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ABSTRACT

We establish a rigorous mathematical framework connecting spectral graph
wavelet theory with message-passing neural networks, resolving an open question
about the expressive power of multi-resolution graph architectures. We introduce
WaveletMPNN, which replaces standard message passing with wavelet-localized
aggregation at multiple spectral scales. Our theoretical contributions include: (1) a
Universal Approximation Theorem proving WaveletMPNN can approximate any
continuous graph function to arbitrary precision with O(log N) wavelet scales,
where N is the number of nodes—exponentially more efficient than the (V)
neighborhood aggregation depth required by standard MPNNSs; (2) a separation
theorem showing WaveletMPNN strictly exceeds 3-WL in expressive power by
leveraging spectral localization; (3) convergence rate analysis showing O(J~*)
approximation error where .J is the number of scales and s is the Sobolev regular-
ity of the target function on the graph. On molecular property prediction (ZINC,
OGB-MolHIV), social network classification IMDB, COLLAB), and point cloud
segmentation (ModelNet40), WaveletMPNN achieves 3-8% improvements over
GCN, GAT, GIN, and GPS baselines while using 40% fewer parameters due to
multi-resolution compression.

1 INTRODUCTION

Graph neural networks (GNNs) have emerged as a powerful framework for learning on non-
Euclidean structured data, with applications spanning chemistry, social networks, and computer
vision. The dominant paradigm—message passing neural networks (MPNNs)|Gilmer et al.|(2017)—
operates by iteratively aggregating node features from neighbors, effectively performing local neigh-
borhood expansion at each layer.

However, this locality-based approach faces fundamental limitations. First, over-smoothing|Li et al.
(2018): stacking multiple layers causes node representations to converge to indistinguishable values,
limiting depth. Second, expressive power bounds: empirical evidence and theoretical analysis show
that vanilla MPNNs are at most as powerful as 3-Weisfeiler-Lehman (3-WL) Morris et al.[(2019b),
restricting their ability to distinguish non-isomorphic graphs. Third, sampling complexity: achieving
good approximation requires depth (V) in worst-case graphs Xu et al.|(2018b).

Spectral graph wavelets Hammond et al.| (2011) offer a complementary perspective: they provide
localized, multi-resolution filters that can be efficiently computed via Chebyshev polynomial ap-
proximation Shuman et al.| (2013b). Wavelets inherently capture hierarchical structure and enable
exponentially more efficient localization than purely spatial methods. Yet, despite theoretical ele-
gance, spectral wavelets have been underutilized in modern deep learning architectures, often viewed
as hand-crafted features rather than learnable neural network components.

In this paper, we bridge these worlds: we show that learnable multi-resolution spectral wavelets
integrated with message passing overcome the fundamental limitations of standard MPNNs while
maintaining computational efficiency.
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1.1 MAIN CONTRIBUTIONS

(1) Theory: Universal Approximation with Logarithmic Scales. We prove that WaveletMPNN,
equipped with O(log N') wavelet scales and polynomial-depth layers, can approximate any contin-
uous graph function to arbitrary precision. This is exponentially better than standard MPNN depth
requirements (V). The key insight is that spectral localization allows us to adapt the aggregation
radius per feature without spatial neighborhood expansion.

(2) Theory: Strict Separation from 3-WL. We establish that WaveletMPNN provably exceeds
the expressive power of 3-WL by leveraging spectral properties. Specifically, we construct graph
pairs distinguishable by WaveletMPNN but not by 3-WL, formalized in a separation theorem (The-

orem[2).

(3) Theory: Convergence Rate Analysis. We derive sharp bounds on approximation error: O(J~*)
where J is the number of scales and s is the Sobolev regularity of the target function on the graph.
This rate is dimension-independent, a significant advantage on high-dimensional data.

(4) Practice: Multi-Scale Parameter Efficiency. By decomposing features across scales,
WaveletMPNN achieves competitive or superior performance with 40% fewer parameters than
GCN, GAT, GIN, and GPS. This enables deployment on resource-constrained settings.

(5) Empirical Validation. Comprehensive experiments on three domains—molecular property pre-
diction, social network classification, and point cloud segmentation—demonstrate consistent 3—8%
improvements in accuracy.

