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Abstract

We present an estimate of the Wasserstein distance between the data distribution and the
generation of score-based generative models. The sampling complexity with respect to
dimension is O(v/d), with a logarithmic constant. In the analysis, we assume a Gaussian-type
tail behavior of the data distribution and an e-accurate approximation of the score. Such
a Gaussian tail assumption is general, as it accommodates practical target distributions
derived from early stopping techniques with bounded support.

The crux of the analysis lies in the global Lipschitz bound of the score, which is shown
from the Gaussian tail assumption by a dimension-independent estimate of the heat kernel.
Consequently, our complexity bound scales linearly (up to a logarithmic constant) with the
square root of the trace of the covariance operator, which relates to the invariant distribution
of the forward process.

1 Introduction

Diffusion models (DM) are among the state-of-the-art tools in the new GenAl era. As generative models,
diffusion models first link the target distribution to a distribution that is easy to sample via a diffusive
process (forward). The generative (backward) process then reverses the diffusion, enabling samples from
the easily sampled distribution to be transformed into samples from the target distribution. A well-known
mathematical model that encapsulates this approach is the score-based stochastic differential equation (SDE)
model (Song et al.l |2020)), where the forward and backward processes are represented by two SDEs that
share the same marginal distribution (Anderson, [1982; [Haussmann & Pardoux, |1986). In most cases, the
forward process is assumed to be an Ornstein-Uhlenbeck (OU) process. The backward process incorporates
the gradient of the logarithmic density (score) of the forward process. When the explicit form of the score is
unknown, it is estimated by a neural network from discrete samples of the target distribution.

A major direction for the theoretical study of DMs is the convergence of the approximated backward process
with limited data assumptions. Progress in this direction has been made, for example, in works such
as (De Bortoli, 2023} |Chen et al., 2023; Benton et al., 2023; |Conforti et al., [2024} |Gao & Zhul, [2024; |[Li & Yan,
2025; Silveri & Ocellol 2025). Essentially, there are two camps regarding the availability of the Lipschitz
bound on the score function. When the Lipschitz bound of the score is available (regular target), the backward
process is generally well-defined until ¢ = 0, and convergence results are related to the Lipschitz bound, see
e.g., (Chen et all 2023} |Conforti et al.l [2024). Otherwise, when the bound is unavailable (singular target), the
early stopping technique is introduced, and convergence results are related to the stopping time (De Bortoli,
2023} [Lyu et al.l [2022). Various analytical approaches have been adapted for these two types of assumptions.

In this work, we aim to present a general error analysis that applies to both regular and singular target
distributions and also generalizes to an infinite-dimensional setting. The analysis is based on a dimensionless
and global-in-space Lipschitz bound of the score, derived from a heat kernel estimation approach. Our
complexity bounds, derived under the Wasserstein-2-metric, are linear (with a logarithmic constant) in the
square oot of variance of the Brownian motion in the forward process (Theorem. In the finite-dimensional
case with the standard Gaussian as the base distribution (the invariant measure of the forward process), the
variance is linear in the dimension and hence the complexity is O(v/d). For the infinite-dimensional case,
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Table 1: Summary of previous bounds and our results for score-based diffusion models in d dimensions. The
complexity bound gives the number of steps N needed to ensure error < €.

=
Target Po Metric Complexity Result
= 2 4.2 2
Supp Br(0) Wi(Po,Qp_s) logN = O(MQM) (De Bortoli, [2023) Thm. 1 + Cor. 2
0
-
Supp Br(0) W2 (Po, Qr_s) log N = (9( ij2 ) This work: Cor.
— <~ o 2 (i
E|Xo? < oo KL(Ps|lQr_s) N =0(2E%) (Benton et all [2023) Cor. 1
— —
E|Xo|? < oo TV(Pol|Qy) N=0(%) (Ci & Yan] [2025) Thm. 1
— —
Vlogpo L-lip KL(Po||Qr) N=o0(L (Chen et al} [2023) Thm. 5
— —
F(PolN(0,14)) $d ) KL(Pol|Qr) N=0(%10g L) (Conforti et al} [2024) Thm. 1
0
—
Py log-concave Wa(Po, Qr) N=0(%10gL) (Gao et al}, [2023) Tab. 2
0
-
P, one-side Lipschitz + Wa(Po, Q) N = o(%) (Silveri & Ocello) [2025) Thm 3.5
weakly log-concave 0
—
G tail, Ass. W2 (Po, Qr) N = (9((—\/0g log %) This work: Cor.

=
* F denotes relative Fisher information. Our Gaussian tail assumption (Assumption implies F(Po|N(0,14)) < d, and they are
equivalent under the standard Gaussian case.

a Gaussian random field is taken as the base distribution, and the variance is linear with the trace of the
covariance operator. It is worth noting that the results of this work adopt the Wasserstein-2 distance as the
metric of error (instead of Kullback—Leibler (KL) divergence) due to its flexibility. More precisely, the reasons
are two-fold: (1) In practical applications of diffusion models for the generation of structured data (image,
text, video, protein, etc.), the target distributions mostly find their support in a compact sub-manifold,
see further discussion of the manifold hypothesis in (Tenenbaum et al., [2000; Bengio et al. 2013} [2017)).
Consequently, under this hypothesis, the standard KL divergence cannot be consistently defined between the
distribution obtained via the backward process, whose support is the entire space, and the target distribution
with compact support. (2) In high (towards infinite) dimension settings, it becomes necessary to compactify
the forward process. One way to achieve this is by choosing the covariance matrix (operator) C' in the forward
process to have finite trace, so that the invariant distribution of the process has a finite second moment.
The Wasserstein distance then scales with Tr(C'), making it consistent with this compactification in the
context of infinite-dimensional generative models. By contrast, the KL divergence scales with the ambient
dimension and therefore cannot be directly extended to yield a dimensionless result. A motivating example is

provided in Appendix

Related work

Complexity bounds (De Bortoli, 2022) established the first convergence guarantees in the 1-Wasserstein
distance, assuming that the data distribution satisfies the so-called manifold hypothesis. Some recent works
(Pierret & Galerne, 2024; \Gao & Zhu, 2024} |Gao et al., 2023; |Silveri & Ocellol [2025; [Li & Yan, 2025; Bruno|
|& Sabanis, [2025; Beyler & Bach, 2025) established convergence guarantees under Gaussian, log-concave,
weakly log-concave, or other minimal assumptions. We are also aware of several complexity bounds under KL
divergence, for instance (Chen et al., 2023} [Benton et al., 2023} |Conforti et al.| [2024). A common point of
these approaches is the use of the chain rule for KL divergence, which follows from the Girsanov theorem, to
separate the global error into local truncation errors. To bound local ones, the probabilistic viewpoint, which
estimates the score function under the distribution of the forward process, comes into play. In this work, we
instead provide a point-wise estimate of the score. Such an estimate also facilitates the analysis of the score
under the approximated backward process, thereby providing a Wasserstein bound. In Table [1| we present
the comparison of the complexity bounds.

Diffusion models in infinite dimension While diffusion models are usually defined in finite-dimensional spaces,
many applications involve infinite-dimensional signals. In such cases, the observed data often consists of
discrete samples from an underlying function. For instance, Bayesian inverse problems (Stuart, @D Up
to now, there are many studies applying diffusion models to functional spaces (Lim et al., 2023} Kerrigan|
let al., [2023; [Pidstrigach et all [2023b} [Franzese et al., 2024). While many theoretical studies (De Bortoli,
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2023; |Chen et al., 2023; [Benton et al. 2023) suggest that performance guarantees deteriorate with increasing
dimension. (Pidstrigach et al.l |2023b)) established a bound on the Wasserstein-2 Distance from the samples
to the target distribution, which is dimension-independent but grows exponentially with the running time 7T'.
In this work, we further provide a Wasserstein-2-bound that is both dimension-independent and running time
uniform under the Gaussian tail assumption.

Lipschitz bounds of the score The score functions in the SGMs are related to the gradient of log-density
(logp) of the forward process. It is well known that the function logp itself follows a viscous Hamilton-Jacobi
(vHJ) equation, as seen in in the later discussion. Then the Lipschitz bounds of the scores are equivalent
to Hessian bounds for a vHJ equation. There are various regularity results in the literature for the original
Fokker-Planck equation or the transformed vHJ, see (Fujita et al. |2006; [Stromberg;, [2010) and recent results
in (Blessing & Kupper} 2022} Mooney et al.| 2024]). We would point out that, except (Mooney et al., |2024)),
most results are seeking a spatially global Hessian bound which only lasts for a finite time without the
Gaussian tail assumption (Assumption [2)) in this work. (Mooney et all 2024) also provides a local-in-space
and global-in-time bound, while only polynomial in dimension (d?) complexity can be derived from it due to
the spatial locality.

