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ABSTRACT

We investigate off-policy evaluation (OPE), a central and fundamental problem
in reinforcement learning (RL), in the challenging setting of Partially Observable
Markov Decision Processes (POMDPs) with large observation spaces. Recent
works of [Uehara et al.| (2023a); [Zhang & Jiang| (2024) developed a model-free
framework and identified important coverage assumptions (called belief and out-
come coverage) that enable accurate OPE of memoryless policies with polynomial
sample complexities, but handling more general target policies that depend on
the entire observable history remained an open problem. In this work, we prove
information-theoretic hardness for model-free OPE of history-dependent policies in
several settings, characterized by additional assumptions imposed on the behavior
policy (memoryless vs. history-dependent) and/or the state-revealing property of
the POMDP (single-step vs. multi-step revealing). We further show that some hard-
ness can be circumvented by a natural model-based algorithm—whose analysis has
surprisingly eluded the literature despite the algorithm’s simplicity—demonstrating
provable separation between model-free and model-based OPE in POMDPs.

1 INTRODUCTION

Off-policy evaluation (OPE) aims to evaluate a target policy 7, using an offline dataset collected
by a different behavior policy 7. The problem plays a crucial role in reinforcement learning (RL),
and is particularly relevant to real-world scenarios where policies need to be properly evaluated
before online deployment (Murphyl 2003; [Ernst et al., 2006, Mandel et al., [2014; Bottou et al., [2013
Chapelle et al., [2014} [Theocharous et al., [2015]).

Efficient OPE requires the behavior policy 7, to satisfy certain coverage assumptions with respect to
the target policy 7. In the setting of Markov Decision Processes (MDPs), it is well established that
a bounded state-action density ratio between 7. and 7}, suffices for polynomial sample-complexity
bounds; see|Uehara et al.|(2022b); Jiang & Xie|(2024) for surveys and tutorials on the topic. However,
the Markov assumption, that the immediate observation is a sufficient statistic of history, can be
restrictive in scenarios where the state is latent and unobservable to the agent, as is often the case in
many real-world applications.

In this paper, we study OPE in non-Markov environments modelled as partially observable MDPs
(POMDPS)EI where the observation space is large and demands the use of function approximation.
In POMDPs, the agent only has access to observations rather than the latent state, and the next
observation may depend on the entire history of observation-action sequences (or simply, the history).
A common approach to apply MDP techniques is to treat the history as the state, thereby reducing
a POMDP to a history-based MDP. However, under this conversion, the state-action density ratio
becomes the density ratio of the entire observation-action sequence, which grows exponentially with
the horizon length.

'When we refer to OPE in POMDPs, we mean unconfounded POMDPs, where the behavior policy only
depends on the observable variables and not the latent state. There is also research on OPE in confounded
POMDPs, where the behavior policy 7, depends on (only) the latent state (Shi et al.| [2022; |Bennett & Kallus,
2024); see|Zhang & Jiang|(2024])) for further discussions on the distinction between the two settings.
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Table 1: Summary of whether poly(H, log(|M|/d),e,C4,Ch, Cy) (cf. Theorem complexity is
achievable in different settings, where C is either C» or C'r depending on whether single-step or
multi-step revealing is assumed. “MF” and “MB” stand for model-free (Definition [2) and model-
based (Section ), respectively. “/” indicates positive results, and “X” indicates information-theoretic
hardness. The setting is the easiest in the top-left corner, and becomes harder in the right or down
direction. Therefore, the hardness of MF in Row 2 automatically implies those in Row 3. The
bottom-right corner for MB is an open problem which we conjecture to be intractable.

Policy Types Single-step Revealing | Multi-step Revealing
Memoryless 7, & MF: v/ (Zhang & Jiang:2024), MB: (Theorem
Memoryless m, & History-dependent 7 MEF: X (Theorem , MB: / (Theorem 5]
History-dependent 7, & MF: X, MB: / (Theorem{4) | MF: X, MB: ?

To address this issue, a recent line of research (Uehara et al., [2023a; [Zhang & Jiang) 2024)) has
proposed model-free methods for OPE in POMDPs with large observation spaces. |[Zhang & Jiang
(2024) identify two novel coverage assumptions for OPE in POMDPs, belief and outcome coverage,
and demonstrate that their algorithm achieves polynomial sample complexity under these assumptions.
However, they focus on evaluating memoryless target policies 7., which ignore history and depend
only on the current observation. Extension to history-dependent 7, exists, but the guarantees quickly
deteriorate when the history window that 7, depends on has a nontrivial length (Uehara et al.,2023al
Appendix C). This motivates us to study the following question:

When can we achieve polynomial sample complexity for OPE of history-dependent target policies?

We investigate the question in a range of concrete settings, and the answer turns out to be more
complex than a simple yes and no. These settings are defined by variations along several dimensions:

* Model-free vs. model-based algorithms The algorithms in|Uehara et al.|(2023a); Zhang & Jiang
(2024) are model-free, in the sense that the algorithm only queries 7. on histories in the offline
dataset. Under this rather broad definition (Definition 3 inZhang & Jiang|(2024))), we show that no
model-free algorithms can handle general history-dependent target policies, even if we impose
additional assumptions to make the problem easier in other dimensions (see below). This motivates
us to also consider model-based algorithms that fit a POMDP model from data, which circumvent
the hardness as they query 7, on model-generated synthetic trajectories.

* Single-step vs. multi-step (outcome) revealing The outcome coverage condition identified by
Zhang & Jiang|(2024) asserts that the future observation-action sequences can probabilistically
decode the latent state (Assumption 9 in|Zhang & Jiang|(2024)). A stronger version of the condition
is that the immediate observation suffices, which corresponds to a standard (single-step) “revealing’
assumption commonly made in online RL for POMDPs (Liu et al., [2022a)).

i

* Memoryless vs. history-dependent 7;, Another dimension is whether 7, is also history dependent.
In the literature, it has been reported that a history-dependent 7, often makes it difficult to infer
POMDP dynamics from data, and a memoryless 7, makes it easier to do so (Kwon et al., 2024).

Our findings are summarized in Table[I] With either relaxation (single-step revealing or memoryless
mp), a simple Maximum Likelihood Estimation (MLE)-based model-based algorithm achieves desired
guarantees, where all model-free algorithms must suffer hardness. To our best knowledge, these
results are the first polynomial sample-complexity bound for evaluating history-dependent target
policies under coverage assumptions, and demonstrate a formal separation between model-based and
model-free OPE in POMDPs.

2 PRELIMINARIES

Notation. For a vector a, we use diag(a) to denote the diagonal matrix with a as the diagonal and
use [a]; to denote its i-th element. We use e; to denote the basis vector with the i-th element being
one. For a positive integer n, we use [n] to denote the set {1,2,--- ,n}. For a matrix M, we use
Omin (M) and M t to denote its minimum singular value and pseudo-inverse respectively. The 7j
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entry of matrix M is denoted as [M];; and the ¢-th row of M is denoted as [M]; .. The L, norm of
[l M|
[EI

matrix M is || M|y = supy_o

POMDP Setup. We use tuple <H,S = UhH:1 Spy A, O = UhH:1 On, R,O, T, d1> to specify a
finite-horizon POMDP. Here H is the length of horizon; Sy, is the state space at step h; A is the action
space with |A| = A; Oy, is the observation space at step h with |O| = O; R : O — [0,1] is the
reward function; T = {T}, } e[z is the collection of transition dynamics where T}, : Sp, x A —
Sh11; O = {Op } e is the collection of emission dynamics where Oy, : S, — Op; di € A(Sy)
is the distribution of initial state s;. All state, action, and observation spaces are finite and discrete.
However, since the observation space can be very rich, the cardinality O may be arbitrarily large.
Therefore, we aim to obtain sample complexity bounds that avoid any explicit dependence on O.

At the beginning of each episode in the POMDP, an initial state s; drawn from d;. At each step h,
the decision-making agent observes oy, ~ Qy (- | sp,), along with the reward r,(0y, ), and then takes
an action ay,. After this, the environment transitions to the next state sp1 ~ Ty (- | sp, an), and the
episode terminates after ay;. Note that the states s1.z are latent and unobservable to the agent.

History and Belief State. We use 7, = (01,a1,- - ,0n,a1) € T, := HZ/:1(Oh x A) to denote
the historical observation-action sequence up to step k. Given history 73,, we define bs(7,) € RISr+1l
as its belief state vector and [bs(74)]; = P(sp1 =i | 7). ]

Policies. A (history-dependent) policy m = {mp, } (] Where 7y, : Tr—1 x Op — A(A) specifies
the action probability given the history 75,1 and the current observation o. A memoryless policy
only depends on the current observation (i.e., 7, : Op, — A(A)). We define J(7) as the expected

cumulative return under policy m: J(7) := E, {Zthl R(oh)}. Here we use E, to denote the

expectations under policy 7, IP"(-) for the probability of an event under the same policy and dJ,(-) for
the marginal distribution of s, aj under 7.

