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Abstract

Human or Al feedback in the form of preference data over response-pairs plays a
crucial role in finetuning Large Language Models (LLMs) using Reinforcement
Learning from Human Feedback (RLHF), Direct Preference Optimization (DPO)
and their variants. For these methods to be effective, the representations or un-
embeddings of responses must be expressive enough to align with the preference
data. In this paper, we study the convergence of gradient descent for DPO using
finite samples in the realizable setting, for example, preferences generated by the
Bradley-Terry model of linear reward functions on query & response representa-
tions. Unlike previous theoretical analysis with stronger assumptions about the
underlying unembeddings, our analysis works with a parameterization that is better
representative of LLM implementations and doesn’t assume independence of logits.

We derive a linear convergence rate bound for gradient descent on the DPO objec-
tive. Our bound crucially depends on the condition number of the matrix of query
embeddings, the algebraic connectivity and the maximum degree of the comparison
graph over responses. Our bound can guide the selection of preference feedback in
order to optimize the cost of data acquisition as well as the cost of training. We
show that in addition to the DPO converging to the optimum of the loss function,
the learned reward differences also converge to the ground truth. These results,
shown for pairwise preference data, can be extended to listwise preference data as
well as discrete choice data and are validated through a set of experiments over
both synthetic and real world datasets. To ensure the sufficiency of the available
data, we study both the identifiability of the ground truth and the generalizability of
the aligned model. Additionally, linear convergence results for DPO under tabular
parameterization of the policy are also obtained.

1 Introduction

Alignment of large language models (LLMs) involves ensuring these models behave in ways that
are consistent with human values and expectations. The pipeline of techniques like reinforcement
learning from human/ Al feedback (RLHF/ RLAIF) |Ziegler et al.|[2020] involves training a reward
model for query-response pairs using human/Al feedback in the form of preference data. This
reward model then guides the optimization of the parameters of a supervised fine tuned model while
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minimizing the deviation from the reference model. Direct preference optimization (DPO) Rafailov
et al.| [2023]] and other direct alignment methods (such as|Gheshlaghi Azar et al.[[2024]], Tang et al.
[2024])) fine-tune the LLM directly under the assumption that the language model implicitly expresses
the true reward differences, eliminating the need for a separate reward model.

With the increasing popularity of DPO and it’s variants both due to the empirical performance and
the simpler pipeline, there has also been a growing interest (Gheshlaghi Azar et al|[2024], in it’s
theoretical questions regarding efficiency, robustness and generalization. Several theoretical works
have explored preference learning in the context of DPO and RLHF. Through modeling RLHF as
a KL-regularized contextual bandit problem or Markov decision process, many worksXiong et al.
[2024]Zhu et al|[2023]] derive generalization and sample complexity results.

Convergence Analysis of DPO Convergence of DPO has been studied for different parameterised
models of DPO. We highlight some key directions: |Shi et al.|[2025]] analyze the convergence rates
of DPO with varying sampling strategies under tabular softmax parametrization when the graph
of comparisons over responses are connected. [Nika et al.|[2024] studies theoretical comparison
between RLHF and DPO and obtains convergence results for policy classes which are log linear
in the joint feature mapping of the query and the response. [Yuan et al.| [2025] studies gradient
entanglement between preferred and dispreferred responses in DPO that can lead to their probabilities
not being able to move in opposite directions during finetuning. Feng et al.| [2025]] proposes a new
sampling strategy PILAF that explicitly aligns the preference learning for maximizing the oracle
reward. They theoretically demonstrate how their sampler favours directions that are more sensitive
to the objective function. (Calandriello et al.|[2024] establishes the equivalence of Nash-MD with
Identity Preference Optimization, a variant of DPO, though it falls short of showing convergence. Im
and L1 [2024]] theoretically analyses distinguishability and its role in governing the rate of change of
the unembedding matrix.

Our work also draws inspiration from the convergence analysis of Bradley Terry log likelihood in
Vojnovic et al.|[2020] that learns rewards over a set of items. We non-trivially extend these results to
the DPO setting where the implicit rewards depend on the query embeddings.

1.1 Our Contributions

Our parameterization seeks to model the neural network architecture of transformer models used
in DPO. As is the case with the recent works that seek to theoretically analyze DPO |[Im and Li
[2024], Razin et al.|[2025]] we focus on a simpler implementation of DPO to aid our rigorous analysis.
We choose the weights in the final layer, the unembedding matrix that generates the output logits
from the input embeddings generated by a neural network, as our parameters Jiang et al.| [2024]],
Im and Li| [2024] |Park et al.| [2025]] [Han et al.|[2024]]. Explicitly tuning only the output-projection
(unembedding) weights while freezing the rest of the model can be interpreted as a special case of
head-only fine-tuning, LoRA, and other partial fine-tuning strategies. The main contributions of our
work are as follows:

1. Convergence rates for DPO We analyze the loss function of DPO to show linear con-
vergence of gradient descent. We also unearth the crucial role of prompt embeddings
and the structure of comparison graphs over responses in the collected data on the rate
of convergence. In Lemmas [3.T] and [3.2] we establish critical properties such as strong
convexity over a restricted domain, alongside PL-inequality and smoothness of the loss
function. Theorem [3.3] presents the number of iterations required to ensure a loss function
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matrix and Ly @Y is the Laplacian of the graph formed by the union of comparison data
over all query instances. This is described further in Section [3] While this is shown for
datasets where the graph of comparisons between responses for each prompt is connected,
Appendix shows the same result for linearly independent query embeddings without
requiring connectivity for comparison graphs.
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€

2. Strategic Collection of Preference Data Given the high costs associated with running DPO
and collecting annotation data, our analysis suggest efficient strategies for data collection.
Our results suggest that for a given budget of prompt data, prompts and responses for



comparison must be chosen such that they form a well-conditioned embedding matrix
instead of choosing a random set of prompts. Further, over a fixed set of queries our results

>\max (LM(aH))
)\Jr. (LM(all)) .
These findings are consistently supported by our results on synthetic data[f] [7]as well as real
world data The above results are theoretically proved for both pairwise and listwise
comparison data.

support the strategy of picking comparison data in order to minimize the ratio

3. Generalizability Section ] considers the realizable setting where the implicit rewards can be
expressed by our linear model. Given oracle access, Theorem . 1| explores the convergence
of the implicit reward differences of the model with the underlying Bradley-Terry rewards,
first, for the training data and second, whether it can predict the right probabilities for a new
input. While generalizability requires that the training prompts span the embedding space,
connectivity over all the comparison graphs for the inputs is not a necessity. Moreover, the
theorem provides an equivalent easily checkable condition on the training data to directly
conclude the sufficiency of data for generalizability. An alternate analysis of the convergence
by considering implicit reward differences and the ground truth inspired by Shi et al.|[2025]
is shown in lemma [4.2]

Comparison with Related Work Our choice of parameters differs from most of existing works
Shi et al.|[[2025]], Nika et al.| [2024] in terms of its faithfulness to real-world LLM architectures. It
captures how the logits of different responses for a prompt are tied together through that query’s
hidden state representation unlike other works where these logits are independent. This also does not
allow for the direct adoption of the Bradley-Terry convergence analysis |Vojnovic et al.|[2020] and
makes this result a non-trivial extension.

While |Shi et al.[[2025]] shows linear convergence for Vanilla DPO (under tabular parameterization)
and a sampling strategy that achieves a quadratic convergence in the tabular setting, it fails to extend
to the setting of parameterization of unembeddings. [Nika et al.|[2024] obtains convergence results
for policy classes which are log linear in the joint feature mapping of the query and the response.
However, these joint embeddings aren’t representative of the independent unembeddings used in
transformer models.

Closer to our setting, Razin et al.|[2025]] study likelihood displacement, and |Im and Li|[2024]] provide
bounds on unembedding updates under distributional assumptions. In contrast, our analysis examines
properties of the loss function and establishes linear convergence rate of Gradient Descent. These
works involve parameterizations that are significantly simpler than any practical implementation of
DPO and the current body of research lies far from characterizing the complexity of real-world DPO.
Hence, our paper tries to address the question:

Can we give provable convergence guarantees for DPO using a parametrization that is closer to
practical implementations of DPO?

To the best of our knowledge, this is the first work to establish linear convergence guarantees for
Direct Preference Optimization (DPO) under the unembedding parameterization, a setting that directly
reflects modern transformer architectures. Additionally, we prove linear convergence of the tabular
parameterization of the probabilities as a theoretical result in Lemma|[3.4] contrasting with the softmax
parameterization. Our work with both of these parameterizations also suggests that skeleton of the
Vojnovic et al.| [2020] analysis can be extended to different implementations of DPO.

2 Preliminaries

Notation We denote by M; and M the i*" row vector and the j*" column vector of a matrix M. It’s
eigen values or singular values are denoted by A; (M), Ao(M) - - - A, (M) and o1 (M), - - - 0,,(M) in
increasing order.

Direct Preference Optimization [Rafailov et al.|[2023]] Given a human/ Al preference dataset
constructed from the set of prompts X = {z, }""_; and the set of responses J = {y;}?_,, we have
dy.;,; denote the number of times y; was preferred over y; for the prompt x,, in our dataset. Therefore,
we get the dataset D = {d, ; ; € R : Vv € [m], i,j € [n]}}Y,. Model alignment is done through
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Figure 1: Scatter plots of the umembedding vectors at ¢ = 20 iterations for a well-conditioned and
ill-conditioned input/query embeddings for the same (3, ground truth reward differences and initial
weights
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where ¢ is the reference policy and 3 € R™ is a regularizing constant.

Let us denote by mppo the policy that minimizes the above expression We shall abuse the use of mppo
throughout to talk about the probability distribution over responses as well as the pairwise preference
distribution over pairs in different contexts, which shall be specified.