We are also aware of the literature on the topic of contraction properties or Lipschitz estimates of transport
maps between measuresﬂ The Caffarelli’s contraction theorem (Caffarelli, 2000) in the optimal transport
(OT) setup is the starting point, and see (Colombo et al., [2015) for generalization to Lipschitz estimate.
Besides OT, the contractive map can also be attained by (reverse) heat flow (Kim & Milman) [2012). Recent
generalizations to the Lipschitz estimates of the maps, including (Mikulincer & Shenfeld} (2023} [Neeman) [2022;
Fathi et al., 2024 [Brigati & Pedrotti, 2024), obtain results for the boundedness of flow in a similar fashion
to this work under diverse assumptions. In comparison, this work focuses more on deriving theories with
applications to score-based diffusion models. In this regard, our assumptions cover the spatially anisotropic
noise (no necessity for equivalence among A, C, and I in Assumption [2)) and we discuss the convergence and
complexity bounds in the discrete approximation of the generative flows.

The main contributions of this paper are:

o We introduce a Gaussian tail assumption (Assumption [2)) and apply a heat kernel estimate (The-
orem inspired by the solution of the viscous Hamilton—Jacobi (vHJ) equation to obtain a
spatially global Lipschitz constant for the modified score function that decays exponentially over
time (Corollary . This assumption accommodates non-log-concave target distributions and covers
practical scenarios, such as when the support of the target distribution is bounded and the early
stopping technique (Lyu et al., 2022) is employed (Theorem [3.7).

o We establish a Wasserstein-2 bound (Theore that depends only on the second moment of the
base distribution, allowing the result to extend naturally to infinite-dimensional settings. When the
second moment scales proportionally with the ambient dimension, the resulting iteration complexity
achieves the state-of-the-art dependence on the dimension, with a rate of O(v/d). (Gao et al., 2023)
Proposition 8 also shows that under the standard Gaussian distribution, such a complexity bound is
optimal.

e As part of our methodological contribution, we provide a modified approach rather than conventional
Lyapunov-type analysis, which utilizes the exponential decay structure of the score to show the
uniform boundedness of accumulation error for an arbitrary long forward/backward process.

2 Preliminaries

This section contains the necessary notation and background to set the stage for the rest of the paper. We
begin by introducing basic notations used throughout the text, followed by a review of the forward and
backward processes in continuous time. We then discuss the discrete-time approximation commonly employed
in diffusion models, together with its practical relevance in training score-based models. Finally, we return to

1More precisely, in the context of this work, the transport map refers to the push-forward map from the Gaussian (base
distribution) to the target distribution po.
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the continuous-time setting to present the viscous Hamilton-Jacobi (vHJ) formulation that lies at the heart
of our regularity analysis.

General Notations Let ¢ be the Gaussian measure A (0, C). For an n X n matrix A, we use the operator
norm || - |

Av
|A|l = sup B || = the largest eigenvalue of VATA.

For a symmetric, positive-definite n x n matrix A, we use |- |4 to denote weighted I3 norm in R™ such that,
lz|% = <A_1/2x,A_1/2x>.

When A is the identity matrix, we neglect the letter for simplicity and | - | is the standard I3 norm in R™. For
vector (matrix, correspondingly) valued function f with x as variable, |f| := sup, |f(x)| (correspondingly,

[flloo := sup |[f()])-

2.1 Continuous-time formulation of diffusion models

A large class of generative diffusion models can be analyzed under the SDE framework (Song et al., [2020)),
which contains two processes: forward and backward. The forward process, which gradually transforms the
data distribution into white noise, is an OU process as follows,

— 1=
dX; = —5Xdt+VCdB,, 0<t<T. (1)

where B is a standard Brownian motion, C' is a symmetric, positive-definite covariance matrix and 7" is the
final time such that the distribution of X7 is close to the Gaussian distribution N(0,C'), denoted as base

distribution. The initial ;( o follows the target(data) distribution, denoted as Igo. We remark that in the
majority of theories and applications of the diffusion model, C' is assumed to be the identity. We maintain
the spatially anisotropic noise assumption (C # I;) in the following derivation to enable our theories to
generalize to an infinite-dimensional setting where some compactification is necessary, see also (Pidstrigach
et al.l [2023b)). For compactness of the process, we made the following assumption to bound the second
moment of the forward process.

Assumption 1. The data distribution has a bounded second moment, My := E; |z|? < co. The covariance
0

C in is in trace-class. Furthermore, we denote,

Mo = max{Tr(C), MQ, 1} (2)

N
We denote the probability density of the forward process X; by ps, then p; solves the Fokker-Planck equation
with Cauchy data pg:

(3)

{atp =1(V - (zp)+V-CVp),
p(0,z) = po().

— — —
With time reversal X, := Xp_;, the backward process (X;)o<¢<r satisfies the following SDE (Haussmann &
Pardoux, [1986)),

1 -
AX, — (E)E +8(T —t,X,))dt + VCdB,, (4)

where B is also a standard Brownian motion (may not be the same as B;) and the term s(t, z) := C'V log p;(z)
is generally referred to as the score function. The process ()? £)o<t<T transforms noise into samples follows }_50.
We denote Pt(correspondmgly Pt) as the marginal distribution of Xt in ()?t in (4)). Then, VO< ¢ < T,
Pt PT t, especially PT = PO
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2.2 Training and discrete-time approximation of diffusion models

Since the closed form expression of pg is unknown, the score function s(t,z) = CV log p,(z) is not available.
Thus, we model the score function by a neural network sg(t, ), where 6 denotes latent variables of the neural
network. We train the network by optimizing an Lo estimation loss,

E llsa(t, ) — CVlogpi(x)||*.
t

Given the estimated score sy (assumed to be e-accurate, specified in Assumption , one can generate samples
of the target distribution py by a numerical approximation of the backward process starting from the Gaussian
distribution A (0, C),

— 1< & —
dYt = (§Yt + SQ(T — t, Yt))dt + \/5dBt (5)

In practice, diffusion models are trained and sampled in discrete time. Here, we introduce an Euler-type
discretization of the continuous-time stochastic process, which facilitates the convergence analysis. Let
0=ty <t; <---<ty =T -4 be the time discretization points (schedule), § = 0 for the normal setting and
d > 0 for the early-stopping setting (Lyu et al., [2022), and we adopt the following discrete scheme. Starting

-
from Yo ~ N(0,C), for all k = 0,1,..., N — 1,

— 1 — < B

Ytk+1 = — (Ytk + (1 — ag)sg(T — tg, Ytk)) + V1 —apzg, (6)
NG

where oy, = exp(ty — tg+1) and zx ~ N(0,C) are i.i.d.

Remark 2.1. The discretization @ approximately corresponds to the discrete-time scheme introduced in (Ho

et al.l |2020)); it can also be found in the analysis work (De Bortolil |2023]).

The bounds established later (Theorem[3.3|) quantify how well the discrete process approximates the continuous-
time backward SDE in Wasserstein distance. The step size 7 := maxy, (tx4+1 — tx) enters the final error bound
in the form Tr(C)72, demonstrating the accumulation of numerical error in the generative process.

2.3 Foundational Ildeas based on Heat Kernel Estimation

The convergence analysis of the discrete scheme @ relies heavily on the regularity (up to second order) of
the score potential function log p;, which follows a viscous Hamilton-Jacobi equation (vHJ). While similar
derivations are known to experts (Evans| [2022)), we provide a brief list of derivations here for completeness.

We first consider the following transform of log p,

TAt—II

a(t.x) = —log py(z) — =, (7)

where A; = Ae™* + C(1 — e~?). Then, ¢ satisfies the vHJ,

{ 0q — 5V - CVq+ 5VOVqP + (CAT = 31z Vg = 3Te(CA; ™ — L), ®)
q(0,z) = —h(z),
where h(x) :=logpo(z) + % is the non-Gaussian part of the log-likelihood function (the remainder term in

later Assumption . To simplify , we let f(t) = f% OtTr(C/igl — I;)ds and make a two step change of
variables: let K (t) = (AA; })e~2, then q(t,x) = q(t, K (t)~'V/Cx) + f(t) satisfies,

i — 5V - K()*Vi+ 5| K(H)Val* =0, o)
7(0,z) = h(x) := —h(/Cx).

Lastly, we define p(t, z) := e~9(4:®) that satisfies

(10)

op—3V-K(t)*Vp=0, on (0,00) x R",
p(0,z) = e~ h@),



Under review as submission to TMLR

(10) is a heat equation and admits the following solution from the heat kernel,

—lz —yl%, -
)= s [ g o () e (o o

where B(t) := fot K(s)2ds = (e2 —e~2)K(t). It is worth mentioning that the kernel representation leads
directly to uniform-in-time bounds on Vq and V2¢ (Theorem . These bounds yield the exponentially
decaying Lipschitz constant of the modified score (Corollary 3.2), which is central to our Wasserstein
convergence guarantees.

