=1

P |sup
t<T

In particular, this implies that when M = w(oz+v/T), we have Sup; < ‘22:1 Zs| < M with high

probability.

Note that there is no need to any kind of “induction” in the above example. However, things become
subtle if instead of assuming E[Z7, ; | ] is bounded by 0%, we assume it is bounded by % as long
as sup,<; |>_,_, Zr| < M. Intuitively, since M is chosen so that sup, ‘2221 Zs| < M holds

with high probability, the bounds E[Z7,; | F;] < 0% should also hold with high probability and we
can still use Doob’s submartingale inequality as before. Now, we formalize this argument.

Lemma F.5. Let (Z;); be a martingale difference sequence. Suppose that there exists M,o7 > 0
such that if sup,; |Y 71 Zs| < M, then we have E[Z},, | F;] < 0. Then, we have

t

P [Sup >

t<T s=1

2
< To

> M| <52

Zs

Note that this bound is the same as the one we obtained with the assumption that E[Z? o | < o
always holds.

Proof. Consider the stopping time 7 := inf{t > 0 : ‘22:1 Zs| > M}. By definition, we have
SUPg<y |>or_y Zs| < M forall t < 7. Then, we define Y; 1 = Z;111{t < 7}. Note that (Y}) is
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a martingale difference sequence with E[Y,2; | ;] < 0%. As a result, by Doob’s submartingale

inequality, we have P {suptST ‘22:1 YS‘ > M] < To?% /M?. Torelate it to (Z);, we compute

t t T
P |sup Zs| > M| =P |sup Z|>MANANTT| =P Zg|>MANANT LT
=P|D> Yi|>MAT<T
s=1
TU%
=3
where the first and second identities comes from the definition of 7 and the third from the fact
Zy =Y, forallt <. O

Now, we consider a more complicated case, where is process of interest is not a pure martingale.
Suppose that the process (X ), satisfies
Xip1 =1+ @)Xy + &1+ Zey1, Xo =m0 >0,

where the signal growth rate « > 0 and initialization zy > 0 are given and fixed, (&); is an
adapted process, and (Z;); is a martingale difference sequence. In most cases, (£;); will represent
the higher-order error terms.

Our goal is control the difference between X; and its deterministic counterpart z; = (1 + «)tzg. To
this end, we recursively expand the RHS to obtain

Xip1 =1+ a)’Xe1+ (L4 )& + &1 + (L+ ) Ze + Zia

t t
=(1+a) Mo+ > (1+a) &+ > (1+a) " Zo.
s=1 s=1
Divide both sides with (1 4+ «)'™! and replace ¢ + 1 with ¢. Then, the above becomes
t t
Xi(l+a) " =z0+ > (1+a) &+ ) (1+a) Z.
s=1 s=1

Note that ((1 + a)~*Z;), is still a martingale difference sequence. Ideally, |¢;| should be small as
it represents the higher-order error terms, and we have bounds on the conditional variance of Z; so
that we can apply Doob’s submartingale inequality to the last term. Unfortunately, in many cases,
since &;41 and Z; 41, particularly their maximum and (conditional) variance, can potentially depend
on (X;)s<¢, we may only be able to assume |§;11]| < (1 + «)'Z with probability at least 1 — dp ¢
(foreach t) and E[Z7,, | 73] < (1 + a)’o% for some &p ¢, E and 0% when, say, X; = (1 £ 0.5)z;.
Still, we can use the previous argument to estimate the probability that X; ¢ (1 & 0.5)x; for some
t<T.

Let 7 := inf{t > 0 : X, ¢ (1+05)z,} and then 1 = & 1{t < 7}, and Ziyy =
Zi11{t < 7}. Clear that 7 is a stopping time, ¢ is adapted, and Z is still a martingale difference
sequence. Moreover, we have \£t| < (1+a)'E with probability at least 1 —dp ¢ and E [Zf 1 | ]-'t} <
(14 a)to? forall t > 0. As aresult,

t

Z(l + O‘)isés

s=1

E(Z(1+a)_525> =Z(1+a)—28EE[Z§ | fH} <3 (+a)o %

s=1 s=1 s=1

<

(1]

t<7T

(1]

with probability at least 1 — T'0p ¢,

N
IN

Then, by Doob’s submartingale inequality, we have
T

Y (+a) 2z,

s=1

4

P |sup
t<T

> xO] < 160%.
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Hence, for any dp € (0, 1), if we assume

