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Abstract

We present an estimate of the Wasserstein distance between the data distribution and the
generation of score-based generative models. The sampling complexity with respect to
dimension is O(v/d), with a logarithmic constant. In the analysis, we assume a Gaussian-type
tail behavior of the data distribution and an e-accurate approximation of the score. Such
a Gaussian tail assumption is general, as it accommodates practical target distributions
derived from early stopping techniques with bounded support.

The crux of the analysis lies in the global Lipschitz bound of the score, which is shown
from the Gaussian tail assumption by a dimension-independent estimate of the heat kernel.
Consequently, our complexity bound scales linearly (up to a logarithmic constant) with the
square root of the trace of the covariance operator, which relates to the invariant distribution
of the forward process.

1 Introduction

Diffusion models (DM) are among the state-of-the-art tools in the new GenAl era. As generative models,
diffusion models first link the target distribution to a distribution that is easy to sample via a diffusive
process (forward). The generative (backward) process then reverses the diffusion, enabling samples from
the easily sampled distribution to be transformed into samples from the target distribution. A well-known
mathematical model that encapsulates this approach is the score-based stochastic differential equation (SDE)
model (Song et al.l |2021)), where the forward and backward processes are represented by two SDEs that
share the same marginal distribution (Anderson, [1982; [Haussmann & Pardoux, |1986). In most cases, the
forward process is assumed to be an Ornstein-Uhlenbeck (OU) process. The backward process incorporates
the gradient of the logarithmic density (score) of the forward process. When the explicit form of the score is
unknown, it is estimated by a neural network from discrete samples of the target distribution.

A major direction for the theoretical study of DMs is the convergence of the approximated backward process
with limited data assumptions. Progress in this direction has been made, for example, in works such
as (De Bortolil [2022; |Chen et al., |2023a} [Benton et al.l 2024; |Conforti et al., [2024; |Gao & Zhu, |2024; |Li &
Yanl, [2025} [Silveri & Ocello, 2025; Beyler & Bachl [2025)). Essentially, there are two camps regarding the
availability of the Lipschitz bound on the score function. When the Lipschitz bound of the score is available
(regular target), the backward process is generally well-defined until ¢ = 0, and convergence results are related
to the Lipschitz bound, see e.g., (Chen et all, 2023aj; |Conforti et al.| [2024). Otherwise, when the bound is
unavailable (singular target), the early stopping technique is introduced, and convergence results are related
to the stopping time (De Bortoli, |2022; |Lyu et al., |2022). Various analytical approaches have been adapted
for these two types of assumptions.

In this work, we aim to present a general error analysis that applies to both regular and singular target
distributions and also generalizes to an infinite-dimensional setting. The analysis is based on a dimensionless
and global-in-space Lipschitz bound of the score, derived from a heat kernel estimation approach. Our
complexity bounds, derived under the Wasserstein-2-metric, are linear (with a logarithmic constant) in the
square oot of variance of the Brownian motion in the forward process (Theorem. In the finite-dimensional
case with the standard Gaussian as the base distribution (the invariant measure of the forward process), the
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Table 1: Summary of previous and our results for score-based diffusion models in d dimensions. The complexity
bound gives the number of steps N needed to ensure error < €.

=
Target Pg Metric Complexity Result
—
2 _ d 0
E|Xo|? < oo TV(Pol|Qr) N=0(%) (Li & Yan| [2025) Thm. 1
. _ 42
Vlogpo L-lip KL(Pol|Qr) N=0(L (Chen ot al}[2023a) Thm. 5
F(PolN(0,14)) Sd ) KL(Pol|Qy) N=0(%10gL) (Conforti et al} [2024) Thm. 1
0
—
Py strongly log-concave+  Ws(Po, Q) N = O(i2 log %) (Gao et al.[2025) Tab. 2
Lo- th 0
0-SMOO o X
Py one-side Lipschitz + Wa(Po, Q) N = 0(%) (Silveri & Ocellol [2025) Thm 3.5
weakly log-concave 0
G tail, Ass. [ Wa(Po, Q) N*(’)(ﬁl 4 Thi k: C
s . 2(Fo, @ = <o 198 .3 is work: or.@
0
2 B0 e dlog” 3
E|Xo|? < oo KL(Ps||Qr_s)") N = 0(=21%) (Benton et all, [2024) Cor. 1

=
* F denotes relative Fisher information. Our Gaussian tail assumption (Assumption implies F(Po|N(0,14)) < d, and they are
equivalent under the standard Gaussian case.
**§ denotes the early stopping time, |Benton et al.| (2024) compares the KL-divergence between the sampled distribution and the early

stopped data distribution as the original data distribution may be non-smooth.

variance is linear in the dimension and hence the complexity is O(v/d). For the infinite-dimensional case,
a Gaussian random field is taken as the base distribution, and the variance is linear with the trace of the
covariance operator.

It is worth noting that the results of this work adopt the Wasserstein-2 distance as the metric of error (instead
of Kullback—Leibler (KL) divergence) due to its flexibility. More precisely, the reasons are two-fold: (1) In
practical applications of diffusion models for the generation of structured data (image, text, video, protein,
etc.), the target distributions mostly find their support in a compact sub-manifold, see further discussion of
the manifold hypothesis in (Tenenbaum et all 2000} Bengio et all [2013} [2017)). Consequently, under this
hypothesis, the standard KL divergence cannot be consistently defined between the distribution obtained via
the backward process, whose support is the entire space, and the target distribution with compact support.
(2) In high (towards infinite) dimension settings, it becomes necessary to compactify the forward process. One
way to achieve this is by choosing the covariance matrix (operator) C' in the forward process to have finite
trace, so that the invariant distribution of the process has a finite second moment. The Wasserstein distance
then scales with Tr(C), making it consistent with this compactification in the context of infinite-dimensional
generative models. By contrast, the KL divergence scales with the ambient dimension and therefore cannot
be directly extended to yield a dimensionless result. A motivating example is provided in Appendix

Related work

Complexity bounds (De Bortoli, 2022) established the first convergence guarantees in the 1-Wasserstein
distance, assuming that the data distribution satisfies the so-called manifold hypothesis. Some recent works
(Pierret & Galernel [2024; |Gao & Zhu, [2024}; |Gao et al., 2025} |Silveri & Ocellol [2025; [Li & Yan), 2025} Bruno|
|& Sabanis| [2025; [Beyler & Bachl [2025|) established convergence guarantees under Gaussian, log-concave,
weakly log-concave, or other minimal assumptions. We are also aware of several complexity bounds under KL
divergence, for instance (Chen et al., 2023a; Benton et al., 2024; |Conforti et al.,|2024). A common point of
these approaches is the use of the chain rule for KL divergence, which follows from the Girsanov theorem, to
separate the global error into local truncation errors. To bound local ones, the probabilistic viewpoint, which
estimates the score function under the distribution of the forward process, comes into play. In this work, we
instead provide a point-wise estimate of the score. Such an estimate also facilitates the analysis of the score
under the approximated backward process, thereby providing a Wasserstein bound. In Table [T} we present
the comparison of the complexity bounds.

Contractivity of the dynamics A common technical difficulty in establishing convergence guarantees under
the W5 metric is that the reverse-time dynamics typically needs to exhibit a form of contractivity. Indeed,
Wasserstein-based analyses rely on controlling the propagation of perturbations along the backward process,
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which becomes tractable when the reverse-time drift is contractive; see, for example, the technical overview
in 20%5)

For this reason, many earlier works enforce contractivity through strong structural assumptions on the data
distribution, such as strong log-concavity or closely related regularity conditions. These assumptions ensure
global contractivity of the reverse-time dynamics and lead to polynomial dependence of the convergence
bounds on the problem parameters; see, for instance, (De Bortoli, [2022; |Chen et al., 2023a; Benton et al.,
[2024}; |Conforti et al., [2024)). Subsequent works have progressively relaxed these requirements, considering
weaker notions such as weak log-concavity combined with one-sided Lipschitz conditions, or semiconvex target
distributions with potentially discontinuous gradients; see, e.g., (Silveri & Ocello| [2025; Bruno & Sabanis,
[2025} Beyler & Bachl, [2025)).

Rather than enforcing global contractivity of the reverse-time drift via structural assumptions on the target
distribution, this work takes a different approach. We exploit the regularizing effect of the forward Ornstein—
Uhlenbeck diffusion. In particular, although the reverse-time process may not be uniformly contractive, the
non-contractive component of the drift admits a Lipschitz bound that decays exponentially in time (see
Corollary. As a result, the influence of this component diminishes over the diffusion time horizon, yielding
a stabilization sufficient for convergence under the Wasserstein metric.

Diffusion models in infinite dimension While diffusion models are usually defined in finite-dimensional spaces,
many applications involve probing infinite-dimensional distributions. For instance, in some Bayesian inverse
problems , one requires sampling the posterior distribution of a continuous function from
its discrete observation data. Up to now, there are many studies applying diffusion models to functional
spaces (Lim et al., 2025; Kerrigan et al., 2023; Pidstrigach et al. 2024} [Franzese et al [2024)). While many
theoretical studies (De Bortoli, [2022; |Chen et al.| [2023a} Benton et al., [2024)) suggest that performance
guarantees deteriorate with increasing dimension. (Pidstrigach et all [2024) established a bound on the
Wasserstein-2 Distance from the samples to the target distribution, which is dimension-independent but
grows exponentially with the running time 7'. In this work, we further provide a Wasserstein-2-bound that is
both dimension-independent and running time uniform under the Gaussian tail assumption.

Lipschitz bounds of the score The score functions in the SGMs are related to the gradient of log-density
(log p) of the forward process. It is well known that the function log p itself follows a viscous Hamilton-Jacobi
(VHJ) equation (@Oksendal, 2003; [Evans, [2022), as seen in (8) in the later discussion. Then the Lipschitz
bounds of the scores are equivalent to Hessian bounds for a vHJ equation. There are various regularity
results in the literature for the original Fokker-Planck equation or the transformed vHJ, see
120065 |Stromberg, 2010) and recent results in (Blessing & Kupper, 2022; Mooney et al., |2025). We would
point out that, except (Mooney et all 2025), most results are seeking (Chen et al., 2023ajb)) a spatially global
Hessian bound which only lasts for a finite time without the Gaussian tail assumption (Assumption [2)) in this
work. (Mooney et al., [2025)) also provides a local-in-space and global-in-time bound, while only polynomial in
dimension (d*) complexity can be derived from it due to the spatial locality.

