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Abstract

With origins in game theory, probabilistic values like Shapley values, Banzhaf
values, and semi-values have emerged as a central tool in explainable Al. They
are used for feature attribution, data attribution, data valuation, and more. Since
all of these values require exponential time to compute exactly, research has
focused on efficient approximation methods using two techniques: Monte Carlo
sampling and linear regression formulations. In this work, we present a new way
of combining both of these techniques. Our approach is more flexible than prior
algorithms, allowing for linear regression to be replaced with any function family
whose probabilistic values can be computed efficiently. This allows us to harness
the accuracy of tree-based models like XGBoost, while still producing unbiased
estimates. From experiments across eight datasets, we find that our methods give
state-of-the-art performance for estimating probabilistic values. For Shapley values,
the error of our methods can be 6.5x lower than Permutation SHAP (the most
popular Monte Carlo method), 3.8 lower than Kernel SHAP (the most popular
linear regression method), and 2.6 x lower than Leverage SHAP (the prior state-
of-the-art Shapley value estimator). For more general probabilistic values, we can
obtain error 215x lower than the best estimator from prior work.

1 Introduction

As Al becomes more prevalent across health care, education, finance, and the legal system, underlying
algorithmic mechanisms are growing increasingly complex. Sophisticated computational models
frequently make decisions that are opaque and challenging to comprehend. This is unacceptable
in contexts where decisions can have profound consequences for individuals: the ability to clearly
understand and explain how an algorithmic system reaches its conclusions is paramount.

One tool that has arisen to address the challenge of understanding model behavior are probabilistic
values, which include Shapley values, Banzhaf values, and semi-values as special cases [SK10,
LL17, ILECT20,[WJ23]]. Originating from game theory [Sha31l], probabilistic values quantify the
contribution of a player by measuring how its addition to a set of other players changes the value
of the game. Formally, consider a value function v : 2I"l — R defined on sets S C [n], where [n]

denotes {1, ...,n}. The probabilistic value for player i € [n] is
gilv) = D pslo(SULE}) —o(S)] M
SCnI\{4}

where p = [po, ..., pn—1] € [0,1]" is a set of probabilistic weights that satisfy 37—y ("")pe = 1.
We can interpret the ith probabilistic value as the average marginal contribution of player ¢ to random
set S, where the distribution over set sizes is specified by p. Different choices of p yield different
variants of probabilistic values [KZ22al, [KZ22bl, ILY24c]]. For example, to obtain the ubiquitous

n—1

Shapley values, set p, = 1 (™, )71, and to obtain Banzhaf values, set p, = 1/2"~1 for all /.
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Our paper addresses the problem of computing ¢4, .. ., ¢, in full generality for any p. The topic of
which weights are best for a given application has received significant attention. Some prior work
focuses on axiomatic approaches for choosing p. For example, all probabilistic values satisfy three
desirable properties: null player, symmetry, and linearity (see [Web88|| for a detailed discussion).
Shapley values satisfy an additional efficiency property [ShaS1] and Banzhaf values satisfy a 2-
efficiency property that might be desirable when there are non-linear interactions between players
[Pen46, BI64]]. Generalizations of these values include Beta Shapley [KZ22a]] values and weighted
Banzhaf values [LY24c]. See Appendix [B|for more on these generalizations.

Regardless of how p is chosen, the meaning of the probabilistic values depends on how the value
function, v, is defined. For example, a common task in explainable Al is to attribute a model prediction
(for a given input) to features [LL17]. Here, v(.S), is the prediction made when using just the subset
of features corresponding to .S F_-] Probabilistic values are also used in data attribution tasks, where
v(S) corresponds to the model loss when training with a given subset of data [GZ19,[WMSJ25]|. In
these applications and others, evaluating v is expensive, as it requires re-running or possibly even
re-training a model. As in prior work on efficient probabilistic value estimation, we thus focus
on algorithms that estimate ¢1, . .., ¢, using as few evaluations of v as possible. We view these
evaluations as black-box, designing algorithms that are agnostic to the particular value function v,
and can thus be applied in a wide range of downstream applications.

1.1 Efficiently Computing Probabilistic Values

For general value functions, exactly computing probabilistic values requires exponential time, as
the summation in Equation (I)) involves O(2™) terms. When v is a highly structured function, like a
linear function or decision tree, more efficient algorithms exist [LL17,ILEL 18| LEC20, [ KMM™22].
However, given the complexity of modern machine learning models, most prior work focuses on
approximation algorithms.

The standard method is to approximate the summation in Equation (I)) via a Monte Carlo estimate
obtained from a weighted sample of sets that do not contain 7 [KZ22al [KZ22b\ [LY24b]. Concretely,
assume for simplicity that we sample a collection of subsets, S;, by drawing samples with replacement
from a distribution with density D : 2"\ — [0,1] H We then compute the unbiased estimate:

S [o(S Ufi}) — o(S)] 1’)"(‘21) )

Ses;

” ISI

We have that E[¢pMC] = ¢;, and the estimator’s variance depends on the choice of sampling distribution
D, as well as [v(S U {i}) — v(S)]? for all S C [n]. In addition to high-variance in practiceﬂ a
downside of Monte Carlo estimators is that it is difficult to “reuse” samples between indices 1, ..., n,
as each term in Equation (2) requires evaluating both v(S U {i}) and v(S) for a particular ¢. Several
methods address this issue via “sample reuse” [CGT09]. One technique especially relevant to our
work is the maximum sample reuse (MSR) method, which was originally applied to Banzhaf values
[WIJ23]], but generalizes naturally to all probabilistic values [KBMH24, [LY24al [L.Y24bl]. The MSR
method draws a single collection of subsets, S, according to D : oln] [0, 1], and computes the
estimate:

GUSR _ Z p\S| 11[i € S] —pig1]i ¢ S]' 3

Ses D(9)
It can be checked that we still have E[¢MSR] = ¢, for all i. Moreover, every evaluation of the value
function, v(.S), contributes to the estimate for all i € [n], so we achieve maximum sample reuse.
However, the variance of MSR methods scales as a weighted sum of [v(.S)]?, which is generally
much larger than the difference between nearby values [v(S U {i}) — v(9)]?.

Beyond Monte Carlo. Given the high variance of Monte Carlo methods, an alternate approach based
on regression has become popular for the special case of Shapley values. In particular, Shapley values

!Since most models in machine learning require a full set of input features, features not in S are replaced
with either a mean value or random value from the training dataset as a baseline [JMB20, |[LEL18]].

*In order to efficiently sample, D typically assigns the same density to subsets of the same size.

*In general, variance scales with 1/+/|S;], i.e., only as the inverse root of the number of samples.



