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ABSTRACT

Facial attribute recognition under limited annotation budgets poses significant
challenges due to strong label correlations, costly annotations, and the lack of
principled active learning strategies for multi-label settings. To address these chal-
lenges, we propose Progressive Multi-Label Active Learning (PMAL), a frame-
work that efficiently identifies informative samples under tight labeling budgets.
PMAL decomposes multi-label joint entropy into independent components for un-
certainty estimation, evaluates feature diversity through similarity computations
on Riemannian manifolds, and employs a greedy batch-adaptive scoring mecha-
nism that dynamically updates selection priorities. We further extend submodular
optimization theory to dynamic multi-label selection and, for the first time, es-
tablish an O(logn) stability bound under label relevance matrix perturbations.
Extensive experiments on CelebA and LFWA demonstrate that PMAL consis-
tently outperforms eight state-of-the-art baselines. Beyond multi-label tasks, we
also introduce Progressive Active Learning (PAL) for multi-class settings, achiev-
ing superior results on CIFAR-10, CIFAR-100, and SVHN benchmarks. Beyond
multi-label tasks, we also introduce Progressive Active Learning (PAL) for multi-
class settings, achieving superior results on CIFAR-10, CIFAR-100, and SVHN
benchmarks. Meanwhile, PAL is designed with scalable computational complex-
ity, remaining efficient even on large-scale datasets, and achieves substantial run-
time savings through lightweight diversity updates without compromising selec-
tion quality.

1 INTRODUCTION

Neural networks’ success relies heavily on large-scale annotated datasets |[Krizhevsky| (2009)); |De-
vlin et al.| (2019), yet creating such datasets demands substantial resources Northcutt et al.| (2021).
This challenge intensifies in multi-label classification, where each sample requires multiple attribute
annotations. Reducing annotation dependency while maintaining performance has thus become cru-
cial |Van Engelen & Hoos|(2020); |Chen et al.|(2020); |Werner et al.| (2024); Hanneke et al.|(2024).

Current approaches fall into two categories |Van Engelen & Hoos|(2020); Ren et al.[(2021)); |Astorga;
et al.|(2024): (1) model-centric methods employing semi-supervised, unsupervised, or transfer learn-
ing|Tarvainen & Valpolal(2017); He et al.|(2020)); | Yosinski et al.|(2014)), and (2) data-centric methods
like active learning Settles| (2009) that strategically select informative samples. While model-centric
approaches often require specialized architectures Kornblith et al.| (2019), limiting generalizability,
data-centric methods offer greater flexibility across architectures. Active learning particularly excels
in high-stakes domains like healthcare and finance [Irvin et al.| (2019); [Huang et al.| (2023), where
annotation quality is paramount |Yang et al.|(2024); (Chen et al.| (2024); |Wang & Zhao|(2025).

Active learning Settles| (2009) minimizes labeling costs by querying the most informative samples.
Traditional methods include uncertainty-based Dagan & Engelson| (1995)), diversity-based [Sener,
& Savarese| (2018), and hybrid approaches |Gal et al.| (2017). However, uncertainty-based meth-
ods often select outliers, leading to poor boundary estimation Tharwat & Schenck| (2023), while
diversity-based methods may miss highly informative samples. Current hybrid approaches Kirsch
et al.[(2019);|Gal et al.| (2017) struggle with parameter tuning and computational scalability.

We focus on facial attribute recognition, a multi-label task|Liu et al.|(2015)); [Kumar et al.|(2011)) with
severe class imbalance [Huang et al.| (2019); [Cui et al.[ (2019). As shown in Figure 1} we propose
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Progressive Multi-Label Active Learning (PMAL), inspired by recent multi-label advances Xing
et al.[(2024). PMAL employs a greedy batch-adaptive scoring mechanism that dynamically balances
uncertainty and diversity without extensive tuning, maintaining efficiency at scale.

Contributions:

* We propose PMAL, a novel framework for multi-label active learning under budget con-
straints, which decomposes multi-label joint entropy for uncertainty estimation and evalu-
ates feature diversity on Riemannian manifolds.

* We design a greedy batch-adaptive scoring mechanism that progressively updates selection
priorities, enabling more effective utilization of limited labeling budgets.

* We extend submodular optimization theory to dynamic multi-label selection and establish
an O(log n) stability bound for label relevance perturbations.

* We conduct extensive experiments on the Celeb and LFWA datasets, demonstrating that
PMAL outperforms eight strong baselines, especially under severe class imbalance in facial
attribute recognition.

