
OPT2025: 17th Annual Workshop on Optimization for Machine Learning

Per-Group Distributionally Robust Optimization (Per-GDRO) with
Learnable Ambiguity Set Sizes via Bilevel Optimization

Seobeom Jung1 NASNAGA1541@SKKU.EDU

Woojae Lee1 DLDNWO@SKKU.EDU

Jihun Hamm3 JHAMM3@TULANE.EDU

Jangho Park1,2* JANGHOPARK@SKKU.EDU

1Department of Systems Management Engineering, Sungkyunkwan University, Suwon, Republic of Korea
2Department of Industrial Engineering, Sungkyunkwan University, Suwon, Republic of Korea
3Department of Computer Science, Tulane University, New Orleans, LA 70118, United States
*Corresponding author

Abstract
Group structures frequently influence model behavior; however, group membership is often unob-
served during inference, limiting explicit control over group-specific performance. This can result
in models performing well on certain groups but underperforming in others, leading to concerns
about fairness. Moreover, each group may follow a different distribution, and a subset of groups
may be more susceptible to distributional shifts due to external factors such as policy changes or
environmental variation. To address these challenges, we propose a Per-Group Distributionally
Robust Optimization (Per-GDRO) framework. It ensures fairness across groups and robustness
to group-specific distributional shifts. In this framework, a ϕ-divergence ambiguity set governs
adversarial group reweighting, and Wasserstein ambiguity sets capture local uncertainty within each
group. We then develop an iterative algorithm that alternates between model updates and adversarial
distributions across and within groups. We employ a derivative-free surrogate optimization method
to determine the size of these ambiguity sets in an adaptive manner.

1. Introduction

Modern machine learning models exhibit outstanding performance across diverse domains yet
often underperform in real-world deployments because of distributional differences between the
training data and the deployment environment [8, 21]. Such distribution shifts—frequently driven by
policy changes or environmental factors—motivate the use of Distributionally Robust Optimization
(DRO) [23, 31]. From a group robustness perspective, DRO is particularly effective, since many
datasets exhibit underlying group structures that significantly influence model behavior. Errors often
concentrate in minority subpopulations—e.g., lower accuracy for certain regional accents or for
particular racial/gender groups [5, 9, 20]. Such disparities largely arise from group imbalance and
spurious correlations and persist despite abundant data.

To address these issues, GroupDRO explicitly protects worst-group performance, thereby reduc-
ing inter-group disparities [32]. Extensions such as FairDRO [19] and PGDRO [13] further improve
inter-group fairness but largely overlook within-group distributional differences.

Motivated by these considerations, we propose Per-Group Distributionally Robust Optimization
(Per-GDRO). By addressing both intra-group and inter-group distributions, it learns group-specific
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levels of robustness. This enables us to avoid unnecessary conservatism for well-represented groups
while effectively protecting vulnerable groups. Such an adaptive approach preserves the advantages of
DRO for small groups while achieving both scalability and generalization performance in large-scale
machine learning environments.

In summary, our contributions are as follows. (i) We propose Per-GDRO, a framework that
assigns group-specific robustness levels, enabling the model to adaptively allocate robustness based
on each group’s exposure to distributional shifts and to offer stronger protection to more vulnerable
groups without uniformly inflating conservatism. (ii) Our theoretical analysis shows that the Per-
GDRO robust objective admits an explicit upper bound comprising a variance-like penalty that
captures dispersion across group losses and a Lipschitz-weighted sum of Wasserstein radii; the first
term encourages group fairness by implicitly penalizing uneven performance across groups, while the
second controls within-group robustness. (iii) To avoid the limitations of manually tuning ambiguity
set sizes, we treat the inter-group and intra-group robustness levels as learnable hyperparameters,
enabling data-driven calibration that avoids overly conservative or insufficiently protective fixed sets
and yields a more effective trade-off between worst-group robustness and overall performance. (iv)
Finally, the Per-GDRO framework unifies and generalizes existing approaches; it reduces to standard
DRO when all groups share a single ambiguity radius, and it recovers GroupDRO when intra-group
robustness is disabled and only worst-group reweighting is applied.

A summary of related work is provided in Appendix A.

2. Proposed Method

Per-GDRO addresses both intra-group and inter-group distributional shifts by learning group-specific
robustness levels: intra-group uncertainty is captured via the Wasserstein distance, and inter-group
uncertainty is modeled with a ϕ-divergence. We next introduce the notation and definitions.