Monte Carlo (MC) Maximum Sample Reuse (MSR) Linear MSR

8
1.0 s LOr g
< 1of 2 - o
Q 4 s 7’
= o D, o
= e 0.5 | i 1 ,
g L . 1 L 0.5k ]
05 o h/, 5 ¥
R s 0.0F e b o
(] L 'l ] ,’ 4
£ 00 4 e 0.0 Vo ]
> xe —0.5¢F L7 b &
o . e %
g —05p 75 1 d I
2 A ~1.0F~ R 1
o] , 4
& —10fe ] -
: ~15} ] A
‘ ‘ ‘ ‘ ‘ g Loy ‘ N
-1 0 1 -1 0 1 -1 0 1
True Value (normalized) True Value (normalized) True Value (normalized)
Adult (n =12) Real Estate (n = 15) Correlated (n = 60) NHANES (n = 79)
Wine Quality (n = 12) Bike Sharing (n = 16) Independent (n = 60) Communities (n = 101)
Forest Fires (n = 13) Breast Cancer (n = 30)

Figure 1: Predicted versus true (normalized) Shapley values for three unbiased estimators given a
fixed number of black-box evaluations of the value function, v. Each point represents one feature’s
estimated vs true Shapley value on one dataset. The Monte Carlo estimator uses each sample to
estimate only one Shapley value, but has variance that depends on the difference in values between
neighboring sets, i.e., [v(S U {i}) — v(S5)]?. The Maximum Sample Reuse (MSR) estimator reuses
samples, but has larger variance that depends on the magnitude of the values, i.e., [v(S)]?. Our
Regression MSR estimators reuse samples and have smaller variance that depends on how well a
learned function f fits the value function v, i.e., [v(S) — f(S)]?. Even taking f to be linear gives
excellent performance (we call this method Linear MSR). Taking f to be a decision-tree model (Tree
MSR) can produce even better estimates for large sample sizes, as shown in Figure E}

are the unique solution to a particular overdetermined linear regression problem [CGKRSS]:

O =[p1,...,0n] = arg min lAx — bllw, 4)
x:(x,1)=v([n])—v(0)

where A € R?"*™ is a specific structured matrix whose rows correspond to sets S C [n], b € R?" is
vector whose entries equal v(.S) — v(0), and || - || is a weighted ¢, norm.

The ubiquitous Kernel SHAP algorithm [LL17ICL21] takes advantage of the regression formulation
by approximately solving Equation (@) using a subsample of constraints (and corresponding entries
in b), each of which requires evaluating v(S) for a single subset S. This approach was recently
improved by incorporating leverage score sampling [Sar06, [SS11]], resulting in the state-of-the-art
Leverage SHAP method [MW?235]. In addition to inherent sample reuse, the empirical effectiveness
of Kernel SHAP and Leverage SHAP seems related to the fact that the accuracy of both methods
depends on how well v is approximated by a linear function. Indeed, it can be shown that if v is
exactly linear, both methods return exact Shapley values after just n function evaluations [MW25]].
However, even when v is not linear, there are theoretical guarantees on the performance of Kernel
SHAP and Leverage SHAP [MW23,|CSV™25].

The Kernel SHAP approach has been extended to Banzhaf values [LWK™ 25|, thanks to a similarly
elegant regression formulation [HH92]. However, extensions to more general probabilistic values
have been less effective, failing to outperform Monte Carlo methods [LZL"22| [LY24al, [LY24b)].
A key challenge is that, due to the lack of an efficiency property, generalized linear regression
formulations for probabilistic values typically require estimating the sum of these values, which
introduces another source of error [RVZ98]]. Moreover, even for Shapley and Banzhaf values, a
drawback of regression-based methods is that they fail to provide an unbiased estimate for each ¢;.
Attempts to fix this issue have generally led to estimates with much higher variance [[CL21].

1.2  Our Contributions

We introduce a method called Regression MSR for leveraging regression to approximate probabilistic
values. In contrast to previous work on regression methods, Regression MSR leads to estimates that



Shapley Values: Error vs Sample Complexity
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Figure 2: Average {s-error between estimated and true Shapley values as a function of sample size
m (number of evaluations of v) for various datasets. The lines report the mean error over 100 runs,
and m = 10n, 20n, 40n, 80n, 160n, 320n, 640n. Linear MSR consistently performs comparably to
the prior state-of-the-art Leverage SHAP. Meanwhile, the performance of Tree MSR depends on
how well the tree-based model approximates the value function; with more samples, it can even
outperform Leverage SHAP by several orders of magnitude.

are unbiased and easily extend to all probabilistic values. Moreover, the method can take advantage
of non-linear regression methods like XGBoost [[CG16] and other decision-tree models.

Instead of starting with a custom linear regression formulation for a given type of probabilistic value,
Regression MSR uses regression as a variance reduction method for Monte Carlo approximation, and
specifically, for the Maximum Sample Reuse method introduced earlier. Concretely, learning from
a small number of random subsets, we start by approximating the value function v using a simpler
function, f. Using the fact that the probabilistic values are linear — i.e., ¢;(v) = ¢;(f) + ¢s(v — f)
for any f — we propose to return the estimator:

i = 00)+ 757 LI(S) - F(sy ettt 635)’751” #5 )

Ses

Since the MSR estimator (second term) is consistent — i.e., returns the true Shapley values when run
on all subsets — the Regression MSR estimator is too. Further, it can be checked that E {QNSZ} =¢;

for any fixed f (e.g., one learned using samples not in S). That is, the method is unbiased. Moreover,
like the biased Kernel and Leverage SHAP methods, the variance of ¢; depends on [v(S) — £(5)]?
(see Section |Z| for details). So, our method is more accurate than the standard MSR method when we
can obtain a good approximation to v.

The benefit of our approach is clear in Figure[I] where we take f to be a linear approximation to v and
use Equation (3)) to estimate Shapley values. However, there is also the potential to go beyond linear
approximations. Observe that, to evaluate ¢;, the function f does not need to be a linear. Indeed,
we can use any approximation for which the ¢;(f) term in Equation () can be computed efficiently.
That is, any function family that admits efficient probabilistic value computation. Importantly, this
includes a wide variety of functions based on decision trees. Concretely, in Appendix |C| we show
how to efficiently compute probabilistic values for any linear mixture of decision t1rees§L

*Efficient methods for computing Shapley and Banzhaf values for decision trees were previously known
[LELIS.ILEC ™20, KMM™22]. However, they were based on a particular summation property that does not
hold for general probabilistic values; if a value function only has contributions from n’ < n players, the



We leverage this observation to learn tree-based approximations to v using powerful models like
XGBoost (for the purposes of our experiments, we call this variant of our algorithm Tree MSR).
For the well-studied Shapley values, we find that Tree MSR achieves state-of-the-art performance,
especially when there are enough samples for the tree-based model to learn an accurate fit, see e.g.,
Figure[2] In particular, Tree MSR can yield estimates with average error that is 2.6 x lower than the
prior state-of-the-art Leverage SHAP estimator (see Table[T)). For general probabilistic values, Tree
MSR gives up to 215x lower average error than the best estimator from prior work (see Figure [6]and
Table3).