Spax?
16

=< and O’%S

Ty
4T
then with probability at least 1 — dp — T'dp ¢, we have
t

Y (U+a) i+ (1+a)*Z
s=1 s=1

Then, similar to the previous argument, we have
=P[X, ¢ (1+05)x, A7 <T]

:P[
:pl

<1-— 5]p> — T(s]p,g.
Namely, we have proved the following discrete-time stochastic Gronwall’s lemma.
Lemma F.6 (Stochastic Gronwall’s lemma). Suppose that (X;): satisfies
Xy =1+ a) Xy + &1+ Zip1, Xo =20 >0,

where the signal growth rate o > 0 and initialization xo > 0 are given and fixed, (&) is an adapted
process, and (Z;), is a martingale difference sequence. Define x; = (1 + a)x.

x
<=0

5 vt € [T).

T

Y +a) e +) (1+a)"Z

s=1 s=1

> —A7<T

T T

Y (+a) i+ (1+a)*Z,

s=1 s=1

> —AN7<T

Let T > 0 and dp € (0,1) be given. Suppose that there exists some dp¢ € (0,1) and =,0, > 0
such that for every t > 0, if X; = (1 £ 0.5)z, then we have |&;11| < (1 + «)'Z with probability at
least 1 — 6p ¢ and B[Z}, 1 | Fy] < (1 + a)to%. Then, if

dpax?

2 0

and o7, <
Z="16

(1]

<

5l&

we have Xy = (1 £ 0.5)x; forallt € [T

with probability at least 1 — dp — T0p ¢.

Remark. With only the dependence on « and z kept, then conditions become = < O(aug) and
oz < O(y/axzg). When « is small, the second condition is much weaker than the first one. &

Remark. The above argument can be easily generalized to cases where we have multiple induction
hypotheses. For example, if we have another process X/, | = (1 4+ o) X{ + &, + Z{,, and we
need both X; = (1 £ 0.5)z; and X; = (1 & 0.5)z} for the bounds on |&;41], &) 1|, E[Z7, | Fil,
E[(Z},1)? | F:] to hold. In this case, the final failure probability will be bounded by T'(0p ¢ +
Op,er) + 20p. &

If we are interested only in the upper bound, the above lemma can be used instead. In this lemma,
the dependence on the initial value is more lenient.
Lemma F.7. Suppose that (X;); satisfies

Xir1 = (1 + )Xy + &1+ Zig1,  Xo =20 >0,
where the signal growth rate a > 0 and initialization xo > 0 are given and fixed, (&) is an adapted
process, and (Z), is a martingale difference sequence. Define z;7 = (1 + )tz where xJ is any
value that is at least x.

Let T > 0 and dp € (0,1) be given. Suppose that there exists some op¢ € (0,1) and =,07 > 0
such that for every t > 0, if Xy = (14 0.5)xy, then we have |&;41| < (1 + «)'= with probability at
least 1 — 0p ¢ and E[Z2, | | F;] < (1 + «)'0%. Then, if

+ +12
_ dpa(zy)
=< U and oy < BOUT

we have X, < 23@2’ for all t € [T'] with probability at least 1 — op — Tp ¢.
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Proof. Similar to the previous proof, we still have
X,(1+a) t_x0+z (1+a) 6+ (1+a)Z.

Instead of requiring the last two terms to be bounded by /2, we can simply require them to be

bounded by z +/2 where xa' is any value that is at least . Then, to complete the proof, it suffices
to repeat the previous argument. O

The above lemmas will be used in Stage 1.1 to estimate the growth rate of the signals. The next
lemma considers the case where « is 0 and will be used to show the gap between the largest and the
second-largest coordinates can be preserved during Stage 1.1.

Lemma E.8. Suppose that (X,) satisfies
Xip1 = Xp + 841+ Zip1,  Xo =m0 >0,

where the signal growth rate o > 0 and initialization xo > 0 are given and fixed, ()¢ is an adapted
process, and (Z;); is a martingale difference sequence.