2 RELATED WORK

Active Learning Methods. Active learning is commonly divided into uncertainty-based, diversity-
based, and hybrid approaches. Uncertainty-based methods select the most uncertain samples, in-
cluding Margin Roth & Small (2006), Entropy Joshi et al.| (2009), and Least Confidence Wang &
Shang| (2014). In multi-label tasks, they may overemphasize difficult categories, leading to im-
balance. Some works separate aleatoric and epistemic uncertainty [Kendall & Gal| (2017), such as
AL-MDN Choi et al.| (2021) using mixture density networks. Diversity-based methods aim to select
representative or diverse samples Kim & Shin| (2022); Coleman et al.[ (2022); |Hasan et al.| (2018)),
e.g., TAIAL [Yang & Loog|(2022) via clustering. However, these methods often struggle near de-
cision boundaries and incur higher costs. Hybrid approaches combine strategies: TAILOR [Zhang
et al.| (2024)) adaptively balances selection; PPAL |Yang et al.| (2024)) integrates uncertainty and di-
versity for object detection; CAMPAL [Yang et al.| (2023)) couples data augmentation with querying;
and Wang & Zhao| (2025)) applies a hybrid framework to indoor 3D object detection. While effective,
hybrid methods typically involve more complex algorithms and higher query costs.

Facial Attribute Recognition. Facial attribute recognition (FAR) is a multi-label classification task
where each face image is annotated with semantic attributes (e.g., gender, smiling, glasses). Widely
used datasets include CelebA |Liu et al.|(2015) (200K images, 40 attributes) and LFWA Huang et al.
(2008) (13K images, 40 attributes), both suffering from severe imbalance (e.g., “bald,” “beard” <
5%). Early benchmarks adopted a shared backbone with independent classifiers |Liu et al.| (2015)),
later extended by a two-stage pipeline for face localization and attribute prediction [Kumar et al.
(2009). Subsequent models explored ResNet-18 [Lingenfelter & Hand| (2021)), Transformers |Qin
et al.| (2023), and hierarchical schemes such as FAR-AMTN [Wang et al.| (2025), which increase
attribute granularity but also annotation costs. These works highlight both performance progress
and persistent imbalance challenges Rudd et al.[(2016)).

Multi-label Active Learning. Unlike single-label AL, multi-label AL must address correlated la-
bels and stronger imbalance. Existing methods include: (i) combining instance-level uncertainty
and diversity Huang & Zhou|(2013); (ii) graph-based approaches modeling label dependencies, e.g.,
Graph Attention Transformer Mahapatra et al.| (2024); (iii) adaptive frameworks using meta- or re-
inforcement learning |Chen et al.| (2023)); and (iv) domain-specific adaptations such as pipelines for
remote sensing imagery Mollenbrok & Demir| (2023). While effective, these methods lack pro-
gressive querying with dynamic adjustment—critical for costly, high-precision tasks like FAR. Our
work addresses this gap by introducing a greedy, dynamically weighted selection strategy tailored
for facial attribute models.

3 METHOD

We propose Progressive Multi-label Active Learning (PMAL), a unified framework designed to
address three key challenges: label imbalance, representation geometry, and selection efficiency.
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Figure 1: The overview for Progressive Multi-Label Active Learning (PMAL). PMAL trains a
network on labeled data and predicts on unlabeled samples to identify those that are both uncertain
and diverse; ranks them using the batch-adaptive score while penalizing those close to already-
selected ones; and finally annotates, adds, and removes samples from the pool accordingly. This
progressive cycle improves model performance under limited annotation budgets, making PMAL
applicable to both active learning and data subset selection.

Specifically: @ PMAL adaptively re-weights uncertainty to alleviate label imbalance; @ it exploits
manifold-aware diversity to better capture the geometry of deep feature representations; ® it in-
corporates a greedy batch-adaptive scoring strategy to balance uncertainty and diversity in sample
selection. As illustrated in Figure|l} the overall workflow of PMAL comprises four stages: training,
prediction, sample selection, and progressive updating. Algorithm|[I|further presents the pseudocode
of the proposed PMAL method.

We study multi-label active learning for facial attribute recognition. The dataset is D =
{(z4,v:)}Y,, where each image z; € R¥>*W>3 hag a label vector y; € {0, 1}X with K = 40 at-
tributes. At round ¢, the labeled and unlabeled pools are Dy, = {(x;, ¥;) }ier, and Dy = {x;}jer,,
with |I,| = ng < N initially. The learner selects a batch B; C Dy of size b, adds it to Dy, removes
it from Dy, and retrains a classifier fy : X — {0, 1} on the updated labeled set. The acquisition
step is formalized as

By = argmax A(fy,B:,Dr)), (1)

B.CDy,|Be|=b

where A(+) is an acquisition function measuring the expected performance gain.