Concurrent to our work, [BAK™23] introduce Proxy SPEX for estimating probabilistic values. Like
Tree MSR, they fit gradient boosted trees to the value function v. However, instead of computing
the probabilistic values of the trees, they extract the most influential Fourier terms and compute the
probabilistic values of the Fourier representation. In terms of performance, Proxy SPEX outperforms
Kernel SHAP for the low sample regime with budget m < 5n, but Kernel SHAP is more accurate for
moderate and larger sample regimes [BAK™25]. Tree MSR underperforms Kernel SHAP (and hence
Proxy SPEX) in the low sample regime, but generally outperforms Leverage SHAP in larger sample
regimes (see e.g., Figure[2). Proxy SPEX is neither consistent nor unbiased, unlike Regression MSR.

2 Regression MSR

In this section, we present our Regression MSR method, which combines the benefits of Monte
Carlo and regression-based estimators. In particular, Regression MSR produces estimates that are
unbiased (like Monte Carlo methods), reuses every sample for each estimate (like Maximum Sample
Reuse and regression-based methods), and achieves lower variance when a learned approximation is
accurate (like regression-based methods). Unlike prior linear regression-based methods, Regression
MSR successfully extends to any probabilistic value, and can harness the accuracy of richer function
classes like regression trees.

The pseudocode of Regression MSR appears in Algorithm[I] We separate the samples used to train
from the samples in the final prediction; this both ensures the estimator is unbiased, and allows
us to give strong theoretical guarantees in Theorem [2.1] First, the algorithm partitions m samples
into k collections of samples S M, ..., 8% The algorithm then proceeds in three phases, repeated
for each S(“): During the first phase, Regression MSR learns an approximation () to the value
function v, on all samples that are not in S(). In the second phase, the probabilistic values oi(f (5))
are computed for all <. (We run Regression MSR with linear or tree-based methods so that computing
their probabilistic values is efficient.) Finally, the algorithm uses the learned function to reduce the
variance of the MSR estimates on the samples in S(*).

Theorem [2.1] gives theoretical guarantees on the performance of Regression MSR. For a constant error
constraint € > 0 and failure probability § > 0, Regression MSR uses a linear number of samples to
produce estimates with ¢5-norm error that depends on a natural weighted squared error between the
value function and our worst learned function. We present the guarantee for any sampling distribution
D over subsets, and, below, discuss our suggested choice of this distribution.

Theorem 2.1 (Regression-Adjustment Guarantee). The estimates produced by Algorithm [I| are
unbiased estimates of the probabilistic values. Further, let €,6 > 0, and fi,.x be the learned function
f(g) with largest generalization error over £ € [k|. When run with m = O(n%) samples, Algorithm
produces estimates that satisfy, with probability 1 — 9,

) 2 1_@ +p2 _1@
Ip—ol3<e > [v(S)—fmax(sn?p‘S'( ;325)]"5' n ©)

SCln]

Algorithm [T]can be used to make the estimates of any regression-based estimator unbiased while
preserving its variance. To this end, we purposefully do not specify the sampling distribution D or
the function class f. We next discuss two choices for how to select the model, f, and collect samples.

Shapley/Banzhaf value on the induced game of those n’ players is the same as the Shapley/Banzhaf value on
the original value function with all n players. Our approach in Appendix [C]is based on an alternative way of
viewing tree-based models that avoids the need for this property.



Algorithm 1 Regression Maximum Sample Reuse

1: Input: number of players n, number of samples m, value function v : 2[" — R, probabilistic
weights p € [0, 1]", probability density function for sampling D : 2[" — [0, 1], number of splits
k

Output: Estimated probabilistic values gz~51, ceey q@n
Sample S, consisting of m subsets drawn with (or without) replacement from D.
Randomly partition S into S, ..., S*).
for (e {1,...,k} do
For i € [n), initialize ¢\ < 0.
Learn £ : 2[") — R to minimize loss

Yo S - fS)

SEUp 4,8

A A R o

8:  Foralli € [n], compute probabilistic values ¢;(f(*)). > Efficient for linear/tree-based models.

9:  Forall i € [n], compute

1
SO

Z [v(S) — f(l)(s)]pIS\—ﬂl[i € 7S)](;)psll[z ¢ S].

SeSW”

o ¢i(FO) +

10: end for 5 ~(0
11: For all ¢ € [n], compute final estimate ¢; % oo d>§ ),
12: return ¢q, ..., ¢,

Linear MSR The simplest choice for f is a linear model. As discussed in the introduction, there is
extensive prior work on special linear regression formulations for Shapley values [CGKR8S|, ILL.17,
CL21,IMW?25]]. Using a linear function for variance reduction in MSR offers a natural alternative to
these methods, and adds negligible computational overhead, yet tends to show superior performance
on most datasets (see, e.g., Table[I). When applying the method to Shapley values specifically, we
use the existing state-of-the art Leverage SHAP method (which samples via leverage scores) to fit the
learned function. We similarly use the linear regression-based Kernel Banzhaf algorithm [LWK™25]
when estimating Banzhaf values. For general probabilistic values, Linear MSR fits a linear model
with the sampling distribution described below, and uses its predictions to adjust the final estimates.

Tree MSR Beyond linear models, tree-based regression models like XGBoost can learn more accurate
approximations. As discussed in the introduction, it is known how to efficiently compute the Shapley
values [LEC™20] and Banzhaf values [KMM™22] of trees; however, it was previously unclear how
to generalize these approaches to probabilistic values: the Shapley/Banzhaf methods use the property
that the probabilistic value of a value function on n players is the probabilistic value of the extended
value function on n’ > n players, as long as the additional n’ — n players always contribute nothing.
This property unfortunately does not hold for all probabilistic values; e.g., consider probabilistic
weights p that are independently sampled (and normalized) for each number of players n and n’'.
Instead, efficiently computing the probabilistic values of trees requires a subtly different approach,
which we describe in Appendix [C] With this approach in hand, we can fit v with a tree-based model
like XGBoost and efficiently compute its probabilistic values for the final estimate.

