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Abstract

We present an estimate of the Wasserstein distance between the data distribution and the
generation of score-based generative models. The sampling complexity with respect to
dimension is O(\/ﬁ), with a logarithmic constant. In the analysis, we assume a Gaussian-type
tail behavior of the data distribution and an e-accurate approximation of the score. Such
a Gaussian tail assumption is general, as it accommodates practical target distributions
derived from early stopping techniques with bounded support.

The crux of the analysis lies in the global Lipschitz bound of the score, which is shown
from the Gaussian tail assumption by a dimension-independent estimate of the heat kernel.
Consequently, our complexity bound scales linearly (up to a logarithmic constant) with the
square root of the trace of the covariance operator, which relates to the invariant distribution
of the forward process.

1 Introduction

Diffusion models (DM) are among the state-of-the-art tools in the new GenAl era. As generative models,
diffusion models first link the target distribution to a distribution that is easy to sample via a diffusive
process (forward). The generative (backward) process then reverses the diffusion, enabling samples from
the easily sampled distribution to be transformed into samples from the target distribution. A well-known
mathematical model that encapsulates this approach is the score-based stochastic differential equation (SDE)
model (Song et al.l |2021)), where the forward and backward processes are represented by two SDEs that
share the same marginal distribution (Anderson, (1982; Haussmann & Pardoux], [1986)). In most cases, the
forward process is assumed to be an Ornstein-Uhlenbeck (OU) process. The backward process incorporates
the gradient of the logarithmic density (score) of the forward process. When the explicit form of the score is
unknown, it is estimated by a neural network from discrete samples of the target distribution.

A major direction for the theoretical study of DMs is the convergence of the approximated backward process
with limited data assumptions. Progress in this direction has been made, for example, in works such
as (De Bortoli, 2022} |Chen et al., [2023a; [Benton et al.l |2024; |Conforti et al., |2024; |Gao et al., [2025; |Li & Yan),
2025; Silveri & Ocello, [2025; [Beyler & Bach, 2025). Essentially, there are two camps regarding the availability
of the Lipschitz bound on the score function. When the Lipschitz bound of the score is available (regular
target), the backward process is generally well-defined until ¢ = 0, and convergence results are related to the
Lipschitz bound, see e.g., (Chen et al., [2023a; |Conforti et al.| [2024; |Gao et al., [2025)). Otherwise, when the
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Table 1: Summary of previous and our results for score-based diffusion models in d dimensions. The complexity
bound gives the number of steps N needed to ensure error < €.

=
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— —
2 _ d 0
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0
2 B0 e dlog” 3
E|Xo|? < oo KL(Ps||Qr_s)") N = 0(=21%) (Benton et all, [2024) Cor. 1

=
* F denotes relative Fisher information. Our Gaussian tail assumption (Assumption implies F(Po|N(0,14)) < d, and they are
equivalent under the standard Gaussian case.
**§ denotes the early stopping time, |Benton et al.| (2024) compares the KL-divergence between the sampled distribution and the early

stopped data distribution as the original data distribution under their assumption may be non-smooth.

bound is unavailable (singular target), the early stopping technique is introduced, and convergence results
are related to the stopping time (De Bortoli, [2022; [Lyu et al., 2022; Beyler & Bachl 2025). Various analytical
approaches have been adapted for these two types of assumptions.

In this work, we aim to present a general error analysis that applies to both regular and singular target
distributions and also generalizes to an infinite-dimensional setting. The analysis is based on a dimensionless
and global-in-space Lipschitz bound of the score, derived from a heat kernel estimation approach. Our
complexity bounds, derived under the Wasserstein-2-metric, are linear (with a logarithmic constant) in the
square root of variance of the Brownian motion in the forward process (T heorem. In the finite-dimensional
case with the standard Gaussian as the base distribution (the invariant measure of the forward process), the
variance is linear in the dimension and hence the complexity is O(v/d). For the infinite-dimensional case,
a Gaussian random field is taken as the base distribution, and the variance is linear with the trace of the
covariance operator.

It is worth noting that the results of this work adopt the Wasserstein-2 distance as the metric of error (instead
of Kullback—Leibler (KL) divergence) due to its flexibility. More precisely, the reasons are two-fold: (1) In
practical applications of diffusion models for the generation of structured data (image, text, video, protein,
etc.), the target distributions mostly find their support in a compact sub-manifold, see further discussion of
the manifold hypothesis in (Tenenbaum et al. 2000; Bengio et al., 2013} 2017)). Consequently, under this
hypothesis, the standard KL divergence cannot be consistently defined between the distribution obtained via
the backward process, whose support is the entire space, and the target distribution with compact support.
(2) In high (towards infinite) dimension settings, it becomes necessary to compactify the forward process. One
way to achieve this is by choosing the covariance matrix (operator) C' in the forward process to have finite
trace, so that the invariant distribution of the process has a finite second moment. The Wasserstein distance
then scales with Tr(C), making it consistent with this compactification in the context of infinite-dimensional
generative models. By contrast, the KLL divergence scales with the ambient dimension and therefore cannot
be directly extended to yield a dimensionless result. A motivating example is provided in Appendix [B1]

Related work

Complexity bounds (De Bortoli, [2022) established the first convergence guarantees in the 1-Wasserstein
distance, assuming that the data distribution satisfies the so-called manifold hypothesis. Some recent works
(Pierret & Galerne, 2024; \Gao & Zhu, 2024} |Gao et al., 2025} |Silveri & Ocellol [2025; [Li & Yan, 2025; Bruno|
|& Sabanis, [2025; Beyler & Bach, 2025) established convergence guarantees under Gaussian, log-concave,
weakly log-concave, or other minimal assumptions. We are also aware of several complexity bounds under KL
divergence, for instance (Chen et al. 2023a} Benton et al. 2024 |Conforti et al. [2024). A common point of
these approaches is the use of the chain rule for KL divergence, which follows from the Girsanov theorem, to
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separate the global error into local truncation errors. To bound local ones, the probabilistic viewpoint, which
estimates the score function under the distribution of the forward process, comes into play. In this work, we
instead provide a point-wise estimate of the score. Such an estimate also facilitates the analysis of the score
under the approximated backward process, thereby providing a Wasserstein bound. In Table [T} we present
the comparison of the complexity bounds.

Contractivity of the dynamics A common technical difficulty in establishing convergence guarantees under
the W5 metric is that the reverse-time dynamics typically needs to exhibit a form of contractivity. Indeed,
Wasserstein-based analyses rely on controlling the propagation of perturbations along the backward process,
which becomes tractable when the reverse-time drift is contractive; see, for example, the technical overview

in (Li & Y], [2025).

For this reason, many earlier works enforce contractivity through strong structural assumptions on the data
distribution, such as strong log-concavity or closely related regularity conditions. These assumptions ensure
global contractivity or stability of the reverse-time dynamics, leading to W5 convergence guarantees; see,
for instance, (Gao et al., [2025; Bruno et al., 2025} Yu & Yu, |2025; |Tang & Zhao, [2024; |Strasman et al.,
. Subsequent works have progressively relaxed these requirements, considering weaker notions such as
weak log-concavity combined with one-sided Lipschitz conditions, or semiconvex target distributions with
potentially discontinuous gradients; see, e.g., (Silveri & Ocellol [2025} Bruno & Sabanis, [2025)). In contrast,
for the KL divergence, there are works that obtain convergence guarantees with polynomial-type dependence
on the problem parameters without assuming strong log-concavity or global contractivity of the reverse-time
dynamics; see, for instance, (Chen et al., 2023a; Benton et al., 2024; (Conforti et al., 2024).

Rather than enforcing global contractivity of the reverse-time drift via structural assumptions on the target
distribution, this work takes a different approach. We exploit the regularizing effect of the forward Ornstein—
Uhlenbeck diffusion. In particular, although the reverse-time process may not be uniformly contractive, the
non-contractive component of the drift admits a Lipschitz bound that decays exponentially in time (see
Corollary. As a result, the influence of this component diminishes over the diffusion time horizon, yielding
a stabilization sufficient for convergence under the Wasserstein metric.

Diffusion models in infinite dimension While diffusion models are usually defined in finite-dimensional spaces,
many applications involve probing infinite-dimensional distributions. For instance, in some Bayesian inverse
problems 2010, one requires sampling the posterior distribution of a continuous function from
its discrete observation data. Up to now, there are many studies applying diffusion models to functional
spaces (Lim et al., 2025; Kerrigan et al., 2023; Pidstrigach et al. [2024} [Franzese et al [2024)). While many
theoretical studies (De Bortoli, [2022; |Chen et al.| [2023a} Benton et al., [2024)) suggest that performance
guarantees deteriorate with increasing dimension. (Pidstrigach et all [2024) established a bound on the
Wasserstein-2 Distance from the samples to the target distribution, which is dimension-independent but
grows exponentially with the running time 7. In this work, we further provide a Wasserstein-2-bound that is
both dimension-independent and running time uniform under the Gaussian tail assumption.

Lipschitz bounds of the score The score functions in the SGMs are related to the gradient of log-density
(log p) of the forward process. It is well known that the function log p itself follows a viscous Hamilton-Jacobi
(VHJ) equation (@ksendal, 2003} [Evans, [2022), as seen in (§) in the later discussion. Then the Lipschitz
bounds of the scores are equivalent to Hessian bounds for a vHJ equation. There are various regularity results
in the literature for the original Fokker-Planck equation or the transformed vHJ, see (Fujita et al., 2006;
[Stromberg), 2010]) and recent results in (Blessing & Kupper} 2022} Mooney et al.| 2025). We would point
out that, except (Mooney et al. [2025)), most results are seeking a spatially global Hessian bound
2023alb) which only lasts for a finite time without the Gaussian tail assumption (Assumption [2) in this
work. (Mooney et al., [2025)) also provides a local-in-space and global-in-time bound, while only polynomial in
dimension (d*) complexity can be derived from it due to the spatial locality.

We are also aware of the literature on the topic of contraction properties or Lipschitz estimates of transport

maps between measuresEl The Caffarelli’s contraction theorem (Caffarelli, 2000) in the optimal transport
(OT) setup is the starting point, and see (Colombo et all, [2015) for generalization to Lipschitz estimate.

1More precisely, in the context of this work, the transport map refers to the push-forward map from the Gaussian (base
distribution) to the target distribution po.
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Besides OT, the contractive map can also be attained by (reverse) heat flow (Kim & Milman| [2012). Recent
generalizations to the Lipschitz estimates of the maps, including (Mikulincer & Shenfeld}, |2023; Neeman) 2022;
Fathi et al., 2024 [Brigati & Pedrotti, 2025, obtain results for the boundedness of flow in a similar fashion
to this work under diverse assumptions. In comparison, this work focuses more on deriving theories with
applications to score-based diffusion models. In this regard, our assumptions cover the spatially anisotropic
noise (no necessity for equivalence among A, C, and I; in Assumption [2)) and we discuss the convergence and
complexity bounds in the discrete approximation of the generative flows.

The main contributions of this paper are:

o We introduce a Gaussian tail assumption (Assumption [2|) and apply a heat kernel estimate (The-
orem inspired by the solution of the viscous Hamilton—Jacobi (vHJ) equation to obtain a
spatially global Lipschitz constant for the modified score function that decays exponentially over
time (Corollary . This assumption accommodates non-log-concave target distributions and covers
practical scenarios, such as when the support of the target distribution is bounded and the early
stopping technique (Lyu et al., 2022)) is employed (Theorem .

o We establish a Wasserstein-2 bound (Theorem that depends only on the second moment of the
base distribution, allowing the result to extend naturally to infinite-dimensional settings. When the
second moment scales proportionally with the ambient dimension, the resulting sampling complexity
achieves the state-of-the-art dependence on the dimension, with a rate of O(v/d). (Gao et al.| 2025)
Proposition 6 also shows that under the standard Gaussian distribution, such a complexity bound is
optimal.

e As part of our methodological contribution, we provide a modified approach rather than conventional
Lyapunov-type analysis, which utilizes the exponential decay structure of the score to show the
uniform boundedness of accumulation error for an arbitrary long forward/backward process.