3.1 IMBALANCE-COMPENSATED ADAPTIVE ENTROPY

We design an imbalance-compensated uncertainty score U(x) to measure the informativeness of an
unlabeled instance. The score aggregates predictive entropies in the label while correcting for the
imbalance between the majority and minority labels. Specifically, we define the uncertainty score as

K K
Ux) =Y wipHy(x),  Ulw) =) dpHy(), )
k=1 k=1

where Hj(x) is the predictive entropy of the label k, wy, is an imbalance-correcting weight and wy,
denotes its normalized form. In practice, we use the normalized score U(z) in all experiments.

To understand the rationale behind this design, we start from Bayesian decision theory, where
the utility of querying an instance is defined as the expected reduction in prediction error across
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Algorithm 1: PMAL: Progressive Multi-label Active Learning

Data: Labeled set Dy, unlabeled pool Dy, batch size b, trade-off 7
Result: Selected batch B of size b

while annotation budget not exhausted do

// 1. Train & Predict

Train fo on Dr; compute pi(x) for x € Dy

// 2. Score Computation

foreach x € Dy do

D(x) ¢ 1~ maxs,ep, cos(@(x), d(x:))

T o

Drl . r

IDrl+IDul”? r+(1-r)T

SO(z) « alU(z) + (1 — a)D(x)

// 3. Greedy Batch Selection with Penalty

B+ 0

for i < 1to bdo

T* 4 arg maXyecp,,\B S(i_l)(m);

B+ BU{z*}

foreach x € Dy \ B do

| $9(@) « 80(2) = v, ep 1l 7))

J

// 4. Update Pools

Query labels for 3; update Dy, and Dy

labels. This utility can be expressed as J(z) = Z,i(:l Ei(x) (with optimal selection z* =
arg max,cp,, J(2)), where Ej(z) denotes the reduction associated with the k-th label.

For a loss function £(-) and predictive score fy(x), this quantity decomposes into the following form:
Ey(x) = Ey 2 [0(fo(x), yx)] - Vary, |z [pr(z)], where pp(z) = o(fr(x)) is the confidence of the
model for label k.

Proposition 1. If ¢(-) is the binary cross-entropy loss and the label follows yi, ~ Bernoulli(py),
then the expected reduction takes the form Ey(x) = my, (1 — mg) Hi (), where m, = Pr(yy, = 1) is
the prior prevalence, and the predictive entropy is given by

Hy(x) = —pi(z)log pr () — (1 — pr(x)) log(1 — pr (). 3)

Thus, the utility at instance-level can be expressed as a weighted sum of entropies, where the natural
weight 7, (1 — ) depends on the prevalence of the label k. A naive approach would be to aggre-
gate entropies uniformly, yielding Hgm(z) = Zi(:l Hj,(x), but this quickly leads to bias: when
rare labels are vastly outnumbered by common ones, the rule systematically undervalues samples
informative for minority labels.

Theorem 1. Suppose rare labels form the set K, = {k : mp < 7} with T < 0.5, and majority labels
dominate: |IC\ K| > |K.|. Then there exist samples x1, o such that Hyym (21) > Hgum(22),
while for any weight scheme that emphasizes rarer labels (e.g., wy, < 1/(mi(1 — 7)), we have
>op WeHp(x2) > >, wpHy(x1). Hence uniform aggregation can lead to rankings opposite to an
imbalance-aware objective.

To address this issue, we introduce imbalance-compensated weights defined as

1 . 1
We= e, Fe = Y i 4)

= frk(l — ﬁ'k) —+ 5’ |DL| (#150) €D,

where 7y, is the empirical prevalence, and € > 0 ensures numerical stability. Intuitively, this weight
corresponds to the inverse variance of the label distribution, which assigns greater importance to
rarer labels.

Theorem 2. Under the following mild conditions: the labeled data Dy, = {(x;, yl)}gfl are drawn
i.i.d. from an underlying joint distribution P(z,y), and the labels y;, are conditionally independent
given the input x. Furthermore, the empirical prevalence 7y, is an unbiased and consistent estimator
of the true prevalence ty, such that, by the strong law of large numbers, we have

7 <25 1 as |Dp| — oo, 5)
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where a.s. denotes almost sure convergence. Then, the proposed imbalance-compensated score
U (x) is asymptotically consistent with the Bayesian utility J(x):

Ulz) = cJ(z) + O(DL|7V?), (6)
where ¢ > 0 is a finite scaling constant that depends on the weighting scheme and label distribu-

tion, and O(|D L|_1/ 2) represents the convergence rate of the approximation error, which decays
proportionally to the inverse square root of the labeled dataset size. see Appendix|A. |for the proof

As the number of labeled samples increases, the empirical weights converge to their true values,
and the scoring function U () becomes a scaled version of the ideal Bayesian utility .J(x), with the

approximation error decreasing at the rate of [Dp,|~1/2.
Finally, to prevent the absolute scale of the weights from drifting across iterations, we apply ¢;

normalization to obtain the normalized weights:
Wk

-
Zj:l wj

These normalized weights wy, are then used in the normalized score U (z) defined in Eq. equation
which serves as our final uncertainty measure throughout all experiments.