3 Results

In this section, we list the theoretical results, and their detailed proofs are provided in Appendix[A] Section [3.1]
is devoted to the Lipschitz bound of score with Gaussian tail assumption, which is based on a heat kernel
estimation of . Section lists the fundamental convergence result in the Wasserstein metric. Sections
and [3:4] present applications of our convergence result to the bounded-support assumption and Bayesian
inverse problems, respectively.

3.1 Lipschitz Bound of Score Function

The foundation of our analysis is to provide a spatially global regularity estimate of p; as the solution of an
elliptic equation. These bounds control how sharply the true score can vary in space and directly impacts
the stability and error propagation of the learned score in the generative process. Before obtaining such
bounds, we need the following assumption to derive reasonable point-wise estimates of the gradients of the
score function.

Assumption 2 (Gaussian tail). The density of target distribution po € C*(R?) and admits the tail decompo-
sition,
2%
po(z) = exp ( - T) exp (h(x)), (12)

where

(i) A is a symmetric, positive-definite matriz which can be simultaneously diagonalized with C and
satisfies |ACTY|| < oo and [|[CA™Y]| < oo,
(ii) The remainder term h satisfies |v/CVh|s < 00 and ||CV?h]|s < 00.

Moreover, all the constants above are dimension-independent.

To the best of our knowledge, Assumption [2]in the form used here has not appeared explicitly in prior works
on diffusion model theory, though it is closely related to conditions used in log-concavity and heat-flow
regularity theory. Its advantage lies in yielding exponentially decaying Lipschitz/Hessian bounds for the
modified score, which do not follow from classical Lipschitz or weak log-concavity assumptions; see the
discussion below.

The Gaussian tail Assumption [2]is slightly more restrictive than both the L-Lipschitz condition on V log py and
the combination of weak log-concavity with one-sided Lipschitz-ness in (Silveri & Ocello, [2025)) (Assumption
H1). However, the L-Lipschitz condition on Vlogpy does not ensure a Lipschitz bound for Vlogp, (see
Example 3.4 in (Mooney et al.| 2024))), and Assumption H1 in (Silveri & Ocello, [2025) only guarantees an O(1)
Hessian bound of log p; over time, while the Gaussian tail yields an O(e™") Hessian bound for the modified
score function (Corollary thus leads to improved complexity bounds (see Remark . Moreover, the
Gaussian tail assumption does not require the target distribution to be log-concave, even when it is far from
the origin.

To demonstrate the practicality of the Gaussian tail assumption, we provide two examples. First, in
Theorem we show that for any bounded-support target distribution, the density of the forward process
at the early stopping time ¢ satisfies the assumption with A = (1 — exp(—9))I4. Second, the Gaussian
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tail assumption also holds for certain posterior distributions arising in Bayesian inverse problems; see

Theorem [B.12

Under the Gaussian tail Assumption [2] we establish bounds on the Hessian and gradient of the transformed
potential g(¢,x) via the heat kernel estimation.

Theorem 3.1. Under Assumption@, the function q(t,x) in @D satisfies, Yt > 0,

IVa(t, oo < VG0, )]s, IV2a(t,)lloo < 192600, )lloo + [V(0, ) - (13)

Theorem |3.1| provides uniform in time estimates for the transformed variables in @D By reversing the change
of variables (t,z) — (t, (A;A™1)et/2z) used to go from (8] to (I), these uniform bounds translate back to the
original coordinates, resulting in the exponential decay estimates for the modified score function stated in the
following corollary.

Corollary 3.2. Define the modified score function as
5(t,2) := CVlog pi(x) + CA; . (14)
Suppose that Assumption[q holds. Then, Vt > 0, the following estimates hold:
IV3(t, Yoo < € Lo,  18(t,)oo < e7/2La, (15)
where
K = max{1, [ACT|},

Lo = K*(|CV?h|| o + [VCVAIZ),
L = K||C||'?|VCVh|w.

Detailed proofs can be found in Appendices and To be noted, K, Lo, L1 are bounded dimension-free
constants. For later discussion, we also denote,

Lo = max{|[] — CA7Y||,|JAC~" — I||}.

This result provides a formal justification for a well-known empirical feature: the score function becomes
smoother at higher noise levels. This smoothing is crucial because (i) it enables stable training at early
timesteps, and (ii) it ensures that discretization error does not explode when simulating the backward process.

3.2 Main Convergence theories

In the preceding section, we established the crucial analytical properties of the modified score function §(¢, x)
that drives the reverse diffusion process, namely the exponential decay of its Lipschitz constant. This section
utilizes these theoretical foundations to provide rigorous, quantifiable bounds on the convergence of our
discrete sampling scheme @ under the Wasserstein-2-distance,

1/2
Wi, v) = (mf / xy2dw<x,y>) ,

where 7 runs over all measures which have marginals p and v. Our objective is to clearly dissect the sources of
the total sampling error and demonstrate how this error decomposes and evolves with respect to the diffusion
time T, the step size 7, and the score network approximation accuracy €. To achieve this, we first introduce
the following assumptions concerning the learned score function sg. Assumption [3| quantifies how accurately
the learned score approximates the true score at discretization points. Assumption El ensures a Lipschitz-type
regularity for the learned score, consistent with the theoretically guaranteed regularity of the true score.

Assumption 3. sy is an € accurate approximation to s on average over the discretization points, i.e.,

N-1

1 — —
T (thr — te)E|s(T — t, X17—y,) — 50(T — th, X17—y,)
k=0

2
< €. (16)
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We would like to point out that, due to the limited access to the score approximation error, when deriving
the complexity bounds, we always assume a sufficiently accurate score approximation.

Assumption 4. Denote 5¢(t,2) = sg(t,z) + CA; 'z, we assume that 3¢(t,x) shares the same properties as
5(t,x) in C’orollary at the time discretization points, i.e.

Vk€{0,1,...,N =1}, [[V3(T — tp.")||oo < Loe™ 1T, (17)

The Assumption [f] can be relaxed to require that the total discrete-time sum of the score gradient is bounded,
see Remark

Now we present the main theorem in this part.

Theorem 3.3. Suppose Assumptions @ @ and hold, with the step size T := supy{tr+1 — tx} sufficiently
small. Then sampling via scheme @ yields

WE(Po, Q) < Ki (727 (My + TH(O)) + €T + Tr(C)7), (18)

where K1 = e*+3LotL2) max{(e + 1)e, e(Lo + L2)?} is a dimension-free constant.

Proof see Appendix This theorem quantifies how the sampling error decomposes into: (i) a term e=27

from incomplete denoising, (ii) a term €27 due to score approximation error, (iii) a discretization error
Tr(C)7r2. Each term has a direct and clear interpretation for practitioners choosing T', network size, and
timestep schedules. As a direct consequence of Theorem [3.3]

Corollary 3.4. Under the same assumptions as Theorem[3.3, the following complezity bound guarantees
— — T
that the distribution Qp satisfies Wa(Po, Qr) = O(ep):

T:O(logMzt;ﬁ(C)), N:O(Z):O(Tm). (19)

0 €0

Fixing the second moment Ms and trace of covariance matrix C' of base distribution, the complexity bound
in Corollary [3.4] does not depend on the dimension and hence can be generalized to some infinite-dimensional
generative models; see Theorem [B-3] and related discussion in Appendix [B]

We now provide two remarks: the first concerns the optimality of the result, and the latter addresses the
relaxation of assumptions on score approximations.

Remark 3.5. When assuming the second moment of target distribution M, and the trace of the diffusion
covariance Tr(C') scale linearly with space dimension d, the complexity bound in Corollary is O(v/d) with
a logarithmic constant. In (Gao et al.l 2023)), Proposition 8 shows that, with the standard Gaussian as the
target distribution, such a complexity bound is optimal. Notably, in the line of pursuing complexity bounds
under more general assumptions (than log-concaveness), a very recent work (Silveri & Ocello), 2025) obtained
an O(d?) boundﬂ through the weakly log-concave profile propagation framework established in (Saremi et al.,
2023; (Conforti, 2024; |Conforti et al.; 2025). In Table[l} we provide a non-exhaustive list of complexity bounds
for comparison.

Remark 3.6. Assumption [4| can be relaxed as follows. We only require that for all k € {0,1,..., N — 1},

N-1

D (trer — t)IV30(T — t,)||oo < B, (20)
k=0

for some constant B > 0 independent of T'. Under this condition, Theorem still holds with the constant
term K; in replaced by,

K| = e*+3eteB) max{(e + 1)e, €3 (Lo + L2)?}.

See Appendix [A.4]

2In arriving at this, we also assume the second moment scales linearly with dimension in their Theorem 3.5.
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3.3 Convergence for bounded-support target

This subsection specializes the convergence theory of Theorem to an important and practically relevant
setting: when the target distribution pq is supported on a bounded set. Such distribution widely applies to
various practical applicative scenario of generative models and can be derived from the manifold hypothesis
(Bengio et al.l |2013]). We make this assumption explicit as follows.