2 Preliminaries

This section contains the necessary notation and background to set the stage for the rest of the paper. We
begin by introducing basic notations used throughout the text, followed by a review of the forward and
backward processes in continuous time. We then discuss the discrete-time approximation commonly employed
in diffusion models, together with its practical relevance in training score-based models. Finally, we return to
the continuous-time setting to present the viscous Hamilton—Jacobi (vHJ) formulation that lies at the heart
of our regularity analysis.

General Notations Let y¢ be the Gaussian measure A/ (0, C)). For an n x n matrix A, we use the operator
norm || - |,

A
IA]| = sup |01|1| :=the largest eigenvalue of VATA.
v#0

For a symmetric, positive-definite n x n matrix A, we use |- |4 to denote weighted ls norm in R™ such that,
|z = <A_1/2x,A_1/2x>.

When A is the identity matrix, we neglect the letter for simplicity and | - | is the standard I3 norm in R™. For
vector (matrix, correspondingly) valued function f with = as variable, |f|s := sup, | f(z)| (correspondingly,

[flloc == sup, [[f(@)[])-

2.1 Continuous-time formulation of diffusion models

A large class of generative diffusion models can be analyzed under the SDE framework (Song et al., |2021)),
which contains two processes: forward and backward. The forward process, which gradually transforms the
data distribution into white noise, is an OU process as follows,

— 1—
Xy = —5 Xyt + VCdB,, 0<t<T. (1)
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where By is a standard Brownian motion, C' is a symmetric, positive-definite covariance matrix and 7" is the
final time such that the distribution of X7 is close to the Gaussian distribution N(0,C), denoted as base

distribution. The initial )_>( o follows the target(data) distribution, denoted as 1_50. We remark that in the
majority of theories and applications of the diffusion model, C' is assumed to be the identity. We maintain
the spatially anisotropic noise assumption (C' # I;) in the following derivation to enable our theories to
generalize to an infinite-dimensional setting where some compactification is necessary, see also (Pidstrigach
et al} |2024). For compactness of the process, we made the following assumption to bound the second moment
of the forward process.

Assumption 1. The data distribution has a bounded second moment, My := ETD |z|? < 0o. The covariance
0

Cin is in trace-class. Furthermore, we denote,

My = max{Tr(C), Ma, 1}. (2)

N
We denote the probability density of the forward process X; by ps, then p; solves the Fokker-Planck equation
with Cauchy data py:

O =5(V - (zp) +V-CVp), (3)
p(0,z) = po(x).

— — —
With time reversal X, := Xp_;, the backward process (X;)o<¢<r satisfies the following SDE (Haussmann &

Pardoux, |1986)),
— 1< = 5
AX, = (5 X0+ s(T = t,X))dt + VCdB,, (4)

where B; is also a standard Brownian motion (may not be the same as B;) and the term s(t, z) := C'V log p; ()
—

p

is generally referred to as the score function. The process (X;)o<i<r transforms noise into samples follows Py.
— — — —

We denote P;(correspondingly P;) as the marginal distribution of X, in (I)) (X; in (4)). Then, V0 <t < T,

— — — —

Py = Pp_y, especially Pp = Py.

2.2 Training and discrete-time approximation of diffusion models

Since the closed form expression of py is unknown, the score function s(¢,2) = C'V log pi(z) is not available.
Thus, we model the score function by a neural network sgy(t, z), where 6 denotes latent variables of the neural
network. We train the network by optimizing an Ly estimation loss,

IE; llse(t,z) — CV logpt(x)HQ.

Given the estimated score sy (assumed to be e-accurate, specified in Assumption , one can generate samples
of the target distribution py by a numerical approximation of the backward process starting from the Gaussian
distribution A (0, C),

— 1« — _
dYy = (Y1 +so(T — 1Y ))dt + VCdB,. (5)

In practice, diffusion models are trained and sampled in discrete time. Here, we introduce an Euler-type
discretization of the continuous-time stochastic process, which facilitates the convergence analysis. Let
0=ty <t; <---<ty =T -9 be the time discretization points (schedule), § = 0 for the normal setting and
0 > 0 for the early-stopping setting (Lyu et al.l 2022), and we adopt the following discrete scheme. Starting

-
from Yo ~ N(0,C), for all k =0,1,.... N — 1,

< 1 < — B
Ytlc+1 = \/7047 <Yt;€ + (1 - ak)S(;(T — tk, Ytk)) + v 1-— A2, (6)
where oy = exp(ty — tg+1) and 2z ~ N(0,C) are i.i.d.

Remark 2.1. The discretization @ approximately corresponds to the discrete-time scheme introduced in (Ho
et al., 2020)); it can also be found in the analysis work (De Bortoli, [2022]).
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The bounds established later (Theorem[3.4]) quantify how well the discrete process approximates the continuous-
time backward SDE in Wasserstein distance. The step size 7 := maxy (¢x4+1 — tx) enters the final error bound
in the form Tr(C)72, demonstrating the accumulation of numerical error in the generative process.

2.3 Foundational ldeas based on Heat Kernel Estimation

The convergence analysis of the discrete scheme @ relies heavily on the regularity (up to second order)
of the score potential function log p;, which follows a viscous Hamilton-Jacobi equation (vHJ). While such
derivations are known to experts (Evans| [2022), we briefly list the conversion between vHJ and heat equation
for completeness.

We first consider the following transform of log p,

q(t,z) = —logpi(x) —

where A; = Ae™" + C(1 — e7*). Then, q satisfies the vHJ,
{ Oq — 3V -CVq+ 3VCVq|? + (CA; — 31g)x - Vg = Te(CA; ! - Iy), ()
Q(Oax) = 7h($),

where h(x) :=logpo(z) + % is the non-Gaussian part of the log-likelihood function (the remainder term in
later Assumption . To simplify , we let f(t) = —% Ot Tr(CA;' — I;)ds and make a two step change of
variables: let K (t) = (AA; Y)e™2, then q(t,x) = q(t, K (t)~'V/Cx) + f(t) satisfies,

(9)

0q— 3V - K(t)’Vq+ 3|K(t)Vq]* =0,
G(0,z) = h(zx) :== —h(v/Cx).

It is known that the semi-concavity is preserved (Mooney et al.| |2025)), while the semi-convexity is not

automatically propagated, which is the main difficulty in the analysis of diffusion models. In this work, we

further define p(t, z) := e~9(") that satisfies

Op— iV -K(1t)?Vp=0, on (0,00) x R, (10)
p(0,z) = e~ "),
(10) is a heat equation and admits the following solution from the heat kernel,
i — / - (_‘x _y|23“>) exp ( — h(y))dy (11)
’ (2m)% Jgn \/det B(t) 2 ’

where B(t) := fot K(s)2ds = (e? —e~2)K(t). It is worth mentioning that the kernel representation leads
directly to uniform-in-time bounds on Vg and V2§ (Theorem . These bounds yield the exponentially
decaying Lipschitz constant of the modified score (Corollary 3.2), which is central to our Wasserstein
convergence guarantees.

3 Results

In this section, we list the theoretical results and discussions. The detailed proofs are provided in Appendix [A]l
Section [3.1] is devoted to the Lipschitz bound of score with Gaussian tail assumption, which is based on a
heat kernel estimation of . Section lists the fundamental convergence result in the Wasserstein metric.
Sections and present applications of our convergence result to the bounded-support assumption and
Bayesian inverse problems, respectively.
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3.1 Lipschitz Bound of Score Function

The foundation of our analysis is to provide a spatially global regularity estimate of p; as the solution of an
elliptic equation. These bounds control how sharply the true score can vary in space and directly impact
the stability and error propagation of the learned score in the generative process. Before obtaining such
bounds, we need the following assumption to derive reasonable point-wise estimates of the gradients of the
score function.

Assumption 2 (Gaussian tail). The target density po € C*(RY) and admits the tail decomposition,

po(x) = exp ( — %) exp (h(a?)), (12)
where

(i) A is a symmetric, positive-definite matriz which can be simultaneously diagonalized with C' and
satisfies ||AC™Y|| < oo and |CA™Y| < oo,
(ii) The remainder term h satisfies |V/CVh|s < 00 and ||CV?h]s < 0.

Moreover, all the constants above are dimension-independent.

Similar decompositions of py as appeared in Assumption 1 in (Cole & Lu, [2024) and Theorem 13
in (Pidstrigach et al., 2024)) to ensure the generalization and well-posedness of the sampling process. To
analyze the convergence of the discrete sampling process and its dimensional dependence, our Assumption
is more restrictive, as well as comparing with the conditions used in log-concavity and heat-flow regularity
theory. Its advantage lies in yielding exponentially decaying Lipschitz/Hessian bounds for the modified
score, which do not follow from classical Lipschitz or weak log-concavity assumptions. More precisely, the
L-Lipschitz condition on V logpg does not ensure a Lipschitz bound for V log p; (see Example 3.4 in (Mooney|
et al.l [2025)), and the combination of weak log-concavity with one-sided Lipschitz-ness (Assumption H1) in
(Silveri & Ocello}, [2025)) only guarantees an O(1) Hessian bound of log p; over time. While being slightly more
restrictive, the Assumption [2] yields an O(e*) Hessian bound for the modified score function (Corollary [3.2),
which thus leads to improved complexity bounds (see Remark . Moreover, the Gaussian tail assumption
does not require the target distribution to be log-concave, even when it is far from the origin.

To demonstrate the practicality of the Gaussian tail assumption, we provide two examples. First, in
Theorem [3.8] we show that for any bounded-support target distribution, the density of the forward process
at the early stopping time 0 satisfies the assumption with A = (1 — exp(—9))I;. Second, the Gaussian
tail assumption also holds for certain posterior distributions arising in Bayesian inverse problems; see
Theorem [3.13

Under the Gaussian tail Assumption [2] we establish bounds on the Hessian and gradient of the transformed
potential (¢, x) via the heat kernel estimation.

Theorem 3.1. Under Assumption@, the function q(t,x) in @ satisfies, ¥Vt > 0,

IVa(t, Yoo < VG0, )]s, IV2a(t,)lloo < 1V24(0,)lloo + V(0. -)[,- (13)

Proof see Appendix

Theorem |3.1| provides uniform in time estimates for the transformed variables in @D By reversing the change
of variables (t,z) — (t, (A;A™1)et/%z) used to go from (8) to (I), these uniform bounds translate back to the
original coordinates, resulting in the exponential decay estimates for the modified score function stated in the
following corollary.

Corollary 3.2. Define the modified score function as
5(t,x) := CVlog ps(x) + CA; . (14)
Suppose that Assumption[q holds. Then, Vt > 0, the following estimates hold:

IV5(t, Moo < € Lo, 18(t,)|oo < €72 Ly, (15)
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where
K = max{1, |[AC1]|},
Lo = K*(||[CV?h| +|VCOVAIZ,),
Ly = K[|C|"/2|VOVhl.

Proof can be found in Appendix [A:2] This result provides a formal justification for a well-known empirical
feature (Song et al.| 2021): the score function becomes smoother at higher noise levels. This smoothing is
crucial because (i) it enables stable training at early timesteps, and (ii) it ensures that discretization error
does not explode when simulating the backward process.

Note that K, Ly and L; are bounded dimension-free constants. For later discussion, we also denote,
Ly = max{||l - CA™Y[, AC™* — I}.
Remark 3.3. Corollary [3.2] extends to more general linear forward SDEs of the form
dX, = —f(t) Xy dt + g(t) VC dB,
where f,g:[0,00) = (0,00) are continuous functions and the solution admits the explicit representation

Xt :Oé(t)Xo‘i’ﬂ(t)Zt, Zt ’\J./\/.(O,C’)7

t t
with a(t) = e~ Jo £ 4 and B(t)? = fot e 2 ) ()2 ds.

