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Abstract

We propose an online adaptive sampling algo-
rithm for solving stochastic nonsmooth difference-
of-convex (DC) problems under time-varying dis-
tributions. At each iteration, the algorithm relies
solely on data generated from the current distribu-
tion and employs distinct adaptive sampling rates
for the convex and concave components of the DC
function, a novel design guided by our theoretical
analysis. We show that, under proper conditions
on the convergence of distributions, the algorithm
converges subsequentially to DC critical points
almost surely. Furthermore, the sample size re-
quirement of our proposed algorithm matches the
results achieved in the smooth case or when a
measurable subgradient selector is available, both
under static distributions. A key element of this
analysis is the derivation of a novel O(y/p/n)
pointwise convergence rate (modulo logarithmic
factors) for the sample average approximation of
subdifferential mappings, where p is the dimen-
sion of the variable and n is the sample size — a
result of independent interest. Numerical experi-
ments show that the algorithm is efficient for ad-
dressing online stochastic nonsmooth problems.

1. Introduction

‘We consider the class of stochastic nonsmooth nonconvex
optimization problems in the form of
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where C' C RP? is a convex set, £, { C 2 are random vectors
with probability measures P, P, respectively, and G, H :
(RP,Q) — R are Carathéodory functions, i.e., they are
continuous in z for all £, ¢ € €2 and Borel measurable in £
and ( for all z € C. In addition, we assume G and H are
convex in x (though not necessarily smooth), making f a
difference-of-convex (DC) function.

When functions g and h are fully accessible, problem
(1) can be solved via the classical DC algorithm (DCA).
At each iteration, a convex subproblem is solved by lin-
earizing h via the subgradient at the previous point, i.e.,

Ty = argmin |g(x) —y! (x — x;) + %Hx — a4]|?| for
zeC

some y; € Oh(x;) and i > 0. Due to the convexity of
h, it can be shown that the objective sequence {f(z;)} is
non-increasing, and the iterates asymptotically converge to
a so-called DC critical point of problem (1).

However, in many applications, functions g and h are not
fully known and can only be estimated from sampled data.
This challenge is compounded when the underlying data-
generating distribution is time-varying, as in the case of
fluctuating demand. The convergence analysis of stochas-
tic DCA is, therefore, significantly more complex than its
deterministic counterpart, as it must account for the sample
average approximation (SAA) error in both the convex com-
ponent and the linearized concave component. The latter, in
particular, is closely tied to the convergence rate of the SAA
error for subdifferential mappings when H is nonsmooth in
z, introducing additional difficulty in the analysis.

In this paper, we propose an online adaptive sampling al-
gorithm to solve problem (1). At each iteration, new data
from the current distribution is used to construct a stochastic
approximation of the linearized DC function, while previ-
ous samples are discarded. Unlike stochastic DCAs that
aggregate past samples to compute current solutions, our
method is more robust to distributional shifts occurring dur-
ing the data generations along the iterations. The algorithm
dynamically determines the sample sizes needed to estimate
g and Oh, adapting to the optimization path throughout the
process. Specifically, when the current iterate is far from
critical points, less precise yet computationally inexpensive
function values and subgradient estimates suffice. However,
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as the iterates approach the critical points, higher accuracy
in function and subgradient estimation becomes crucial for
theoretical guarantees and effective practical performance.

We summarize the contribution of the paper as follows:

» We derive a novel O(4/p/n) convergence rate (modulo
logarithmic factors) for the expected pointwise SAA
error of set-valued subdifferential mappings (Theorems
3.4 and 3.5), matching the convergence rate of single-
valued gradient mappings in the smooth case, where
p is the dimension of the variable and n is the sample
size. Our results complement existing work (Davis
and Drusvyatskiy, 2022; Ruan, 2024) on the uniform
convergence rate for the SAA error for subdifferen-
tial mappings. We adopt a new proof technique that
analyzes the one-sided deviation of subdifferential set-
valued functions through their support functions.

* We propose an online adaptive stochastic framework
for DC optimization under time-varying distributions.
Unlike existing algorithms in the literature (Le Thi
et al., 2024), which require a Borel measurable sub-
gradient selector that is challenging to implement in
practice, our algorithm allows the selection of any sub-
gradient from the sampled subdifferential set. Further-
more, our algorithm operates under weak assumptions
on the data generation process, allowing the underly-
ing distributions to vary over time without necessarily
matching the true distribution. We establish theoret-
ical guarantees under the novel assumption that the
cumulative Wasserstein-1 distance between successive
distributions over iterations is bounded.

* Assume that we draw N, ; samples to estimate g and
Nj,¢ samples to estimate Oh at time ¢. For any o €
(0,1/2) and ap, € (0, 1), we establish the almost sure
convergence of the iterative sequence to a critical point

under the condition that ), (1 + N%.,) < 00.

Ng3 i
We further propose adaptive sampling strategy to adjust
sample sizes at each step based on progress from the
most recent iteration. In practice, the adaptive strategy
enhances performance compared to its non-adaptive
counterpart by potentially reducing the number of sam-
ples required during the initial stage of the algorithm.

1.1. Related Literature

Non-asymptotic convergence analysis of SAAs. An im-
portant step in our analysis is the error estimation of SAAs
of g and Oh. The non-asymptotic convergence analysis
of SAAs for expected functions has been well-studied in
the existing literature; see, for example, the monograph
Shapiro (2000). For the SAA convergence rate of subdiffer-
entials, Xu (2010) demonstrates non-asymptotic, dimension-

dependent high-probability bounds on the distance between
the empirical and population subdifferentials under the
Hausdorff metric. However, the population objective is
essentially required to be smooth. In Mei et al. (2018),
the authors discuss uniform convergence of gradients for
smooth objectives under the assumption that the gradient is
sub-Gaussian with respect to the population data. In Foster
et al. (2018), the authors provide dimension-independent
high-probability convergence rates of gradients for smooth
Lipschitz generalized linear models, utilizing a “chain rule”
for Rademacher complexity. These works do not directly
examine the convergence behavior of subdifferential sets.
More recently, Ruan (2024) achieves a tight O(1/p/n) rate
(modulo logarithmic factors) for the uniform convergence of
weakly convex subdifferential mappings. This complements
the O(1/p/n) uniform convergence rate of subdifferentials
in Davis and Drusvyatskiy (2022). However, their result is
based on the convex-smooth composite structure, as well as
subexponential assumptions for random vector and process,
see Assumption C in Ruan (2024).