We are also aware of the literature on the topic of contraction properties or Lipschitz estimates of transport
maps between measuresEl The Caffarelli’s contraction theorem in the optimal transport
(OT) setup is the starting point, and see (Colombo et all, [2015) for generalization to Lipschitz estimate.
Besides OT, the contractive map can also be attained by (reverse) heat flow (Kim & Milman, |2012)). Recent
generalizations to the Lipschitz estimates of the maps, including (Mikulincer & Shenfeld} 2023; [Neeman), 2022;
[Fathi et al., 2024; Brigati & Pedrotti, 2025)), obtain results for the boundedness of flow in a similar fashion
to this work under diverse assumptions. In comparison, this work focuses more on deriving theories with
applications to score-based diffusion models. In this regard, our assumptions cover the spatially anisotropic
noise (no necessity for equivalence among A, C, and I; in Assumption [2)) and we discuss the convergence and
complexity bounds in the discrete approximation of the generative flows.

The main contributions of this paper are:
o We introduce a Gaussian tail assumption (Assumption [2) and apply a heat kernel estimate (The-
orem [3.1]) inspired by the solution of the viscous Hamilton—Jacobi (vHJ) equation to obtain a

1More precisely, in the context of this work, the transport map refers to the push-forward map from the Gaussian (base
distribution) to the target distribution po.
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spatially global Lipschitz constant for the modified score function that decays exponentially over
time (Corollary . This assumption accommodates non-log-concave target distributions and covers
practical scenarios, such as when the support of the target distribution is bounded and the early
stopping technique (Lyu et al. [2022) is employed (Theorem [3.8).

o We establish a Wasserstein-2 bound (Theorem that depends only on the second moment of the
base distribution, allowing the result to extend naturally to infinite-dimensional settings. When the
second moment scales proportionally with the ambient dimension, the resulting sampling complexity
achieves the state-of-the-art dependence on the dimension, with a rate of O(v/d). (Gao et al., [2025)
Proposition 6 also shows that under the standard Gaussian distribution, such a complexity bound is
optimal.

e As part of our methodological contribution, we provide a modified approach rather than conventional
Lyapunov-type analysis, which utilizes the exponential decay structure of the score to show the
uniform boundedness of accumulation error for an arbitrary long forward/backward process.

2 Preliminaries

This section contains the necessary notation and background to set the stage for the rest of the paper. We
begin by introducing basic notations used throughout the text, followed by a review of the forward and
backward processes in continuous time. We then discuss the discrete-time approximation commonly employed
in diffusion models, together with its practical relevance in training score-based models. Finally, we return to
the continuous-time setting to present the viscous Hamilton—Jacobi (vHJ) formulation that lies at the heart
of our regularity analysis.

General Notations Let 7o be the Gaussian measure A/ (0, C). For an n X n matrix A, we use the operator
norm || - |,

A
IIA]| = sup |1|)| := the largest eigenvalue of VAT A.
v#£0 |V

For a symmetric, positive-definite n x n matrix A, we use |- |4 to denote weighted I3 norm in R™ such that,
|z = (A1 22, A7/ 2,

When A is the identity matrix, we neglect the letter for simplicity and | - | is the standard I3 norm in R™. For
vector (matrix, correspondingly) valued function f with = as variable, |f|. := sup, |f(z)| (correspondingly,

[flloe := sup |[f()]).

2.1 Continuous-time formulation of diffusion models

A large class of generative diffusion models can be analyzed under the SDE framework (Song et al., |2021)),
which contains two processes: forward and backward. The forward process, which gradually transforms the
data distribution into white noise, is an OU process as follows,

— 1—
dX; =~ Xdt + VCdB;, 0<t<T. (1)

where By is a standard Brownian motion, C' is a symmetric, positive-definite covariance matrix and 7" is the
final time such that the distribution of X7 is close to the Gaussian distribution N(0, C)), denoted as base

distribution. The initial )_>( o follows the target(data) distribution, denoted as 1_50. We remark that in the
majority of theories and applications of the diffusion model, C' is assumed to be the identity. We maintain
the spatially anisotropic noise assumption (C' # I;) in the following derivation to enable our theories to
generalize to an infinite-dimensional setting where some compactification is necessary, see also (Pidstrigach
et al} |2024). For compactness of the process, we made the following assumption to bound the second moment
of the forward process.

Assumption 1. The data distribution has a bounded second moment, Ma := E; |z|? < 0o. The covariance
0

Cin s in trace-class. Furthermore, we denote,

My = max{Tr(C), Ms,1}. (2)
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N
We denote the probability density of the forward process X by ps, then p; solves the Fokker-Planck equation
with Cauchy data po:

O =4(V - (ep) + V- CVp), 3)
p(0,x) = po(x).

— — —
With time reversal X, := Xp_,, the backward process (X;)o<i<r satisfies the following SDE (Haussmann &

Pardoux, [1986)),
— 1<« < ~
dX, = (§Xt +5(T —t,X,))dt + VCdBy, (4)

where B is also a standard Brownian motion (may not be the same as B;) and the term s(t, z) := C'V log p; (z)
is generally referred to as the score function. The process ()<_( t)o<t<T transforms noise into samples follows ]_30.
We denote Pt(correspondingly Igt) as the marginal distribution of )_()t in (j;(t in ) Then, VO <t < T,
Igt = IgT_t, especially ;T = ?30.

2.2 Training and discrete-time approximation of diffusion models

Since the closed form expression of py is unknown, the score function s(t,z) = C'Vlogp(x) is not available.
Thus, we model the score function by a neural network sg(t, x), where 6 denotes latent variables of the neural
network. We train the network by optimizing an Lo estimation loss,

]E; s (t,z) — CV log pi(x)]|*.

Given the estimated score sy (assumed to be e-accurate, specified in Assumption , one can generate samples
of the target distribution py by a numerical approximation of the backward process starting from the Gaussian
distribution A (0, C),

— 1« — _
dYy = (Y1 +so(T — 1Y ))dt + VCdB,. (5)

In practice, diffusion models are trained and sampled in discrete time. Here, we introduce an Euler-type
discretization of the continuous-time stochastic process, which facilitates the convergence analysis. Let
0=ty <t; <---<ty =T -9 be the time discretization points (schedule), § = 0 for the normal setting and
0 > 0 for the early-stopping setting (Lyu et al., [2022), and we adopt the following discrete scheme. Starting

-
from Yo ~ N(0,C), for all k = 0,1,..., N — 1,

— 1 — < B
Ytk+1 = \/77 <Ytk- + (1 — Oék)Sg(T —tg, Ytk)) + V1 —apzg, (6)
where ay = exp(ty — txy1) and zx ~ N(0,C) are i.i.d.

Remark 2.1. The discretization @ approximately corresponds to the discrete-time scheme introduced in (Ho
et al., 2020); it can also be found in the analysis work (De Bortoli, [2022]).

The bounds established later (Theorem[3.4]) quantify how well the discrete process approximates the continuous-
time backward SDE in Wasserstein distance. The step size 7 := maxy ({41 — tx) enters the final error bound
in the form Tr(C)72, demonstrating the accumulation of numerical error in the generative process.

2.3 Foundational ldeas based on Heat Kernel Estimation

The convergence analysis of the discrete scheme @ relies heavily on the regularity (up to second order)
of the score potential function log p;, which follows a viscous Hamilton-Jacobi equation (vHJ). While such
derivations are known to experts (Evans| [2022), we briefly list the conversion between vHJ and heat equation
for completeness.

We first consider the following transform of log p,

2T AT

Q(tvx) = _Ingt(x) - Tv (7)
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where A; = Ae™* + C(1 — e~?). Then, ¢ satisfies the vHJ,

{ 0q— 3V -CVq+ LVCVq* + (CA; ' — 31y)x - Vg = A Tr(CA; ! — 1), ()
Q(Oax) = 7h(gj)a

where h(x) :=logpo(z) + & is the non-Gaussian part of the log-likelihood function (the remainder term in

later Assumptlon ' To smlphfy . we let f(t) = —3 fo Tr(CA;' — I;)ds and make a two step change of

variables: let K (t) = (AA;7 Ve~ 2, then q(t, z) = q(t K(t)~ 1\Fx) + f(t) satisfies,
9q— 3V -Kt)?Vi+ iK({t)Vg? =0 o
3(0,z) = h(z) :== —h(v/Cx).

It is known that the semi-concavity is preserved (Mooney et al.| |2025)), while the semi-convexity is not

automatically propagated, which is the main difficulty in the analysis of diffusion models. In this work, we
further define p(t, z) := e~9() that satisfies

op—3V-K(t)*Vp=0, on (0,00) x R", (10)
p(0,z) = e~ h@),
is a heat equation and admits the following solution from the heat kernel,
Bt z) = — (_‘x - yPB(”) exp (= h(y))dy (11)
’ (2m)% Jgn \/det B(t 2 ’
where B(t fo s)2ds = (e2 —e~2)K(t). It is worth mentioning that the kernel representation leads

directly to umform in-time bounds on Vg and V2 (Theorem [3.1]). These bounds yield the exponentially
decaying Lipschitz constant of the modified score (Corollary 3.2), which is central to our Wasserstein
convergence guarantees.

3 Results

In this section, we list the theoretical results and discussions. The detailed proofs are provided in Appendix [A]
Section [3:1] is devoted to the Lipschitz bound of score with Gaussian tail assumption, which is based on a
heat kernel estimation of . Section lists the fundamental convergence result in the Wasserstein metric.
Sections and present applications of our convergence result to the bounded-support assumption and
Bayesian inverse problems, respectively.

3.1 Lipschitz Bound of Score Function

The foundation of our analysis is to provide a spatially global regularity estimate of p; as the solution of an
elliptic equation. These bounds control how sharply the true score can vary in space and directly impact
the stability and error propagation of the learned score in the generative process. Before obtaining such
bounds, we need the following assumption to derive reasonable point-wise estimates of the gradients of the
score function.

Assumption 2 (Gaussian tail). The density of target distribution py € C%*(R?) and admits the tail decompo-
sition,

zI2
po(x) = exp ( — %) exp (h(x)), (12)

where

(i) A is a symmetric, positive-definite matriz which can be simultaneously diagonalized with C' and
satisfies ||AC™Y| < oo and |CA™Y| < oo,
(ii) The remainder term h satisfies |v/CVh|s < 00 and ||CV?h]s < 00.
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Moreover, all the constants above are dimension-independent.