Assuming the same Gaussian tail condition on the initial distribution as in Assumption [2] define
A= a(t)?A+ B(t)2C, 5(t,x) :== OV logps(x) + CA; .

Then the modified score (¢, ) admits uniform-in-space bounds

V(oo < a(t)2K2(||CV2hHoo + \\@Vhﬁo), 3t oo < a(t)K [VOVh|,
where K = max{1,[|AC~!||}. The OU case corresponds to the special choice f(t) = % and g(¢) = 1.

3.2 Main Convergence theories

In the preceding section, we established the crucial analytical properties of the modified score function §(¢, x)
that drives the reverse diffusion process, namely the exponential decay of its Lipschitz constant. This section
utilizes these theoretical foundations to provide rigorous, quantifiable bounds on the convergence of our
discrete sampling scheme @ under the Wasserstein-2-distance,

1/2
Wi, v) = (inf / x—dew(w,w) ,

where 7 runs over all measures which have marginals p and v. Our objective is to clearly dissect the sources of
the total sampling error and demonstrate how this error decomposes and evolves with respect to the diffusion
time T, the step size 7, and the score network approximation accuracy e. To achieve this, we first introduce
the following assumptions concerning the learned score function sg. Assumption [3| quantifies how accurately
the learned score approximates the true score at discretization points. Assumption [4 ensures a Lipschitz-type
regularity for the learned score, consistent with the theoretically guaranteed regularity of the true score.

Assumption 3. sy is an e-accurate approximation to s on average over the discretization points, i.e.,

2

2

! <€ (16)

— —
T (thr — te)E|s(T — t, X7—y,) — 50(T — ti, X17—y,)
0

e
I
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We would also like to point out that, due to the limited access to the score approximation error, when deriving
the complexity bounds, we always assume a sufficiently accurate score approximation.

For the subsequent analysis, we will work with the modified score 3(t,z) := s(t,x) + CA; 'z and its
approximation 3 (t,z) := sp(t,z) + CA; *x. Note that adding the same deterministic correction CA; 'z to
both terms does not change the approximation error. Hence Assumption [3]is equivalently stated in terms of
(8, 5p); the network being trained is still sg, while 3y is introduced only for stability analysis.

Assumption [3| evaluates the score approximation error along the true reverse-time process. This choice is
aligned with the learning objective in the denoising score matching (Ho et all 2020), where expectatlons are

taken with respect to the true diffusion process X rather than the empirical sampling trajectory Y Alternative

choices, which evaluate the score approximation error along Y, have been used in the literature (Gao et al.|
2025; 'Yu & Yu, 2025} Silveri & Ocello, [2025) and simplify the control of error propagation, but they measure
the approximation error on a path that itself depends on the learned score network sg.

Under the present formulation, the propagation of errors between successive time steps is governed by the
discrete flow induced by the learned score. As a consequence, in addition to Assumption [3] some regularity of
the score network is required to ensure stability of the propagation. This motivates the following Assumption []
which postulates that the learned score satisfies a time-decaying Lipschitz bound consistent with that of the
true score established in Corollary [3.2] We note that similar considerations are also discussed in equation (3.3)
of |Gao et al.| (2025)) and in Section 4 of Beyler & Bach| (2025).

Assumption 4. We assume that Syo(t,x) satisfies the same time-decaying Lipschitz bound as §(t,z) in
Corollary[3-3 at the time discretization points, i.e.

Vk€{0,1,...,N =1}, [[V3(T — tp.")||oo < Loe™ 1T, (17)

The Assumption [4] provides a sufficient regularity assumption to establish later convergence results and it is
consistent with the theoretical estimates in Corollary Without prior knowledge of A and C, may be
difficult to validate, and can be relaxed to the following condition,

Assumption . There exists some constants b > 0 and B > 0 independent of T, such that

N-1
sup |1+ Vso(T = tg, Moo b and Y (trsr — ta) [l + Viso(T — i, )]0 < B. (18)
k k=0

We note that the relaxed condition, formulated as a time-integrated stability bound, captures the actual
requirement used in the convergence analysis. Moreover, it is closely aligned with practice. For example,
Lipschitz-controlled architectures such as spectral-normalized networks (Miyato et al., 2018) provide an
explicit control of Lipschitz bounds on x + sg(¢, x), which, possibly combined with time-dependent scaling in
terms of e, yield the required stability control. In the later presentation of the main results, we will take
Assumption 4} In Appendix we provide the adaptation of the proof to Assumption Eﬂ

Now we present the main theorem in this part.

Theorem 3.4. Suppose Assumptions @ @ and hold, with the step size T := supy{tp+1 — tx} < 1. Then
sampling via scheme @ yields

WE(Po,Qr) < Ku (¢ (My +TH(C)) + €T + (Lo + Lo)*Tr(C)7?), (19)

where Ky :=exp (4 + (1+¢€)(2(Lo + L2) + (Lo + L2)?et)) is dimension-free.

Proof see Appendix [A-3]

This theorem decomposes the total sampling error into several contributions. The prefactor K accounts for
the accumulation of errors through the reverse-time process. It arises from a discrete-time propagation analysis
based on a Gronwall-type argument and depends on the Lipschitz regularity of the modified score, which is
ensured Assumption 4} The remaining terms correspond to additive error contributions: (i) e =27 (M + Tr(C))
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is the error due to incomplete denoising, (ii) €27 arises from the score approximation error and is governed
by Assumption |3 (iii) (Lo + L2)*Tr(C)7? is the discretization error, whose magnitude is amplified by the
Lipschitz constant of the reverse-time drift guaranteed under the Gaussian tail Assumption [2] Practitioners
may choose mixing time T, network size, and timestep schedules 7 accordingly. We also note that when
applying Theorem [3.4] to the convergence with respect to 7 — 0, the constant log K1 may be made linear in
Lo + Ly with 7 sufficiently small. In Section [3.3] we will consider such a growth regime for the targets with
bounded supports.

As a direct consequence of Theorem we have the following complexity bound for Gaussian tail targets.

Corollary 3.5. Under the same assumptions as Theorem[3.]], the following complexity bound guarantees
«— —

that the distribution Qp satisfies Wa(Po, Qr) = O(eo):

T:O(log]%t;rr(c)), N:@(f):o(Tm) (20)

0 €0

Remark 3.6. When assuming the second moment of the target distribution M5 and the trace of the diffusion
covariance Tr(C) scale linearly with space dimension d, the bound in Theorem corresponds to an O(r)
convergence rate with (’)(\/Zi) dependence in W, distance, and the complexity bound in Corollary is
O(v/d) with a logarithmic constant. In (Gao et al., 2025), they obtained an O(d) complexity under an
assumption similar to our Gaussian-tail assumption (they further assume h is concave), and their Proposition 6
shows that the O(\/ﬁ) bound is optimal when the target is the standard Gaussian. Notably, in the line of
pursuing complexity bounds under more general assumptions (than log-concaveness), a very recent work
(Silveri & Ocellol, [2025) obtained an O(d?) boundﬂ through the weakly log-concave profile propagation
framework established in (Saremi et al., |2024; |Conforti, |2024; |Conforti et al.l [2025)). In Table |1} we provide a
non-exhaustive list of complexity bounds for comparison.

When fixing the second moment Ms and trace of covariance matrix C of base distribution, the complexity
bound in Corollary does not depend on the dimension and hence can be generalized to some infinite-
dimensional generative models; see Theorem and related discussion in Appendix [B}

Remark 3.7. In Corollary we implicitly operate in a regime where the parameters Ly and Lo are moderate,
so that the prefactor K7, which depends exponentially on Ly + Lo, does not dominate the error bound. This
situation corresponds to typical smooth-data settings, in which Ly and Lo are determined by derivatives of
the log-density and by the consistency between the base distribution and the target covariance structure.

By contrast, in regimes involving bounded-support targets or early stopping, the quantities Ly and Lo may
deteriorate as the support radius increases or the stopping parameter decreases. In such cases, the exponential
dependence of K; is unavoidable and reflects a genuine loss of stability of the reverse-time process. We refer
to Section [3.3] for a more detailed discussion, where we analyze targets with bounded support and identify
parameter regimes in which the bounds remain informative.

3.3 Convergence for bounded-support target

This subsection specializes the convergence theory of Theorem to an important and practically relevant
setting: when the target distribution pg is supported on a bounded set. Such distributions arise naturally in
many practical applications of generative models and can be derived from the manifold hypothesis (Bengio
et al., 2013)). We make this assumption explicit as follows.

N
Assumption 5. The target distribution Pg is supported on a bounded set, i.e., there exists R < oo such that
—
Supp Py C B(0, R).

While Assumption [5] alone does not impose any smoothness or tail behavior on pg, a key phenomenon is
that the forward Ornstein—Uhlenbeck diffusion instantaneously regularizes such distributions. In particular,
for every t > 0, the density p; acquires Gaussian-type tails and thus satisfies the Gaussian tail condition of

2In arriving at this, we also assume the second moment scales linearly with dimension in their Theorem 3.5.

10
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Assumption [2] To quantify this regularizing effect, we first record a general result on Gaussian convolution of
a bounded-support distribution.

Theorem 3.8. Let Q, = N(0,0%1,) * Qo, where Qo follows Assumption @ Then Q, has smooth density q,

and we define
jz?

9(x) :==log g, (x) + 2%
It follows that,

2R?

R
Vgloo < IV2glloo < i (21)

9
o2

Proof see Appendix [AJ5]

Similar estimates in Theorem can be found in (De Bortoli, |2022; Mooney et al.l [2025). In the current
form , we extract the spatial growing part to ensure uniform boundedness in space to be consistent with
Assumption

Applying Theorem [3.§| to the forward OU-process (1) with covariance C' = I; and stopping time §, we obtain

L
that the marginal Ps has smooth density ps and satisfies,
ps(x) = exp ( — L) exp (h(z))
2(1 —e9) ’
and

e R?
(1 —e=9)2

_s
Vh|a < e 2R

ST IVPle <2

Hence ps satisfies Assumption [2| and the score Lipschitz bounds from Corollary apply directly.

—
Corollary 3.9. Suppose that Pq follows the Assumption H Let C = Iy and A = (1 — e %)I;. Then
Ay = (1 —e )1y and for all t > &, we have,
R

2 e t
) et |Viegpi(x) + A7 Moo < T —e 2.
—e

IV 1og(e) + A7 oo < 3(7—
Proof see Appendix [A.6] As shown in Corollary [3.9] even though the score of an early-stopped bounded-
support distribution is well defined for any positive stopping time, its global regularity deteriorates as the
stopping time tends to 0. By contrast, the score of a full-support distribution with Gaussian tails admits stable
global regularity properties. This behavior is closely related to the score-regularity phenomena discussed
in [Stéphanovitch| (2025)).

Using the Lipschitz bound in Corollary [3.9] we obtain a Wasserstein-2 distance bound analogous to Theo-
rem [3.4]

N
Theorem 3.10. Suppose that Py follows the Assumption @ the early stopping time 6 < 1, and the
Assumption@ holds. Then, sampling via scheme @ with step size T satisfying

. R -1
7 < min{1, (36(1 — 675)2 + 1 _667(5) s

we obtain the following convergence bound,
=
W3 (Ps, Qp_s) < exp (4+3(1+e)K>) (727 (R? + d) + T + K3dr?), (22)
where Ky = 3% + ﬁ

Proof see Appendix [AZ7] With the result in Theorem [3.10, we can get the complexity bound with early
stopping setting under the bounded-support assumption by direct computation.