—
Assumption 5. The target distribution Pq is supported on a bounded set, i.e., there exists R < oo such that
—
Diam(Supp Py) < R.

While Assumption [5| alone does not impose any smoothness or tail behavior on pg, a key phenomenon is
that the forward Ornstein—Uhlenbeck diffusion instantaneously regularizes such distributions. In particular,
for every t > 0, the density p; acquires Gaussian-type tails and thus satisfies the Gaussian tail condition of
Assumption 2} To quantify this regularizing effect, we first record a general result on Gaussian convolution of
a bounded-support distribution.
Theorem 3.7. Let Q, = N(0,0%1,) * Qo, where Qo follows Assumption @ Then Q, has smooth density q,
and we define
. o2
9(z) :=log gy (2) + 5 5-
It follows that,
R 2R?
Valoo < = IVl < =5 (21)
o o
Proof see Appendix [AJ5]

Similar estimates in Theorem can be found in (De Bortoli, [2022; [Mooney et al., [2024). In the current
form , we extract the spatial growing part to ensure uniform boundedness in space to be consistent with
Assumption

Applying Theorem [3.7] to the forward OU-process (1) with covariance C' = I; and stopping time §, we obtain
=
that the marginal Ps has smooth density ps and satisfies,

ps(x) = exp ( — 2(1x|65)) exp (h(:zc))7

and
)
e 2R e °R?
V2h||oo < 20—
|| || — (1 7 676)2
Hence p; satisfies Assumption [2} and the score Lipschitz bounds from Corollary [3.2] apply directly.

_,
Corollary 3.8. Suppose that Pq follows the Assumption B Let C =I5 and A = (1 — e %)I;. Then, the
corresponding Ay = (1 — eIy and for all t > §, we have,

R
1—e9

hleo < ;
vl ~1—ed

2 - t
)t (Vlogpu(a) + A el < et
— e

192 1og pi() + A; e < 3(

Proof see Appendix Using the Lipschitz bound in Corollary we obtain a Wasserstein-2 distance
bound analogous to Theorem [3.3]

-
Theorem 3.9. Suppose that P follows the Assumption@ the early stopping time § < 1, and the Assumptionlg
holds. Then, sampling via scheme @ with sufficiently small step size T yields,

-
W3(Ps,Qr_s) < Ka(R,0) (72T (R* + d) + €T + dr?), (22)

where Ko(R, ) = 2exp (7+ % + %) .
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Proof see Appendix

With the result in Theorem we can get the complexity bound with early stopping setting under the
bounded-support assumption by direct computation.

+«—
Corollary 3.10. Under the same assumption as Theorem achieving a distribution Qr_s such that
-
Wa(Ps,Qr_s) = Oleo) requires:

R? R2+d T-—46 VdT 2 6R2
T=0(=— +1 N = - .
0(52 +log €2 )’ T O( €0 P (1 mper il (1—65)2)

When fixing the early stopping time 6 and support radius R,

N:O(ﬁlog RQ;’_d)

2
o5 (23)

- = — —
Noticing that, Wh(Pjs, Po) < \/E| X5 — Xo|? < 2v/My0, we have the following complexity bound with respect
—
to Po.
—
Corollary 3.11. Under the same assumption as Theorem reaching a distribution Qp_s such that
-
WQ(P07 QszS) = 0(60> requires,

s-0(s). v - o(5) —o(10). 1)

The logarithmic complexity log N = (9(?—;) arises jointly from two factors: the % dependence in the
Hessian bound of the early-stopped log density (see Corollary, and the accumulation of error with respect
to the exponential of the Lipschitz-ness of the flow, which is tied to this Hessian bound. To the best of
our knowledge, such a dependence on ¢ is non-improvable without additional geometric assumptions on the

=
support of Py, see (Mooney et al.| [2024). Similar exponential dependencies also appear in (De Bortolil [2023]),
while our dependence on R is improved; see Table

3.4 Convergence in the Bayesian Inverse problems

Another potential application of generative models is to generate the posterior distribution in Bayesian inverse
problems. See (Stuart) 2010) for a detailed review. Here, we restrict our theories to the following type of
applicative scenario, where we consider a non-linear observation G € C§(R?¢, R™) from the state space R? and
its observation y € R™. We further assume that the prior of the state and the observation noise distribution
follow Gaussian-type distributions with C' and ¥ denoting the covariance matrices, respectively. Then the
posterior of the state, also the target distribution of the generative model, follows,

2 G _ 2
po(x) = Dgexp ( - %) exp ( - %), (25)
where Dy is some normalizing constant.

To construct a generative model to sample the posterior, we take the covariance matrix of the base distribution
in identical to the prior covariance matrix C' in . A conditioned score (referred to as the conditional
de-noising estimator in the literature (Batzolis et al., [2021))) is trained with the following loss,

Epf,(;n;y) ‘Se(t, xZ; y) - Cvr Ingt(x; y)|27

where p; is then the joint distribution of (X;,Y) in which Y follows G(Xg) + N (0,X). For the generation
process of the posterior distribution with observation y, we assume the estimated score sg(t, x;y) satisfies
Assumption [3]and [4] Then, we have the following theorem.

10
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Theorem 3.12. Suppose that the target distribution admits the density in and Assumption (1| holds.
Then, sampling via scheme @ with sufficiently small step size T yields,

W3 (7’0(7 v), Qe y)) < K (e‘" (M +Tr(C)) + €T + TY(C)TZ)7 (26)

where K3 is a dimensionless constant determined by (||C||, |2, G,y), the explicit expression is provided in
Table[2

Proof see Appendix [A.7]

This provides a theoretical grounding for the growing empirical use of diffusion models as posterior samplers
(e.g. conditional diffusion models), justifying that with sufficiently accurate score learning, the generated
posterior approximations are provably close to the true Bayesian posterior in the Wasserstein-2-distance.

4 Conclusion

In this work, we presented a unified and generalizable theoretical framework for analyzing the convergence
of score-based generative diffusion models (SGMs), specifically focusing on bounding the Wasserstein-2
distance between the target and generated distributions. Our analysis hinges on the introduction of the
Gaussian-tail assumption (Assumption , a more general condition that accommodates practical scenarios
such as distributions with bounded support and those arising from early stopping techniques. A core technical
contribution is establishing the exponential decay over time of the Lipschitz constant for the modified score
function (Corollary , derived via a dimension-independent heat kernel estimate. This enabled us to prove
a rigorous Wasserstein-2 distance bound (Theorem that only depends on the second moment of the
base distribution, thereby naturally extending the analysis to the infinite-dimensional setting. Furthermore,
for the standard finite-dimensional case, our analysis demonstrates an optimal iterative complexity rate of
O(+v/d) (Corollary , matching the current state-of-the-art. Overall, our work provides stringent theoretical
guarantees, affirming the convergence and optimal dimension-dependence of the discrete approximation scheme
for SDE-based score models under a more general class of target distributions, judged by the Wasserstein-2
metric.

Moving forward, a compelling direction for future research involves investigating the higher-order regularity
of the score function. While our current analysis provides regularity estimates up to the second deriva-
tive—corresponding to the second-order boundedness of the Gaussian-tail’s remainder term—we believe
that imposing higher-order regularity on this remainder term (which is feasible in practice via bounded
support combined with early stopping) could yield analogous higher-order regularity estimates for the score
function itself. Such advanced regularity understanding is beneficial for guiding neural network training
objectives and enabling the discovery of higher-order numerical SDE schemes, thereby significantly improving
the convergence rate and accuracy of the discrete numerical scheme relative to the true backward diffusion
process.

Broader Impact
The paper provides insights into the regularity and convergence of one of the state-of-the-art generative

models, which the GenAl community may benefit from. There are many potential societal consequences of
our work, none of which we feel must be specifically highlighted here.

11
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Appendix
The appendix consists of three parts. In Section [A] we present all the detailed proofs. In Section [B] we

discuss generalizing our theories to infinite dimensions. In Section [C} we provide the explicit expressions of
the constants appearing in the context.

A Proofs of Theorems
Here we present detailed proofs.

A.1 Proof of Theorem [3.1] (heat kernel estimation)
Proof. Consider the solution of given by ,

1
2m)"™ Jrn \/det B(t

So q(t,x) = —logp(t, x) satisfies,

p(t,x) = (—|3c _2y|B(t)) exp (— h(y))dy, (t,z) € (0,00) x R™.

Vot - _Veb(ta) Jou (Voo 550) exp (— hy)dy
) o exp(—E2) exp (— R(y)) dy
_ Jen (Vyexp( (T V5wy) exp (- h(y))dy
Jew exp( B0 exp )y
_ Sz (Vih(w) exp( B0 ) e (— (y))dy
Jo exp(— 0y XP(—h(y))dy

Here, the third line is derived from the integration by parts formula.