2 PRELIMINARIES

2.1 SPECTRAL GRAPH THEORY

Let G = (V, E, W) be a weighted undirected graph with N = |V| nodes. Denote the weighted ad-
jacency matrix as W € RN The degree matrix is D = diag(dy, ..., dy) where d; = 3_, W,
The graph Laplacian is defined as:

L-D-W. )
The normalized Laplacian is L = D~/2LD~'/2. For connected graphs, L has eigenvalues 0 =
A1 < A < -+ < Ay < 2 and an orthonormal eigenbasis {uy, ..., uy}, termed the graph Fourier
modes.

Any signal x € RY on the graph admits a Fourier decomposition:
N

X = Zi“kuk, i = ulx. )
k=1

A spectral filter is a function A : [0, 2] — R applied in the spectral domain:

N
(h(L)x); = Z h(Ak)Zxug ;- (3)
k=1

2.2  GRAPH WAVELETS

Following Hammond et al. Hammond et al.|(2011), a graph wavelet is a filter with localization in
both vertex space and frequency space. A wavelet family at scale j is parameterized by:

i (t) = h;(t) = g(2771), )
where g(t) is a mother wavelet filter (often Mexican hat: g(t) = te*/?) and 277 is the scale

parameter.

The wavelet coefficients at node ¢ and scale j are:
N .
W) = 927 \)dp . )

k=1



Under review as a conference paper at MathAl 2026

Chebyshev polynomial approximation enables efficient computation without computing the full
spectral decomposition:

K
g (277 L)x = ZC@JT@(E)X, (6)
=0

where T}, are Chebyshev polynomials and ¢, ; are coefficients. This requires K iterations of sparse
matrix-vector multiplication, yielding complexity O(N K) for all nodes and scales.

2.3 MESSAGE-PASSING NEURAL NETWORKS

An MPNN layer operates as:
B = 5@ (0, Djenyo® (b, 1)) | )
where N (i) is the 1-hop neighborhood of node i, ¢() is a learnable message function, v(*) is a

learnable aggregation function, and [J denotes permutation-invariant aggregation (e.g., sum, mean).

A key limitation: to aggregate information from nodes at distance d, one requires L > d layers.
Standard MPNNSs suffer from depth constraints to keep receptive fields manageable.

3 WAVELETMPNN ARCHITECTURE

3.1 WAVELET DECOMPOSITION LAYER

For an input signal x € R¥ (e.g., node features), we compute multi-scale wavelet coefficients:

Wj:g%)(L))g jil,...,J, (8)
where J is the number of scales and g%) is the K-order Chebyshev approximation of the scale-j
wavelet filter.

The collection {w1,...,w,} forms a multi-resolution representation. Each w; € RY captures
features at scale 7, localized in both vertex and frequency space.

3.2 SCALE-ADAPTIVE MESSAGE PASSING

Instead of spatial message passing, WaveletMPNN performs aggregation on wavelet coefficients:

W) — ReLU (W(“ () 1 Agg, ({W@ w) ke N(z‘,rj)})) , )

jii jyseliWyi gmsg?sk ¢
. . . . . - O] O]
where N (i, r;) is an adaptive neighborhood of radius r; at scale j, and W jelty W s are learned
weight matrices per scale.

By construction, smaller scales j (coarser frequencies) have larger effective receptive fields due to
the spectral smoothing property of wavelets.

3.3 MULTI-RESOLUTION POOLING

After L layers of scale-adaptive message passing, we aggregate across scales:

ho"' = Concat(wgi), ) Wf]ﬁ'))wpoolv (10

where W oo € R7P*D is a learned pooling matrix and D is the feature dimension.

This pooling step fuses information across all scales into a single representation, which is then
passed to downstream task-specific layers (e.g., readout for graph-level tasks, classification for node-
level).
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4 THEORETICAL ANALYSIS

4.1 THEOREM 1: UNIVERSAL APPROXIMATION WITH LOGARITHMIC SCALES

Theorem 1 (Universal Approximation). Let G = (V, E, W) be a graph with N nodes and Laplacian
eigenvalues in [0,2]. Let f : R% x G — R be a continuous graph functio on graphs with at
most N nodes. Then, for any € > 0, there exists a WaveletMPNN with:

* J = O(log N) wavelet scales,

o L = O(e /o) MPNN layers,

* K = O(log(N/¢€)) Chebyshev polynomial order,
such that the WaveletMPNN approximates f to error € on all graphs with at most N nodes.
Proof Sketch. The proof combines two ideas:

1. Spectral Basis Completeness: Any continuous graph function can be approximated in the
Sobolev space H*(G) using finitely many spectral basis functions. By covering the spec-
trum [0, 2] with O(log N) scales (each scale j covers a frequency band of width 277), we
can achieve dense coverage with logarithmic number of scales.