11
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-

Corollary 3.11. Under the same assumption as Theorem achieving a distribution Qr_s such that
-

Wa(Ps,Qr_s) = Oleo) requires:

R? R?*+d T-90 \VdT l+e 3(1+e)R?
T=0(= +log—s5—), N= = :
0(52 log €l )’ T O( €0 exp<1_65 * (1—65)2)

When fixing the early stopping time 6 and support radius R,

Vd, R*+ d). (23)

N = O(g log 63

- = = =
Noticing that, Wa(Ps, Pg) < \VE| X5 — Xo|? < 2¢/Myd, we have the following complexity bound with respect
—
to Fb.
+—
Corollary 3.12. Under the same assumption as Theorem reaching a distribution Qr_s such that
—
Wa(Po, Qr_s) = O(eo) requires,
2

5:0(1\%), logN:(’)(?—;) :o(RZf&). (24)

The logarithmic complexity log N = (’)(?—22) stems from the exponential dependence of the prefactor Ks(R, )

on %, which can be traced to two sources. First, the Hessian bound for the early-stopped log-density

already scales as % (Corollary ; to the best of our knowledge, this (R, §)-dependence cannot be

l1—e—

improved without additional geometric assumptions on Supp(]go), see, e.g., (Mooney et al., [2025)). Second,
discretization error accumulates through the Lipschitz constant of the modified score in the reverse-time
process: since this Lipschitz constant is controlled by the Hessian bound, the discrete-time stability analysis
(via a Gronwall-type argument) induces an exponential amplification. Such exponential dependence is
classical in Wasserstein-based error analyses and in Lipschitz change-of-variable estimates for deterministic
or stochastic flows (De Bortoli, |2022; [Beyler & Bach, [2025; Brigati & Pedrotti, 2025). In the absence of
additional global contractivity assumptions (e.g., strong convexity), this type of dependence is generally
unavoidable.

By contrast, KL/TV-based analyses that exploit Girsanov-type arguments may yield only polynomial
dependence on ? when converted to Wy bounds (Chen et all [2023b; [Holden et al.l [2023). However, these
guarantees typically apply to projected distributions (discarding mass outside By(R) to pass from TV /KL
to Wasserstein), whereas the present work controls the unprojected law of the reverse-time process. In this
setting, we are not aware of a simple way to control the projection error, and results for projected and
unprojected distributions are therefore not directly comparable. For completeness, Appendix [D] discusses how
Corollary can be used to derive an upper bound with a similar (R, d)-dependence as (Chen et al.l 2023D),
and Table 2 summarizes a broader comparison under bounded-support assumptions.

3.4 Convergence in the Bayesian Inverse problems

Another potential application of generative models is to generate the posterior distribution in Bayesian inverse
problems. See (Stuart} 2010) for a detailed review. Here, we restrict our theories to the following type of
applicative scenario, where we consider a non-linear observation G € C3(R? R™) from the state space R? and
its observation y € R™. We further assume that the prior of the state and the observation noise distribution
follow Gaussian-type distributions with C' and ¥ denoting the covariance matrices, respectively. Then the
posterior of the state, also the target distribution of the generative model, follows,

po(e) = Doesxp (= 119 exp (= 1600, (25)

12
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where Dy is some normalizing constant.

To construct a generative model to sample the posterior, we take the covariance matrix of the base distribution
in identical to the prior covariance matrix C' in . A conditioned score (referred to as the conditional
de-noising estimator in the literature (Batzolis et al., [2021))) is trained with the following loss,

Ep, (o) |50 (t, 23 y) — CV, log p(; )2,

where p; is then the joint distribution of (X, Y) in which Y follows G(Xg) + N (0,X). For the generation
process of the posterior distribution with observation y, we assume the estimated score sg(t,x;y) satisfies
Assumption [3]and [4] Then, we have the following theorem.

Theorem 3.13. Suppose that the target distribution admits the density in and Assumptz'on holds.
Then, sampling via scheme @ with step size T satisfying

. _ _ 2\ !
7 < min{1, [|Z[[[|C]| 1((IIVQGH<>O(|G|<>O+IyI)JrIIVGHio) +IBITHVEIE (1Glo + 1y1) ) 2
we obtain the following convergence bound,
2D Py 2T 2 2 2
W3 (Po(59),Qr(5y)) < K3 (e_ (M2 + Tr(C)) + €T + k3Tr(C)7 )a (26)

where K3 and ks are dimensionless constants determined by (||C||, |12, G,y), the explicit expression is
provided in Table[3

Proof see Appendix

This provides a theoretical grounding for the growing empirical use of diffusion models as posterior samplers
(e.g. conditional diffusion models), justifying that with sufficiently accurate score learning, the generated
posterior approximations are provably close to the true Bayesian posterior in the Wasserstein-2-distance.

4 Conclusion

In this work, we presented a unified and generalizable theoretical framework for analyzing the convergence
of score-based generative diffusion models (SGMs), specifically focusing on bounding the Wasserstein-2
distance between the target and generated distributions. Our analysis hinges on the introduction of the
Gaussian-tail assumption (Assumption , a more general condition that accommodates practical scenarios
such as distributions with bounded support and those arising from early stopping techniques. A core technical
contribution is establishing the exponential decay over time of the Lipschitz constant for the modified score
function (Corollary , derived via a dimension-independent heat kernel estimate. This enabled us to prove
a rigorous Wasserstein-2 distance bound (Theorem that only depends on the second moment of the
base distribution, thereby naturally extending the analysis to the infinite-dimensional setting. Furthermore,
for the standard finite-dimensional case, our analysis demonstrates an optimal iterative complexity rate of
O(v/d) (Corollary , matching the current state-of-the-art. Overall, our work provides stringent theoretical
guarantees, affirming the convergence and optimal dimension-dependence of the discrete approximation scheme
for SDE-based score models under a more general class of target distributions, judged by the Wasserstein-2
metric.

Moving forward, a compelling direction for future research involves investigating the higher-order regularity
of the score function. While our current analysis provides regularity estimates up to the second deriva-
tive—corresponding to the second-order boundedness of the Gaussian-tail’s remainder term—we believe
that imposing higher-order regularity on this remainder term (which is feasible in practice via bounded
support combined with early stopping) could yield analogous higher-order regularity estimates for the score
function itself. Such advanced regularity understanding is beneficial for guiding neural network training
objectives and enabling the discovery of higher-order numerical SDE schemes, thereby significantly improving
the convergence rate and accuracy of the discrete numerical scheme relative to the true backward diffusion
process.

13
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Broader Impact
The paper provides insights into the regularity and convergence of one of the state-of-the-art generative

models, which the GenAl community may benefit from. There are many potential societal consequences of
our work, none of which we feel must be specifically highlighted here.

Acknowledgment

The research of both authors is partially supported by NTU-SUG and MOE AcRF Tier 1 RG17/24.

14



Published in Transactions on Machine Learning Research (04/2026)

References

B. Anderson. Reverse-time diffusion equation models. Stoch. Process. Appl., 12(3):313-326, 1982.

Georgios Batzolis, Jan Stanczuk, Carola-Bibiane Schonlieb, and Christian Etmann. Conditional image
generation with score-based diffusion models. arXiv preprint arXiv:2111.13606, 2021.

Yoshua Bengio, Aaron Courville, and Pascal Vincent. Representation learning: A review and new perspectives.
IEEE transactions on pattern analysis and machine intelligence, 35(8):1798-1828, 2013.

Yoshua Bengio, Ian Goodfellow, and Aaron Courville. Deep learning, volume 1. MIT press Cambridge, MA,
USA, 2017.

Joe Benton, Valentin De Bortoli, Arnaud Doucet, and George Deligiannidis. Nearly d-linear convergence
bounds for diffusion models via stochastic localization. In The Twelfth International Conference on Learning
Representations, 2024.

Eliot Beyler and Francis Bach. Convergence of deterministic and stochastic diffusion-model samplers: A
simple analysis in wasserstein distance. arXiv preprint arXiv:2508.03210, 2025.

Jonas Blessing and Michael Kupper. Viscous hamilton—jacobi equations in exponential orlicz hearts. Journal de
Mathématiques Pures et Appliquées, 163:654-672, 2022. ISSN 00217824. doi: 10.1016/j.matpur.2022.05.018.
URL https://linkinghub.elsevier.com/retrieve/pii/S002178242200071X.

Giovanni Brigati and Francesco Pedrotti. Heat flow, log-concavity, and lipschitz transport maps. Electronic
Communications in Probability, 30:1-12, 2025.

Stefano Bruno and Sotirios Sabanis. Wasserstein convergence of score-based generative models under
semiconvexity and discontinuous gradients. arXiv preprint arXiv:2505.034532, 2025.

Stefano Bruno, Ying Zhang, Dongyoung Lim, Omer Deniz Akyildiz, and Sotirios Sabanis. On diffusion-
based generative models and their error bounds: The log-concave case with full convergence estimates.
Transactions on Machine Learning Research, 2025.

Luis A Caffarelli. Monotonicity properties of optimal transportation and the fkg and related inequalities.
Communications in Mathematical Physics, 214(3):547-563, 2000.

Hongrui Chen, Holden Lee, and Jianfeng Lu. Improved analysis of score-based generative modeling: user-
friendly bounds under minimal smoothness assumptions. In Proceedings of the 40th International Conference
on Machine Learning, pp. 4735-4763, 2023a.

Sitan Chen, Sinho Chewi, Jerry Li, Yuanzhi Li, Adil Salim, and Anru R Zhang. Sampling is as easy as
learning the score: theory for diffusion models with minimal data assumptions. In International Conference
on Learning Representations, 2023b.

Frank Cole and Yulong Lu. Score-based generative models break the curse of dimensionality in learning a family
of sub-gaussian probability distributions. In 12th International Conference on Learning Representations,
ICLR 2024, 2024.

Maria Colombo, Alessio Figalli, and Yash Jhaveri. Lipschitz changes of variables between perturbations of
log-concave measures. arXiv preprint arXiv:1510.03687, 2015.

Giovanni Conforti. Weak semiconvexity estimates for schrodinger potentials and logarithmic sobolev inequality
for schrodinger bridges. Probability Theory and Related Fields, 189(3):1045-1071, 2024.

Giovanni Conforti, Alain Durmus, and Marta Gentiloni Silveri. Kl convergence guarantees for score diffusion
models under minimal data assumptions, 2024. URL https://arxiv.org/abs/2308.12240.

Giovanni Conforti, Daniel Lacker, and Soumik Pal. Projected langevin dynamics and a gradient flow for
entropic optimal transport. Journal of the Furopean Mathematical Society, 2025.

15


https://linkinghub.elsevier.com/retrieve/pii/S002178242200071X
https://arxiv.org/abs/2308.12240

Published in Transactions on Machine Learning Research (04/2026)

Giuseppe Da Prato and Jerzy Zabczyk. Stochastic equations in infinite dimensions, volume 152. Cambridge
university press, 2014.

Valentin De Bortoli. Convergence of denoising diffusion models under the manifold hypothesis. Transactions
on Machine Learning Research, 2022.

Lawrence C Evans. Partial differential equations, volume 19. American Mathematical Society, 2022.

Max Fathi, Dan Mikulincer, and Yair Shenfeld. Transportation onto log-lipschitz perturbations. Calculus of
Variations and Partial Differential Equations, 63(3):61, 2024.

Giulio Franzese, Giulio Corallo, Simone Rossi, Markus Heinonen, Maurizio Filippone, and Pietro Michiardi.
Continuous-time functional diffusion processes. Advances in Neural Information Processing Systems, 36,
2024.

Yasuhiro Fujita, Hitoshi Ishii, and Paola Loreti. Asymptotic solutions of viscous hamilton—jacobi equations
with ornstein—uhlenbeck operator. Communications in Partial Differential Equations, 31(6):827-848, 2006.

Xuefeng Gao and Lingjiong Zhu. Convergence analysis for general probability flow odes of diffusion models
in wasserstein distances, 2024. URL https://arxiv.org/abs/2401.17958.

Xuefeng Gao, Hoang M Nguyen, and Lingjiong Zhu. Wasserstein convergence guarantees for a general class
of score-based generative models. Journal of machine learning research, 2025.

Ulrich G Haussmann and Etienne Pardoux. Time reversal of diffusions. The Annals of Probability, pp.
1188-1205, 1986.

Jonathan Ho, Ajay Jain, and Pieter Abbeel. Denoising diffusion probabilistic models. Advances in neural
information processing systems, 33:6840-6851, 2020.

