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Abstract

This study examines the role of higher-order connectivity in epidemic spread across networks and considers Hodge
Laplacian traces to classify network types based on higher-order influence on epidemic severity. Application of simu-
lation results to a social network of dolphins suggests real-world applicability of our main findings. Epidemic behavior
is based on rich varieties of simplices included in the simplicial complex.

Higher-order connectivity, Epidemic spread, Hodge Laplacian, Simplicial complex, Epidemic severity, Higher-order struc-
tures

1 introduction

Graph objects play an increasingly central role in data science and machine learning [19, [8]. For instance, epidemic
modeling, such as susceptibility-infected-remove (SIR) models, has elucidated spread on social and travel networks in
recent COVID-19 and Ebola outbreaks [5l [I8]; with the rise of emerging diseases, it is likely network-based epidemic
models will play a role in future outbreak planning and response. However, current approaches to epidemic modeling on
networks only consider pairwise interactions, such as two people who interact in each time frame or two towns connected by
a transportation route. Recent advances in topological data analysis and topological deep learning, which include pairwise
and higher-order structures of n-way interactions through simplicial complex extensions of graph data, have improved
predictions in medicine [21], 20, 12] and captured data insights missed by graph-based methods [211 [10]. Some prior work
has created simplicial complex extensions of SIR models to capture the role of higher-order interactions on social networks
[4, [16]. However, these recent attempts do not explore spectral graph properties of the graph Laplacian and its higher
order analogue, the Hodge Laplacian, that might correlate with epidemic potential on simplicial complex models. The
spread capacity and flux measurements derived from Laplacians should relate the behavior of other differential equations
on the graph/simplicial complex beyond simply heat flow equations. Our contributions include extending spectral analysis
of Laplacians to measure potential epidemic impact on a variety of simplicial complexes, including a simulation study
of random simplicial complexes and a real social network of dolphins. We hope that this will open the door to spectral
analysis of simplicial complexes in relation to general spreading processes.

2 Method

2.1 SIR models on graphs

Epidemic models aim to capture the dynamics involved in the spreading of a disease, an idea, a computer virus, obesity
or even product adoption [7]. They focus on addressing several key aspects of contagion dynamics, such as understanding
how contagions spread within populations and determining whether a disease will escalate into an epidemic. These
models also explore practical applications, including identifying the most effective individuals to vaccinate, predicting
whether a YouTube video will go viral, and selecting the optimal target audience for marketing campaigns to maximize
product penetration. Classic epidemiological models operate under the assumption of full mixing, where every individual
has equal probability of interacting with any other individual in the population. However, relaxing this assumption by
incorporating an underlying contact network results in more realistic models that account for the structure of interactions
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[2]. Among the various models available, this paper focuses on the Susceptible-Infected-Removed (SIR) model applied to
networks. Without loss of generality if S(t) represents the number of susceptible individuals at time ¢, I(t) the number of
infectious individuals, R(t) the number of recovered individuals, 8 the transmission rate of infection, and « the recovery
rate, N the size of the network/total number of nodes, the dynamics of the SIR model on networks read:

a:—,8<k>si, %:B<k>i—w’, %
where S/n = s ,I/N =i and r/N = R. In the equations we have assumed that individuals have approximately
< k > possibilities of contagion from neighbors, with < k > being the average degree of the network. This fact is
true when the corresponding network is homogeneous like a random network, Erdos-Rényi network, and lattices. Many
real-world networks are characterized by highly heterogeneous topologies [6]. Recent empirical evidence [2] highlights the
significance of this heterogeneity, demonstrating that many epidemiological networks exhibit heavy-tailed distributions.
As a result, the average degree < k > is no longer the primary determinant in such networks. Instead, fluctuations are
expected to play a crucial role in shaping the properties and dynamics of epidemics. As a consequence of the topological
fluctuations, we need a mathematical model that will take into account the degree of variability of nodes or vertices. The
details about the mathematical models of epidemics on heterogeneous networks can be found in [2], B]. In this paper we
will be using the Laplacian and its high-order version to study spreading process using SIR model.

d
i = i, with s+i+r=1. (2.1)

2.2 Simplicial Complex, Hodge Laplacian of a Graph and its trace

We give a pedestrian introduction to simplicial complexes without having the intention to go deeper in many details.
Interested readers find technical details in [I5]. A collection of n distinct vertices is called an n-simplex (or simply a
simplex). A simplex is essentially a finite set of vertices, and its dimension is determined by the cardinality of the set.
The orientation of a simplex is defined as an equivalence class of vertex orderings. An abstract simplicial complex is a
collection of simplices with the property that if a simplex is included in the complex, every non-empty subset of that
simplex is also included. The dimension of a complex is the highest cardinality among its simplices. An oriented complex
is one in which an orientation is specified for all simplices, though the choice of orientations is arbitrary for our purposes.
Now let G = (V, E) be a simple undirected graph where V is a finite set of vertices and FE is the set of edges. The set
comprising all cliques of a graph is a simplicial complex called clique complex of the graph G, where a clique is a subset
of vertices such that every pair of distinct vertices within the subset is connected by an edge. In other words, a clique
in a graph G is an induced subgraph of G that is complete. The set of 1-clique consists of the set of vertices, the set of
2 cliques consist of edges and the set of 3 cliques consists of triangles. In this framework, a graph can be viewed as a
1-complex counsisting of 0-simplices (vertices) and 1-simplices (edges). Extending this 1-complex by including cliques of
the graph enriches it to a higher-dimensional complex. For example, adding all 3-cliques (triangles) to the graph results
in a simplicial 2-complex. The Hodge Laplacian of a graph is a generalization of the graph Laplacian to high-order
simplicial complexes. For a graph (a 1-simplicial complex) we have the 0-Hodge Laplacian and 1-Hodge Laplacian of a
graph which can be explicitly defined in terms of matrices in the context of graphs. The 0-Hodge Laplacian (Ag) operates
on 0—cochains (functions on vertices) and is defined as:

Ao =B{By (2.2)
where,
+1, if vertex v is the head of edge e,
(Bo)e,y = § —1, if vertex v is the tail of edge e,
0, otherwise.