)

WE =

3.2 DIVERSITY MEASUREMENT ON RIEMANNIAN MANIFOLDS

We aim to design a diversity score D(X) that faithfully captures the intrinsic geometry of deep rep-
resentations. Directly using Euclidean distance in the ambient space R can be problematic: deep
features often concentrate on low-dimensional, curved manifolds rather than filling the entire Eu-
clidean space (Brahma et al.,|2015). As a result, Euclidean distance may fail to reflect true sample
diversity, especially in regions with high curvature, potentially leading to redundant or uninformative
samples being selected. Other simple heuristics, such as random sampling or variance-based crite-
ria, also overlook the underlying information geometry, risking suboptimal coverage of the feature
space.

To better capture the intrinsic geometry of deep representations, we design a diversity score D(x)
defined on a Riemannian manifold M C R?. Using plain Euclidean distance in R? is often mis-
leading, as deep features tend to concentrate on curved, low-dimensional manifolds (Brahma et al.,
20135)). Thus, samples close in Euclidean space may still be redundant, reducing the effectiveness of
active learning.

Formally, each input x is mapped to its feature ¢(x) € M, where the manifold is equipped with a
metric tensor g. The geodesic distance between ¢(z;) and ¢(z;) is

da(@(w).0(e) =it [ a0 (G030 ®

where + is any admissible path on M connecting ¢(z;) and ¢(z;). (Detailed derivations using the
empirical Fisher information matrix can be found in Appendix[A.2])

To reduce complexity, we approximate the geodesic distance in two common ways: (i) a tangent-
space projection around the Fréchet mean 1 of labeled features, yielding a first-order Euclidean
approximation, and (ii) a hypersphere model, where normalized features (||¢(x)|]2 = 1) lie on
S91, giving

dpm(u,v) = arccos(u, v), 9)
which is equivalent to cosine distance.

Based on this, the diversity score of a candidate x is defined as
D(z) = 1— max cos(¢(x), 6(x1)). (10)
z; €Dy,
penalizing candidates that are highly similar to any labeled sample.

Finally, to encourage batch-level coverage, we adopt a kernelized set function:
2
(S) Eeu max exp  — =M (11

where o controls kernel width. F'(S) is monotone submodular (Feragen et al., 2015), enabling
efficient greedy maximization with guarantees.
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3.3 GREEDY BATCH-ADAPTIVE SCORING

Our greedy batch-adaptive selection strategy proceeds as follows: we first compute a combined
score for all unlabeled samples and select the sample with the highest score. Then, the distances
between the selected sample and the remaining candidates are computed. Candidates closer to the
selected sample receive a larger penalty, while distant ones receive smaller penalties. The penalized
scores are re-ranked, and the next sample is selected. This process is iteratively repeated until the
budget is exhausted.

Formally, let

Dy |
Dl

denote the labeling ratio at time ¢, where Dy, is the labeled set and D is the entire dataset. We define

time-dependent weights:

Tt = (12)

T (1—r)7
S S NS Sl 2 13
o e+ (1 —re)7 P re+ (1 —ry)7 (13)

where 7 > 0 is a hyperparameter. Then, the initial score of an unlabeled sample x at time ¢ is

5" (x) = o1 U(x) + i D(a), (14)
where U () is the uncertainty score of x and D(z) is the diversity score.
Definition 1 (Batch-Adaptive Scoring). After i samples {x73, ..., x5} have been selected, the score
of a remaining candidate x is updated as
S (x) = 87 () — v Z ) Wiabel (2, 27), (15)
where (v, ;) measures the similarity between x and 7} (e.g., cosine similarity k(z,z') = H;THTQH
or the inverse of Euclidean distance). The label based weighting function is defined as
Wiabel (2 Z Wy, - |pr(z) — pr(])]; (16)

where py(x) is the predicted probability of label k for sample x, and wy, is the label-specific weight.

This mechanism ensures that candidate samples with label distributions similar to already selected
ones incur higher penalties, discouraging redundant selections.