Sampling Distribution When Algorithm [I]is not run on top of another regression-based estimator,
we choose the sampling distribution so that the function f is directly trained to minimize the error
bound in Theorem [2.1] That is, we sample each set with probability proportional to

|| 5|
\/p|25(1 =) TP,

Then the error bound in Theorem [2.1]is proportional to

> o) - 18P g1 - By

n
SC[n]

5]

n



Table 1: Summary statistics of the average ¢5-norm error between estimated and true Shapley values
for all datasets listed in Appendix [G] All estimators are run with m = 40n samples. Tree MSR
achieves average error that is 6.5x lower than Permutation SHAP, 3.8 x lower than Kernel SHAP,
and 2.6 x lower than the prior state-of-the-art Leverage SHAP. We emphasize that Tree MSR gives
even better performance for larger sample sizes, as shown in Figure 2] We follow Olympic medal

convention: gold , silver and bronze signify first, second and third best performance, respectively.

Adult Forest Fires Real Estate  Bike Sharing Breast Cancer Independent NHANES C ities | Mean
LinearMSR |
Mean 118 x 1073 1 3.07x 107> 2.00 x 10°7 5.07 x 1072 1.09 x 103 949 x 1075 273 x 10°° 117x107* 951 x 10~*
1st Quartile 299 x 107*  4.72x 1077 246 x 1075 972x 1074 214 x107%  538x 1075 218 x 1071 476 x 1075 1.98 x 10+
2nd Quartile 767 x10°% 275x10°°% 591 x107% | 285x 1073 1.02 x 103 6.64x 107> 249x10°% 946 x 107°  6.00 x 10~*
3rd Quartile 1521072 6.00x 1076  1.82x10°7 637x1073  171x1073  1.06x107% 288x10° 145x10°* 1.24x107°
TreeMSR [
Mean 6.77x 107°  1.45x107° 1.07 x 107¢ 2.04 x 1072 1.08 x 1073 147x 107 1.95x 1077 7.93x107°  429x 1074
1st Quartile 1.79x 1075 1.32x 1076 950 x 10°® 623 x10~%  237x10~* 240x107° 299x 10710 1.78x10=° 1.15x 10~4
2nd Quartile 412x107° 355x1076 1.97x 1077 128x 1073 551 x 10~ | 820x 1075 889x 10°1° 358x 10~ 2,50 x 10~4
3rd Quartile 9.03x107° 1.01x10™° 140x1075 244x1073  123x1073  1.70x 1074 391 x10™° 570x1075 5.00 x 10~*
KerneISHAP
Mean 455 x 107% 298 x 107°  1.93 x 107 6.12 x 1073 2.01 x 1073 1.97x107%  4.08 x 10~° 1.59 x 1074 1.64 x 1073
1st Quartile 514x 1074 3.08x10°7 1.04x107? 140x 1073 687 x 10~  1.09x 10~% (160X 1010 | 7.03x 10~° | 3.47 x 104
2nd Quartile 859 x 107 [3.05 %1076 350x10~8  4.00x 1073  1.89x 1073  1.64x 1074 3.10x 1075 127 x 10~ | 8.81 x 10~*
3rd Quartile 284 %1073  7.30x 107 159x10°7 7.91x 1073 298 x 1073 2.80x 107* 397 x10™° 2.25x10~* | 1.79 x 10—
PermutationSHAP
Mean 4.86x 107%  1.25x 107* 558 x 1077 1.51 x 1072 1.73 x 1073 1.96 x 107%  3.43 x 107° 214 x 107% | 2.78 x 1072
Ist Quartile 1.65x 1073 854 x 1077 [ 364% 1072 3.13x 1073 297 x10~%  6.96x 1075 1.60x 10710 587 x 107" | 6.50 x 10~*
2nd Quartile 3.84x 1073 4.83x 1076 | 490x 1078 597 x 1073 [ 105X 1073 1.70x 10~%  210x10~%  1.61x 10~* | 1.40 x 103
3rd Quartile 768x 1078 152x 1075 269x 1077 192x1072  197x1073 277x107%  209x10™° 278 x10~* | 3.68 x 1073
LeverageSHAP
Mean 138X 1072 3.71x107° 144x1077 6.32x 1073 1.08 x 1072 9.62x107° | 283x107° 1.15x107*  1.13x10°2
Ist Quartile 335 x107* 3.07x 1077 7.88x 10710  1.05x 1073 274 x107%  532x107° 1.60 x 1071 441 x 1075  2.20 x 10~*
2nd Quartile 6.62x10°% 2.22x10°° 321x10°% 273x 1073  1.09x 1073  7.30x107° 270x10°% 9.36x 1075 581 x 10+
3rd Quartile 162x 1073 513x 1076 1.20x 107  7.03x1073  146x1073 1.08x107% 262x10°° 152x10°* 1.30x 1073

which, by design, is the expected loss used to train f.

Bias vs. Accuracy vs. Runtime Regression MSR produces unbiased estimates by training k
functions, each on a (k — 1)/k fraction of the available samples and evaluating on the held-out 1/k.
This creates a trade-off: increasing k& improves accuracy (each function has a larger training set) but
raises computational cost. In our experiments, we set k¥ = 10, meaning that each function is trained
on 90% of the data. Thanks to efficient solvers (e.g., least squares or XGBoost), this setup maintains
fast runtimes while delivering high accuracy.

Practical Simplification Unless a small bias term (similar to that of Leverage SHAP or Kernel
SHAP) is unacceptable, we recommend simplifying the Regression MSR algorithm: Train a single
function—and build the final estimate with it—on all samples. While this introduces a small bias (and
breaks the theoretical guarantees), the resulting algorithm runs faster and is generally more accurate
than the version described in this paper.

3 Experiments

In this section, we describe our experiments on eight datasets. Overall, we find that Linear MSR and
Tree MSR give state-of-the-art performance for almost all datasets and sample budgetsE]

Value Function For evaluation, we focus on the explainable Al feature attribution task, but emphasize
that our methods can be applied to any application involving probabilistic values, as we only require
black-box access to the value function v. Concretely, we train a model on a dataset, and attribute
the prediction the model makes on a given explicand point x° € R"™ to its n input features. We
consider the interventional definition of v, where the explanation is relative to a baseline point
x? € R™: For a set S, let x° be the point where the ith feature is x¢ if i € S and ¥ otherwise.
Then, the value function v(.S) is the model’s prediction on x°. There is also a conditional version of
feature attribution, where the features not in S are drawn from a background dataset [LL17,[LEL18].
However, we choose to focus on the interventional version since it is more efficient to compute v(S),
and the resulting probabilistic values are more interpretable [JMB20].

Ground Truth Probabilistic Values For small datasets with n < 30, we use a neural network model
and compute the true probabilistic values through enumeration. For larger datasets with n > 30 where

>The code is available at https://github.com/rtealwitter/regressionMsR,


https://github.com/rtealwitter/regressionMSR

Probabilistic Values: Error vs Sample Complexity (Regression Forest Ground Truth)
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Figure 3: Average error between the estimated and true probabilistic values as a function of sample
size. Each subplot shows results for a different probabilistic value with the error averaged over all
large datasets (n > 30), for which we used the tree-based method described in Appendix[C| The lines
report the mean error over 10 runs. Tree MSR gives the best performance, often by several orders of
magnitude when m is large.

