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Abstract

Masked diffusion models (MDMs) have emerged
as a promising paradigm for language generation.
However, current architectures typically apply a
denoising transformer only once per diffusion
step, while scaling performance primarily through
larger parameter counts. This approach can be in-
efficient in memory-constrained settings, and may
underutilize computation as a source of improved
performance. We introduce recursive masked
diffusion models, which are trained to repeatedly
apply the same transformer block within each
denoising step, enabling iterative refinement of
generated tokens through parameter reuse. Em-
pirically, we show that recursive MDMs achieve
substantially improved parameter efficiency: a
model with L recursive loops approaches the per-
formance of an iso-parameter baseline containing
roughly L× more parameters on structured gen-
eration tasks. Moreover, recursive computation
within a denoising step can partially replace addi-
tional diffusion steps, as recursive models often
require fewer denoising iterations to match the
quality of single-pass baselines. These findings
identify recursive depth as a distinct and princi-
pled scaling axis for masked diffusion models,
complementary to both model size and number of
denoising steps.

1. Introduction
Diffusion models have emerged as a compelling paradigm
for generative modeling of continuous data (Sohl-Dickstein
et al., 2015; Ho et al., 2020; Song et al., 2021), and have
more recently been extended to discrete sequences through
a variety of approaches, including masked diffusion (Austin
et al., 2021; Sahoo et al., 2024; Nie et al., 2025). Masked
diffusion models (MDMs) are attractive because they admit
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fully parallel generation: at each denoising step, the model
attends bidirectionally to the entire (partially masked) se-
quence and predicts all masked tokens simultaneously. This
stands out in contrast to autoregressive (AR) models, which
generate tokens one by one and, therefore, encode only
left-to-right dependencies at each forward pass.

Improving model capabilities over the past several years has
largely meant one thing: scaling by increasing parameter
count. Whether through wider hidden dimensions, more
attention heads, or additional layers, the dominant paradigm
treats model size as the primary lever to improve capabil-
ity, with compute scaling tightly coupled with parameter
count (Kaplan et al., 2020). Recent work in MDMs has fol-
lowed the same recipe, scaling by increasing the depth and
width of the underlying transformers, moving from small
models (Austin et al., 2021; Sahoo et al., 2024) to billions
of parameters (Nie et al., 2025), demonstrating competitive
generation quality relative to AR models.

However, parameter count is not the only axis along which
a model can be made more capable. A complementary axis,
recursive depth, or the number of times the same trans-
formation is applied to an intermediate representation, has
received sustained theoretical attention and growing em-
pirical support in the AR setting (Dehghani et al., 2019;
Giannou et al., 2023; Saunshi et al., 2025) and in supervised
learning (Jolicoeur-Martineau, 2025). The central finding
from that literature is that a k-layer transformer looped L
times can match the performance of a kL-layer model while
using L× fewer parameters.

Despite this promise, recursion remains largely unexplored
in masked diffusion models (MDMs). We argue that MDMs
are particularly well-suited to benefit from recursive com-
putation for two reasons. First, unlike autoregressive (AR)
models, where each loop propagates information sequen-
tially from left to right, each recursive loop in an MDM op-
erates with full bidirectional attention, enabling global and
parallel information exchange across the entire sequence.
This makes recursion potentially far more effective per it-
eration, since each loop can refine all token interactions
simultaneously rather than incrementally. Second, MDM
performance already scales with the number of denoising
steps, at the cost of more forward passes and higher infer-
ence compute (Austin et al., 2021; Deschenaux & Gulcehre,
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Motivation

Improving model capabilities is
usually done by scaling through

adding parameters.

Smaller model The house is yellow

scale up

Larger model

Common recipe: more parameters,
more compute, better performance.

Outcome

Looped iteration produces higher quality 
generations with smaller model sizes.

At sampling, recursion also allows for
better generations with fewer decoding steps.

Approach

MDLMs generate all tokens at once, and looping iteratively refines
the sequence by reprocessing the model’s predictions.

Initial draft After one step

The is [MASK]

All positions predicted in parallel

The house is green

First guess may be wrong

Feed the prediction back in

The house is yellow

Later iterations can correct early mistakes

[MASK]

The house is yellow

Figure 1. Standard capability gains often come from scaling model size, whereas our approach improves generation by looping an MDLM
over its own predictions. The model predicts all tokens in parallel and then iteratively refines the sequence, correcting early mistakes and
enabling higher-quality samples with fewer decoding steps.

2024). This suggests that recursive loops within a denois-
ing step and denoising steps across the diffusion trajectory
may be partially interchangeable axes of computation: a
more expressive recursive denoiser may require fewer diffu-
sion steps to achieve the same generation quality as a larger
single-pass model. Yet, despite this structural potential, re-
cursion in MDMs has received little practical attention, and
has not been explicitly used as a training objective.

In this work, to close the identified research gap, we propose
to introduce a recursive looping mechanism into the MDM
paradigm, exploring its potential as a parameter-efficient
alternative to traditional model scaling. We organize our
work around two concrete, complementary questions:

RQ1 Does recursion help MDMs perform better?
We ask whether explicitly training the denoising net-
work to be applied recursively, with shared weights
across loops, improves over a single-pass baseline with
identical parameter count. We study this across tasks of
varying difficulty, considering alternative loss modes,
loop-index embeddings, and loop-count scheduling,
and by comparing against iso-parameter and iso-FLOP
baselines.

RQ2 How small can we go with the help of recursion?
Given that recursion helps, we ask how far it can sub-
stitute for scale, both in terms of model parameters and
denoising steps at sampling time. Can a small, heavily-
looped model match a large, single-pass model? And
can such a model reach that quality with fewer de-
noising steps, effectively converting per-step compute
(loops) into savings on sampling-time compute (steps)?

Our results show that looping acts as a parameter-free scal-
ing axis, allowing small models to match the capacity of
architectures L× their size. By shifting complexity into
internal loops, these models seem to be better at learning,

trading architectural recurrence for a significant reduction
in both parameter count and sampling steps.

Why these questions matter. Together, RQ1 and RQ2
address a practical bottleneck in deploying MDMs. High-
quality MDM generation currently requires both a large
model and many denoising steps, a doubly costly inference
regime. If recursion simultaneously reduces the required
parameter count and the required step count, it offers a
path to capable MDMs that are small enough for resource-
constrained settings. More broadly, characterizing recursion
as a scaling axis enriches our understanding of how capable
generative models can be built, beyond the parameter-count-
centric view.

2. Related Works
We review the two lines of work most directly relevant to
our study, deferring a more comprehensive discussion and
contextualization of related work to Appendix A.

Masked diffusion language models. Discrete diffusion
has recently emerged as a compelling alternative to autore-
gressive language modeling, achieving increasingly compet-
itive performance on benchmarks (Austin et al., 2021; Lou
et al., 2024; Sahoo et al., 2024; Nie et al., 2025). Within
this broader class, masked (absorbing-state) discrete diffu-
sion (MDMs), the focus of our work, has received particular
attention. Unlike AR models, MDMs generate all tokens
in parallel by attending bidirectionally to the full (partially
masked) sequence at each step, which can yield advantages
on tasks involving non-sequential or global reasoning (Ye
et al., 2025; He et al., 2026). Additionally, they allow for
generating multiple tokens simultaneously, offering the po-
tential for faster inference. This parallelism, however, in-
troduces a fundamental trade-off: reducing the number of
denoising steps improves speed but can degrade sample
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quality because tokens predicted within the same step may
fail to fully capture mutual dependencies. Consequently,
the number of diffusion steps serves as a primary axis for
balancing inference speed against generation quality. In this
work, by considering recursive diffusion language models,
we introduce the number of recursive steps as a complemen-
tary axis for navigating this trade-off.

Recursion in language models. Weight sharing across
depth has a long history in transformer architectures, from
the Universal Transformer and ALBERT (Dehghani et al.,
2019; Lan et al., 2020), to more recent looped transformers,
which have revived this paradigm as a principled mecha-
nism for scaling performance through repeated computation
rather than increased parameter count. Across both theory
and practice, looped language models have been shown to
improve parameter efficiency, trading additional compute
for stronger reasoning (Giannou et al., 2023; Yang et al.,
2024; Saunshi et al., 2025; Geiping et al., 2025; Yu et al.,
2025; Xu & Sato, 2025). The core empirical finding is that
a k-layer block looped L times can match the performance
of a kL-layer model at a fraction of the parameter cost.

However, this literature has focused almost exclusively
on the autoregressive setting, where each recursive loop
remains a left-to-right pass and propagating information
across a length-n sequence may require up to O(n) sequen-
tial loops in the worst case (Giannou et al., 2023; Fan et al.,
2024). MDMs break this constraint: because each loop ap-
plies full bidirectional attention, all token positions interact
simultaneously within a single pass. This means each recur-
sive loop in an MDM performs global constraint propaga-
tion rather than merely advancing one position at a time, an
operation that we expect to be substantially more compute-
efficient. Recent theory supports this distinction: Svete
& Sabharwal (2026) show that an MDM with O(logN)
denoising steps can match the expressive power of a chain-
of-thought transformer requiring O(N) sequential tokens
by exploiting parallel computation; and Xu & Sato (2025)
prove that looped transformers admit more efficient paral-
lel computation than chain-of-thought for problems with
global structure. Together, these results motivate recursion
in MDMs as a distinct scaling dimension (complementary to
both diffusion steps and model depth) to navigate trade-offs
between compute, expressivity, and generation quality.

3. Method
3.1. Preliminaries: Masked Discrete Diffusion

Diffusion models generate data by learning to iteratively re-
verse a noising process. In the discrete setting, this process
corrupts sequences by masking tokens, and generation pro-
ceeds by progressively denoising a fully masked sequence.
Let x0 = (x

(1)
0 , . . . , x

(n)
0 ) ∈ Vn be a sequence of n tokens

from a finite vocabulary V . The absorbing-state forward
process independently masks each token:

q(xt | x0) =

n∏
i=1

Cat
(
x
(i)
t ;αt x

(i)
0 +(1−αt) e[MASK]

)
, (1)

where t ∈ [0, 1], and αt ∈ [0, 1] is a monotone noise sched-
ule with α0 = 1 (no noise) and α1 = 0 (fully masked).

The denoising network pθ(x0 | xt) is parameterized by a
bidirectional transformer and trained to maximize the ELBO

LELBO(θ) = Et,x0,xt

 ∑
i: x

(i)
t =[MASK]

log pθ

(
x
(i)
0 | xt

) ,

(2)
where the sum runs over the masked positions in xt, and
the expectation is over t ∼ U [0, 1], data x0 ∼ pdata, and
the forward process xt ∼ q(· | x0). At inference time,
the generative process iterates the denoising network for
T denoising steps, progressively unmasking the sequence
from x1 (fully masked) to x0 (fully unmasked). We treat T
as an explicit experimental variable throughout (RQ2).

Notation summary. We will use n to denote sequence
length, d the hidden dimension of the transformer, H the
number of attention heads, K the number of transformer
layers in the shared block, L the number of recursive loops
applied to that block per denoising network call, and T the
number of denoising steps at sampling time. The effective
depth of our network is therefore K×L, while its parameter
count equals that of a K-layer model. We use the shorthand
(K ⊗ L) for this configuration, mirroring the notation of
Saunshi et al. (2025).

3.2. Recursive Architecture

The denoising network of a standard MDM applies a KL-
layer transformer once to xt and decodes logits from the
final hidden state. Our model instead uses a K-layer trans-
former block fθ : Rn×d → Rn×d with shared weights,
applying it L times in sequence. Concretely, given a noisy
input xt ∈ Vn, the forward pass is:

h(0) = Norm(Eθ(xt) + Pθ(xt)) , (3)

h(ℓ) = fθ

(
h(ℓ−1), ℓ, L

)
, ℓ = 1, . . . , L, (4)

h
(ℓ)
out = Norm

(
h(ℓ)

)
, (5)

ŷ(ℓ) = Wθ h
(ℓ)
out, (6)

where Eθ : Vn → Rn×d is the token embedding, Pθ is
the positional encoding (rotary or 2-D Sudoku-specific; see
§4), Norm denotes RMS normalization (Zhang & Sennrich,
2019), Wθ ∈ Rd×|V| is the shared language model head,
and ŷ(ℓ) ∈ Rn×|V| are the logits produced after loop ℓ.
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Single forward pass, no recursion

Input tokens

...