A is equivalent to the graph Laplacian matrix, which captures the connectivity between vertices, that is, Ag =D — A,
where D is the degree matrix and D the adjacency matrix of the graph. The 1-Hodge Laplacian (A1) operates on 1—
cochains (functions on edges) and is defined as:

A, =B;BT (2.3)

where B;BTis the matrix that encodes relationships between edges based on the vertices they share. If the graph is
extended to a simplicial complex with triangles (2-simplices), the 1-Hodge Laplacian becomes:

A, =ByB! + BB, (2.4)

where B is the incidence matrix for triangles (mapping edges to triangles). The first term BoB{ reflects edge relationships
via vertices and the term BT B; reflects edge relationships via triangles. These matrix definitions allow the Hodge
Laplacian to be computed numerically and analyzed in applications such as spectral graph theory and topological data
analysis. For advanced technical details one can visit [I3]. The trace of the Hodge Laplacian is the sum of its eigenvalues.



We can find a close formula of the trace of the 0-Hodge Laplacian from (2.2), tr(Aq) = tr(B{Bo) = Y,y deg(v) = 2|E].
Likewise, we have from we have tr(A;) = tr(BoBl ) +tr(BYB1) = 2|E|+3|T|, where |E| and |T| count respectively
the number of edges and the number of triangle (2-simplices) in the graph. The trace of A; provides a measure of total
connectivity between edges via both vertices and higher-order simplices (triangles). This is particularly important in
applications like topological data analysis (TDA), where higher-order simplicial interactions are analyzed. In the next
section we will use the trace of the Hodge Laplacian to study the spreading process in the framework of Susceptible
Infected Remove (SIR) in a population of the animal social network, the Dolphin Network.

2.3 Simulation and datasets

We simulated random networks of 20 vertices with connectivity probabilities ranging from 0.1 to 0.9 using 0.1 increments.
We then calculated the 0— and 1—Hodge Laplacian traces and simulated an epidemic with a reproductive fraction of 0.4
(beta=0.1, gamma=0.25) and initial infection of one randomly picked vertex, representing an epidemic that is normally
unlikely to spread widely through a population but may spread more than hypothesized in highly connected networks
with higher-order structures. We ran our simulation 20 times and calculated mean and standard deviation for maximum
number infected and our trace metrics. We then examined a real social network of dolphins [I4] consisting of 62 dolphins
in a connected network. We again calculated the 0-Hodge and 1-Hodge Laplacian trace of the network and ran 20
epidemic simulations using the same parameters as we used in the simulation study to examine the simplicial complex
structures and start points of the epidemic to understand the impact of higher-order structure on real social networks.

3 Results

Our simulation study suggests three main groups of networks by trace and epidemic variability: sparse, dense, and in-
between groups. Sparse graphs tend to have less severe epidemics and less complex simplicial complex structures (as
expected); dense graphs tend to have more severe epidemics and high-order simplices in their simplicial complexes (as
expected). However, the in-between group mixes sparse and dense connections, yielding a variety of simplicial structures
that impact epidemic severity based on where the epidemic starts and where it initially spreads. Table 1 shows the
Laplacian traces and epidemic severity (means across simulations with standard deviation in parentheses).

Average Graph Trace | Average Simplex Trace | Average Number Infected
p=0.1 42 (10) 47 (14) 2 (1)
p=0.2 76 (10) 101 (21) 3(2)
p=0.3 113 (11) 204 (40) 6 (4)
p=0.4 152 (16) 375 (79) 7 (3)
p=0.5 189 (13) 607 (104) 9(4)
p=0.6 227 (11) 934 (104) 10 (3)
p=0.7 265 (11) 1433 (160) 11 (2)
p=0.8 305 (9) 2074 (179) 12 (3)
p=0.9 341 (11) 2818 (241) 13 (2)

Table 1: A summary of random graph simulation parameters and their average traces and number of infected individuals

The dolphin network falls into the in-between group, where lower-dimensional and high-dimensional simplices exist in
the simplicial complex (Figure 1). As expected for an in-between network, the severity of the epidemic varied greatly
depending on start point (from 3 to 19 total infected dolphins).
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Figure 1: A plot of the dolphin network



4 Conclusion

Our results suggest in-between networks have highly variable epidemic behavior depending on higher-order structures
and the exact start-point of an epidemic (sparse or dense regions). Given that Laplacian traces identify these types
of graphs easily, we suggest classifying networks of interest with trace metrics prior to modeling such that researchers
can examine higher-order structures of in-between networks with varying simplicial complex features.We hope to expand
our analysis to other Hodge Laplacian spectral properties that might be relevant for epidemic behavior on higher-order
networks (such as energy, algebraic connectivity, zeta function dervivatives, torsion) and consider persistent versions of
Hodge Laplacian spectra for weighted graphs (such as those with edges based on frequency of interaction, hours spent
in a location), as well as dynamic graphs that change connectivity over time. Recent work suggests the efficacy of such
explorations in fields like neuroscience [I, single cell biology [I7], and community detection [I1I]. Theoretical work on
Hodge Laplacian spectra is ongoing and promises new tools and insights for network scientists [13].
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