Table 2: Summary statistics of the /5-norm error between estimated and true probabilistic values
when m = 40n. We summarize the error over large datasets (n > 30), for which we use the
tree-based method described in Appendix [C|to compute the true probabilistic values. On average
over all probabilistic values, Tree MSR produces estimates with mean error that is 215X lower than
the best estimator from prior work.
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exact enumeration is infeasible, we use a random forest model and compute the true probabilistic
values using the algorithm described in Appendix [C] (Please see Appendix [G]for a summary of the
datasets in our experiments.) We emphasize that our method for computing the probabilistic values of
trees enables the first experiments on medium to large datasets where we can compare the estimates



to the ground truth probabilistic values. Such experiments were previously done for Shapley and
Banzhaf values [MW23], [LWK 25|, but not for other probabilistic values.

Baselines We compare Linear MSR and Tree MSR to a wide variety of probabilistic value estimators
from prior work. For the popular task of estimating Shapley values, we focus on the most effective
estimators for general value functions i.e., Permutation SHAP [CGT09], Kernel SHAP [LL17,ICL21],
and Leverage SHAP [MW25]. We use the optimized implementations of Permutation SHAP and
Kernel SHAP in the ubiquitous SHAP library for parity [LL17]. For estimating probabilistic values,
there has been substantial recent interest in designing estimators [KZ22al, [KZ22b| [LZ1. ™22} [WJ23],
KBMH?24, [.Y?24a, [LY24b]. These estimators generally use the standard Monte Carlo approach,
apply the Maximum Sample Reuse idea, or extend linear regression-based methods. We provide a
description of each in Appendix D]

Error and Uncertainty We measure the error between the true probabilistic values ¢ and the
estimated probabilistic values ¢ with the £o-norm error ||¢ — ¢||3/||¢||3. All of our tables and figures
report summary statistics over at least 10 runs. In the tables, we report the mean, first quartile, median,
and third quartiles of the error. (We do not report +/— standard deviation because these are often
negative for the small errors in our experiments.) In the figures, we report the mean error.

Implementation Details We use scikit-learn [PVG™11] and XGBoost [CG16] for training our
models. For the implementations of Permutation SHAP and Kernel SHAP, we use the SHAP library
[ILL17]. Please see Appendix [G]for details on how we accessed each dataset. All of our experiments
are run on a machine with an Apple M2 chip and 8GB RAM.

We first describe our experiments on the popular task of estimating Shapley values. Figure 2] shows
estimator performance by sample size, and Table [T/ highlights the corresponding uncertainty statistics
when each estimator is run with m = 40n samples. We find that Linear MSR generally improves
the prior state-of-the-art Leverage SHAP by making its estimates unbiased, but the gain is marginal.
In contrast, the performance Tree MSR depends on how well the tree-based approximation f fits
the underlying value function v. When the number of samples is smaller, Tree MSR is comparable
to prior Shapley value estimators; however, as the number of samples grows, the tree-based model
becomes more accurate and Tree MSR often gives the best performance, sometimes by orders of
magnitude. As can be seen in Table|I} Tree MSR can give average error that is 2.6 x lower than
the prior state-of-the-art Leverage SHAP, when m = 40n. For larger sample sizes, Tree MSR
outperforms Leverage SHAP by an even wider margin, as shown in Figure 2]

Beyond estimating Shapley values, we run experiments on estimating the more general beta Shapley
values and weighted Banzhaf values (see Appendix [B] for definitions). Figure [f] shows estimator
performance by sample size for small datasets (where we can feasibly compute the true probabilistic
values of neural networks), and Table [3] highlights the corresponding uncertainty statistics when
each estimator is run with m = 40n samples. We present the analogous results for smaller datasets
(where we can exactly compute the probabilistic values of neural networks) in Figure [6|and Table
[3lin Appendix [E] We find that Linear MSR generally plateaus as the number of samples increases.
In contrast, Tree MSR gives the best performance across the board, with the gap to the next best
estimator widening with the number of samples. We confirm this finding in Figure[d] As can be seen
in Table [3] Tree MSR can give average error that is 215x lower than the best probabilistic value
estimator from prior work.

We provide additional experiments on the effect of noisy access to the value function in Appendix [F}
Figures [7]and [ suggest that Tree MSR is particularly resilient to noise.

Limitations and Broader Impacts

The performance of our methods depends on the underlying fit of the learned model. When the dataset
is structured or the number of samples is large, the learned model is accurate and the estimators are,
too. However, for datasets with less structure or in sample-constrained settings, the performance of
our estimators can worsen.

The primary application of our work is in explainable Al, where we seek to understand how features
and data points contribute to the performance of machine learning models. We expect the broader
impact of our work to be better model explanations, and we do not see substantial negative risks as a
result of our research.
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Figure 4: Generalization error between value function v and learned model f by sample size, averaged
over all datasets. When the base model is linear, the learned linear model quickly fits it to machine
precision. When the base model is a random forest or a neural network, the error of the linear
model plateaus while the random forest and XGBoost learned models continue to improve. This
phenomenon is reflected in Figures[3|and[6} the performance of Tree MSR continues to improve with
the number of samples while Linear MSR plateaus.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]
Justification: Please see Sections[2]and 3] as well as Appendix [A]
Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: Please see the Limitations and Broader Impacts section immediately before
the references.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: Please see Appendix [A]

Guidelines:

The answer NA means that the paper does not include theoretical results.

All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

All assumptions should be clearly stated or referenced in the statement of any theorems.
The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: Please see Section[3]

Guidelines:

The answer NA means that the paper does not include experiments.
If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer: [Yes]

Justification:  The code is available at https://github.com/rtealwitter/
regressionMSR.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: Please see Section[3]
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

¢ The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: Please see Section[3]
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).
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8.

10.

« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: Please see Section[3]
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]
Justification: The research conforms to the NeurIPS Code of Ethics.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
Justification: Please see the Limitations and Broader Impacts section before the references.
Guidelines:

» The answer NA means that there is no societal impact of the work performed.

e If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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11.