The Outcome Matrix. For any step h € [H]|, we use fr, = (op,an, " ,0H-1,aH-1,0H) €
Fp = 5;%((’);1/ x A) x Oy to denote the future after step h. For future f,, we define u(fp,) €
RIS»| as its outcome vector where [u(f5)]; = P™(f), | sn = i). Then we define the outcome matrix

Urp € RIZ#XISk| where the row indexed by f;, is u(fr). Note that the outcome matrix Ur p,
depends on the behavior policy 75, which we omit in the notation.

Off-policy Evaluation (OPE). In OPE, we aim to use an offline dataset collected by a behavior
policy 7, to estimate the expected cumulative return of a target policy me, which is J(m.). The
dataset D consists of n data trajectories {(0\”, a{”, 7{" ... ol? %D +(D) i ¢ [n]}. Without loss
of generality, we assume the reward function R is known and we need to learn the emission and
transition dynamics. In this paper, we focus on evaluating history-dependent 7., which is a more
general setting compared to the memoryless 7. considered in previous works (Uehara et al., 2023aj;
Zhang & Jiang| [2024)). Therefore, the action a;, depends on both the history 75,1 and the observation
op,. Throughout the paper, we make the following assumption:

Assumption A. We assume 7, (ayp, | Th—1, 0r) is known and maxp, -, _, o, .as m < Cy.
v — 1> v

The parameter C'4 will not always show up in our upper bounds due to its looseness but it is a
useful relaxation for making meaningful comparisons across different settings of interest in Table|[I}

Learning Goal. We consider rich and large observation spaces and want to avoid paying explicit
dependence on O in the sample complexity. One way of achieving so is to use importance sampling

“The belief state is determined by the environment dynamics and is independent of the policy. Our definition
is the same as in|Uehara et al.|(2023a); Zhang & Jiang|(2024); this is slightly different from the usual definition
that also includes op41 as a conditional variable.

3See discussion of uniform vs. policy-specific coverage in Section the policy-specific counterpart of
Assumptionis to bound e (ap, | Th—1,0n)/ms(an | Th=1,0n).
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(Precup, [2000), which avoids O but pays an exponential-in-horizon quantity O(C'4*') instead. We
follow the setting of [Uehara et al.| (2023a)); [Zhang & Jiang| (2024)) and use function approximation to
avoid both O and exponential-in-H, by assuming that the learner has access to a realizable model
class ME] More formally, we make the following assumption throughout (except in Section :

Assumption B (Realizability). We assume that the learner is given M, a class of POMDPs with the
same S, A, O, H, R components as M*. Furthermore, M* € M.

Our goal is to achieve sample complexity bounds polynomial in log | M|, H as well as appropriate
coverage parameters introduced in the next section.

3 INFORMATION-THEORETIC HARDNESS OF MODEL-FREE ALGORITHMS

We start by introducing the key assumptions that enable efficient OPE of memoryless policies in prior
works. Then, in Section[3.2] we demonstrate via a lower bound that evaluating history-dependent 7, is
information-theoretically hard for any model-free algorithm (Theorem 3), motivating the investigation
of model-based algorithms in Section 4]

3.1 KEY ASSUMPTIONS AND EXISTING RESULTS FOR MEMORYLESS 7,

The prior work of [Zhang & Jiang| (2024) identify two key assumptions for OPE of memoryless
policies in POMDPs, as introduced below.

Assumption C (Uniform Belief Coverage). Define

Sath = B, [bs(Th-1)bs(mh-1)T].
Assume that 1/0pmin(E4,5) < Cp, Vh € [H — 1] for some Cyy < o0.
Assumption D (Multi-step Outcome Revealing). DeﬁneE]

E]:J,, = U;7hZ;1Uf7h, where Zh = diag(U];hlgh).

Here diag(+) is a diagonal matrix with its diagonal being the input vector, and 1, is the all-1 vector
with dimension |Sy,|. We assume that ||E},1h||1 < Cx, Vh € [H — 1] for some Cr < co.
Intuitively, Assumption |C|states that the belief vector bs(7,—1) spans all directions of R!Sk| when
Th—1 1 generated with 7, and similar “linear coverage” conditions are also found in the linear MDP
literature (Jin et al., 2021} Xiong et al.,[2022a). Assumption [D|is an analogous condition but stated for
the future after step h, and can be interpreted as that the future f}, can nontrivially predict the latent
state s, (thus the term “revealing”). In fact, when f}, can deterministically predict s;,, Assumption D]
holds with X 7 ;, = I (the identity matrix) and Cr = 1.

Uniform vs. Policy-specific Coverage Both assumptions above are only properties of the behavior
policy m,, whereas the original conditions of |[Zhang & Jiang|(2024) are tighter versions that account
for the properties of m. as well. For example, their belief coverage does not require covering
all directions of RI»I, but only the direction of [d]°(s;, = 5)]ses,. We call the former uniform
coverage (since it works for all target policies) and the latter policy-specific coverage (since it is
specific to the 7. under consideration). Our positive results in Section]also depend on policy-specific
coverage parameters, but they are different from the ones inZhang & Jiang|(2024) due to the technical
differences between model-free and model-based analyses. Moreover, some definitions (e.g., outcome
coverage in[Zhang & Jiang|(2024), which is the policy-specific version of our Assumption[D) do not
extend to history-dependent 7.. Therefore, we introduce the uniform version of the assumptions here
for a clean and fair comparison.

*The algorithms in [Uehara et al.| (2023a); |Zhang & Jiang (2024) are model-free and require value function
and Bellman error classes; in Appendix [A|we show how these classes can be constructed automatically from M,
which is a common practice when comparing across model-based and model-free algorithms (Chen & Jiang,
2019; [Sun et al., 2019).

>The definitions here are based on U. 7.1, calculated using the dynamcis of M*. Later we will also be
interested in variant of this assumption, where all quantities are replaced by their counterparts calculated using
the dynamics of some candidate model M € M.
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We now state the result of Zhang & Jiang| (2024) in our setup (see Footnote [ for how we invoke their
model-free algorithms and analyses in our model-based setup), with proof in Appendix [A]

Theorem 1 (Corollary of Theorem 7 of [Zhang & Jiang| (2024)). Under Assumptions [C] and
D| assume that m, and . are memoryless, there exists an algorithm (see Appendix [A) such

that, with probability at least 1 — 5,@ |J(me) — J(m)| < € with a sample complexity n =
poly(H,log(|JM|/d),€,Ca, Cxr,Cy), where J(r.) is the algorithm’s estimation of J ().

3.2 HARDNESS RESULTS FOR HISTORY-DEPENDENT 7,

We now show that Theorem |[T|cannot hold if we make 7, and 7. general history-dependent policies.
In fact, the hardness is not specific to the algorithms of [Uehara et al.[(2023a); Zhang & Jiang|(2024),
but applies generally to a broad range of model-free algorithms, as defined below.

Definition 2 (Model-free algorithm). We say that an algorithm for OPE in POMDPs is model-free, if
it only queries the action distribution of 7, on trajectories observed in the offline dataset, i.e., the
only information known about 7, is We(-\ogz), agz), e OS)) forall h € [H],i € [n].

This definition is satisfied by the algorithms of |{Uehara et al.|(2023a)); Zhang & Jiang| (2024). When
it is specialized to the MDP setting, it is also satisfied by most standard algorithms considered
model-free, such as importance sampling (Precupl [2000), Fitted-Q Evaluation (Ernst et al., 2005}
Le et al., |2019; [Voloshin et al., [2019), and marginalized importance sampling |Liu et al.| (2018));
Uehara et al.| (2020). The spirit of focusing on how algorithms access and process information in
the input is consistent with prior works that show model-free and model-based separation from a
learning-theoretic perspective (Chen & Jiang, 2019} [Sun et al.,[2019).

Moreover, the hardness still holds even if we make the problem easier in two aspects:

1. We keep 7, memoryless (the more general setting is that 7, is also history-dependent just as ).

2. Assumption [D|states that (multi-step) future can reveal the latent state s;. The online POMDP
literature has a related and stronger assumption that the immediate observation oy, plays the same
role (Liu et al., 2022a):

Assumption E (Single-step Outcome Revealing). Define
Yon =0, W, 'Oy, where W) := diag(Oyls,).