Let T > 0 and ép € (0,1) be given. Suppose that there exists some op ¢ € (0,1) and =,07 > 0
such that for every t < T, if | Xy — x| < T= 4 \/To?%/dp, then |&| < Z with probability at least
1 —0p¢ and E[Z2_ | | Fi] < 0%. Then, we have

T 2
sup | X; — x| < TE+ % with probability at least 1 — T'0p ¢ — dp.
t<T P

Proof. Recursively expand the RHS, and we obtain

t t
Xe =20 +Zfs +ZZS'
s=1 s=1

Consider the stopping time 7 := inf {t >0 : | Xy —xo| >TE+ TO’%/(S]F}. Define &1 =

1{t < 7}&4+1 and Zt+1 = 1{t < 7}Z;41. Clear that
t

th

Meanwhile, by Doob’s subma.rtlngale inequality, we have

sup
t<T

< T= with probability at least 1 — T'0p ¢.

t
A To?
P [su ZJ>M| < Z
|f§£3 s=1 M2
In other words,
¢ ‘ To?
sup Z &+ Z Zy| <TE + Z  with probability at least 1 — Tépe — Op.
=T | s=1 op
Finally, we compute
To? To2
P [sup|X, — zo| > TE+ 1/ 22| =P |sup|X; —wo| > TE+ 1| 22 AT > 7
t<T op t<T op
=P —I—iz >T=+ %AT>T
= 2 t = o >
T
—p Z 7| > T= + ; ZAT>r

<1-— T(S]p,g — Op.
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The above proofs are all based on Doob’s L?-submartingale inequality. In other words, it only uses
the information about the conditional variance, whence the dependence on Jp is /Jp. It is possible
to get a better dependence (of form poly log(1/dp)) if we have a full tail bound similar to the ones
in Lemma 2.2. This can be useful when we need to use the union bound. To this end, we need
the following generalization of Freedman’s inequality. The proof of it is deferred to the end of this
section. In short, we truncate Z, at M, apply Freedman’s inequality to the truncated sequence,
and estimate the error introduced by the truncation. This and the next lemmas will not be used in
the proof of our main results. We include them here to explain a possible strategy to improve the
dependence on dp.

Lemma F.9 (Freedman’s inequality with unbounded variables). Let (Z;); be martingale difference
sequence with E[Z? | F1_1] < 0%. Suppose that Z; satisfies the tail bound

P[|Z] > s | Fi—1] <aexp(—bs), Vs >0, (15)

Sor some a > 1 and b,c € (0,1]. Then, there exists a constant C that may depend on c such that
for any dp € (0, 1), we have, with probability at least 1 — 0p that

e () ) (1),
P

T
>

t=1

<C. |T O'%Jr

b2/c pl/c

Remark. Similar bounds hold for a wider range of parameters. We will only use lemma in the
proof of Lemma C.9, where the martingale difference sequence is (Z;); satisfies the tail bound in
Lemma 2.2 (without the log m introduced by the union bound). In other words, we have a = Cp,
b = P~1/CL) ¢ =1/(2L), and 6% = C1, P2. In particular, note that both 1/b%/¢ and o2 have order
P2, L

With this lemma, we can obtain the following variant of Lemma F.8. Our goal here is to replace

\/To%/ép with /Tc?% / poly log dp. The proof is essentially the same as the proof of Lemma F.8,
and is therefore deferred to the end of this section. An example of applying is lemma can be found

in the proof of Lemma C.9.
Lemma F.10. Suppose that (X;); satisfies’
Xiy1 =X + &1 + hiZipr, Xo=x0 >0,

where the signal growth rate o > 0 and initialization xo > 0 are given and fixed, (&), (hi): are
adapted processes, and (Z)¢ is a martingale difference sequence.

Let T > 0 and 6p € (0,1) be given. Suppose that there exists some ép ¢ € (0,1) and Z,07,h* > 0
such that for everyt < T, if

|X; —xo| <TE+C.h* |T | 0%+

logl/c ;T
+ —(b =) log (5T) (16)
P

1
b2/c bl/c

then |&| < E with probability at least 1 — dp ¢, |hy| < h*, E[Z2, | | F2] < 0%, and Z}?, | satisfies
the tail bound (15). Then, with probability at least 1 — T'op ¢ — Jp, (16) holds for all t € [T'.