Stochastic and Online DC Optimization. While de-
terministic DC algorithms have been extensively studied
in existing literature (Le Thi and Pham Dinh, 2018), their
stochastic counterparts have only recently gained attention
(Thi et al., 2017; Le Thi et al., 2020). The first work that
allowed both components in a DC problem to be nonsmooth
was presented in Le Thi et al. (2022), where an SDCA
scheme was proposed that stores all past information for
constructing future subproblems. This approach achieves
near-optimal sample size requirement by adding just one
sample per DCA subproblem. Le Thi et al. (2024) pio-
neered the study of DCA in an online setting, eliminating
the need to store historical information. Their approach re-
samples at each iteration and employs SAAs to approximate
the linearized DC function using new samples, resulting in
adaptive capabilities that offer a significant advantage over
those in Le Thi et al. (2022). However, this method relies on
the realization of a Borel measurable subgradient selector,
as specified in Assumption 1 of Le Thi et al. (2024).

Moreover, non-asymptotic convergence of stochastic DC
optimization has been studied in Nitanda and Suzuki (2017);
Xu et al. (2019), which propose stochastic proximal DC al-
gorithms by adding quadratic terms for DC subproblems.
Nevertheless, these analyses rely on smoothness or Holder
continuity of the gradient, which are often too strong for
many nonsmooth functions. Recent work in nonsmooth
weakly convex optimization (Davis and Drusvyatskiy, 2018;
Sun and Sun, 2022; Moudafi, 2022; Yao et al., 2022) has
introduced Moreau envelope smoothing approximations for
both components, enabling a non-asymptotic convergence
analysis to nearly e-critical points for deterministic prob-
lems—a relaxed convergence criterion. These works have
yet to establish complete non-asymptotic convergence for
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non-smooth DC problems since a gap remains between
nearly e-critical points and true critical points.

Recent studies have explored online optimization under
distribution shifts, particularly within online convex op-
timization and stochastic approximation methods. Stan-
dard approaches typically assess performance through re-
gret bounds relative to a defined measure of distribution
shifts (e.g., Besbes et al. (2015); Fahrbach et al. (2023);
Sankararaman and Narayanaswamy (2023)). Our proposed
algorithm differs due to the nonsmooth nonconvex structure,
where regret-based analysis is inapplicable, as our results
rely on asymptotic convergence properties instead.

Adaptive Sampling in Stochastic Optimization. Adap-
tive sampling methods offer advantages over fixed-sample
approaches, such as leveraging parallelism and generating
iterates with reduced variance due to progressively increas-
ing sample sizes. Adaptive strategies often use gradient
approximation tests to regulate accuracy. Examples include
norm-based tests (Carter, 1991; Byrd et al., 2012), inner
product tests (Bollapragada et al., 2018), and other meth-
ods (Cartis and Scheinberg, 2018; Jin et al., 2021). For a
comprehensive overview of adaptive sampling techniques,
readers are referred to Curtis and Scheinberg (2020).

2. Preliminaries

We first summarize the notation used throughout the pa-
per. We write RP as the p-dimensional Euclidean space
equipped with the inner product (z,y) = 2"y and the in-
duced norm ||z|| £ vz T 2. The symbol B(z, §) is used to
denote the closed ball of radius 4 > 0 centered at a vec-
tor x € RP. Let A and C be two nonempty subsets of
RP. The distance from a vector z € R? to A is defined
as dist(z, A) = ilelg |y — ||. The one-sided deviation
y
of A from C is defined as D(A,C) = supdist(z,C).
z€A

The Hausdorff distance between A and C' is defined as
H(A, C) := max{D(A4, C),D(C, A)}.

We proceed by introducing fundamental concepts from nons-
mooth analysis. For detailed discussions, we refer the reader
to the monographs (Clarke, 1990; Rockafellar and Wets,
1998; Mordukhovich, 2006). Let r : © — R be a function
defined on an open set O C RP. The classical one-sided
directional derivative of r at € O along the direction
d € R is defined as r'(z:d) £ lim w.
The function r is said to be directionally differentiable at
Z € O if it is directionally differentiable along any direc-
tion d € RP. In contrast, the Clarke directional deriva-
tive of r at T € O along the direction d € RP is defined

_ N r(z+td) —r(x)
as r°(z;d) = limsup ———=

" , which is finite
r—Z,tl0

when 7 is Lipschitz continuous near Z.

The Clarke subdifferential of r at 7 is the set dcr(Z) =
{v e RP | r°(z;d) > v'd,Vd € RP}. If r is strictly dif-
ferentiable at Z, then dcr(Z) = {Vr(Z)}. We say that
r is Clarke regular at £ € O if r is directionally dif-
ferentiable at Z and r°(Z;d) = r/(Z;d) for all d € RP.
This Clarke regularity at Z is equivalent to have r(z) >
r(Z)+0" (z—7)+o(||x —z|) forany ¥ € Ocr (), which
is natural satisfied when r is convex. Moreover, if a func-
tion fails to satisfy the Clarke regularity at z, there does
not exist an approximate linear lower bound of the original
function based on the Clarke subdifferentials with a small
o error locally. Since the concept of Clarke subdifferential
coincides with the usual subdifferential in convex analysis
for a convex function, we simply refer to Clarke subgradient
as subgradient in the remainder of the paper.

Let A RP =R™ be a set-valued mapping. Its

outer limit at z € RP is defined as limsup A(z) =
T—T

U limsupA(z”) = {u | 3 2 - 7,3 v —
¥ —T V—00
uwithu” € A(z")}. We say A is outer semicontinuous
(osc) at z € RP? if limsup A(z) C A(Z). Clarke subd-

T—T
ifferential is outer semicontinuous, which is necessary in

establishing subsequential convergence, by Proposition 6.6
in (Rockafellar and Wets, 1998). In addition, for a Lipschitz
7, Or(z) is locally bounded, see Theorem 9.13 in (Rockafel-
lar and Wets, 1998).

A point z* € RP is called a DC critical point if 0 €
dg(x*) — Oh(z*), or equivalently dg(z*) N Oh(z*) # 0.
In this paper, the terminology critical point refers to DC
criticality, as defined in the literature on DC programming.

Next, we review some basics of random set-valued map-
pings and their expectations. Let (2, F, P) be a probability
space, and for fixed z, let A(z,w) : Q — 2R” be a gen-
eral set-valued mapping taking values in closed subsets
of RP. The expectation E[A(z,w)] is defined as the set of
E[A(z,w)] over all integrable selections, where integrability
follows Aumann’s sense (Aumann, 1965). It is well defined
if E[H(0, A(z,w))] < oco. Letr(z,§) : RP x 2 —» R
be a random lower semicontinuous function, where £ :
(Q,F,P) — Eis arandom vector with support = C R™.
If 7 is (&)-Lipschitz in x, where E[x(§)] < oo; and for any
x, r(x, &) is Clarke regular for a.e. £. Then, E[r(x,&)] is
Clarke regular, and 9, E[r(z, §)] = E[0,r(x, )], by Theo-
rem 2.7.2 in (Clarke, 1990).