We assume ||E(_91h||1 < Cop Yh € [H — 1] for some Cp < 0.

The interpretation of this assumption is similar to multi-step revealing Assumption[D}] but requires
that the immediate observation o, (instead of the entire future as in multi-step revealing) is sufficient
for making nontrivial predictions of sj. Therefore, the single-step outcome revealing assumption
(Assumption [E) should be treated as generally stricter than its multi-step counterpart (Assumption D],
though a rigorous and quantitative comparison between C» and C'x is somewhat complicated and
we defer the discussion to Appendix [G] Variants of this assumption have been proposed in online
learning in POMDPs (Liu et al.| [2022a)), but the original version has a poor scalability w.r.t. the
number of observations, as pointed out by [Chen et al.|(2022)) and |[Zhang & Jiang|(2024); see Example
1 of [Zhang & Jiang| (2024) for further discussions. Our Assumption 4| fixes the issue by using a
similar inverse-weighting scheme as Assumption [5|and enjoys better scaling with the size of the
observation space. For example, when o, can uniquely determine sj,, ¥ 5, = I and is independent
of the number of observations.

Theorem 3 (Information-theoretic hardness of model-free algorithms). In the same setup as Theo-
rem|l| if we allow 7. to be history-dependent (but Ty is still memoryless), no model-free algorithm
can achieve the polynomial sample complexity guarantee. This still holds even if we replace C'x with
the single-step revealing parameter Co.

Proof. Consider the following POMDP: for 1 < h < H — 1, there is only one state s ; (thus
transition before h = H — 1 is a trivial chain), and C3; = 1. At the last step H, there are two states

SHere we assume that the algorithm has knowledge of the value of C= and C,. The analyses can be easily
adapted to the case where the precise value of C'x (or C'y) is unknown but a nontrivial upper bound (e.g., a
constant multiple of the value) is known.
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sg, 1, and sy, r. The emission is identity, i.e., 05, = s5,, meaning that the POMDP is also a MDP and
Co = Cr = 1. There are two actions, L and R. Atstep H — 1, taking L and R transitions to sg 1,
and sy g, respectively. The agent only receives a reward of 1 upon reaching state sz 1. The model
is known so | M| = 1. The behavior policy 7, is uniformly random, implying C' 4 = 2. Consider
two target policies, 7m; and 7o. Both policies take action L if historical actions do not include R for
1< h<H-—-2 Atstep H — 1, m takes action L if all previous actions are L, while 7o takes action
R if all previous actions are L. Under any history that includes at least one R action, both policies
yield the same action, and the concrete choice does not matterm

J(m) = 1 and J(m2) = 0, as running 7r; produces an all-L sequence, and running 7o produces
L,...,L, R. However, since the two policies have identical action choices under all other action
sequences, a model-free algorithm can only tell them apart if the sequence L, ..., L of length H — 1
is observed in the offline data, which only happens with a negligible O(1/2") probability. With
overwhelming probability, 7 and 7o will look identical to the algorithm but their .J(-) differs by a
constant of 1, so no algorithm can predict them well simultaneously up to ¢ = 1/2 accuracy, unless it
is given 2(27) samples to observe the L, . . ., L sequence with nontrivial probability. However, in
this problem, Co, Cr, Cy, C4, €, | M| are all constants, so the sample complexity in Theoremis
poly(H ), which cannot explain away the exponential in (2 ). Thus we conclude that no model-free
algorithm can achieve Theorem [I]s guarantee when 7, is allowed to be history dependent. O

The counter-intuitive part of the construction is that the model is fully known (M = {M*}), and the
hardness comes merely from the fact that model-free algorithms have limited access to 7, and cannot
distinguish between two history-dependent policies with very different returns from data. In fact,
if we remove the model-free restriction, the problem instance is trivial to solve as we can calculate
Jai«(me) by rolling out 7 in M*.

4 POSITIVE RESULTS FOR MODEL-BASED ALGORITHMS

The negative result from the previous section naturally motivates the investigation of model-based
algorithms, i.e., those that do not respect the restriction of Definition 2] Model-based algorithms fit
the POMDP dynamics from data and use the learned model to evaluate 7.; the latter step can often
be achieved by rolling out trajectories in the learned model, where we need to query 7. on synthetic
trajectories generated by the learned model, thus violating Definition [2] and potentially circumventing
the hardness in Theorem[3l

Concretely, we consider a very natural algorithm based on Maximum Likelihood Estimation (MLE).
It is, in fact, quite surprising that such a simple algorithm has not been analyzed under relatively
general assumptions for OPE in POMDPs. The algorithm is as follows:

* Pre-filtering: We construct M’ C M where all models that violate Assumption [E] (for Section
where we assume single-step revealing in the guarantee) or [D] (for Section[4.2] where we assume
multi-step revealing) are excluded from M’[’| Such a filtering step is common in the POMDP
learning literature (Liu et al., 2022al), and in Section E] we show why MLE estimation requires this
as a pre-processing step and will fail otherwise.

* MLE: Let P}, stands for the probabilities under policy 7 and model M. The model is learned as
M = maxpyrear Y0, log PTe (7). (1)

 Prediction: We use the expected return of 7 in M,J 17(7e), as our estimation for .J (7).

4.1 GUARANTEE UNDER SINGLE-STEP OUTCOME REVEALING

We first show that the model-based algorithm enjoys a polynomial guarantee when we assume the
stronger single-step outcome revealing (Assumption [E) instead of its multi-step version (Assump-

"Rolling out 7; and 72 leads to deterministic outcomes, which are characteristics of open-loop policies
(i.e., action only depends on h and is independent of (75—_1,0r)). However, 71 and 72 cannot be open-loop
simultaneously, otherwise they cannot have identical action choices on histories that include R.

8This requires the algorithm to have knowledge of the value or some nontrivial upper bound of C» (or C'x).
Such knowledge is also required for Theorem [I}
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tion [D). Recall that even with this stronger revealing assumption the model-free algorithms still
cannot provide polynomial guarantees.

Theorem 4. Given a realizable model class M, let model M be the MLE within M’ using the
dataset D. Under Assumption[E] with probability at least 1 — 6, we have

log 51

[T (me) = Jip(me)| < O | H*CECopa

where

. 5o Ex. [melan | 71,00)[[(Br ~ B)Oubs(mi 1)1 ]
eff,1 = max — 5
hel=11 57 o Emy {Wb(ah | Th—1,0n)[(Bn — Bh)@hbs(Th—1)||1]

Here B, = By(op, ahﬁs the observable-operator parameterization of M* under single-step

revealing (see Appendix|C)), and ﬁh is defined similarly for M. Furthermore, when Assumptions

and|[Q hold, we have

Cop1 < CuCy.

The proof is deferred to Appendix [D.I] To the best of our knowledge, this is the first polynomial
sample-complexity bound for model-based OPE of history-dependent target policies in POMDPs with
large observation spaces. In addition to the quantities that have already been introduced, the bound
depends on a new coverage parameter, Cer,1, which we show can be upper bounded by C 4C'y,. With
this relaxation, Theorem[d]implies a formal poly(H,log(|M|/8), €, Ca, Cr, Cy) sample complexity,
in a setting where model-free OPE provably cannot handle (Theorem [3).

s

However, as mentioned in Section@ the C 4C'y bound is relaxing Cefr,; to a “uniform coverage’
parameter, whereas Cer 1 itself is policy-sepcific (note the dependence on 7. on the numerator) and
can be much tighter. For starters, when 7, = my, it is obvious that Cegr; = 1. More generally, Cesr, 1
captures the discrepancy between the model estimation error under the distributions induced by 7,
and 7. Unlike the commonly used Lo norm of Bellman error in offline MDPs (Xie et al., 2021), we
use the L1 norm of the estimation error, which better leverages the property of the belief state vector
(Ibs(7s)]l1 = 1). The advantage of L; over Lo is also discussed in|Zhang & Jiang|(2024), where
they note that L /L., Holder’s inequality can help reduce the dependence on S in the analysis. In
the special case of the MDP setting (i.e., s, = 05, and @, = I), we have (see Appendix B)

Te
Cei,1 < max max M.
h  Sh,an dh (Sh,ah)

This recovers a coverage coefficient in the form of state-action density ratio, which is commonly used
in the offline MDP literature (Munos, 2007; |Antos et al.,[2008; |(Chen & Jiang, [2019; Jiang & Xiel
2024).

4.2 GUARANTEE UNDER MULTI-STEP OUTCOME REVEALING

Theorem [ relies on Assumption [E| which requires that the observation reveals sufficient information
about the latent state. However, this assumption may not hold in more complex partially observable
environments. We now show that the model-based algorithm can also enjoy polynomial guarantees
under the weaker multi-step revealing condition (Assumption [D), if we impose that the behavior
policy 7, is memoryless (the target policy 7. is still history dependent).