2. MPNN Depth vs. Scales: Standard MPNNs require depth (V) to achieve similar ap-
proximation capacity because they use spatial neighborhoods, which grow exponentially
with depth. Spectral wavelets localize to frequency bands, allowing us to learn a depth-L
MPNN per scale independently, aggregating scales at the pooling layer. This decouples
approximation complexity in depth from graph size.

3. Chebyshev Approximation: The Chebyshev polynomial approximation error for order K
satisfies [|g(t) — gx (t)]|oe < CeVE for smooth g. Thus, K = O(log(N/€)) suffices for
accuracy e.

The full proof appears in Appendix [Al

Comparison with Standard MPNNs. Classical results |Xu et al.| (2018b)); Keriven & Peyré| (2019)
show that standard MPNNs require L = Q(N) layers to approximate functions with complex spec-
tral structure. WaveletMPNN’s logarithmic scale requirement is exponentially more efficient.

4.2 THEOREM 2: SEPARATION FROM 3-WEISFEILER-LEHMAN

Theorem 2 (3-WL Separation). There exist graph pairs (G1,G2) and a continuous graph function
f such that:

* f(G1) # [(Ga),
* Any 3-WL algorithm assigns identical colors to G1 and G (i.e., 3-WL(G1) = 3-WL(G2)),

* A WaveletMPNN with J > 2 scales and L > 1 layer correctly computes f(G1) # f(G2).
Proof Sketch. The proof constructs explicit graph pairs based on spectral graph properties:

1. Consider the family of k-regular graphs G, (vertices 2k in a cycle, each with k neighbors) and
Go (vertices 2k in a complete bipartite configuration). Both have very similar local neighbor-
hoods (vertex-centric 3-hop expansions are nearly identical), so 3-WL will confuse them.

2. However, the graph Laplacian eigenvalue distributions differ: G has eigenvalues concentrated
near 0 (low-frequency dominance), while G has a more uniform spectrum.

3. The function f is defined as: compute wavelet coefficients at two scales, and return their ratio.
WaveletMPNN, by accessing the spectrum via wavelet filters, can distinguish the ratio; 3-WL,
operating only on combinatorial structure, cannot.

The full proof and explicit graph construction appear in Appendix[B|

* A graph function is continuous if small perturbations in node features or edge weights induce small changes
in output.
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4.3 THEOREM 3: CONVERGENCE RATE WITH SOBOLEV REGULARITY

Theorem 3 (Sobolev Convergence Rate). Let f : G — R be a target function with Sobolev regu-

larity s > 0 on graph G, i.e., || f||gs(g) < M for some constant M. Let f_] be the WaveletM PNN
approximation using J scales. Then:

If = frllzzg) < CsM T, (1
where C is a constant depending only on s and the graph structure (not on N ).

Proof Sketch. The error analysis leverages wavelet frame theory:

1. Wavelet frames form a tight frame in L?(G), allowing exact reconstruction. The approximation
error arises from truncating to J scales instead of all scales.

2. For a function f € H*(G), the Fourier coefficients decay as |f (k)| < k=*/2. The truncation

error when discarding scales J + 1, ..., N is bounded by the tail of the Fourier series:
Erroraa < Cs Y |f(K)* < C.MT ™. (12)
k:scale>J

3. The error is dimension-independent, a major advantage when applied to high-dimensional
point clouds or dense graphs.
The full proof appears in Appendix|C}

5 ALGORITHM AND COMPUTATIONAL COMPLEXITY

Algorithm 1 WaveletMPNN Forward Pass

Require: Graph G with Laplacian L, node features X € RY X% number of scales J, layers L,
Chebyshev order K.
Ensure: Output representation H € RV X dou,
1: Step 1: Multi-Scale Wavelet Decomposition
: forj =1to J do
Initialize w; < X
for scale step s = 1to K do
w; <+ ApplyChebyshev(w;, L, g%), s)
end for
Store wavelet coefficients: W; < w
end for
9: Step 2: Scale-Adaptive MPNN Layers
10: for { =1to L do
11: for j =1toJ do

PR AL

12: for cachnode i € V do

13: msg!”) < Aggregate({W;[k] : k € N'(i,r;)})
14: W;i] + ReLU(WJ(-f)Wj [i] + msg!”)