Throughout this paper, we assume that the sample space €2
is equipped with a metric d(-, -), making it a metric space.
Let P(2) denote the set of Radon probability measures
on €, where each measure P € P(Q) has a finite first
moment. That is, E..p[d(&,&)] < oo for some & € .
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For p1, v € P(Q)), their Wasserstein-1 distance is defined as

sup  {Ex~u[g(X)] = Eyu[g(Y)]},
g€Lip, (Q)

Wl(ﬂ'vl/) =

where Lip, (Q2) denotes the set of all Lipschitz functions
g : © — R with the Lipschitz constant 1.

3. The Convergence Rate for the SAA Error of
Subdifferential Mappings

In this section, we establish a novel pointwise convergence
rate of O(+/p/n) for subdifferential mappings, where p is
the dimension of the variable and n is the sample size. This
addresses a major challenge in subgradient-based stochas-
tic nonsmooth problems: analyzing the sampling error of
stochastic subgradients regarding the sample size.

For a random function ¢(-,w) : D, (C RP) — R and inde-
pendent and identically distributed (i.i.d.) random variables
(wh,...,w") & @" drawn from the same distribution of
w, we could use £ 377" | 7 (z,w") as an SAA estimation
of the subgradient of E,, [p(z,w)], where 7 (z,w") is a

subgradient selector that satisfies 7 (z,w") € 0, (z,w").

In the smooth case, each 7 (x,w") is an unbiased estimate
of the expected gradient at z, since E, [V,o(z,w)] =
VE., [¢(z,w)]. This leads to a straightforward O (1) con-
vergence rate for the squared error in relation to the sample
size n, i.e.,

- (Z vxso@:,w’“)) ~ VE, [p(z, )]
k=1

2
<

o2

Egn

;7

@
where o2 is the uniform variance of V,¢(z,w"*). However,
this result does not directly extend to nonsmooth set-valued
subdifferentials. Some studies impose an additional assump-
tion that for any z, 7(z, -) is Borel measurable with respect
to w, enabling a similar convergence rate to (2). In prac-
tice, however, implementing a Borel measurable subgradient
selector is challenging and often infeasible.

To address this challenge, we analyze the convergence rate
of the sample average subdifferential mapping 0@(x) :=
L1 Oxp (w,w") to its expected counterpart dp(z) =
E, [0zp(z,w)]. We define the SAA error for dp(z, ) :
Q — 2R as

—n 1 S 7
An (@,x,w ) £ H (n ;ax<p (m,w ) 7]Ew8w90(xaw)> .

In the following, we shall develop a novel O(y/p/n) conver-
gence rate (modulo logarithmic factors) for A,, (¢, z,o").
Our results enable algorithms to select any subgradient from
the sampled subdifferential set at each iteration while achiev-
ing a sampling error bound comparable to the smooth case.

We begin by introducing a lemma regarding the conver-
gence rate of SAAs in expectation. This result is de-
rived from the Rademacher average of the random func-
tion 1 (x,w), as discussed in Corollary 3.2 of (Ermoliev
and Norkin, 2013) and further explored in Theorem 10.1.5
of (Cui and Pang, 2021). Let r be any positive scalar.
For a random function ¢ (-,w) : Dy(C [0,7]") — R
and i.i.d. random variables (w!,...,w") = @" drawn
from the distribution of w, we define the SAA error as
O (1,@") = sup,ep, ‘% S v (z,wh) — Eutp(z, w)’
We then have the following basic estimates, see, e.g., Theo-
rem 3.1 in (Ermoliev and Norkin, 2013).

Lemma 3.1. (Basic Estimates). If functions (-, w) are
bounded by constant M and Lipschitz continuous with con-
stant Ly, in the first variable x uniformly in w, then for any
a € (0,1/2), s > 0, it holds that

—n M -

—n _n 82
P (Vi[5 (,8") = Band (08" 2 5} < 2exp { -2 |
To analyze the asymptotic behavior of A,, (¢, x,@™), we
need the following assumption.

Assumption 3.2. The function ¢( -,w) is convex and Lips-
chitz continuous with Lipschitz constant L., in terms of the
first variable x € D,,, uniformly in w.
The support function of a set S is defined as o(u,S) =
sup,eg u’'s. It is well known that o (u, S) = o (u, conv S),
where conv denotes the convex hull of S. Moreover, for any
nonempty sets S and S’, it follows from (Christian, 2002)
that

o(u,S+98)=0(u,S)+o(u,Ss). 3)

Furthermore, the Homander’s formula, according to Theo-
rem II-18 in (Castaing and Valadier, 1977), states that for
any two nonempty convex and compact subsets A and B of
RP:

D(A4, B) = ”mHax (o(u,A) — o(u, B)). )

ul|<1

Using the above formula, we derive the following lemma
that converts our targeted quantity A,, (¢, z,©™) into the
SAA error of support functions; see, e.g., (Xu, 2010). Its
proof, as well as proofs for Theorems 3.4 and 3.5, can be
found in the appendix.

Lemma 3.3. Under Assumption 3.2, for any v € D,

An (907x7a)n) =

max
llull<t

% Z o (u, Oz (, wl)) —E, [0 (u, Ozp(z,w))]| .

We now derive the SAA convergence in expectation.
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Theorem 3.4. Under Assumption 3.2, for any « € (0,1/2),

sup Egn [An (0,2,5")] < —

)
€D, ne

where ¢ £ 2,/p(2L, + Ly /+/(1 — 2a)e).

Moreover, for any s > 0,
P{n“A, (p,2,0") > c+ s} < exp{—s?/ (2Li)} .

Remark 1. The concentration-type probabilistic results
in Lemma 3.1 and Theorem 3.4 are due to McDiarmid’s
bounded difference inequality. They will play an important
role in the proof of Theorem 3.5.

Next, we strengthen the above theorem to bound the squared
SAA error, which is the key result of this section.
Theorem 3.5. Under Assumption 3.2, for any o € (0,1/2),
o' € (a,1/2), we have

a2 c

where ¢ £ 6(6+L¢\/2(‘£f77;a)6

VP(2L, 4 Ly /+/ (1 — 20/ )e).