Parameters of LM Current language models typically have two parts: a neural network that
produces a hidden embedding x, € R? for every prompt x,, and a token unembedding matrix or the
output embedding matrix W € R™*¢ whose every row W, converts the hidden embedding x into
the logit for the the token y; € ). Razin et al.| [2025]]

eWix

mo(yilw) = W’

j=1

where 0 = W )

However note that since DPO is typically a finetuning step we optimize over only the unembedding
matrix W. Suppose that the reference policy has a parameter matrix W', we use 7y to represent
the policy parameterized by W and s to represent the reference policy. For this parametrization we
can rewrite the DPO loss as follows,

Lopo(W) == DS 3" duijlogor (B(W; = WIP)x, — B(W; - WiT)x, ) (3)
g

3 Convergence Rate for Direct Preference Optimization

In this section, we characterize the rate of convergence of gradient descent on the DPO loss function.
We demonstrate that it satisfies properties like the Polyak-Lojasiewicz (PL) inequality and smoothness
that are integral to understanding convergence rate. This allows us to identify some necessary
conditions for convergence as well as how data can be chosen to ensure faster convergence. These
results can be extended to the DPO with data in listwise comparison, which is modeled using the
Plackett-Luce model, which is an extension of the Bradley-Terry model to handle listwise preferences.
The proofs to the results in this section are provided in Appendix [B] and [C] It also includes an
additional result with relaxed constraints.



3.1 Polyak-Lojasiewicz (PL) Inequality and Smoothness of the DPO Loss

It is known that for any p-smooth function satisfying y-PL inequality, the gradient descent algorithm
with a suitable choice of the step size has a linear convergence rate. Similar to [Vojnovic et al.
[2020] in order to establish this, we observe that the quadratic form of the Hessian of the DPO
loss, VTV2£DPO(W, X)v, in the space of unembedding vectors v € R™ can be expressed as
the quadratic form of the Laplacian, rTLM(aH)r, of the graph representing comparisons over the
responses for all queries.

The graph is constructed by adding edges of weight m,, ; ; = d., ; ; + d., ;,; between any two query-
response pairs (z",y;) and (2, y;) whenever they are compared m,, ; ; times for query z*. The
full graph is the union of component graphs G,, for all queries ¥ € X. The vectors involved in
the quadratic form of the Laplacian lie in the implicit reward space and are obtained via a linear
transformation of the unembedding vectors v. This is used to show — strong convexity (a stronger
condition than v— PL inequality) in a restricted subspace and y—smoothness.

Lemma 3.1. For any upper bound on the reward amplitude p > 0,

* Lppo(W;X) is v/-strongly convex on W € W, N1 Wy N Wy and X € [—0,0]7™ when
the graph of comparisons G, is connected for all responses x¥ € X

o p-smooth on W € R"*? for X € R4x™

+
Jmin(

X))z)\mH(L}(;”)) . = 1pg2d%0l (X))\nm(Lg\{}”)) and subspaces of

where v = c,3%( max

R"™*4 given by
Wo = {W £ (W= W)L, = 0.} W), = (W 8 [(W - W) < p v € BY),
Wy = {W Wiz =0 Vi€ [n], Vo e nun(X)},

Further, 3 € R is the KL regularization coefficient and c, = 1/(e” + e )?

By restricting W so that the implicit reward vector is orthogonal to the null space of L@,
the quadratic form of the Laplacian remains positive, giving us a non-zero lower bound on
vec(W)T'V2 Lppo(W'; X)vec(W) resulting in strong convexity in this subspace. When the graphs
G, over the queries are connected, xo = {r € R" | r - ¢; = 0Vi} where e; € R™™ denotes the

indicator vector of the i-th block, is the subspace orthogonal to the null space of Ly ™. This guides
our choice of restricted subspace.

Since strong convexity is satisfied over W € W, N Wy N Wx and X € Xy, the DPO loss function
also satisfies PL inequality over the same subspace. This PL inequality can be extended to a larger
domain for W using the inherent symmetry in the DPO loss function.

We exploit the property that

1. ['DPO(H(W; WO» C), X) = ‘CDPO(W’ X)
2. For any ’i, ]{, vWi’k[:Dpo(H(W; VV()7 C), X) = VWI-,;CLDPO(W’ X)

where II(W; Wy, c) = W + 1,,¢” + W,

This helps transform any W’ € W, toa W € Wy, N Wy N Wx for a careful choice of ¢ and Wy
such that the loss value and gradient remain. Using this property, PL inequality can be shown to hold
over W, as well.

Theorem 3.2. For any upper bound on the reward amplitude p > 0, W € W, and X € [—0,0]7™
Lppo(W; X) satisfies " -PL inequality with v = CQ;,BQUZ“”(X))\WH(L%”) when the graph of
comparisons G, for each query " is connected.
Here

W, ={W:B[[(W-W)x"|| <p vx'e[-0,6},
B eRY, andc, =1/(e* + e2r)?



Compared to|Vojnovic et al.|[2020], the challenge to arrive at PL inequality lies in how the rewards
for each query-response pair are not independent and share common parameters. This requires
identifying a different subspace in which the strong convexity result holds. The extension to a larger
subspace also presents its own challenges in the DPO setting which is carefully addressed in our
result.

3.2 Analysis of Convergence of DPO

Using the properties of PL inequality and smoothness from Lemma [3.1]and Theorem [3.2], we obtain

a characterization of the number of iterations needed for convergence to an error .

Theorem 3.3. Gradient decent over the DPO loss function Lppo(W; X) in the space where W €
. " )\mn L (all) 2

W, and X € [—0,0]1%™ requires T = O (% log(%)> =0 (H(X)QW ‘fﬂ log (X )

iterations for convergence for the error threshold e such that EDPO(W(T); X) — Lppo(W*;X) < ¢

when the graph of comparisons G, for each query x,, is connected.

Thus, given a query budget &, a good subset of queries is the one whose embedding matrix X attains
a small condition number x(X), since the convergence rate scales inversely with x(X).

3.3 Convergence rates for tabular parameterization

In this subsection we briefly present our convergence rate results for DPO loss under the tabular
parameterization of the policy.

Lppo (T ZZZdU ijlogo (ﬁlog m(yi | x)) Blog 7r(y]|a:)) @

ref(yz | Wref(yj ‘ 1’)

where every 7(y | ©)Vy, x is trainable.

Here, we shall directly optimize over the 7’s which would be equivalent to fitting in a logarithmically
parametrized reward model, where it is not straight-forward to determine whether properties such as
PL inequality and smoothness are preserved.

Lemma 3.4. Gradient descent over the tabular parameters for the 4|takes time T = O (:—“ log %)
1

where [, and 7y, are decreasing and increasing functions on o = CM/LOE , agp = kg,ma and Ly
is the initial likelihood and m is the number of samples

We also note that the tabular softmax parameterization considered in |Shi et al.| [2025] the parameters
of the policy appear as logits which turns the DPO objective directly into the Bradley Terry negative
log-likelihood for a tabular reward model. And hence the analysis of [Vojnovic et al.[[2020] directly
proves the linear rate of convergence. This is particularly noteworthy because this highlights the
potential of the analysis of the Bradley-Terry loss |\Vojnovic et al| [2020] to act as a skeleton for
multiple parameterizations (linear in unembeddings, tabular and tabular softmax so far) of the DPO
policy.

4 Convergence of the Unembeddings

In this section, we work in the realizability setting where the data follows a Bradley Terry distribution
guided by a ground truth reward r*(z, y). We also assume that the policy that maximizes the RLHF
objective can be expressed by the LLM, motivated by its necessity for DPO to theoretically discard the
reward model and directly optimize for the model parameters. Note that mppg and gy represent the
probability distributions ) x X — [0, 1] over the responses for every input such that they maximize
the DPO objective and the RLHF Objective (equations[T]and ] respectively

TRLHF = Iax E r*(x,y) — BKL(7 || mre)
eIl zrp(X),y~m(-|z)



Ziebart| [2010]] shows that the solution for the above can be expressed as

1 1
mRLHE(Y | ) = mﬂref(y | ) eXP(BT*(Jf,y)),W eX,ye)y

and if gy yr can be realizable by our linearly parametrized LLM through parameters WRLHF | then

T
1 1, exp(x (WRLHF
TRUnF(Yi | T) = 7@ exp (x(Wﬁef)T + —r > = (x ( ))

P ;1 exp(x (W?LHF) T)

Hence this implies that *(,y;) has to be expressed as x3 (WR-HF — W;ef)T shifted by a global
constant. This form of data also can be interpreted as Reinforcement Learning through AI Feedback
where the data is generated by another LLM with the same query embeddings. We abuse the notation
of mrLyr and mppo to denote pairwise probability distribution over pairs of responses given a query.

Given oracle access to reward differences between any pair (y;,y;) € ¥ x Y for any reward z € X,
if DPO is performed, two natural questions are (1) Does the resulting preference distribution converge
to mrunr(Yi = y; | @) over the pairs queried? And (2) Do the resulting output unembeddings WPFO
converge to WRIHF apart from a global shift? The two questions talk about output behavior on the
training data and generalizability over any other input following the ground truth distribution.

T
Theorem 4.1. Suppose the ground truth reward r*(x,vy;) is of the form x3 (WfLHF -w ) ,
Q= {(y,v5, )}k _, are the queried triplets then

1. mppo(yi = y; | ) = Treur(ys = yj | ) for any {y y;,x} € Q

2. rank(Ag) = (n — V)d iff mpro(ys > y; | ®) = Treur(yi > y; | ) for any x € R? and
Yir Yj € y

where Aq is the query coefficient matrix generated as follows: any (y¢, (e x*) € Q generates a
row vector (in R") as (0,0, ..,27,0,..,0, =27, ...0) where x7 is placed at the i*" d—dimensional
block and —x7 at the 7.

The first part states that DPO exactly recovers the ground-truth reward differences on all observed
triplets. This happens simply because the DPO loss is equivalent to MLE in the Bradley-Terry model
of the implicit rewards which is maximized when the reward differences exactly match the ground
truth.

The second provides an exact rank condition on the query coefficient matrix A that characterizes

generalization to unseen triplets. Note that AQV_V generates the column vector for the implicit
rewards of the training data. This, combined with the fact that unembeddings differences have to
be retrieved exactly to generalize to any triplet outside () leads to the rank equivalence. Note that
this is important because it provides an easily checkable condition to directly determine whether the
training data leads to generalizability.

In particular, achieving rank(Ag) = (n — 1)d requires at least d linearly independent query embed-
dings. However, it is not necessary that all comparison graphs be connected for generalizability
since multiple queries with single comparisons can still allow a rank (n — 1)d Ag.