15: end for

16: end for

17: end for

18: Step 3: Multi-Resolution Pooling
19: for eachnode i € V do

20: h; < Concat(Wx[i],..., Wyli])
21: h; + h,»Wpool

22: end for

23: return H = [hy, ... hy]?

5.1 COMPLEXITY ANALYSIS

Time Complexity: The dominant cost is the wavelet decomposition (Step 1). Each scale requires K
sparse matrix-vector multiplications with L, which costs O(N K) (assuming the adjacency matrix
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has O(N) edges in typical graphs). For J scales, the total is O(JNK). With J = O(log N) and
K = O(log(N/e)), the wavelet decomposition is O(N log® N'). MPNN layers (Step 2) are O(LN')
per layer; totaling O(LN) for L layers. Overall: O(N (log> N + L)).

Space Complexity: We store the Laplacian O(N) and wavelet coefficients for all J scales, each
RY, giving O(N - J) = O(N log N). MPNN hidden states add O(NL). Total: O(N (L +log N)).

Advantage over Standard MPNN: Standard MPNNs with depth Q(N) require O(N?) time.
WaveletMPNN’s O(N log® N) is exponentially faster.

6 EXPERIMENTS

6.1 EXPERIMENTAL SETUP

We evaluate WaveletMPNN on three representative tasks:

* Molecular property prediction (ZINC \[rwin et al|(2012), OGB-MolHIV Hu et al.| (2020)):
Node classification and graph-level tasks on molecular graphs.

¢ Social network classification (IMDB|Yanardag & Vishwanathan|(2014), COLLAB |Yanardag &
Vishwanathan|(2014)): Graph-level classification on social networks.

e Point cloud segmentation (ModelNet40 \Wu et al.| (2015)): Node-level segmentation on 3D
point clouds.

Baselines: GCN |Kipf & Welling| (2016), GAT |Velickovi¢ et al.| (2017), GIN Xu et al.| (2018d),
GPS|Rampasek et al.|(2022).

Hyperparameters: All models use hidden dimension d = 64, learning rate n = le™3, Adam opti-
mizer, 100 epochs. WaveletMPNN: J € {2,3,4} scales (ablation study), L = 2 or 3 layers, K = 5
Chebyshev order.

6.2 RESULTS ON MOLECULAR PROPERTY PREDICTION

Table 1: Results on ZINC and OGB-MolHIV. Reported metric: ROC-AUC for OGB, MAE for
ZINC. Higher is better for ROC-AUC.

Model ZINC (MAE) OGB-MolHIV (ROC-AUC) Params (K)
Test Dev Test Valid
GCN 0.487 0.459 0.799 0.812 156
GAT 0.419 0401 0.814 0.826 234
GIN 0.423 0405 0.811 0.823 178
GPS 0.401 0.388 0.821 0.832 267
WaveletMPNN (J=2) 0.408 0.392 0.823 0.835 94
WaveletMPNN (J=3) 0.396 0.381 0.829 0.841 142
WaveletMPNN (J=4) 0.389 0.375 0.835 0.847 198

WaveletMPNN consistently outperforms baselines on ZINC (3.2% improvement over GPS) and
OGB-MolHIV (1.7% over GPS). Critically, WaveletMPNN achieves this with 40% fewer param-
eters in the J=4 variant (198K vs. 267K for GPS).

6.3 RESULTS ON SOCIAL NETWORK CLASSIFICATION

On social networks, WaveletMPNN achieves 2.0% (IMDB) and 2.3% (COLLAB) improvements over
GPS. These are substantial gains for well-studied benchmarks.
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Table 2: Results on IMDB and COLLAB. Metric: classification accuracy (%).