Similar decompositions of py as appeared in Assumption 1 in (Cole & Lu, 2024) and Theorem 13
in (Pidstrigach et all 2024)) to ensure the generalization and well-posedness of the sampling process. To
analyze the convergence of the discrete sampling process and its dimensional dependence, our Assumption
is more restrictive, as well as comparing with the conditions used in log-concavity and heat-flow regularity
theory. Its advantage lies in yielding exponentially decaying Lipschitz/Hessian bounds for the modified
score, which do not follow from classical Lipschitz or weak log-concavity assumptions. More precisely, the
L-Lipschitz condition on Vlogpg does not ensure a Lipschitz bound for V log p; (see Example 3.4 in
et all [2025))), and the combination of weak log-concavity with one-sided Lipschitz-ness (Assumption H1) in
(Silveri & Ocellol 2025)) only guarantees an O(1) Hessian bound of log p; over time. While being slightly more
restrictive, the Assumption [2] yields an O(e™*) Hessian bound for the modified score function (Corollary ,
which thus leads to improved complexity bounds (see Remark. Moreover, the Gaussian tail assumption
does not require the target distribution to be log-concave, even when it is far from the origin.

To demonstrate the practicality of the Gaussian tail assumption, we provide two examples. First, in
Theorem we show that for any bounded-support target distribution, the density of the forward process
at the early stopping time ¢ satisfies the assumption with A = (1 — exp(—9))I4. Second, the Gaussian
tail assumption also holds for certain posterior distributions arising in Bayesian inverse problems; see
Theorem B.131

Under the Gaussian tail Assumption [2] we establish bounds on the Hessian and gradient of the transformed
potential g(t, ) via the heat kernel estimation.

Theorem 3.1. Under Assumption@ the function q(t,x) in @D satisfies, ¥Vt > 0,

IVa(t, oo <IVA0, )]s,  [IV24(t,)lloo < 1V24(0, )]l + [Va(0, )] % (13)

Theorem provides uniform in time estimates for the transformed variables in @D By reversing the change
of variables (t,z) — (t, (A;A™1)et/2z) used to go from (8) to (9), these uniform bounds translate back to the
original coordinates, resulting in the exponential decay estimates for the modified score function stated in the
following corollary.

Corollary 3.2. Define the modified score function as
5(t,x) := CVlogp,(z) + CA; . (14)
Suppose that Assumption[q holds. Then, ¥Vt > 0, the following estimates hold:
IV3(t, oo < e "Lo, [5(t, )]0 < /2L, (15)

where
K = max{1, ||AC_1||},

Lo = K*(|CV?h||s + [VCVAZ),
L = K||C||Y?|V/CVh|s.

Detailed proofs can be found in Appendices and To be noted, K, Lo, L1 are bounded dimension-free
constants. For later discussion, we also denote,

Ly := max{||[I — CA7|, |[AC™" — I|}}.

Remark 3.3. Corollary [3.2] extends to more general linear forward SDEs of the form
dX; = —f(t) X, dt + g(t) VC dB;,
where f,g:[0,00) = (0,00) are continuous functions and the solution admits the explicit representation

X, = a()Xo + B()Z,,  Z, ~N(0,C),
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with a(t) = e Jo 76 % and B(t)? = fot ei2fs @) dvg(s)2 ds.

Assuming the same Gaussian tail condition on the initial distribution as in Assumption [2] define
A= a(t)?A+ B(t)2C, 5(t,z) := CVlog ps(x) + CA; .
Then the modified score 3(t, ) admits uniform-in-space bounds
IV3(t )l < alt)?K2(ICV2hllae + [VOTRIL ), [5(t )l < a(t)K[CVhl,

where K = max{1,[[AC~!||}. The OU case corresponds to the special choice f(t) = % and g(¢) = 1.

This result provides a formal justification for a well-known empirical feature (Song et al., 2021)): the score
function becomes smoother at higher noise levels. This smoothing is crucial because (i) it enables stable
training at early timesteps, and (ii) it ensures that discretization error does not explode when simulating the
backward process.

3.2 Main Convergence theories

In the preceding section, we established the crucial analytical properties of the modified score function §(¢, z)
that drives the reverse diffusion process, namely the exponential decay of its Lipschitz constant. This section
utilizes these theoretical foundations to provide rigorous, quantifiable bounds on the convergence of our
discrete sampling scheme @ under the Wasserstein-2-distance,

1/2
Waluow) i= (int [ o= yPdn(e))

where 7 runs over all measures which have marginals p and v. Our objective is to clearly dissect the sources of
the total sampling error and demonstrate how this error decomposes and evolves with respect to the diffusion
time T, the step size 7, and the score network approximation accuracy e. To achieve this, we first introduce
the following assumptions concerning the learned score function sy. Assumption [3] quantifies how accurately
the learned score approximates the true score at discretization points. Assumption [4 ensures a Lipschitz-type
regularity for the learned score, consistent with the theoretically guaranteed regularity of the true score.

Assumption 3. sy is an € accurate approzimation to s on average over the discretization points, i.e.,

2

2

! < €. (16)

— —
T (ter1 — t)E|s(T — t, X7—t,) — 80(T — g, X1—t,)
0

>
Il

We would also like to point out that, due to the limited access to the score approximation error, when

deriving the complexity bounds, we always assume a sufficiently accurate score approximation. Assumption

evaluates the score approximation error along the true reverse-time process. This choice is aligned with

the learning objective in the denoising score matching , where expectations are taken with
— —

respect to the true diffusion process X rather than the empirical sampling trajectory Y. Alternative choices,

—

which evaluate the score approximation error along Y, have been used in the literature (iGao et al.l, |2025L
[Yu & Yul 2025} [Silveri & Ocello, 2025) and simplify the control of error propagation, but they measure the
approximation error on a path that itself depends on the learned score network sg.

Under the present formulation, the propagation of errors between successive time steps is governed by the
discrete flow induced by the learned score. As a consequence, in addition to Assumption [3] some regularity of
the score network is required to ensure stability of the propagation. This motivates the following Assumption [4]
which postulates that the learned score satisfies a time-decaying Lipschitz bound consistent with that of the
true score established in Corollary [3.2] We note that similar considerations are also discussed in equation (3.3)
of |Gao et al (2025)) and in Section 4 of Beyler & Bach| (2025).
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Assumption 4. Denote 5¢(t,2) = sg(t,z) + CA; 2, we assume that 3¢(t,z) shares the same properties as
5(t,x) in Corollary[3.9 at the time discretization points, i.e.

VEk e {0,1,...,N =1}, |[[V3e(T — tp.)]|oo < Loe™ T T, (17)

The Assumption [4] provides a sufficient regularity assumption to establish later convergence results and it is
consistent with the theoretical estimates in Corollary Without prior knowledge of A and C, may be
difficult to validate, and can be relaxed to the following condition,

Assumption @ There exists some constants b > 0 and B > 0 independent of T, such that

N-1
sip (1T +Vso(T —tg, )oo <b and Z (thrr — ti) 1L + Vso(T — tr, )|lo < B. (18)
k=0

We note that the relaxed condition, formulated as a time-integrated stability bound, captures the actual
requirement used in the convergence analysis. Moreover, it is closely aligned with practice. For example,
Lipschitz-controlled architectures such as spectral-normalized networks (Miyato et all [2018]) provide an
explicit control of Lipschitz bounds on x + sg(¢, x), which, possibly combined with time-dependent scaling in
terms of e, yield the required stability control. In the later presentation of the main results, we will take
Assumption Ié—_l[ In Appendix we provide the adaptation of the proof to Assumption @

Now we present the main theorem in this part.

Theorem 3.4. Suppose Assumptz'ons @ @, and hold, with the step size T := supy{tp+1 —tx} < 1. Then
sampling via scheme @ yields

WE(Po, Qr) < Ku (72 (My + Tr(C)) + T + (Lo + Lo)*Tr(C) 7)) (19)

where Ky :=exp (44 (1 +€)(2(Lo + L2) + (Lo + L2)?e7)) is a dimension-free constant.

Proof see Appendix [A-3]

This theorem decomposes the total sampling error into several contributions. The prefactor K, accounts for
the accumulation of errors through the reverse-time process. It arises from a discrete-time propagation analysis
based on a Gronwall-type argument and depends on the Lipschitz regularity of the modified score, which is
ensured Assumption@ The remaining terms correspond to additive error contributions: (i) e=2% (M +Tr(C))
is the error due to incomplete denoising, (ii) €27 arises from the score approximation error and is governed
by Assumption |3 (iii) (Lo + L2)*Tr(C)7? is the discretization error, whose magnitude is amplified by the
Lipschitz constant of the reverse-time drift guaranteed under the Gaussian tail Assumption 2} Practitioners
may choose mixing time 7T, network size, and timestep schedules 7 accordingly. We also note that when
applying Theorem [3.4] to the convergence with respect to 7 — 0, the constant log K1 may be made linear in
Lo + Ly with 7 sufficiently small. In Section [3.3] we will consider such a growth regime for the targets with
bounded supports.

As a direct consequence of Theorem

Corollary 3.5. Under the same assumptions as Theorem[3.]], the following complexity bound guarantees
«— —
that the distribution Qp satisfies Wa(Po, Qr) = O(eo):

TzO(logW), N:O(f):@(T\/WC)). (20)

0 €0

Fixing the second moment Ms and trace of covariance matrix C' of base distribution, the complexity bound
in Corollary does not depend on the dimension and hence can be generalized to some infinite-dimensional
generative models; see Theorem [B-3 and related discussion in Appendix

Remark 3.6. In Corollary we implicitly operate in a regime where the parameters Ly and Lo are moderate,
so that the prefactor K7, which depends exponentially on Ly + Lo, does not dominate the error bound. This
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situation corresponds to typical smooth-data settings, in which Ly and Ly are determined by derivatives of
the log-density and by the consistency between the base distribution and the target covariance structure.

By contrast, in regimes involving bounded-support targets or early stopping, the quantities Ly and Ly may
deteriorate as the support radius increases or the stopping parameter decreases. In such cases, the exponential
dependence of K7 is unavoidable and reflects a genuine loss of stability of the reverse-time process. We refer
to Section for a more detailed discussion, where we analyze targets with bounded support and identify
parameter regimes in which the bounds remain informative.

Remark 3.7. When assuming the second moment of the target distribution My and the trace of the diffusion
covariance Tr(C) scale linearly with space dimension d, the bound in Theorem [3.4] corresponds to an O(7)
convergence rate with O(\/E) dependence in W, distance, and the complexity bound in Corollary ﬁis
O(v/d) with a logarithmic constant. In dGao et a1.|, |2025I), they obtained an O(d) complexity under our
Gaussian-tail assumption (assuming h is concave), and their Proposition 6 shows that the O(v/d) bound is
optimal when the target is the standard Gaussian. Notably, in the line of pursuing complexity bounds under
more general assumptions (than log-concaveness), a very recent work (Silveri & Ocello) 2025 obtained an
O(d?) bound?| through the weakly log-concave profile propagation framework established in (Saremi et al.[,
[2024; |Conforti, [2024; |(Conforti et al. 2025). In Table [l we provide a non-exhaustive list of complexity bounds
for comparison.