Theorem 3 (Submodularity under Dynamic Weights). For all t, the objective function F;(S) re-
mains submodular if

rgnnS ( )
v < : , Kmax = max k(z,z’). a7
Rmax * I?i;( Wlabel(m7 !L'/) z,z’

Consider subsets A C B C U and element x ¢ B. The marginal gain of adding z to A is

Aa(w) =8 (@) =7 > Kl,2) - Wiapa (@, 2), (18)
z'€EA
while the marginal gain of adding x to B is
Ap(a) =8 @) 7 Y w(@,2") - Wiapa(z,2'). (19)
r'eB

Since A C B, we have A 4(x) > Apg(x), establishing the submodularity of F}(S). The condition
on ~y further guarantees monotonicity.

Theorem 4 (O(logn) Stability Bound). Under label relevance perturbations, the greedy batch-
adaptive algorithm satisfies

| (87) — Fi(SY)|
7 (59 < O(A-log|u]), (20)

where 8* and S* are the batches selected under the true and perturbed label distributions, respec-
tively. Proof deferred to Appendix where we formalize the perturbation model and apply a
noisy-greedy accumulation bound to obtain the O (A - log [U|) factor.
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Figure 2: FAR Performance of Different Active-Learning Methods on LFWA |Huang et al.[ (2008)
(Balanced Accuracy (Left) & mAP (Right)).
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Figure 3: Classification Performance of Different Active-Learning Methods on CelebA [Liu et al.
(2015) (Balanced Accuracy (Left) & mAP (Right)).
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Figure 4: Mean Accuracy of Different Active-Learning Methods on CIFAR-10 Krizhevsky| (2009)
(left), CIFAR-100 Krizhevsky| (2009) (middle) and SVHN Netzer et al.|(2011)) (right).

4 EXPERIMENTS

We compared our method against state-of-the-art active learning baselines and random selection.
Experiments were conducted on multi-label (facial attribute recognition) and multi-class classifica-
tion tasks using ResNet-18.

Tables |1|and |2| demonstrate that PMAL and its variant PAL consistently outperform random selec-
tion on facial attribute recognition and multi-class classification tasks, respectively, validating their
effectiveness for data subset selection.

4.1 EXPERIMENT SETUP

Data. We conduct experiments on two groups of datasets: @ Facial Attribute Recognition — We use
CelebA [Liu et al.| (2015) (202,599 images, 40 attributes) and LFWA-40|Huang et al.|(2008) (13,143
images). CelebA follows the official split of 162,770 training, 19,867 validation, and 19,962 test
images. LFWA provides 6,263 training and 6,880 test images. Since no validation set is provided
for LFWA, we randomly sample 1,000 images from the training set for validation. & Multi-class
Classification — We use CIFAR-10 and CIFAR-100 Krizhevsky| (2009) (each 60,000 images with
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Table 1: Facial attribute recognition (PMAL) vs. Table 2: Multi-class classification (PAL) vs. Ran-
Random. A is improvement over Random; bold dom. A is improvement over Random; bold =

= better per row. better per row.

Dataset Metric Size (%) Method Random A Dataset Metric ~ Size (%) Method Random A
10 0.7288  0.7030 +3.67% 10 7918 7719 +2.58%

Con war 15 OMD 0T 0w ammi s D BN

20 0.7480  0.7320 +2.19%

4 4.1 2. 1.85%
25 07546 07410  +1.84% 0 %415 9230 +185%

10 34.64 31.94 +2.58%

4 0.4141 0.4107 +0.83% CIFAR-100 Accurac 20 55.62 54.26 +1.36%
0.4512  0.4548 -0.79% ¥ 30 63.90 6321  +0.69%
LFWA mAP 8 0.4806  0.4838 -0.66% 40 64.15 6747  -332%

10 0.4990 04919 +1.44%
12 0.5221  0.5071  +2.96%

50k train / 10k test) and SVHN [Netzer et al.|(2011)) (73,257 train / 26,032 test). CIFAR-10 contains
10 classes, while CIFAR-100 contains 100 fine-grained classes organized into 20 super-classes.

Evaluation Model and Training. We adopt ResNet-18 as the backbone for all datasets, with task-
specific final classifiers (e.g., 40-way for facial attributes, 10-way for CIFAR-10 and SVHN, and
100-way for CIFAR-100). The loss function is BCEWithLogitsLoss for multi-label tasks and
cross-entropy for multi-class tasks. All models are trained on a single NVIDIA A100 80GB GPU
for 200 epochs. We use a batch size of 128 and SGD with momentum 0.9 and a cosine annealing
learning rate schedule. The initial learning rate is 0.025 for facial attributes and 0.1 for other datasets.
Weight decay is 3 x 10~ for facial attributes and 5 x 10~* for other datasets. Input images are
center-cropped and resized to 224 x 224 for facial datasets and 32 x 32 for CIFAR/SVHN. For
facial attributes, random horizontal flipping is the only augmentation, while standard augmentations
(random crop, flip, normalization) are used for CIFAR and SVHN.