Token embedding

LM head

Recursive (Looped) Transformer

Shared transformer reused for  recurrence steps (loops)

Standard architecture

Single-step supervision

Two supervision schemes over loop outputs 

Final-step objective

...
Supervise only last

Intermediate loops refine the hidden state but are not directly supervised

All-step objective

...

+ Average over
all loops

Denser gradient signal: every loop receives
direct supervision

Supervision: Loss choice

+  +

For 

Token embedding

Input tokens

...

Input state

+

Feed as
next input

Step embedding

LM head Two options for
supervision

Shared
transformer

Transformer block
OR

Figure 2. Comparison between the standard one-pass MDLM and the recursive variant. The recursive model reuses the same transformer
blocks across refinement steps, optionally conditioned on a step embedding, and can be trained either with loss on the final prediction only
or averaged across all intermediate predictions.

The shared block fθ is a stack of K standard pre-norm trans-
former layers (each consisting of multi-head self-attention
followed by a position-wise MLP), with full bidirectional
attention and no causal masking. Critically, the weights of
fθ and Wθ are identical across all L iterations: the model
has exactly the same number of parameters as a single-pass
(K⊗1) baseline. The output of loop ℓ is passed as the input
hidden state to loop ℓ+ 1 without any additional projection
or gating, the only transformation between loops is RMS
normalization of the hidden state, and therefore the only
information flow between loops is through h(ℓ).

Comparison to a non-looped baseline. A (KL⊗ 1) iso-
FLOP baseline applies KL distinct transformer layers once.
A model (K ⊗ L) applies the K-layer transformer block
fθ L times with shared parameters. Both perform the same
number of floating-point operations per forward pass; only
the parameter count differs by a factor of L. This is the
comparison regime used throughout our experiments.

3.3. Recursive Step Embedding

In their basic form, Eqs. (3)–(4) apply fθ repeatedly with
shared parameters, where each loop operates on the evolving
hidden state but otherwise receives the same conditioning
inputs. The model has no explicit signal indicating which
loop is currently being executed; it must infer this from
the evolving statistics of h(ℓ) alone. To give the model
direct access to its position in the recursive computation, we
introduce a step embedding.

Let sℓ = (ℓ − 1)/(L − 1) ∈ [0, 1] be the normalized loop
progress (with s1 = 0 for L = 1). We map this scalar to a
d-dimensional vector via a two-layer MLP:

v(ℓ) = W2 σ(W1 sℓ + b1) , W1 ∈ Rd×1, W2 ∈ Rd×d,
(7)

where σ denotes the SiLU activation. The step vector v(ℓ)

is broadcast over the sequence and added to the hidden state
before each loop application, replacing Eq. (4) with:

h(ℓ) = fθ

(
Norm

(
h(ℓ−1) + v(ℓ)

)
, ℓ, L

)
. (8)

The step embedding parameters (W1, b1,W2) are shared
across loops (they depend on ℓ only through sℓ) and add
O(d2) parameters to the model, which is a negligible over-
head relative to the transformer block.

The step embedding serves two purposes. First, it allows
the model to specialize its computation by loop index: early
loops, which operate on a representation with high un-
certainty, may learn to behave differently from late loops,
which refine an already coherent prediction. Second, us-
ing the normalized progress sℓ rather than the raw index ℓ
makes the embedding well-conditioned at any loop count L,
including values of L not seen during training. Whether the
step embedding helps is one of the training design factors
we ablate (Section §4).

3.4. Training Objectives

At each denoising network call, the model produces L sets
of logits ŷ(1), . . . , ŷ(L) with a shared language modeling
head Wθ applied to the hidden state after each recursive
step. We consider two ways to form a training loss.

Final-step loss (FINAL). Only the logits produced at the
last loop, ŷ(L), are supervised:

Lfinal(θ) = Et, x0, xt

[
1

|M|
∑
i∈M

CE
(
ŷ
(L)
i , x

(i)
0

)]
, (9)
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where M = {i : x
(i)
t = [MASK]} is the set of masked

positions, |M| is its cardinality, and CE denotes the cross-
entropy loss. This is the natural extension of the standard
single-pass MDM objective to the looped setting: the inter-
mediate loop outputs are used only as hidden-state refine-
ments, not directly supervised. The gradient signal reaches
early loops only through backpropagation through the full
chain of shared blocks.

All-steps loss (ALL). All L sets of logits are supervised,
with the loss averaged across loops:

Lall(θ) = Et, x0, xt

[
1

L

L∑
ℓ=1

1

|M|
∑
i∈M

CE
(
ŷ
(ℓ)
i , x

(i)
0

)]
.

(10)
This provides a denser gradient signal: every loop receives
direct supervision rather than relying entirely on backpropa-
gation through subsequent loops. This idea is closely related
to deeply supervised learning, where intermediate represen-
tations are explicitly trained to be predictive (Lee et al.,
2014). It also regularizes the model to produce semantically
meaningful intermediate predictions, not only a high-quality
final output, the MDM analogue of the per-iteration super-
vision in RELAY for AR looped models (Yu et al., 2025).
The all-steps loss increases training memory due to stor-
ing intermediate activations for backpropagation through all
loops, but it does not increase forward-pass compute.

4. Experiments
4.1. Experimental setup

We use the notation (K ⊗ L) to denote a K-layer shared
block applied L times, giving effective depth KL at the cost
of a K-layer parameter budget. A (KL⊗1) model serves as
the iso-FLOP, iso-depth baseline, with L×more parameters.
Unless stated otherwise, results use the all-steps loss Lall
(Eq. 7) and the step embedding (Eq. 8). Full architecture,
optimizer, and decoding hyperparameters are in Appendix C.
We match compute across models by fixing the total number
of gradient updates, ensuring comparable training budgets.

We evaluate on three domains of increasing structural diver-
sity; full dataset construction details and metric definitions
are in Appendix B. In particular we report results across 5
different sampling runs, generating 100 samples per run.

Sudoku. We use 9×9 Sudoku (1.8M boards) and a syn-
thetic 25×25 variant (100k boards) as constraint-satisfaction
benchmarks. We report Valid Puzzle Rate (VPR) and Soft
Constraint Loss (SCL), a differentiable proxy for constraint
violation (He et al., 2026). In particular, the 9× 9 dataset
is pre-defined (Shah et al., 2024) rather than randomly gen-
erated. The masked cells are derived from human-style

solving strategies (which we do not use), making them sys-
tematically harder to solve than randomly masked variants.

Countdown. We use the synthetic arithmetic-planning
task of Yao et al. (2023) and Gandhi et al. (2024) with
operand counts k ∈ {3, 4, 5} (100k examples each). We
report Reaches Target Rate (RTR) and other softer, inter-
mediate metrics to track performance: Pool-Prefix Frac-
tion (PPF), Local Arithmetic Fraction (LAF), and Target
Residual Norm (TRN).

Text8. We use the standard 100M-character Wikipedia
benchmark (Mahoney, 2006), segmented into non-
overlapping sequences of length 256. Generative quality is
assessed with Generative Perplexity (Gen PPL) and NLL
computed with frozen GPT-J-6B (Wang & Komatsuzaki,
2021), following the setup of Campbell et al. (2024).

4.2. RQ1: Does recursion improve MDM performance?

Sudoku 9×9. Figure 3 plots Valid Puzzle Rate as a func-
tion of denoising steps T for models trained with loop counts
L ∈ {1, 2, 3, 5, 10} under the all-steps loss.

1 5 10 20 40
Denoising steps T

0
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80
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zle
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Baseline (L = 1) L = 2 L = 3 L = 5 L = 10

Figure 3. Effect of recursive depth (L) on Sudoku 9 × 9 valid-
ity across denoising steps T . Increasing the number of recursive
loops consistently improves valid puzzle reconstruction, with per-
formance gains most pronounced at early steps.

Even L=2 substantially outperforms the single-pass base-
line, raising the VPR from 65.2% to 83.2% at T=5. With
L=5, the model reaches 97.4% at T=10 steps, a quality
level the baseline only achieves at T=40 steps. Gains con-
tinue to L=10 with diminishing returns at high T . These re-
sults show that reusing the parameters through looping trans-
lates into more well-coordinated solutions, even at smaller
number of decoding steps.

Countdown. Recursion provides even larger gains on this
harder multi-step arithmetic task. Figure 4 and the full re-
sults in Appendix E.6 show that for Countdown-3, the L=3
model reaches 92.4% RTR at T=10 steps versus 59.4%
for the baseline, a gap of over 30 points. For Countdown-
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Figure 4. Effect of recursive refinement depth (L) on Countdown task performance across different target lengths (3, 4, and 5 digits).
Increasing L consistently improves success rates, with the strongest gains for more difficult problems.
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Figure 5. Effect of recursive refinement depth (L) on 25 × 25 Sudoku reconstruction under different masking conditions. Across all
masking regimes, recursion improves valid puzzle recovery.

4, which is substantially harder, L=10 at T=30 achieves
86.2% RTR against the baseline’s 44.8%. The benefit of
recursion scales with task difficulty: harder operand counts
yield larger absolute gains, consistent with the hypothesis
that each loop allows the model to iteratively resolve depen-
dencies that a single forward pass cannot fully capture.

Sudoku 25×25. Figure 5 shows the results for a Sudoku
task with bigger 25× 25 boards, with different percentages
of masked tokens at sampling time. We observe that the
baseline fails almost entirely at 80% and 90% masking
(6.6% and 0% valid at T=5), while L=3 achieves 70.6%
and L=5 achieves 91.8% at the same step count for 80%.
At 70% masking, both L=3 and L=5 reach 100% valid
from a single denoising step, a target the baseline requires
50–100 steps to approach. These results demonstrate that
the benefits of recursive depth compound as task difficulty
scales, consistent with the complexity analysis of Svete &
Sabharwal (2026).

Text8. On unstructured character-level language model-
ing the trend reverses: recursive models underperform
the single-pass baseline at matched parameter count (Ap-
pendix E.7, Table 10). A baseline achieves NLL 4.742 at
T=18 steps, while L=3 and L=5 yield 5.429 and 5.530 re-
spectively. This dissociation between structured and unstruc-
tured tasks mirrors findings in the AR looped-transformer
literature (Saunshi et al., 2025; Geiping et al., 2025) and sug-
gests that recursive depth is most beneficial when the task

has exploitable iterative structure. We note, however, that
likelihood-based metrics can be misleading in this regime:
low NLL does not necessarily imply coherent generations,
and may instead reflect confidently predicted but degenerate
or nonsensical outputs. Consistent with this, our qualitative
samples (Appendix F) indicate that looped models produce
more coherent generations than baseline despite exhibiting
worse likelihood metrics.

4.3. RQ2: How Small Can We Go?

Recursion vs. depth at matched parameters. Figure 6
reports the parameter–step Pareto frontier for two of the
tasks: for each model configuration, the minimum number
of denoising steps T required to reach 95% VPR on Sudoku
9×9 and 70% RTR on Countdown-4, plotted against the
model’s number of parameters.

On Sudoku, the (6 ⊗ 3) model (10.6M) crosses the 95%
VPR threshold at T = 10 steps, while the best non-recursive
model at the same parameter count (the 6-layer baseline)
never reaches this threshold within the evaluated step budget.
Crossing 95% VPR without any recursion requires at least
18 layers (31.9M parameters, 3× more) and T = 10 steps.
Further increasing loops yields additional step savings: (6⊗
5) and (6 ⊗ 10) both achieve 95% already at T = 5 steps
(Table 3). Crucially, the iso-FLOP Pareto frontier is flat
beyond 18 layers (additional parameters do not reduce the
step count) while the recursive frontier achieves higher VPR
at a fixed T with only a fraction of those parameters.
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Figure 6. Parameter-step Pareto frontier between the model’s
parameter count and the number of decoding steps T needed to
reach 95% VPR in Sudoku 9×9 (top) and 70% RTR in Countdown
4 (bottom). Recursive models outperform non-recursive variants
with larger parameter count.

On Countdown-4, the picture is qualitatively similar but
quantitatively more demanding, reflecting the harder combi-
natorial search involved. The (3⊗ 3) model (5.5M) reaches
70% RTR at T = 20 steps, matching the 15-layer iso-FLOP
baseline (26.7M, 4.8× more parameters) at the same step
count. With L = 10 loops, the 5.5M model achieves 74.4%
RTR at T = 20 and 86.2% at T = 30, exceeding every
non-recursive baseline up to 53.3M parameters at T = 30
(72.6%). These results suggest that, at least on complex
combinatorial tasks, recursive depth can substitute substan-
tial parameter scaling, without requiring a larger model.