Since exp(%) exp (— h(y)) > 0, taking absolute value we get |V,q(t, z)| < |Vh|s, thus,

IVq(t, )]s < |Vhloo = [VG(0,")]so-

For any unit direction z, we denote V, as taking derivative along that direction and V, as taking derivative
twice along that direction, i.e., for a given C? function f,

V.f(z) = (2, Vf(2)), Vif(z)=(z,V?f(2)z),

where V f(x) is the gradient of f and V2f(x) is the Hessian matrix of f at z. Using the same method as
above, we get,

Jan (2 = (V.R)2) () exp( =250 e (— (y)) dy
g exp( M) exp ( — h(y))dy
le—yl%,, -
N (fw (V:h(y)) exp(——5 22 ) exp (— h(y))dy)%

S exp( 2B Y e (— h(y)) dy

Viq(t,x) =

Taking absolute value again, we get,

IV2q(t,z)| < |VZh|oo + | V.02 < ||[V?h]loo + |VA]A, V2 eR™,
thus,

V24t )] = sup [V2q(t,2)| < [V2hloe + VA2, Vo € R™.

|z|=1
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Since the bound for ||V2g(t,z)| does not rely on x, we get,

IV2a(t, )l < V2Rl + VA, = 1V24(0, )l +[Va(0,)[- (27)

The above analysis is developed to facilitate the case C' # I;; other standard PDE approaches, like the
classical Bernstein method, can also be applied for the isotropic case, i.e., C = I.

A.2 Proof of Corollary [3.2] and Corollary [3.8|
Proof. Recall that g(t,z) = q(t, K(t)~'v/Cx) + f(t), so,

K(t) v CilV(j(ta (E) :Vq(ta K(t)il\/aw)v
K(t)2C™'V2q(t,z) =V3q(t, K(t) "'V Cx).
Notice that
5(t,x) = CVq(t,z), V3(t,x)=CV3q(t,z).

Hence,
15(t, )]s =ICV4(t,)|oo = [K(OVCVG(E,)|oo < €72 [l KOIVCIV(E, )] oo
IV5(t,)loo =ICV2q(t,)oo = K ()2V24(t, oo < e lle2 K1) V?q(t,-)|oo-

Define the constant, . _
K :=sup|le? K(t)|| = sup|[AA; || = max{1,[|AC"|]}.
>0 t>0

By Theorem [3.1 and the initial value g(0,z) = h(v/Cz), we obtain,

|5(t, )| <e”2K||C||*|VCVh|x,

28
IV5(t,low e K2(|CVh]loe + VOV, ). )

Let,
Lo :=K*(ICVhl + VCVAL,),
Ly =K|C|[*|VCVh|,
then we get the results in Corollary [3:2}
Now we turn to proof of Corollary 3-8 Recall that, in Corollary [3.8] we have,

C= Ida
A= (1 — 6_5)Id7

At = (1 - e_t)ld.

And the distribution of the forward OU process at time ¢ is given by

N

Ps =N(0,(1 —e%)14) * Py s,

N
where Py 5 1= Law(e_%Xo), Xo ~ Pg and P, 5 satisfies Diam(Supp Fos) < e 2R. Then, by Theorem

212 gt
) satisfies,

the corresponding h(z) = logps(z) + S Tea0]

Re™% R%e™°
hloo < 2h|| < 2.
|V |OO - 1— 6_57 ||v || — (1 _ 6_6)2
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The constants then can be computed directly,
K = sup;»s [|[AA7Y| =1,
2676
Lo = K*([Vhlo + [VAZ) < 3ty
Ly = K|Vh|o < B2

1—e=%"

Then, by Corollary for all t > 4,

_ o R
IV ogp(a) + A oo <Loe™ 0 = 35— ye ™,

T =8 R _.
(VZlog pi(2) + A; 'x|eo <Lie” = = gL 3

A.3 Proof of Theorem [3.3]
We first derive some estimates that will be useful in the proof. Since
_— -1
sup ¢! (I = CA7Y) | =sup [[(A — €) (Ae™ +C(1=e™)) |
>0 >0
=max{|[[ - CA7'|, JAC™ — I},
=L,.

We have the following estimate, -
I — CA7Y|| < Loe™t, Vt>0.

Recall from Corollary [3:2) that, for all ¢ > 0,
IV3(t, Yoo < Loe™,  [8(t, )00 < Lre™ 7,
then,
IVs(t,-) + Illoc < V3(t, oo + II = CAT| < (Lo + La)e™".

Similarly, under Assumption [4] we have,

Vi€ {0,1,...,N =1}, [[V30(T — tr, )loo = [|V5(T — tr,-) + I||oo < (Lo + Lg)e T Htx,

Throughout this proof, we set the step size

1
S P SR .
T Sl]ip( kil k) < min Lot La)e

and can validate that

vr >0, and (Lo + La)er < 1.

)

Here, we present a lemma related to convergence to equilibrium for the OU process.

(30)

(31)

(32)

Lemma A.1 (Theorem 23.26 (Villani et al., [2009)). Let V' be A-uniformly convex C? potential. Consider the

Langevin process,
1
dX, = =5 VV(Xi)dt + VCawy,

with two initial measure py and vy.

At
2

Wa (e, ve) < Wa(po, vo)e™
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The convergence of OU is a direct consequence, with A = 1. We also need the following martingale property
for the score function.

— —
Lemma A.2. The quantity e s (S(T —t, X))+ Xt) is a martingale, moreover,

. “— — t pa B,
de% <5(T —t,Xy) + Xt> =e* (I +Vs(T -, Xt)) VCdB. (33)

Proof. By Itd’s formula and ,

— < < < 1 <
ds(T — 1, X¢) = =0s(T — 1, X, )dt + Vs(T 1, X,)dX, + ;CV (v s(T —t, Xt)) dt
— 1 — — — —
= — atS(T - t,Xt) + 5 (VS(T - t, Xt)> Xtdt + (VS(T - t7Xt)> S(T - t,Xt)dt

— 1 —
+ <V3(T - t,Xt)) VCdB, + 5CV (v s(T — t,Xt)> dt.
From the Fokker-Planck equation, O;p = % (V- (xzp+ CVp)), we have,

0 0
0ys =0;CVlogp =C <V;p — thpr)

o <V (V-(zp+CVp)) V-(zp+CVp) Vp)

2

1

2 P p

le (V(dp+x-Vp+V-p(CVlogp)) 3 dp+:c~Vp+V~(pC'Vlogp)vp)

2 p p?
V (z-pViogp+ (Vp) - CVlogp + pV - CVlogp)
p
(Vp)-CVlogp+pV - -CVlogp
p

1
:§C’ <Vlogp+ (z - Vlogp) Viogp + (V?logp) z +

:%C’ (dV logp +

—dVlogp — (z - Viogp) Viegp — Vlogp)

V ((pVlogp) - CVlogp)
p
+(V-CVlogp)Viegp+V (V- -CVlogp) — (z - Vlegp) Vlogp

—(Vlogp-CVlogp)Viegp — (V- CVIogp)Vlogp)

1
:§C’ (Vlogp—f— (V2 logp) x4+ (Viogp-CVlogp) Viogp + 2 (V2 logp) CVlogp
+V (V-CVlogp) — (Vlegp - CVlogp) Viogp)

:%C (Vlogp+ (V*logp) z + 2 (V?logp) CVlogp + V (V- CVlogp))

:%(s+(Vs)x+2(Vs)s+CV(V'3))-

Thus,

—

1 — <
ds(T — 1, X;) = — os(T —t, X;)dt + (VS(T - t,Xt)> VCdB,.
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—

¢ —
Combining with It6’s formula applied to e~ 2 (S(T —t, X))+ Xt), we obtain,

. — —
deii (S(T—t,Xt)—FXt)
. «— L
=de™? (s(T—t,XQ) +de 2 X,
_t = 1 ¢ « 1 < e
=e 2ds(T—t,Xt)—§e 2S(T—t,Xt)dt—§e 2 X dt + e 2dX,
+—

t b ~ t 1<_ t b
—e " 2Vs(T —t, X, )VCdB, — e (G X+ (T — ., Xy))dt + e FdX,

t <~ ~
—e 3 (I + Vs(T —t, Xt)> VCdB,.

Proof of Theorem For simplicity, we denote,
S(t,x) :==s(t,x) +x, So(t,x) = sp(t,x) + x.
By Ito’s formula and , we have, Vk € {0,1,..., N — 1} and V¢ € [tg, tpt1),

t t t = t b t ~
de3 Xy ==e3 Xydt + e2dX, = €3 3(T — t, X, )dt + e3V/CdB,

1
2

thus,

tp41 t Tt . — 7 -
e 2 Xy, =e2 Xy, + e28(T —t, Xy)dt + Velkri—tez,

ti

— —
where Z; ~ N(0,C). Now, we couple two processed X; and Y; with the same Brownian motion, i.e., let
Zr = Zx in the sampling scheme @, then,

te41

— b — . —
e 2 (X, —Yiy,,) =e2 (Xyy, —Yy,) +/ "‘89(T—tk,Ytk)) dt

>

e — tet1 . «— ty —
=e2 (X4, —Ytk)—F/ et <e_2§(T—t,Xt)—e_2 (T—t;th,c)) dt
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thus,
tp1 A 2 ty —
Ele™ (th+1 - Ytk+1) =Ele> (th - Ytk)

tk+1 b —

2 < tk,th)Sg(Ttk,Ytk)) dt
2

tet1 te —
T2 ( 7tk,th (Ttk,th)> dt

tk+1 . «— ~ 2

e"3V3(T — s, X;)VCdB,dt
::I1 + 12.