Notation. Let G = {1, . . . , G} denote the set of groups, and let X and Y be the input and label
spaces, respectively; P(X × Y) denotes the set of probability measures on X × Y . For each g ∈ G,
let Dg

train, D
g
val ⊆ X × Y denote the training and validation datasets with sizes ng := |Dg

train| and
mg := |Dg

val|, and set n :=
∑G

g=1 ng and m :=
∑G

g=1mg. Let Pg ∈ P(X × Y) denote the
(unknown) data-generating distribution for group g. Assume that, for each g, Dg

train and Dg
val are

disjoint and independent, with elements drawn i.i.d. from Pg and group labels observed; the validation
sets are used only to form the upper-level objective (see Eq. (1) below).

Model parameters are θ ∈ Θ, and the sample-wise loss at a sample (x, y) is ℓ(θ; (x, y)). In
the upper-level objective, expectations over a finite sample set S ⊆ X × Y are taken as empirical
averages E

[
ℓ(θ;S)

]
:= 1

|S|
∑

(x,y)∈S ℓ(θ; (x, y)).
The nominal inter-group proportions are p̂train =

(
n1
n , . . . , nG

n

)
, p̂val =

(
m1
m , . . . , mG

m

)
∈ ∆G;

the empirical within-group distributions are, for each g ∈ G, q̂ train
g = 1

ng

∑
(x,y)∈Dg

train
δ(x,y), q̂

val
g =

1
mg

∑
(x,y)∈Dg

val
δ(x,y) in P(X × Y), where ∆G := {p ∈ RG : pg ≥ 0 ,∀g ∈ G,

∑
g∈G pg = 1} and

δ(x,y) denotes the Dirac measure at (x, y).

Definition 1 (ϕ-divergence) Let ϕ : [0,∞)→ R be convex on [0,∞) with ϕ(1) = 0, and adopt the
conventions 0ϕ

(
a
0

)
:= a limt→∞

ϕ(t)
t for a > 0 and 0ϕ

(
0
0

)
:= 0 (see [4, Sec. 3.1]). For probability

vectors p,q ∈ ∆G, define Iϕ(p ∥q) :=
∑G

g=1 qg ϕ
(
pg
qg

)
. We call ϕ the ϕ-divergence function and
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Iϕ the ϕ-divergence; representative divergences (e.g., KL divergence, χ2–distance, Cressie–Read
power divergence [6, 18]) are listed in Appendix D.

Definition 2 (Wasserstein distance) Fix p ∈ [1,∞) and a ground norm ∥ · ∥ on the feature space
X . For probability measures Q,Q′ ∈ P(X × Y) with finite p-th moments, define Wp(Q,Q′) :=(
infπ∈Π(Q,Q′)

∫
∥x − x′∥pπ

(
d(x, y), d(x′, y′)

))1/p

, i.e., the transport cost depends only on the

feature displacement ∥x− x′∥. Here, ∥ · ∥ is a norm on X , and Π(Q,Q′) denotes the set of all joint
probability distributions on (X × Y)× (X × Y) with marginals Q and Q′, respectively. (See [22,
Def. 1] for the general definition.)

We define the ambiguity sets used throughout as follows: inter-group (ϕ-divergence) balls P train
ϕ (ρ) :=

{p ∈ ∆G : Iϕ(p ∥ p̂train) ≤ ρ} and P val
ϕ (ρ) := {p ∈ ∆G : Iϕ(p ∥ p̂val) ≤ ρ}; intra-group

Wasserstein balls Qtrain
g (ϵg) := { qg ∈ P(X × Y) : Wp(qg, q̂

train
g ) ≤ ϵg } and Qval

g (ϵg) := { qg ∈
P(X × Y) : Wp(qg, q̂

val
g ) ≤ ϵg } for all g ∈ G.