When ¢( -, w) is smooth, Theorem 3.5 simply becomes

L2

—n\2 o]

sup Egn [An (o, z,&") } <+,
z€D, n

> + L2 with ¢

that is, ¢ = Lf, and a = 1/2. This demonstrates that
our result almost matches the SAA convergence rate in the
smooth case. The tools we have developed here can play a
crucial role in non-asymptotic convergence analysis of other
(subgradient-based) stochastic nonsmooth problems. For
example, it enables a “variance reduction” technique similar
to that used in smooth optimization. (Bollapragada et al.,
2018; Byrd et al., 2012)

4. The Algorithm and Convergence

Before presenting our algorithm, we first list all the needed
assumptions for the stochastic functions G and H.
Assumption 4.1. (Assumptions for Functions)

1. The feasible region C is convex anq closed, and there
exists a scalar f such that f(z) > f forallx € C.

2. G(+,§) is pg-convex (py > 0) and H(-,() is pp-
convex (pp > 0) over C for almost every &, ¢ € €.

3. G(+,&) is Ly-Lipschitz continuous and H( -, {) is Ly,-
Lipschitz continuous over C for almost every £, ¢ € €.

4. Forallz € C, G(z, -) is L¢-Lipschitz continuous and
H(x, -)is L¢-Lipschitz continuous over €2.

4.1. The Algorithmic Framework

We assume that at time ¢, the data sets S, ; = {{t*i}fi&’f and
Snt = {¢ t’i}ﬁv:hl’t are generated from the distributions P
and P 4, respectively, where the latter distributions may not
be exactly the same as the true distributions P; and Pe. Let
9¢(x) = Eenp [G (2, 6] he(w) £ Ecap , [H (2, ()], and
fi(x) & gi(x) — hy(z). At time ¢ and iterate x;, we use the
data from S, ; to construct a stochastic estimate g, (-) of the
function g(-), and the data from S}, ; to construct a stochastic
estimate hy(x;) of h(z;), as well as a stochastic estimate
¥ of the subgradient Oh(x+). The overall estimation model
M;(+) is given by:

_ _ 1
My(d) £ go(zy + d) — hy(zy) — 5f d + §,UtHd||2a (5)

where p; > 0 is the proximal parameter. The convex sub-
problem to be solved at iteration ¢ is

minidrnize My(d)

. ©)
subjectto z; +d € C.

The first-order optimality condition of subproblem (6) at the

unique optimal solution d; is

Zipr — o + pudy + 0 =0, @)

where Zty1 € 8gt (xt + Jt) and v; € 8ic(l‘t + CZt) with
i¢ being the indicator function of C'. Our proposed online
stochastic proximal DC algorithm (ospDCA) framework is
presented in Algorithm 1, while the exact rule to update the
parameters fiz, Ng ¢, N}, ¢ will be discussed later.

Algorithm 1 The ospDCA framework
1: Initialize xg, po, ‘Z\fg’()7 Nh’().
2: fort=0,1,2,--- do
3:  Generate i.i.d. samples S, ¢ = {ﬁt’i}ﬁv:”f and Sy, ; =
{¢ t’i}fv:"l't from P¢; and P, ;, which are independent
of the past samples.
4:  Construct the approximation model M;(d) in (5)

by setting gi(x) = ﬁ St G (@, €97), he(z) =

st

N}m Zf\ihit H (x,¢""), and select 3, € Ohy (z;) =

N S 0 H (i, CH).
Solve the convex subproblem (6) to obtain dy.
Set Ti41 = Tt + Jt.
Update fi141, Ny 41, Nnt41-

end for

@R

Under Assumption 4.1, it is trivial to verify that g;(z) and
g(z) are Ly-Lipschitz, p,-convex; and hy(z) and h(z) are
Ly-Lipschitz, pj-convex.

Let F; L5 (Sg,h Sh71, Sg’g, Sh,2, ey Sg,t—l, Sh,t—l) be
a filtration, i.e., an increasing sequence of o-fields generated
by the samples used in the past ¢ — 1 iterations.
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Remark 2. If there exists an isomorphic mapping ¢ from
(Q, Fi, Pey) to (Q, Fa, Pry), Step 3 of Algorithm 1 can be
simplified when Ny ; > Ny, ¢, as follows:

1. Generate i.i.d. samples S, ; = {ﬁt’i}ﬁv:gf from the distri-

bution of £, which are independent of previous samples.

2. Fori=1,2,..., N, set ¢t = ¢(£5%) and let Sy, ; =
t,i 7 NVt

G P

A similar procedure applies when Ny ; < Np, ;.

4.2. Convergence Analysis

In this section, we present the convergence result of Al-
gorithm 1 based on Assumptions 4.1. A brief outline of
the convergence analysis is provided in the main text, with
detailed proofs available in the appendix.

We first analyze the inexact sufficient descent property at
the ¢-th iteration and derive the following inequality. The
result and its proof is similar to the deterministic case, see,
e.g., Theorem 3 in (Tao and An, 1997) and Theorem 3.7 in
(Tao and An, 1998).

Lemma 4.2. (The Sufficient Descent Property) For any
Yyt € Ohy(xy), the step x1y1 from Algorithm 1 satisfies

Je(we) = fi(xeer) > (ye — yt)Td_t + (Nt + pg-;ph> ||Jt||2

+9¢(21) — Ge(e) — ge(@e41) + Ge(Te41).-

To further the analysis, the SAA error bound derived in
Section 3 comes into play. By Lemma 3.1, we could derive
the SAA error estimation for g¢(x:) — g¢(2¢4+1) as follows.

Corollary 4.3. For any ay € (0,1/2), we have

C
E [1g:(ze41) — Ge(@e) — ge(T41) + ge ()] ft} <—

— (Xg b
H’tNg,t

where Cy = 4,/pLy(Ly + Lp) <2 + \/(1L;7a)e> '

Remark 3. Note that we relax the assumption that G(z, £)
is globally uniformly bounded, as posed in Le Thi et al.
(2024). Instead, we use the proximal term u; to ensure
that d;, does not become too large. This guarantees that
G(zt,&) — G(x41,€) remains uniformly bounded with
respect to p;, which facilitates our SAA error analysis of
g+(x+) — g (x141) (see the proof of Corollary 4.3 for details).

The SAA error estimation for Oh;(x;) is a direct corollary
of Theorem 3.5:

Corollary 4.4. For any ay, € (0,1), o}, € (o, 1), we have
Ch

nh

sup E [D* (0hs(we), Oha () | 73] <

7

where Cj, = C), <C’h + Lh%
ahfa €

VPQ2Ly + Lp//(1 — a)e).

Remark 4. With regard to the estimation error from sam-
pling, Liu et al. (2022) assumes that the variance of the
stochastic objectives is bounded. Similarly, Berahas et al.
(2021) needs an unbiased gradient estimation with bounded
variance in the study of stochastic sequential quadratic pro-
gramming. Sequential quadratic programming is extended
to the nonsmooth DC problems with smooth convex compo-
nent in the deterministic Wang and Petra (2023) and stochas-
tic settings Wang et al. (2023), where again a bounded vari-
ance of subgradient estimation is required. In Shashaani
et al. (2018), the Monte Carlo estimate of the objective is
also assumed to be unbiased, and its variance is uniformly
bounded. The tools developed in Section 3 provide a tight
SAA bound for 0h, allowing us to derive a result analogous
to the one in smooth optimization discussed above.

) + L3 with Cy, =

In the following lemma, we present the sufficient descent
property in expectation.