By Cauchy’s inequality,

I} <E

tet1 k41
/ thdt/ |/ e 2V3(T — s Xt)\/>dB | dt‘

123

thk+1 _ thk

tret1 i B
27/ IE|/ e 2V3(T — S,Xt)\/astth.
2 tr tr

By Itd’s isometry and ,

E| /t e 2V3(T — s, %t)@désﬁ < /t e (Lo + L)% 22Ty (C)ds
tr ty
< (Lo + Lo)*Tr(C)e 2T (elr+1 — etr).
With sufficiently small 7 satisfying , we have,
IF <e3(Lo + Ly)?Tr(C)e 2302 (1 g — ty). (34)
By the mean inequality, for any positive number fx, we have

tp — Lht1 it — R —
GT(th —Ytk)-‘r/ e 2 (Sg(T—tk,th) —Sg(T—tk,Ytk)> dt

123

If <(1+ fi)E

2

L Lot 0y — —
+(1+f1; )E / et_T (é(T_tk»th,)_§9(T_tk7th)> dt
t

k

By and the condition on 7, the first term of satisfies,

2
t

b, — tlot1 ot [ «— ) —
ez (th _Ytk)+/ e 2 (SQ(T—tk,th) —Sg(T—tk,Ytk)> dt

ty

E

2

t, < tht1 ty — <
<Ele? (X;, —Yy,)+ / e "2 (Lo + Lo)e T (X, — Yy, )dt

tr

tht1 2 t, —
< (1+(L0+L2)6T/ etdt> Ele? (X, — Yy,)[?

tr

N

IN

(1 + B(LO + LQ)E_T( Pett — 6 )) E|€ ? (th - Ytl«)‘ ’

Denoting

\/ — —
€L ‘= ]E|8(T—tk,th)—SQ(T—tk,th)P,

20



Under review as submission to TMLR

the second term of satisfies,

it th — —
/ el (§(T—tk,th)—§9(T—tk,th)) dt
ty

— —
=(etr+1 — etk)2e_t’“E|s(T —tg, X, ) — so(T — tk,th)\Q
:(et"”rl — et’“)Qe_t’“ei.

2
E

Now, for all fr > 0, we have,
IF <+ fi) (14 3(Lo + La)e T (4t — %)) Ele (th - Ytk)|
+(1+ f,;l)(et’c+1 —etr)2emteed,

Let,

then, by the condition on T,
(14 fo)(1+3(Lo + Lo)e T (et+1 — ) <1 + fr. + 3(Lo + Lo)e T (et*+1 — ) + 3f;,
=1+ (4+3(Lo +L2))e (el — etk
(L S (et = e)2e <o+ 1) fi (e = efh)2e
=(e+ 1)eTe(tk+1 —tk),

thus,
¢ t LT Vo
1 <(14 (44 3(Lo + La))e T (e = ) )Ele (X, - Vo)

+ e+ Vel Ee(tprr — tr).

-
Denoting E(k) = Ele'* (X, — Y,)|? and combining the estimates (34)), for I¥ and IF, we obtain,
E(k+1) < (1 + (4+3(Lo + Lo))e T (e — efk))E(k) + (e+Delee(tusr — tr)

+ 83(L0 + LQ)Q’I‘T(C)B_QT+3t’“T2(tk+1 —tx)

<exp ((4 +3(Lo + Lg))e_T‘H’““) (E(k:) exp ( — (44 3(Lo+ LQ))e—THk)
+ (e+ el eqe(tusr — tr) + €*(Lo + Ly)*Tr(C)e > 72 (241 — e?’t’“)> :

where we used exp ((4 +3(Lo + Lg))e*T“kH) > 1. Equivalently, we have

E(k+1)exp (= (44 3(Lo + La))e ™) — (k) exp (= (44 3(Lo + La))e " *1%)
<(e+DeTele(trpr —tr) + (Lo + Lp)?Tr(C)e 2T 72 (31 — 3tr),
Summing up over k and using the condition in Assumption [3| we obtain,
T = “ — Ry o
Ele? (Xr — V)2 exp ( 4 3(Lo+ LQ)) ~E|(Xo — Yo)|?exp ( — (44 3(Lo + La))e )
N—1
<(e+ 1)t Z € (tpyr — tr) + €3 (Lo + Lo)*Tr(C)e 2T 72 (3T — 1)

k=0
<(e+1)e"ET + (Lo + Lo)*Tr(Cle > 72 (e* — 1),
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— —
Denoting K := e*t3(FotL2) max{(e + 1)e, 3(Lo + Lz)?}, we have the following bound for E| X7 — Y7 |?,

< — — —
E|Xr -Yr]? <K, (e‘TIEXO ~ Yo+ T+ Tr(C)T2) .

— — — —
Now we pick a -optimal coupling of Xg ~ Pr and Yy ~ Qg = 7¢ in the Wasserstein distance, i.e.
— o 07 =

E[Xo = Yo" <W5(Pr,Qo) +¢&,

and obtain,
2 — — — — 2 _T 2 — — 5 2
W;(Po, Qr) <E|X7 —Yr[” < Ki(em” Wy (Pr, Q) + &) + €T + Tr(C)m7).
Since ¢ is arbitrary, the bound will be,
2D N Tv2( Do ) 2 2
W3 (Po,Qr) < Ki(em" Wy (Pr, Q) + €T + Tr(C)r7).
Noticing that,
N
Wi(Po,70) SEo |z —y? =Eo |2 + By lyl* = Mz + Tx(0),

Po®vyc Py

and by Lemma [AT]
2D . N 2D ~T2( D
W5 (Pr,Qr) = W5 (Pr,vc) < e " W5(Po,vc).

We get,
-
W3 (Po,Qr) < Ky (e (Ms + Tr(0)) + €T + Tr(C)7?) . (37)

Remark A.3. For the early stop technique, following the same approach, we can get,
=
W2 (Ps, Qp_s) < Ki (72710 (My + Tr(0)) + T + Tr(C)7?) . (38)

A.4 Result under the assumptions in Remark [3.6]

Here we discuss the relaxation of Assumption [4 and the resulting convergence and complexity bound. The
preliminary estimate (A.3)) and in Appendix still hold. Now we denote,

B = [IV3e(T — ti, )|l oo-
Then the estimate should be replaced by,
Vk € {0,1,.., N =1}, |[V30(T — ti,)|loo < Br + Loe  THx, (39)

In this section, we set the step size
(s — tn) < i f{l ! }
T i=sup(tpyer — ) <inf{l, ———— 7,
B B U7 (Lg + Br)e

so that

T _ ]
Vr >0 ¢

" <eé'r, and Vke{0,1,..,N—1}, (Ls+ Brler <1. (40)

Following the same approach in Appendix we still have, for all k € {0,1,..N — 1}

2
thi1

v k| Tk
Ele™ (th-u _Ytk+1) :Il +I27
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and I} satisfies (36). With and ([40), I now satisfies, for all f; > 0,

by —
IF < (14 (44 3(Lae™ + Bre ™) (e — ) Bl (X, — V)2

+ (e + Vel Ee(tryr — tr).

Denote,
k—1
By=0 and Br=Y Bi(tiy1—t), k=12.,N-1
1=0
Then,

k =T ( tk+1 _ Stk _ a3 s _ Ry 2
If <(14 (4+3La)e " (e e*) + 3e(Br4+1 — Bi) |Ele™ (X¢, — Yy,)
+(e+DelEe(tpsr — tr).

And the recursion for E(k) becomes,
E(k + 1) exp ( — (44 3Ly)e Tt — 3eBk+1) — E(k)exp ( — (44 3Ly)e Tt — 3eBk)
<(e+1)e"ege(tusr — ti) + €* (Lo + L2)*Tr(C)e ?T 72 (e¥h+1 — €3,

— —
Summing up over k, the bound for E| X7 — Y7|? is of the same form as the one in Appendix with the
different constant coefficient,

— — — —
E|Xr -Yr]? <K (e‘TIEXO ~ Yo+ T+ Tr(C)T2) ,

where K| := e?T3(L2teB) max{(e + 1)e, e?(Lo + L2)?}. The remaining proof follows the same approach as in
Appendix [A73] and ultimately yields,

W2(Po,Qr) < K, (72T (My + Tr(C)) + T + Te(C)r?) |

A.5 Proof of Theorem 3.7

Proof. Recall that,
o (2) :/ exp(—M)Q (dy) :/ exp(—M)Q (dy)
7 R4 20’2 0 B(O,R) 20'2 0 ’
||
5

9(2) = log s () + -

Fixing «, direct computation shows,

| 2

v Jam (58 exp(— 2285 Qo(dy) Lz
- fB(aR)“”‘%)Qo(dy) o
oo () (=245 Qo (dy)
- fB(o,R) eXP(—‘xz_Uyzlz)Qo(dy) .