Bilevel formulation of Per-GDRO. We treat the inter-group radius ρ and the per-group radii
{ϵg}g∈G as upper-level decision variables, and train θ at the lower level under worst-case inter- and
within-group perturbations. Per-GDRO solves

min
ρ,{ϵg}

max
p∈P val

ϕ (ρ)

∑
g∈G

pg max
qg∈Qval

g (ϵg)
Eqg

[
ℓ
(
θ∗(ρ, {ϵg}); Dg

val

)]
, (1)

where, θ∗(ρ, {ϵg}) = argmin
θ

max
p∈P train

ϕ (ρ)

∑
g∈G

pg max
qg∈Qtrain

g (ϵg)
Eqg

[
ℓ
(
θ; Dg

train

)]
. (2)

Here, P train
ϕ (ρ) and P val

ϕ (ρ) are the inter-group ϕ-divergence balls on the train and validation splits,
and Qtrain

g (ϵg) and Qval
g (ϵg) are the corresponding per-group Wasserstein balls; superscripts denote

the split, and the radii (ρ, {ϵg}) are shared.
The lower-level objective Eq. (2) explicitly protects the worst group via adversarial reweighting

across groups (p ∈ P train
ϕ (ρ), in the spirit of GroupDRO [32]) and attains robustness to group-

specific distributional shifts via per-group Wasserstein sets (qg ∈ Qtrain
g (ϵg)). Using group-specific

radii {ϵg} from the upper level allows the robustness level to adapt by group, avoiding uniform
over-conservatism on well-represented groups while guarding vulnerable ones.

In the upper-level objective Eq. (1), Per-GDRO optimizes the ambiguity set sizes ρ and {ϵg} by
minimizing the worst-case validation risk: an inter-group adversary reweights groups within P val

ϕ (ρ)

and, for each group, an intra-group adversary perturbs the validation distribution within Qval
g (ϵg).

This criterion mirrors the adversarial structure used in training and directly aligns model selection
with the lower-level robust objective. Accordingly, the lower-level problem enforces worst-group
protection and robustness on the training split, while the upper-level problem tunes (ρ, {ϵg}) under
the same structure on the validation split.

Solving the Lower-Level Problem. Algorithm 1 solves the lower-level optimization problem
(Eq. 2) in our bilevel framework for given robustness parameters ρ and {ϵg}g∈G .
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Algorithm 1 Per-Group DRO (Per-GDRO) Optimization Algorithm

1: Input: Ambiguity set sizes ρ, {ϵg}g∈G ; learning rate schedules ηtθ, ηtp; initial θ0, p0, {q0g}
2: for t = 0, 1, . . . , T do
3: // Update model parameters θ
4: θt+1 ← θt − ηtθ∇θ

(∑
g∈G p

t
g Eqtg

[
ℓ(θt; Dg

train)
])

5: // Update intra-group adversarial distributions qg
6: for each group g ∈ G do
7: q∗,tg ← argmaxqg∈Qtrain

g (ϵg) Eqg

[
ℓ(θt+1; Dg

train)
]

8: qt+1
g ← q∗,tg

9: end for
10: // Update group distribution p

11: p∗,t ← argmaxp∈P train
ϕ (ρ) Ep

[∑
g∈G Eqt+1

g

[
ℓ(θt+1; Dg

train)
]]

12: pt+1 ← (1− ηtp)p
t + ηtp p

∗,t

13: end for
14: Output: θT

We use Iterative Best Response (IBR) [42] (see also [19]); at each epoch, it computes the inner
adversary’s best responses

(
q∗g ,p

∗) and plugs them into the loss; then it updates θ via stochastic
gradient descent. In implementation, q∗g is approximated by projected gradient descent (PGD) over
the group-wise Wasserstein balls [24, 33]. By contrast, p∗ is obtained exactly by solving the convex
subproblem under the ϕ-divergence constraint. The updates of θ, {qg}, and p are alternated until
convergence.

Solving the Upper-Level Problem via Surrogate Optimization. We consider several strategies
for optimizing bilevel objectives and adopt a gradient-free, surrogate-model approach because the
lower-level problem is solved by external solvers that do not expose gradients, making hypergradients
impractical. Accordingly, we optimize the ambiguity set sizes (ρ, {ϵg}) via surrogate optimization
inspired by [28]—Gaussian process models and expected improvement.

Algorithm 2 outlines this process; see Appendix C for details. At each iteration, we solve the
lower-level problem (Algorithm 1) to obtain θ∗(ρ, {ϵg}), which is then evaluated on validation data
using the robust-validation objective aligned with Eq. (1).