Theorem 5. Given a realizable model class M, let model ]/\/[\ be the MLE within M’ using dataset
D. Suppose vy, is memoryless and Assumption[D|hold, with probability at least 1 — §, we have

log !

|J(7re) - Jﬁ(we)| <O HzCi-Ce ‘m
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where

S onan B, [melan | 7o, 0n)l|(Br = Br)Urnbs (ri1)ll
Cofpm = max )

helH—1] > on.an Emy [Wb(ah | Th-1,08)||(Bs — Bh)Uf,hbs(Thq)HJ

where B, = By (op,ap) is the observable-operator parameterization of M™* under multi-step
revealing (Appendix|[C). Furthermore, similar to the single-step case, when Assumption|[Clholds we
can upper bound Clg,y, as

Ceﬁ’,m < C.ACH .

The proof is deferred to Appendix Our theorem shows that when the behavior policy 7, is
memoryless, only polynomial samples are required to evaluate the target policy 7, under Assumption
[D| The structure of the bound is similar to that of Theorem [] except that it replaces Cp with its
multi-step counterpart Cx.

Interestingly, our results reveal that a memoryless behavior policy can accurately evaluate history-
dependent target policies when certain coverage conditions are satisfied. This is somewhat counter-
intuitive, as one might expect that only history-dependent behavior policies could evaluate history-
dependent target policies. However, this conclusion aligns with findings in latent MDPs (Kwon
et al.}2024), which are a special case of POMDPs. This insight encourages the use of memoryless
policies with good coverage for online exploration, consistent with many online algorithms that
employ uniform exploration policies (Efroni et al., [2022; [Liu et al.,|2022a; |Uehara et al., 2022a}; |Guo
et al.l [2023b).

5 STATE-SPACE MISMATCH AND MODEL MISSPECIFICATION

So far we assume the agent is given a realizable model class with the ground-truth latent-state space
size |S|. Although the knowledge of |S| is commonly assumed in both OPE in POMDPs (Uehara
et al.} [2023a; |Zhang & Jiang| [2024) and online learning for POMDPs (Jin et al., [2020; |Liu et al.,
2022a)), obtaining this information in practice can be challenging, as the latent state space is an
ungrounded object. A natural concern is that of state-space misspecification (Kulesza et al.|[2014;
2015): what if the state space of models in M (denoted as S in this section) is different from that of
M™*? This question has largely eluded the recent literature on RL in POMDPs, and below we show
that taking it seriously reveals interesting insights.

One immediate consequence of |S| # |S]| is that the model realizability assumption M* € M no
longer makes any sense. A natural rescue is to note that it is still possible to have models in M
that induce the same observable process as M*, that is, they always generate the same distribution
of observation-action sequences given any policy. For example, if |S| > |S|, we can still hope
this weaker notion of realizability (based on observable equivalence) holds, since one can simply
add dummy latent states to M * to create an equivalent model with larger latent-state spaces. More
concretely:

Definition 6. We say that M satisfies observable-equivalent realizability, if there exists M € M,
such that Pys(opy1lo1,a1,...,0p,ap) is the same as Py« (op41]01, a1, ..., 0n,ap) for all h and
01,0a1,+-.,0p41-

We now show a somewhat counter-intuitive result: replacing M* € M with observable-equivalent
realizability will break the previous guarantee (e.g., Theorem F).

Theorem 7. Tuke the same setting as Theorem| with model realizability (Assumption|B) replaced by
the weaker observable-equivalent realizability (Definition[6). The model-based algorithm, either with
or without the pre-filtering step (SectionH), cannot achieve the polynomial guarantee in TheoremH]

Proof. The action space is { L, R} and rewards are only received at final step H. M = {M;, M},
i.e., there are only two candidate models in M. All the models including M* share the same
observation space, which contains only one observation for h € [H — 1] and two observations at
step H. M; and M have the same state space as A/ * at the final step H: 55004 and Spaq, State Sgeod
always generates 0gp0q With reward 1 and state sp,q always generates opyq With reward 0. In M,
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the state space at step h € [H — 1] is {L, R}"~1. For h € [H — 2], any state-action pair (s, a)
deterministically transitions to the next state s,11 = (sn, an), where ay, is appended to sp,. At step
H — 1, all states transition to sgooq When action L is taken; otherwise, they transition to Spag. Mo
shares the same state space and dynamics as M;, except that at step H — 1, the all-R state will
transition to Sgo0q if action R is taken. The ground-truth model M * has only one state at each step
h € [H —1]. Atstep H — 1, it transitions to Sgood if action L is taken; otherwise, it transitions to Spaq.
We can verify that M; produces the same observable process as M™*. For M*, since there is only
one state and one observation for h € [H — 1], we have Co = Cy = 1. The behavior policy 7y is
uniformly random with C 4 = 2, while the target policy 7. always takes action R.

We first consider the case where the pre-filtering step is skipped, so both AM; and M» are considered

for MLE. To estimate 7. accurately, the algorithm needs to output M = M; (Ms’s prediction is
wrong by a constant), but the empirical MLE losses (Eq.(T)) of M; and M> are always identical
unless the all-R action sequence is contained in the dataset . Since 7, is uniformly random, Q(2%)
samples are needed to include this sequence with nontrivial probability. Therefore, with only poly(H)
samples, MLE cannot distinguish between M, and Mo, and hence cannot accurately estimate J (7 ).

If the algorithm does perform the pre-filtering step, note that Co = oo for both models as |Sy,| > |Oy|
for h > 1 and X 3, is non-invertible, so both models will be eliminated and the algorithm cannot be
executed. O

In the model-based algorithm in Section 4} we assume revealing assumptions (Assumptions [E] or
D) on M* and perform pre-filtering. The negative result here sheds light on this and reveals the

underlying reason: what we really need is not M*, but the learned model M to satisfy revealing
properties. In the proof of Theorem|[7] no models in M satisfy single-step revealing (Assumption [E)
which leads to poor sample efficiency. Inspired by this observation, we present the following result

that handles state-space mismatch properly. We assume |§ | can be either smaller or greater than |S|,
and an approximate version of observable-equivalent realizability.

Theorem 8. Given a model class M such that each M € M satisfies Assumption @ Let model M

be the MLE within M using dataset D. Suppose m, is memoryless, with probability at least 1 — 6,
|M]

log =5~

|J(7Te) - JJ’\?(WEM <0 HQCJQ’-'CE. ,m n + Eapprox |

where Cop, i, is defined in Eq. and € qpprox IS the approximation error of M:
I x i o (i
Eapprox *= Inin Z (log P« (7'}{)) —log ]P’M(Tl(q))) .
i=1
The proof is deferred to Appendix [E] Here we assume that all M € M satisfies Assumption [D} It
is actually fine if M ™ itself does not satisfy the assumption, as long as one of models M € M is
observable-equivalent to M/* up to approximation error €;pprox-

6 RELATED WORKS

OPE in POMDPs. There are two main directions in the study of OPE in POMDPs: OPE in
confounded POMDPs and OPE in unconfounded POMDPs. OPE in confounded POMDPs (Zhang &
Bareinboim), |2016; Namkoong et al.| 2020; [Tennenholtz et al., 2020; Nair & Jiang), [2021};|Shi et al.
2022; Xu et al., [2023; |Bennett & Kallus) [2024) assume that the actions from the behavior policy
depend only on the latent state. As a result, these methods are inapplicable to our unconfounded
setting, where the latent state is unobservable, and the behavior policy depends solely on the obser-
vations and actions. A line of research (Hu & Wager, [2023; |[Uehara et al.| 2023aj;|[Zhang & Jiang,
2024) investigates the same unconfounded setting as ours. [Hu & Wager| (2023)) employ multi-step
importance sampling, which leads to an exponential dependence on the horizon length. [Uehara et al.
(2023a); [Zhang & Jiang| (2024) use model-free methods that estimate the future-dependent value
functions of the target policy, but their approaches focus on memoryless target policies or policies
with limited memory. In this paper, we leverage model-based methods and provide polynomial
sample complexity bounds for history-dependent target policies.
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OPE in MDPs. OPE is an important problem in MDPs and many works have studied it, including
importance sampling methods (Precup, 2000; L1 et al., 2011)), marginalized importance sampling
approaches (Liu et al.| 2018; Xie et al., 2019; Kallus & Ueharal 2020; Katdare et al., 2023)), doubly
robust estimators (Dudik et al.| 2011} Thomas & Brunskill, 2016} Jiang & Li, |2016; [Farajtabar et al.,
2018} |Xu et al.l 2021) and model-based methods (Eysenbach et al.| |2020; [Voloshin et al., 2021}
Yin et al} [2021). However, most of these methods (except for importance sampling) require the
Markovian property of the environment. Applying these techniques to POMDPs either does not work
or results in an exponential dependence on the horizon length. [Xie et al.|(2019) demonstrated that
state-action coverage is sufficient to achieve polynomial sample complexity in MDPs. However, as
shown by [Kwon et al.| (2024), latent state coverage is insufficient in POMDPs due to their partial
observability. In this paper, we consider coverage conditions for both histories and outcomes, a
direction that is also explored in|Zhang & Jiang (2024)) for model-free methods.