Now, we consider the case where the signal grows at a polynomial instead of linear rate. This lemma
will be used in Stage 1.2, where the 2L-th order terms dominate.

Lemma F.11. Suppose that (X), satisfies
Xep1 =X +aX! + &40+ Zipr, Xo=x0>0, (17)

where p > 1, the signal growth rate o« > 0 and initialization o > 0 are given and fixed, (§;); is
an adapted process, and (Z;); is a martingale difference sequence. Let &y be the solution to the
deterministic relationship

jt—‘—l = it + Oéi’f, JATO = I0/2

°Since we require b < 1in (15), we need to “normalize” Z; 1 here and use h; to keep its size.
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FixT > 0,0p € (0,1). Suppose that there exist Z,07 > 0 and dp¢ € (0,1) such that when
Xy > &4, we have |&| < E with probability at least 1 — 0p ¢ and E[Zy11 | Fy] < 0%. Then, if

[1]

0 z3op
§—T and JZ§ 1%T

B8

we have Xy > &y forallt <T.
Proof. Similar to our previous argument, we can assume w.l.o.g. that the bounds on |z;| and the
conditional variance of Z;; always hold.

Note that we can rewrite (17) as X; 11 = X(1 + ati_l) + & + Z; and view it as the linear
recurrence relationship in Lemma F.6 with a non-constant growth rate. This suggests defining the
counterpart of (1 + «)? as

{Ht.il,(l +aXrl), t>s,
Pst = r=s
’ 1, t=s.

Then, we can inductively write (17) as
X, = X, (1 n angl) + &+ Zo,
X, = (XO (1 n angl) Y éo+ Zo) (1 n aX{H) ra+ 2

=X, (1 + aX§‘1> (1 + aXf_1> + (1 + aXf‘l) o+ Zo)+ &+ 7
= XoPo2 + P12 (&0 + Zo) + &1 + Z1,
X3 = X, (1 + angl) Vet 2o

= (XoPo2+ P12 (o + Zo) + &1+ Z4) (1 + aXS‘l) + &+ 2y
= XoPo3+ P13 (o + Zo) + Po3 (&1 + Z1) + &+ Zo.

Continue the above expansion, and eventually we obtain

t
Xi=XoPoi+ Y Pey(bm1+ Zoo1).

s=1

By our induction hypothesis, we have P ; > 1. Hence, we can divide both sides with I ; and then
the above becomes
¢

t t
Po/Xe=Xo+ > P/ Put(er+Zea)=Xo+ > Poléer+ Y PolZea.

s=1 s=1 s=1

For the second term, we have

ZPOSgs 1

s=1

<ZPOS|§S 1| <TH;

for all ¢ < T with probability at least 1 — T'6p ¢. By our assumption on =, this is bounded by z/4.
For the last term, by Doob’s submartingale inequality, for any M > 0, we have

su Pl /e
JEPRES
Choose M = /4 and the RHS becomes 1605 T'/x2, which is bounded by &p by our assumption on

oz. Thus, with probability at least 1 — T'0p ¢ — dp, we have X; > Py ;(z0/2) for all ¢. In particular,
this implies X; > &, with at least the same probability. O

2
O'ZT

>M] <M~ QZE (Py2Z2 ]

The above coupling lemma, when combined with the following estimation on the growth rate of the
deterministic process &, gives an upper bound on the time needed for X to grow from a small value
to ©(1).
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Lemma F.12. Suppose that (x;); satisfies x;11 = x4 + axt for some xy € (0,1) and p > 2 and
o < 1/p. Then, we have x; must reach 0.9 within O(1/(z8 ")) iterations.

Proof. Consider the continuous-time process ¢, = (1 — &)y? where yo = 2o and § > Ois a
parameter to be determined later. For y, we have the closed-form formula

1 -1/(p-1)
y7:<171—@—4x1—6w) .