Convergence of reward differences. In addition to noting that the learned implicit reward differ-
ences for DPO at the optimum coincides with the ground truth rewards, we also establish rate of
convergence of the learned reward differences to the ground truth by directly trying to extend the
result in[Shi et al.|[2025]] by adapting it to the simple parameterized setting.

Lemma 4.2. We define the error in learned reward difference for the prompt x, and re-
sponse y; and y; as O.(yi,y;; W) = 13 — 5 — (MW}, x,) — (W x,)).  In the
T™ iteration of gradient descent for Lppo(W;X) when the graphs G, are connected for
all prompts x,, the error in learned rewards converges linearly as |01 (y.,y;; WT)| <
| maxy . j 0y (yi, y;; WHICT ™! when dY; = p;;(yi > yjley) where the contraction factor

< = max (1 + 7752n0r2nax(x) (1 - 80-1/rnin) 77]B2no'r2nax(X)(2 - 4U;nin) - 1) and U;nin = G/(p)
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Figure 2: Convergence of (Lhpo — Lipo)/ (LBpo — Lhpo) and |W' — W*||, when they are

normalized when compared for different condition numbers over multiple iterations.

Similar to Theorem [3.3] we see linear convergence using the approach from [Shi et al.| [2025] as well.
We obtain the result by using careful algebra to express 87, (y;, y;; W*) in terms of 6/~ (v, y;; W)
in such a way that we are able to obtain a contraction factor. It uses properties of the sigmoid function
and the mean value theorem.

The proofs of generalizability and the convergence of learned reward differences results in this section
can be found in the Appendices [D]and [E]respectively.

5 Experiments

5.1 Experiments with Synthetic Data

We conduct synthetic experiments that confirm that a well-conditioned X improves the convergence
rate when working with a fixed budget for queries. Additionally, when multiple responses per query
are compared higher algebraic connectivity and lower maximum eigenvalue lead to faster convergence.
We conduct two sets of synthetic experiments to demonstrate this. In the first set of experiments,
the embeddings of queries, X, and the gold standard weights, W*, which generate the ground truth
rewards are randomly generated. In the second set of experiments, the unembeddings for W* are
generated from a mixture of two 2D Gaussian distributions allowing us to observe the separation
rate against the condition number of the subset of inputs chosen. The results of the experiment with
Gaussian unembeddings can be found in Fig. [2] The details of the experiments and the results of the
experiments with randomly generated unembeddings can be found in the Appendix [{

5.2 Experiments with Real World Datasets

Datasets and models = We conduct experiments on the dataset Safe-RLHF Dai et al.|[2024]] using the
unified reward model E] Dai et al.| [[2023]]. We use an instruction tuned GPT2 E] as our reference model
to run DPO on and also generate responses for the prompts of the dataset. We also confirm results on
Stanford Human Preferences (SHP)Ethayarajh et al.| [2022]], see Appendix [F} All experiments were
run on an NVIDIA A80 GPU.

Generating comparison data We pick ~ 10% (7300) of the prompts from original training dataset
and generate 5 responses for each of these, which are then scored by the reward model.

The test data for our experiment is generated similarly by using 130 prompts from the original test
data to (1)ensure a 1:4 ratio with the training data since a subset of 512 from total prompts will be
picked later and (2) so that responses for both the train and test data come from the same reference
distribution.

Picking the subsets of queries These prompts are then embedded (using the reference model),
from which well-conditioned and bad-conditioned subsets of 512 prompts are collected (through
random sampling). The subsets are selected based on the condition number 7, where ¢; denotes

ag
g

*https://huggingface.co/PKU-Alignment /beaver-7b-unified-reward
*https://huggingface.co/RaushanTurganbay/GPT2_instruct_tuned
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Figure 4: Evaluation loss for different picks of subsets based on condition number(green and red for
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the top singular values in decreasing order and & = 100. This is motivated by the observation that
only a few directions in the 1024-dimensional embedding space appear to be meaningful (fig[3). We
repeated the experiment 3 times for robustness and evaluated it on the same held out dataset. .

We then run DPO on the reference policy (unfreezing only the final unembedding layer.) with the
training and evaluation loss set to the DPO loss with probabilities.

Results. We observe the following trend (fig[) in evaluation loss when subsets are picked according
to the condition number of the projected matrix (picked for the first 100 principle directions). We
chose this as a comparison metric rather than training loss as our metric since the subsets would have
different losses. The well (and bad)-conditioned matrices have the condition number in 113-115 (and
160-163). We summarize the average evaluation loss across training steps and the difference in the
average steps required to reach various loss thresholds in the table below:

Threshold Well-cond Bad-cond

Eval Steps Well-Cond Loss Bad-Cond Loss 8222 ;82 éig
0 0.6931 £+ 0.0000 0.6931 4 0.0000 0.660 1028 1190
1000 0.6606 £+ 0.0017 0.6646 £ 0.0002 0.650 1461 1708
2000 0.6440 + 0.0020 0.6473 4+ 0.0013 0.645 1909 2409
3000 0.6409 £ 0.0020 0.6425 4 0.0009 0.652 2415 3471
3840 0.6407 £ 0.0018 0.6419 £ 0.0010 0.641 2953 > 3840
(a) Average evaluation loss (mean =+ std). (b) Steps to reach thresholds.

Table 1: Comparison of well-conditioned vs bad-conditioned subsets.

While the first table demonstrates that the loss remains consistently lower for the well-conditioned
subset, the second table is central to our analysis, as it explicitly illustrates the faster convergence rate
of the well-conditioned subset.

The code can be found at https://anonymous.4open.science/r/
Convergence-of-DP0-08E1
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6 Conclusion

Our work provides a rigorous theoretical foundation for understanding and improving Direct Prefer-
ence Optimization (DPO) through a parameterization that closely mirrors the architecture of modern
transformer-based language models. We derive linear convergence guarantees for gradient descent
under the assumption of connected comparison graphs and analyze how the structure and conditioning
of prompt embeddings, along with the graph of response comparisons, fundamentally influence the
convergence rate. Our results lead to strategies for data collection, emphasizing the importance of
selecting prompts and comparisons that yield a well-conditioned embedding matrix and low spectral
ratio in the Laplacian of the comparison graph. We further explore the generalizability of the implicit
reward differences learned by the model, establishing conditions under which these learned prefer-
ences extend to new queries. Compared to previous works that rely on decoupled parameterizations,
our approach captures the interconnected nature of logits through shared prompt embeddings. Our
findings are consistently supported by both synthetic and real world data experiments.

Limitations and future work. Our model, while close to the actual architecture of the LLM allows
for optimization only over the final layer, which might not explain the rates in different fine-tuning
implementations. Our analysis also considers distributions over the next immediate token rather
than the autoregressive generation which would change the hidden statement embedding after every
predicted token. Understanding the system of parameterizations that have a linear convergence rate
for DPO using the Bradley-Terry convergence analysis would be a direct potential extension of this
work. Exploring the role of non-uniform samplers as in|Shi et al.|[2025]] and the setting of Online
DPO in our model would be interesting further problems to work on.
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A Preliminaries for Proofs
A.1 Notes on Notation
We use the following shorthand notation across the proofs for simplicity of expression:

* h(W,,x") to refer to the implicit reward difference (W, — nge“)x". We also use it
freely for A(W,X) = B(W — WD) X or h(W,x?) = B(W — WeD)xv

* The learned/implicit rewards for prompt =¥ and response y;, 7,; = S(W; — Wgeﬂ)x”
unless a different W has been specified. Further, r, = h(W,x") and r = h(W, X).
BWix
* aw,,i = exp(rw,v,) = W
* Ao(yiry;; W) =o(ry; =17 5) — o (M(Wi, x") — h(W;,x"))

Some basic concepts from convex optimization analysis that we use in the paper are defined below:

Strong Convexity A function f : R™ — R is said to be u-strongly convex on X if it satisfies the
following subgradient inequality: for all z,y € X,

W
F@) 2 ) + Vi) @ =y) + Sl -yl
Equivalently, the function f is y-strongly convex on X if and only if f(z) — & ||| is convex on X.

Smoothness A function f is said to be L-smooth on X if its gradient V f is L-Lipschitz on X, i.e.,
IVf(z) = Vi@l <Lz —yll, Vr,yeX.

For any L-smooth function f on X, the following property holds :
L
F@ <fW+ VI @@=y + le—yl* YryeX

Polyak-t.ojasiewicz (PL) Inequality A function f is said to satisfy the Polyak-F.ojasiewicz (PL)
inequality on X if there exists ;¢ > 0 such that

N 1
f(z) = f(z") < ﬂ||Vf(:c>||2, vz € X,
where z* is a minimizer of f. When the PL inequality holds on X for a specific value of u, we say

that the p-PL inequality holds on X.
If f is p-strongly convex on X, then f satisfies the y-PL inequality on X.

A.2  Convergence Rates for the Bradley-Terry Model

Given a pairwise preference dataset D over the response set Y of size n (note that this would be for a
fixed response in RLHF) and a set of scores r = (1,72 -+ ,7,) each r; corresponding toay € Y,
the Bradley-Terry negative log-likelihood loss would be:

Y] Y]

Lpr(r) = Z Z di; log (eﬁ + e’ > Z Z dij (ri —log(e™ +€'7)) 5

i=1 j#i i=1 j#i

Vojnovic et al.| [2020] shows that gradient descent on using MLE for fitting in the Bradley Terry
model is linear with the rate crucially determined by the algebraic connectivity of the matrix M of
item pair co-occurrences in observed comparison data. Note that we denote by r the row vector of
scores.
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Lemma A.1. For any w > 0 the negative log-likelihood function for the Bradley-Terry model
of paired comparisons is y-strongly convex on W, o = W, N {r € R>" : r1T = 0} when
W, = {r € RY>" : |Ir||o < w} and p—smooth over R™ where

1
v = cpra(Lim) and p = 1/\"(LM)

where c,, = —t—, L is the Laplacian matrix of M. The function also satisfes v-PL inequality

67“"+6w )
over W,

By the Gershgorin circle theorem, A, (Ly) < 2d(M) where d(M) is the number of paired com-
parisons per item in M and A2(Lpg) is known as the algebraic connectivity of M. This implies a

T=0 (d(M) log %) convergence time bound.

a(M)

Note that for multiple inputs, the lemma extends easily since all the variables involved are independent
from each other in the following loss.