Online Learning in POMDPs. Online learning algorithms in POMDPs have been extensively
studied. [Krishnamurthy et al.| (2016)) show that the lower bound on the sample complexity of learning
general POMDPs is exponential in the horizon, and later works have focused on circumventing the
hardness with additional assumptions. Uehara et al.|(2023b)) propose provably efficient algorithms for
POMDPs with deterministic transition dynamics. |Guo et al.| (2016); |Azizzadenesheli et al.| (2016);
Xiong et al.|(2022b) assume the environment satisfies the reachability assumption or that exploratory
data is available. There are also many works studying sub-classes of POMDPs, including latent
MDPs (Kwon et al.|[2021}2024), decodable POMDPs (Krishnamurthy et al., 2016} Jiang et al.,|2017;
Du et al., 2019; [Efroni et al., [2022), weakly revealing POMDPs (Jin et al.,|2020; [Liu et al., 2022ab),
low-rank POMDPs (Wang et al., [2022;|Guo et al.||2023b), POMDPs with hindsight observability (Lee
et al. 2023; |Guo et al., |2023a) and observable POMDPs (Golowich et al. 2022a:b)), except for
the model-free algorithm of [Uehara et al.| (2022a) based on the future-dependent value function
framework (Uehara et al., 2023a)).

7 CONCLUSION

We studied OPE of history-dependent target policies in POMDPs with large observation spaces,
and showed provable separation between model-free and model-based methods in several settings.
A major open problem is whether model-based algorithm can handle history-dependent 7, and
multi-step revealing (the “?” mark in Table [I)), and resolving this question will provide a more
comprehensive picture of the landscape of OPE in POMDPs.
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A PROOF OF THEOREM

Proof. We use the algorithm described in Section 3 of Zhang & Jiang| (2024). Given the model
class M, we construct the function classes V and = needed by their algorithm. First, we apply the
same pre-filtering as in the model-based algorithm to obtain M’. For each M € M’, we include
the corresponding future-dependent value function (FDVF) V£ (their Definition 3) in V. For each
model pair M1, My € M’, we include B}"\"/[l V. m, (their Definition 4) in =, where Vr jy, is the
FDVF in model M5 and Bz\"/h is the Bellman residual operator under model M;. Hence, we have

|V| < |M| and |Z| < | M|?. Meanwhile, their Assumptions 5 and 6 are naturally satisfied. From our
Assumption|C] their Assumption 11 is also satisfied with C; o < C;?_[. According to their Lemma 5,
we have ||Vz| oo < HCx. Then, we invoke their Theorem 7 and obtain that w.p. 1 — 9,

~

|J(xe) = J(me)] < O (mcch CMMV(”) _ -

n

B CALCULATION OF THE MDP CASE

For MDP, we have o, = s;, and Oy, = I. Hence, given 7,_1, S, Gp,
Te(an | Th=1,5n) H (Bh(sh,ah) - ﬁh(sh,ah)) @hbS(Th—l)Hl
= me(an | Tu-1:50) | (Th, = Toandiag(On(sn | ))bs(mn-1)||,

= me(an | Th-1,50) Y Pars(sn | 7o) [Piz(s" | sn,an) — Pass(s' | s, an)]

S/
=PTs. (sn,an | 1) ||P57( | snoan) — Pas (- | Sh,ah)||1~

Fix step h, the numerator in Cer,; becomes
> dpe(snyan) |Piz(- | snyan) = Pass (- | snan)), -
Sh,Qh

Similarly, the denominator is
Z i (snyan) |Piz( | snyan) = Page (- | sn,an)]|; -
Sh,Qp

Then we have

dze(sp,a
Cetr, ) < max max W
h  Sp,ap dh (Sh,ah)

C OBSERVABLE OPERATOR MODELS

We introduce the observable operator models (OOMs) (Jaeger, 2000), which (for our purposes) can be
viewed as a reparameterization of POMDPs. OOMs have seen wide use in recent POMDP literature
(especially in the online setting (Liu et al.l [2022a)), and play a crucial role in our model-based
analyses.

Single-step Revealing. We first introduce the OOM used in environments satisfying single-step
revealing condition. Given model parameters M* = (T, O, d; ), we write the initial observation
distribution by and observable operators B as

by = O1d; € RO,
Bi(0,a) = Oy 1Ty odiag(Qp(o | )OI € ROXO,

where Ty, o € RISn+11xISn| with (Thalij = Th(sht1 =t | sn = j,an = a). Different from the
pseudo-inverse in|Liu et al.|(2022a), we use the weighted version (Zhang & Jiang| [2024) defined as
follows:

faw —1 T —1
©h - EO,h(O)h Wh ’
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where Yo 5 and W), are defined in Assumption[E} With the OOM representaion, for any trajectory
Thn = (01,01, -, 0n, ap), the probability of generating 75, with policy 7 can be written as

P}T\J* (Th) = 7"-(7-h) . (e;LBh—l(Oh—h ah—l) o Bl(ola al)bo) 5

where (7)) = HZ,:l 7(ap, | on,Th—1) is the action probability of generating 73, given policy 7.

Moreover, let b(7,) = (HZ,:l By (op, ah/)) bg, we have the following observation:

b(7) = Par+ (70) Ony1bs (1h),

where Py« (15,) = e;',—hBh,l (oh—1,an—1) -+ B1(01,a1)bg is the environment probability of gener-
ating 7. The relationship between b(7},) and belief state vector bs(7,) is crucial for developing
coverage conditions on the belief state.

Multi-step Revealing. Next, we introduce the OOM in the multi-step revealing setting. Recall that
fr denotes the future after step h, and Ur p, is the outcome matrix, where the row indexed by f,
represents its corresponding outcome vector. The observable operators are defined as

b = U]:}ldl S Rl}-l‘,
B),(0,a) = Uz ps1Thadiag(Op (o | ) UL} € RIFre1 X170l
Here U ;“fl = Z}’lh U ; o Zy ! is the weighted pseudo-inverse and X 1, Zj, are defined in Assumption

@ For any history 7,1 and future f, the probability of generating (71,—1, f) with policy 7 is
written as

Phs (Th—1, fn) = 7(Th—1) - (€}, Ba—1(0n—1,an—1) - Bi(o1,a1)by),
Similar to the single-step case, we also have the following relation between b(7y,) and bs(73):

b(7h) = Par« (7)) Ur h+1bs (),

D PROOFS FOR SECTION

We first provide a lemma showing that a model can have accurate probability estimation of trajectories
when it estimates the historical data well. The proof can be found in Appendix B of |[Liu et al.|(2022a).

Lemma 9 (Restatement of Proposition 14 of |Liu et al.|(2022a)). There exists a universal constant ¢
such that for any 6 € (0, 1], with probability at least 1 — 0, for all M € M, it holds that

T (0
* e <Z?_110gw + log Wsl)
~ T M T
S PR PRl <

n
TEHle(Ohx.A)
Since the ground-truth M* € M, for the MLE M , we further have
- ~ clog X
Z ‘PME(T)f]P]\;*(T)‘ S 771 L] .= EMLE-

T€[1F_1(Onx A)

In addition, marginalizing two distributions will not increase the TV distance, for any h € [H — 1],
the following inequalities hold,

Z ‘P%(Th, 0h+1) - ]PTI;'/?* (Tha 0h+1)’ < EMLE, 3)
Th;Oh+1

Z ’P%(Th’fh"’l) 7]}»7]&* (Th7fh+1)’ < EMLE- 4)
Thyfht1
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D.1 PROOF OF THEOREM[4]

To begin with, we first state the following lemma for our operators B, which is adapted from Lemma
32 of Liu et al.{(2022a). We use Byj 41 to denote [T}, _.. By (o, an).