Lemma 4.5. At the t-th iteration, the following stands for
any c > 0:

E [ft(xt) - ft+1(33t+1) ‘ ]:t]

+ -2 C
> Ht+ﬂg ph—c E[Hdtn |]_-t}_ g%
2 /J“tNg,t
C
- hah - L§W1(P§,t+lv Pé,t) - LCWI(PC,t+17 Pc,t)7
4cNh,t

®)
where oy € (0,1/2) and oy, € (0, 1) with corresponding
constants Cy and C}, defined in Corollaries 4.3 and 4.4.

The following analysis is conducted under the key assump-
tions stated below.

Assumption 4.6. (Assumptions for Distributions) The se-
quences P ; and P¢; converge to P and P; in Wasserstein-
1 distance, that is,

lim Wi(Pe, Pe) =0 and  lim Wi(Pes, Po) =0,

Furthermore, the cumulative Wasserstein-1 distance be-
tween successive distributions, which measures the com-
plexity of distribution shift on the data stream, is bounded:

+oo +oo
> Wi(Pey, Pey—1) < oo,and Y Wi(Pey, Pri1) < 0.

t=1 t=1

Remark 5. Since the Wasserstein-1 distance of some com-
mon distributions is easy to calculate or control, it is not
hard to construct examples of time-varying exponential or
uniform distributions that satisfy this assumption. A simple
example is the regression problem with finite number of out-
liers or finite times of distribution shifts (due to the change
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of environment). An example of online sparse robust re-
gression will be provided in Section 6, where time-varying
multivariate normal distributions satisfying the above as-
sumption are considered.

Assumption 4.7. (Assumptions for Parameters)

(a) There exist 0 < ji < fi such that i < p; < fi1, Vt > 0.

(b) There exist oy € (0,1/2), v, € (0,1) such that

1 1
—a . 9
>(wmewm) o ©

t>0 gt

Now, we are ready to present the squared summable property
of the iteration step {d;}, and its almost sure convergence
to zero. These results are important for the later analysis.

Theorem 4.8. Under Assumptions 4.6 and 4.7, we have

lim E

t—o00

Z H&tHQ |Fo | < oo, hence E [||d¢|| [Fo] — 0.
>0

Furthermore, lim;_, . ||d;|| = 0 with probability 1.

To proceed, we first provide a technical Lemma, which
concerns the law of large numbers (LLN) for SAA sequence.

Lemma 4.9. Under Assumptions 4.6 and 4.7, for any fixed
R > 0,2 € C,z € B(Z, R), the following limits hold as
t — oo with probability 1:

ge(z) — ge(2) — (9:(z) — ge(2)) — 0,

We are ready to present our main convergence result, which
is the best that can be achieved under stochastic nonconvex
and nonsmooth conditions.

Theorem 4.10. Under Assumptions 4.6 and 4.7, every ac-
cumulation point of the sequence {x:} produced by Algo-
rithm 1 is a DC critical point of f with probability 1.

The above theorem only provides the asymptotic conver-
gence of the algorithm, not the non-asymptotic complexity.
The known complexity of the deterministic dc algorithm
in (Le Thi et al., 2020) requires a smoothness assumption
on either g or h. We left it as a future work to derive the
iteration complexity of our proposed algorithm.

The sample size requirement of our algorithm is presented
in (9). Notably, the bounds on exponents o, and «, are
different. To provide some intuition, this difference arises
from the DC structure and the improved convergence rate of
the SAA error for the subdifferential mapping. Specifically,
linearizing the function i couples the SAA error of Oh with

the stepsize d, as demonstrated in Lemma 4.2. By applying
the Cauchy-Schwarz inequality, we elevate the SAA error
of Oh from first-order to second-order in expectation (see
Lemma 4.5), for which Theorem 3.5 establishes the tight
convergence rate.

According to Assumption 4.7 (a), the proximal terms
for each DC subproblem can be pre-selected arbitrarily,
as long as they are upper and lower bounded by positive
constants. Regarding the sample size requirement given in
Assumption 4.7 (b), this is inherent to our approach and
difficult to avoid, as it ensures the necessary accuracy of
the algorithm at each step. The choice of sample sizes and
step sizes remains an active research topic in stochastic
optimization. Even for stochastic gradient descent applied
to smooth optimization problems, a non-diminishing step
size selection requires sublinearly increasing sampling sizes
to guarantee convergence.

5. An Adaptive Sampling Algorithm

In this section, we introduce an adaptive sampling strategy
for updating fi;, Ng ¢, Np, ¢ in Algorithm 1. As discussed in
the convergence analysis, the key requirement is to ensure
that Assumption 4.7 holds. Since Assumption 4.7 (a) is rela-
tively easy to satisfy, we mainly focus on developing strate-
gies to satisfy Assumption 4.7 (b). Given pre-determined
constants ¢;, ¢, > 0, a common approach is to increase the
sample sizes sublinearly based on the following condition:

Condition 5.1. Suppose that ]\Afg,t and N;L,t are pre-defined
such that ), (]\Afh_f" + Ng_f‘g) < 00, we say that the

Summable Condition holds at the ¢-th iteration if the pa-
rameters ¢y, fit, Ng ¢, Np ¢ are chosen to satisfy:

Nyt > Nq,hNh,t > Nh,t and ¢; < ¢; < Nt‘i‘w—cu-

(10)

However, these pre-determined sample sizes do not adapt to
the algorithm’s progress at each iteration. In the following,
we introduce a practical condition that determines N, ; and
N}, based on the optimization path. Intuitively, a larger
stepsize in the early iterations suggests that the current point
is far from critical points when less precise but computa-
tionally cheaper estimates are sufficient. In contrast, as the
algorithm nears the critical points, the stepsize decreases, re-
quiring more accurate estimations to ensure both theoretical
guarantees and practical performance. Building on this intu-
ition, we propose a practical Stepsize Norm Condition for
adaptive sampling, where the sample size at each iteration
is determined by the current stepsize.

Condition 5.2. We say that Stepsize Norm Condition
stands at the ¢-th iteration if parameters c;, tg, Ng ¢, Np ¢
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are selected to satisfy:

= c
(1 — cp — 1) [|de—1|)* > Mt]\;jig + G

O‘h

4der Ny,

+pPn
ct Sﬂt+ Pg2ph —cp

(11)

Remark 6. Here, c; acts as an intermediate variable for
parameter updates, linking others to ensure convergence.
These variables serve only to determine fi;, Ny ¢, and Ny, 4.

As presented in the following theorem, Assumption 4.7
(b) stands when either condition is satisfied. This plays
a critical role in designing a practical adaptive ospDCA
with convergence guarantee. Compared to the gradient ac-
curacy condition and other variance-based tests in (Byrd
et al., 2012; Bollapragada et al., 2018), our adaptive sam-
pling scheme is not only practically implementable but also
backed by rigorous theoretical guarantees.