Lee Holden, Jianfeng Lu, and Yixin Tan. Convergence of score-based generative modeling for general data
distributions. In Proceedings of Machine Learning Research, 34th International Conference on Algorithmic
Learning Theory, volume 201, 2023.

Toannis Karatzas and Steven Shreve. Brownian motion and stochastic calculus, volume 113. springer, 2014.

Gavin Kerrigan, Justin Ley, and Padhraic Smyth. Diffusion Generative Models in Infinite Dimensions,
February 2023. URL http://arxiv.org/abs/2212.00886. arXiv:2212.00886 [cs, stat].

Young-Heon Kim and Emanuel Milman. A generalization of caffarelli’s contraction theorem via (reverse)
heat flow. Mathematische Annalen, 354(3):827-862, 2012. ISSN 0025-5831, 1432-1807. doi: 10.1007/
s00208-011-0749-x. URL http://link.springer.com/10.1007/s00208-011-0749-x.

Gen Li and Yuling Yan. O (d/t) convergence theory for diffusion probabilistic models under minimal
assumptions. In The Thirteenth International Conference on Learning Representations, 2025.

Jae Hyun Lim, Nikola B Kovachki, Ricardo Baptista, Christopher Beckham, Kamyar Azizzadenesheli, Jean
Kossaifi, Vikram Voleti, Jiaming Song, Karsten Kreis, Jan Kautz, et al. Score-based diffusion models in
function space. Journal of Machine Learning Research, 26(158):1-62, 2025.

Zhaoyang Lyu, Xudong Xu, Ceyuan Yang, Dahua Lin, and Bo Dai. Accelerating diffusion models via early
stop of the diffusion process. arXiv preprint arXiv:2205.12524, 2022.

Dan Mikulincer and Yair Shenfeld. On the lipschitz properties of transportation along heat flows. In Geometric
Aspects of Functional Analysis: Israel Seminar (GAFA) 2020-2022, pp. 269-290. Springer, 2023.

Takeru Miyato, Toshiki Kataoka, Masanori Koyama, and Yuichi Yoshida. Spectral normalization for generative
adversarial networks. arXiv preprint arXiv:1802.05957, 2018.

16


https://arxiv.org/abs/2401.17958
http://arxiv.org/abs/2212.00886
http://link.springer.com/10.1007/s00208-011-0749-x

Published in Transactions on Machine Learning Research (04/2026)

Connor Mooney, Zhongjian Wang, Jack Xin, and Yifeng Yu. Global well-posedness and convergence analysis
of score-based generative models via sharp lipschitz estimates. In The Thirteenth International Conference
on Learning Representations, 2025.

Joe Neeman. Lipschitz changes of variables via heat flow. arXiv preprint arXiv:2201.08403, 2022.

Bernt @ksendal. Stochastic differential equations. In Stochastic differential equations: an introduction with
applications, pp. 38-50. Springer, 2003.

Jakiw Pidstrigach, Youssef Marzouk, Sebastian Reich, and Sven Wang. Infinite-dimensional diffusion models.
Journal of Machine Learning Research, 25(414):1-52, 2024.

Emile Pierret and Bruno Galerne. Diffusion models for gaussian distributions: Exact solutions and wasserstein
errors. In Forty-second International Conference on Machine Learning, 2024.

Saeed Saremi, Ji Won Park, and Francis Bach. Chain of log-concave markov chains. In The Twelfth
International Conference on Learning Representations, 2024.

Marta Gentiloni Silveri and Antonio Ocello. Beyond log-concavity and score regularity: Improved convergence
bounds for score-based generative models in w2-distance. In Forty-second International Conference on
Machine Learning, 2025.

Yang Song, Jascha Sohl-Dickstein, Diederik P Kingma, Abhishek Kumar, Stefano Ermon, and Ben Poole.
Score-based generative modeling through stochastic differential equations. In International Conference on
Learning Representations, 2021.

Arthur Stéphanovitch. Regularity of the score function in generative models. arXiv preprint arXiv:2506.19559,
2025.

Stanislas Strasman, Antonio Ocello, Claire Boyer, Sylvain Le Corff, and Vincent Lemaire. An analysis of the
noise schedule for score-based generative models. Transactions on Machine Learning Research, 2025.

Thomas Stromberg. Semiconcavity estimates for viscous hamilton—jacobi equations. Archiv der Mathematik,
94(6), 2010.

Andrew M Stuart. Inverse problems: a bayesian perspective. Acta numerica, 19:451-559, 2010.

Wenpin Tang and Hanyang Zhao. Contractive diffusion probabilistic models, 2024. URL https://arxiv,
org/abs/2401.13115.

Joshua B Tenenbaum, Vin de Silva, and John C Langford. A global geometric framework for nonlinear
dimensionality reduction. science, 290(5500):2319-2323, 2000.

Cédric Villani et al. Optimal transport: old and new, volume 338. Springer, 2009.

Yifeng Yu and Lu Yu. Advancing wasserstein convergence analysis of score-based models: Insights from
discretization and second-order acceleration. arXiv preprint arXiv:2502.04849, 2025.

17


https://arxiv.org/abs/2401.13115
https://arxiv.org/abs/2401.13115

Published in Transactions on Machine Learning Research (04/2026)

Appendix
The appendix consists of three parts. In Section [A] we present all the detailed proofs. In Section [B] we

discuss generalizing our theories to infinite dimensions. In Section [C] we provide the tables mentioned in the
context.

A Proofs of Theorems
Here we present detailed proofs.

A.1 Proof of Theorem [3.1] (heat kernel estimation)
Proof. Consider the solution of given by ,

1
277 Rn \/(W

So q(t,x) = —logp(t, x) satisfies,

p(t,x) = (—|x _2y|B(t)) exp (— h(y))dy, (t,z)€ (0,00) x R™.

Voatta) = — YaPt) _ Je (Vaexp :M))exp( h(y))dy
plt,) Juw exp(—250 ) e (= h(y))dy
e (Vyexp( W))exp (—h(y))dy
Jen ex (_lz%%“))e p(—h(y))dy
_ fRn (Vyﬁ(y)) eXP(%)exp
fun exp(— 2O exp (~ R

(27)

Here, the third line is derived from the integration by parts formula.
Since exp(l'fy"s“)) exp (— h(y)) > 0, taking absolute value we get |V,q(t, z)| < |Vh|u, thus,

|V(j(t7 )loo < |VB|00 = |VC7(07')|00~

For any unit direction z, we denote V. as taking derivative along that direction and V. as taking derivative
twice along that direction, i.e., for a given C? function f,

Vof(z) = (2, Vf(2)), Vif(z)=(z,V*f(2)z),

where V f(x) is the gradient of f and V2f(x) is the Hessian matrix of f at 2. Using the same method as
above, we get,

S (V2 — (V.R)2) (9) exp( 2220 ) ey ( = h(y))dy
S exp( 250 ey (— R(y)) dy
¢ (e 50 e>|<p<”'%“>> exp (—Fw)dy)?
Jn €x0( ﬁ) exp (— h(y))dy

V3q(t,x) =

Taking absolute value again, we get,
V2a(t, )| < [VEhloo + V:I% < [V?hlloo + VRIS, Vo €RT,
thus,

V(¢ )] = sup |[V2q(t, )] < |V*Hloe + VAl Ve R
|2|=

18
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Since the bound for ||[V2g(t,z)| does not rely on x, we get,
IV2a(t, )l < V2Rl + VAL, = V24(0, )l +[V(0, ) - (29)

O

The above analysis is developed to facilitate the case C' # I;; other standard PDE approaches, like the
classical Bernstein method, can also be applied for the isotropic case, i.e., C = I.

Remark A.1. The representations and can also be obtained from the Gaussian convolution formula
for p; by factoring out the Gaussian part and applying integration by parts to the remainder term. While
this direct computation is feasible, it does not make the underlying mechanism as transparent. The vHJ
formulation reveals the PDE structure behind score regularity and highlights the key difficulty: semi-concavity
can be propagated, whereas semi-convexity is not automatically propagated. On the other hand, the heat-
kernel representation makes the parabolic regularization explicit, so that the desired Lipschitz and Hessian
bounds follow from the well-known positivity and averaging properties of the heat kernel.

A.2  Proof of Corollary [3.2]

Proof. Recall that q(t,z) = q(t, K(t)~'v/Cz) + f(t), so
K(twc—lvw, ) =Va(t, K(t)~'VC),
K(t)2C™'V2q(t,z) =V2q(t, K(t) "'V Cx).

Notice that
5(t,x) = CVq(t,x), Vi(t,z)=CV3q(t, ).
Hence,
15(t, ) oo =ICVq(t,)|oo = [K(E)VCVA(t,)|oo < e ||e2 K(#)||VC]||Va(t,)]oo,
IV5(t, oo =ICV2q(t, oo = [K()2V24(t, oo < e~ le2 K1) V?q(E,-)|oo-

Define the constant, -
K :=sup [[e2 K(t)|| = sup [ AA7 ]| = max{1, |AC"||}.
t>0 t>0

By Theorem and the initial value ¢(0,z) = h(v/Cz), we obtain,

§(t,)| <e 2K |C||Z|VCVh|,

(30)
IV5(t, ) oo <eK2(IICV2h] + [VOVAIL,).
Let,
Lo :=K*(|CV?hl + [VOVHIL,),
Ly :=K|C||?|VCVh|s,
then we get the results in Corollary O

A.3 Proof of Theorem [3.4]
We first derive some estimates that will be useful in the proof. Since
_ -1
sup [le"(I — CA7 )| =sup (A - C) (4™ + C(1 = 7)) |
t>0 >0

=max{||] - CA™'|,ACT" — 1]},
=Lo.
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We have the following estimate,
I — CA7Y|| < Loe™", Vt>0. (31)

Denote,
$(t,x) = s(t,x)+x, So(t,x) :=sg(t,z) + x.

Recall from Corollary [3.2] that, for all ¢ > 0,
IV5(t, Moo < Loe™,  [3(t,)]oo < L,
then,
IV5(t, oo = 1Vs(t,-) + Illoo < IVE(E, ) oo + 11 = CATH| < (Lo + La)e™". (32)
Similarly, under Assumption [4] we have,
Vi€ {0,1,...,N =1}, [[V50(T = tr, )loo = [|V89(T — tr,-) + I||oo < (Lo + Lg)e T T, (33)

Throughout this proof, we set the step size 7 := sup (tg+1 — tx) < 1, so that

vr >0,

<e'r (34)

Here, we present a lemma related to convergence to equilibrium for the OU process.

Lemma A.2 (Theorem 23.26 (Villani et al., [2009)). Let V' be A-uniformly convex C? potential. Consider the
Langevin process,

1 —
with two initial measure py and vy.

Wa (e, ve) < Wa(po, Vo)e_%~

The convergence of OU is a direct consequence, with A = 1. We also need the following martingale property
for the score function.

. «— —
Lemma A.3. The quantity e™2 (S(T —t, X))+ Xt) satisfies,
+ < < + < ~
de™2 (s(T —t, X))+ Xt) =e 2 (I + Vs(T —t, Xt)> VCdB;, (35)
. — «—
Moreover, since (35]) expresses e™z (s(T —t, X))+ Xt> as a stochastic integral with no drift term, the
process is a martingale.

Proof. By 1td’s formula and (),

— — +— +— 1 —
—

< 1 < — —

+ (VS(T —t, )?t)) VCdB; + %CV <V - s(T — t,)?ﬁ) dt.