Lo
Now, we show by induction that x; > y:. Clear that this holds when ¢ = 0. In addition, we have
T4l — Yy+1)a = Tt — Yt + / (CL’i7 —(1- 5)yfa+g) ds.
0

Note that since z; > Yio and Ysa4p < Y(t4+1)a- it suffices to ensure yio > (1 — 6)y(141)a- By our
closed-form formula for y,, we have

Yta Z (1 - 5)y(t+1)a
—(p-1)(1-0ta< (1-05)L7 ( pl_l —(p-1)(1—8)(t+ 1)a>
Zo

(p—1)(1 =)o
wg%l —(p—1)(1 =d)ta’

We are interested in the regime where

S =
Lo

& (1-0rt<1-

1
p—1
)

—(p—1)(1—-9d)ta > ¢, for some small constant ¢, > 0
that may depend on p. In this regime, we have

w--Da
zpl—l —(p—-1)1—=d)ta — vbe

As aresult, if ¢,pa < 0.1, then in order for y;,, > (1-0 )y(t+1)a in this regime, it suffices to choose
(1-86P ' <l—cpa <« (1-0)P < e 2wpe
= 1-§<e it & 5> 8cpar.

Let 1 be our target value for x;. To reach C,, we need L _ (p — 1)ta < 1. Choose ¢p = 1. Then

()
the above implies that 2y > y¢ With §, = (1 — 8a)y? when x; < 1. Combine this with the closed
formula for g/, and we conclude that -, must reach 1/2 within O(1/(z5 ")) iterations. O

F.3 DEFERRED PROOFS OF THIS SECTION

Proof of Lemma F.9. In this proof, C. > 0 will be a constant that can depend on ¢ and may change
across lines. Let M > 0 be a parameter to be determined later. Write

Zy = Z{|Z| < M} —E[Z1{|Z| < M} | Fi_1]
+E[Z1{|Z:] < M} | Foa] + Z,14[ Ze| > M}

Let Zt denote the two terms in RHS of the first line. Note that (Zt)t is a martingale difference

sequence with conditional variance bounded by o%. Moreover, every Z; is bounded by 2M. Thus,
by Freedman’s inequality, we have

T
> :

> <2 _ Vs > 0. 18
t=1 81 eXP( QT(U%‘FM))’ = (18)

Now, we estimate the expectation E [Z,1{|Z;| < M} | F;—1]. Since E [Z; | F;—1] = 0, it is equal
to E[Z,1{|Z:| > M} | F;_1], for which we have

E[Z1{|Z:| > M} | For]| S E[|Z4]1{|Z] > M} | Fii]

:/ P[|Z] > s] ds < a/ exp (—bs®) ds.
M M

2
P
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Apply the change-of-variables y = s/M and then z = y°. Then, the above becomes

aM [
[E[Z1{|Z:] > M} | Fea]l < ?/ exp (—bM°z) S/l 4,
1

M [ 1
< a—/ exp <bM‘:z + < — 1> 10gz> dz.
& 1 C

Note that log z < 1/z < z for all z > 1. Hence, as long as M© > 2(1/c — 1) /b, we will have

aM [
[E[Z:1{|Z;| > M} | Fi—1]| < e / exp (—bM°z/2) dz
1

2
< b—anp((l —¢)log M — bM®/2).
C

Note that there exists some constant C. > 0 that depends on ¢ such that log M < M </2 for all
Me¢ > C.,. Suppose that M is at least C,.. Then, as long as M/? > 4(1 — ¢) /b, we will have

2a
[E(Z:3{]Z] > M} | Fial| < 5 oxp (~bM*/4).
In other words, for any g > 0, we have |E [Z,1{|Z;| > M} | Fi_1]| < &o/T if

2(1/c—1) 16(1—c)? 4 2aT
M > —log [ —
e

1 al
= e (b2 b10g< ob)>

Meanwhile, by union bound and our tail bound on Z;, we have

P[3t € [T], Z,1{|Zi| > M} # 0] < 3 P[|Z,| > M] < Taexp (~bM°).