Theorem 5.3. If either Summable Condition (10) or Step-
size Norm Condition (11) is satisfied for sufficiently large
t, and Assumptions 4.7 (a) and 4.6 stand, then Assumption
4.7 (b) stands.

To eliminate the intermediate variable ¢; and adapt the al-
gorithm for any predetermined sequence {y;} satisfying
0 < @ < pe < fi, we propose a simplified algorithm by fix-
ing ¢, = 2230 4 & — ¢; and setting c,, = £, as detailed in
Algorithm 2 The complete version of the adaptlve sampling
ospDCA can be found in the appendix; see Algorithm 3.

Remark 7. Consider the subproblem when updating the
sample size N;; and N ;. In order to minimize the
total number of samples, one could derive that Ny, ; =

2Chpt 41 3/4
,/70 (2pq+2ph+ﬂ)N . Hence the optimal order of N}, ¢

is O(N, N 4) Furthermore, if the updating rule of N, ; and
Npt is based on this result, then sample size upper bound
sequence N, h,¢ 18 no longer required.

6. An Application: Online Sparse Robust
Regression

We consider the online linear regression problem with a ro-
bust loss and sparsity-promoting DC regularization. Given
streaming data {(x;, y;) } 32, drawn from unknown and vary-
ing distributions Dy, the optimization problem is formulated
as minimizing the expected objective:

— (B,2)]] + A )_ min(L, a|5;]).

j=1

[?61]%}3 ]E(ﬂc y)~Dy [y

The regularization term Z§=1 min(1, «|B;|) is a capped-
¢1 penalty, which approximates the sparsity-inducing £;-
norm. To facilitate optimization, we use the following DC

Algorithm 2 Adaptive ospDCA

Require: Initial point xg, error estimation parameter oy €
(0,1/2), a, € (0,1) with corresponding Cy, C, de-
fined in Corollaries 4.3 and 4.4, sample size upper
bound sequence {N, t} and {Nj,;} which satisfy
Zt>0 ( —on 4 N < oo, predetermined prox-

imal parameters {ut} with upper bound i and lower
bound fi.

1: fort=0,1,2,--- do

2:  Generate ii.d. samples {¢"}; glt and {¢" z}N’L ¢
from the distribution of ¢ and (, which are indepen-
dent of the past samples.

3 Set gi(z) = N::;,t Zi\f:ait G (x,gt,i)’ Et(x) =
N}lm SVt H (z,¢"), and select , € 8@ (z¢).
4:  Solve the convex subproblem to obtain d;:

S _ = _ 1
minimize Gi(xe +d) — he(zy) — gld + §MtHd||2

subjectto z;+d € C.

5: Set Ti41 = Tt + Jt

6:  Update N ;1 and N}, ;41 such that one of the fol-
lowings stands:
R Y 7 A < S -
2 = NSy, @egt2ent+mNh L7

2. Ngy41 2> Ngy1, and Np g > Np 1.
7: end for

decomposition: min(1, o|3;|) = 1+«|8;| —max(1, a|5;|).
Thus, the final problem formulation in expectation form is:

min B, yup, [G(B,2,y)] — h(B),

BERP

where G(8,z,y) = |y — (B,2)| + AX0_; (1+alB)])
8) = E§:1 max(1, @|3;]). This expectation-based for-

mulation enables efficient online optimization, making it

well-suited for large-scale and streaming data scenarios.

Baselines. We implemented four baselines to compare with
our proposed adaptive ospDCA. The first one is ospDCA
with a pre-determined, sublinearly growing sample size of
21 per iteration, without adaptivity. The second baseline
is S(p)DCA, introduced in Le Thi et al. (2024), where we
added an additional proximal term. This algorithm draws
one new sample per iteration and uses aggregated samples
to construct sample averages. The third and fourth baselines
are ospDCA with a fixed sample size per iteration, using
100 and 1000 new samples for SAA, respectively.

Datasets and Setup. For the problem, we set « = 1, A =
0.01, and generate synthetic datasets. Specifically, at each
time step ¢, the feature vector x; is sampled uniformly from
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Figure 1. Algorithm behavior for online sparse robust regression.
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Figure 2. Sample size per iteration.

[—1,1]7. The corresponding label is given by
Yt = x:(ﬂopl + 6t) + g,

where Sop is a known sparse optimal solution with nonzero
entries at specific locations, £ ~ N (0, 1) represents additive

noise, and J; denotes a time-dependent distribution shift.

It follows that W1 (D, Dyy1) < [|0¢ — 6441, - In order to
ensure that the cumulative Wasserstein-1 distance for D;
remains bounded, we set ; = (—1)t100t*21p, where 1,
represents a p-dimensional column vector where all entries
are equal to 1. We initialize S at zero, set the proximal
coefficient 1, = 1, ay = 0.45 € (0,1/2), and run the
experiment until a predefined runtime limit is reached. It
is straightforward to verify that G(-, z, y) is 1-Lipschitz for
every z,y, and h(-) is Aa-Lipschitz. Furthermore, if we
impose a bounded constraint on 3, then G(8, -, -) is also

uniformly Lipschitz in (x, y) for every (.

Results. We evaluate the performance by tracking the dis-
tance between the current iterate 3; and the optimal solution
Bopt- We plot the evolution of convergence error and com-
putational time in Figures 1 and 3. Across all experiments,
the performance of adaptive ospDCA consistently surpasses
the baseline methods. This demonstrates that our proposed
algorithm significantly improves convergence efficiency.

During early iterations, the sample size of adaptive ospDCA
is relatively small, leading to reduced precision but higher
computational efficiency. As the iteration points approach
the optimal solution, the sample size increases to enhance
estimation accuracy. This transition leads to faster progress
in later iterations, ultimately surpassing other algorithms.
Compared to its non-adaptive counterpart, adaptive ospDCA
invests more time and samples in the later iterations (which
are closer to the optimal and thus more important), as il-
lustrated in Figures 2 and 4. The adaptivity makes it more
efficient overall and more robust to distribution shifts. Addi-
tional experimental results are provided in the appendix.

7. Conclusion

In this work, we propose an efficient online adaptive sam-
pling algorithm for stochastic nonsmooth difference-of-
convex (DC) optimization problems with time-varying data
distributions. The algorithm relies only on samples drawn
from the distribution at the current iterate and adopts distinct
adaptive sampling rates for the convex and concave compo-
nents of the DC objective. We further prove that, under mild
convergence conditions on the non-stationary distributions,
the generated sequence almost surely has a subsequence that
converges to a DC critical point. One of the core contribu-
tion of this paper lies in generalizing previous results in the
field of stochastic online DC optimization to a broader class
of nonsmooth DC problems with time-varying distributions,
while maintaining a sampling size requirement comparable
to the smooth case. Numerical experiments demonstrate
that our algorithm performs well on online sparse robust
regression tasks.