12.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: We do not have datasets or models that have a high risk of misuse.
Guidelines:

» The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: Please see Appendix [G]
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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16.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]
Justification: Please see the supplementary material.
Guidelines:

* The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: We did not conduct research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: We did not conduct research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage
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Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
Justification: The core method development in this work does not involve LLMs.
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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A Proof of Error Bound

Theorem 2.1 (Regression-Adjustment Guarantee). The estimates produced by Algorithm [I| are
unbiased estimates of the probabilistic values. Further, let €,6 > 0, and fiax be the learned function
£ with largest generalization error over £ € [k]. When run with m = O(nZs) samples, Algorithm
[/|produces estimates that satisfy, with probability 1 —

HJ) - d’”g <e Z [U(S) - fmax(s)]

SC[n]

1- IS‘)‘F Dis|— 1‘5‘

QP\S|( 5
D(S)

(©)

Proof of Theorem We will analyze the variance when the samples are drawn with replacement.
By Theorem 4 in [Hoe63], the variance can only decrease when samples are drawn without replace-
ment.

Consider ¢ € [k]. For simplicity, suppose that |S)| = m/k. We will first show that each estimated
probabilistic value gbl(.e) is unbiased:

B =6/ + Sr | 3 3 WS I (s) - 1O(9)] o151l € 5]~ pisyili ¢ 5))
5'e8®) SC[n]
=6i(f+ Y [v(S)—f“)(S)J(p\S\,lﬂ[z'e S] - pisLli ¢ S))
SCin]
=6i(fO)+ Y WU —uSlps — Y. S UL - FOS) s
SCn]\{i} SCn]\{:}
= 3 WSU{i}) - u(S)pys = 6

SCn\{s}

Since qEE“ is unbiased, the final estimate E[+ Zle 035“] is also unbiased by the linearity of expecta-
tion. Next, we will analyze the variance of each estimate:

Var[é;z(’()] = :TZVar Z Z [S = S'[u(S) — f(f)(s)]p\sl—l]l[i Eg](s)pwﬂ[ i¢ S|
57€50 SCn]
L3 o(S) — £ ()2 pis|—11[i € S] —pig1[i ¢ S
<5 X PSS~ 1) ( - )
2 3 2 i
_ % w(S) — f“)(S)]Qp‘Sl_lM 6;](;‘)P|s|]l[ ¢ S]' ™
SC[n]

Let ¢ € R" and &(z) € R"™ be vectors containing the true and estimated probabilistic values,
respectively. We will analyze the random variable ||¢p — ¢(©)||2. By linearity of expectation, we have

n

> (4 ¢“] ZE[ &EZ))Q}=§njVar[ 9] ZVaub“
i=1

i=1

El|¢ - o"|*] =E

where the penultimate equality follows because IE[(;SE )] = ¢; and the final equality follows because
¢; is a constant with respect to the randomness of the estimator. Plugging in Equation (7), we get

P51 1li € S|+ pPy1i ¢ 5]

Ellle -9 < Z 2 ) -1 D(S)
SCln.
S% Z — fmax(9)]? 2Plsi-1l] ;)Z’SS)(”— 15]) .
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p|23\_1|5| +p\25\(” —151)

Fonax i= f), where £* = arg max Z [v(S)
ekl scm)

where

We now apply Markov’s inequality to ||¢ — ¢(©)||? for each ¢
1 -
pr (1o 6912 > FEllo - 01 <4

We are interested in the final estimate (;NS = %25:1 <;~5(Z). By the Union Bound, we have, with

probability at most k¢,

k k
6 - @01 = 30/ SElle - 601
(=1 =1

By the triangle inequality, setting 6’ = 0/k, and taking the complement, we have, with probability

1-9,
k
kllp — ¢l < Z I — || (by triangle inequality)
B - -
< EE[W - ¢Y|?] (by setting &' = §/k)
=1
k ok pis 1 |S| + plg (n — |S]) ,
< — Jmax 2 . E
< kJ 5 S%:][U(S) fmax(5)] DS) (by Equation (8))
Then, with probability 1 — 6,
. k k o P51 18] + Pl (n = [S])
_ bl < XX |S]=1 IS
K2 %5 =0(%).

The theorem statement follows by setting m =
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B Beta Shapley and Weighted Banzhaf Values

Probabilistic values satisfy three intuitive properties:

* Linearity: The probabilistic value of a linear combination of value functions is the linear
combination of the probabilistic values for each value function i.e., ¢;(av +bw) = ad;(v) +
bep; (w) for real values a, b € R and games v, w : 2" — R.

* Null Player: The probabilistic value for a player that has no effect on any coalition is O i.e.,
ifv(SU{i}) = v(S) forall S then ¢; = 0.

e Symmetry: If two players contribute equally to all coalitions then they have the same
probabilistic value i.e., if v(S U {i}) = v(S U {j}) for all S then ¢; = ¢,.

In addition to these three properties, Shapley and Banzhaf values satisfy the efficiency and 2-efficiency
properties, respectively:

* Efficiency: The sum of probabilistic values is the difference between the whole coalition and
the empty seti.e., Y ., ¢; = v([n]) — v(0). Efficiency is desirable in settings where we
want to attribute the value v([n]) — v(f)) to each player e.g., model prediction explanation or
cost-sharing.

* 2-Efficiency: Let v’ be a game where 4 and j are combined into a single player (¢, 7). That is,
v’ is defined on n — 1 players where the 7 and j players in v are always considered together;
effectively, v’ is only defined on subsets that contain both 4 and j or contain neither ¢ nor j.
The 2-efficiency property requires that ¢;(v) + @, (v) = ¢(; ;) (v') for all 4, j. 2-Efficiency is
desirable in settings where players can be combined into subgroups e.g., federated learning
with client aggregation or games with alliances between players.

Shapley values are the most popular probabilistic value, in part because they are the only probabilistic
value to satisfy the efficiency property [[ShaS1]. The probabilistic weights for Shapley values are

pls| =+ (’T;ll) ~!. which weights all set sizes equally.

The efficiency property is useful in settings where we want to allocate the total value of the game
to the players. However, efficiency is not always appropriate especially when there are non-linear
interactions between players that cannot be attributed to individuals. For these cases, a more
appropriate property may be 2-efficiency which requires that probabilistic values add if players are
merged. The only probabilistic value that satisfies 2-efficiency is the Banzhaf value [Pen46, [B164].
The probabilistic weight for Banzhaf values is pjs| = 1/ 27~1 which weights all sets equally.

Symmetric Beta Shapley (n=10) Asymmetric Beta Shapley (n =10) 00 Weighted Banzhaf (n =10)
-1 ] 100 § 1
10 Shapley ) ;{ /«-’
1014 £ aT
B(22) 0 #7 | 10 e
—-- B(4,4) 10-2 | A T
2 =
A\ B(8.8) y =7 I e
%1024\ g 1034 ~. ot 10 - et
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Figure 5: Probabilistic values by subset size for n = 10. Beta Shapley values B(«, ) generalize
Shapley values for a, 8 € [1,00); increasing both o and 3 flattens beta Shapley values while
increasing just « (or just /3) tilts beta Shapley values. Weighted Banzhaf values WB(p) generalize
Banzhaf values for p € (0, 1); increasing (or decreasing) p tilts weighted Banzhaf values.