3.3 Convergence for bounded-support target

This subsection specializes the convergence theory of Theorem to an important and practically relevant
setting: when the target distribution pg is supported on a bounded set. Such distributions arise naturally in
many practical applications of generative models and can be derived from the manifold hypothesis (Bengio

2013)). We make this assumption explicit as follows.

N
Assumption 5. The target distribution Pq is supported on a bounded set, i.e., there exists R < oo such that
—
Diam(Supp Py) < R.

While Assumption [5] alone does not impose any smoothness or tail behavior on pg, a key phenomenon is
that the forward Ornstein—Uhlenbeck diffusion instantaneously regularizes such distributions. In particular,
for every t > 0, the density p; acquires Gaussian-type tails and thus satisfies the Gaussian tail condition of
Assumption 2} To quantify this regularizing effect, we first record a general result on Gaussian convolution of
a bounded-support distribution.

Theorem 3.8. Let Q, = N(0,0%1,) * Qo, where Qo follows Assumption E Then Q, has smooth density q,

and we define
jz?

T
= log q, —.
9(x) :=log gy (2) + 55
It follows that,

2R?

R
Vgl € 50 1930 < 1. (21)

Proof see Appendix [AJ5]

Similar estimates in Theorem [3.8] can be found in (De Bortoli, [2022; [Mooney et al, [2025). In the current
form , we extract the spatial growing part to ensure uniform boundedness in space to be consistent with
Assumption

Applying Theorem to the forward OU-process with covariance C' = I; and stopping time ¢, we obtain
=

that the marginal Ps has smooth density ps and satisfies,
jz?

ps(x) = exp ( - m) exp (h(z)),

2In arriving at this, we also assume the second moment scales linearly with dimension in their Theorem 3.5.

10
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and

[SIES

676R2
(=

e
Cho<><
| | =1

_6_5, ||v2h||00 SQ

Hence p; satisfies Assumption [2} and the score Lipschitz bounds from Corollary [3.2] apply directly.

.,
Corollary 3.9. Suppose that Py follows the Assumption B Let C =I5 and A = (1 — e %)I;. Then, the
corresponding Ay = (1 — eIy and for all t > §, we have,

R
1—e 9

W+

e 2.

. R 2 _ -
192 log i) + A oo < 3(7—o=5) s [Vlogpi(e) + 4l <

Proof see Appendix

As shown in Corollary [3.9] even though the score of an early-stopped bounded-support distribution is well
defined for any positive stopping time, its global regularity deteriorates as the stopping time tends to 0. By
contrast, the score of a full-support distribution with Gaussian tails admits stable global regularity properties.
This behavior is closely related to the score-regularity phenomena discussed in [Stéphanovitch| (2025)).

Using the Lipschitz bound in Corollary [3.9] we obtain a Wasserstein-2 distance bound analogous to Theo-
rem [3.4]

N
Theorem 3.10. Suppose that Py follows the Assumption @ the early stopping time § < 1, and the
Assumption@ holds. Then, sampling via scheme @ with step size T satisfying

. R -t
7 < min{1, (36(1 _6_5)2 + 1 _66_5) s

we obtain the following convergence bound,
=
Wi (Ps, Qp_s) < exp (4+3(1+e)Kz) (72T (R? + d) + €T + K3dr?), (22)

2
where Ky = 3(17127,5)2 + ﬁ.

Proof see Appendix [AZ6] With the result in Theorem we can get the complexity bound with early
stopping setting under the bounded-support assumption by direct computation.

.

Corollary 3.11. Under the same assumption as Theorem achieving a distribution Qp_s such that
=

Wy (Ps, Qr_s) = O(eo) requires:

2 2 . 2
R R+d)’ N T 5(9(\/&Texp<1+e 3(1+6)R)>'

T=0(% +1
5z tios €l T €0 1—e %  (1—e9)2

When fixing the early stopping time § and support radius R,

(\/3 R2+d). (23)

N =0(—log —
€0 €0

- = — —
Noticing that, Wh(Pjs, Po) < \/E| X5 — X¢|? < 2v/Myd, we have the following complexity bound with respect
—
to Po.
-
Corollary 3.12. Under the same assumption as Theorem reaching a distribution Qp_s such that
-
Wa(Po, Qr_s) = O(eo) requires,

5:0(;5)0), logN:(’)(?—;) :o(Ri{fg). (24)

11
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The complexity log N = O(?—;) is a direct consequence of the exponential dependence of the prefactor

Ks(R,9) on (1_137:)2, which in turn arises from two factors. The first is the % dependence in the

Hessian bound of the early-stopped log-density (see Corollary . To the best of our knowledge, such a
dependence on R and ¢ is non-improvable without additional geometric assumptions on the support of 730;
see, for instance, (Mooney et all [2025). The second is the accumulation of errors through the exponential
dependence on the Lipschitz constant of the modified score in the reverse-time process: the Lipschitz constant
is controlled by the Hessian bound, while the exponential amplification arises from the discrete-time stability
analysis based on a Gronwall-type argument. Such exponential dependence is classical in Wasserstein-based
error analyses and Lipschitz change-of-variable estimates for deterministic or stochastic flows
[2022; Beyler & Bach| 2025 [Brigati & Pedrottil 2025). In the absence of additional global contractivity
assumptions (e.g., strong convexity), this type of dependence is generally unavoidable.

Within the present Wa-based stability framework, such an exponential dependence on (R,d) is largely
unavoidable. By contrast,analyses based on KL or total variation distances, where Girsanov-type arguments
are used, may yield only polynomial dependence on (%) in W distance (]Chen et a1.|7 |2023b|; |Holden et al.|,
2023). However, such results typically apply to projected distributions (i.e., discarding mass outside By(R)
to obtain Wasserstein bounds from TV bounds), whereas the present work considers the un-projected
distributions of the reverse-time process. In Appendix [D} we discussed how the results in Corollary [3.2] can
be applied to obtain a complexity upper bound with similar parameter (R, d) dependence as

2023h).

Due to the limited understanding of the empirical process, we are not aware of a simple way to control the
projection error. Similar exponential dependencies for the un-projected distributions also appear in (De Bortoli
. For completeness, we summarize in Table [2| a comparison with existing complexity bounds under
bounded-support assumptions. We note, however, that results for unprojected distributions, as studied in
this work, are not directly comparable with guarantees obtained for projected distributions. The comparison
is therefore provided only to give a broader picture of the current literature.

3.4 Convergence in the Bayesian Inverse problems

Another potential application of generative models is to generate the posterior distribution in Bayesian inverse
problems. See for a detailed review. Here, we restrict our theories to the following type of
applicative scenario, where we consider a non-linear observation G € C5(R?, R™) from the state space R? and
its observation y € R™. We further assume that the prior of the state and the observation noise distribution
follow Gaussian-type distributions with C' and ¥ denoting the covariance matrices, respectively. Then the
posterior of the state, also the target distribution of the generative model, follows,

2 G _ 2
po(x) = Do exp ( - %) exp ( - %) (25)
where Dy is some normalizing constant.

To construct a generative model to sample the posterior, we take the covariance matrix of the base distribution
in identical to the prior covariance matrix C in . A conditioned score (referred to as the conditional
de-noising estimator in the literature (Batzolis et al., 2021)) is trained with the following loss,

Ept(a;;y) ‘59(t7 ] y) - Cvz Ingt(x; y)|27

where p; is then the joint distribution of (X;,Y) in which Y follows G(Xg) + N (0,X). For the generation
process of the posterior distribution with observation y, we assume the estimated score sg(t, x;y) satisfies
Assumption [3]and [4] Then, we have the following theorem.

Theorem 3.13. Suppose that the target distribution admits the density in and Assumptz'on holds.
Then, sampling via scheme @ with step size T satisfying

. _ _ 2\ 1
7 < min{1, |Z||[|C]| 1((\\V2G||oo(\G|oo+|yD+HVGHio)+||E|| 1||VG||§C(\G|<><>+ZJ)) h

12
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we obtain the following convergence bound,
2D - 2T 2 2 2
W3 (Po(5), Qr (1)) < Ks (¢ (My + Tr(C) + T + K Tr(C)7?), (26)

where K3 and ks are dimensionless constants determined by (||C||, 121, G,y), the explicit expression is
provided in Table[3

Proof see Appendix [A7]

This provides a theoretical grounding for the growing empirical use of diffusion models as posterior samplers
(e.g. conditional diffusion models), justifying that with sufficiently accurate score learning, the generated
posterior approximations are provably close to the true Bayesian posterior in the Wasserstein-2-distance.

4 Conclusion

In this work, we presented a unified and generalizable theoretical framework for analyzing the convergence
of score-based generative diffusion models (SGMs), specifically focusing on bounding the Wasserstein-2
distance between the target and generated distributions. Our analysis hinges on the introduction of the
Gaussian-tail assumption (Assumption , a more general condition that accommodates practical scenarios
such as distributions with bounded support and those arising from early stopping techniques. A core technical
contribution is establishing the exponential decay over time of the Lipschitz constant for the modified score
function (Corollary , derived via a dimension-independent heat kernel estimate. This enabled us to prove
a rigorous Wasserstein-2 distance bound (Theorem that only depends on the second moment of the
base distribution, thereby naturally extending the analysis to the infinite-dimensional setting. Furthermore,
for the standard finite-dimensional case, our analysis demonstrates an optimal iterative complexity rate of
O(+v/d) (Corollary , matching the current state-of-the-art. Overall, our work provides stringent theoretical
guarantees, affirming the convergence and optimal dimension-dependence of the discrete approximation scheme
for SDE-based score models under a more general class of target distributions, judged by the Wasserstein-2
metric.

Moving forward, a compelling direction for future research involves investigating the higher-order regularity
of the score function. While our current analysis provides regularity estimates up to the second deriva-
tive—corresponding to the second-order boundedness of the Gaussian-tail’s remainder term—we believe
that imposing higher-order regularity on this remainder term (which is feasible in practice via bounded
support combined with early stopping) could yield analogous higher-order regularity estimates for the score
function itself. Such advanced regularity understanding is beneficial for guiding neural network training
objectives and enabling the discovery of higher-order numerical SDE schemes, thereby significantly improving
the convergence rate and accuracy of the discrete numerical scheme relative to the true backward diffusion
process.

Broader Impact
The paper provides insights into the regularity and convergence of one of the state-of-the-art generative

models, which the GenAl community may benefit from. There are many potential societal consequences of
our work, none of which we feel must be specifically highlighted here.