Combine the above bounds with (18), and we obtain

T T
N Zi|zeo+s| <P Z| >s| +P[3Et € [T), Z1{|Ze| > M} # 0]
t=1 t=1
82
<2 — | 4T —bM®
= exP( 2T(a§+M)>+ aexp ( )

where M > 0 satisfies
1 1 al
Me>C. | 5 V-1 — .
=t (b2 b8 (50b>)

Let dp € (0, 1) be our target failure probability. We have

) 1 2T

Taexp(—bM) < L« M°> —log =2,
2 b op
82 (5[{» 4
2 - )<= 2>92T (0% 4+ M)log | — | .
exp( 2T(O’%+M)> <5 € 82 (0 + M) og(ap)

Thus, for any dp € (0, 1), we have with probability at least 1 — Jp, we have
4 1 T
E Zi| <eo+4/2T(c% + M)log where M€ > C. 71 og a
6]1;; b Eob(SP

t=1
To remove the parameter £y, we choose g = /27 U% log (5%). Then, the above becomes, with

probability at least 1 — Jp, we have

ZZt <2\/2T(gZ+M)log((;Lp) where M° > C, (;vilog<b;§:§p>>'

t=1
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Proof of Lemma F.10. As in the proof of Lemma F.8, we write X; = z +Zi:1 &s +ZZ:1 hs_1Z,
define

Ti=inf<t>0:|Xy—xo| >TE+C. |T |0%+

1
b2/c pl/e

1 aT
log"/* (5L ) <T>
) g (=) b
op
and ét+1 =& 1{t <7}, Zt+1 = 1{t < 7}Z;+1. By construction, we have
t
> &

s=1

sup
t<T

<TE with probability at least 1 — T'ép ¢.

For the martingale difference term, first note that h; Zt+1 /h. satisfies (15). Hence, by Lemma F.9,
with probability at least 1 — Jp, we have

1Og1/c(;T> 1
< Coha | T | 0% + 7 + ——etr log<5>.
P

p2/e

t
htZt

1
5 < Cohy | T | 02
sy < 7t e

s=1

with probability at least 1 — dp. In other words, we have

t t

Zét + thzt

s=1 s=1

1
sup <TE+Ch* |T |0+ 77

te(T)

with probability at least 1 — T'ép ¢ — dp. To complete the proof, it suffices to repeat the final part of
the proof of Lemma F.8. O

G SIMULATION

We include simulation results for Stage 1 in this section. The goal here is to provide empirical
evidence that (i) if we have both the second- and 2L-th order terms, then the sample complexity
of online SGD scales linearly with d, (ii) the same also holds for the absolute function (which is a
special case of the setting in Li et al. (2020)) and (iii) without the higher-order terms, online SGD
cannot recovery the exact directions.

The setting is the same as the one we have described in Section 2. We choose the hyperparameters
roughly according to Theorem 2.1. To reduce the needed computational resources, we choose m =
O(P?) instead of Q(P?). Note that by the Coupon Collector problem, we need m = Q(P log P)
to ensure that for each p € [P], there exists at least one neuron v with 1112) > maxg<p vg. Since we
are mostly interested in the dependence on d, for the learning rate, we choose = ¢/d, where cis a
tunable constant that is independent of d but can depend on everything else. 7" is chosen according
to Theorem 2.1 and we early-stop the training when for all p € [P], there exists a neuron with
’UI% > 0.95 (in the moving average sense).
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Figure 1: Recovery of directions. The above plots show the evolution of the correlation with each of
the ground-truth directions. We fix the relevant dimension P = 5 and vary the ambient dimension
d. Different colors represent different d. For each color, one curve represents max, vg for one
p € [P]. In the first row, the link function is ¢ = ho + hy, a function that is covered by our
theoretical results. In the left plot, we use the algorithm (3), while in the right plot, we train both
layers simultaneously. We claimed that our theoretical results can be extended to other link functions
with reasonably regular Hermite coefficients. The plots in the second row, where the link functions
are ho + h4 and the absolute value function, respectively, provides an empirical evidence for this.
We can see that in all cases, online SGD successfully recover all ground-truth directions, and the
number of steps/samples it needs scales approximately linearly with d.
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Figure 2: Necessity of the higher order terms. In these two figures, we choose P = 10 and d = 100.
The left plot shows the maximum correlation each of the ground-truth directions (also see Figure 1).
We can see that in the isotropic case, whether online SGD can recover the ground-truth directions
is determined by the presence/absence of the higher-order terms. The right plot shows the change
of max, v2/ [|v< p||? for each p € [P] in Stage 1 when the link function is hy. One can observe
that they are almost unchanged throughout training. This, together with the left plot, shows that the
increase of the correlation is caused by learning the subspace instead of the actual directions.
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