Both Shapley and Banzhaf values have been generalized to beta Shapley values [KZ22al] and weighted
Banzhaf values [LY24cl], respectively. Figure E]plots p|s| for various beta Shapley and weighted
Banzhaf values when n = 10. Beta Shapley values are defined by two parameters «, 8 € [1,00). In
particular, the probabilistic weight is

Beta(|S| + B,n—|S|— 1+ )
Beta(a, 3) '
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Setting a = 3 = 1 recovers Shapley values. Weighted Banzhaf values are defined by one parameter
p € (0, 1). In particular, the probabilistic weight is

Pl - IS,

Setting p = % recovers Banzhaf values.
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C Computing Probabilistic Values of Tree-based Models

In this section, we show how to efficiently compute the probabilistic values of a tree when the value
function is interventional feature attribution. Unfortunately, we cannot directly generalize analogous
algorithms for Shapley and Banzhaf values [LL17, LEC*20, KMM™22], since they uses a property
which does not hold for all probabilistic values. In particular, prior approaches assume that if a value
function only has contributions from n’ < n players, the Shapley/Banzhaf value on the induced game
of those n’ players is the same as the Shapley/Banzhaf value on the original value function with all n
players. Our approach is based on an alternative way of viewing tree-based models that avoids the
need for this property.

Consider the value function v : 2"/ — R induced by a tree with explicand x¢ and baseline x”. We
decompose v into a sum of path value functions {v*'} ,, where each v*" : 2"l — S corresponds to a
distinct root-to-leaf path P. In particular,

leaf value of P if S follows path P on x¢, x?,

v(S) = ZUP(S), where 0% (S) = {0
P

otherwise.

By the linearity property of probabilistic values, the contribution of feature 7 to the full tree model v
can be expressed as the sum of its contributions to each path model v*". Specifically,

¢i(v) = ¢i(ZP:’UP) = zp:@(vp).

Therefore, it suffices to compute ¢;(v’’) for each path model v** and aggregate their contributions
over all paths. To this end, we will introduce the following notation. Given probabilistic weights
P = [po,---,Pn-1] € [0,1]™, for each path P, define

* Sp as the set of features in P whose conditions are satisfied by x® but not by x?,

+ Np as the set of features in P whose conditions are satisfied by x? but not by x¢,

* (p as the final leaf value on path P.

Recall we can write the ith probabilistic value as
¢i(v) =D ps-0S) = > psplS).
SCn]:i€S SCln]:i¢S

Using the definition of v, Sp, and Np, we can consider d)i(vp ) in three cases:

* Case 1: i € Sp: We need i € S in order to reach the leaf i.e., v (S) = 0 unless
Sp C S C[n]\NpandieS. Then,

n—|Np|
n—|Np|—1S
¢i(v") = E pis|—1-lp = E pz—1< l|—P||S | P|) lp
SpCSCn]\Np 1=|Sp| P

e Case 2: i € Np: Weneed i ¢ S in order to reach the leaf i.e., vF'(S) = 0 unless
Sp CSC[n]\ Npandi ¢ S. Then,

'nf‘Np‘

n— [Np| - 185
o)== 3 w(" M ) e

1=|Sp|

» Case3:i ¢ Npandi ¢ Sp: We reach the leaf whether i € S or noti.e., v’ (S) = 0 unless
Sp C S C[n]\ Np. Then,

n—|Np|

P n—|Np|—[Sp[ -1
(W) = ) ¢
¢i(v") z SZHPZ 1< L= 1Sp|—1 P
=|Sp
n—|Np|—1
s n—|Np|—[Sp| =1\, _
Z b lp=0
1=|Sp| L 15|
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C.1 TreeProb Pseudocode

Algorithm [2] efficiently explores all root-to-leaf paths, maintaining counters for how many times
each feature has been "seen" under the explicand (ef_seen) or the baseline (bf_seen). When a
branching feature is encountered for the first time on a path, the algorithm branches into two recursive
calls—one following x°, the other x*—and updates the cardinalities sp := |Sp| or np := |Np|
accordingly, depending on which feature value is consistent with the split. At each leaf node, the
algorithm computes the contribution based on the current (sp,np) and aggregates these into the
overall attribution vector ¢. Algorithm [2| preserves the original complexity and traversal logic of
Tree SHAP, while generalizing the feature-contribution calculation to the probabilistic formulation
described above, making it applicable to any probabilistic value.
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Algorithm 2 TreeProb with Interventional Feature Perturbation

: Input: n: number of players; p € [0, 1]™: probabilistic weights
: Output: Exact probabilistic values ¢1, ..., ¢,

1
2
3: function RECURSE(node, sp, np,ef_seen, bf_seen)
4: if node is a leaf then

n—mp
5:  pos_term < node.value - Z Pr—1 (

l:Sp

n—nmp
6: neg_term < — node.value - Z I (
l=sp
7:  return (pos_term, neg_term)
8: end if

9: 2, child « {node.leftohlld if 2. [node.feat] < node.t

node.rightchild otherwise
node.leftchild  if a[node.feat] < node.t
node.rightchild otherwise

11: if ef_seen[node.feat] > 0 then

12:  return RECURSE(z._child, sp, np, ef_seen, bf_seen)
13: end if

14: if bf_seen[node.feat] > O then

15:  return RECURSE(x;_child, sp, np, ef_seen, bf_seen)
16: end if

17: if z._child = z;_child then

18:  return RECURSE(z._child, sp, np, ef_seen, bf_seen)
19: else

20:  ef_seen[node.feat] < ef_seen[node.feat] + 1

21:  (pos,, neg,) <~ RECURSE(z._child, sp + 1, np, ef_seen, bf_seen)
22:  ef_seen[node.feat] < ef_seen[node.feat] — 1

23:  bf_seen|node.feat] + bf_seen[node.feat] + 1

24:  (pos,, neg,) <— RECURSE(z;_child, sp, np + 1, ef_seen, bf_seen)
25:  bf_seen[node.feat] + bf_seen[node.feat] — 1

26:  ¢wemp[node.feat] < ¢empnode.feat] + (pos, + neg,)
27:  return (pos, + pos,, neg, + neg,)

28: end if

29: end function

30: Initialize ¢ < 0"
31: for each tree ¢ in the ensemble do
32:  for each baseline x’ in baselines do

10: zp_child < {

33: Gremp < 0"

34: RECURSE(t.root, 0, 0, 0™, 0™)
35: ¢ — ¢ + ¢temp

36: end for

37: end for

38: return ¢/ (number of trees x number of baselines)
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D Baselines

In this section, we describe the baselines we compare against for estimating probabilistic values.
These baselines broadly fall into three categories: standard Monte Carlo methods, maximum sample
reuse methods, and regression methods.