2.1. Theoretical Analysis

We analyze an explicit upper bound on the Per-GDRO robust risk because it separates the two
sources of worst-case degradation—across-group reweighting and within-group perturbations—
while retaining the nominal risk. This decomposition clarifies the dependence on (ρ, {ϵg}) and
performs basic consistency checks (e.g., reduced to the nominal risk when ρ = 0).

Proposition 1 Let (ρ, {ϵg}) be fixed, p̂ ∈ ∆G the nominal group proportions, and p ∈ Pϕ(ρ) the
inter-group adversarial weights. For each group g ∈ G, let L(θ;Dg) := E

[
ℓ(θ;Dg)

]
, L̃(θ;Dg) :=

maxqg∈Qg(ϵg) Eqg

[
ℓ(θ;Dg)

]
for some p ≥ 1. Assume, for any fixed θ, the map (x, y) 7→ ℓ(θ; (x, y))
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is Lip(ℓ)-Lipschitz. Then

G∑
i=1

piL̃(θ;Di) ≤
G∑
i=1

p̂iL(θ;Di) +
∥∥p∥∥

2

√√√√ G∑
i=1

(
L(θ;Di)−

G∑
j=1

p̂jL(θ;Dj)
)2

+ Lip(ℓ)

G∑
i=1

piϵi. (3)

The proof of Proposition 1 is provided in Appendix B, and a numerical test of the proposition is
presented in Appendix E.3. A specific choice of ϕ-divergence yields a ρ-dependent inter-group term;
see, e.g., [37, Proposition 1]. For instance, if the ambiguity set is constructed with the χ2–distance,
the second term corresponds to a variance-like regularization term [19, 37]. The within-group
component follows from the standard Lipschitz–Wasserstein bound applied per group and then
averaged with weights pi [22, Thm. 5].

The upper bound Eq. (3) decomposes the robust risk into three components: (i) the nominal risk
under the reference group proportions, (ii) an inter-group dispersion term that measures variance of
group losses, and (iii) a within-group perturbation cost determined by the given Wasserstein radii.
The bound holds under a general ϕ-divergence ambiguity set over the inter-group distribution and
any Wasserstein balls. It allows us to analyze the sources of the worst-case objective independently.

The within-group term grows linearly with the first-order transport budget permitted by the
Wasserstein radius. This inequality follows solely from the assumption that the loss is Lip(ℓ)-
Lipschitz with respect to the ground norm that induces Wp, providing a dimension-free, linearly
scaled sensitivity control. The result is ϕ-agnostic on the inter-group side and thus can be coupled
with any ϕ-divergence ambiguity set; once a particular ϕ is fixed, Pϕ(ρ) yields ρ-dependent control
of the inter-group term. The same Lipschitz condition makes the bound apply verbatim to both
classification and regression, and it admits immediate corollaries such as pure inter-group robustness
(ϵg = 0) and pure within-group robustness (ρ = 0).

3. Conclusion

We introduced Per-GDRO, a bilevel framework that unifies inter–group and intra–group robustness
by learning the inter–group radius ρ and group-specific radii {ϵg}. We established a robust risk bound
(Eq. (3)) that serves as an interpretable certificate, decomposing the risk into nominal, inter–group,
and intra–group components. This formulation clarifies how robustness tightens or relaxes, narrowing
group-wise performance gaps while maintaining robustness to distributional shifts.

In practice, the lower–level optimization shows robust within feasible parameter regions but
can destabilize under extreme misalignments of ambiguity set sizes, as detailed in our preliminary
synthetic experiments (Appendix E). These results demonstrate that Per–GDRO effectively addresses
both inter–group and intra–group distributional shifts, successfully recovering minority performance
where baselines fail. However, the existence of a better solution suggests that the current objective
operates conservatively. Developing a refined upper–level formulation capable of identifying such
better solutions represents a valuable direction for future research.