Active Learning Protocol. Each experiment begins with a small randomly selected seed set, fol-
lowed by iterative selection of new samples using different active learning methods: @ Facial At-
tribute Recognition — For CelebA, we start with 8,000 images and add 8,000 per round, up to a
final budget of 40,000. For LFWA, we start with 125 images and add 125 per round, up to 750 total
images. @ Multi-class Classification — For CIFAR-10, we start with 1,000 images and add 1,000
per round for 7 rounds (total 8,000). For CIFAR-100, we add 1,000 per round for 8 rounds (total
9,000). For SVHN, we start with 1,500 images and add 1,500 per round for 8 rounds (total 12,000).

We compare our proposed methods, PMAL (for multi-label tasks) and PAL (for multi-class tasks),
with standard baselines including: ProbCover [Yehuda et al.| (2022), BALD Kirsch et al.| (2019),
DBAL |Gal et al.|(2017), Entropy [Dagan & Engelson| (1995), Margin Roth & Small| (2006)), Least
Confidence (Culotta & McCallum| (2005)), CoreSet |Sener & Savarese (2018)), Random |Settles et al.
(2007), and Uncertainty Sampling|Gal & Ghahramani| (2016)).

Metrics. We report mean Average Precision (mAP) and Balanced Accuracy for facial attribute
recognition, and Mean Accuracy for multi-class datasets, evaluated on both validation and test sets.

4.2 FACIAL ATTRIBUTE RECOGNITION

PMAL consistently outperforms traditional uncertainty-based approaches on LFWA and achieves
competitive final mAP and Balanced Accuracy on CelebA, demonstrating its effectiveness under
limited annotation budgets. On LFWA, PMAL shows clear advantages in both mAP and Balanced
Accuracy throughout the process. On CelebA, Entropy dominates Balanced Accuracy, while DBAL
achieves the highest final mAP, with PMAL closely following and matching CoreSet in Balanced
Accuracy. Traditional methods such as Margin and Random show relatively weaker performance.

4.3 MULTI-CLASSIFICATION

PAL demonstrates strong mid- and late-stage improvement momentum and stable performance
across CIFAR-10, CIFAR-100, and SVHN. While some methods lead in early rounds, PAL main-
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Figure 5: Comparison of PMAL with three degraded versions on LFWA datasets: (1) PMAL-E,
which only computes sample uncertainty; (2) PMAL-D, which only computes sample diversity;
and (3) PMAL-NG, which does not employ greedy batch selection. (Balanced Accuracy(Left) &
mAP(Right)).

tains steady upward trends and achieves optimal or near-optimal final performance, often matching
top baselines like Uncertainty and Margin. Unlike other methods, PAL avoids performance fluctua-
tions and shows superior adaptability to complex multi-class tasks.

4.4 TIME COMPLEXITY ANALYSIS

While uncertainty-based methods achieve O(n) complexity through a single forward pass, our PAL
method requires O(n - m - d) for diversity computation, where m is the labeled set size and d is the
feature dimension. Despite higher complexity than pure uncertainty sampling, PAL remains more
efficient than methods like BALD (O(T'-n) with T dropout iterations) and VAAL k-center (O(n?-d)
in worst case). Our optimization limiting diversity updates to the top-k candidates further reduces
practical runtime while maintaining selection quality.

While ProbCover provides theoretical guarantees through its graph-based coverage, its O(n?) com-
plexity for graph construction makes it computationally prohibitive for large-scale datasets. In con-
trast, our method achieves comparable performance with O(n - m - d) complexity, enabling practical
deployment on datasets with millions of samples. The Appendix [A.3|shows the results of compara-
tive experiments on time complexity.

4.5 ABLATION STUDY

Here, we demonstrate the effectiveness of our adopted greedy selection method. Specifically, we
compare our method with three degraded versions: (1) PMAL-E, which only computes sample un-
certainty; (2) PMAL-D, which only computes sample diversity; and (3) PMAL-NG, which does not
employ greedy batch selection. We observe in the Appendix that all three suboptimal meth-
ods fail to compete with the complete version of PMAL. The figure [3]illustrates the results of the
ablation study.