Lemma 10. For any index 0 < j < h < H — 1, trajectory 7; € H%’:l(oh/ x A), vector x € RO,
policy m, and operator B satisfying Assumption|[E} we have

D Bzl X w(Thjia | 75) < Collzflr-

Th:j+1
Proof. From the definition of By,;41, we have
By iz = Bh:j+1©j+l©}iu1l'~
Then, for any standard basis e; € R®, we obtain

> IBrjr10 1€l x w(hy1 | 75)

Th:j+1
= > Parlonsr = 0, hsjr | 8501 =) - 7(Thaj | 75)
O Th:j+1
:Z Z PY(ont1 = 0, Thijr1 | 7y, 8541 =) = 1.
0 Thijt+1
Therefore,
Z IBrj+1zllt X m(Thijt1 | 75)
Th:j+1
< > B Oialh 108 2y X w(7hejgn | 75)
Thij+1
<10}l < Collzl.
The last step is from Assumption@and H@;rflﬂl < =S50 Wt < Co. O

Then, we prove Theorem When the context is clear, we omit the (o, a) in By, (op,, ap).

Proof. We first bound the single-step estimation error of 7. For any h € [H — 1], we have

Zﬂb(Th) X ‘(ﬁh(oh,ah) - Bh(%,%)) b(Th,—1)H1

S Zﬂ'b(’rh) X ’ ﬁh(oh,ah)B(Th,l) — Bh(oh,ah)b(Th,l)Hl

Th

+ > my(7h) x ’ By, (0n, an) (B(Th_l) - b<Th_1)) H1

SQO@ EMLE- (5)

For the last step, the first term is bounded by ey g due to Eq. (3). The second term is from

3 my(mh) Hﬁh(oh,ah) (B(ri1) = (7)) H1
= > m(mn-1) Y mlan | o1, 0n) Hﬁh(Oh,ah) (B(Thﬂ) - b(%ﬂ))HI

Th—1 Oh,Qh
<Co Y my(mo) |[Blrar) - lo(Th,l)H1 (Lemma[T0)
Th—1
S CO€MLE- (Eq @)
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Then we consider the evaluation error of .. We decompose the evaluation error into single-step error

H
| T(me) = Tgp(me)| = D | D (B%(on) — Py (on))r(on)
h=11 on
H
<3N [Preton) ~ PR (on)]
h=1 op
H

[
(]
(]

Z (P%(Oh,Th_l) - ]Pﬂ]‘\-/;* (Othh—l))

h=1 op |Th-1

H
= ZZ e;h Z (Bh—l ---Bibg —Bj—1- "BlbO) X Te(Th—1)
h=1 op Th—1
H
= Z Z (Bh—l ---Bibg —Bp_1 - '-B1b0> X Te(Th—1)
h=1 |[Th-1

1

For the case h = 1, according to Eq. (3)), we have Zol P%(ol) — P (01)) < emig. For2 < h <
H, we use the telescoping and obtain the following equality for any 77,1 .

h—1
Bh,1 . Blb() _ Bh,l e BlbO = Z Bh71:j+1(Bj — Bj)b(’]’jfl) + Bhflzl(bo — bo) (6)
=1

Therefore, for a fixed step 2 < h < H, we have

> (ﬁh—l ++“Bibg—Bj_y - Blbo) X me(Th—1)

Th—1
1

h-1
<D me(mn1)Ba1a(bo = bo) || + || Y me(ma-1) Y Bro141(B; — B;)b(r;_1)

Th—1 1 Th—1 Jj=1

1
For the first term, we have

> we(mn—1)Ba_1a(bo —bo)| < Hﬁhqzl(go - bo)H1 X me(Th—1)

Th—1 , Thet
< COHB() —bollx (Lemmal[T0)
< CoemLE- (Eq. @)

For the second term, we have
h—1

Y me(mh1) Y Bi101(Bj — By)b(r; 1)
Th—1 j=1 1
h—1

= ID-D ) Y melmnorgan | 75) X Baory i (By = By)b(r;-1)
Jj=1 7 Th—1:j+1 .
h—1

= D2 me(m)P-, O (B — By)b(r; 1) 7)
Jj=1 7; 1

where R R
P, = E Te(Th—1:41 | 7j) X Bp1:j410541

Th—1:j+1
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and we observe that

Polic= > me(tn-rjs1 | )Pxp(on =i 001541 | 5541 = K, anzjgn)
Th—1:j41

= P%(Oh =1 | Sj+1 = k,Tj).

Therefore ||P,, |1 = 1. Since ||@;r_:f’1 ll1 < Co, we further upper bound Eq. (7) as

h—1
YD welmy) P, 08 (By — B;)b(r;-1)
Jj=1 7
h—1 . '
<Co Y > me(ry) ‘(Bj - Bj)b(Tj—l)Hl :
Jj=1 7;

Taking summation over h from 1 to H, we obtain
H-1 R
| J(me) — Jgp(me)| < HCoemie + HCo S > me(r)) H(Bj - Bj)lo(Tj,l)H1 . ®
Jj=1 7;

From Eq. (3), we know that E (1) H (Bh — Bh) b(Th_l)H < 2Cpemig. Therefore, we
1

consider the ratio between estimation error of 7. and estimation error of 7, for step h € [H — 1].

5, melm) x |[(Br — Bu)b

St (@t

—~

Th*l)Hl

> s, TeTn)Par (Th—1) X H n— Bp)Opbs(Th-1 H
> r To(Th)Par (Th-1) X H (Bi — B1,)Oybs (-1 H
S o B [Te(an | 7n-1,08) | (B = Ba)Owbss (71-1)l |

S oo Ero [mo(an | 7u-1,00)[[(Bh — Br)Oubs (7)1

In the first step, we use the relation b(74,) = P+ (7,)Op4+1bs(71,). Combining it with Eq. (8), we
have

| J(me) — Jip(me)| < HCoemie + 2H>C Cetr, 16MLE,

where

C Zoh,ah Eﬂc |:7Te(a’h | Th—1, Oh)”(ﬁh - Bh)@hbs(/rh*l)”l]
off1 i= max — .
RN o B, [Wb(ah | Th—1,0n)[|(Bp — Bh)@hbs(Th—l)Hl}

We have proved the first part of the theorem. Next, we need to upper bound Cer 1. Let x; (on,an) €
RISt! be the I-th row of [(ﬁh(oh, ap) — Bp(op, ah)@h] , then we have

Er, [me(an | Tho1,0n)|z1(0n,an) "bs(th-1)|]
Cern < max  max
he[H—1] on,an,l Ewb [Wb(ah | Th— 1,0h)|xl(oh,ah) bS(Th—l)”

b _
< max max C.A 7"e|xl(0haah)T S(’Th 1)|
helH=1)onan,l ~ Er,|xi(0n,ap) bs(Th-1)|

To lower bound the denominator, we have

(1(0n, an) Tbs(mh-1))”
" |zi(on, an) Tbs(Th—1)]

]Eﬂ'b |Il(0h7ah)Tb8(Th_1)| = ]E"T

19



Published as a conference paper at ICLR 2025

(Jﬂz(Oh,ah)Tbs(Th—l))2
"1 (on, an)ll2lbs (Th-1)ll2”
Tumin (Za,n) 121 (08, an) |13
= lzi(on, an)ll2lIbs (Th-1) 12
> Omin(Zw,n) |21 (0n, an) |2 )

>E

Here ¥4, = Erx, [bs(7h—1)bs(7a—1) T]. The first inequality is from Cauchy-Schwarz inequality
and the last inequality is because ||bs(7x—1)||2 < 1. The numerator is upper bounded by

’Ewe [xl(ohyah)TbS(Th—l)” < zi(on, an)||2||Ex.bs(Th-1)|2- (10)

Combining Eq. (9) and Eq. (10),
Cer,1 < CaCy.
The proof is completed. O

D.2 PROOF OF THEOREM[3]

As in Appendix [D.I] we first show a lemma for the operators B in the multi-step outcome scenario.