Y] Y]

[:BT(I‘) = — Z Z Z dm,i,j log <e”i;;m) = — Z Z Z dm,i,j (rLi — ]()g(e”r,z‘ + eu,j))

z =1 j#i T i=1 j#i
(6)

Lemma A.2. Forany w > 0 the negative log-likelihood function for the Bradley-Terry model of paired
comparisons over multiple inputsé]is ~y-strongly convex on W, o = W,, N {r € R™*" : r1T = 0}
when W,, = {r € R™*" : ||r|loc < w} and p—smooth over R™*"™ where

1
v = ¢, min \o(Ln, ) and p = 7 nax An(Lim,)

1

where Cy = o few?

over W,

Lg is the Laplacian matrix of M. The function also satisfes ~-PL inequality

B Linear Convergence of DPO

B.1 Proof of Lemma[3.1]

The second derivatives of the DPO loss function can be written as,

2 m L Qi .
B szl Ly, kLo, Zj;éi M5 Ty s+ay )20 L=

02 Lppo(W; X)

oW 1 W; s
7,k VYVik 2 m Qo i Xy, . -
_B szl Ty, kLo 1My 4,5 (Oéufii(;v,Jj)Q , 2 7é J

where we use aw ;i = exp(S(W; — Wgreﬂ)x”) for simplicity of expression. We now write
the quadratic form of the Hessian of the loss function in terms of the vector vec(w) € R"¢ with
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w € R4 The quadratic form is written as follows,

vec(w) " V2 Lppo (W; X)vec(w) @)

m n d d n
Sy | T WiX) S Lo WiK) ®
= — ik Wi, 772 5,1 Wi,

v=1i=1 k=1 =1 Wi Wiy j=1 OW;aWi

J#i
m n d d n a a
2 W, v,i W jv,j
= DD Brunteimug 5 (Wi kWi — wipw;) ©
; (aw,v,i +aw,o,;)

d d
:ZZZﬁvam AW,0, iAW 0,5 ZZZ% kT (Wik — wjg)(wig —w;g)  (10)

(anz'i'aW v,] he1 I—1

:22252mvm< T (i wy)x)? (1

QAW ,v,i + aw v,])

Say, w = W’/ — WD and 7, = w;x". For the values of implicit reward rw ,; = S3(W; —

. . o i OOW v, 1 .
WD)x? in [—p, p], we obtain the lower bound on W mW.v.J 5 as ¢, = ——————— This
(W i + W v 5) (er +e77)
e’ e

, and z(1 — 2) obtains its
el +e P efP e P

is because it takes the form z(1 — z) where z € {

minimum at the boundaries. We then obtain,

VeC(W)TV2£Dpo(W; X)VGC >Cp 9 Z Z Z My,g ] w v, 7”\2”,1; j Cp52 Z Z My i i Tw,v,iTw,v,j

v=11i=1 j>1i i=1 j=1
J#
m n m n n
SED W INCHEVED 3) 99 ST
P 0w v,i P My i, 5Tw,v,iTw,v,j
v=1i=1 =11i=1 j=1

=c,vec(r) " Lpg“Pvec(r)

where, Dy, ; = > j=1 My, ;. Ly @ is the Laplacian of the graph of comparisons Gy in which

JF1
the prompts-response pairs (2", y;) € X x Y form the nodes. For two responses y; and y; that are
compared for the input prompt ¥ in the data, an edge of weight m,, ; ; exists between (2, y;) and
(z¥,y;) in Gai. Note that this forms a graph with mn nodes with at least m connected components
as no edge or path lies between any two nodes of different prompts. In this graph, D,, ; represents the
degree of the node (z",y;). Matrix D € R™" formed by D, ; along its diagonals forms the degree
matrix and matrix Ml € R™" with elements m,, ; ; forms the adjacency matrix of graph Gay.

Let each of the m subgraphs of Gy for the prompt 2 € X be denoted by G,,. The (m + 1)

smallest eigenvalue of the Laplacian of Gy, represented by A, 11 (LM(HH)), is the smallest non-zero

eigen-value when G, is connected for each ¥ € X. In fact, the Laplacian Ly @ is formed by
placing the Laplacians of each of the G,,’s along the diagonal and its eigenvalues are given by the
combination of eigenvalues of the Laplacians of each G,.

Now, in the space W’ € W, B(W' — WD)T1, =0 = rl,, = 0. That is, W), is orthogonal
to the null space of L@, Therefore, for W/ € W),

vec(w) T V2 Lppo (W; X)vec(w) > cphmi1 (L ™) || Bx? (W — WD) T |12

Now, when W € Wy, every row in W is orthogonal to the null space of X as well. Therefore,
[ (W —W)x? [|2> (0}, (X)) || W — WD ||2. We now obtain,

min
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vee(w) " V2 Lppo(W; X)vec(w) > Cpﬂg)\mH(LM(a“)) (o7

min

(W) || w13

Therefore, we observe ~’-strong convexity in the space W € Wy N W, N Wx when G,, is connected
for all 2 € X with 7 = ¢,82Am 1 (La ™) (o7, (X)) | x |12

min
Now, we observe that the maximum of z(1 — z) is observed at 1/4. Therefore, using the result in eq.

we obtain,

1 m n n 5
vec(w) " V2 Lppo(W; X)vec(w) gz Z Z Z B2may.i i ((w; — w;)x")
v=1i=1 j>1
1
zzvec(r)TLM(a")vec(r)
2
S%)\mn (LM(a"))0'2

max

(X) [l w17

where )\mn(LM(a”)) is the largest eigenvalue of Ly ™. Therefore, it is p-smooth for all X € R4x™
and W € R4 with 1 = 22\,,,,, (g @) 02, (X).

max

B.2 Proof of Theorem 3.2]

The gradient of the DPO loss function is obtained as,

0Lppo(W; X) G dy i — dv, i, jou,
8Wi7k =5 Z Tuk Z Qi+ Oy j

v VE)
We define a function II(W; Wy, c) = W + 1,,¢" + W, for some column vector ¢ € R¢ and
Wy € WY such that W + WD € Wy, 0 W, where Wy = {W € R4 . (W; - WID)x =
0 Vi € [n] Vx ¢ null(X)}. That is, to each i*" column in W, we are adding an all-ones vector 1,,
scaled by ¢;, and, to each row in W, we are adding a row vector from the null space of X, shifted by
rows in WD Therefore, we make the following claim:
Claim B.1. Any matrix W' € W, can be represented as W' = W + 1,,c’ + W, for some choice
of W € Wx N W,, N Wy, c € R4 and W € WY such that W + W ¢ Wa, N Wh.

Proof. We observe that for any W’ € W, we can define ¢ such that ¢; = 1/n >~ (W], — Wj(rff)),
W =W’ - WD —1,¢T and Wy = W(I — P,y (x)) Where Proy(x) = X (XX )X is the
matrix for projection on the row space of X. We also define Py x) = I — Prow(x). We now note
that (Wo + WD — WD) T1, = (T — P,y x)) T WT1, =0and,

| B(Wo + WD — WD)x ||

= || /BWPI“OW(X)X ||oo

< || BWTx [|oo
< || BOW' = WED)x || + || BelnX [l
<2p

We obtain || Scl,X ||oo< p, using the fact that Bcl,x = [B(x,c), B(x,c),...B(x,c)] € RY*™ and
(x,c) = <x,%zj(wg - Wg-ref))> = %Z?(x, W — W;-ref)> < max;(x, W} — Wg-ref)> < »/s,
since W € W,.

Hence, we have, Wy € W) and Wy + WD € W, N Wy. Further, we have W = W’ —
lch — W, Therefore, ~(W — Wt T, = W', — Wi1, =0. Further, W — weh —
W —W(I - P,owx)) = WP, (x)- This means that, (W —-WD)x || =l WP, owx)X |l <||
Wx ||oo< 2p. Therefore, we can say that W € Wy N Wy N Wy,
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Hence, for any W’ € W,, we can identify a W € Wx N W, N Wy, such that II(W; Wy, c) =
W+1,c" + Wy =W for some c € R and W € W such that Wy + WD € Wy, nW,. O

We note that, for some Wy € W% such that W + Weeh ¢ Wa, N W,
F(II(W; Wy, c);x) = Bx(II(W; Wo,c) - W) T = #(W;x) + xc
== »CDPO( (W'Wm c); X)

== Z Z Z o3 (FTI(W; W, €);%,) — log(e"TWiWoe)ix) 1 oFIIWiWo.)six0) )

eF(Wi;xv)Jr,Bxc )

v [ J

m n n GF(W'L ;x/u)
=~ s 08 (o

v 7 7

=Lppo(W; X)
Similarly,
v T(H(W;Wo,c)i,x") o d;}jeF(H(W;Wo,c)j,xv)
Vw, . Lopo(II(W; Wy, c); X va k Z er(H(W;WO,c),;,x") T o (W Wo,0); %7

dY ;W) _ gy (W)
= — Z xq) k Z €T(w“x ) + eT(WJaXV)
Xy J#i
=Vw, , Loro(W; X)

Therefore, we have Lppo(II(W; Wy, c); X) = Lppo(W;X) and VLppo (II(W; Wy, c); X) =
V Lppo(W; X) when W € WY such that W + WD ¢ Wa, N W

Suppose that W* and W3, - are the minima of Lppo over W, and W,, N Wy N W respectively.

Say we have some W’ € W,. From the claim above we know that there exists a W, W, €
Wa, N Wy N Wx such that W/ = II(W; Wy, 1), W* = TI(W1; Wy, ¢5) for some ¢, ¢cs € R4
and Wo; + WD W, + WD € W, MV, We now have

Lppo(W'; X) — Lppo(W*;X) = Lppo(II(W; Wor,¢1); X) — Lppo(IL(W1; W, ¢2); X)
= Lppro(W;X) — Lppo(W1;X)
< Lppo(W; X) — Lppo(W3, 6 x; X) 12)

The strong convexity condition from Lemma- implies that v/-PL inequality must also be satisfied
for W € Wh, N Wy N Wx where v = ¢35, amm(X)/\m_H(L(a”)).