Recursion vs. depth at matched FLOPs (iso-FLOPs).
Figure 7 compares matched per-step FLOPs models. A
(K ⊗ L) model and a (KL⊗ 1) baseline perform the same
number of transformer passes; they differ only in parameter
count (K vs. KL layers, shared vs. distinct weights).

On Sudoku (Figure 7, left), the (6 ⊗ 5) model (10.6M)
achieves 93.6% VPR at T = 5 steps, matching and slightly
exceeding the iso-FLOP (30⊗ 1) baseline (53.1M, 77.8%
at the same step budget) and the (18⊗ 1) baseline (31.9M,
80.6%). This lead is most pronounced at low step budgets:
at T = 5, the (6⊗ 5) model outperforms every single-pass
baseline regardless of parameter count, including models
5× larger. As T grows, the performance gap narrows and
the two families converge, confirming that additional de-

noising steps can eventually compensate for the absence of
recursion, but at a much higher sampling-time cost.

On Countdown (Figure 7, right three panels), the iso-FLOP
comparison reveals a difficulty-dependent pattern. For
Countdown-3 (easy), the baseline 3-layer model is already
competitive with deeper baselines at T ≥ 20, and the looped
version saturates near 98% for L ≥ 3 at T = 20, matching
the 15-layer (26.7M) single-pass model at T = 5 with 5×
fewer parameters.

For Countdown-4 (medium), the advantage of looping is
most visible: at T = 20, the (3⊗ 5) and (3⊗ 10) models
reach 70.2% and 74.4% RTR respectively, surpassing the
iso-FLOP 15-layer model (69.4%) and approaching the 30-
layer model (69.6%) at 5×–10× fewer parameters.

Finally, for Countdown-5 (hard), both recursion and depth
provide only modest improvements over the baseline, with
all models remaining below 60% RTR within the evalu-
ated step budget, and recursion still outperforming the non-
recursive counterparts. This suggests that while loops en-
hance reasoning capacity, more difficult tasks may even-
tually hit a performance ceiling that requires either more
global denoising steps or larger models to resolve.

Cross-recursion trade-off. We finally study the decou-
pling of recursive steps between training and inference, en-
abling efficient training with fewer steps while potentially
leveraging additional steps at sampling time to enhance per-
formance. Figure 8 (more results in Table 5 in Appendix E)
shows the effect of varying training loop count Lt and sam-
pling loop count Ls in low-step decoding regime (T = 1, 5).

We observe that for one-shot generation, increasing Ls

above Lt results in increased performance for all models.
For T = 5 decoding steps, we observe that it can eventually
hurt performance, suggesting that the model’s hidden repre-
sentations are calibrated to converge in exactly Lt loops.

Nonetheless, a model trained with Lt=5 evaluated with
Ls=10 or Ls=20 still outperforms the baseline at matched
T , providing useful flexibility at inference time. Finally,
performance degrades sharply when Ls ≪ Lt (e.g. Ls=1
for an Lt=5 model). One possible explanation for this is
that first-pass representations are optimized to be refined by
subsequent loops rather than decoded directly.

4.4. Ablations

Below we present ablations on the main model components:
loss choice and step embedding. All experiments are run
on Sudoku 9×9 infilling with the (6⊗L) architecture, with
further details in Appendix D.

Loss mode: final-step vs. all-steps. The all-steps loss
Lall consistently outperforms Lfinal across all loop counts

7
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Figure 8. Cross-recursion trade-off between training recursion
depth (Lt) and sampling recursion depth (Ls) for 9× 9 Sudoku
tasks. The top heatmap shows one-step decoding, while the bottom
shows 5 decoding steps.

and step budgets (see Figure 9 in Appendix D). At L=3,
the gap at a single denoising step is 8.2 percentage points
(8.6% vs. 0.4% VPR); and the advantage persists at higher
T . In particular, for L=10 at T=1 step, the all-steps model
achieves 46.4% versus only 9.8% for final-step, confirming
that denser gradient supervision shapes early-loop repre-
sentations directly rather than relying on backpropagation
through the full loop chain. We therefore adopt Lall as the
default throughout.

Step embedding. Figure 10 (and Table 6) compare mod-
els with and without the step-progress embedding (Eq. 7).
The embedding provides consistent but modest gains. At
L=5, it improves the Valid Puzzle Rate by 2 percentage
points at T=10 (97.4% vs. 95.4%) and narrows Soft Con-

straint Loss from 0.025 to 0.016. The effect is largest at
L=10 and low T , where the embedding helps the model dis-
tinguish early-refinement loops from late constraint-fixing
loops, an ability that becomes progressively more valuable
as the number of loops grows.

5. Conclusions, Limitations, and Future Work
In this work, we explored the role of recursion in masked
discrete diffusion models, in which a shared transformer
block is applied L times per denoising step without adding
parameters and can be trained with different supervision
signals. On structured reasoning tasks, a small looped model
consistently matches or surpasses non-recursive models with
up to 5× more parameters, and reaches the same generation
quality with 4× fewer denoising steps. The benefit scales
with task difficulty, supporting the view that recursive loops
act as parallel constraint-propagation passes whose value
compounds as problems become harder. For unstructured
character-level language modeling, however, the benefit of
recursion is still unclear and is left as future work.

The main limitations of this work are its small scale (up
to ∼50M parameters and 625-token sequences), the L×
training compute overhead of the all-steps loss, and the tight
calibration of learned representations to the training loop
count, which limits flexibility at inference time. Along these
lines, important directions for future work include scaling
looped MDMs to larger-scale models to test whether the
parameter–loop trade-off persists at the scale of modern lan-
guage models; a mechanistic investigation of what iterative
computation the shared block actually implements across
loops; and a systematic study of whether recursive gains
extend to tasks that lie between the fully constrained and
fully unstructured regimes, such as code or mathematical
reasoning, where exploitable structure is present but weaker
than in Sudoku.
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Use of Large language Models
Large Language Models (LLMs) were used as a coding and
writing assistant tool in the preparation of this manuscript
and its experiments. Specifically, they were employed to aid
in writing, checking spelling, and editing for clarity. They
were also used to assist in coding and plotting of the results.
Nonetheless, all text and code produced with the assistance
of LLMs was carefully reviewed, verified, and revised by
the authors to ensure accuracy and appropriateness. The use
of LLMs was limited to these support functions, and the
authors take full responsibility for the final contents.

Impact Statement
The primary objective of this paper is to advance discrete
generative models with a more parameter-efficient architec-
ture. By reducing the model size and number of denoising
steps required to achieve high-quality generation, recursive
masked diffusion models could lower the computational
cost of deploying sequence generation systems, with poten-
tial benefits in resource-constrained settings. While more
capable and accessible generative models carry the general
dual-use concerns associated with language generation re-
search, we do not foresee any immediate societal concerns
specific to the methodology proposed here.
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A. Extended Related Work
Section 2 covers the two threads most directly relevant to our contributions. This appendix broadens the context along four
additional dimensions: the wider discrete-diffusion landscape that situates our choice of MDMs (§A.1), an introduction to
looped and recurrent architectures (§A.2), and the growing literature on recurrent and latent reasoning in autoregressive
models (§A.3) and in diffusion models themselves (§A.4).

A.1. The Landscape of Discrete Diffusion for Language

The discrete diffusion family has grown rapidly. The D3PM framework (Austin et al., 2021) provided the absorbing-state
(masking), uniform, and nearest-neighbor transition variants inspired from continuous settings (Sohl-Dickstein et al., 2015;
Ho et al., 2020; Song et al., 2021). SEDD (Lou et al., 2024) proposed score entropy as a novel loss that generalizes score
matching to discrete spaces, achieving competitive performance with autoregressive models on language benchmarks.
Discrete Flow Models (Campbell et al., 2024) showed that discrete diffusion arises as a special case of continuous-time
Markov chains, unifying diffusion and flow matching and enabling flexible multimodal generation.

Among masked approaches, MDLM (Sahoo et al., 2024) demonstrated strong perplexity with a simplified Rao-Blackwellized
objective. LLaDA (Nie et al., 2025) scaled to 8B parameters, matching LLaMA 3 8B on most benchmarks. Subsequent
scaling law studies (Sahoo et al., 2026) challenge the assumption that masked diffusion is the uniquely best discrete noise
type, finding that uniform diffusion may be more parameter-efficient at scale, raising open questions about which noise
type is optimal in each regime. Continuous–discrete hybrids have also been proposed (Zheng et al., 2026; Lee et al., 2026;
Zhou et al., 2025), but tend to suffer from trainability issues in the continuous space. Finally, Midavaine et al. (2025) briefly
explores latent diffusion for text, identifying trainability as the core bottleneck when operating in continuous embedding
space. This supports our decision to remain in the masked discrete setting, where training is stable and the parallel denoising
structure makes bidirectional recursion most natural.

Recent work has also studied generation order in masked models. Chao et al. (2025) explore partial masking strategies that
interpolate between absorbing and uniform noise, and Fox et al. (2026) study how to learn optimal generation orders via
variational inference. Our recursive architecture is orthogonal to these concerns: the same looped denoising network can be
combined with any masking schedule or ordering policy.

A.2. Implicit Depth, Recurrent, and Looped Architectures

The search for parameter efficiency has led to an increased interest in architectures with implicit depth, where a single block
is applied repeatedly rather than stacking distinct layers. Universal Transformers (Dehghani et al., 2019) introduced this for
sequence modeling; more recent looped Transformer architectures (Prairie et al., 2026; Yu et al., 2026; Jeddi et al., 2026),
including variants with relaxed causal attention (Bae et al., 2025), leverage shared weights to simulate the capacity of much
deeper models at a fraction of the parameter cost, the principle we import into the MDM setting.

Deep Equilibrium Models (DEQ) (Bai et al., 2019) formalize iterative refinement by finding the fixed point of a shared
layer via implicit differentiation. In the generative setting, the Generative Equilibrium Transformer (Geng et al., 2023) and
Fixed-Point Diffusion Models (Bai & Melas-Kyriazi, 2024) embed this idea inside the generative process itself, a principle
our work extends to discrete masked diffusion, where training stability and bidirectional structure make explicit looping
more natural than implicit solvers.

Closest in spirit to our RQ2 are HRM (Wang et al., 2025) and TRM (Jolicoeur-Martineau, 2025), which demonstrate that
recursive computation can unlock capabilities far beyond what parameter count alone would predict. Both operate in
discriminative or sequence-to-sequence regimes, however, and neither addresses whether inner loops can substitute for outer
denoising iterations, a trade-off that only arises in a generative framework with an outer iterative axis alongside the inner
recursive one.

Our recursive MDM diverges from all these approaches along three dimensions. Unlike the causal or relaxed-causal attention
used in the looped architectures above, each loop applies full bidirectional attention, enabling global constraint propagation
across all positions simultaneously. Unlike continuous fixed-point solvers, our architecture must handle the non-uniform
token states of discrete diffusion (masked, newly decoded, or clean) as they evolve across steps. Most distinctively, we treat
the recursive loop count and the denoising step count as two explicit, interchangeable axes of compute, a joint design space
that none of the above works explores.
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A.3. Recurrent and Latent Reasoning in Autoregressive Models

While the previous section focused on the architectural mechanics of looping, we explore how these loops function as a
substrate for latent reasoning and survey the AR looped-transformer literature more closely.

Geiping et al. (2025) train a 3.5B-parameter recurrent-depth AR model that improves at test time by using additional loops,
reaching effective compute equivalent to a 50B-parameter single-pass model. One key finding from their work translate
directly to ours: harder tasks saturate at higher loop counts. We observe the same in the MDM setting: harder Countdown
variants and higher Sudoku masking ratios both demand more loops before performance plateaus. Notably, (Geiping et al.,
2025) also demonstrate flexible test-time compute scaling by varying loops after training, which directly motivates our
cross-recursion trade-off analysis (Figure 8), where we decouple training loop count Lt from sampling loop count Ls.

On the other hand, Fan et al. (2024) demonstrate superior length generalization in looped transformers for tasks with known
iterative structure, observing that required loops scale with the complexity of the iterative algorithm and longer sequences
require more loops, matching algorithm iteration counts. This suggests a principled mapping between problem difficulty and
optimal loop count—a connection we observe empirically across Sudoku board sizes and Countdown operand counts.