Lemma 11. For any index0 < j < h < H—1, trajectory 7; € H{z':1(oh’ x A), vector z € RIZi+1l,
policy w, and operator B satisfying Assumption|D} we have

> IBurjrizls X 7 (Thijia | 75) < Crlllr-

Th:j+1
Proof. From the definition of By,.;41, we have
Bji17 = By 1Ur j 1 URYS
Then, for any standard basis e; € R¥, we obtain

> IBuyUs el x w1 | 75)

Th:j+1
= Z Z PR (fat1sOnjgr | Sjp1 =14, @hejgr) - T(Thejr | 75)
Thij+1 fht1
= > ) P (g, Thg | Ty 841 = 4) = 1.
Thij+1 fht1
Therefore
> ABagsrzlly X w(Thija | 75)
Thij41
< D IBuy Ul lURS Lyl x w(mnjia | 75)
Thij+1
< Crllz
The last step is from Assumption@and ||U}“7’+1||1 <=7 hUE ;124 1 = Cr. O

Then, we prove Theorem 3]

Proof. We first observe that for any h € [H — 1],

> mlm) x Ib(m) = bl = - [P (rhs fui1) = PR (s fain)| < emie:
Th

Thyfh+1
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The inequality is from Eq. {@). Hence, using Lemma [T} for the estimation error of 7, at step
h € [H — 1], we have

Zwb(rh) X ‘(f’:h(oh,ah) — B;L(oh,ah)> b(T;L_l)H1

<> mo(mn) x [ Bu(on, an)b(ri-1) = Bulons ar)b(mr) |

Th

+Z7rb(rh) X ‘ By, (on, an) (B(Th—l) - b(Th_l)) H1

SQC}‘EMLE. (11)

Next, we consider the reward of 7, at each step. For step h, we construct policy pp, which follows
7 until step & — 1 and follows 7, from step h. It is clear that yu, has the same expected reward as 7.
at step h. Let r,(fr,) be the reward of f}, at step h, we have

H
| J(me) = Tgp(me)| = Y | D (P2 (fn) = PRE (Fu))rn(fn)
h=1]| fn
H A~ A~ A~
< ZZ e;h Z (Bh—l ~-Bibg = Bp-1- "Blbo) X Te(Th—1)
h=1 fp Th—1
H A~ A~ A~
Z Z (Bh—l"'BlbO *Bh,—l"'Blb0> X Te(Th-1)
h=1 |[Th-1 1
Similar to the derivation of Theorem [ for the case h = 1, according to Eq. (@), we have

> |PT(f1) - ]P’X/’}*(fl)‘ < emige- For 2 < h < H, we use the telescoping in Eq. () and
obtain

> (ﬁhq - Bibg — By - B1bo) X me(Th—1)

Th—
h—1 1

h—1
< Z Te(Th—1)Bhr-1.1(bo — bo)| + Z Te(Th—1) ZBhflszrl(Bj —Bj)b(7j-1)
=1

Th—1 Th—1

1 1

For the first term, we have

> me(mh—1)Ba—1:1(bo — bo)|| < > Hﬁhqﬂ(go - bo)H1 X Te(Th-1)

Th—1 1 Th—1
< C]:”Bo — b0||1 (Lemma@
S C]—'EMLE. (Eq @D)

For the second term, we have

h—1
Y me(m-1) Y Bty (Bj = By)b(rj-1)
=1

Th—
h—1 1

h—1
= 1D me(m) D melthoris1 | T5) X Buora (B, — By)b(ri-1)

j=1 T7j Th—1:j+1 1
= ZZ” ()P, ULY (B = B))b(r;1)]| (12)
Jj=1 7j

1
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where R R
P, = Z Te(Th—1:j+1 | 7j) X Bro1j11Ur j1
Th—1:j+1
and we observe that
P lir = Z Te(Th—1:5+1 | Tj)P%(fh =14, 0h—1:541 | Sj+1 = K, Qh:j41)
Th—1:j4+1

_ ]P)‘ig—l:jﬁ»l"‘ﬂ'(zyah,:"‘ﬂb(fh — i | 5j+1 — kaTj)~

Therefore | P, |1 = 1. Since ||UjT Y11l < Cx, we further upper bound Eq. (T2) as

h—1
Z Z 7e(75) P, UJ—‘)?JA(BJ - B;)b(7j-1)

Jj=1 7 1

Taking summation over h from 1 to H, we get
H-1 R
| () = Jip(me)| < HCoenue + HCx 3 Y (7)) H(Bj - Bj)b(Tj,I)H1 . 3)
j=1 7j

According to Eq. (TI), we have > r, T(7h) H (Bh — Bh) b(Th,l)H < 2Cremig. Therefore,
1

the ratio between estimation error of 7, and estimation error of 7, for step h € [H — 1] is written as:
ZT, me(m)  |[(By — Bu)b(m)||
)< [ (B =B )
th e (Th)Par (Th—1)
(

> r To(Th)Pars (Th—1) ¥

B — Bh)Uf,hbs(Thq)Hl

X

(
(B, — Bh)U.F,hbS(Th—l)Hl

> on.an Eme [T"e(ah | Th1,08)||(Bn — Bh)Uf,hbs(Thq)\h}
5o an B [molan | 7n1,00)|(Br = Bu)Uzibs (7)1

In the first step, we use the relation b(75,) = Pas+ (7,)Ur p41bs (7). Combining it with Eq. (T3),
we have

|J(me) — Jip(me)| < HCremie + 2H?CFCettmeMLE

where
Zo,uah Er. [Wﬁ(ah | Th—hoh)”(ﬁh - Bh)U}',hbS(Th—l)Hl}
Cett,m 1= max — .
R 57 o By [ﬂ'b(ah | Th—1, 0n)[|(Bp — Bh)U]-‘,hbS(Th—l)Hl}
Similar to TheoremEI, we further have Cegr,,, < C4Cyy, the proof is completed. O

E PROOFS FOR SECTION

Proof of Theorem[S Recall that

n

1 us us 1
€approx ‘= ]VI[nelf\l/l n Z (10g]P) *( ) log P}, ( ( )) :

=1
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By invoking Lemmal9] with probability at least 1 — &, we have

>

TelTH (O xA)

log M

P%}(T) — IP}TV?* (T)‘ <0 + Eapprox | = EMLE-

Therefore, for any h € [H — 1], the following inequality holds,

‘P%(Th’ fh'H) - P;\rg* (Th7 fh+1)’ < EMLE-
Thyfrt1

The remaining proof is similar to the proof of Theorem 5] Finally, we get
’J(ﬂ-e) - wa\(ﬂ-e)’ < HC]:gMLE + QHQC;:Oeff,mgMLE~
Substituting ey g finishes the proof. O

F TIGHER BOUND FOR MEMORYLESS T,

The paper mostly focuses on evaluation history-dependent target policies 7. in the previous section.
Here, we show that we can obtain a tighter coverage coefficient for memoryless m.. We present the
results for multi-step outcome revealing, with the single-step case being similar.

Theorem 12. Under the same condition as Theorem 5| and assuming m. is memoryless, with
probability at least 1 — 0, we have

N 1 \M|
| (re) = Jer(me)| < O | H2CZC g —2
’ n
where
N th o Z|Fh+1| 7re [ﬂe(ah ‘ Th—1, Oh) [(ﬁh — Bh)U]:’hL ) bg(Thl)] ’
Ceﬁ" m = Imnax — =
helH-1] > on.an Emy [Wb(ah | Th—1,0n)[|(Bpr — Bh)Uf,hbs(Th—1)||1]

Note that the numerator of coverage coefficient C,,, in Theorem E] can be written as:

[Fri1l

>, D En

On,ap 1=1

Te(an | Th—1,0n) [(Eh - Bh)U]-',h]l ' bs(mh-1)|.

Compared to Cegy,y,, the numerator in Ceg,,, places the absolute operator outside of the expectation,
resulting in a tighter coverage measurement. Mathematically similar tighter coverage coefficients have
also been discovered in offline linear MDPs or offline MDPs with general function approximation.
We refer readers to |Jiang & Xie|(2024) for more details.

Proof of Theorem[I2] The proof is the same as for Theorem [5up to bounding Eq. (I2)). For memo-
ryless 7., we observe that P, is the same across different 7;. Therefore, we upper bound Eq.
as

ZZ% ()P, URY, (B, — B;)b(7;_1)

Jj=1 7;

h—1
F Z > me(r)(B; = By)b(r; 1)

Taking summation over h from 1 to H, we get

1

1

’J(W6>—Jﬂ(ﬂe)’ SHC]-'&—MLE“V‘HC}'Z Zﬂ-e(Tj)(ﬁj_Bj)b(ijl) . (]4)

J=1 || 7 1
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As before, we consider the ratio between estimation error of 7, and estimation error of 7 for step
hel[H-1]:

HzTh me(mh) % (B, — 13.,1)10(T,L_1)H1
S, molm) x| (B~ Ba) b(T,H)Hl
B HZT’L Te(Th)Par+ (Th—1) X B, — Bh)Uf,hbs(Th—1)H1

(
2, To(Tn)Par+(Th—1) X H(ﬁh N Bh)Uf’hbS(Th‘l)Hl

Zoh;ah Zl}—h+1‘ 71'e l:ﬂ-e(ah | Th—1, Oh) |:(]§h - Bh)U]:,h:|l 'bS(Th—l):| ‘

S o an B [molan | 7n1,00) (B = Bu)Uzibs (1)1

Combining it with Eq. (I4), we have

| J(me) — Jgp(me)| < HCremie + 2H?C% ot mewmiE,

where
~ Zoh ap Z‘}_thl‘ |:7r€(ah | Th—1, Oh) (ﬁh - Bh)U]:’h:|l ) bS(Thl):| ‘
Ceff,m '= max — =
helH—1] > on.an Em, [ﬂ'b(ah | Th—1,0n)||(Br — Bh)Uf,hbs(Thq)HJ
The proof is completed. O

G COMPARISON BETWEEN SINGLE-STEP AND MULTI-STEP OUTCOME
REVEALING

In the main text, we claim that multi-step outcome revealing (Assumption [D) is a more lenient
assumption than its single-step counterpart (Assumption [E)), and provide intuitions based on the
confusion-matrix interpretation of X r ; and X¢ ;. However, a rigorous quantitative argument is
missing, which we discuss in this section. Ideally, what we want to show is that Cr < Cp (assuming
both upper bounds are tight); if so, bounded C» (Assumption [E) would immediately imply the same
bound on C'z (Assumption D)), showing that the latter is a weaker assumption.