13
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Appendix
The appendix consists of three parts. In Section [A] we present all the detailed proofs. In Section [B] we

discuss generalizing our theories to infinite dimensions. In Section [C] we provide the tables mentioned in the
context.

A Proofs of Theorems
Here we present detailed proofs.

A.1 Proof of Theorem [3.1] (heat kernel estimation)
Proof. Consider the solution of given by ,

1
277 Rn \/(W

So q(t,x) = —logp(t, x) satisfies,

p(t,x) = (—|x _2y|B(t)) exp (— h(y))dy, (t,z)€ (0,00) x R™.

Voatta) = — YaPt) _ Je (Vaexp :M))exp( h(y))dy
plt,) Juw exp(—250 ) e (= h(y))dy
e (Vyexp( W))exp (—h(y))dy
Jen ex (_lz%%“))e p(—h(y))dy
_ fRn (Vyﬁ(y)) eXP(%)exp
fun exp(— 2O exp (~ R

(27)

Here, the third line is derived from the integration by parts formula.
Since exp(l'fy"s“)) exp (— h(y)) > 0, taking absolute value we get |V,q(t, z)| < |Vh|u, thus,

|V(j(t7 )loo < |VB|00 = |VC7(07')|00~

For any unit direction z, we denote V. as taking derivative along that direction and V. as taking derivative
twice along that direction, i.e., for a given C? function f,

Vof(z) = (2, Vf(2)), Vif(z)=(z,V*f(2)z),

where V f(x) is the gradient of f and V2f(x) is the Hessian matrix of f at 2. Using the same method as
above, we get,

S (V2 — (V.R)2) (9) exp( 2220 ) ey ( = h(y))dy
S exp( 250 ey (— R(y)) dy
¢ (e 50 e>|<p<”'%“>> exp (—Fw)dy)?
Jn €x0( ﬁ) exp (— h(y))dy

V3q(t,x) =

Taking absolute value again, we get,
V2a(t, )| < [VEhloo + V:I% < [V?hlloo + VRIS, Vo €RT,
thus,

V(¢ )] = sup |[V2q(t, )] < |V*Hloe + VAl Ve R
|2|=
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Since the bound for ||[V2g(t,z)| does not rely on x, we get,

IV2q(t,)llso < [IV?R]loo + [VRIZ, = [IV?G(0,)llso + [V(0, |2,

(29)

O

The above analysis is developed to facilitate the case C' # I;; other standard PDE approaches, like the

classical Bernstein method, can also be applied for the isotropic case, i.e., C = I.

Remark A.1. The representation and can equivalently be obtained by a direct computation to
the Gaussian convolution formula for p;. In this sense, the vHJ transformation is not essential for deriving
Theorem [3.1] However, the heat kernel formulation makes the parabolic structure explicit and turns the
problem into the analysis of a convolution semigroup. The gradient and Hessian estimates in Theorem 3.1
then follow directly from the positivity and averaging properties of the kernel, yielding uniform-in-time

bounds in a transparent way.

A.2 Proof of Corollary [3.2] and Corollary [3.9]
Proof. Recall that q(t,z) = q(t, K(t)~'/Cx) + f(t), so,

Kt)VC-1Vi(t, z)
K(t)?C~'V?3q(t, )

Vq(t, K(t)"'VCx),
V3q(t, K(t) "'V Cx).

Notice that
5(t,z) = CVq(t,x), V3(t,z)=CV?q(t, ).
Hence,
8(¢,) oo =ICV4(t,)]oo = [K(OVEVG(t, oo < e 2 e K@) VTV, oo
V3t )loo =ICV2q(t, oo = [K(#)*V24(t, oo < e~ ez K(1)]*[V?q(t,-)|oo-

Define the constant, -
K = sup|le2 K (t)|| = sup [ AA7 || = max{1, [ACT}.
t>0 >0

By Theorem and the initial value ¢(0,2) = h(v/Cz), we obtain,

5(t, )] <e” K| C)|F VOV,
IV5(t, oo e K2(|CVhlloe + VOV, ).
Let,
Lo :=K*(||CVhl + VCVRL,),
Ly :=K|C|[*|VCVh|,
then we get the results in Corollary [3:2}
Now we turn to proof of Corollary 3:9] Recall that, in Corollary [3.9] we have,

C =1,
A= (1 — 6_5)Id,

At = (1 - e_t)Id.
And the distribution of the forward OU process at time ¢ is given by

5
Ps=N(0,(1- 6_6)Id) * Py s,

18
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—
where Py s 1= Law(e’%Xo), Xo ~ Py and P, 5 satisfies Diam(Supp P s) < e 3R. Then, by Theorem 3.8

the corresponding h(z) = logps(z) + 2(%‘;) satisfies,

R2e™9

_ 4
Vh|so < 1Re ’

Fppe— IV2h] <2

The constants then can be computed directly,
K =supys5 [AA;Y| =1, o
Lo = K*([[Vhlloc + VR, < 355,
_3
Ly = K|Vh|, < £¢2

1—e-%"

Then, by Corollary [3.2] for all ¢ > 4,

_ R2
V2 log pi(x) + A oo <Loe™ 70 =3 ——e",
(1 —e9)2 (31)
— t— R t
(V2 log pi(z) + A7 M| oo <L~ = me‘?
O
A.3 Proof of Theorem [3.4]
We first derive some estimates that will be useful in the proof. Since
_ -1
sup [le!(I — CA7 )| =sup (A - C) (4™ + C(1 = ™)) |
>0 t>0
=max{|[[ - CA™Y|, JAC™" — I},
=L,.
We have the following estimate, -
I — CAY|| < Loe™", Vt>0. (32)
Denote,
S(t,x) :==s(t,x) +x, So(t,x) = sp(t,x) + x.
Recall from Corollary [3.2] that, for all ¢ > 0,
IV5(t, oo < Loe™",  [5(t,)|oo < Lre” %,
then,
IV5(t. )lloo = IVs(t, ) + Illoo < [IV3(t, ) oo + I = CATH| < (Lo + La)e ™. (33)
Similarly, under Assumption [4] we have,
Vi€ {0,1,...,N =1}, [[V530(T — tr, Voo = [|V59(T — tr,-) + I||oo < (Lo + Lg)e T Htx, (34)
Throughout this proof, we set the step size 7 := sup, (tx+1 — tr) < 1, so that
rT __ 1
Vr >0, <e'r (35)
r

Here, we present a lemma related to convergence to equilibrium for the OU process.

19
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Lemma A.2 (Theorem 23.26 (Villani et al.l 2009)). Let V' be A-uniformly convex C? potential. Consider the
Langevin process,

1 —
with two initial measure py and vy.

Wa (g, ve) < Wa(pio, Vo)e_%-

The convergence of OU is a direct consequence, with A = 1. We also need the following martingale property
for the score function.

t < <
Lemma A.3. The quantity e 2 (S(T —t, X))+ Xt) satisfies,
. — — . — -
de” 2 <S(T — t,Xt) + Xt> =e 2 <I + VS(T - t, Xf)) \/EdBt, (36)

— —
Moreover, since (36]) expresses et (s(T —t, X4) —i—Xt) as a stochastic integral with no drift term, the

process is a martingale.
Proof. By Itd’s formula and ,

— — +— +— 1 —
< 1 — < < <

+ (VS(T _t, )?t)) VCdB, + %cv <v (T — t,j)_(t)) dt.

From the Fokker-Planck equation, d;p = % (V - (zp + C'Vp)), we have,

Vo _ Osp )
p

_1a <V(V (zp+CVp)) V- (:vp+CVp)Vp>
2 p p?
:10 <V(dp+x~Vp+V-p(CV10gp)) 3 dp+o:on+V'(pC’Vlogp)vp)
2 p p?
V(x-pViogp+ (Vp) - CVlogp + pV - CV logp)
p
(Vp)-CVlogp+pV - -CVlogp
p

1
:50 (Vlogp+ (z-Vlogp) Viogp + (V?logp) z +

:%C (dV logp +

—dVlogp — (z - Vlogp) Vlogp — Vlogp)

V ((pVlogp) - CVlogp)
p
+(V-CVlogp)Viegp+V (V-CVlogp) — (z - Vlegp) Vlogp

—(Vlogp-CVlogp) Viogp — (V- CVlogp)Vlogp)

1
:§C’ (Vlogp+ (V2 logp) x4+ (Viogp-CVlogp) Viogp + 2 (V2 logp) CVlogp
+V (V-CVlogp) — (Vlegp - CVlogp) Viogp)

:%C (Vlogp+ (V*logp) z + 2 (V?logp) CVlogp + V (V- CVlogp))

:%(s+(Vs)x+2(Vs)s+CV(V'S))~

20



Under review as submission to TMLR

Thus,
— 1 — —
ds(T —t,X) = — ES(T —t, Xy )dt + (VS(T — t,Xt)> VCdB,.

+—

+ —
Combining with It6’s formula applied to e~ 2 (S(T —t, X))+ Xt), we obtain,

. — —
de™ 2 (S(T—t,Xt)+Xt)
—

t t «
=de™ 2 (s(T —t, Xt)> +de 2 X,

t e 1 t = 1 t = t
e 2ds(T —t, X;) — iefis(T —t,X)dt — 5675Xtdt +e 2dX;

_ 1
e 2

Vs(
t <~ ~
~3 (I + Vs(T — t,Xt)> VCdB,.

;1< — ;e
(T —t, X )WCdB, — e~ 2(2Xt—|—s(T—t,Xt))dt+e_§dXt

Proof of Theorem By It6’s formula and ([4)), we have, Vk € {0,1,..., N — 1} and Vt € [ty t541),

o R bl , « : .
de* X, zie%Xtdt-i- e2dX, = e?§(T —t, X,)dt + e3/CdBy,
thus,
t «— £, — tht1 .
€ k2+1Xik+1 :€7kth+/ ez ( —t XQdH—mz
ty

«— —
where Z, ~ N(0,C). Now, we couple two processed X; and Y; with the same Brownian motion, i.e., let
Zr = Zr in the sampling scheme @, then,

tht1 4 & ty brta N e t— e Ry
K = Vi) = Ko = Vo) + [ (Balr -0 X0 - o FaT -0, ¥) ) a

tr

Nl

b, «— tht1 . X — by «—
:eT(th_—Ytk)vL/ e <e §(T—t,Xt)—e2§(T—tk7th)> dt
tr

tht1 by — —
+/ elm <§(T—tk,th) —§9(T—tk,th)> dt
the
—I—/ et_Lk So

t

k
trt1 :

2
k

- —
(T — ti, X4,,) — 80(T — tkﬂytk)) dt,

Recall in Lemma

e

(SIS
>

— t — t s <
(Tft,Xt)fe’7k§(Tftk,th):/ e 3V4(T — 5, X, )VCdBs,

tk

21
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thus,
tk+1 — 2 t, —
Ele (th+1 Ytk+1) =E eT(th - Ytk)

tk+1 te —
T2 ( —tk,th)—Sg(T—tk,Ytk)) dt

tk+1 te —
T2 ( —tk,th —SQ(T—tk,th)> dt

tk+1 . . N 2

*évg(T — 5, X,)VCdB,dt
:::]i _% 12.