Yang et al. (2024) established empirical evidence that looped transformers can match standard in-context learners with under
10% of the parameters. Additionally, Yu et al. (2025) (RELAY) showed that per-iteration supervision enables looped AR
models to generalize beyond their training sequence lengths. Both inform our design: the parameter efficiency of looping
motivates RQ2, while RELAY’s per-step supervision directly inspires our all-steps loss Lall (Eq. 10), which provides direct
gradient signal at every loop rather than relying entirely on backpropagation through the full loop chain.

Finally, Xu & Sato (2025) provide the formal basis for understanding why latent thought is more efficient than COT for
parallelizable problems. Their separation result—latent thought in looped transformers enables efficient parallel computation
for directed acyclic graph evaluation—maps directly onto the kind of global constraint propagation that is natural in an
MDM with bidirectional attention. It also supports our hypothesis that MDM loops are qualitatively more powerful per
iteration than their AR counterparts.

A.4. Reasoning in Diffusion Models and the Latent Token View

Ye et al. (2025) (MGDM) show that masked diffusion substantially outperforms AR models on structured tasks including
Countdown, Sudoku, and 3-SAT. They attribute this to the model learning which subgoals are hard via the masking objective,
and propose a multi-granularity loss that prioritizes harder positions. This finding provides the empirical baseline on which
our work builds: if MDMs already excel at structured tasks relative to AR models, and recursion further amplifies their
capacity for constraint propagation, then structured generation is precisely where we expect the largest gains, a prediction
our experiments confirm. The difficulty-dependent gap between recursive and non-recursive models (larger for Countdown-5
than for Countdown-3, larger at 90% masking than at 70%) directly echoes (Ye et al., 2025) intuition that harder subgoals
benefit most from richer computation.

He et al. (2026) identify masked tokens as latent computational states in MDM generation. Their central finding is that joint
prediction over undecoded tokens—which MDMs perform naturally—acts as implicit parallel reasoning. They introduce a
semi-causal diffusion model (SCDM) that interpolates between independent and joint prediction, enabling control over the
quality–speed trade-off. This is complementary to our approach along a distinct axis: while SCDM controls which token
positions participate in joint prediction, we control how many times the shared transformer block processes the full joint
hidden state. A natural direction for future work is to combine both mechanisms, tuning the scope of joint prediction and the
depth of iterative refinement, within a single model.

Finally, Svete & Sabharwal (2026) provide the theoretical anchor for both RQ1 and RQ2. As discussed in Section 2, their
MDM–PLT equivalence shows that MDMs with O(logN) steps can match chain-of-thought transformers requiring O(N)
tokens, by replacing sequential generation with parallel computation. Our recursive loops extend this picture: within each
denoising step, L loops of a k-layer transformer implement the representational capacity of kL layers, and because each loop
uses full bidirectional attention, this capacity is applied globally rather than locally. The combination of a logarithmically
efficient outer diffusion trajectory and a deeply recursive inner denoiser suggests a route to highly capable MDMs that
remain tractable in both parameter count and sampling budget.
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B. Dataset and Metrics
We evaluate our models on a diverse set of datasets spanning structured combinatorial reasoning (Sudoku), symbolic
arithmetic planning (Countdown), and natural language modeling (Text8). This selection allows us to test different aspects
of sequence modeling: constraint satisfaction, multi-step reasoning with intermediate state tracking, and distributional
language understanding. For each dataset, we construct train and validation splits and report both training objectives and
task-specific evaluation metrics. Further information on split sizes, vocabulary sizes, and sequence lengths are detailed in
Table 1.

For all datasets during training, we monitor the average masked cross-entropy loss over mini-batches, computed for both the
train and validation splits by averaging over eval iters randomly sampled batches at the end of each evaluation interval.
For a batch {(x(i)

t , x
(i)
0 ,m(i))}Bi=1 of size B, the estimated validation loss is

L̂val =
1

B

B∑
i=1

L(y(i); x(i)
0 , m(i)), (11)

where L is whichever training objective is active (Lfinal or Lall, Eqs. (9) and (10)).

Table 1. Summary statistics for all datasets used in our experiments. Sequence length refers to the fixed context length used during
training. Vocabulary size includes special tokens such as masks where applicable.

Dataset Train Size Val Size Vocab Size Seq Length
Sudoku 9× 9 1.8M 100k 10 81
Sudoku 36× 36 100k 20k 26 625
Countdown (k = 2) 100k 20k 18 32
Countdown (k = 3) 100k 20k 18 48
Countdown (k = 4, 5) 100k 20k 18 64
Text8 90M chars 5M chars 27 256

B.1. Sudoku

Sudoku 9 × 9 For the standard Sudoku, we adapt the dataset from (Shah et al., 2024), which consists of pre-existing
puzzle files containing solved 9× 9 encoded as move sequences. Each sample in the raw data is a sequence of 81 moves,
where each move records a quadruple (r, c, v, s) that indicates the row index, column index, digit value, and a strategy tag
respectively. Since we are interested on training on the raw Sudokus, we preprocess the data and store the boards row-wise
as flattened sequences of length 81 with digits in {1, . . . , 9}. The vocabulary consists of digits {0, 1, . . . , 9}, where 0 serves
as the mask token.

Extended sudoku For experiments at larger scales, we construct a synthetic dataset of n× n Sudoku boards, where n is
chosen such that a valid rectangular block decomposition exists. Specifically, we require n = br × bc for integers br, bc ≥ 2
chosen as the factor pair closest to

√
n. Each board is a completed, valid Sudoku with digits in {1, . . . , n}, stored as a

flattened sequence of length n2.

Boards are generated by first constructing a single deterministic base solution using the closed-form pattern

Gr,c = (bc · (r mod br) + ⌊r/br⌋+ c) mod n+ 1,

which yields a valid completed n×n grid for any compatible block shape. Each subsequent sample is derived from this base
by applying a random symmetry-preserving permutation: row-bands and rows within each band are independently shuffled,
column-stacks and columns within each stack are independently shuffled, and digit labels are remapped via a random
permutation of {1, . . . , n}. All three operations preserve Sudoku validity. The vocabulary consists of digits {0, . . . , n}, with
0 again serving as the mask token, giving a vocabulary size of n+ 1.

We generate 100,000 boards for training and 20,000 for validation with n = 25. A fixed set of binary blank masks is
pre-generated for the validation split, where each mask is drawn i.i.d. with a per-cell blank probability of 0.15, subject to the
constraint that at least one cell is blank and at least one is given.
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Scaling with Recursion in Masked Discrete Diffusion Models

Metrics and evaluation

• Valid Puzzle Rate (VPR): A generated n× n board y ∈ {1, . . . , n}n2

is valid if and only if every row, every column,
and every br × bc block contains each digit in {1, . . . , n} exactly once. Any out-of-range digit, repeated digit in a unit,
or board of incorrect length counts as invalid.

• Soft Constraint Loss (SCL): This metric is adapted from (He et al., 2026) and allows a more fine-grained evaluation of
the quality of the generated sudokus. For a board y ∈ Zn2

with vocabulary V = {1, . . . , n}, it measures the fractional
coverage of the required digit set for each constraint unit:

ℓ(u; y) = 1− | {yj : j ∈ u} ∩ V |
n

, (12)

where u ranges over all 3n units (rows, columns, blocks). A perfectly valid board has ℓ(u; y) = 0 for all u; a board
where every unit contains only one distinct valid digit has ℓ(u; y) = (n− 1)/n for all u. Out-of-vocabulary digits do
not contribute to the covered set and therefore increase the loss. The maximum value 3(n− 1) corresponds to a board
where every unit contains a single repeated in-vocabulary digit.

B.2. Countdown

Dataset The Countdown dataset (Yao et al., 2023; Gandhi et al., 2024) is a synthetic arithmetic reasoning task designed
to evaluate a model’s ability to perform multi-step planning, maintain a dynamic state (the “pool”), and execute precise
arithmetic operations. The task requires generating a sequence of operations that transform a set of initial numbers into a
specific target value.

Each sample is generated procedurally to ensure the existence of at least one valid solution. The generation follows a
reverse-construction logic:

1. Initialization: A set of k initial operands N = {n1, n2, . . . , nk} is sampled uniformly from the range [1, 100]. In our
experiments, k = 2, 3, 4, 5.

2. Chain Construction: The algorithm iteratively reduces the pool of numbers until a single value remains. In each step,
two numbers a and b are sampled from the current pool and combined using an operator ⊙ ∈ {+,−, ∗, /}.

3. Validation: Operations must result in positive integers. For division, it is required that b ̸= 0 and a ≡ 0 (mod b).

4. Target Assignment: The final remaining number in the pool after k − 1 steps is designated as the target τ .

Each example is represented as a fixed-length character sequence of length L = 32 for k = 2; L = 48 for k = 3; and
L = 64 for k = 4, 5. The dataset uses a restricted vocabulary of 18 tokens: digits 0–9, operators +, −, ∗, /, and delimiters
=, ,, and \n. The mask token is .

Metrics and evaluation

• Reaches Target Rate (RTR): We consider a solution valid if and only if: (i) each step is arithmetically correct
(a ⊙ b = c evaluates correctly); (ii) at each step both operands a and b are available in the current pool, which is
initialized to N and updated by removing a and b and inserting c after each step; and (iii) after all steps the pool
contains exactly one element equal to τ . The Reaches Target Rate is then:

RTR =
1

N

N∑
i=1

1
[
y(i) is a valid Countdown solution

]
. (13)

• Local Arithmetic Fraction (LAF): LAF measures the fraction of generated steps whose arithmetic is locally correct,
regardless of whether the operands were available in the pool at that point in the solution:

LAF(y) =
1

|S|
∑
s∈S

1[parse(s) ̸= ∅ and a⊙ b = c is numerically correct] , (14)

where S is the set of step strings in y that match the expected format a⊙ b = c. LAF distinguishes between arithmetic
errors (low LAF, low RTR) and correct arithmetic with pool-management errors (high LAF, low RTR).
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• Pool Prefix Fraction (PPF): PPF measures how far through a pool-consistent simulation the model gets before its first
failure, normalized by the expected number of steps k − 1 where k = |N |:

PPF(y) =
max

{
j : steps s1, . . . , sj are all valid and pool-consistent

}
k − 1

∈ [0, 1]. (15)

A model that always fails on the first step has PPF = 0; RTR = 1 implies PPF = 1. PPF tracks progress toward the
solution and is particularly informative at intermediate loop counts.

• Target Residual Norm (TRN): After following the longest valid pool-consistent prefix of the generated solution, TRN
measures how close the remaining pool values are to the target τ :

TRN(y) =
minx∈P∗ |x− τ |

max(1, |τ |)
∈ [0, +∞), (16)

where P∗ is the pool state after the longest pool-consistent prefix. TRN = 0 means the correct answer appears
somewhere in the pool (a necessary condition for RTR = 1); TRN > 0 quantifies how far the best available value is
from the target, scaled by the magnitude of the target to be comparable across instances. An unparseable or entirely
invalid chain gives TRN = 1.0 by convention.

B.3. Text8

Dataset Text8 (Mahoney, 2006) is a standard character-level language modeling benchmark derived from a cleaned subset
of Wikipedia text. The corpus consists of 100 million characters, restricted to lowercase English letters and spaces, resulting
in a vocabulary of size 27. We follow the conventional split, using the first 90 million characters for training and the next 5
million for validation (with the remainder typically reserved for testing, though not used here).

The data is segmented into contiguous non-overlapping sequences of fixed length (256 tokens in our experiments). Each
sequence is treated as a standalone training example. For masked modeling, mask positions are sampled independently per
sequence according to a predefined masking probability, with mask token replacing the original character at those positions.

Metrics and evaluation We evaluate models on Text8 using standard language modeling metrics. All metrics are
computed using a frozen pretrained evaluation model (GPT-J-6B, Wang & Komatsuzaki (2021)), which scores generated
sequences to provide a consistent external measure of fluency and likelihood.

• Negative Log-Likelihood (NLL): The average token-level negative log-likelihood on the validation set under the
model, computed with teacher forcing.

• Generative Perplexity (Gen PPL): Perplexity is computed as exp(NLL), measuring the effective branching factor of
the model when generating sequences autoregressively.

• Entropy: We additionally report the entropy of the model’s predictive distribution, averaged over validation tokens.
This captures the model’s uncertainty and provides insight into calibration, especially when comparing masked vs
autoregressive objectives.