5 CONCLUSION

We introduce PMAL (Progressive Multi-label Active Learning), a novel framework that uniquely
decomposes multi-label joint entropy and evaluates diversity on Riemannian manifolds. By devel-
oping a greedy batch-adaptive scoring mechanism with progressive priority updates, we extend sub-
modular optimization theory to dynamic multi-label selection, proving an O(log n) stability bound.
Extensive experiments on facial attribute recognition (LFWA, CelebA) and multi-class classifica-
tion (CIFAR-10/100, SVHN) demonstrate that PMAL and its variant PAL consistently outperform
eight existing methods, particularly excelling in handling severe class imbalance. Our adaptive
weight adjustment mechanism ensures optimal performance across diverse datasets while maintain-
ing remarkable stability, establishing a theoretically grounded framework for efficient annotation in
resource-constrained environments.
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A APPENDIX

A.1 PROOF OF THEOREM E] (CONSISTENCY OF ADAPTIVE WEIGHTING)

Proof. We prove the two parts of the theorem separately. The first part establishes the almost sure
convergence of the empirical label proportions, while the second part demonstrates the asymptotic

equivalence between the weighted uncertainty measure U (z) and the original uncertainty measure
J(x).

Part (1): By the strong law of large numbers, for each label &k, we have

ﬁk:% > v

D1l (zi,y:)€EDL

Since y;, are independent and identically distributed Bernoulli random variables with E[y;x] = 7k,
the strong law of large numbers implies that as |Dr,| — oo,

o as.
T — Tk.

Part (2): From Ej(z) = 7, (1 — 7)) Hi (), we have

K
Z’/Tk ]. — Tk Hk(l’)

k=1

Consider the expression for U(x):

. A a.s. ~
Since 7, —— 7, we can expand 7 around 7:

T = T + (ﬁk —7Tk),
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where 71, — 1, = O, (|Dr|~1/2) by the central limit theorem.

For the weight wy,, when ¢ is sufficiently small and |Dy | is sufficiently large:
1 ~ 1

fr(l—7k) +e  m(l—m) +e

WE =

Using a first-order Taylor expansion:

1 1
- - = +0,(|D|7V?).
Wk(l—ﬁk)—l-E 7Tk(1—71'}<;)+8 p(‘ L| )

As e — 0, we have

N DL|7'?).
ﬂ_k(l_ﬂ_k) +OP(‘ Ll )

Therefore,

Setting ¢ = 1, we obtain
1

K
Ule) = %Zml = M) Hi(@) - g + O(PLl™Y?) = J(@) + O(DL| ™).
k=1

O
We have shown that the empirical label proportions converge almost surely to the true proportions.

A.2 GEODESIC DISTANCE UNDER THE EMPIRICAL FISHER METRIC
FISHER-INDUCED RIEMANNIAN METRIC ON THE FEATURE MANIFOLD

Let ¢ : X — M C R™ be the feature map that embeds inputs into a smooth manifold M. Assume
the predictive model defines a conditional density py(y | z) on labels y given a feature z = ¢(x).
The (expected) Fisher information at z with respect to the feature coordinates is

F(Z) = Epre(»\z) [Vz Ingé‘(y | Z) vz IngF)(y | Z)T] € R,
Replacing the expectation by the empirical average over a dataset {y(*)}"_, gives the empirical

Fisher

n

~ 1 X )
F(z) = ~> V.logps(y™ | 2) V- log po(y'” 12) "

s=1

When F (z) is positive definite for all z € M, it induces a Riemannian metric tensor g by
g.(u,v) = uTﬁ(z) v, u,v € T,M.

Intuitively, g is the pullback of the local second-order approximation of the KL divergence: for
nearby z and z + dz, KL(pg(- | 2) | po(- | z + d2)) = 3 d=z T F(z) dz + o(||dz|?).

CURVE LENGTH AND GEODESIC DISTANCE

Given any piecewise C! curve v : [0,1] — M with y(0) = 2; and (1) = z;, its g-length is

L,(y) = / VoG, 4(0) dt = / VAOTEG () 5(1) dt.

The Riemannian distance on (M, g) is defined by the infimum of path lengths

dm(zi,z;) = inf L ,
Mm( J) e ain) g(’Y)
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where I'(z;, z;) is the set of admissible (piecewise C') curves joining z; and z;. By standard results
in Riemannian geometry (Hopf-Rinow theorem), when (M, g) is complete, the infimum is attained
by at least one minimizing geodesic y*, and d x4 is a metric.