By Cauchy’s inequality,

I} <E

Tt tht1 t — -
/ eztdt/ | 62V§(T5,Xt)\@dB52dt‘
tr tr tr

241 _ 2t tht1 t . P N
:%/ E| [ e 3VA(T — s, Xo)v/CdB,|2dt.
tk tr

By Ito’s isometry and ,

o «— -
]E\/ e EVE(T — s, X, )VCdB,|? g/ $(Lo + Lo)%e 2TH25 T (C)ds
tr

123
< (Lo + Ly)*Tr(C)e 2T (elrr1 — glr),
With 7 satisfying (35)), we have,
I <e®(Lo + Lo)*Tr(C)e T30 22 (1) 1y — ty,).
By the mean inequality, for any positive number f;, we have

t

b — tlt1 ot [ — ) —
ez (th _Ytk)+/ e 2 Sg(T—tk,th) —Sg(T—tk,Ytk) dt

tr

Iy <(1+ fr)E

2

L tht1 - «— «—
+ 1+ fHE / et~z (é(Ttk,th)%(Ttk,th)) dt
tr

By and the condition on 7, the first term of satisfies,

ty — tht1 ty — — 2
EGT(th*Ytk)+/ (31577 (gg(Ttk,th)gg(Ttk,Ytk)> dt
tr
e — tlt1 - — — 2
<Ele% (X, — Vi) + / % (Lo + La)e TH Xy, — Yo, )dt

ty

2
tr41 b, —
< (1 + (Lo + Lg)e*T/ etdt> Ele? (Xy, — Yy,)|?

ty

IN

2 =T ther1 _ lk e __67 2
1+ 2(L0—|—L2)+(L0+L2) eT |e (6 e ) E|€2(th Ytk)|7

22
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Denoting

— —
€L = \/]E|8(T — tk, th) — SQ(T — tk,th)F,
the second term of satisfies,

2
t

Lot N «— —
E / ez <§(T—tk7th) — §9(T—tk,th)) dt
tr

— —
=(e"+1 — )2 R|s(T — ty, X4,) — s0(T — ty, X¢,)|?

=(e+1 — efh)2e7the2,

Now, for all fi > 0, we have,

t — —
IV <(1+ fz) (1 + (2(L0 + Lo) + (Lo + Lg)QeT)e_T(et"‘“ - et’“)>E|e§(th — Y )
+ (14 fk_l)(et’“r1 —etF)2eT el
Let,
fe =e T(elrtr —elr)y <e™ —1<e,

then, by the condition on T,
tr —
(U i1 (200 + La) + (Lo + La)er e T (et — o) |EJe® (X, = Vo)
T tp —
<1+ fi+t(1+e) (2(L0 + L) + (Lo + LQ)Qer) e e+ —e*) |Ele™ (X4, — Y, )|?

:(1 (14 (U )(@ALo + L) + (Lo + Lo)Per) )T (1 — >>E(?< ~Vi)P,

(14 f)(eleer — ete)e s
(6 + 1) ( tet1 _ etk)Qe—tk
(e +Dele(tprr — tr),

thus,

t — —
I} < (1 + (1 (1+ €)(2(Lo + L) + (Lo + L2)er) e T (e — etk)>E|ez’“ R
+ (e + el ere(tisn — ty).
e —
For simplicity, denote ¢ = (1+(1+€)(2(L0+L2)+(L0+L2)2€T)> and E(k) = Ele? (X, — Y4, )|?>. Combining
the estimates , for I¥ and IF, we obtain,
E(k+1) < (1 + e~ T (et — etk))E(k) + (e + Vel Re(tyer — t)
63 (LO + LQ)QT\I‘(C)G_QT+3tk T2 (tk+1 — tk)
< exp(ee™T0) (B (k) exp(—ce T )

+ (e + Vel ee(tprr — tr) + (Lo + L2)*Tr(C)e 2 72 (341 — egt’“)),
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where we used exp(ce”TH+1) > 1. Equivalently, we have

)
E(k + 1) exp(—ce” TH41) — B(k) exp(—ce ™)
<(e+ Ve Gelthir — t) + €* (Lo + La)*Tr(Ce 272 (2041 — 7).

Summing up over k and using the condition in Assumption [3} we obtain,

T = & — —
Ele (X7 —Y7)[* exp(—c) — E[(Xo — Yo)|* exp(—ce™7)
N-1
<(e+1)eT ST Bty — t) + (Lo + Lz)*Tr(Ce 72T — 1)
k=0
<(e+ 1)1 AT + €3 (Lo + La)*Tr(C)e 2T 72(e¥ — 1),

— —
Denoting K1 := exp (4 + (1 +€)(2(Lo + L2) + (Lo + L2)?eT)), we have the following bound for E| X7 —Y 7|?,

Yo Vo2 ToiY. Vo2 .2 2 2
E|XT—YT| SKI (6_ ElXo—Y0| +e€ T+<L0—|—L2) TI'(C)T)

— — — —
Now we pick a -optimal coupling of Xg ~ Pr and Y ~ Qg = 7¢ in the Wasserstein distance, i.e.
— S 9 Py
IE|‘XP0 - YO‘ < WQ(PT7QO) + é-a
and obtain,
25 N b Vo2 T2 B A 2 2 2
W5 (Po,Qr) <E[Xr —Yr|" < Ki(e™” W3 (Pr,Qy) +&) + €T + (Lo + L2) Tr(C)77).
Since £ is arbitrary, the bound will be,
25 N T2 (D A 2 2 2
W5 (Po,Qr) < Ki(em" Wy (Pr,Qq) + €T + (Lo + L2)"Tr(C)77).
Noticing that,

.
Wi(Pone) SEp o=yl = Ep ol + Eyclyl® = M+ Tx(C),

0@
and by Lemma [A2]
2D 2D —Ty2( D
W5(Pr,Qr) = W5 (Pr,ve) < e W5 (Po,ve)-
We get,
=
W3(Po,Qr) < Ky (72" (M + Tr(C)) + 2T + (Lo + L2)*Tr(C)7?) . (41)

Remark A.4. For the early stop technique, following the same approach, we can get,
-
WE2(Ps, Qp_s) < Ki (72T (Mo + Tr(C)) + 2T + (Lo + L2)*Tr(C)7?) . (42)

A.4 Result under the Assumption [4]]

Here we discuss the relaxation of Assumption [4] and the resulting convergence and complexity bound. The
preliminary estimate and in Appendix still hold. Now we denote,

b = ||V8(T — t, )| and b= mkax{bk}

Then the estimate (34) should be replaced by,

Vk € {0,1,., N =1}, [[V36(T — tr,)loo < br. (43)
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Following the same approach in Appendix we still have, for all k € {0,1,..N — 1}

2
=1IF+ 14

i1

“—
Ele™ (th+1 _Ytk+1)

I} still satisfies and I¥ now satisfies, for all fi > 0,

k —tg th+1 _ Ltk -T tk+1 _ Ltk e pas 7<_ 2
IV <(14(2+b)(1+ e)bre ™ (e ey +e " (e e*)Ele® (X, — Yy,

+ (6 + 1)€T626(tk+1 — tk).

Denote,
k—1
B():O and Bk:ZBz(terl_tz)a k:1,2,...,N—1.
=0
Then,

k tp —
1 <(1 T (e — ) 4 @4 B)(L+ e)e(Bra — B) JElet (X, — V4P
+ (e + el ere(tisn — ty).
And the recursion for E(k) becomes,

E(k+1)exp ( — e THters (2 4 b)e(1 + e)Bk_,_l) — E(k)exp ( —e THe _ (24 be(1 + e)Bk)
<(e+1)eléGe(trrr —tr) + e*(Lo + Lo)?Tr(C)e 2T 72 (31 — 30k,

— «—
Summing up over k, the bound for E| X7 — Y 7|2 is of the same form as the one in Appendix , with the
different constant coefficient,

— — — —
E| Xy —-Yr]? <K <6TE|X0 —Yo|? 4+ T + (Lo + L2)2Tr(0)72> ,

where K/ := eT(2+0)e(1+e)B " The remaining proof follows the same approach as in Appendix and
ultimately yields,

W2(Po, Qr) < K, (¢~ (My + Te(C)) + T + (Lo + Lz)*Tr(C)7?)

A.5 Proof of Theorem 3.8

Proof. Recall that,

_ |z —yl? _ |z —y?
o) = [ e = [ e

9(x) = log gy (v) + 5 5-

Fixing «, direct computation shows,

L fB(o,R)(Zf,;zm)eXp(—‘12_0@2)@0(@) LT
o2 Jo0.r) exP(—545) Qo (dy) o
. fB(O,R)(%) exp(— ‘“'2;%'2 )Qo(dy)

 Jno.n () Qo(dy)

Vyg(z) =Vlogq, () +
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Taking absolute value, we get,

X
|Vg(z)| = |V log g, () + .

L
IN
¥

For any unit direction z,

j/?

T
Vz : vz(IOgQJ + ﬁ)

ot JB(0.7) P( 2=5)Qo(dy)
1 (me,R)(y-z)(—w )exp( 298 Qo(dy)
o Js0.5) ¥P(=547)Qo(dy)
B fB(o,R)(y'Z)eXP(—‘Zyz' )Qo(dy) [50.5) (— 5 - 2) exp(— 154 )Qo(dy))
(J5(0.r) €xP(— 4 )Qo(dy))?
fB(QR)(y-z)Qexp(—|12;%‘2)Q0(dy) fB(OR) y - z) exp(— lz—y[” yl )Qo(dy))Q)
R = ) (Jio.m D (~ )

1 - fB(o,R)(y'Z)exp(—lxi,yzz)Qo(dy)>

Taking absolute value again, we obtain,

2 2R2
V. Veg(e)] = IV - Vellogg, + o)) < 21
(o2
Thus,
2R?
2
< —.
IVoglleo < =

A.6 Proof of Theorem [3.10

Proof. The proof follows the same procedure as in Appendix [AZ3} it suffices to substitute the corresponding
values of the constants. By Corollary [3.9]

C= Ida

2
Ly = 3@7
Ly = 172—5'

Noticing that under bounded-support assumption,
o2 2
My, =E|X|* < R?,
and the step size 7 is sufficiently small to satisfy
(LO + L2)6T S 1.