Finally, the bilevel min–max–max structure can incur substantial computational cost, as the
inner maximization is repeated and an outer-level search is required. Mitigating this complexity
while preserving theoretical guarantees remains an important direction for future work. We intend to
investigate acceleration strategies that maintain stability in subsequent studies.
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Appendix A. Related Works

Distributionally Robust Optimization (DRO). DRO pursues distributional robustness by defining
an ambiguity set of distributions around a baseline distribution estimated from data and optimizing
under the worst-case distribution within that set [31]. The ambiguity set can be defined in various
ways; the most common approach is to use a discrepancy between distributions, most notably ϕ-
divergences [3, 4] and the Wasserstein distance [12, 22, 27]. ϕ-divergence–based ambiguity sets
are convex, which makes the optimization tractable; under standard regularity conditions, strong
duality holds, and the DRO objective admits simple reformulations. However, ϕ-divergence has been
criticized for failing to adequately capture nearby distributions compared to the Wasserstein distance
or for potentially inducing overfitting rather than distributional robustness [12]. Accordingly, we
model inter-group variation using ϕ-divergence ambiguity sets, while modeling within-group shifts
with Wasserstein balls around each group’s distribution.

In general, the size of the ambiguity set is determined statistically [11, 29], but in machine
learning there is a view that such DRO can be overly conservative [17]. To alleviate this, there is
ongoing work on defining ambiguity sets in alternative ways [10, 35, 38] or on learning the size of
the ambiguity set [34]. There is also continued research on applying DRO effectively to large-scale
datasets [39] and on data augmentation using DRO [15].

Group fairness. GroupDRO was proposed to reduce inter-group performance gaps caused by
spurious correlations, with extensions such as PGDRO, which models probabilistic group membership
[13], and FairDRO, which applies DRO on a per-class basis [19]. In classification, common strategies
include minimizing worst-group risk and equalizing group-wise losses via reweighting or resampling;
from a ranking-metrics perspective, there are also approaches that directly optimize AUC using
instance-level DRO [7]. In addition, hierarchical representation learning has been proposed to
minimize a distributionally robust upper bound over the full dataset rather than employing group-
wise ambiguity sets [30]. Classification-centric work is active, including methods that control
worst-subpopulation loss without explicit protected-group labels [14], approaches that preserve
AUC fairness under noisy protected-group labels [36], fairness-aware adversarial training [40], and
theoretically optimal fair learning under adversarial distribution shift [2]. In contrast, for regression
and continuous prediction, two representative directions are particularly relevant; (i) reductions that
encode fairness criteria as constraints or weights on group-wise errors [1], and (ii) a least-squares
formulation that directly controls worst-group mean-squared error and remains efficient with many
groups via Block Lewis weights [25]; additionally, survival-analysis losses have been proposed to
control risk for potentially vulnerable subpopulations via DRO even without protected-group labels
[16].

Bilevel Optimization. Bilevel optimization jointly defines an upper-level and a lower-level op-
timization problem and solves them simultaneously; in machine learning, it is primarily used for
hyperparameter optimization, data denoising, few-shot learning, and training-data poisoning [26, 41].
In the DRO context, regarding the size of the ambiguity set as a hyperparameter can mitigate exces-
sive pessimism. Methods to optimize it include using hypergradients [26] and surrogate models such
as Gaussian Process (GP) or Radial Basis Function (RBF) [28]. We adopt the latter—a derivative-
free, surrogate-based bilevel approach (GP)—since the lower-level DRO subproblems are solved by
gradient-inaccessible external solvers; see Section 2 for details.

10
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Appendix B. Proofs

Proof [Proof of Proposition 1] For brevity write Li := L(θ;Di) and L̃i := L̃(θ;Di). Let q ∈ ∆G

denote a reference weight vector (e.g., q = p̂).

Inter-group step (Cauchy–Schwarz). We decompose and bound the p-weighted risk:

G∑
i=1

pi Li =

G∑
i=1

qi Li +
G∑
i=1

(pi − qi)Li (4)

=

G∑
i=1

qi Li +
G∑
i=1

pi

Li − G∑
j=1

qj Lj

 (5)

≤
G∑
i=1

qi Li +

√√√√ G∑
i=1

p2i

√√√√√ G∑
i=1

Li − G∑
j=1

qj Lj

2

, (6)

where (6) follows from Cauchy–Schwarz.