Lppo(W; X) — Lppo(W3, 0 x; X) <

< o | VLopo(W;X) |2

‘We now have,

- »CDPO(W/;X) - »CDPO(W*;X) 27 (W X) H2
1
=37 - || VLopo (I(W; Wy, c); X) ||
1
= 5 I VLo (W' X) I? (13)

Therefore, Lppo(W;X) satisfies ~”-PL inequality on W’ € W, with o”
all
CZ/JBQUEnm(X))‘m-H(LSu ))-
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B.3 Proof of Theorem 3.3

Lemma B.2. Say, function f(x) is pi-smooth on X,, and satisfies the ~y-PL inequality on X.,. Further,
for the total number of iterations T, we have an error threshold € such that, f(x(T)) — f (x*) <e

When x* is the minimizer of f and x+V) is the next step after x*) obtained using the gradient
descent algorithm with step size ) = 1/u, then, for x®) € X, and x(**V) € X, we have,

P = g < (12 2) () - )
and, T = O (Zlog (1))

Proof. This is a well-known result as described in [Vojnovic et al.|[2020] . At each time step ¢, we
have x(*+1) = x() — 5V f(x®)).

FEED) — f(x) =f(x =V f(xD)) — f(x*)
<fD) —n|VFED)*+ §n2||w(x<t>)||2 — f(x*)

=F(x®) = () = (= 5 VG|
<FED) = F(x*) = (29n — yun®) (fF(xD) = f(x¥))
= (1 =2y +yun®) (FxD) = f(x*))

The first and second inequalities come from the properties of p-smoothness and v-PL inequality
respectively. Taking 7 = !/u minimizes the above bound, as follows,

FD)  fxct) < (1 - Z) (F(x®) = £(x*))

Now, for T total iterations starting at x() this implies,

T
FxD) — f(xt) < (1 - Z) (@) — 7(x*)

But, we want, f (X(T)) — f(x*) < e. Setting the upper bound ¢ on the RHS, we obtain,

F) — f6x)) 1

€ )1og(1)

1—X
W

T210g<

For small values of 7/, we have — log(1 — 7/u) & 7/u. Therefore, we get,

r>L 1o (f<x<0>> SL3)

€

O

and applying it to Lemma , we obtain the required number of iterations 7' = O(% log (%)) for

Now, using the properties of /-PL inequality and -smoothness as described in Theorem [3.2]and[3.1]
gradient descent on W € !‘p when each graph of comparisons G, for the response x,, is connected.

B.4 Relaxed convexity requirements for linear convergence

Lemma B.3. Given linearly independent queries X whose comparisons are present in the dataset,
we show that
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* Y,-strong convexity is satisfied in the domain W, N (ﬂxe x Wx) O Wepan(x)

* v,-PL inequality is satisfied in the domain WV,

where W, = {W € R™?: |B(W; — W) — (W = WT))x| < p¥(2, 41, 95) € Q,

Wy ={W € R : (3. . xW,;) = 0 for all connected components C in a graph G},
Wipan(x) = {W e R4 W, € span(X)‘v’i} Further, B € R is the KL regularization coefficient,
T = oMb (Lt ), (X)? and ¢, = 1/(e? + ¢7)?

min

Proof. Note that for any W € W, and r such that r,, ; = Sw;x", the expression as obtained in the
proof lemma [B.T]is as follows:

vec(w) " Lppo(W; X)vec(w) > cpvec(rw)TLM(aH)Vec(rw)
We make the following 2 observations:

1. Suppose that w € (ﬂxe x Wx), then the corresponding r has the property: for any (maxi-
mal) strongly connected component C' € Gy, ZieV(C) (rw)y; = 0.

2. Given the Laplacian matrix of connected components (without any directed
edges between them) it’s null space is spanned by the orthogonal vectors
{vx,c,VC is a component of G, Vx € X} where vy ¢ is a vector of size nd such that
all the indices indexed by the vertices of C' are set to 1 and the remaining to 0.

Thus the above observations show that the vec(ry, ) is orthogonal to null space (and hence orthogonal
to all the 0-valued eigen vectors) of L@V, Through Eigen decomposition, we can conclude that

cpvec(ry) T Lagvec(ry) > e, A5 (L @) 2vec(ry ) " vec(ry)

where )\:;in(LM(“”)) is the minimum non zero eigen value of LY.

Similar to the lemma@if W € Wipan(x) as well then we know again by singular value decomposition
(on all column vectors of w) that vec(ry ) T vec(ry,) > (or:gin(X))2 vec(w) T vec(w)
This in turn implies that for any z € (ﬂxe x Wx) N Wepan(x) and W € W,

vec(z) T Lopo(W; X)vee(z) > e, At (L @)ot

min min

(X)vee(2)I3

This shows that Lppo (W; X) is ¢, A

b L™t (X)-strongly convex over W, N (Nyex Wx)N
Wspan(X)~

mi xeX x

Proposition B.4. Note that for any w € W,,, there exists an w' € W, N (ﬂxe x Wx) N Wapan(x)
such that

1. Lppo(w; X) = Lppo(W'; X)
2. VEDpo(W; X) == V£DP0(W/; X)

Proof. w' can be constructed from w as follows:

a) For every component C' of Gx, we subtract a vector x¢ € null({z : z column of X} \ x)
from all w;,¢ € C' as follows:

Z (w; —xc)'x=0

i€V (C)
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Note that there exists an x¢ € null({x : « row of X} \ x) such that x - x¢ # 0 since we
know that x ¢ span({z : z column of X} \ x) due to linear independence. If there was
no such x¢, then we would know that null({z : = column of X} \ x) is orthogonal to x
thereby placing x in the row space of {« : x column of X} \ x which is a contradiction.

b) Project w? obtained from the above on to the span(X), in other words, multiply the
projection matrix P that projects onto the row space of vectors X with w*

We now observe that the relevant reward differences remain preserved through the above transforma-
tions. Firstly, the removal of x~ doesn’t affect any of the reward differences of the other queries, as it
is perpendicular to all of them. Furthermore, any comparisons over C for x do not have any change
in their reward difference since the same value is removed from both of them. Finally, projecting the
w over span(X) similarly does not change any of the reward differences. We note that both Lppo and
its gradient are invariant under transformations that preserve the reward differences of the observed
comparisons.

To establish the lemma, we now only need to show that w’ € W, since tha bove transformations
esnure that w’ € (ﬂxe x Wx) N Wepan(x) already. We note since the above transformation does not
change the reward differences w” is still in W,

O

The above lemma extends the y—strong convexity in W, N (ﬂxe x Wx) N Wipan(x) to the y—PL
inequality in W, O

B.5 Listwise Preference data - Plackett-Luce model

Given a list-wise preference dataset D over the response set Y of size n (note that this would be for a
fixed response in RLHF) and a set of scores r = (r1,79 - , 7, ) each r; corresponding toay € Y,
the Bradley-Terry negative log-likelihood loss would be:

1 ",
Lor(r) == log (f) (14)

€D i=1 D pi €

Similar to [Vojnovic et al.| [2020], all the proofs in the Bradley-Terry setting follow with a slight
change in variables. The lemma 7.5 in|Vojnovic et al.[[2020]] gives the exact ratio of constants with
respect to Bradley Terry.

C Tabular Parameterization

Strong connectivity Note that if the comparison graph in is not strongly connected then there
are strongly connected components that are either incomparable or there are edges only in one
direction from some component to another. The first case clearly talks about the redundancy of
considering a reward comparison between the responses of the two different components, which can
be set to any arbitrary value.

In the other case, if there are only , then there does not exist a global minimum over r17 = 0.
This can be observed through contradiction; say, r°" is the global minimum and C is the strongly
connected component that acts as a sink. Consider the following r’ with k& > 0

, v+ kifie Oy
r, = opt
r; ow
Note that r’, when normalized (subtract the average to make the components sum upto 1) gives lesser
negative log likelihood. While this is not to say that there does not exist an infimum for the function,
the reward differences (between responses in the different components) need to be made arbitrarily
large in order to get close to this infimum. Hence, it would be more appropriate to talk only about
reward differences within a strongly connected component.
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C.1 Gradient Descent for Tabular Parameterization

Note that the tabular parameterization basically has the following loss function for x € X, y;,y; € Y:

Lovo(r Zzzduwloga(ﬁbg mly: ')) ﬂlog”(yj_'x)) (15)

ref(yz | 71—ref(yj ‘ ZZ’)

which is essentially a paramaterization of 7, ; = 5 log - r?g;lTaZ) in the@

Understanding the behavior of the loss function under the tabular parameterization is crucial to under-
stand the theoretical limitations of DPO in an ideal setting where the probabilities are independent
and directly optimized. Nika et al.| [2024]] analyzes this and concludes that the function is not smooth
as there would be no lower bound on the minimum component of the matrix during gradient descent.
However, we note the necessity of strong connectivity [C|in this setting which leads to a convergence
of Gradient Descent.

Note that gradient descent would include normalization at every step since taking a step along
—V Lppo(7) would possibly give a point outside IT = {7 : m; > 0, . 7; = 1} and hence we shall
observe smoothness and PL-inequality over II, x = {7 : m; > a,m; < K}. Note that we could
instead have the step along the plane which would give a slightly different version of gradient descent.
Here we show the step size needed and then prove the convergence rate of GD with the following
update at iteration ¢:

!
Thew = Tt—1 — N VLpPO (1)
/
’/Tncw

Zi (ﬂ-;ww)i

C.2 Smoothness, PL-inequality and convergence

T =

We first note that the above parameterization is such that any 7 € II, = {m € R™*" 7, ; > «} has
a corresponding r € R™*" such that Lppo(7) = Lpr(r) for any o > 0 and vice versa. The same
is the case for any 7w € IIp x = {m € R"™*" 1, ; > 0,7,; < K} where K > 0. We also note the
following relation between their gradients.

Tx,i A
a (ﬂ'm T .0
5. Lovo(m) = o Y | oy = (i + da i) 5 ) 8
U Tag S UER) LES
i (2 + ()
Tref &% TrefT,]
8 0

_ r 16
T, 8I'm,i BT(P) ( )

T
Tref T 0

where r, ; = $log ( ) is the implicit reward difference. Note that while we prove the following

for multiple inputs, it can be proven for a single input and easily extended since the parameters for
ry, ro corresponding to different inputs are independent of each other.