For a more technical description of many of these baselines, please refer to Appendix D of [LY24b].

Monte Carlo Methods The standard Monte Carlo estimator estimates each probabilistic value
individually by sampling each term in the summation with probability proportional to its weight.

Weighted Sampling Lift (WSL) [KZ22al| is the standard Monte Carlo, but where subsets are sampled
according to the Shapley weights and reweighted to produce unbiased estimates of the probabilistic
values.

Permutation SHAP [CGT09] is similar to Monte Carlo estimates except that subsets are sampled in
permutations; that is, the first element in the sampled permutation is one sampled subset, the first
two elements are another sampled subset, and so on. Because each set size is weighted equally by
Shapley values, sampling permutations without any reweighting gives estimates that are the Shapley
values in expectation. Permutation SHAP gives close to state-of-the-art performance.

Weighted SHAP estimator [KZ22b]] generalizes permutation sampling approach to probabilistic value.
Random permutations are drawn as before but now reweighted by the probabilistic value weights so
that the final estimates are unbiased.

Maximum Sample Reuse Methods Monte Carlo methods are unbiased but inefficient in the sense
that they only use each sample to compute the estimates of one or two probabilistic values. The key
observation of Maximum Sample Reuse (MSR) estimators is that each probabilistic value ¢; can be
written as two summations, one over sets that include 7 and one over sets that do not. Then the MSR
methods use each sample to update every summation. First used for Banzhaf values [WJ23[], MSR
has since been generalized to other probabilistic values with different sampling distributions.

Approximation without Requesting Marginals (ARM) [KBMH24] is a kind of MSR estimator. Half
the samples are drawn with probability p|s|_; while the other half are drawn with probability p|g|. In
order to avoid the numerical instability of reweighting, the final estimate only includes the first half
of samples if ¢ € .S and the second if i ¢ S.

One sample Fits All (OFA) [LY24b]| similarly uses maximum sample reuse but samples according to
a more complicated distribution.

Regression Methods A parallel line of work fits linear models f to v then returns the probabilistic
values of f. These approaches originate for estimating Shapley values, and are based on a linear
regression problem that exactly recovers the Shapley values when solved exactly [CGKRSS].

Kernel SHAP [LL17] samples subsets from this regression problem with probability proportional to
their weighting in the regression problem.

Leverage SHAP [MW25]] similarly samples subsets but with probability proportional to their statistical
leverage in the regression problem, resulting in state-of-the-art Shapley value estimates and error
bounds that depend on the fit of f to v.

Kernel Banzhaf [LWKT 25 is similar to Kernel SHAP and Leverage SHAP but estimates Banzhaf
values, and is based on a regression formulation specific to Banzhaf values [HH92].

There is a known generalization of the Shapley value regression problem [RVZ9S]], which, when
solved exactly, recovers probabilistic values up to additive constant. Since Shapley values satisfy
efficiency, this constant is efficient to exactly compute for Shapley values. However, for general
probabilistic values, the constant depends on the entire value function v and must be estimated,
introducing another source of error.

The Generic Estimator based on Least Squares (GELS) [LY24al] estimates the constant by adding a
dummy variable with probabilistic value 0. Instead of fitting a linear function f, GELS considers
the closed-form solution to the regression problem and effectively applies a maximum sample
reuse estimator to the underlying matrix-vector multiplication. The final estimates are adjusted by
subtracting the value of the dummy variable.
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The Average Marginal Effect (AME) [LZL™22] is another regression estimator that uses a different
regression formulation. For probabilistic values that satisfy a specific condition, the probabilistic
values can be written as an infinitely tall regression problem. The estimator samples this regression
problem and solves the approximate version.
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E Experiments on Small Datasets with Neural Network Models

Table 3: Summary statistics of the ¢-norm error between estimated and true probabilistic values
when m = 40n. We summarize the error over small datasets (n < 30), for which the probabilistic
values of a neural network model can be feasibly computed. On average over all probabilistic values,
Tree MSR produces estimates with mean error that is 150 x lower than the best estimator from prior
work.
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Probabilistic Values: Error vs Sample Complexity (Neural Net Ground Truth)
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Figure 6: Error between the estimated and true probabilistic values by complexity. Each subplot
shows results for a different probabilistic value with the error averaged over all large datasets (n > 30).
The lines report the mean error over 10 runs. Tree and Linear MSR give the best performance, often
by several orders of magnitude especially when the number of samples is large.

29



F Experiments by Noise

In many settings, access to the value function is noisy. For example, v may be the expectation over a
distribution that is expensive to exactly compute. Instead, we may estimate the expectation, and hence
the values we observe are noisy. In this experiment, we add normally distributed noise to the values
passed into each estimator. The plots show the performance of each estimator by the magnitude of
this noise.

Probabilistic Values: Error vs Noise Magnitude (Neural Net Ground Truth)
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Figure 7: Error between the estimated and true probabilistic values as a function of noise magnitude.
Each subplot shows results for a different probabilistic value with the error averaged over all small
datasets (n < 30). The lines report the mean error over 10 runs. Tree MSR gives the best performance,
often by several orders of magnitude especially when the magnitude of the noise is small.
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Probabilistic Values: Error vs Noise Magnitude (Regression Forest Ground Truth)
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Figure 8: Error between the estimated and true probabilistic values as a function of noise magnitude.
Each subplot shows results for a different probabilistic value with the error averaged over all large
datasets (n > 30). The lines report the mean error over 10 runs. Tree MSR gives the best performance,
often by several orders of magnitude especially when the magnitude of the noise is small.
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G Dataset Descriptions

Table 4: A summary of the datasets used in our experiments, including source, access method, license,
and number of features n.

Dataset | | Source/ Citation | Access Method | License

Adult 12 [Koh96| shap.datasets CC-BY 4.0
Forest Fires 13 | [CMO7] UCI ML Repd’] CC-BY 4.0
Real Estate 15 [YHO9| UCIML Rede] CC-BY 4.0
Bike Sharing 16 [FTG14] OpenMIE] Public Domain
Breast Cancer | 30 [SWMO3|| sklearn.datasets | CC-BY 4.0
Independent 60 [LLI7] shap.datasets MIT
NHANES 79 [Cen23] shap.datasets Public Domain
Communities 101 | [RCO2] shap.datasets CC-BY 4.0

Shttps://archive.ics.uci.edu/ml/datasets/forest+fires
"https://archive.ics.uci.edu/ml/datasets/Real+estate+valuation+data+set
%https://www.openml.org/d/42712
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