20
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From the Fokker-Planck equation, Oyp = % (V- (xzp+ CVp)), we have,

0ys =0;CVlogp =C <Vitp - %V )

1 <V(V (zp+CVp)) V- (zp+ C’Vp)vp>

1
2 p p?
:}C <V(dp+x-Vp+V-p(CV10gp)) 3 dp+x~Vp+V~(pC'Vlogp)vp)
2 p p?
V (z-pViogp+ (Vp)-CVlogp + pV - CVlogp)
p
(Vp)-CVlogp+pV - -CVlogp
’ Vlogp)

:%C’ (dV logp +

—dVlogp — (x - Viogp) Viegp —
V ((pVlogp) - CVlogp)
p

+(V-CVlogp)Viegp+V (V- -CVlogp) — (z - Vlegp) Vlogp

1
250 <Vlogp+ (z-Vlegp) Viogp + (V?logp) z +

—(Vlogp-CVlogp)Viegp — (V- CVIogp)Vlogp)

1

:§C’ (Vlogp+ (V2 logp) x4+ (Viogp - CVlogp) Viogp + 2 (V2 logp) CVlogp
+V (V-CVlogp) — (Vlegp - CVlogp) Viogp)
1

:§C’ (Vlogp—i— (V2 logp) T+2 (V2 logp) CVlogp+V (V- CVIogp))

1

=5 (5+(Vs)z +2(Vs)s + OV (V- 5)).

Thus,

< 1 — —
ds(T — £, X,) = = 3s(T — t, X)dt + (VS(T - t,Xf,)> VCdB,.
. — —
Combining with It6’s formula applied to e~ 2 (S(T —t,X¢)+ Xt), we obtain,
+ — —
de” 2 (S(T — t,Xt) + Xt)

P

+ <
=de” 2 (S(T —t, Xt)) +de 2 X,

¢ = 1 = 1 % t 5
e 2ds(T —t, X;) — §e*§s(T —t, X¢)dt — §e*§Xtdt +e 2dX;

t
e 2

Vs(
t — ~
—3 (I + Vs(T — t,Xt)> VCdB;.

: 1< — e
s(T —t Xt)det—e 2(2Xt+s(T—t,Xt))dt+e’5dXt

Proof of Theorem By It6’s formula and (), we have, Vk € {0,1,..., N — 1} and Vt € [ty t541),
< 1 ¢ e :
de? X, zie%Xtdt—kedet — ST —t, X,)dt + e5VCdB,,

thus,

M

t — tht1
k+1th+1762th / €23 (T *tX)dtJr\/mz
tr

21
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— —
where Z; ~ N(0,C). Now, we couple two processed X; and Y; with the same Brownian motion, i.e., let

Zi = Zj, in the sampling scheme @, then,
—

e ( tk+1_Ytk+l)7
tr

ty & trt1 t k <
:eT(th—Ytk)—f—/ et <62 ( —t Xt) 2§(T—tk7th)> dt

tr

tr41 e
+/ < T—tk,th)_sf)(T_tkvth)> dt
k+1 ty < e
_|_/ -5 < (T—tk7th)_§9(T_tk’Ytk)) dt,
23
Recall in Lemma [A73]

+ — e — ¢ o — ~
e I3(T —t,X,)—e 28T — ty, Xy, ) = / e 3V3(T — 5, X,)VCdB,,

ty

-

thus,

2
tk+1 —

-
(th-u Ytk+1)

i < <
€? (th - Ytk)

/tk+1

Ele =E

w‘@

tht1 te —
/ T2 ( —tk,th —Sg(T—tk,th)> dt
tk+1 t . — - 2
+E / ef/ e IVE(T — 5, X)W CdB,dt
tk tk
=IF 4 I%.

By Cauchy’s inequality,

I} <E

tet1 tet1
/ thdt/ |/ G_EVS(T—S,)?t)\/»dB | dt‘

ty

2t _ L2t trt+1 N — -
:%/ E|/ e V(T — 5, X, )V CdB,|*dt.
tr tr

By Itd’s isometry and ,

o . _ t
E| [ e 2V3(T — s, X,)VCdB,|? g/ $(Lo + Lo)%e 225 T (C)ds

t)c tk

With 7 satisfying , we have,
Iy <e3(Lo + Lp)?Tr(C)e 2T 3012 (4 ) — ty).

By the mean inequality, for any positive number fi, we have

If <(1+ f)E

tr
2

+ 1+ HE

tht1 by — —
/ ot (§(T—tk,th) —§9(T—tk,th)> dt
23

22

te41 — bt 3 t v
by —eF(Xy — Vi) + / <e;§(T—t,Xt)_et§§9(T_tk’ytk)) dt

—
( —tk,th)—Sg(T—tk,Ytk)) dt

< (Lo + Lo)*Tr(C)e 2T (efr+t — ef*).

by — Tt ot [ — . —
ez (th _Ytk)+/ e 2 (SQ(T—tk,th) —SQ(T—tk7Ytk)> dt
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By and the condition on 7, the first term of satisfies,
1y — . — N — 2
ez (th_Ytk)“l‘/ e 2 (SQ(T—tk,th)—SQ(T—tk,Ytk)> dt

t, — tht1 (b Tt — — 2
GT(X% 7Ytk)+/ € 77(‘[’0 +L2)67 * k(th *Ytk)dt

tr

tet1 2 b, —
<| 14 (Lo+ Lg)e_T/ eldt | Ele® (Xy, — Yy

tr
2 T t o2
< 1+(2(L0+L2)+(L0+L2) eT)e— (et — o) |Ele® (Xu, — Y0, )2,

Denoting

\/ P P
€L ‘= ]E|S(T—tk,th)—SQ(T—tk,th)P,
the second term of satisfies,

it th — —
/ et~z (g(Ttk,th)§9(Ttk,th)) dt
tr

— «—
=(eM+1 — et)2e W E|s(T — ty, Xy,) — so(T — tp, X1,
:(et’“rl — et’“)Qe*tkei.

2
E

Now, for all fr > 0, we have,

t — —
IF<(1+ f) (1 + (2(Zo + L) + (Lo + Lo)%er )T (et+ — et’“)>E|e2k(th — V)

+ (L4 £ (e — efe)2emthel,
Let,
fo=e Tl — ) <e™—1<e

)

then, by the condition on T,
—T t t w SN
(U fi) [ 1+ (2L0 + La) + (Lo + Lo)%er )e T (e — ) | Elet (X, - Y3,)|
T tp —
<1+ fe+(14e) (2(L0 + Lo) + (Lo + LQ)QeT) e T(ef+r —ev) |Ele® (X¢, — YVi,)|?

:Q+(LHLHM%M+Lg+um+mwa€Tth%%0Eéﬂ§m—ioﬁ

(14 f) et = eteye
<(e+1)f, (et’“+1 — et’“)Qe_t’“
(e +Dele(tprr — tr),

thus,
k 2 —T ot t % G Vo2
<1+ (1 + (1+e)(2(Lo + La) + (Lo + L2) eT))e (e — ) |Ele® (Xy, — V)|
+ (e+ DeTée(tpyr — tr).

23
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ty A
For simplicity, denote ¢ = (1+(1+€)(2(L0+L2)+(L0—|—L2)267’)> and E(k) = Ele* (X;, —Y4,)|?. Combining
the estimates , for I and IF, we obtain,

E(k+1) < (1 + e~ T (et — et’“)>E(kz) + (e + DeTRe(typr — t)
+e3(Lo + Lo)*Tr(C)e 2T 3% 12 (11 — ty)

<exp(ce” THtren) (E(k) exp(—ce” TTtr)
+(e+ 1)€T€i€(tk+1 —ty) +e3(Lo + L2)2Tr(C’)e_2T7'2(63t’“+1 — egt’“)),
where we used exp(ce~Ttt+1) > 1. Equivalently, we have

)
E(k + 1) exp(—ce” THt+1) — B(k) exp(—ce T H)
<(e+DeTee(tyrr —tr) + e (Lo + L) Tr(C)e 2T 2 (e3tr+1 — e3tr),

Summing up over k and using the condition in Assumption [3} we obtain,

T = S e — S r
Elez (Xt —Y7)|“exp(—c) —E|(Xo — Y0)|* exp(—ce™)
N-1
<(e+1)ef ! Z € (thr1 — tr) + (Lo + La)*Tr(C)e 272 (3 — 1)
k=0
<(e+ )T + €3 (Lo + Lo)?Tr(Cle 2T 72(3T — 1),

— —
Denoting K; := exp (4 + (1 + €)(2(Lo + L2) + (Lo + L2)?eT)), we have the following bound for E|X 7 —Y 7|2,

o o2 Ty S 2, 2 2 2
]E|XT—YT| SKl <6 E|X0—Y0| +e€ T+(LQ+L2) TI‘(C)T>

— — — —
Now we pick a -optimal coupling of Xg ~ Pr and Yy ~ Qg = 7¢ in the Wasserstein distance, i.e.

«— S 9 0, =
E|X0 - Yo‘ S WZ(PT7QO) +£7
and obtain,
25 5 po o2 T2 D A 2 2 2
WE(Po,Qr) < E|X7 — Y1 l2 < Ki(e T (WE(Pr, Q) +€) + €T + (Lo + Lo)*Tr(C)7?).
Since £ is arbitrary, the bound will be,
25 A T2/ D A 2 2 2
W5(Po, Qr) < Ki(em " W5 (Pr, Qo) + €T + (Lo + L2)"Tr(C)77).

Noticing that,

—
2

< —

Wi(Po,70) B

|z —y|* = Eo [2]* + B, |y* = Mz + Tx(0),
ole] Py
and by Lemma [A2]

2 A 2/ — T2, D
W5 (Pr,Qr) = W5(Pr,vc) < e " W5(Po,vc)-

We get,
W3 (Po,Qr) < Ky (7T (Ma + Tr(C)) + €T + (Lo + L2)*Tr(C)7?) . (40)

Remark A.4. For the early stop technique, following the same approach, we can get,

W2(Ps, Qr_s) < K1 (e=2T0 (My + Te(C)) + T + (Lo + La)*Tr(C)72) . (41)
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A.4 Result under the Assumption [4]]

Here we discuss the relaxation of Assumption [4] and the resulting convergence and complexity bound. The
preliminary estimate and in Appendix still hold. Now we denote,

b :=||V30(T — tr,)|loc and b:ml?x{bk}

Then the estimate should be replaced by,

Following the same approach in Appendix we still have, for all k € {0,1,..N — 1}

2
= Iy +15.

tp41

Ele 2

-
__y%k+1)

tht1

I} still satisfies and I¥ now satisfies, for all f;, > 0,

t — <
Iy < (1 + (2+0)(1+ e)bre " (e — ') 4 e T (e — etk))E\e%ﬂl (Xo, = Yo,

+ e+ Vel Ee(tpyr — tr).

Denote,
k—1
B():O and Bk:Zﬁz(tz+1_tz)7 I{i:LQ,...,N—l.
i=0
Then,

18 < (14 e T (e = e) 4+ (24 B)(1+ €)e(Bryn — Bi) |Ele ¥ (Xy, = Vo, )2
+ (e + DeTée(tpyr — tr).
And the recursion for E(k) becomes,
B(k+1)exp (= e T = (24 b)e(l+ €) Bysa ) — B(k)exp (= e+ — (24 b)e(1 + ¢) By )

<(e+Delée(tpyr —tr) + (Lo + L2)?Tr(C)e 2T 72 (e3th+1 — e3tr),

— —
Summing up over k, the bound for E| X7 — Yr|? is of the same form as the one in Appendix , with the
different constant coefficient,

— — — —
E| Xy —-Yr]? < K] <6TE|X0 —Yo|? 4+ T + (Lo + L2)2Tr(C’)72> ,

where K] := edt@+b)e(1+e)B - The remaining proof follows the same approach as in Appendix and
ultimately yields,

W2(Po, Qr) < K, (¢~ (My + Tr(C)) + T + (Lo + Lz)*Tr(C)7?)

A.5 Proof of Theorem [3.8

Proof. Recall that,
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Fixing z, direct computation shows,

2 exp(— 224 Qg (dy
Vyg(z) =Vlogq,(z) + % = fB(OvR)( 77 ) exp( y‘220 )Qo(dy)
7 J5(0.r) xP(= =4 Qo (dy)
Jiom () exp(— 40 )Qo(dy)
J 50,7 @XP(—5755) Qo(dy)
Taking absolute value, we get,
x
Vg()| = [Vloggo () + —| < —5.
For any unit direction z,
|z[?
V. -V.(loggs + 272)
_ fB (0,R) (y - 2) exp(— 2(,%‘ )Qo(dy))
02 Js0.m) exp(—545) Qo (dy)
:1(IB(0’R)(3/ )Tz )eXp( 21l Qo(dy)
o fB(O,R) exp(— gaz *)Qo(dy)
_ fB(o,R) (y - z) exp(— \12;%| )Qo(dy) fB(o,R)(_% - 2) exp(—

2

(S 0.m) ©P(— 5555 Qo (dy))?