C. Training and Sampling Algorithms
C.1. Training Procedure

Training uses a masked denoising objective (Sahoo et al., 2024). We randomly mask positions within the completion region,
and the model is trained to minimize the cross-entropy loss at those positions. Further details are described in Algorithm 1.

All models were trained on a single a single NVIDIA A100-SXM4-80GB GPU. Across all runs, the base optimizer settings
are shared: AdamW with learning rate LR = 3 × 10−4 and a cosine scheduler with warmup (warmup steps=2000,
min lr ratio=0.1). Further details on training hyperparameters are detailed in Table 2.
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Algorithm 1 Training Iteration with Recursive Refinement

1: Input: Dataset D, Model fθ, Optimizer O, Accumulation Steps A
2: for iteration it = 1 to Imax do
3: O.zero grad()
4: Laccum = 0
5: for micro-step a = 1 to A do
6: Sample batch (x,y,mask) from D
7: Resolve recursive steps N (Fixed, Sample, or Schedule)
8: logits,L, {Lk} ← fθ(x,y,mask, step idx = it)
9: Calculate Lscaled = L/A

10: Compute gradients: Lscaled.backward()
11: Laccum ← Laccum + L.item()
12: end for
13: O.step()
14: Update Learning Rate Scheduler
15: end for

Table 2. Architecture and optimization settings, plus effective training epochs, for each dataset.

Dataset nlayer nhead nembd Params Epochs
Sudoku 9× 9 6 6 384 10.8M 10
Sudoku 25× 25 6 6 384 10.8M 75
Countdown 3 12 384 5.5M 300
text8 6 6 384 10.8M 10

Positional encodings The model uses two positional-encoding regimes. For non-Sudoku datasets, we employ standard 1D
rotary positional embeddings (RoPE, Su et al. (2023)). For Sudoku datasets, we explore a a 2D variant: each flattened token
index is mapped back to grid coordinates (r, c), rotary frequencies are computed separately for row and column components,
and then concatenated so the attention mechanism is aware of both horizontal and vertical structure. In addition, we add a
learned block embedding identifying each subgrid (e.g., 3× 3 blocks in 9× 9 Sudoku), which explicitly encodes Sudoku
block constraints beyond pure sequence order.

C.2. Iterative Parallel Decoding

At inference time, we fill masked regions using an iterative process. We implement three schedules for token commitment:

• Steps: A deterministic schedule where the K most confident tokens are ”unmasked” (fixed) at each step following the
method in (Nie et al., 2025).

• Steps Random: Similar to the steps schedule, but positions are chosen randomly rather than by confidence, serving as
a stochastic baseline, also similar to the option in (Nie et al., 2025).

• Confidence-based: An adaptive schedule in which all tokens that exceed a probability threshold γ are committed in
each iteration.

Algorithm 2 details the Steps decoding procedure, which we found most effective and used for our tasks, as it allowed us
to compare the role of recursiveness on the effective number of denoising steps.

D. Further Experiments and Ablations
D.1. Loss Mode: Final-Step vs. All-Steps

Figure 9 (with full results in Table 3 in Appendix E.1) reports Sudoku 9×9 Valid Puzzle Rate performance for both Lfinal
(Eq. 9) and Lall (Eq. 10) across loop counts L ∈ {2, 3, 5, 10} and denoising steps T ∈ {1, 5, 10, 20, 40}.
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Algorithm 2 Iterative Parallel Decoding (Steps Method)

1: Input: model fθ, input sequence x with masked positions M, total steps T , temperature τ
2: N =

∑
M {Total tokens to unmask}

3: Calculate schedule S = [s1, s2, . . . , sT ] such that
∑

st = N
4: for t = 1 to T do
5: Compute logits z = fθ(x)
6: Sample tokens x̂ from z/τ using Top-K multinomial sampling
7: Compute confidence scores c = softmax(z/τ)max

8: Mask scores: vi = ci if Mi is true, else −∞
9: k = S[t]

10: Identify indices I of the k largest values in v
11: Update x[i] = x̂[i] for all i ∈ I
12: Update M[i] = false for all i ∈ I
13: end for
14: Output: Completed sequence x
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Figure 9. Performance comparison between final-step loss and all-step loss on 9× 9 Sudoku puzzles. We report the Valid Puzzle Rate
across varying loop counts L and denoising steps T .

The all-steps advantage is largest at low T and high L: with L=10 at T=1, the all-steps model achieves 46.4% VPR versus
9.8% for the final-step variant. This confirms that the denser gradient signal of Lall shapes early-loop representations directly,
rather than relying entirely on backpropagation through the full L-step chain. The gap shrinks at high T , where even the
final-step model has enough denoising steps to recover from imprecise early-loop representations. Notably, Lfinal with L=3
at T=40 (97.4%) does surpass the L=1 baseline at T=40 (95.8%), confirming that recursion helps even without dense
supervision, although the margin is much smaller than with Lall.

D.2. Step Embedding Ablation

Figure 10 (with detailed results in Table 6) compares models with and without the step-progress embedding across loop
counts L ∈ {2, 3, 5, 10} under the all-steps loss on Sudoku 9×9.
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Figure 10. Performance comparison between models trained with and without step-embedding on 9× 9 Sudoku puzzles. We report the
Valid Puzzle Rate across varying loop counts L and denoising steps T .
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The embedding provides a consistent but modest improvement. At L=2, the difference is negligible: without the embedding,
the model can already infer its loop position from the evolving statistics of h(ℓ), since only two states need to be distinguished.
However, the gap widens with the number of layers and reaches the maximum at L=10, T=5: the embedding reduces Soft
Constraint Loss from 0.080 to 0.034 (a 2.4× improvement)and raises VPR from 90.6% to 95.2%. We attribute this to the
embedding enabling awareness over loops, which might allow them to take specific roles.

E. Extended Results
E.1. Sudoku 9×9: Full Tables

Table 3 presents the comprehensive Sudoku 9×9 results for all combinations of recursion depth, loss mode, and denoising
step budget. Latency and throughput figures are measured at batch size 1 on a single A100. Rows labelled Baseline
correspond to (6⊗ 1) without any recursion. Rows labelled k rec steps use a (6⊗ k) model. Within each recursion depth,
Final uses Lfinal and All uses Lall. Latency grows linearly in L at fixed T ; throughput (samples per second) falls accordingly.
The highlighted cells mark configurations that exceed 97% VPR.

Table 3. Sudoku Performance: comprehensive comparison across recursion depths and loss types. We report mean and standard deviation
across 5 sampling runs of 100 samples each.

Model Loss type Steps VPR % SCL Latency (s) Throughput

Baseline -

1 0.0% ± 0.0 3.077 ± 0.039 0.007 149.6
5 65.2% ± 6.9 0.226 ± 0.052 0.022 44.9

10 85.0% ± 2.7 0.088 ± 0.024 0.043 23.3
20 92.2% ± 2.7 0.031 ± 0.017 0.084 11.9
40 95.8% ± 1.9 0.011 ± 0.006 0.169 5.9

2 rec steps

Final

1 0.0% ± 0.0 2.935 ± 0.073 0.010 98.6
5 67.2% ± 4.1 0.248 ± 0.028 0.041 24.3

10 86.2% ± 1.9 0.082 ± 0.019 0.082 12.2
20 92.4% ± 1.1 0.040 ± 0.007 0.161 6.2
40 93.0% ± 1.2 0.025 ± 0.006 0.321 3.1

All

1 0.0% ± 0.0 2.443 ± 0.080 0.010 102.1
5 83.2% ± 3.6 0.120 ± 0.026 0.039 25.8

10 91.2% ± 1.6 0.055 ± 0.017 0.079 12.7
20 95.4% ± 2.8 0.024 ± 0.015 0.153 6.6
40 96.4% ± 1.8 0.016 ± 0.009 0.298 3.4

3 rec steps

Final

1 0.4% ± 0.6 2.523 ± 0.063 0.025 40.7
5 79.6% ± 0.9 0.166 ± 0.024 0.095 10.5

10 93.0% ± 3.2 0.044 ± 0.018 0.184 5.4
20 93.6% ± 4.2 0.030 ± 0.018 0.314 3.2
40 97.4% ± 1.5 0.010 ± 0.007 0.541 1.8

All

1 8.6% ± 3.0 1.645 ± 0.051 0.020 50.5
5 92.4% ± 2.5 0.056 ± 0.018 0.072 13.9

10 95.6% ± 2.1 0.023 ± 0.015 0.131 7.7
20 96.0% ± 2.2 0.024 ± 0.016 0.234 4.3
40 98.0% ± 0.7 0.008 ± 0.005 0.456 2.2

5 rec steps

Final

1 2.0% ± 0.7 2.147 ± 0.068 0.081 12.3
5 91.0% ± 1.9 0.071 ± 0.018 0.218 4.6

10 95.0% ± 1.4 0.029 ± 0.013 0.355 2.8
20 95.8% ± 2.2 0.020 ± 0.008 0.648 1.5
40 97.6% ± 2.0 0.011 ± 0.009 1.181 0.8

All

1 21.2% ± 2.4 1.093 ± 0.113 0.084 11.9
5 93.6% ± 2.9 0.050 ± 0.026 0.210 4.8

10 97.4% ± 1.3 0.016 ± 0.014 0.362 2.8
20 96.4% ± 1.5 0.016 ± 0.007 0.696 1.4
40 98.0% ± 1.6 0.008 ± 0.006 1.119 0.9

10 rec steps

Final

1 9.8% ± 2.2 1.568 ± 0.109 0.064 15.6
5 91.2% ± 1.8 0.065 ± 0.011 0.275 3.6

10 94.6% ± 2.0 0.032 ± 0.013 0.541 1.8
20 97.8% ± 1.3 0.011 ± 0.006 1.546 0.6
40 97.6% ± 1.5 0.011 ± 0.007 3.435 0.3

All

1 46.4% ± 8.0 0.670 ± 0.156 0.036 27.8
5 95.2% ± 2.4 0.034 ± 0.016 0.171 5.8

10 96.0% ± 1.6 0.026 ± 0.016 0.504 2.0
20 97.2% ± 1.3 0.017 ± 0.012 1.232 0.8
40 97.0% ± 1.9 0.014 ± 0.010 3.457 0.3
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E.2. Sudoku 9×9: Depth Scaling Without Recursion

Table 4 reports Valid Puzzle Rate and Soft Constraint Loss metrics for non-recursive baselines with 6, 8, 10, 12, 18, 24, and
30 transformer layers. Parameter counts range from 10.8M to 53.1M. All models share the same d=384, H=6 architecture
and are trained for the same number of gradient steps as the recursive models.

Notably, increasing depth beyond 18 layers produces only marginal improvements on VPR (96.6%→97.2%→96.8% for
18→24→30 layers at T=40), whereas increasing L from 1 to 5 at fixed 6-layer parameter count produces a larger gain
(95.8%→98.0%).

Table 4. Sudoku performance across different depths (4–30 layers). We report mean and standard deviation across 5 sampling runs of 100
samples each.