Within-group step (Wasserstein–Lipschitz bound). By assumption, for any fixed θ the map
(x, y) 7→ ℓ(θ; (x, y)) is Lip(ℓ)-Lipschitz with respect to the norm that induces Wp (p ≥ 1). Hence,
for each group i with Qi := { qi : Wp(qi,Di) ≤ ϵi },

L̃i = max
qi∈Qi

Eqi [ℓ(θ;Di)] ≤ Li + Lip(ℓ) ϵi. (7)

Combine. Summing (7) with weights pi and applying (6) yields

G∑
i=1

pi L̃i ≤
G∑
i=1

qi Li +

√√√√ G∑
i=1

p2i

√√√√√ G∑
i=1

Li − G∑
j=1

qj Lj

2

+ Lip(ℓ)
G∑
i=1

piϵi, (8)

which is exactly (3).
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Appendix C. Algorithm for surrogate optimization

Lval(θ; ρ, {ϵg}) := max
p∈P val

ϕ (ρ)

∑
g∈G

pg max
qg∈Qval

g (ϵg)
Eqg

[
ℓ
(
θ; Dg

val

)]
. (9)

Algorithm 2 Surrogate Optimization for Upper-Level Parameters (ρ, {ϵg})
1: Input: Initial samples {(ρi, {ϵg,i})}ni=1; validation loss Lval (Eq. (9)); number of iterations T
2: for i = 1, . . . , n do
3: Solve lower-level optimization using Algorithm 1 with fixed ρi, {ϵg,i} to get θ∗i
4: Evaluate validation loss: yi ← Lval(θ

∗
i ; Dval)

5: end for
6: for t = n+ 1, . . . , T do
7: Fit a surrogate model (e.g., Gaussian Process) to {(ρi, {ϵg,i}), yi}t−1

i=1

8: Select new candidate (ρt, {ϵg,t}) via an acquisition function
9: Solve lower-level optimization using Algorithm 1 with (ρt, {ϵg,t}) to get θ∗t

10: Evaluate validation loss: yt ← Lval(θ
∗
t ; Dval)

11: end for
12: Output: (ρ∗, {ϵ∗g})← argmin(ρi,{ϵg,i}) yi

Appendix D. Common ϕ-divergences

Table 1: Common ϕ-divergences.

Divergence ϕ(t), t ≥ 0 Iϕ(p, q)

Kullback–Leibler
Divergence

t log t− t+ 1
∑

ω pω log
(
pω
qω

)
Burg Entropy − log t+ t− 1

∑
ω qω log

(
qω
pω

)
χ2-Distance (t−1)2

t

∑
ω

(pω−qω)2

pω

Modified χ2-Distance (t− 1)2
∑

ω
(pω−qω)2

qω

Total Variation Distance
1

2
|t− 1| 1

2

∑
ω |pω − qω|

Hellinger Distance
(√

t− 1
)2 ∑

ω

(√
pω −

√
qω
)2

Cressie–Read
Power Divergence

1− θ + θt− tθ

θ(1− θ)
, θ ̸= 0, 1

1−
∑

ω pθω q 1−θ
ω

θ(1− θ)
, θ ̸= 0, 1

12



PER-GROUP DISTRIBUTIONALLY ROBUST OPTIMIZATION

Appendix E. Synthetic Experiments

E.1. Experimental Setup

We construct a synthetic binary classification task in R2 designed to probe model behavior under het-
erogeneous distributional shifts. Features are generated from Gaussian distributions x|g ∼ N (µg, I2)
with means symmetric across the decision boundary: µ0 = (5/3, 5/3), µ1 = (−5/3,−5/3),
µ2 = (5/3,−5/3), and µ3 = (−5/3, 5/3). Class labels are assigned as y = 0 for g ∈ {0, 2} and
y = 1 for g ∈ {1, 3}. Given this symmetric geometry, the ideal decision boundary for the nominal
distribution is a vertical line (x1 ≈ 0) parallel to the y-axis.

However, we introduce specific challenges to disrupt this ideal boundary. First, we simulate
severe group imbalance with sample counts of (500, 420, 140, 140) for groups 0 to 3. Under standard
training (ERM), this imbalance induces spurious correlations, causing the decision boundary to rotate
counter-clockwise away from the vertical axis to fit the majority variance. Second, to evaluate robust-
ness against feature drift, we inject an additive shift noise ϵ3 ∼ N ((−2,−0.5), 0.3I2) exclusively to
the training/validation sets of the minority group G3.

Figure 1: Visualization of the synthetic dataset generation. The training and validation samples for
the minority group G3 (purple squares) are subjected to an additive shift ϵ3, while the test samples
follow the nominal distribution.