Acknowledgements

Yuhan Ye is partially supported by the Elite Undergraduate
Training Program of the School of Mathematical Sciences
at Peking University. Ying Cui is supported by the National
Science Foundation under Grants CCF-2416172 and DMS-
2416250, and the National Institutes of Health under Grant
1R01CA287413-01. Jingyi Wang’s work is performed under
the auspices of the U.S. Department of Energy by Lawrence
Livermore National Laboratory under Contract DE-AC52-
07NA27344. Release number LLNL-JRNL-846514.



An Online Adaptive Algorithm for Stochastic DC Optimization with Time-varying Distributions

Impact Statement

This paper presents work whose goal is to advance the field
of Optimization. There are many potential societal con-
sequences of our work, none of which we feel must be
specifically highlighted here.

References

Robert J Aumann. Integrals of set-valued functions. Journal
of Mathematical Analysis and Applications, 12(1):1-12,
1965.

Albert S Berahas, Frank E Curtis, Daniel P Robinson, and
Baoyu Zhou. Sequential quadratic optimization for non-
linear equality constrained stochastic optimization. SIAM
J. Optim., 31(2):1352-79, 2021.

Omar Besbes, Yonatan Gur, and Assaf Zeevi. Non-
stationary stochastic optimization. Operations Research,
63(5):1227-1244, 2015.

Raghu Bollapragada, Richard Byrd, and Jorge Nocedal.
Adaptive sampling strategies for stochastic optimization.
SIAM Journal on Optimization, 28(4):3312-3343, 2018.

Richard H Byrd, Gillian M Chin, Jorge Nocedal, and Yuchen
Wu. Sample size selection in optimization methods for
machine learning. Mathematical programming, 134(1):
127-155, 2012.

Richard G Carter. On the global convergence of trust region
algorithms using inexact gradient information. SIAM
Journal on Numerical Analysis, 28(1):251-265, 1991.

Coralia Cartis and Katya Scheinberg. Global convergence
rate analysis of unconstrained optimization methods
based on probabilistic models. Mathematical Program-
ming, 169(2):337-375, 2018.

Charles Castaing and Michel Valadier. Measurable mul-
tifunctions, pages 59-90. Springer Berlin Heidelberg,
Berlin, Heidelberg, 1977.

Hess Christian. Chapter 14 - set-valued integration and
set-valued probability theory: An overview. In E. PAP,
editor, Handbook of Measure Theory, pages 617-673.
North-Holland, Amsterdam, 2002.

Frank H Clarke. Optimization and Nonsmooth Analysis.
SIAM, 1990.

Ying Cui and Jong-Shi Pang. Modern Nonconvex Nondiffer-
entiable Optimization. SIAM, 2021.

Frank E Curtis and Katya Scheinberg. Adaptive stochastic
optimization: A framework for analyzing stochastic opti-
mization algorithms. IEEE Signal Processing Magazine,
37(5):32-42, 2020.

10

Damek Davis and Dmitriy Drusvyatskiy. Stochastic model-
based minimization of weakly convex functions, 2018.

Damek Davis and Dmitriy Drusvyatskiy. Graphical con-
vergence of subgradients in nonconvex optimization and
learning. Mathematics of Operations Research, 47(1):
209-231, 2022.

Yuri M Ermoliev and Vladimir I Norkin. Sample average
approximation method for compound stochastic optimiza-
tion problems. SIAM Journal on Optimization, 23(4):
2231-2263, 2013.

Matthew Fahrbach, Adel Javanmard, Vahab Mirrokni, and
Pratik Worah. Learning rate schedules in the presence
of distribution shift. In Proceedings of the 40th Inter-
national Conference on Machine Learning, volume 202

of Proceedings of Machine Learning Research, pages
9523-9546. PMLR, 23-29 Jul 2023.

Dylan Foster, Ayush Sekhari, and Karthik Sridharan. Uni-
form convergence of gradients for non-convex learning
and optimization. In Advances in Neural Information
Processing Systems, 2018.

Billy Jin, Katya Scheinberg, and Miaolan Xie. High proba-
bility complexity bounds for line search based on stochas-
tic oracles. 2021.

Hoai An Le Thi and Tao Pham Dinh. Dc programming
and dca: thirty years of developments. Mathematical
Programming, 169, 01 2018.

Hoai An Le Thi, Hoai Minh Le, Duy Nhat Phan, and Bach
Tran. Stochastic dca for minimizing a large sum of DC
functions with application to multi-class logistic regres-
sion. Neural Networks, 132:220-231, 2020.

Hoai An Le Thi, Van Ngai Huynh, Tao Pham Dinh, and
Hoang Phuc Hau Luu. Stochastic difference-of-convex-
functions algorithms for nonconvex programming. SIAM
Journal on Optimization, 32(3):2263-2293, 2022.

Hoai An Le Thi, Hoang Phuc Hau Luu, and Tao Pham
Dinh. Online stochastic DCA with applications to prin-
cipal component analysis. IEEE Transactions on Neural
Networks and Learning Systems, 35(5):7035-7047, 2024.

Junyi Liu, Ying Cui, and Jong-Shi Pang. Solving nonsmooth
and nonconvex compound stochastic programs with ap-
plications to risk measure minimization. Mathematics of
Operations Research, 47, 03 2022.

Song Mei, Yu Bai, and Andrea Montanari. The landscape of
empirical risk for nonconvex losses. Annals of Statistics,
46(6A):2747-2774, 2018.



An Online Adaptive Algorithm for Stochastic DC Optimization with Time-varying Distributions

Boris S Mordukhovich. Variational Analysis and Gen-
eralized Differentiation I: Basic Theory, volume 330.
Springer Science & Business Media, 2006.

Abdellatif Moudafi. A Regularization of DC Optimization.
Pure and Applied Functional Analysis, 2022.

Atsushi Nitanda and Taiji Suzuki. Stochastic Difference
of Convex Algorithm and its Application to Training
Deep Boltzmann Machines. In Proceedings of the 20th
International Conference on Artificial Intelligence and
Statistics, volume 54 of Proceedings of Machine Learning
Research, pages 470-478. PMLR, 20-22 Apr 2017.

Nikolaos S Papageorgiou. On the theory of banach space
valued multifunctions. 1. integration and conditional ex-
pectation. Journal of Multivariate Analysis, 17(2):185—
206, 1985. ISSN 0047-259X.

R. T. Rockafellar and R. J-B Wets. Variational Analysis.
Springer-Verlag, Berlin Heidelberg, 1998.

Feng Ruan. Subgradient convergence implies subdifferential
convergence on weakly convex functions: With uniform
rates guarantees, 2024.

Abishek Sankararaman and Balakrishnan Narayanaswamy.
Online robust non-stationary estimation. In Advances
in Neural Information Processing Systems, volume 36,
pages 50506-50544. Curran Associates, Inc., 2023.