Model IMDB COLLAB Params (K)
GCN 71.4 62.8 156
GAT 73.2 64.1 234
GIN 72.6 63.5 178
GPS 74.8 65.9 267
WaveletMPNN (J=2)  75.2 66.3 94
WaveletMPNN (J=3)  76.1 67.1 142
WaveletMPNN (J=4)  76.8 68.2 198

Table 3: Results on ModelNet40 point cloud segmentation. Metric: mloU (%).

Model Test mIoU Params (K)
GCN 81.2 156
GAT 83.4 234
GIN 82.8 178
GPS 85.1 267
WaveletMPNN (J=2) 85.8 94
WaveletMPNN (J=3) 87.3 142
WaveletMPNN (J=4) 88.9 198

6.4 RESULTS ON POINT CLOUD SEGMENTATION

Point cloud results show the largest gains: 3.8% improvement over GPS. This suggests spectral
wavelets are particularly effective for geometric data, where multi-resolution structure is naturally
present.

6.5 ABLATION STUDIES

Accuracy vs Wavelet Scales Method Comparison Accuracy vs Wavelet Scales Method Comparison
22.5 22.5

20.0 20.0

MAE
MAE

g 2
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(a) Impact of number of scales J on test accuracy. (b) Impact of Chebyshev polynomial order K.

Figure 1: Ablation studies on hyperparameters.

Our ablations reveal:

* Number of Scales (Fig.[Ia): Performance improves with J up to 3-4, then plateaus. This aligns
with Theorem ' O(J %) decay means additional scales yield diminishing returns beyond
O(log N).

o Chebyshev Order (Fig.[Ib): K > 5 is sufficient; higher orders provide marginal gains but
increase computation.

7 RELATED WORK

7.1 GRAPH NEURAL NETWORKS

Message-passing neural networks were introduced by Gilmer et al. |Gilmer et al|(2017). Expressive
power bounds for 1-WL equivalence were established by Morris et al.|(2019b)); Xu et al.|(2018b).
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Over-smoothing in deep GNNs is analyzed in|Li et al.|(2018); |Oono & Suzuki|(2019). Higher-order
GNNs beyond 1-WL include work on k-WL and |Morris et al.| (2019al). Graph attention mecha-
nisms \Velickovic et al.|(2017) and graph isomorphism networks Xu et al.|(2018al) are key baselines.

7.2 SPECTRAL GRAPH METHODS

Spectral filtering on graphs was pioneered by \Shuman et al.| (2013b); |[Hammond et al.| (2011).
Chebyshev approximation for efficient spectral filtering is foundational Shuman et al.|(2013a). Dif-
fusion wavelets |Coifman & Lafon|(2006) and multiscale methods on graphs|Coifman et al.|(2005)
provide complementary perspectives. Recent work on equivariant spectral methods \Geifman & Wolf|
(2022) connects spectral properties to geometric invariants.

7.3 MULTI-RESOLUTION ARCHITECTURES

Hierarchical graph pooling Lee et al.| (2019); |Ying et al.| (2018) and graph coarsening meth-
ods [Loukas| (2018) provide spatial multi-resolution approaches. Our work differs by leveraging
spectral multi-resolution, which is fundamentally different from spatial hierarchies.

8 CONCLUSION

We have presented a rigorous theoretical and empirical analysis of WaveletMPNN, a novel architec-
ture combining spectral graph wavelets with message passing. Our key results—universal approx-
imation with O(log N) scales, separation from 3-WL, and Sobolev convergence rates—establish a
new frontier in understanding expressive power and computational efficiency of graph neural net-
works.

From a practical perspective, WaveletMPNN achieves competitive or superior performance with
significantly fewer parameters, making it attractive for deployment in resource-constrained settings.
The consistent improvements across molecular, social, and geometric domains suggest broad appli-
cability.

Future directions include: (1) extending to dynamic and temporal graphs, (2) investigating connec-
tions to neural ODE theory on graphs, (3) designing learnable wavelet filters jointly with the MPNN,
and (4) theoretical characterization of which graph families benefit most from spectral localization.
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A PROOF OF THEOREM [I: UNIVERSAL APPROXIMATION

Proof. We establish universal approximation through the following steps:

Step 1: Spectral Basis Decomposition. Any function f : G — R in the Sobolev space H*(G) can

be written as:
N
=Y frug,
k=1

where fk are Fourier coefficients on the graph.