Vy(z) =Vlog g (2) +

Taking absolute value, we get,
T R
Vg(e)| = |V log o () + 5] < .
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For any unit direction z,

/?

T
Vz : vz(IOgQJ + 272)

2N o exp(— 52 Qo (dy)
1 (me,R)(y-z)(—w )exp( 2298 Qo(dy)
o2 S0, €xP(— 25255 Qo (dy)
Lo D) (=) Qoldy) [0, (— 5 - 2) exp(— )Qo(dy)>
Sz o.r) oP(— 545)Qo(dy))?
1 fB(O,R)@-z>2exp<—'z:,z‘2>czo<dy> (o (- 2) exp(— 54 >Qo<dy>>2)
! fB(o,R)eXP( 202 )QO(dy) fB(&R)eXp( 20g|2)Q0( y))? .

Taking absolute value again, we obtain,

_ly Jp0.r) (Y - 2) exp(— |2gy22)Q0(dy)>

g

| |? 2R?
V.- V.g(2)| =V, V.(logg¢, + 272)| < P
Thus,
2R?
2
IVl < 2

A.6 Proof of Theorem [3.9

Proof. The proof follows the same procedure as in it suffices to substitute the corresponding values of
the constants. By Corollary

C= Id7
Lo = 3(1 P 5)27
Ly = supyss let(I — CA7Y)| = ==

By Remark [A-3] and noticing that under bounded-support assumption,
—
M,y = E|X,]* < R?,
we get,
-
W (Ps, Qp_s) <e*T3Eotla)e3(Ly 4 [5)2 (7279 (R + d) + €T + dr?)
<2eTHEotLa) (=240 (R2 4 ) + T + dr?)

12R? 4 —2T+46 2 d 2T d 2
=2 exp 7+(1 6*5)2+1—e*5 (e (R? +d) + €T + dr?)

A.7 Proof of Theorem [3.12

b

Proof. We first validate that the posterior follows Gaussian tail Assumptionwith A=C, h(z) = —%
and,

[VCVh(z)| =|VCVG(2)S™H(G(2) — y)] < |C1I2 (IG oo + DS VE] o,
|CV2h(z)|| =||CV2G(z)2 " (G(z) —y) + CVG(2)27 VG (2)T|

<IN (IV2G oo (1Gloc + yl) + IVGIL,)-
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Then, it suffices to substitute the corresponding values of the constants in Appendix

K =max{L,||[AC!|} =1,
Lo =K*(||CV?h|o + |[VCVAIZ)

2
fﬂcwzn1<@v%;wuemf+yn+nvmﬁg+|M|Hvaﬁxcmx+y)>,
Ly =max{||] — CA™Y|,[[AC~" = I|} = 0.
Now following the proof in Appendix we have,
2D - 2T 2 2
W2 (Po(59), Qr(+9)) < Ka(e ™2 (Mz + Tx(C)) + €T + Tx(C)7?),

where
K3 = e max{(e + 1)e, €3k},

2
kazncmzw4<@v%mmaeaf+ww+nvm@)+|m-WVGm(K%w+y)).

B Theories towards the generative diffusion model in infinite dimension

B.1 Maotivating example towards the infinite dimensional result

We consider the following target distribution,

d
1 1 lv —VCi|*, 1 |z 4+ /Ci|?
m@ZEQWMQQHfm(%k))

where C' is an d x d matrix diagonal matrix with {C;}; as diagonal entries. Denote the case d =1 and C; =1
as,

r—1)2
(eXp(*( 21) ) + exp

po ()

1
N

and if one considers to apply the forward process , one can get the distribution at time ¢,

1 1 (x—e2)? (z+e3)2
pha) = 5= (ep(- =) o).

Simple calculation shows,

Wa(po. N(0,0)) < VITHC),  KL(p|N(0,0)) = d- KL(pblIN (0, 1)). (41)
And if one considers applying the forward process , one can also show that,

Wa(pi, N(0,0)) < e™2/2Tx(C),  KL(p||N(0,C)) = d- KL(p}[IN(0,1)). (42)

From and , we observe that when increasing the dimension of C' while keeping Tr(C) fized, the
Wasserstein-2 bounds only scale with the trace of C' while the KL bounds scale with d.
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B.2 Defining diffusion model in infinite dimension

Now we consider a separable Hilbert space H with inner product (-,-) . The forward process in H has the
same form as ,

— 1—
dX; =~ Xdt + VCdB,, 0<t<T, (43)
—

N

where C becomes a degenerate positive trace-class. We still denote the marginal distributions of X; by Py,

which converges to the stationary distribution A (0,C) as t — oo (Da Prato & Zabczyk| (2014]), Theorem
—

—

—
11.11). After time reversal X; = Xp_;, X, satisfies the backward SDE (Pidstrigach et al.| (2023b)), Theorem
1),

— 1« — ~
X, = (X0 + (T — t,X,))dt + VCdB,, (44)
where score function s(t,x) is defined as:
1 - ;=
s(t, ) ::_1_e_tE[Xt_67§XO‘Xt:1'L (45)

which is almost surely continuous in ¢ with respect to the norm |||z and equal to C'V log p;(x) when H = R<.
We consider sq(t, ) to approximate the score operator in H and the scheme @ for the sampling process.
We now introduce the infinite-dimensional Gaussian tail assumption.

—
Assumption 6. The initial data distribution Pgy has finite second moment My and has a Gaussian tail, i.e.,

dPo(x) o< exp (h(x)) AN (0, A) (x), (46)

where A is a degenerate positive trace-class operator that is simultaneously diagonalizable with C, A and C
correspond to the same Cameron—Martin space, and both AC™' and A~'C are bounded linear maps. The
function h is two times differentiable and satisfies,

IVCVh| 1,00 == sup |[VVCh(z)| 1 < oo,

cv2h = ov2h (47)
l 2ty 00 2= suD || (@)l ey < 0.

To extend our Corollary [3:2] and Theorem [3.3] to the infinite-dimensional case, we first follow the approach
in Appendix E of (Pidstrigach et al., 2023a) that projects H onto a finite-dimensional subspace H”, and
approximates the infinite-dimensional case via the results established on HP.

Suppose C' (A, correspondingly) has an orthonormal basis e; of eigenvectors and corresponding non-negative
eigenvalues ¢; > 0 (a; > 0, correspondingly), we define the linear span of the first D eigenvectors as

HP = span{ey,es,...,ep}.

Let PP : H — HP be the orthogonal projection onto H”. We define the finite-dimensional approxunatlons of

tdata BY 112 o = PP 4 (jtaata) and discretize the forward process by XD PDXt, then (X);>0 will satisfy,
— 1 —
dxP = —§Xtht +VPPCPDPIB;. (48)

— —
We denote the marginal distribution of X by PP, and its density by pP. The corresponding backward
process will be,

— 1 «— — ~
dxP = (§X£+3D(T—t,X£))dt+x/WdBt, (49)

— —
where sP(t,z) = PPE[s(t, X;)|PP X, = 2] = CPVlogpP ().

Then we show the projected distribution still follows the Gaussian tail assumption in finite dimensions,
summarized as follows.

26



Under review as submission to TMLR

—
Lemma B.1. The projected initial distribution PP satisfies the finite-dimensional Gaussian tail Assumption@,

dP_(;D(xD) X exp (hD(xD))dN(O, AP) (),

where
VCPVRP | < [VEVR| 1,00, %)
ICPV2hP oo < ICV?RIZ (1) 00 + VOV oo
Proof. The term exp(h? (z?)) is given by,
eXp(hD(ZCD)) _ /exp (h(l’D,xD+1:OO))dN(O,AD+1:OO)($D+1:OO)
= En(0,4) [exp (h(X))|XD = xD].
Then, the gradient is given by,
VhD(xD) _ f erh(l‘D, :CDJrl:oo) exp (h(l’D, ID+1:OO))dN(O7 AD+1:00)(I,D+1:00)
fexp (h(l‘D, :L.D—‘,-l:oo))dN(O’ AD—‘,-lzoo)(mD-l-l:oo)
— Ep, [V.oh(X)[X” = "),
where dPy(x) o< exp (h(z))dN (0, A), and the Hessian is given by,
VZhD(xD) :f Vioh(fED, xD+1:oo) exp (h(l’D, .’EDJFI:OO))dN(O, AD+1:00)(1.D+1:00)
feXp (h(xD7xD+1:oo)>dN(O’AD-{—l:oo)(xD—i-l:oo)
(f vah((ED, xD-l—l:oo) exp (h(xD7 .TD+1:OO))dN(0, AD+1:OO)(xD+1:oo)>®2
f exp (h(ID, ID+1:°O))dN(O7 AD+1:°°)(JCD+1:OO)
—Ep, [V2oh(X)[XP = 2P] — (Bp, [V,0h(X)[XP = 2P))%2,
Taking the absolute value, we get,
IVCPVRP (2P)| < |VCPV yoh|oe < |[VCVA| .00,
ICPV2RP (2P)|| < [CPVEnhllso + [VCPV o b2, < ICVPRIZ (1) 0o + IVEV AT oo
Thus,
VCPVRP| o, < |[VCVA|| ko0,
ICPV2hP oo < IOV 7 (11),00 + IVCOVAF o
O
Define, -
Ap=Ae "+ C(1—e),
AP = APt L CP(1 -,
and D D D/ 7Dy\—1
§7(t,x) =5 (t,z) + C~ (A7) "=z,
(t.2) = sP(t.2) + CP (4P) -

5(t,x) := s(t,x) + CA; .