Lemma C.1. For any 1 > a > 0, we have v, PL- inequality over H’a s ={ria< 2L <

- er/z i

L1V, i} and pio-smoothness over 1T, = {r : a < %} with

_ 04262
7% T max(meg? ) (a? + )

dmax 2
mln)\g(LM) and uazﬁi (5 +m2>

a? min(m2 ;) 4

Proof. 1. We know that £ g7 (r) satisfies v = ¢,, min,, A2(Lg, ) PL inequality in W, = {r €
R™*™ : ||Ir|loo < w} forany w >0
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1
Lpr(r) — Lyr < EHVCBT(F)H%

Tei
T Since we know that every r € W,,
7Tref$ i

Consider the parameterization r, ; = S log

has corresponding 7 € I = {7 : e 7 < =i

T Trefx,q

through equation[T6| we have the following:

<ef } and that the gradients are related

1
Lppo(m) — Lppo = Lar(r) — L7 < 2*||V£BT(1‘)H§

max (72 ;) 9
<o [V Lopo(m)]|3
2w
max(mer? ;)e s 9
< ——F—7—IVL
< 5 2 [V Lopo(m)]|2
where L1 and L are the minimum values in the given domains. Hence we have the
2 —w
Yopo = ¢, ming A2(Lyys, ) where ¢/, = A inll'’ ={r:e? <

max(ﬂref%i)e%w (e +ev)

Uy

e < e%} for any w > 0. Supposing that eF = o, for any o > 0 we have vy, PL-
inequality over IT/,

where 7, and H; are as defined in the lemma.

1 1
a o

s

2. The function Lppo is said to be L-smooth in a domain say II/, ;- = {7 : a < ==L <

— Trefx,i T
KYV(z,i)} where K > a > 0if for any 7y, 2 € II, ¢, [[VLpro(m1) — VLppo(T2) |2 <
Lijmy — 22

L. Tla,i T2, . .
Let 71, 75 be Blog — =, Blog ——" respectively. We observe the following:
refz,i Trefx,i

0 0 g 0 N 8 0

Wmﬁnpo(ﬂl) — %EDPO('/TZ) < o o Lgr(r1) —

— B a ~ 3 - 1 1 a ~
= 8rz)i£BT(T1) arI7i£BT(7’2) +p s oo armLBT(TQ)

0
Suppose that | o Lgr(72)| is upper bounded by G, we have

T,

IV Lopo (1) — VLpeo(m2) |15 = ZZ H £DPO (m1) — -Lopo(m2) |13

52 p?
IVLer(r1) — Lor(r2)|3 + 54— G llm1 — mall3
o ,/Trefmm O Trefmin
52 2 o 52 ) 9
< r1— 13|l + ———G°||m1 — 72 (17)
e 171 =l 4 eGPl — mal

where 1 = d";" in the last inequality which follows due to smoothness of £ over the
entire space. We further examine the terms in the above inequality as follows:

(a) We use the Lipchitz continuity of the logarithmic function when it has a lower bound
in order to get an upper bound in terms of ||, — ma]|2 for ||#1 — 72||2.

171 =72l < B2) 0 ||log(mia,i) — log(mas.i)ll3
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log(m1z,:)—log(m2z,:)
Tlw,i—T22,i

min (g, T2z,:) < ¢ < max(miz i, T25,;). This leads to the following:

[/ —72l2 < ZZHWlw Towill3 = ——5—IIm — ma3

Oé ﬂ-refmm T Tref mln

= % where

From mean value theorem we know that

(b) Since we know that

rE’L

T, B
Lor(72) = 3252 | dasig = (daig + de ji) ﬂ,.(”z?‘m’i)ﬂ,.
J# J J J (n;;i) +(,r,efz]]

we upper bound it as follows

0
|8 ﬁBT (72)| < deax = (m — 1)dmax

J#i

where dy.x 1S the maximum degree of the comparison graph
Substituting these upper bounds in the equation[T7|we now have

dmax 2
IV Loro(m1) — VLoro(n2) 2 < (5> (5 +m ) 1 — mall2

2
a27rrefmin

The smoothness constant over IT/, ;. = —2%max_ (%2 + mQ). Note that the indepen-

a? Tref min

dence on K implies the same smoothness over IT/,

O

C.3 Lower bound and Convergence

We show a lower bound on the infinity norm of mppo (- | ) as a corollary of the following more
general lemma. The lemma establishes a lower bound on the infinity norm on any distribution that
has a lower negative loglikelihood than a realizable value.

Lemma C.2. Consider any probability distribution over the responses for input x, 7(- | ) whose
likelihood given the data over responses for x is L' (it’s corresponding negative log likelihood
—log L') and the comparison graph over x is strongly connected. For any distribution 7' if

Lppog(n') < —logL' thenn' € {m € Il : a < (W’T—l) < A Vi,x} where o = (£)°

ref; N Tref max
and A = —L
nﬂ,p/min(L’) B

Proof. The contrapositive of this would be to show that « such that Vo' € {7 : (L) <

Trref;, -
a,Zmzl}U{ﬂ:(ﬂﬁ) > AN m =1},
*/ max

dij

B
()
L(m) =11, 4 ﬂi 3 <r

= I
(1) Given any 7, suppose for the sake of contradiction, let 7; be the component with min (7r = )

which is less than «, we know that there exists a &, such that 7;, > =. Due to strong connectivity,
there exists a path p = x;....x; where do,.,,, > 1 and we have:
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(&)

T
< j)ee(p) = B B’ B~ ™ B
iy Tig Tk
f;ef)> <”§;ef)> < Wf)) Trefk
T3 Trefme g
< Inax (18)
Trref; "

1

NE
Hence if min( ;=) < )7 we know that the required L(7) < L'

 MTrefmax

(2) Similarly given any 7, for the sake of contradiction, let 7; be the component with max ( i )

Tref
which is greater than A. We know that there exists a k, such that m;, < % and due to strong
connectivity, there exists a path p = zy....z; where d,,,,,, > 1 and we have:

B
Uy
(ﬂ_(?ef))
B B < i gyeep)
a T i
<7T7(777€f)> + (ﬂ_gr‘;f)) ( l(?"ef)) +

dij

L(ﬂ') SH(i,j)Ee(p)

) + (3
B
< T >B < Tk >B < iy >B <7rz'a1) Tk
D reD reD a(red Tt
i i ia k
<M j)eew) i v A ECAVRY
e oD <D AreD) Tty
1 1 o
< e 19)
Trefmin o,
Hence if max( =) > ————— we know that the required L(7) < L/ O
e nTrrEfmin(L/) B

Corollary C.3. Say L’ is a realizable likelihood for some probability distribution, if there is a
distribution 7' such that Lppo »(7') < —logL' then ' € {m € Il : o < (”—) < é Vi, x}

Toref;

N refnax

1
NE 1
where o = min < (£) T ep o (L) é‘)

This result shall be used to get the bounds for the points that gradient descent reaches, leaving us
with appropriate constants for smoothness and PL-inequality.

C.4 Proof of Gradient Descent

We now prove the convergence rate of GD with the following update at iteration ¢:

T =1 — 0 VLppo(Ti—1)
T

Ty =
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Theorem C.4. Let my be the initial distribution with likelihood Ly. We show the following:

1. Suppose that after t — 1 iterations, the distribution 7y_1 has Lppo < —log Lg. Then,

under a gradient descent update with the step size ngp = m L the following holds:
GD
a) The intermediate ; € 1T, VivVx}
b) The normalized distribution 7y has EDpo(Wt) —log Lg

2. Gradient descent converges with the error threshold € in the steps T = O (MC;# log (%))

Here the parameters are defined as:

1
1y (£ +1)

04262

max (2 ;) (a™F +af) =

1
. Lo)? 1
o = min <(O),n7rrefmin (Lo)f’> , agp =«

nﬂ—"efmax

1 _ : min Ag(Las,
aGD O‘%‘D mln(ﬂ-refiﬂ') ( )

Bdmax ﬁ2
(5

+m2> Ya =

ViVa} and

1
o

Proof. Note that the corollarynwe know that m;_; € II, L= ={r:a< 7::[ <
from the update step 7, = m—1 — n:VLppo(mi—1) we know that

()i _ (me—1)i 1

Trrefy Trrefy Trefiacp

ViLppo(mi—1)

From our examination of the gradient in lemma we know that Lppo(mi—1) < ﬂ%mdmax

0
0Ty i

" > min <(7rt_1)i> — b 1 Mdmax

and hence we have

Tref; Tref; Trefibagp Tt—1;
2 : 2
B Qg p min(mery ;)
Z a — mdmax
Trefi Tt—1; 2
o O&pmin(Tery, 2) AGDO Tref;
- 2 / 2 7Tt 15
Tt—1; (4[:”2 ﬂ
aGgp
>a— ————— =agp
B2 2
( T tm

Hence we can conclude that 7r; € II/, 5 and since agp < a,m—1 € 1T, an- Since we know that
Lppo 1S flag ,-smooth in this domain we know the following:

Lopo(m) = Lopo(m;) < Lopo(mi—1) + VLppo(m—1) - (7, — m—1) + 'ua;D |7, — 7Tt71||§
o 1
= Lovo(mi-1) — —— ||V Loro(me-1)|3 + 252 — (m-DIl
G D aGgp
1
= EDPO(Wt—l) ) ||V£DPO(7Tt—1)||§
Hacp

Since we have 7, inequality over the space II,, 1 in which both 7; and the optimal distribution (with
loss Lpy We have
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1
2p

oG D

< (Loro(mi-1) — Lipo) — M% (Loro(mi-1) — Lipo)

aGD

Lopo(mt) — Lppo < Lopo(mi—1) — Lppo — IV Lopo(me—1)ll5

— (1 _ e ) (Lopo(mi—1) — Lipo)

Hacp

Through induction, we can conclude from the above theorem that GD never steps outside Il and
the normalized distributions(along with the optimal distribution) always lie inside II,, 1. This proves

the convergence of gradient descent with the error threshold € in the steps 7' = O (“f‘y% log (%)) .