Model Steps VPR % SCL Latency (s) Throughput

6 layers (10.6M)

1 0.0% ± 0.0 3.077 ± 0.039 0.007 149.6
5 65.2% ± 6.9 0.226 ± 0.052 0.022 44.9
10 85.0% ± 2.7 0.088 ± 0.024 0.043 23.3
20 92.2% ± 2.7 0.031 ± 0.017 0.084 11.9
40 95.8% ± 1.9 0.011 ± 0.006 0.169 5.9

8 layers (14.2M)

1 0.0% ± 0.0 3.209 ± 0.053 0.010 104.8
5 58.6% ± 6.4 0.291 ± 0.038 0.033 30.6
10 83.0% ± 3.7 0.099 ± 0.018 0.072 13.9
20 90.2% ± 3.5 0.045 ± 0.016 0.151 6.6
40 94.4% ± 2.0 0.020 ± 0.007 0.370 2.7

10 layers (17.7M)

1 0.0% ± 0.0 3.100 ± 0.098 0.010 102.4
5 60.4% ± 5.9 0.302 ± 0.055 0.046 22.0
10 83.8% ± 3.0 0.098 ± 0.016 0.094 10.6
20 91.4% ± 4.3 0.047 ± 0.028 0.211 4.7
40 94.6% ± 1.1 0.024 ± 0.004 0.470 2.1

12 layers (21.2M)

1 0.0% ± 0.0 3.025 ± 0.057 0.010 101.5
5 65.4% ± 3.4 0.262 ± 0.034 0.040 24.8
10 87.6% ± 4.8 0.064 ± 0.022 0.082 12.1
20 93.6% ± 2.9 0.031 ± 0.015 0.276 3.6
40 93.8% ± 1.9 0.018 ± 0.006 1.005 1.0

18 layers (31.9M)

1 0.0% ± 0.0 2.622 ± 0.083 0.023 43.0
5 80.6% ± 3.2 0.144 ± 0.021 0.085 11.7
10 95.2% ± 2.4 0.028 ± 0.017 0.187 5.4
20 94.8% ± 1.5 0.027 ± 0.008 0.535 1.9
40 96.6% ± 0.6 0.014 ± 0.005 1.112 0.9

24 layers (42.5M)

1 0.2% ± 0.5 2.710 ± 0.056 0.048 21.1
5 82.8% ± 3.6 0.127 ± 0.025 0.167 6.0
10 92.2% ± 2.8 0.042 ± 0.019 0.365 2.7
20 95.0% ± 2.5 0.023 ± 0.013 0.724 1.4
40 97.2% ± 0.8 0.008 ± 0.002 1.435 0.7

30 layers (53.1M)

1 0.2% ± 0.5 2.624 ± 0.093 0.050 19.9
5 77.8% ± 2.2 0.159 ± 0.018 0.160 6.2
10 91.4% ± 1.3 0.044 ± 0.010 0.284 3.5
20 95.0% ± 2.0 0.021 ± 0.006 0.547 1.8
40 97.2% ± 0.8 0.012 ± 0.004 1.059 0.9
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E.3. Sudoku 9×9: Cross-Recursion Trade-off

Table 5 extends the cross-recursion analysis by reporting both Valid Puzzle Rate and Soft Constraint Loss across training
depths Lt ∈ {1, 2, 3, 5, 10} and a range of sampling depths Ls.

Note that the (Lt = 2, Ls = 3) setting, which uses one more loop at sampling than training, achieves 91.6% at T=5—already
surpassing the Lt=2 baseline at T=5 (83.2%) and comparable to the Lt=3 model at T=5 (92.4%). This suggests that
moderate extrapolation is possible, likely because the step embedding (Eq. 7) is parameterized by normalized progress
sℓ ∈ [0, 1] rather than the raw loop index.

Table 5. Sudoku Performance: Cross-Recursion Trade-off. Training Recursion Depth vs. Sampling Recursion Depth across various
decoding steps (T ). We report mean and standard deviation across 5 sampling runs of 100 samples each.

Tr. Rec Sa. Rec T = 1 T = 5 T = 10 T = 20 T = 40

Steps Steps VPR % SCL VPR % SCL VPR % SCL VPR % SCL VPR % SCL

Baseline 1 0.0 ± 0.0 3.077 ± 0.039 65.2 ± 6.9 0.226 ± 0.052 85.0 ± 2.7 0.088 ± 0.024 92.2 ± 2.7 0.031 ± 0.017 95.8 ± 1.9 0.011 ± 0.006

Rec 2

1 0.0 ± 0.0 3.355 ± 0.069 43.6 ± 3.0 0.415 ± 0.048 77.6 ± 2.5 0.129 ± 0.017 88.2 ± 3.8 0.052 ± 0.024 92.6 ± 3.2 0.023 ± 0.011
2 0.0 ± 0.0 2.433 ± 0.080 83.2 ± 3.6 0.120 ± 0.026 91.2 ± 1.6 0.055 ± 0.017 95.4 ± 2.8 0.024 ± 0.015 96.4 ± 1.8 0.016 ± 0.009
3 8.2 ± 3.1 1.625 ± 0.042 91.6 ± 2.7 0.060 ± 0.025 96.2 ± 2.2 0.026 ± 0.015 96.2 ± 1.1 0.021 ± 0.008 98.4 ± 0.9 0.007 ± 0.004
5 52.8 ± 5.0 0.658 ± 0.110 67.2 ± 5.6 0.153 ± 0.023 64.6 ± 3.2 0.160 ± 0.027 67.6 ± 2.7 0.137 ± 0.019 67.0 ± 6.5 0.130 ± 0.019

Rec 3

1 0.0 ± 0.0 4.485 ± 0.058 4.0 ± 3.9 0.884 ± 0.020 24.2 ± 3.1 0.457 ± 0.029 38.6 ± 7.1 0.277 ± 0.028 50.8 ± 9.3 0.165 ± 0.043
3 8.6 ± 3.0 1.645 ± 0.051 92.4 ± 2.5 0.056 ± 0.018 95.6 ± 2.1 0.023 ± 0.015 96.0 ± 2.2 0.024 ± 0.016 98.0 ± 0.7 0.008 ± 0.005
9 38.8 ± 5.5 1.304 ± 0.188 86.2 ± 3.0 0.174 ± 0.040 91.6 ± 4.4 0.073 ± 0.035 93.6 ± 3.4 0.044 ± 0.025 95.2 ± 1.3 0.033 ± 0.021
15 38.0 ± 3.7 1.796 ± 0.285 70.0 ± 6.6 0.817 ± 0.325 80.0 ± 5.4 0.424 ± 0.168 84.6 ± 1.1 0.260 ± 0.067 82.8 ± 2.7 0.290 ± 0.037

Rec 5

1 0.0 ± 0.0 3.645 ± 0.060 28.4 ± 5.8 0.605 ± 0.054 61.6 ± 4.6 0.219 ± 0.035 80.4 ± 2.5 0.097 ± 0.022 83.4 ± 3.3 0.061 ± 0.014
5 21.2 ± 2.4 1.093 ± 0.113 93.6 ± 2.9 0.050 ± 0.026 97.4 ± 1.3 0.016 ± 0.014 96.4 ± 1.5 0.016 ± 0.007 98.0 ± 1.6 0.008 ± 0.006
10 89.0 ± 2.5 0.127 ± 0.033 97.0 ± 1.4 0.022 ± 0.011 95.8 ± 2.5 0.025 ± 0.013 97.6 ± 0.9 0.012 ± 0.004 98.4 ± 0.9 0.008 ± 0.007
20 94.4 ± 2.9 0.080 ± 0.052 96.2 ± 1.9 0.027 ± 0.018 97.4 ± 1.3 0.018 ± 0.011 98.2 ± 0.8 0.011 ± 0.007 97.4 ± 2.4 0.012 ± 0.012
25 96.4 ± 2.1 0.050 ± 0.027 97.4 ± 1.1 0.018 ± 0.013 98.4 ± 1.8 0.009 ± 0.012 97.4 ± 1.7 0.014 ± 0.010 99.2 ± 0.8 0.002 ± 0.002

Rec 10

1 0.0 ± 0.0 3.935 ± 0.044 16.0 ± 3.1 0.686 ± 0.035 51.6 ± 5.0 0.259 ± 0.041 70.4 ± 3.8 0.132 ± 0.012 73.8 ± 4.6 0.081 ± 0.015
5 1.2 ± 0.8 2.186 ± 0.097 79.4 ± 0.9 0.163 ± 0.025 88.4 ± 2.7 0.069 ± 0.027 92.4 ± 1.5 0.048 ± 0.010 94.8 ± 1.9 0.026 ± 0.005
10 46.4 ± 8.0 0.670 ± 0.156 95.2 ± 2.4 0.034 ± 0.016 96.0 ± 1.6 0.026 ± 0.016 97.2 ± 1.3 0.017 ± 0.012 97.0 ± 1.9 0.014 ± 0.010
20 90.6 ± 2.1 0.120 ± 0.050 95.0 ± 2.1 0.041 ± 0.019 96.4 ± 3.1 0.026 ± 0.018 98.4 ± 0.9 0.006 ± 0.003 97.6 ± 1.5 0.013 ± 0.009
30 95.2 ± 2.5 0.098 ± 0.053 95.6 ± 1.5 0.026 ± 0.009 95.6 ± 2.0 0.021 ± 0.009 97.0 ± 1.0 0.018 ± 0.007 98.4 ± 1.1 0.007 ± 0.006
50 92.8 ± 2.5 0.122 ± 0.042 96.0 ± 1.0 0.024 ± 0.004 97.2 ± 1.9 0.018 ± 0.012 97.8 ± 2.3 0.012 ± 0.013 98.8 ± 0.8 0.005 ± 0.003

E.4. Sudoku 9×9: Step Embedding Ablation

Table 6 presents the full embedding ablation, reporting Valid Puzzle Rate and Soft Constraint Loss under the all-steps loss
for L ∈ {2, 3, 5, 10} across all step budgets. We observe that the performance gains from the step embedding are minimal at
low recursive step count, but they increase with the number of recursive steps, particularly in the low-step decoding regime.

Table 6. Sudoku generative performance: Comparison between Embedding and No Embedding across different recursion depths. We
report mean and standard deviation across 5 sampling runs of 100 samples each.

Embedding No Embedding

Model Steps VPR % SCL VPR % SCL

2 rec. steps

1 0.0% ± 0.0 2.443 ± 0.080 0.2% ± 0.5 2.279 ± 0.067
5 83.2% ± 3.6 0.120 ± 0.026 84.2% ± 1.9 0.110 ± 0.026
10 91.2% ± 1.6 0.055± 0.017 95.4% ± 2.1 0.030 ± 0.019
20 95.4% ± 2.8 0.024 ± 0.015 96.6% ± 1.7 0.019 ± 0.012
40 96.4% ± 1.8 0.016 ± 0.009 95.8% ± 1.9 0.013 ± 0.007

3 rec. steps

1 8.6% ± 3.0 1.645 ± 0.051 3.0% ± 0.7 2.014 ± 0.146
5 92.4% ± 2.5 0.166 ± 0.024 86.4% ± 4.5 0.112 ± 0.033
10 95.6% ± 2.1 0.044 ± 0.018 93.6% ± 1.7 0.038 ± 0.019
20 96.0% ± 2.2 0.030 ± 0.018 95.4% ± 1.1 0.025 ± 0.088
40 98.0% ± 0.7 0.010 ± 0.007 96.0% ± 2.4 0.018 ± 0.009

5 rec. steps

1 21.2% ± 2.4 1.093 ± 0.113 17.8% ± 5.7 1.383 ± 0.135
5 93.6% ± 2.9 0.050 ± 0.026 92.4% ± 2.6 0.060 ± 0.019
10 97.4% ± 1.3 0.016 ± 0.014 95.4% ± 3.0 0.025 ± 0.017
20 96.4% ± 1.5 0.016 ± 0.007 97.0% ± 0.7 0.013 ± 0.005
40 98.0% ± 1.6 0.008 ± 0.06 97.4% ± 1.1 0.010 ± 0.005

10 rec. steps

1 46.4% ± 8.0 0.670 ± 0.156 40.4% ± 3.5 0.923 ± 0.089
5 95.2% ± 2.4 0.034 ± 0.016 90.6% ± 1.1 0.080 ± 0.011
10 96.0% ± 1.6 0.026 ± 0.016 96.4% ± 0.6 0.026 ± 0.006
20 97.2% ± 1.3 0.017 ± 0.012 96.6% ± 1.7 0.022 ± 0.015
40 97.0% ± 1.9 0.014 ± 0.010 96.2% ± 1.9 0.022 ± 0.012
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E.5. Sudoku 25×25: Effect of Recursion and Masking

Table 4 shows Valid Puzzle Rate and Soft Constraint Loss for the baseline and recursive models on the 25×25 Sudoku task
under three masking regimes: 70%, 80%, and 90% of cells masked at inference time.

At 70% masking, the task is tractable for all models at high T : the baseline reaches 95.2% VPR at T=100. However, both
L=3 and L=5 achieve 100% at T=1—a single denoising step—demonstrating that a single forward pass of the looped
model can solve a task that requires at least 50 passes for the baseline. At 80% masking, the baseline degrades severely
(69.6% VPR at T=100), while L=3 achieves 100% VPR at T=100 and 99.6% at T=10. At 90% masking, all models
struggle, but the gap between baseline (2.0% at T=100) and L=3 (52.2%) reveals the qualitative benefit of recursive loops
for highly under-determined constraint satisfaction.

These results suggest that the benefits of recursive depth are not simply additive with problem size but compound with
masking difficulty: as fewer clues are provided, the model’s need to propagate global constraints increases, and recursive
loops (which implement exactly one round of full-bidirectional attention per iteration) provide increasingly valuable
additional computation.