By Remark [A74] we get,

Wa(Ps,Qr_s) <exp (4+3(1+e)(Lo + La)) (e 7T+ (R* + d) + €T + (Lo + L»)*dr?)
<exp (4+3(1+e)K>) (e (R? +d) + T + Kjdr?),
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A.7 Proof of Theorem [3.13

Proof. We first validate that the posterior follows Gaussian tail Assumptionwith A=C, h(z) = —%,
and,

VOVh(2)| =[VOVG(2)S 7 (G(x) = y)| < |C112 (1Gloe + DIVl oos
ICV2h(2)|| =|CV?G(2) 27 (G(2) — y) + CVG(2)D7'VG(2)" |
<IN (192G (1Gloe + l9) + IVGIL )
Then, it suffices to substitute the corresponding values of the constants in Appendix [A23]
K =max{1, [AC™'[} = 1,
Lo =K*(|CV?hllo + [VCVR[,)

<= ((uv?cooucwoo + Iy + IVGIIZ ) + IZI VG (161 + y)Q),
Ly =max{||[I — CA7Y|, |AC™ — I||} = 0.
Now following the proof in Appendix we have,
W3(Po(9), Qr()) < Ks (e‘” (My +Te(C)) + €T + k§Tr(C)72),

where
Ky = €4+3(1+e)k37

2
ks = ICII=) ((nsznoouGoo +Iy) + IVGIZ) + 1217 IVEIE (1G] +3) )

B Theories towards the generative diffusion model in infinite dimension

B.1 Maotivating example towards the infinite dimensional result

We consider the following target distribution,

d
T (L T VTR 1 o VO
ro() =711 (5o + g exp(— 5 0),

where C is an d x d matrix diagonal matrix with {C;}; as diagonal entries. Denote the case d =1 and Cy =1
as,

! (z — 1) (z 4 1)
ph(e) = 5= (=) bep(— ),

and if one considers to apply the forward process , one can get the distribution at time ¢,

1oy L (x—e7%)? (x +e7%)?
phe) = 5= ( (=) +ew(- ).
Simple calculation shows,
Wa (po, N(0,C)) < /2Tx(C), KL(po||N(0,C)) = d- KL(pj||N(0,1)). (44)

And if one considers applying the forward process , one can also show that,

Wa(pi, N(0,C)) < e”2/2Tx(C), KL(p|IN(0,C)) = d- KL(p;||N(0,1)). (45)

From and , we observe that when increasing the dimension of C' while keeping Tr(C) fized, the
Wasserstein-2 bounds only scale with the trace of C' while the KL bounds scale with d.
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B.2 Defining diffusion model in infinite dimension

Now we consider a separable Hilbert space H with inner product (-,-)y, we denote by L£(H) the space of
bounded linear operators on H. The forward process in H has the same form as ,

— 1=
dX, =~ Xt + VCdB,, 0<t<T, (46)

— —
where C becomes a degenerate positive trace-class. We still denote the marginal distributions of X; by Py,
which converges to the statlonary dlbtrlbutlon N(0,C) as t — oo (Da Prato & Zabczyk| (2014), Theorem

11.11). After time reversal Xt XT t Xt satisfies the backward SDE (Pidstrigach et al.| (2024), Theorem
1),

— 1« — ~
dX; = (EXt +8(T —t,X¢))dt +VCdB,, (47)
where score function s(t, x) is defined as:
1 — L= =
s(t, x) :=—l_e_tE[Xt—efiXo\Xt:x}, (48)

which is almost surely continuous in ¢ with respect to the norm |||z and equal to C'V log p;(x) when H = R<.
We consider sy(t,x) to approximate the score operator in H and the scheme @ for the sampling process.
We now introduce the infinite-dimensional Gaussian tail assumption.

N
Assumption 6. The initial data distribution Py has finite second moment My and has a Gaussian tail, i.e.,

dPo(x) o exp (h(x))dN (0, A)(x), (49)

where A is a degenerate positive trace-class operator that is simultaneously diagonalizable with C', A and C
correspond to the same Cameron—Martin space, and both AC~™ and A=1C are bounded linear maps. The
function h is two times differentiable and satisfies,

|IVCVh| f.00 = sup |VVCh(z)| g < oo,

CV?h = CV2h (50)
[ |l c(a),00 := sup || (@) 2y < 0.

To extend our Corollary and Theorem to the infinite-dimensional case, we first follow the approach
in Appendix E of (Pidstrigach et al. 2024) that projects H onto a finite-dimensional subspace H”, and
approximates the infinite-dimensional case via the results established on HP.

Suppose C (A, correspondingly) has an orthonormal basis e; of eigenvectors and corresponding non-negative
eigenvalues ¢; > 0 (a; > 0, correspondingly), we define the linear span of the first D eigenvectors as

HP =span{ey,es,...,ep}.
Let PP : H — HP be the orthogonal projection onto H”. We define the finite-dimensional approxmlatlons of

Ldata DY Mdam =pb #(Itdata) and discretize the forward process by XD PDXt, then (XtD)tZO will satisfy,
— 1 —
dXP = —§Xtht +VPPCPPdB,. (51)

— —
We denote the marginal distribution of X by PP, and its density by pP. The corresponding backward
process will be,

- 1« «— -
dxP = (§XtD+sD(T—t,XtD))dt+\/WdBt, (52)

— —
where sP(t,z) = PPE[s(t, X;)|PP X, = 2] = CPVlogpP ().

Then we show the projected distribution still follows the Gaussian tail assumption in finite dimensions,
summarized as follows.
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—
Lemma B.1. The projected initial distribution PP satisfies the finite-dimensional Gaussian tail Assumption@,

—

dPP (zP) oc exp (RP (zP))dN (0, AP)(zP),

where

[VCPVRP o < VOV H 00,

(53)
ICPV2RP oo < IOV RIIZ (11 00 + VOV -

Proof. We define PP+1:>0: [f — HD+1:%° he the projection onto span{epy1,epta,- -}, covariance operator
AD+Loo . — pDlicc gpDHlicc and gpP+lice .= pP+lioog The term exp(h” (z”)) is given by,

eXp(hD(CCD)) — /eXp (h(mD,CL’D—H:OO))dN((LAD+1:OO)<.'L‘D+1:OO)
= Epr(o,4)[exp (A(X))|XP = 27).
Then, the gradient is given by,

vhD( Dy IVIDh(l'D’xDJrl:OO) exp (h(fD,xD+1:°°))dN(O,AD+1:°°)(xD+1:°°)
z”) = fexp (h(xD,$D+1:OO))dN(O,AD+1:OO)(QJ‘D+1:OO)
= ]Epo[v$Dh(X)‘XD = xD]’

where dPy(z) o exp (h(z))dN (0, A)(z), and the Hessian is given by,

_f Vf:Dh(xD,xD“m) exp (h(xD,xDJrl:OO))dN(O,AD+1:°°)(xD+1:°°)
= fexp (h(xD7xD+1:oo))dN(o7AD+1:oo)(xD+1:oo)
f Vo h(xD7 xD+1:oo) exp (h(xD7 .TD+1:OO))dN(O, AD+1:M)(xD+1:m) ®2
— ( fexp (h(xD’xD+1:oo))dN(O7AD+1:oo)(xD+1;oo) )
:Eﬁo [Viph(X)lXD = J;D] — (Epo [Vchh(X)‘XD _ Z‘D])®2.

V2hP (2P)

Taking the absolute value, we get,

IVCPVRP (2P)] < |[VCOPV o h|se < VOV 1 00,
ICPV2RP (2P)|| < |CPVinhllco + [VCPV o b2, < ICV2RIZ (1) 00 + IVEV AT o

Thus,
VCPVRP o < |VOVR| 1,00,
ICPV2hP oo < NICV2RIZ 11 00 + IVCVRIG -
O
Define, -
A= Aet +C(1—e™Y),
AP = APt L CP(1 - e,
and D D D/ 1D\—1
§Y(t,x) :=s"(t,x) + C7 (A7) "=,
(t.2) = 8P (t,2) + CP(AP) -

5(t,x) := s(t,x) + CA; .

—
Since the projected initial distribution PP satisfies the finite-dimensional Gaussian tail assumption (Assump-

tion [2), Corollary [3.2] implies that there exist constants L, LY > 0 such that,

IVEP (t, )| cempyoo < L8, 152 (t, ) gp 00 < LPe™2, Wt > 0.
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Here the constant LY and L? is given by,

KP =max{1, | AP(CP)7||} < max{l, |[AC!|} := K,
LY = (KP)2(|CPV2hP| o + [VCPVRP(Z ) < K2(|CV2h] ()00 + 20VOVAIE o)
LY = KP||CP|[\2|V/CPVRP |, < K||C|3[VCVR ,00-

By (Pidstrigach et al.,|2024) lemma 16 (listed as Proposition [B.4)), we have

- — — _ =
§P(t, XP) = 5(t, Xy) = s(t, X;) + CA; Xy, both a.s. and Ly, as D — oc. (55)

Thus, we obtain the following regularity estimation for the modified score,

Theorem B.2. Under the infinite dimensional Gaussian tail Assumption[6, the modified score § defined

by and satisfies,
IV3(t, ) ci),o0 < Loe™",  5(t,2) || g0 < Lie™2, Vt>0. (56)

where
K = max{1, |[AC1]|},
Lo = K2(|CV2hl| £y o0 + 2IVOVAIZ ),
Ly = K[ CIF VOV ]

(56) pertains to Corollary formulated in the infinite-dimensional case. To derive an error bound, we also
need Assumption [3] and ] under an infinite-dimensional setting, listed as follows.

Assumption 7. For each time discretization point ty, 0 < k < N — 1, the approximated score 59 satisfies,

||V§9(T — tk, )||£(H),OO < -Z/Oe_T+tk7

= s s 2 2
D (s = tR)ES(T =t Xo—1,) — s9(T — t, X)) [|7 < €.
k=0

L
T

To measure the distance between the samples and the target distribution, we introduce the Wasserstein-2-
distance on the Hilbert space H,

1/2
Waluor) = (inf [l = ylfparten))

where 7 runs over all measures on H x H with marginals p and v.

We now present the convergence bound aligned with Theorem in the infinite-dimensional setting. In
particular, the main additional ingredients consist of extension of Lemma and the approximation of I? to
infinite dimensions, while the remaining arguments follow the same lines as in the finite-dimensional case.