Substituting z; = ¢(z;) and z; = ¢(x;) yields exactly the expression used in the main text:

1 1 —
A0t o)) = inf [ \faoGi0.30) at = inf [ O RGO 0@ A

COORDINATE FORM AND THE GEODESIC EQUATION (OPTIONAL)

In local coordinates with ga;(z) = [F(2)]as and g?(2) its inverse, the energy functional E(y) =
% fol Gap(7) 7%4® dt has Euler-Lagrange equations

FPHTHM A =0, T = 59" (9igje + 0;9i — Orgij),
whose solutions are the g—geodesics. Any minimizing solution y* of this system realizes the infi-

mum in (A.1), hence its length equals d((d(z;), ¢(z;)).

Conclusion. Equipping the feature manifold M with the empirical Fisher metric g,(u,v) =
u' F(z)v leads to the geodesic distance between ¢(z;) and ¢(x;) given by

(0. oay)) =t [\ o(3(0.5(0) .

which matches Eq. (8) in the main text.

PROOF OF THE O(logn) STABILITY BOUND

Perturbation model. Let A denote the maximum perturbation in label relevance:

K
A = ?éig;@k fﬁk(x) — pr(x) ’7

where py(z) and pg(x) are the predicted probabilities under the true and perturbed distributions.
Since Wiapel (2, ') depends linearly on py, each pairwise penalty term is perturbed by at most

| Wiabel (2, 2') — Wiapel(z,2') | < A.
Per-step error. At each greedy iteration, the marginal gain of selecting an element = under the
perturbed distribution can differ from the true marginal gain by at most
£ = ’yﬁmax A’

where Kmax = maxy . (2, «") bounds the similarity kernel.

Noisy greedy analysis. Following the standard analysis of noisy greedy algorithms for submodular
maximization (see, e.g., Krause & Golovin, 2014), if each marginal gain is perturbed by at most ¢,
then the cumulative error in the objective value after m selections is bounded by

|Fy(S*) — Fy(S™)| < Hpye,

where Hjyy =1+ 5+ + ﬁ = O(log |U|) is the |U/|-th harmonic number.

Final bound. Substituting € = Ykpnax A gives

|Fy(S*) — Fy(S%))
Fy(S*)

This establishes the claimed O(log n) stability bound.

< O(A-log|u]).
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Table 3: Runtime comparison across methods (Hours)

Dataset Random Entropy BALD ProbCover PMAL

LFWA 0.48 0.52 1.53 2.45 2.29
CelebA  107.7 109.1 168.9 127.9 114.8

A.3 RUNTIME COMPARISON

The runtime comparison in Table [3| reveals interesting patterns across different dataset scales. On
the smaller LFWA dataset, simple uncertainty-based methods (Random and Entropy) achieve the
fastest execution times at approximately 0.5 hours, while our PMAL method requires 2.29 hours—a
4.8 increase. This overhead is expected given PMAL’s Greedy Batch Selection component.

However, the scalability characteristics become more apparent on the larger CelebA dataset. While
Random sampling remains the fastest at 107.7 hours, PMAL shows competitive runtime at 114.8
hours, only 6.6% slower. Notably, PMAL outperforms both BALD (168.9 hours) and ProbCover
(127.9 hours) by significant margins of 32% and 10%, respectively. This demonstrates that PMAL’s
computational complexity scales more favorably than other diversity-aware methods.

Given that PMAL achieves superior labeling efficiency (as shown in previous experiments), the
modest computational overhead represents a favorable trade-off for practical active learning deploy-
ments.

A.4 ABLATION STUDY

The results of the ablation experiment are shown in the figure[3].

PMAL-E (Uncertainty Only): This variant maintains competitive performance on Balance ACC
but shows limitations in mAP, suggesting that uncertainty-based sampling alone can preserve class
balance but may fail to capture the full complexity of multi-label relationships.

PMAL-D (Diversity Only): This variant exhibits the weakest overall performance across both
metrics, particularly struggling with mAP. This indicates that diversity-focused selection without
considering model uncertainty leads to suboptimal sample choices, potentially selecting visually
diverse but less informative examples.

PMAL-NG (No Greedy Selection): Interestingly, this variant performs reasonably well on Bal-
ance ACC but falls short on mAP performance. This demonstrates that while non-greedy batch
selection can maintain reasonable class balance, the greedy optimization strategy is crucial for iden-
tifying samples that maximize multi-label learning efficiency.

The complete PMAL framework consistently outperforms all ablation variants on both metrics,
with the most significant improvements observed in mAP scores. These results validate our design
choices: the synergistic integration of uncertainty estimation, diversity measurement on Riemannian
manifolds, and greedy batch selection is essential for effective multi-label active learning. The per-
formance gaps particularly in mAP metric underscore that each component plays a complementary
role—uncertainty identifies challenging samples, diversity ensures comprehensive coverage, and
greedy selection optimizes the batch composition for maximum information gain.
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