Table 7. Sudoku 25 × 25 generative performance: Comparison between different percentages of masks (M). We report mean and standard
deviation across 5 sampling runs of 100 samples each.

M = 70% M = 80% M = 90%

Model Steps VPR % SCL VPR % SCL VPR % SCL

Baseline

1 50.6% ± 3.3 0.189 ± 0.021 0.0% ± 0.0 4.587 ± 0.127 0.0% ± 0.0 24.978 ± 0.226
5 52.0% ± 1.6 0.225 ± 0.008 6.6% ± 1.8 1.031 ± 0.080 0.0% ± 0.0 12.286 ± 0.453
10 52.8% ± 3.4 0.221 ± 0.023 9.8% ± 0.8 0.719 ± 0.034 0.0% ± 0.0 6.363 ± 0.240
25 68.6% ± 3.9 0.116 ± 0.026 28.6% ± 5.2 0.335 ± 0.032 0.2% ± 0.5 3.272 ± 0.188
50 90.8% ± 2.5 0.026 ± 0.006 52.6% ± 4.2 0.142 ± 0.007 0.2% ± 0.5 2.060 ± 0.058
100 95.2% ± 2.4 0.008 ± 0.004 69.6% ± 5.6 0.432 ± 0.040 2.0% ± 1.6 1.428 ± 0.120

3 rec. steps

1 100.0% ± 0.0 0.000 ± 0.000 98.8% ± 1.1 0.018 ± 0.019 1.4% ± 1.3 10.426 ± 0.323
5 95.8% ± 2.2 0.007 ± 0.004 70.6% ± 5.6 0.082 ± 0.029 17.4% ± 3.7 2.803 ± 0.243
10 100.0% ± 0.0 0.000 ± 0.000 99.6% ± 0.6 0.001 ± 0.001 31.4% ± 5.9 0.256 ± 0.050
25 100.0% ± 0.0 0.000 ± 0.000 99.8% ± 0.5 0.001 ± 0.001 42.8% ± 1.5 0.680 ± 0.056
50 100.0% ± 0.0 0.000 ± 0.000 99.6% ± 0.6 0.002 ± 0.003 47.2% ± 6.8 0.480 ± 0.058
100 100.0% ± 0.0 0.000 ± 0.000 100.0 % ± 0.0 0.000 ± 0.000 52.2% ± 1.6 0.430 ± 0.051

5 rec. steps

1 100.0% ± 0.0 0.000 ± 0.000 93.6% ± 2.8 0.083 ± 0.035 1.4% ± 1.7 9.298 ± 0.754
5 100.0% ± 0.0 0.000 ± 0.000 91.8% ± 2.3 0.118 ± 0.030 18.2% ± 4.4 2.891 ± 0.187
10 100.0% ± 0.0 0.000 ± 0.000 91.0% ± 2.5 0.101 ± 0.027 24.8% ± 3.5 1.691 ± 0.158
25 100.0% ± 0.0 0.000 ± 0.000 93.6% ± 1.3 0.039 ± 0.012 36.2% ± 1.1 0.936 ± 0.093
50 100.0% ± 0.0 0.000 ± 0.000 91.8% ± 2.6 0.030 ± 0.013 35.8% ± 4.8 0.835 ± 0.168
100 100.0% ± 0.0 0.000 ± 0.000 95.4% ± 5.5 0.017 ± 0.001 40.0% ± 3.7 0.600 ± 0.088

E.6. Countdown: Full Tables

Table 8 reports Countdown performance for recursive models and the baseline across k ∈ {3, 4, 5} operands, varying both
recursion depth and denoising step budget. Table 9 reports the equivalent depth-scaling analysis for non-recursive models
with 3, 6, 9, 15, and 30 layers.

For Countdown-3, the task is tractable even for the baseline at high T (96.0% RTR at T=30), but recursion substantially
accelerates convergence: L=3 reaches 92.4% at T=10, a step budget at which the baseline achieves only 59.4%. For
Countdown-4 and -5, the baseline saturates at substantially lower accuracy than the recursive models, suggesting that the
difficulty of multi-step arithmetic planning grows faster than what additional denoising steps alone can resolve.

For the depth-scaling analysis (Table 9), results show that a 15-layer non-recursive model (26.7M) on Countdown-4 reaches
80.0% RTR at T=30, while the (3⊗ 5) model (5.5M) achieves 81.8%, comparable performance at less than one-fifth the
parameter count.
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Table 8. Countdown performance with different recursive steps. We report mean and standard deviation across 5 sampling runs of 100
samples each as well as the total sampling time.

Model Dec. steps RTR % PPF % LAF % TRN Sampling time (s)

Countdown 3

Baseline

1 7.6% ± 1.1 19.0% ± 1.2 26.2% ± 2.7 1.046 ± 0.300 2.79
5 44.8% ± 3.0 51.0% ± 3.4 64.5% ± 4.1 0.520 ± 0.027 8.27

10 59.4% ± 5.0 63.5% ± 4.2 75.8% ± 3.9 0.346 ± 0.061 7.32
20 93.2% ± 1.6 94.0% ± 1.7 94.3% ± 1.4 0.068 ± 0.033 41.51
30 96.0% ± 0.7 96.3% ± 0.5 96.7% ± 0.6 0.037 ± 0.011 56.41

3 recursive steps

1 67.0% ± 4.6 70.1% ± 5.6 76.9% ± 4.6 0.307 ± 0.053 3.52
5 87.6% ± 1.8 89.2% ± 2.0 92.9% ± 1.9 0.145 ± 0.086 14.43

10 92.4% ± 2.5 93.2% ± 2.7 95.5% ± 2.0 0.061 ± 0.017 28.24
20 97.4% ± 1.5 97.6% ± 1.6 98.0% ± 1.2 0.021 ± 0.012 52.85
30 97.8% ± 1.6 98.2% ± 1.5 98.3% ± 1.3 0.030 ± 0.024 55.96

5 recursive steps

1 67.4% ± 2.1 70.3% ± 2.0 79.5% ± 1.5 0.317 ± 0.088 5.57
5 85.8% ± 6.8 86.6% ± 6.0 93.0% ± 3.7 0.122 ± 0.059 23.32

10 91.0% ± 1.6 91.5% ± 1.5 95.4% ± 0.9 0.071 ± 0.015 46.97
20 98.4% ± 0.9 98.7% ± 0.8 98.7% ± 0.8 0.012 ± 0.011 86.52
30 98.2% ± 1.9 98.5% ± 1.5 98.8% ± 0.9 0.016 ± 0.016 91.50

Countdown 4

Baseline

1 0.0% ± 0.0 1.9% ± 0.6 4.1% ± 1.1 1.054 ± 0.169 2.55
5 6.6% ± 3.1 16.7% ± 3.2 36.2% ± 1.2 1.001 ± 0.231 5.67

10 18.0% ± 2.5 31.6% ± 3.5 49.3% ± 3.6 0.817 ± 0.140 10.82
20 38.2% ± 6.2 52.3% ± 4.4 64.5% ± 3.8 0.648 ± 0.206 21.36
30 44.8% ± 6.0 59.5% ± 5.2 71.5% ± 3.3 0.626 ± 0.046 31.88

3 recursive steps

1 0.8% ± 0.8 5.5% ± 1.2 15.0% ± 1.7 1.243 ± 0.401 4.51
5 11.6% ± 2.4 28.4% ± 2.3 53.2% ± 2.2 0.908 ± 0.180 16.52

10 39.6% ± 1.8 56.9% ± 1.7 72.6% ± 1.0 0.593 ± 0.143 32.83
20 68.6% ± 6.2 77.6% ± 4.0 85.1% ± 3.0 0.364 ± 0.150 63.77
30 76.8% ± 2.6 84.4% ± 1.6 89.6% ± 1.0 0.256 ± 0.131 83.95

5 recursive steps

1 0.6% ± 0.6 6.7% ± 2.6 17.2% ± 1.9 1.021 ± 0.145 7.46
5 15.4% ± 3.0 30.9% ± 2.0 54.2% ± 1.6 0.802 ± 0.075 28.37

10 37.0% ± 2.9 53.7% ± 3.1 69.9% ± 2.0 0.580 ± 0.088 50.52
20 70.2% ± 7.0 78.3% ± 5.2 85.6% ± 3.3 0.269 ± 0.055 93.76
30 81.8% ± 2.5 86.9% ± 1.0 90.4% ± 1.1 0.212 ± 0.116 137.65

10 recursive steps

1 0.8% ± 0.8 5.6% ± 2.4 14.8% ± 3.2 0.876 ± 0.043 10.50
5 12.8% ± 2.2 27.6% ± 1.2 48.1% ± 1.9 0.848 ± 0.118 46.15

10 43.6% ± 4.2 56.7% ± 4.1 70.2% ± 3.5 0.676 ± 0.317 91.65
20 74.4% ± 5.3 81.1% ± 4.6 86.1% ± 2.8 0.261 ± 0.102 179.72
30 86.2% ± 4.1 89.7% ± 3.0 91.7% ± 2.5 0.211 ± 0.184 264.44

Countdown 5

Baseline

1 0.0% ± 0.0 0.3% ± 0.3 1.3% ± 0.6 0.925 ± 0.112 2.75
5 0.2% ± 0.5 11.1% ± 1.3 33.7% ± 0.9 1.023 ± 0.192 5.68

10 3.8% ± 2.4 20.9% ± 2.8 47.0% ± 2.9 0.909 ± 0.069 11.23
20 9.6% ± 1.8 28.3% ± 2.3 57.4% ± 1.7 0.886 ± 0.161 21.74
30 15.6% ± 5.1 37.6% ± 4.1 63.3% ± 3.0 0.865 ± 0.229 32.22
40 17.0% ± 2.6 40.5% ± 4.4 65.1% ± 3.4 0.889 ± 0.168 166.18

3 recursive steps

1 0.0% ± 0.0 0.5% ± 0.4 1.6% ± 0.6 1.036 ± 0.229 3.50
5 4.8% ± 1.8 20.9% ± 1.2 47.6% ± 1.7 0.971 ± 0.169 14.00

10 10.8% ± 2.2 31.0% ± 1.6 60.9% ± 1.9 0.758 ± 0.068 28.00
20 21.6% ± 4.2 42.6% ± 5.5 70.9% ± 2.5 0.913 ± 0.153 55.50
30 36.6% ± 4.9 57.5% ± 2.2 79.6% ± 1.0 0.746 ± 0.160 83.00
40 39.6% ± 7.0 60.3% ± 6.0 80.8% ± 3.7 0.782 ± 0.125 107.00

5 recursive steps

1 0.0% ± 0.0 0.7% ± 0.4 2.6% ± 0.6 1.136 ± 0.123 6.42
5 4.8% ± 1.9 23.6% ± 1.9 47.0% ± 4.5 1.051 ± 0.275 24.82

10 14.2% ± 3.4 34.0% ± 2.1 59.6% ± 2.1 0.864 ± 0.177 48.76
20 24.6% ± 7.2 44.6% ± 6.4 69.7% ± 3.8 0.822 ± 0.303 97.16
30 44.4% ± 4.7 62.1% ± 4.8 80.4% ± 2.1 0.585 ± 0.122 141.88
40 46.8% ± 6.5 64.3% ± 4.3 81.3% ± 1.3 0.586 ± 0.270 174.04

10 recursive steps

1 0.2% ± 0.5 1.2% ± 1.0 3.5% ± 0.9 1.107 ± 0.330 10.50
5 5.8% ± 1.3 22.4% ± 1.9 44.2% ± 2.8 0.856 ± 0.204 43.51

10 14.4% ± 4.3 35.1% ± 4.1 58.2% ± 4.7 0.880 ± 0.166 86.57
20 28.4% ± 4.4 49.3% ± 4.2 69.4% ± 2.5 0.654 ± 0.033 173.24
30 56.4% ± 5.0 71.4% ± 4.2 82.0% ± 2.0 0.671 ± 0.355 260.25
40 53.8% ± 4.3 69.6% ± 3.4 80.4% ± 2.0 0.538 ± 0.208 330.43
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Table 9. Countdown performance with models of different depth. We report mean and standard deviation across 5 sampling runs of 100
samples each as well as the total sampling time.