O
D Generalizability
1. Note that this is equivalent to showing that

(W, — W,)x = (WRLHF _ W;gLHF)X
for all (y¢, (T %) € @, where W is any parameter matrix that minimizes Lppo.
Consider the maximum of the likelihood:

LW) =] II LM iigy
z {i,j}
where
ref dz,i,j ref dz,ji

eﬂ(w1 7W1, )X ’ e,B(Wj—Wj )x ’

L S - .
(W)If{l:]} eﬂ(WﬁW’Ef)x + eﬁ(wj 7W;?f)x eB(WfW;‘*)x + eﬁ(wj 7W3¢‘)x

Let

eB(Wi—Wih)x

f=

eﬁ(wi*Wff)x + e,@(Wj _Wg-ef)x )
Then we have

a 1_ b
L(W)w,{m} =a"t’ (é) (b f)

a-+b
s i .
o (LE) 2 () ey

a=dgij, b=dyj,.

- a+b (a+ b)atd”

The inequality follows from the AM—-GM inequality, implying that L(W),, ¢; ;) is maxi-
mized when :
BW—Wih)x

_ oy
SW—Wihx —

T,7,%

Because d; ; ; and d; ; ; are obtained from oracle comparisons, this ratio equals the expo-
nential of the true reward difference. Since W = WRME gagisfies this ratio for every triplet
{z, {4, j}}, the maximum can occur for all triplets simultaneously. Therefore, any W that
maximizes the likelihood must satisfy for all (y;,y;,x) € Q:

(Wz _ W]’)X — (W§LHF o W?LHF)X

which implies that 1ppo(ys = y; | ©) = Trour(yi > y; | ) forall (y;,y;,2) € Q
2. The preceding result implies that the set of maximum-likelihood estimators (MLEs) W is
precisely the set of matrices satisfying

Ag vec(W) = Ag vec(WHRLHI)

where Ag € RIQIx7d jg the query coefficient matrix defined previously.
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(a) Condition for generalization. To ensure generalization to any unseen input  and any
pair of responses, the retrieved unembedding matrices must belong to the affine subspace

S={WeR™ : W=W/HIF 4 co1" ceR?}.
Equivalently, this requires that the kernel of Ag be contained within the direction subspace
ore: ker(Ag) C{c®1":cc R},
Since the right-hand side is trivially contained in ker(Ag), equality must hold:
ker(Ag) ={c®1":c€ R},
Consequently, the rank of A must satisty
rank(Ag) =nd —d = (n — 1)d.
(b) Necessity of the rank condition. Assume for contradiction that rank(Ag) # (n—1)d.
Then rank(Aqg) < (n — 1)d, implying that
dim(ker(Ag)) > d.
Because {c ® 1" : ¢ € R%} C ker(Ag), there exists a non-trivial
Ad{c®1":cecRY}
such that another feasible parameter matrix
W = WRLHF | A
also satisfies Ag vec(W) = Ag vec(WREHE),

Let A = [Ay,...,A,] with columns A; € RY. Since A ¢ {c ® 1"}, there exist indices
i # j such that A; # A;. Choose a coordinate k where they differ and denote by e, € R?
the k-th standard basis vector. Then

er (Wi — Wj) # e (Wi — WL,

showing that the reward difference between responses ¢ and j for feature dimension &
deviates from the RLHF solution. Thus, W fails to preserve the pairwise structure required
for unseen inputs = and cannot generalize. Hence, the necessary and sufficient condition for

generalization is
rank(Ag) = (n — 1)d.

E Convergence of Learned Reward Differences

E.1 Proof of Lemma4.2]

We extend the analysis of convergence with uniform sampling in |Shi et al.|[2025]] which was carried
out for a tabular parameterization of rewards to our setting where we parameterize the embeddings.
The case of uniform sampling in|Shi et al. [2025]] corresponds to setting d,, ; ; = p*(y; = Yj |x,) =
o(ry,—rs ;) Vo, €X, yi,y; €Y.

v,%

‘We then have,

m n dv y
Vi, Loro(W; X) =8> . p Y =5
v J#i

. - - d O‘“’i/au,j d a”'j/aw
_Bva,kZ y”m - vum
a g o

Zﬁzxv)k Za(r;’j =15 )0 (MWisx,) — h(Wj5x,))
v i
—BY wor Y o0y, =15 )o(M(Wjix,) — A(Wi;x,))
v i#i

Qi — o0 j

v,
Qy i+ Oy j
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We note that o(—z)o(u) — o(2)o(—u) = (1 — o(2))o(u) — o (2)(1 — o(u)) =o(u) —o(z). If we
take, z = 7y ; — 1y ; and u = h(W;;x,) — h(W;x,), we obtain, o (ry ; — 75 ;)o(hM(Wisx,) —
h(V;/j;xU))— (5, = 75,) 0 (h(Wiixy) = (Wi %)) = o (R(Wi; %) = h(W5%,)) —o (] ; —
Ty
VWi,k‘CDPO(W; X = ﬂ Z Lk Z U(h(W,, Xu) — h(Wj; Xu)))
3751
:_BzmukZA yz7yj7
J#i

Further, for any pair of responses (v;, y;),

Wi =w ) =083 Ay, y; WO)

= Wi —wiH =) - wl nﬂzzxuk( (i s W) = A (g5, i W) )

= AW — W, =W — Wik,

_nﬂzzkazzxuk ( (Y2, ys; W (t))_Au(ijys§W(t)))

Recall that.  A,(yi,y;; W) = o(ry, — r5;) — o (M(W;,x") = h(W;,x")).  We use

8o (yi,yj; W) = 64(i,5) and A,(yi,y;; W) = Al(4,7) as short hand notation. Further,
527]- = [6! (4, §)] is a vector for different inputs .

We also note that the lowest value of 0’(z) = o(2)(1 — 0(2)) is o,;, = o(p)o(—p) = ¢, and its
highest value is /4 when z € [—p, p]. Now, using the mean value theorem, we observe,

olw) =oly) _ = o'(c) for some ¢ € [—p, p] when z,y € [—p, p]
z—y
- 1
— Cp S w < 1 Whenx,y (S [_p,p]

Now, at each time step ¢, we order the actions such that 6 ® (z j) > 0ifi> 5, Vy,y; €Y, z, € X.
Now, without loss of generalization, we assume [ < r. We obtain an upper bound on 65 (r, 1) as
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follows,

5D (r,1) =6 (r, 1) nBQvaka kz (A(t) r,1) ASP(Z,Z’))

<6 (r,1) UBQvakixukz (cp T, %) —fé(t)(l z))
—nﬁQZﬂcvkixukZ<cp6() (r,i) —cp s, z))

n

—Tlﬁ Z-Tvkzxuk Z (i ()(T,i)—del(f)(l,i))

i=r+1

o(1—1) Zl‘vkzmuk5()rl (—cp)nykZmukZﬁt)lz]

— nﬁQCp(r —1+1) Z To,k qu,kég)(r, )

—ﬁﬁzl n—r qukZuk(S(t (r,1) ( )vakzxuk Z(W)ZT}

i=r+1

:&l()t) (’I", l) - 7752

—5(t (r,1) nﬁgncp va k Zmu ké

+ nB? (i — cp> va,k Z%,k (Z 58 (1,4) + E”: 53)(@77“))
k u =1

1=r+1

Note that the vector formed by Zz Ty Do $u7k67(1t) (r,1) over v gives us XTXJSl).

I+1
S 55}??1) :653 —np nchTX(S(t + 62< c,,) XTx (Z J(t) + Z J(t)>

i=r+1

I+1
<8\!) = B nc,0nn(X)8) + 16? (-CP> Trmax( <Z5(”+ 3 5“’)

1=r+1

u,t,j

1
= 6"V (r,1) <maxds{ (i, ) <1 = 1B nep0rin(X) + 1807 (X) — nﬂQnCpUiax(X)>

1
< max 6’L(,Lt) (Zvj) <1 + nBQnafnax(X) (4 - 20P>>

u,,J
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Similarly, for a lower limit on (5,(,” (r,1), we observe,

- 61()t+1) (T‘, l)

d m n
== 00 (r,1) + 1B Z Tok Z Tk Z (A0 (1) - AD,)
< — 6(” r,0) +77322$vk2xuk2( 5(t) (ryi)—c J(t)(l z))

r

2 Loy Lswg - O i) L5
+776 ;xv,k ;xu,k} |Jz=; (46u (T7Z) 46u (lal) +j=;_l Cﬂ(su (nl) 46u (Zal)
1 d m 1 d m -1
0= > won > @ w P (1) + <4 - cp) S ok Y Tk Z(;g)(z?z')]

k u k u i=1

1 d m

+ 77521(7“ —1+1) va’k Z T 10 (1, 1)
(n—r vakauké()rl (—cp)vakZmuk Z 65“(@7“)1

1=r+1
1
=—6W(r,1) + L8 Z Lok Z Lo k0D (1,1)
k u

d m l
+np? (ic,,)vakaxu’k <Z(§(t (1,1) Z 5 (i r)
k U [

1=r+1

-1 n
= o'l 77752 XTX8!) — 8% + 52( c,,> PED (Za;ﬁﬁ > 5;)

==, 1) + 1B

+ nﬁ2

1=r+1
S (inﬁzno—fnax(x) 1> (t) + 52 < - CP) max (Za + Z 6§,r>
1=r+1
— 057 ) < (maxt (i) ) (182002 ()G - )~ 1)
Ui, J
Say’ max (1 =+ 7762n0r2nax(x) (% - 20[)) 7nﬂ2nar2nax(x)(% - CP) - 1) = C and

maxy ; j |0 (i, j)| = 0% .. We must choose 7 such that 0 < ¢ < 1. Therefore, we obtain:

16571 (r, D] < Cl0ral

Therefore, we obtain,

16,7 (r, DI < [masl€”

E.2 Analysis of Quadratic Convergence of Learned Reward Differences

We follow an exercise similar to the proof of quadratic convergence with policy-guided mixed sampler
and see that quadratic convergence does not hold for our choice of parameterization.
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In the policy-guided sampling, the DPO loss function becomes,