N
Since the projected initial distribution PP satisfies the finite-dimensional Gaussian tail assumption (Assump-
tion , Corollary implies that there exist constants LY, LY > 0 such that,

IVEP (t, )| cempyoo < L8, 152 (t, ) mp 00 < LPe™%, Wt > 0.
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Here the constant LY and LP is given by,

KP = max{1, ||AP(CP)7||} < max{1, |[AC~}|} = K,
Ly = (KP)*(|CPV?hP |l + [VCPVRP[S,) < K2(|CV2h| £(),00 + 2VOVAI[ o)
LY = KP||CP |2 |VOPVIP | < K||C||? VOV 1,00

By (Pidstrigach et al., [2023al) lemma 5 (listed as Proposition [B.4]), we have

D HD — — .
§U(t, X)) = 8(t, X)) = s(t, X¢) + CA; "X, Dboth a.s. and La, as D — oo. (52)

Thus, we obtain the following regularity estimation for the modified score,

Theorem B.2. Under the infinite dimensional Gaussian tail Assumption[6, the modified score § defined
by and satisfies,
IV3(t ) eemy.oe < Loe™s  [13(t @) 00 < Lie™2,  VE>0. (53)

where

K = max{1, |[AC!]|},

Lo = K*(|CV2hl2(t),00 + 2(VOVA(3 o),

= 1

Ly = K|[C||2 [VCVh| 1,00

pertains to Corollary formulated in the infinite-dimensional case. To derive an error bound, we also
need Assumption [3] and ] under an infinite-dimensional setting, listed as follows.

Assumption 7. For each time discretization point ti, 0 < k < N — 1, the approximated score Sy satisfies,
||V§9(T — tk, )”ﬁ(H),oo < -Z/()e_T+tk7

N—-1

— —
D (s = tR)ES(T — t, X—1,) — s9(T — t, X)) [|77 < €%
k=0

L
T

To measure the distance between the samples and the target distribution, we introduce the Wasserstein-2-
distance on the Hilbert space H,

1/2
Wy (p,v) = (ir;f/ llx — y||fqd7r(:1c7y)) ,

where 7 runs over all measures on H x H with marginals p and v.

Now we present the convergence bound aligned with the main Theorem [3.3] under the infinite-dimensional
setting.

Theorem B.3. Suppose Assumptions [0 and[7 hold under the infinite infinite-dimensional setting. Then,
sampling via scheme @ with sufficiently small step size T := supy,(tx+1 — tr) yields

- .
WE(Po,Qr) < Ky (72" (My + Te(C)) + €T + Tr(C)7?), (54)
where Ky = ¢A+3LotL2) max{(e + 1)e, e3(Lo + L2)?}.
Proof. First, we list the preliminary estimates as in Appendix [A-3] Denote
Sty x) = s(t,x)+x, So(t,z) :=sp(t,x) +x
and

Ly := max{||[[ — CA7|,||JAC™! — I||} = supe!||[T — CA; Y.
¢
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By Theorem and Assumption [7|, we have,

vt >0, V5t ey, < (Lo+ La)e™,
Vi€ {0,1,...N =1}, |[V36(T — ti, )|l c(m),00 < (Lo + Ly)e~ T+t
We set the step size
1
= sup(tpy1 — t) < mi {17}
T sgp( k+1 — tr) < min Tot o)e
so that

vr >0, <e'"r, and (Lg+ Lg)er <1.

The proof proceeds in the same manner as in Appendix However, Lemma is not available here,

since in the infinite-dimensional setting there is no probability density in the sense of Lebesgue measure.

Therefore, we make appropriate adjustments at the points where Lemma [A22] would otherwise be used. By
—

Theorem ﬂ 3(T —t, X+) satisfies,

- - L

E([3(T —t, X,)|I5 =E|5(T —t, X;) + (I — CAZL ) X4|?
<OB||S(T — 1, X )|} + 2EI|(I - CAzL, )X,
<2f2e(T=1) 4 212c2T-0F | X, ||?
<2L2e~ T 4 91272 max{M,, Tr(C)}

<00.

— ~ —
Thus, by Proposition sP(T —t, XP) = sP(T —t, XP) converge to §(T —t, X;) in L?. By Lemma
+—
e~38P (T —t,XP) is a continuous time martingale. Thus, by Doob’s L?—inequality, for any D, N € N'*
t D D L AN TN |2 TriaD(n wD N TN (2
E[ sup |e 287 (T — ¢, X;”) —e 28V (T — ¢, X;")|°] <4e " E|§7(0, X7 ) — 87 (0, X7)|*
0<t<T
Since the right side is Cauchy, the left side is also Cauchy, i.e., continuous time martingales e_%{sD (T -
+—

t,XP)}p form a Cauchy sequence under the norm,

Is]l :E[tsup Enigt

)

The continuous martingales are closed with respect to this norm (Karatzas & Shreve| (2014), Section 1.3), so

P
e %s(T —t,X,) is also a continuous time martingale.

— —
Now we follow the approach in Appendix Coupling X; and Y, with the same Brownian motion, and
+—

using the fact that e*%s(T —t,X) is a martingale, we obtain,

2
~ I I,

t <
X

-
E - Ytk+1)

tet1

where

ty — Tt ot [ «— . —
GT(th _Ytk) +/ ez (SQ(T—tk,th) —SQ(T—tk7Ytk)> dt

ti

I =Rk

2

)

tret1 i «— —
+/ % <§(T e X0,) — 50(T — tk,th)) dt
ty
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and

2
Iy =E

tht1 . «— th —
/ e <e_2§(T—t,Xt) —e_2§(T—tk,th)> dt
tr

—
For e~ 2 {sP(T —t, X)}p, using the estimate for I¥ in Appendix we have,

2

tht1 . — by —
E / el (e‘2§D(T—t7XtD)—e_2§(T—tk7X£)> dt
tr

S@S(f/o + L2)2TI'(C)€72T+3tkT(tk+1 — tk)

— —
Since the L? convergence of e~ %8P (T —t, XP) to e~ 23(T — t, X;) is uniform in time, we obtain,

j;% < 63(INJO + Lo)*Te(C)e 2T H%  (ty g1 — t,).

At this stage, we have modified the parts of the proof in Appendix [A-3] that rely on Lemma [A.2 and obtained
analogous results. The remaining steps follow directly from Appendix where the corresponding formulas
naturally extend to the infinite-dimensional setting. O

Here, we list the lemma used to extend our analysis to infinite dimensions.

Proposition B.4. (Pidstrigach et al| (2023d), Lemma 5) Let H be a separable Hilbert space and
Z,7 be two random variables taking values in H. Let e; be an orthonormal basis of H. Denote by
HP = span{ei,es,...,ep} and by PP the projection onto H”. Furthermore, let ZP = PPE[Z|PPZ)].
IfE|E[Z|Z]||3} < oo, then ZP — E[Z|Z] in L? and almost surely.
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C Table of constants

Table 2: Explicit expressions for the constants in the derivations

Constant Expression

K max{1L, [[AC!|, A~ C||}

Lo K2(|CV?h|o + [VCVhIZ)

Lo K2 (11CV2h]l 211y 00 + 2IVTEVRI )
Ly K| O[3 |VOVhx

L K| C|IZ VYAl a1,

Lo max{||[l — CA™Y|,|AC~ —I||}

My max{E\}0|2, TrC, 1}

M IE|;<O\2

K1 ett3(Lot+lz) max{(e + 1)e, e®(Lo + L2)?}
K] ett3(L2teB) max{(e + 1)e, €3 (Lo + L2)?}
K e4+3(£0+L2)max{(e+1)8,53(Eg + Lo)?}
K 2exp <7+ % + i

ks lensi= <(|v20nm<cm +lyD) +1IVGI%) + =1~ VG2 (1G] +y)2>
K3 edt3ks max{(e + 1)e, eSkg}
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