Jp0.mW - 2)? eXP(_ |I2;g‘2)Q0(dy) B (

fB(O’R) (y : Z) eXp(—

202 )QO (dy) )

2= Qo (dy) )2

ot fB(o7R) exp(— 2,,2 )Qo(dy)

Taking absolute values of the inner terms, we have,

o W+ 2)° exp(— 'z:,%‘z )Qol(dy

(fB(o,R) exp(—

fB(o R) R? eXp(

24 Qo (d

fB(o,R)eXp( 502 )QO( Y)

and

fB(OR y - z)exp(— )Qo(dy

fB(o,R exp(—

fB(o r It exp(

y)?

20‘2 )QU (dy) <

20’2

2(72

®)Qo(dy)

)Qo(dy)

fB(o,R) exp(— £20'y2‘ )Qo(dy)

Finally, by taking the absolute value, we obtain,

fB(o,R) exp(—

jz?

+272

|vz : Vzg(:ﬂ)| = |vz . vz(l()g 9o
Thus,
R2
1V2g[loe < —

A.6 Proof of Corollary [3.9]
Proof. Recall that, in Corollary [3.9] we have,

C= Id7

A=(1—-e ),

Ay=(1—e NIy,

E4E)Qo(dy)

)<

2R?
=

g

2
)

2

)
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And the distribution of the forward OU process at time § is given by
s 5
Ps =N(0,(1—e°)14) * Pys,

- s
where Py 5 1= Law(e*%XO), Xo ~ Py and Py 5 satisfies Diam(Supp Py 5) < e~z R. Then, by Theorem

|z|?

the corresponding h(z) = logps(z) + e satisfies,

Re—% R%2e—9
hleo < ; S20——53
|V | —1l—e9 —

The constants then can be computed directly,
K=swp JAA =1
Lo = K*(|[Vhlls + [VH2) < 3250,
_s
Ly = K|Vh|e < £ 2

e=9"

Then, by Corollary for all t > 4,

_ o R? B
192108 pe(e) + A oo <Loe™™" = 37— =53¢,
L (13)
— t—38 t
(V2 logpi(z) + Ay 'a]oo <Lie” 2 = T e" 2.
O

A.7 Proof of Theorem [3.10

Proof. The proof follows the same procedure as in Appendix it suffices to substitute the corresponding
values of the constants. By Corollary [3.9]

C =1,

2
Ly = 3(1,12775)27
Ly = 171e75

Noticing that under bounded-support assumption,
=
M, = E|X,|* < R,
and the step size 7 is sufficiently small to satisfy
(LO + Lg)e’r S 1.
By Remark we get,

-

Wa(Ps,Qr_s) <exp (4+3(1+e)(Lo + La)) (e 72T+ (R? + d) + €T + (Lo + L»)*dr?)
<exp (4+3(1+e)Ks) (e 2T (R? + d) + €T + K3dr?),

where K2:3%+$. O

A.8 Proof of Theorem [3.13

Proof. We first validate that the posterior follows Gaussian tail Assumptionwith A=C, h(z) = —%,
and,

[VCOVh(2)| =[VCVG () (G(x) = 9)| < |CI1Z(|Cloe + YDIZI IV Eloo,

ICV2h(z)|| =|CV2G ()27 H(G(z) —y) + CVG(2)E 7 VG(x)" |

<IN (IV2G oo (1Gloc + yl) + IVGIL,)-

27
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Then, it suffices to substitute the corresponding values of the constants in Appendix

K =max{1,|AC7Y||} =1,
Lo =K?(|CV?h|w + [VCVAIZ)

2
<) ((nvzc:nm(% + o) + IVGIL ) + 17 IVGIA (1610 + Iy1) )
Ly =max{||I — CA7Y||,|AC~" = I||} = 0.
Now following the proof in Appendix we have,
2D Py oT 2 2 2
WE(Pol9), Qrl(sy)) < Ks(e727 (Mo + Tr(0)) + €T + K TH(C)7?),

where
K 443(1+e)k
3=2¢€ (1+e) 37

2
ks = llClI=I! ((Wzanmumm +ly) + IVGIL ) + ISI7HIVGIA (1610 + 1) )

B Theories towards the generative diffusion model in infinite dimension

B.1 Motivating example towards the infinite dimensional result

We consider the following target distribution,

1
A

(2

_|$_\/a|2 1 _|CE+\/E|2))

1
Po(w) = (5 TR L 757

d
=1

where C is an d x d matrix diagonal matrix with {C;}; as diagonal entries. Denote the case d =1 and Cy =1
as,

1
221

and if one considers to apply the forward process , one can get the distribution at time ¢,

(x50 + (-

)]

po(x) = 5

1oy 1 (x—e72)? (x +e7%)?
phe) = 5= ( (=) +ew(- ).
Simple calculation shows,
Wa (po, N (0,C)) < V/2Tr(C), KL(po|N(0,C)) =d- KL(ps|l|IN(0,1)). (44)

And if one considers applying the forward process , one can also show that,

Wa (pe, N(0,0)) < e~ 5/2Tr(C), KL(p||N(0,C)) = d- KL(p}|IN(0,1)). (45)

From and , we observe that when increasing the dimension of C' while keeping Tr(C) fized, the
Wasserstein-2 bounds only scale with the trace of C' while the KL bounds scale with d.
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B.2 Defining diffusion model in infinite dimension

Now we consider a separable Hilbert space H with inner product (-,-)y, we denote by L£(H) the space of
bounded linear operators on H. The forward process in H has the same form as ,

— 1=
dX, =~ Xt + VCdB,, 0<t<T, (46)

— —
where C becomes a degenerate positive trace-class. We still denote the marginal distributions of X; by Py,
which converges to the statlonary dlbtrlbutlon N(0,C) as t — oo (Da Prato & Zabczyk| (2014), Theorem

11.11). After time reversal Xt XT t Xt satisfies the backward SDE (Pidstrigach et al.| (2024), Theorem
1),

— 1« — ~
dX; = (EXt +8(T —t,X¢))dt +VCdB,, (47)
where score function s(t, x) is defined as:
1 — L= =
s(t, x) :=—l_e_tE[Xt—efiXo\Xt:x}, (48)

which is almost surely continuous in ¢ with respect to the norm |||z and equal to C'V log p;(x) when H = R<.
We consider sy(t,x) to approximate the score operator in H and the scheme @ for the sampling process.
We now introduce the infinite-dimensional Gaussian tail assumption.

N
Assumption 6. The initial data distribution Py has finite second moment My and has a Gaussian tail, i.e.,

dPo(x) o exp (h(x))dN (0, A)(x), (49)

where A is a degenerate positive trace-class operator that is simultaneously diagonalizable with C', A and C
correspond to the same Cameron—Martin space, and both AC~™ and A=1C are bounded linear maps. The
function h is two times differentiable and satisfies,

|IVCVh| f.00 = sup |VVCh(z)| g < oo,

CV?h = CV2h (50)
[ |l c(a),00 := sup || (@) 2y < 0.

To extend our Corollary and Theorem to the infinite-dimensional case, we first follow the approach
in Appendix E of (Pidstrigach et al. 2024) that projects H onto a finite-dimensional subspace H”, and
approximates the infinite-dimensional case via the results established on HP.

Suppose C (A, correspondingly) has an orthonormal basis e; of eigenvectors and corresponding non-negative
eigenvalues ¢; > 0 (a; > 0, correspondingly), we define the linear span of the first D eigenvectors as

HP =span{ey,es,...,ep}.
Let PP : H — HP be the orthogonal projection onto H”. We define the finite-dimensional approxmlatlons of

Ldata DY Mdam =pb #(Itdata) and discretize the forward process by XD PDXt, then (XtD)tZO will satisfy,
— 1 —
dXP = —§Xtht +VPPCPPdB,. (51)

— —
We denote the marginal distribution of X by PP, and its density by pP. The corresponding backward
process will be,

- 1« «— -
dxP = (§XtD+sD(T—t,XtD))dt+\/WdBt, (52)

— —
where sP(t,z) = PPE[s(t, X;)|PP X, = 2] = CPVlogpP ().

Then we show the projected distribution still follows the Gaussian tail assumption in finite dimensions,
summarized as follows.
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—
Lemma B.1. The projected initial distribution PP satisfies the finite-dimensional Gaussian tail Assumption@,

dP_(;D(xD) X exp (hD(xD))dJ\/(O, APY(2P),

where

[VCPVRP o < VOV 1 00,

(53)

Proof. We define PPF1:¢ . f — HP+1:%° be the projection onto span{epy1,epia,-- -}, covariance operator
APFLioo .= pDlico gpDtlicc gng gpD+lice .= pDHlicog The term exp(h” (zP)) is given by,

exp(hP (zP)) = /exp (h(zP, 2P T120))dN (0, APHE) (g PH1oe)
= Epr(o,4)[exp (A(X))|XP = zP).
Then, the gradient is given by,

7 f VIDh(l‘D, xD'H:OO) exp (h(l‘D, $D+1:°O))d./\f(0, AD+1:oo)(xD+1:oo)
B [ exp (h(xP, 2D+1:0))dN (0, AD+1:0) (z D+1:0)
=Ep, [Vooh(X)|XP = 2P],

VhP (zP)

where dPy(z) o< exp (h(z))dN (0, A)(z), and the Hessian is given by,

_f ViDh(l‘D, CCD'H:OO) exp (h(xD, SL‘DJ’_LOO))dN((L AD+1:oo)(xD+1:oo)
B [ exp (h(xP, 2D+1:0) )N (0, AD+1:00) (z D+1:0)
f Vth(xD, _%.D-i-l:oo) exp (h(mD, xD+1:°°))dN(0, AD+1:oo)(mD+1:oc) ®2
- ( [ exp (h(xD, 2D+1:%0))dN (0, AD+1:0) ( D+1i0) )
=Ep, [V2oh(X)|XP = 2P| — (Ep [V, h(X)| XD = 2P])®2.

V2hP (zP)

Taking the absolute values, we get,

|VCPVRP (2P)| < |[VCPV,ph|oe < VOV .00,
ICPV2RP (2P)|| < |CP V25l + [VCPV o b2, < |CV2R| £i11) 00 + IVOVR|F oo

Thus,
|VCPVLP | < VOV 100,
ICPV2RP oo < IOV Rl 2y 00 + VOV -
O
Define, _
Api=Ae”t +C(1—e™),
AP = APt L CP(1 - e,
and D D D 1Dy—1
§Y(t,x) :=s"(t,z) + C7 (A7) "=,

5(t,x) := s(t,x) + CA; .

—
Since the projected initial distribution PP satisfies the finite-dimensional Gaussian tail assumption (Assump-
tion , Corollary implies that there exist constants LY, LY > 0 such that,

IVEP (t, )| cempyoo < L8, 152 (t, ) gp 00 < LPe™2, Wt > 0.
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Here the constant LY and L? is given by,

KP =max{1, | AP(CP)~!||} < max{l, |[AC~!|} := K,
L = (KP)*(|CPV2hP oo + [VCPVRP2)) < K2(|CV2h| £ty 00 + 2IVOVAI o),
LY = KP||CP|[\2|V/CPVRP |« < K| C|3[VCVR ,00-

By (Pidstrigach et al.| [2024) lemma 16 (listed as Proposition [B.4)), we have

- — — - 12
§P(t, XP) — 5(t, X¢) = s(t, X;) + CA;' Xy, both a.s. and Ly, as D — oc. (55)

Thus, we obtain the following regularity estimation for the modified score,

Theorem B.2. Under the infinite dimensional Gaussian tail Assumption[6, the modified score § defined

by and satisfies,
IV3(t )l eemy.o < Loe™s [13(t @) |00 < Lie™2, Ve >0. (56)

where
K = max{1, |[AC!]|},

Ly = K||C|2|[VCVhl| 100

pertains to Corollary formulated in the infinite-dimensional case. To derive an error bound, we also
need Assumption [3] and ] under an infinite-dimensional setting, listed as follows.