'CDPO(G_W X ZZZdU'LJIOgO— <610g W@(yz | xv) —Blog ﬂ—o(yjmv))

ref(yz | v) 7"'ref(yj | xv)

B B
1 7 v T i v ] v re 7 v
where, do; ; =p*(yi = yjlz.) sg <1+ ((m’(y | 20) Tty | @ )) + (m)(yj | 20) Toer(vi | 2 )> ))

2 Tret(Yi | o) 779(9]’ | ) 7rref(yj | 20) mo(yi | 7o)

1 [y, Qly
o (s = s 14 Qud, Qui
P (yl yj|:vv)sg( - 2 (am - Qy 5

Wi v . . .
where sg(-) is a stopping-gradient operator and 7y (y; |z, ) = M. We can simplify this
> exp(W;x,)
as,
EDPO (W X)
Qg 7i
:—ZZng (1—1— ( + >> [ (yz>ijv)loga(1og )—I—p (yj>yzxv)loga(1og )}
Qy 5 Qy 4 Qy 4 Qy g

v i J>1
m n n 1 o i

:—Zzzfsg (1+’) [ *(yi > yjlay) logo <log )+p () >yl|xv)loga<log )]
v B i 2 Ay j Ay Ay i

Now, we observe the gradient is,
»CDPO (W X)

:—vaszsg <2+ (am' +“)> Ay (i yjs W)

v,j Qo

We observe that,
2+ Zf n % =2+ exp(h(W;,x,) — h(W;,%,)) + exp(A(W, x,) — h(W;, x,))
v,] v,]
—(1+ exp(h(Wi, ) = (W, 5,)))(1+ exp(h(W;. x,) — h(W;.x,))
1

o' (MW, %y) = h(W, %))

Therefore,

. B - Ay (yi,y;; W)
vw"'kﬁDPO(W7 X) - _5 ; Lok zj: O'/(h(Wi,Xv) _] h(Wj7 le))

Through Taylor expansion, we have that,
1
Ao (i yj; W) = 0" (MW, %) = (W j5%0))00 (i, 453 W) + 507 (€0 (i 155 W))8 (g, 35 W)?

where &, (yi, y;; W) lies between h(W, x,) — h(W;x,) and 5 ; — 7y .
At any times step ¢ during gradient descent, for any pair of responses ¥;, y; and the prompt x,,,
5(t+1) (,7)

=61 (i, j *7296 kZI kz Bulys, s W) _ Auly) yi; W)
W“> W) —hW %)) o (W x,) — k(W x,))

d m n
:(swu,j)—"@zmzxukz(&f i)~ 60 G.0)
k u

N 0" (Eulwi s WO (,0)* 0" (Eulyy s W)L (5. 1)
Z ”kz "'“Z[o'(h( &, u> hWi,x,)) o/(h(WY%xu)—h(wl“),xu))]
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Rewriting this in terms of the vector 55?,
1 775 n 8% &
57 =1 - TIXTX)8) - TS XX (@) - 8 (20)
1

where the vector <I>£t).

x,, is of the form,

€ R™ is a vector of size m where each element corresponding to the prompt

(Gl W), )2
oM (i, 5) = o (W) ; = W x,))
i Iy u j o u

We note that for quadratic convergence, we require the terms barring the (d, (4, j )(t))2 to go to zero.
2
However, it is not possible to choose a single value of step size 1 such that the (I — 77BT”XTX)(SZ(-?

2
becomes zero for all x,,. Here, we cannot have I = ’”BT”XTX unless X7 X is a scaled version of the
identity matrix, hence it is possible to imagine many examples where the linear term cannot be gotten

rid of. Similarly, restricting 6 ; to the null space of I — "ﬁ;" XTX will fail in many examples as well.
To have a non-trivial null space of I — 7’5 2 XTX, we remove the space corresponding to specific

eigenvalues of X7 X by setting ) = Then the component of 5 . in the subspace spanned by

2
nBZnX; "
the eigenvectors of \; becomes zero. But restricting 6 ; to this space can be too restrictive as it’s
most likely to be a low-dimensional space.

Since, we have a tight characterization of 6, (1) in eq. [20} it suggests that quadratic convergence
cannot be observed with a parameterization Of the embedd ings defined in[2] This suggests that the
assumptions in Shi et al.|[2025] were simplistic and the quadratic convergence doesn’t seem to hold
under more complex realistic assumptions. This speaks to the merit of our choice of parameterization
that suggests that quadratic convergence will be ruled out.

F Supplementary Results

F.1 Synthetic Experiments with Random Embeddings

Experimental setup. In this setup, the embeddings of the queries X and the gold standard weights,
W™, are randomly generated. The ground truth rewards are calculated as r* = B(W* — WD) X,

The coefficients in the loss functlon di ;, are set to the preference probabilities calculated using

the Bradley Terry Model, —%———. A subset X, of size defined by a budget k is chosen for

v

performing gradient descent on the DPO loss function. This experiment is carried out for four
different condition numbers of X and three different ratios of the largest and smallest eigenvalues of
the Laplacian. The learned parameters are also tested by being used to estimate the rewards for a test
set of queries.

Results. As predicted by our theoretical results, the rate of convergence of gradlent descent is slower
for higher condition numbers of X and higher finite condition number Apay /AL, of the Laplacian
of comparisons. We observe that the parameters also converge to the gold standard parameters and
the implicit reward differences converge to the ground truth reward differences.

F.2 Synthetic Experiments with Gaussian Embeddings

Experimental setup. In this setup, the embeddings of the queries X are randomly generated
whereas the gold standard weights, WD are obtained from two Gaussian clusters. The initial
weights are set to match with the original clusters when centers around (0,0) The ground truth
rewards are calculated as r* = 3(W* — WD) X The convergence of the weights to the optimal
weights is observed for different subset of queries with varying condition number.

Results. The final weights converge to the optimal weights with rates inversely proportional to
the condition number of the input submatrix picked (fig[I)), which supports our theoretical results.
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Figure 5: Convergence of loss function and error in W for different finite condition numbers of the
Laplacian of preference data: (from left to right) £ = 1.00, x = 106.49, and x = 364.09.
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Figure 6: Convergence of (Lhpo — Lipo)/ (Lhpo — Lipo) and Y20 377 377 64 (vi, y;) for different
condition numbers of the query embedding matrix: (from left to right) x = 3.16, Kk = 17.78,
x = 100.00, and xk = 316.23.

Note that we also perform multiple iterations over different generated matrices with a fixed condition
number ratio in order to show a general trend in the dependence as shown in fig[7]

F.3 Real World dataset experiments - Stanford Human Preferences

Experimental setup. We now add results for a set of initial experiments have been done using the
SHP (Stanford Human Preferences) [Ethayarajh et al| [2022]dataset with a similar pipeline as[5.2]
From the prompts that appear at least 10 times, 5 responses each are generated from the reference
model and all the comparison scores are given using the reward model E| 2023]. These
prompts are then embedded, from which well and bad conditioned subset of 512 prompts are collected
(through random sampling). The subsets are selected based on the condition number g—;, where o;

https://huggingface.co/PKU-Alignment/beaver-7b-unified-reward
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Figure 7: Convergence of (Lhpo — Lipo)/ (L0 — Lipo) and |[W’' — W*||, when they are
normalized when compared for different condition numbers over multiple iterations.
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Figure 8: Evaluation loss for different picks of subsets based on condition number

denotes the top singular values in decreasing order and £ = 100. This is motivated by the observation
that only a few directions in the 1024-dimensional embedding space appear to be meaningful. We ran
the experiment 4 times and evaluated it on the same held out dataset.

Results. The following trend (fig[8) is observed in the evaluation loss.

The ratio Z—; where k£ = 100 for the well conditioned and bad conditioned submatrices in the above
were 80.53 £ 0.31 and 124.95 + 2.00. The average evaluation loss (mean + standard deviation) across
training steps and the difference in the average steps required to reach various loss thresholds are
shown in the table

Threshold Well-cond Bad-cond

Well-Cond Loss

Bad-Cond Loss

Eval Steps 0.693 58 256
0 0.6931 £ 0.0000 0.6931 £ 0.0000  0.690 699 1096
1000 06872 +0.0015 0.6905+00013  0.688 911 1459
2000  0.6817 £ 0.0044 06861 + 00019  0.685 1340 2249
3000 0.6787 - 0.0045 0.6829 +0.0019  0.683 1714 2939
3840  0.6783 £ 0.0046  0.6822 + 0.0021 0.680 2395 3800

(a) Average evaluation loss (mean =+ std).

(b) Steps to reach thresholds.

Table 2: Comparison of well-conditioned vs bad-conditioned subsets for SHP dataset.

The relatively high variance in the well-conditioned subset stems from a single outlier. Further
investigation is required to fully understand this behavior. Nonetheless, on average, subsets with
lower condition numbers exhibit faster convergence when fine-tuned using DPO on the final layer.
While these are small-scale experiments, they effectively seem to validate the theoretical dependencies
and highlight the promise of extending this analysis to other real-world preference datasets.

33



	Introduction
	Our Contributions

	Preliminaries
	Convergence Rate for Direct Preference Optimization
	Polyak-Lojasiewicz (PL) Inequality and Smoothness of the DPO Loss
	Analysis of Convergence of DPO
	Convergence rates for tabular parameterization

	Convergence of the Unembeddings
	Experiments
	Experiments with Synthetic Data
	Experiments with Real World Datasets

	Conclusion
	Preliminaries for Proofs
	Notes on Notation
	Convergence Rates for the Bradley-Terry Model

	Linear Convergence of DPO
	Proof of Lemma 3.1
	Proof of Theorem 3.2
	Proof of Theorem 3.3
	Relaxed convexity requirements for linear convergence
	Listwise Preference data - Plackett-Luce model

	Tabular Parameterization
	Gradient Descent for Tabular Parameterization
	Smoothness, PL-inequality and convergence
	Lower bound and Convergence
	Proof of Gradient Descent

	Generalizability
	Convergence of Learned Reward Differences
	Proof of Lemma 4.2
	Analysis of Quadratic Convergence of Learned Reward Differences

	Supplementary Results
	Synthetic Experiments with Random Embeddings
	Synthetic Experiments with Gaussian Embeddings
	Real World dataset experiments - Stanford Human Preferences