Below we first show in Appendix that this can be proved up to a factor of |Sy,| when 7 is
memoryless; the additional factor is due to the use of matrix 1-norm. For the more general case
where 7, can be history-dependent, the analysis for memoryless 7, breaks down, which reveals some
unnaturalness in the way we define X r j, and Yo ;, (which are inherited from prior works). We argue
in Appendix @] that we can re-define ¥ r ;, and X 3 in a more natural manner that accounts for
the latent state distribution under 7, which will allow for a quantitative comparison between X x5,
and X p; furthermore, all the results in the main paper hold up to minor changes under the new
definitions.

G.1 MEMORYLESS 7

We first compare C'r and Cp quantitatively assuming memoryless m,. We can express X r j, as:

Efﬂ |Sh| Z fh fh fh) 5

where zZ(f},) = Zlgh‘ is the probability of observing f when sy, is uniformly distributed. Moreover,

define Pr;b (+) as a joint distribution over s, and f5,, where sy, is uniformly sampled, and f}, is rolled
out from sy, using 7, (note that this distribution is only well-defined for memoryless 7), and we have

[u(fn)li
2(fn)

[a(fn)l: = =Prl, (sn =1 fn)-
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Here, u serves as an inverse belief state vector, predicting the current state based on future trajectory
rather than the history. Similarly, X0 j can be written as:

So.n = |Sh Z w(op)u(op)u(op) ",
Op
w(on)

|sh ‘
and [a(op)]; = P}, (s, =i | on). (Note that ti(op,) has no dependence on T, since variables after

ap, are not involved, but the distribution of variables is consistent with Pr;b .) Next, we show that
|27 1ll2 > [[Zo.1]l2. For any vector a € RIS#I, we have

a' Yo pa=|Sy|E,, [(a"a(op))?]
= 14, [(Bgy 0,2 07
[SulEo, By o [(@T (/)]

= aTE;,ha.

where w(op,) = represents the probability of observing o, when s;, is uniformly distributed

IN

The inequality is from Jensen’s inequality. Therefore, we have:

=75l < VISuIZZ 2 < VISklIBa),

This implies whenever single-step outcome revealing assumption is satisfied with bound Co, the
multi-step revealing assumption also holds with C'x < maxy, |S,|Co.

2 < [Sull|Zo0 -

G.2 HISTORY-DEPENDENT 71,

Unfortunately, the above analysis only works for memoryless 7, and breaks down if 7 is history-
dependent: a key step was to interpret u( ) as [0(fn)]; = P}, (s, =i | fn), which is only possible
when 7, is memoryless. The root problem is that we want to take [u(f5)]; = P™(f5 | sp = i) and
use Bayes rule to convert it to the posterior over s, given f,, so that we can interpret Xz 5, as the
confusion matrix of predicting s, from fj,. Since the distribution is under 7y, it implicitly defines d"
as the “label prior” for sy, but our previous definitions enforce an unnatural and arbitrary uniform
prior over s, (which stems from the 1, in Z;, = diag(Ur 51s,)).

To fix this, we show that we can re-define ¥ 7 j, and Yo 5, in a way that is more natural and respects the
dy? prior for latent states, and all results in the main text hold up to minor changes, as will be explained.
Concretely, let pj, = d}* for concision. We introduce a new weight matrix Z,Il’h = diag(Ur 1, Pn)-
Under this formulation, we have Z" ( f1,) = Prx, (fx), which corresponds to the marginal probability
of fr under 7. With this adjustment, we propose the following new assumption.

Assumption F (Multi-Step Outcome Revealing with Memory-Based Behavior Policies). Define
El}*jh = diag(ph)U;_’h(Z{;h)*IU]:,h.

We assume that ||(pr*:h)*1||1 < Cr, Vh € [H — 1] for some Cr < oo.

Here, E;}:h can be interpreted as the confusion matrix of latent states s;, with respect to the following
process: we first sample fj, according to its marginal probability under 7y, Z2" (f1) = Pre, (fn)-
Then, conditioned on fj,, we independently sample two latent states, sp, and s}, both from Pr, (- | fr).
Note that the joint distribution of (s, fr) in this process is consistent with that under 7, so we abuse
the notation Pr, (-) to refer to this distribution (which is augmented with a s}, variable). The (4, j)-th
entry of El}}jh corresponds to the probability Pr, (s}, =i | s, = j) since

(28015 = Pra,(sh =i | fr=k)Pra,(fn =k | sn = ) = Pre, (s, =i | sn = j).
k

This holds due to the conditional independence between s;, and s, given f,, as defined by the
sampling process. Similar to the properties of X j,, when f;, deterministically predicts sp, we have
35", = L This interpretation justifies the boundedness of ||(35",)~"||1 as an assumption. In fact,
when py, is uniform, we have E?Ehh = X 7 n; when py, is not uniform, El}hh is more natural as it does
not artificially and arbitrarily inject the uniform prior into the definition.
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Comparison between Single-step and Multi-step Revealing For the single-step outcome revealing
assumption, we can similarly replace o j, with 8, = diag(p,,)O; (WP") =10}, where WF" :=
diag(Onpp). The comparison between || (35", )~" ||1 and [|(28"),)"[|1 follows a similar analysis as
Appendix G.1} where Pr’. (-) will be replaced with the more natural Pry, (-).

Changes to the Main Analyses We now show that the main results of our work are mostly
unaffected if we switch to the new assumptions. Taking the upper-bound analysis (e.g., Theorem [5))
as an example, C'r enters the analysis through bounding the norm of the OOM parameterization
of the model (see e.g., Lemma . With the new definition of prf‘h, all we need is to change the
weighted pseudo-inverse used in the OOM representation accordingly: let

ULPr = (98,) " diag(pn)UF , (Z0") 71,
which leads to the new operator:
B),(0,a) = U j41Th adiag(Qn (o | ) ULP".

Since
54

1< (28 i diag(p)UF 4 (ZE") " 1 < Cr,

one can verify that Lemma still holds for B, with C 'r replaced by C ‘7. The rest of the analysis
follows the same as in Appendix

Future-dependent Value Function Construction Besides our analyses, changes in the definitions
of C'r will also affect the comparison with the model-free results from [Zhang & Jiang| (2024) as
cited in the first row of Table[I] As it turns out, these results also hold under the new definition. In
Uehara et al.|(2023a); |Zhang & Jiang (2024)), C'x is involved in their analysis when they use X r 3,
to construct the future-dependent value function (FDVF) (Uehara et al., 2023a) and bound it range.
Here we show that we can also use the newly defined Eﬂ;’jh to construct FDVF, whose range depends

on C'r, and the rest of their analyses still hold.
A FDVF V7 satisfies that Vh,
Ugp x Vin = VE5,
where V; 5, 1s the latent-state value function of the memoryless evaluation policy 7, i.e., the expected

sum of rewards from step 4 onwards conditioned on a latent state. Let R (f5,) := Zgzh R(op) be
the Monte-Carlo return in f, and Z;"P" (f3,) := ZP" (f1)/R* (f»). We construct the FDVF as:

VEn = (ZP") " Ur pdiag(pp) (SER") " TVEs,, where SEP" = diag(pr) UL, (Z,7P") " Ur .
We can then make a similar outcome coverage assumption as in Assumption 9 of Zhang & Jiang

(2024)), ensuring the boundedness of Vx ;,. For the on-policy case 7, = 7., one can verify that the
constructed V= exactly recovers R, which is naturally bounded by H.
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