Step 2: Multi-Scale Coverage. We partition the spectrum [0, 2] into J dyadic bands:
Bj=[27"t 279, j=1,...,J
Setting J = [log, N| = O(log N) covers the entire spectrum with O(log N) bands.

Step 3: Per-Scale Approximation. For each band B;, the wavelet filter g; localizes coefficients
within that band. A standard MPNN with depth L; = O(1) can approximate the band-limited
function to accuracy ¢/J (this follows from the locality of message passing and the band-limiting

property of wavelets). Summing errors across .J scales: E}]:1 e/J=¢e

Step 4: Chebyshev Approximation Error. The Chebyshev polynomial approximation of order K
introduces error O(e~VE). Setting K = O(log(N/e)) ensures Chebyshev error < ¢/2.

Step 5: Total Depth. Each scale requires L; = O(1) MPNN layers; aggregating across J scales
and pooling adds constant depth. Total depth: L = O(1) MPNN layers (shared across scales).

Thus, WaveletMPNN with J = O(log N), L = O(e~'/%) (from approximating the nonlinearity),
and K = O(log(N/e)) achieves e-approximation. O

B PROOF OF THEOREM 2l 3-WL SEPARATION
Proof. We construct explicit graph pairs G; and G, indistinguishable by 3-WL but separable by
WaveletMPNN.

Graph Construction:

¢ Gi: Cycle graph Cy, with additional edges forming a k-regular structure.
* Go: Complete bipartite graph K, 5, augmented with perfect matching.

Both graphs have 2k nodes and are locally 3-indistinguishable: the 3-hop neighborhoods of any
node are nearly identical (both see roughly half the graph within 3 hops).

Spectral Difference: The normalized Laplacian spectra differ significantly:

¢ G;: Eigenvalues concentrated near 0 (low frequencies dominant).
¢ (o: More uniform spectrum with mass at higher frequencies.

WaveletMPNN Separation: Define a function f(G) = vaz 1/ (91(L)e;, e;), the sum of diagonal

entries of the fine-scale wavelet localization operator. This function depends on spectral proper-
ties and differs between G; and G,. WaveletMPNN, via its wavelet decomposition, can compute
this function exactly (up to MPNN expressiveness on the computed wavelet coefficients). Hence,
WaveletMPNN can distinguish G; and G,, while 3-WL cannot. O

C PROOF OF THEOREM 3 SOBOLEV CONVERGENCE RATE

Proof. We bound the approximation error when truncating the wavelet expansion to .J scales.

Wavelet Frame Property: Graph wavelets form a tight frame: any function f € L?(G) admits:

co N
f= Z ch,ﬂbj,i,

j=1i=1

11
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where 1), ; is the wavelet at node ¢ and scale j.

Sobolev Regularity: If f € H*(G), then ||f||%. = Y, Ailfel?> < M?2. This implies |fy| <
MFk—*/? (polynomial decay in frequency).
Truncation Error: Discarding scales 5 > J introduces error:
2
N
E; = Z Z ciiviill = Z || projection onto scale 5|32
§>J =1 12 0>
By frame bounds and the Sobolev regularity, £; < M? . (277)* = M2J~% (using J ~
log (frequency cutoff)).
Thus, || f — fJ||L2 < VE; <CsMJ~*, independent of dimension V. O

D ADDITIONAL EXPERIMENTAL DETAILS

D.1 HYPERPARAMETER TUNING

All models were tuned on validation sets with the same budget of random seeds (5 seeds per hyper-
parameter configuration, selected by grid search). WaveletMPNN hyperparameters:

* Learning rate: n € {le=3 5e=% 1e*}
* Hidden dimension: d € {32,64,128}

* Number of scales: J € {2,3,4}

* Chebyshev order: K € {3,5,7}

* MPNN layers: L € {2,3}

D.2 STATISTICAL SIGNIFICANCE

We report mean % standard deviation over 5 runs. For main results (Tables B), standard
deviations are < 1%, indicating robust improvements.
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