Model (params) Dec. steps RTR % PPF % LAF % TRN Sampling time (s)

Countdown 3

3 layers (5.5M)

1 7.6% ± 1.1 19.0% ± 1.2 26.2% ± 2.7 1.046 ± 0.300 2.79
5 44.8% ± 3.0 51.0% ± 3.4 64.5% ± 4.1 0.520 ± 0.027 8.27
10 59.4% ± 5.0 63.5% ± 4.2 75.8% ± 3.9 0.346 ± 0.061 7.32
20 93.2% ± 1.6 94.0% ± 1.7 94.3% ± 1.4 0.068 ± 0.033 41.51
30 96.0% ± 0.7 96.3% ± 0.5 96.7% ± 0.6 0.037 ± 0.011 56.41

6 layers (10.8M)

1 20.0% ± 4.1 28.5% ± 3.5 39.9% ± 4.8 0.865 ± 0.201 2.52
5 56.8% ± 6.5 59.9% ± 6.4 73.2% ± 4.9 0.413 ± 0.093 9.36
10 74.4% ± 5.8 76.4% ± 5.9 85.4% ± 4.0 0.341 ± 0.186 18.48
20 97.2% ± 1.8 97.4% ± 1.5 97.6% ± 1.4 0.025 ± 0.014 34.41
30 97.0% ± 1.2 97.3% ± 1.2 97.8% ± 1.2 0.028 ± 0.013 35.78

9 layers (16.1M)

1 36.0% ± 4.6 43.1% ± 3.4 54.8% ± 2.6 0.558 ± 0.043 4.89
5 72.4% ± 3.6 75.0% ± 3.5 83.2% ± 2.6 0.389 ± 0.261 13.17
10 86.6% ± 2.7 87.6% ± 2.1 92.1% ± 2.0 0.121 ± 0.013 26.12
20 96.0% ± 1.9 96.5% ± 1.7 97.2% ± 1.8 0.036 ± 0.015 48.75
30 95.0% ± 1.9 95.7% ± 1.4 96.2% ± 1.4 0.131 ± 0.208 51.51

15 layers (26.7M)

1 59.0% ± 3.9 64.3% ± 4.0 73.4% ± 3.0 0.405 ± 0.090 5.67
5 88.0% ± 1.4 90.0% ± 0.7 91.6% ± 0.8 0.119 ± 0.049 20.54
10 94.4% ± 4.2 95.1% ± 3.6 96.1% ± 2.8 0.052 ± 0.037 40.93
20 95.6% ± 2.2 96.4% ± 2.0 96.8% ± 1.6 0.036 ± 0.025 76.25
30 95.2% ± 1.3 96.0% ± 1.2 96.6% ± 1.1 0.038 ± 0.013 83.87

Countdown 4

3 layers (5.5M)

1 0.0% ± 0.0 1.9% ± 0.6 4.1% ± 1.1 1.054 ± 0.169 2.55
5 6.6% ± 3.1 16.7% ± 3.2 36.2% ± 1.2 1.001 ± 0.231 5.67
10 18.0% ± 2.5 31.6% ± 3.5 49.3% ± 3.6 0.817 ± 0.140 10.82
20 38.2% ± 6.2 52.3% ± 4.4 64.5% ± 3.8 0.648 ± 0.206 21.36
30 44.8% ± 6.0 59.5% ± 5.2 71.5% ± 3.3 0.626 ± 0.046 31.88

6 layers (10.8M)

1 0.4% ± 0.6 3.8% ± 1.0 10.7% ± 1.2 1.003 ± 0.180 3.33
5 10.2% ± 3.6 24.0% ± 4.8 47.9% ± 1.2 0.915 ± 0.129 13.44
10 34.8% ± 4.3 48.9% ± 5.0 65.1% ± 3.2 0.755 ± 0.269 26.62
20 59.8% ± 3.1 71.7% ± 3.7 79.2% ± 3.3 0.385 ± 0.058 52.90
30 68.4% ± 4.0 77.6% ± 2.3 83.1% ± 1.3 0.445 ± 0.255 76.06

9 layers (16.1M)

1 0.2% ± 0.5 5.7% ± 1.7 14.1% ± 2.1 1.023 ± 0.108 5.19
5 15.0% ± 3.5 28.0% ± 2.8 51.3% ± 2.8 0.837 ± 0.140 20.07
10 38.8% ± 2.7 51.9% ± 1.5 68.2% ± 1.9 0.591 ± 0.071 42.87
20 64.2% ± 4.4 73.0% ± 3.5 80.0% ± 2.1 0.359 ± 0.091 84.29
30 74.2% ± 8.0 81.3% ± 5.7 86.1% ± 4.3 0.227 ± 0.086 106.25

15 layers (26.7M)

1 1.4% ± 1.1 9.1% ± 2.1 24.2% ± 2.2 0.999 ± 0.303 5.65
5 21.4% ± 4.9 33.9% ± 3.1 60.1% ± 3.6 0.781 ± 0.124 22.96
10 48.2% ± 2.6 59.6% ± 2.2 75.5% ± 1.8 0.453 ± 0.046 41.23
20 69.4% ± 4.3 78.3% ± 2.6 84.7% ± 1.8 0.269 ± 0.066 81.46
30 80.0% ± 2.1 85.7% ± 1.9 89.5% ± 2.3 0.183 ± 0.042 121.79

30 layers (53.3M)

1 5.2% ± 2.3 15.2% ± 2.1 32.4% ± 3.5 0.886 ± 0.075 8.69
5 32.4% ± 4.9 42.6% ± 3.7 67.2% ± 3.7 0.616 ± 0.047 40.17
10 58.0% ± 2.7 68.7% ± 2.8 80.4% ± 1.3 0.356 ± 0.051 79.95
20 69.6% ± 2.6 78.2% ± 1.8 85.4% ± 2.0 0.362 ± 0.152 159.88
30 72.6% ± 2.4 81.3% ± 2.0 86.3% ± 1.6 0.300 ± 0.144 231.88

Countdown 5

3 layers (5.5M)

1 0.0% ± 0.0 0.3% ± 0.3 1.3% ± 0.6 0.925 ± 0.112 2.75
5 0.2% ± 0.5 11.1% ± 1.3 33.7% ± 0.9 1.023 ± 0.192 5.68
10 3.8% ± 2.4 20.9% ± 2.8 47.0% ± 2.9 0.909 ± 0.069 11.23
20 9.6% ± 1.8 28.3% ± 2.3 57.4% ± 1.7 0.886 ± 0.161 21.74
30 15.6% ± 5.1 37.6% ± 4.1 63.3% ± 3.0 0.865 ± 0.229 32.22
40 17.0% ± 2.6 40.5% ± 4.4 65.1% ± 3.4 0.889 ± 0.168 166.18

6 layers (10.8M)

1 0.0% ± 0.0 0.9% ± 0.4 2.1% ± 1.1 0.976 ± 0.162 2.51
5 1.8% ± 0.8 17.5% ± 2.3 45.7% ± 3.3 0.923 ± 0.150 9.51
10 8.6% ± 0.6 27.9% ± 1.3 54.4% ± 1.2 1.047 ± 0.397 18.40
20 15.4% ± 2.9 36.9% ± 5.4 64.3% ± 2.6 1.017 ± 0.176 36.99
30 28.4% ± 3.8 51.2% ± 4.0 71.9% ± 2.8 0.708 ± 0.121 54.75
40 29.4% ± 3.8 53.6% ± 3.1 73.3% ± 1.6 0.845 ± 0.279 72.69

9 layers (16.1M)

1 0.0% ± 0.0 1.3% ± 0.4 2.7% ± 0.9 1.128 ± 0.232 4.01
5 2.8% ± 1.3 18.5% ± 2.2 43.4% ± 1.3 0.953 ± 0.201 13.15
10 9.4% ± 3.2 28.6% ± 3.4 56.0% ± 3.3 0.992 ± 0.322 25.85
20 22.0% ± 5.3 40.6% ± 4.3 65.0% ± 3.5 0.718 ± 0.060 56.03
30 37.8% ± 3.3 57.4% ± 2.6 75.0% ± 2.3 0.714 ± 0.226 87.30
40 39.6% ± 2.3 60.7% ± 1.6 77.4% ± 1.5 0.604 ± 0.090 99.92

15 layers (26.7M)

1 0.0% ± 0.0 1.2% ± 0.6 3.0% ± 0.7 0.977 ± 0.170 5.81
5 4.0% ± 1.7 20.3% ± 3.4 44.4% ± 3.2 0.909 ± 0.076 23.30
10 11.2% ± 2.4 31.7% ± 2.3 60.8% ± 0.9 1.091 ± 0.381 43.96
20 21.8% ± 5.0 44.6% ± 3.7 69.7% ± 2.2 0.764 ± 0.109 83.75
30 42.2% ± 4.6 63.5% ± 2.9 81.2% ± 1.6 0.587 ± 0.079 125.12
40 45.8% ± 3.3 64.9% ± 2.0 82.2% ± 2.0 0.530 ± 0.073 161.05

30 layers (53.3M)

1 0.0% ± 0.0 1.7% ± 0.3 3.6% ± 0.8 0.912 ± 0.047 8.57
5 5.0% ± 1.6 21.5% ± 1.7 47.1% ± 3.3 0.859 ± 0.117 39.80
10 15.0% ± 3.9 34.8% ± 3.3 60.3% ± 2.5 0.927 ± 0.347 79.44
20 28.2% ± 3.9 47.5% ± 3.1 70.0% ± 1.4 0.698 ± 0.165 158.83
30 45.4% ± 5.2 65.2% ± 4.2 79.6% ± 2.6 0.479 ± 0.048 237.60
40 47.8% ± 6.0 66.6% ± 3.4 80.6% ± 3.2 0.494 ± 0.149 304.52
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E.7. Text8 Results

Table 10 reports generative perplexity (Gen-PPL), NLL, entropy, and bits-per-dimension (BPD) on the Text8 validation set,
for denoising budgets T ∈ {18, 32, 64, 96}. The results show that recursive models underperform the single-pass baseline
across all metrics and step budgets. The gap narrows at high T (T=96), where additional denoising steps seem to partially
compensate for the weaker per-step predictions. On the other hand, entropy is marginally higher for recursive models.

However, that this gap may partly reflect limitations of the evaluation metrics rather than the recursive mechanism itself.
Likelihood-based metrics can be misleading in this regime: lower entropy or NLL may arise from overconfident but
degenerate predictions, rather than genuinely coherent text. Our qualitative samples (Table 11) suggest that recursive models
produce more coherent generations despite their worse likelihood scores. We leave further exploration of this as future work.

Table 10. text8 Evaluation Results. We report mean and standard deviation across 5 sampling runs of 100 samples each.

Model Dec. steps Entropy NLL Gen-PPL BPD Time (s)

Baseline

18 2.237 ± 0.011 4.705 ± 0.064 126.43 ± 6.85 6.788 ± 0.092 35.24
32 2.325 ± 0.009 5.190 ± 0.043 210.05 ± 11.86 7.488 ± 0.063 58.53
64 2.395 ± 0.017 5.528 ± 0.074 299.93 ± 23.47 7.975 ± 0.107 116.64
96 2.444 ± 0.010 5.694 ± 0.063 346.10 ± 22.44 8.215 ± 0.091 175.54

3 recursive steps

18 2.389 ± 0.005 5.422 ± 0.050 249.80 ± 12.38 7.823 ± 0.073 89.16
32 2.470 ± 0.016 5.776 ± 0.046 356.01 ± 16.09 8.332 ± 0.066 157.80
64 2.514 ± 0.013 5.880 ± 0.074 412.92 ± 33.01 8.484 ± 0.107 314.93
96 2.554 ± 0.015 5.875 ± 0.085 408.70 ± 31.23 8.476 ± 0.123 473.29

5 recursive steps

18 2.412 ± 0.006 5.539 ± 0.066 277.97 ± 17.17 7.991 ± 0.094 148.26
32 2.464 ± 0.016 5.747 ± 0.050 345.82 ± 15.54 8.292 ± 0.071 261.17
64 2.501 ± 0.019 5.782 ± 0.063 374.53 ± 23.02 8.342 ± 0.090 526.03
96 2.535 ± 0.017 5.795 ± 0.081 379.96 ± 25.36 8.360 ± 0.117 785.92

F. Visualizing Text8 samples

Table 11. Qualitative samples at 64 decoding steps. Conditional generations (prompt continuation) for baseline (no recursion) and with
3 and 5 recursive steps and 64 decoding steps. Recursion tends to produce continuations with more topical anchoring and more coherent
phrase-level structure, even when the text remains noisy.

Setting Prompt Model output (64 steps)

Baseline

and humans to build a more perfect
world utopia has un sanction
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