Assumption 7. For each time discretization point ti, 0 < k < N — 1, the approximated score ¢ satisfies,

IV80(T — tie, )l e(r),c0 < Loe™ 7T,

N-1

1 — —

f Z(tk-‘rl - tk)E”s(T - tkvXT—tk) - 59(T - tkaXT—tk)”%I < 62'
k=0

To measure the distance between the samples and the target distribution, we introduce the Wasserstein-2-
distance on the Hilbert space H,

1/2
Wau) = (nf [ lle = slfanton)

where 7 runs over all measures on H x H with marginals p and v.

We now present the convergence bound aligned with Theorem in the infinite-dimensional setting. In
particular, the main additional ingredients consist of extension of Lemma and the approximation of I? to
infinite dimensions, while the remaining arguments follow the same lines as in the finite-dimensional case.

Theorem B.3. Suppose Assumptions [0 and[7 hold under the infinite infinite-dimensional setting. Then,
sampling via scheme @ with step size T < 1, we obtain the following convergence bound,

WE(Po, Q) < Ko (¢72T (My + Tr(0)) + AT + (o + L)*T(C)7?), (57)

where K; = e4+(e+1)(2(E0+L2)+(E0+L2)267).

Proof. First, we list the preliminary estimates as in Appendix[A:3] Denote
S(t,x) :==s(t,x) +x, 8o(t,x):=sg(t,z)+x
and

Ly := max{||[ — CA7|,||JAC™! — I||} = supe!||[T — CA; Y.
¢
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By Theorem and Assumption [7|, we have,

VE>0, [IVS(t ey < (Lo+ La)e™,
Vk € {0,1,..,N =1}, ||[V30(T — ti, )l c(a),00 < (Lo + La)e T,
The proof proceeds in the same manner as in Appendix [A73] However, Lemma [A-3]is not available here,

since in the infinite-dimensional setting there is no probability density in the sense of Lebesgue measure.
ThereforeI we make appropriate adjustments at the points where Lemma would otherwise be used. By

Theorem |B —t, X satisfies,

A o2 < p -1 V% (12
EIS(T — ¢, X))z =EIS(T —t, Xy) + (I = CAp_,) X4 ||
- o2 -1 V%12
S2E(|3(T —t, Xo)|[7 + 2E((I — CA7Z) Xl
~ —
<2L2e~ T 4 212 2T-VE|| X2
<2L2e~ T 4 912721 max{M,, Tr(C)}

<0o0.

— — -
Thus, by Proposition $P(T —t,XP) .= sP(T —t, XP) converge to 3(T —t, X;) in L. By Lemma
<

VD € Nt e 23P(T — t, XP) is a continuous time martingale. Thus, by Doob’s L2—inequality, for any
D,NeNT
— — —
t

.
E[ sup |e 28P(T — t, XP) — e 25N(T — t, XN)?] < 4e~TE[3P (0, XR) — 3V (0, XN 2.
0<t<T

Since the right side is Cauchy, the left side is also Cauchy, i.e., continuous time martingales {e_%sD (T -
—

t,XP)}p form a Cauchy sequence under the norm,

sl = E[ sup_|s¢[?].
t€[0,T]

The continuous martingales are closed with respect to this norm (Karatzas & Shreve| (2014), Section 1.3), so
e 2s(T —t, )?t) is also a continuous time martingale.

Now we follow the approaoh in Appendix 3l Coupling )? ¢+ and }tt with the same Brownian motion, and
using the fact that e~ 2s(T — ¢t Xt) is a martingale, we obtain,

2
tk+1 —

v ko 7k
Ele (th+1 Ytk+l) = Il +IQ7
where
e — — tet1 b
Il =E|e™ (th Ytk)'i_/ et_7 (ge(T tk,th) (T tkvytk)>d
tr
2
[PEN) - —
‘i‘/ et <S(T—tk,th)—S@(T—tk,th)> dt| ,
tr
and
2
~ trt1 t k
Iy=E / e <e—z§(T —t, X)) —e 2 3(T — tk,th)> dt
123

32



Published in Transactions on Machine Learning Research (04/2026)

+—
For {e’%sD(T —t,XP)}p, using the estimate in finite-dimensional case for I¥ in Appendix we have,

2
E

th41 t o b (!
/ e (e2§D(Tt7XtD)62§(Tt’“’X£)> «
123

<e®(Lo + L2)2T1"(C)6_2T+3tk7'(tk+1 —tr).

— —
Since as D — oo, the L? convergence of e~ 23P (T —t, XP) to e~ 23(T — ¢, X,) is uniform in time, we obtain,

INI% é 63(I~/0 + L2)2Tr(0)672T+3tkT(tk+1 — tk)

At this stage, we have modified the parts of the proof in Appendix [A-3] that rely on Lemma [A-3 and obtained
analogous results. The remaining steps follow directly from Appendix where the corresponding formulas
naturally extend to the infinite-dimensional setting. O

Here, we list the lemma used to extend our analysis to infinite dimensions.

Proposition B.4. (Pidstrigach et al| (2024), Lemma 16) Let H be a separable Hilbert space and
Z,7Z be two random variables taking values in H. Let e; be an orthonormal basis of H. Denote by
HP = span{ei,es,...,ep} and by PP the projection onto H”. Furthermore, let ZP = PPE[Z|PPZ].
IfE|E[Z|Z]||3 < oo, then ZP — E[Z|Z] in L? and almost surely.
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C Tables

Table 2: Summary of previous and our results for score-based diffusion models with bounded support (Bg(0))
target in d dimensions.

Metric Complexity Result
g <~ 2 42 2
W1 (Po, Qr_s) log N = o(w) (De Bortoli, [2022) Thm. 1 + Cor. 2
0
g <~ 2 2,2
Wa(Po, Qp_s) log N = O(%) (Beyler & Bachl, [2025) Prop.12
0
g <~ 2 2412
W2 (Po, Qr_s) log N = O(Ld:[lﬂ) This work: Cor. @
0
g <« 3 8 4
Wa(Po, TIRQq_5)) N = o(%) (Chen ot all [2023b) Cor.5, this work
0 Cor.

+ IIg is the projection onto Bgr(0), i.e., discarding mass outside Br(0).

Table 3: Explicit expressions for the constants in the derivations

Constant Expression
K max{1, [ACT!|, |A7 C|}}
Lo K*(|CV?hle + [VCVAIZ)
Lo K2 (ICV2hl| £y 00 + 2VEVRI )

1
Ly K| C|I2 |VCVh|a
- 1
Ly K|CI2 [VCVA| 1,0
Ly max{||[ - CA™!|, |AC™" - I|}}

—
Mo max{E|X|?, TrC, 1}

—
Ma E|Xo)?
K e4+(e+1)(2(L0+L2)+(L0+L2)267-)
K{ edt(2+b)e(1+e) B
i e4+(e+1)(2<EO+L2)+<io+L2>2er)
3R2 1
K (17876)2 + 1—e—9
_1 2 2 1 2 2

ks ez~ (192Gl (Gl + 1yD) + IVGIZ) + ISI7HIVEIZ (1G] + 1y1) )
Ks edt3(et+1)ksg

D Results under KL/TV bound

Our Gaussian tail Assumption [2| and the resulting regularity estimate Corollary for the score function
verifies Assumption 1 in [Chen et al.| (2023b), and their Assumption 2 and 3 are also satisfied by our
Assumption (1| and |3} Thus, we can applies the Girsanov framework in [Chen et al.| (2023b)) to obtain the
KL/TV convergence bound under the Gaussian tail Assumption

We follow the analysis in (Chen et all 2023b), while modified their estimate of Z,iv:_ol ::“ E[|so(T —

— —

te, Xy,,) — s(T — t,Xt)|2]d with a decomposition aligned with the intermediate bounds we obtained in
showing Theorem detailed as follows.

(k+1)h
T kh
proof of Theorem 10. For simplicity, the notations in our derivation remain the same as those in Appendix@

3Under their notation, it appears as ZkN:ol E— Is7—kh (Xin) — VIngr_(X¢)||2dt in equation (16), within the
- Q

34



Published in Transactions on Machine Learning Research (04/2026)

For simplicity, we assume C' = I; here aligned with the settings in (Chen et al., 2023al). Now we consider,

— DN
E[|so(T — t, X1,) — s(T — t, X4)|
— — 9 — < 9
SE[lso(T = ti, Xv,) = s(T' = i, Xo, )" + E[[s(T — tw, Xu,) — s(T — t, X4)]
2 < < 2 R < . < 5
Sei + E[Xy, — XoF] + E[[8(T — ti, Xo,,) — 3(T — £, X4)]]
t—t —
<E 4 (MyVd)(t—ty) + (e 2 — 1)2E[|8(T — t, X,)|?]
t < +
4 MEflem FH(T — ty, Xa) — 6 55(T — t, X,)2].
By Corollary 3.2

A 2 T-1N % 12 - &2
E[I3(T —t, Xo)I7] SE[|( = CA; )Xo ] + E[|3(T — ¢, X¢)|]
SLiIe 2 4 L2t

With Lemma and in Appendix we have

t — ¢ t s — ~
Elle™#3(T — ty, Xo,) — ¢ 53(T — t, X)|?] =E| [ e $VE(T — s, X;)VCdB,|?

tr

<(Lo + Lo)*Tr(C)e 2T (efk+t — efv),
Subbing back, we arrive at,

— —
El|so(T — tr, X¢,) — s(T — ¢, Xt)|2 < e% + (M Vv d)T + (Lg(f% + L%(ft)7'2 + (Lo + L2)2d672T+2t7',

and,

N-L oty — —
> / E(|se(T — t, X1,) — s(T —t, X¢)|*|dt < T + (My Vv d)Tr + (L3 + L3)7% + (Lo + L2)?dr. (58)
k=0
With estimate replacing the first estimate in the proof of Theorem 9 of |(Chen et al.| (2023b), we obtain
the following TV bound for Gaussian tail target,

TV(Po, Qp) < VKL(Pollva)e " + (e + /(Mo V) IWT + (Ls + L) + (Lo + Lo)Vdr.  (59)

Under the smooth case where Ly, L1, and Lo are assumed to be moderate, the sampling complexity scales
linearly with respect to d, which is suboptimal comparing to our main result Corollary For the bounded-
supported case (Assumption , we summarized the complexity bound as the following corollary, which is
equivalent to one obtained in Corollary 6 of |(Chen et al.| (2023b)).

Corollary D.1. Under the bounded s Assumption[5, we have the following sampling complezity upper bound
to obtain ey-accuracy of WQ(PO, HRQT 5)s

3 P8 2\2
N = oI AVR) (60)

€0

Proof. As shown in the proof of Theorem (Appendix |A.7)), the constants at early stopping time § should
take assymptotics as,

R? R 1

My, = O(R?), Lo= O(ﬁ),

Following the proof of Corollary 6 in (Chen et al.| (2023b)), we have,
— — / — — - -
W2(HRQT—67 PO) 5 R TV(QT—(Sv P5) + WQ(P57 PO)
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- = 2
To obtain eg-accuracy of Wh(Ps, Pp), the stopping time § should be (’)(m). We now take

= — — —
TV(Qp_s, Ps) = (9(;—52) to obtain eg-accuracy level for Wy(IIgQr_s, Po), and we also assume T to be
moderate. By the TV bound , it requires,

4 12
_ €0 _ €0
T = O i, + ) ~ O ERay )
and the sampling complexity,
1 BR(dV R?)?
N=o0(t) oYY,
T 60
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