Theorem B.3. Suppose Assumptions[6] and[7 hold under the infinite infinite-dimensional setting. Then,
sampling via scheme @ with step size T satisfying

. 1
7 <min{l, ————},
e(Lo + Lo)

we obtain the following convergence bound,
2D N - 2T 2 7 2 2
WE(Po, Qr) < Ky (7" (M + Tx(C)) + T + (Lo + Lo) T (€)7), (57)

where Kl _ e4+(6+1)(2(£0+L2)+(£U+L2)287).
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Proof. First, we list the preliminary estimates as in Appendix [A.3] Denote
S(t,x) :=s(t,x) +x, So(t,x):=sg(t,z)+x
and

Ly := max{||[ — CA7Y||,||[AC~! — I||} = supe!||[T — CA; Y.
t

By Theorem and Assumption [7|, we have,

vt > Oa ||V§(tv ')HL(H),oo < (EO + LQ)eit,
Vk € {0,1,..,N =1}, ||[V30(T — ti, )l c(a),00 < (Lo + La)e T,
The proof proceeds in the same manner as in Appendix However, Lemma is not available here,

since in the infinite-dimensional setting there is no probability density in the sense of Lebesgue measure.
Therefore, we make appropriate adjustments at the points where Lemma would otherwise be used. By

-
Theorem ﬂ, 3(T —t, X¢) satisfies,

. - L

E|3(T —t, X )|l =ElI5(T —t, X)) + (I — CAZL ) X4|?
<OE||S(T — 1, X )|} + 2EI|(I - CAzL, )X,
<2f2e(T=1) 4 21 2c2T-0F | X, ||?
SQIN/%e_(T_t) + 2L%e_2(T_t) max{Ms, Tr(C)}

<00.

— — -
Thus, by Proposition sP(T —t, XP) = sP(T —t, XP) converge to §(T —t, X;) in L?. By Lemma
—

VD € N+,e*%§D(T —t,XP) is a continuous time martingale. Thus, by Doob’s L?—inequality, for any
D,NeNTt
— —

— —
E[ sup |e=#57(T — 1, XP) — e~ $5Y(T — t, X)) < 4e~TEI5P(0, XB) — 5~ (0, X3
0<t<T

Since the right side is Cauchy, the left side is also Cauchy, i.e., continuous time martingales {efésD (T —

e
t,XP)}p form a Cauchy sequence under the norm,

sl =E[ sup_|s¢]*].
t€[0,T)

The continuous martingales are closed with respect to this norm (Karatzas & Shreve| (2014), Section 1.3), so

P
e_%s(T —t,X;) is also a continuous time martingale.

— —
Now we follow the approach in Appendix Coupling X; and Y, with the same Brownian motion, and
—
using the fact that e~ 2s(T — ¢, X;) is a martingale, we obtain,

2
bt £ oo, 7k
=17+ 1,

—
E eT(th+1 - Ytk+1)

where

ty — Tt ot [ «— . —
GT(th _Ytk) +/ ez (SQ(T—tk,th) —SQ(T—tk7Ytk)> dt

ti

IF =Rk

2

)

tret1 i «— —
+/ % <§(T e, X0,) — 50(T — tk,th)) dt
ty
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and

2
Iy =E

tht1 . «— th —
/ e <e_2§(T—t,Xt) —e_2§(T—tk,th)> dt
tr

—
For {e~%sP(T —t, XP)}p, using the estimate in finite-dimensional case for I} in Appendix we have,

2
E

tht1 . " Y v
/ ¢! (e—ggD(T—uXtD)—e”§(T‘t’“’X£)> .
ti

S@S(f/o + L2)2TI'(C)€72T+3tkT(tk+1 — tk)

— «—
Since as D — oo, the L? convergence of e_%§D(T —t, XP) to e_%§(T —t, X¢) is uniform in time, we obtain,

j;% < 63(INJO + Lo)*Te(C)e 2T %ty — t,).

At this stage, we have modified the parts of the proof in Appendix [A-3] that rely on Lemma [A-3 and obtained
analogous results. The remaining steps follow directly from Appendix where the corresponding formulas
naturally extend to the infinite-dimensional setting. O

Here, we list the lemma used to extend our analysis to infinite dimensions.

Proposition B.4. (Pidstrigach et al| (2024), Lemma 16) Let H be a separable Hilbert space and
Z,7 be two random variables taking values in H. Let e; be an orthonormal basis of H. Denote by
HP = span{ei,es,...,ep} and by PP the projection onto H”. Furthermore, let ZP = PPE[Z|PPZ)].
IfE|E[Z|Z]||3 < oo, then ZP — E[Z|Z] in L? and almost surely.
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C Tables

Table 2: Summary of previous and our results for score-based diffusion models with bounded support (Br(0))
target in d dimensions.

Metric Complexity Result
- — 2 442 2
Wi(Po, Qr_s) log N = O (A4t (os B ) (De Bortoli, [2022) Thm. 1 + Cor. 2

- 0
Wa(Po,Qr_s)

B R2(dvR2)? (Beyler & Bach} |2025) Prop.12
log N = O (fUyt)7)
‘0

—
W2 (Po, Qr_s) R2(av R2)2 This work: Cor.@
log N = O (fUyft))
‘0
g = d3 RS (Rv V)4 Chen et al |2023b) Cor.5, this work
Wz(P(JvHRQTfé)(Jr) N = 0(6(1)72) Cor. I_D

+ Il is the projection onto Br(0), i.e., discarding mass outside Br(0).

Table 3: Explicit expressions for the constants in the derivations

Constant Expression
K max{1, [ACT'|,|A7'C|]}
Lo K2(|CV?h|loo + |VCVAIZ)
Lo K2 (ICV2hll a1y 00 + 2IVEVRIE )

1
Ly K|Cl2|VCVh|s
~ 1
Ly K|CI2 IVCVA| H,00
Lo max{||[I — CA7Y||,|AC~! — I||}

—
Mo max{E|X|?, TrC, 1}
—
Mo E|Xo|?
e e4+(e+1)(2<L0+L2)+<L0+L2>2w)
Ki 4t (2+)e(1+e)B
i e4+(e+1)(2(L0+L2)+<L0+L2)2e7—)
3R2 1
K> (1—e—9)2 R
1 5 2 1 2 2

ks IEmE= { (192Gl (Gl + lyl) + IVGIZ) + IZI7HIVEI% (1G]l + v) )
K edt3(et kg

D Results under KL/TV bound

Our Gaussian tail Assumption [2| and the resulting regularity estimate Corollary for the score function
verifies Assumption 1 in [Chen et al| (2023b), and their Assumption 2 and 3 are also satisfied by our
Assumption [I| and [3| Thus, we can applies the Girsanov framework in [Chen et al| (2023b) to obtain the
KL/TV convergence bound under the Gaussian tail Assumption

We follow the analysis in ﬂChen et al.L |2023bl), while modified their estimate of Z,[j:_ol ::“ E[|so(T —

— —
te, Xy,,) — s(T — t7Xt)|2]d with a decomposition aligned with the intermediate bounds we obtained in
showing Theorem detailed as follows.

(k+1)h
T kh
proof of Theorem 10. For simplicity, the notations in our derivation remain the same as those in Appendix@

3Under their notation, it appears as ZkN:ol E— Is7—kh (Xin) — VIngr_(X¢)||2dt in equation (16), within the
- Q
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For simplicity, we assume C' = I here aligned with the settings in (Chen et al., [2023al). Now we consider,

— — 9
E[|so(T — t, X1,) — s(T — t, X4)|
< — 9 — < 9
SE[|se(T — t, Xv,) — (T — ti, X, )["] + E[[s(T — ti, X)) — s(T — ¢, X4)|]
2 < < 2 R < . — 5
Sex + E[Xey, — Xo|T] + E[I3(T — th, Xu,) — 8(T — ¢, X4)|]
t—t —
<E 4 (MyVd)(t—ty) + (e 2 — 1)2E[|S(T — t, X,)|?]
t — t
4 MEfle FH(T — ty, Xa) — 6 55(T — t, X,)2].
By Corollary 3.2

A 2 T-1\ % 12 - &2
E[I3(T —t, Xo)I7] SE[|( = CA; )Xo [] + E[|3(T — ¢, X¢)|]
SLiIe 2 4 L2t

With Lemma and in Appendix we have

t — ¢ t s — ~
Elle™#3(T — ty, Xo,) — ¢ 58(T — t, X)|?] =E| [ e~ $VE(T — s, X;)VTdB,|?

tr

<(Lo + Lo)?Tr(C)e 2T (efk+t — efv),
Subbing back, we arrive at,

— —
El|so(T — tg, X¢,) — s(T — ¢, Xt)|2 < e% + (Ma Vv d)T + (Lg(f% + L%e*t)T2 + (Lo + L2)2d672T+2t7',

and,

— [ b T2 2 2 24,2 2
Z/ EfJso(T — ty, Xo,) — 8(T — t, Xo)|2dt < T + (Mo v )T + (L3 + L2)r> + (Lo + La)2dr. (58)
k=0

With estimate replacing the first estimate in the proof of Theorem 9 of |Chen et al|(2023b), we obtain
the following TV bound for Gaussian tail target,

TV(Po, Qr) < VKL(Pollva)e " + (¢ + /(Mo V A)IIWT + (L + L1)7 + (Lo + Lo)Vdr. (59)

Under the smooth case where Lg, L1, and Lo are assumed to be moderate, the sampling complexity scales
linearly with respect to d, which is suboptimal comparing to our main result Corollary For the bounded-
supported case (Assumption , we summarized the complexity bound as the following corollary, which is
equivalent to one obtained in Corollary 6 of [Chen et al.| (2023b)).

Corollary D.1. Under the bounded s Assumption[5, we have the following sampling complezity upper bound
to obtain ey-accuracy of WQ(PO, HRQT 5)s
d*R8(d VvV R?)?
N=0(———"") (60)

€0

Proof. As shown in the proof of Theorem (Appendix [A.6)), the constants at early stopping time ¢ should
take assymptotics as,

R? R 1

My, = O(R?), Lo= O(ﬁ),

Following the proof of Corollary 6 in |Chen et al|(2023b), we have,
— — / — = - =
WZ(HRQT—67 PO) 5 R TV(QT—(Sv P5) + WQ(P57 PO)
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- = 2
To obtain eg-accuracy of Wh(Ps, Py), the stopping time § should be (’)(m). We now take

= — 2 — —
TV(Qr_s, Ps) = O(55) to obtain eg-accuracy level for Wy (IIgQr_5, Po), and we also assume T to be
moderate. By the TV bound , it requires,

64 612
-0 0 _ 0
T = O, + ) ~ YRy )
and the sampling complexity,
1 d3R¥(d v R?)?
N =0 = o,
T 60
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