For optimization, we use a fixed 4-layer MLP trained for 100 epochs. We employ our bilevel
strategy to find the optimal ambiguity set sizes. Leveraging our knowledge of the group structure,
we tailor the search space to allow greater flexibility for minority groups: the radius range is set to
ϵ ∈ [0, 3] for majority groups (G0, G1) and ϵ ∈ [0, 5] for minority groups (G2, G3). The global radius
ρ is searched within [0, 3]. The optimization is initialized with a grid of 243 points and proceeds with
Bayesian optimization for 300 evaluations.

E.2. Results and Analysis

Figure 2 compares decision boundaries across four representative scenarios. The collapse case
(Trial 188, ρ = 3.0, ϵ = (0.0, 3.0, 5.0, 2.5)) in Figure 2(a) highlights the instability of misalignment.
Excessive robustness widens uncertainty (P (y = 1) ≈ 0.5) and forces the boundary to collapse into
the Class 0 region. This results in a trivial model predicting mostly Class 1; while G1 and G3 achieve
100% accuracy, performance on Class 0 suffers significantly, with the minority G2 falling to 44.0%.

13
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This trend suggests that such pathological behavior could become even more severe with further
misalignment, potentially rendering the model completely uninformative.

In contrast, the targeted case (Trial 84, ρ = 1.5, ϵ = (0.0, 0.0, 0.0, 5.0)) in Figure 2(b) demon-
strates effective parameterization. Targeting a high radius strictly to the shifted group G3 induces a
clockwise curvature that counteracts the spurious tilt, ensuring full coverage of the shifted distribution.

Crucially, our bilevel optimization automatically discovers this strategy (Trial 244, ρ = 0.0, ϵ =
(0.0, 0.0, 0.0, 1.8)) in Figure 2(c). By selectively applying robustness only where needed (G3),
it establishes a stable boundary that effectively separates the classes. We also visualize an ideal
candidate (Trial 253, ρ = 2.2, ϵ = (0.6, 1.2, 0.4, 4.9)) in Figure 2(d). Although Trial 253 yields
higher average and worst-group accuracy, our optimizer favored Trial 244 due to its lower upper-level
objective Eq. (1). This observation suggests that the current upper-level objective acts conservatively,
indicating that further refinement could better align robust guarantees with empirical optimality.

(a) Collapse (Trial 188)
ρ = 3.0, ϵ = (0.0, 3.0, 5.0, 2.5)

(b) Targeted (Trial 84)
ρ = 1.5, ϵ = (0.0, 0.0, 0.0, 5.0)

(c) Ours (Trial 244)
ρ = 0.0, ϵ = (0.0, 0.0, 0.0, 1.8)

(d) Ideal (Trial 253)
ρ = 2.2, ϵ = (0.6, 1.2, 0.4, 4.9)

Figure 2: Comparison of decision boundaries. (a) Collapse due to misalignment. (b) Tilt correction
by targeting G3. (c) Stable boundary via bilevel optimization. (d) Better solution in search space.
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Table 2 confirms the effectiveness of our approach. While ERM and GDRO suffer on the shifted
group G3 (accuracies of 68.0% and 72.0%), Per-GDRO significantly recovers performance to 81.3%,
achieving the best worst-group accuracy among automated methods. Notably, the ideal case found
within the search space achieves an even higher worst-group accuracy of 90.7%, indicating the
potential for further improvements.

Table 2: Test Performance Comparison

Method Avg Worst G0 G1 G2 G3
ERM 0.93 0.68 0.99 0.96 0.89 0.68
GDRO 0.93 0.72 0.98 0.95 0.95 0.72
Ours 0.94 0.81 0.97 0.97 0.89 0.81
Ideal 0.95 0.91 0.96 0.93 0.97 0.91

Figure 3: Comparison of Average and
Worst-group accuracy.

E.3. Numerical Test of Theoretical Bounds

Finally, we numerically verify the theoretical bound presented in Proposition 1. Figure 4 tracks the
optimization dynamics of the optimal configuration (Trial 244). The plot confirms that the robust
loss (LHS) remains strictly bounded by the theoretical upper bound (RHS) throughout training. The
stable convergence of both curves indicates that the optimization successfully minimizes the robust
risk within the learned ambiguity set.

Figure 4: Numerical test of Proposition 1 (Trial 244). The robust loss (LHS) is strictly bounded by
the theoretical upper bound (RHS), validating the stability of our proposed relaxation.
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