Alexander Shapiro. Stochastic Programming by Monte
Carlo Simulation Methods. Humboldt-Universitit zu
Berlin, Mathematisch-Naturwissenschaftliche Fakultit II,
Institut fiir Mathematik, 2000.

Sara Shashaani, Fatemeh S Hashemi, and Raghu Pasupa-
thy. ASTRO-DF: A class of adaptive sampling trust-
region algorithms for derivative-free stochastic optimiza-
tion. SIAM Journal on Optimization, 28(4):3145-3176,
2018.

Kaizhao Sun and Xu Andy Sun. Algorithms for difference-
of-convex programs based on difference-of-moreau-
envelopes smoothing. INFORMS J. Optim., 5:321-339,
2022.

Pham Dinh Tao and Le Thi Hoai An. A D.C. optimization
algorithm for solving the trust-region subproblem. SIAM
Journal on Optimization, 8(2):476-505, 1998.

Pham Dinh Tao and LT Hoai An. Convex analysis approach
to dc programming: theory, algorithms and applications.
Acta mathematica vietnamica, 22(1):289-355, 1997.

Hoai An Le Thi, Hoai Minh Le, Duy Nhat Phan, and Bach
Tran. Stochastic DCA for the Large-sum of Non-convex
Functions Problem and its Application to Group Variable

11

Selection in Classification. In Proceedings of the 34th In-
ternational Conference on Machine Learning, volume 70
of Proceedings of Machine Learning Research, pages
3394-3403. PMLR, 06-11 Aug 2017.

Jingyi Wang and Cosmin G Petra. A sequential quadratic
programming algorithm for nonsmooth problems with
upper-C? objective. SIAM Journal on Optimization, 33
(3):2379-2405, 2023.

Jingyi Wang, Ignacio Aravena, and Cosmin G Petra. A
sequential quadratic programming method for nonsmooth
stochastic optimization with upper-C? objective, 2023.

Huifu Xu. Uniform exponential convergence of sample aver-
age random functions under general sampling with appli-
cations in stochastic programming. Journal of Mathemat-
ical Analysis and Applications, 368(2):692-710, 2010.

Yi Xu, Qi Qi, Qihang Lin, Rong Jin, and Tianbao Yang.
Stochastic optimization for dc functions and non-smooth
non-convex regularizers with non-asymptotic conver-
gence. In Proceedings of the 36th International Con-
ference on Machine Learning, volume 97 of Proceedings
of Machine Learning Research, pages 6942-6951. PMLR,
2019.

Yao Yao, Qihang Lin, and Tianbao Yang. Large-scale opti-
mization of partial auc in a range of false positive rates,
2022.



An Online Adaptive Algorithm for Stochastic DC Optimization with Time-varying Distributions

A. Convergence Rate for the SAA Error of Subdifferential Mappings
A.1. Proof of Lemma 3.3

Proof. By direction computation, we have
1 n
D <n Z O (ac, wt) L, Ey [0z(x, w)])
i=1
1 n )
= ]D) —_ . L ]E, .
(conv {n ;81@ (aj,w )} ,conv E, [8190(33,@])

_ | o |

= sup |o (mzax@ (x7wl)) — o (u, By, [Orp(z,w) 1
n

lull <1 |

lull<t |

1 n
= sup |= Y o (u,0pp(2,0")) — 0 (u,Ey [Opp(z,w)
Juli<t nz ) ]
1 n
= sup EZO’ U, O xw)) E, [0 (u, Opp(z,w)) 1

By the convexity of ¢ (z,w), d,¢ (x,w") is convex and compact, hence = 37" | 8, (2, w") and E,, [0,¢(z, w)] are convex.
The first equality stands. The second equality is due to (4). The third equality is due to (3). The last equality is due to the
interchangeability of [E,, and o; see Proposition 3.4 in (Papageorgiou, 1985) for details.

Following the same derivation, we also have

D(Ew[,;wmw Z@w@ xw)zsup

flull<t

n

-—> 0 u@xwmw))].

E, [0 (u, Opp(z,w))]

3\>—‘

i=1

We thus conclude the proof using the definition of the Hausdorff distance H. O

A.2. Proof of Theorem 3.4
Proof. For any x € D, by Lemma 3.3,

n

Egn [Ag (p,2,0")] = Egn sup 1 Zw(mwi) —E, [¥(u,w)]|,

n
flull <1 |7 5=

where 9 (u,w) = o (u, 0y (x,w)). To satisfy the condition in Lemma 3.1, we first verify that ¢(-,w) are uniformly
bounded by constant L., and Lipschitz continuous with constant L, in the first variable u € B(0, 1) C [—1, 1]” uniformly
inw.

The first property is trivial since Sup,eg, ,(z.w)lIS|l < L. Now, we prove the second property. For any u,v € B(0, 1),
suppose that o (u, 9, (z,w)) = ul's where s € 0, (,w). Then we have

0 (00 (z,w)) > v"s > uls — Ju = vlls] > o (u, 00 (w,w)) = Lyllu—v].

Similarly, o (u, 0z (x,w)) > 0 (v, 0z¢ (x,w)) — Ly||u — v||, hence ¢ (u, w) is L,-Lipschitz continuous in B(0, 1).
We thus finish the proof after using Lemma 3.1. O

A.3. Proof of Theorem 3.5

Proof. Forany x € Dy, letd = A, (¢, z,w™), which is bounded by L,,. By Lemma 3.4, Eg» [0] < n% and P {6 >
exp {—s?/ (2L%) } stands for any s > 0, @’ € (a,1/2).

12
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Hence for any s > 0, we have

c+s

ne

Egn[6%] = Egn {521(5 < )} + Egn {621(5 > (”T;Lf)}

< B [5)S52 +L§,P{5 > Cts}
n n

¢(¢+
<UD L e (- (212)},

where the first inequality is due to 6 < L, and the last inequality is due to Lemma 3.4.

Take s = \@LW\/ o’ In n, we could obtain that

¢+ \/iLg,\/ o/ In n) + Lfo

n2a/

Egn[67] < é(

n2a¢,720‘

Since VInn < , we have for any o/ € (a,1/2),

24/ (o' —x)

e+ \/EL%W> + L2

(a’—a)e

)

Egn[8%] < C<

n?oz

where ¢ = \/p(2L, + Ly /+/(1 — 2/ )e).

B. Convergence Analysis
B.1. Proof of Lemma 4.2
Proof. From the convexity of g:(-) and h(-), we have
_ -1 _
Ge(xe) — Ge(@e + di) + EtT_Hdt > §/Jg||dt||2,
- -1 -
he( + dp) = ho(e) — yi dy > §Ph||dt||2»
for zy4; € 5@,5(.1} + Jt), Ty + Jt € C. Therefore,

fe(ze) = fr(@err) = ge(xe) — he(ze) — ge(@es1) + Pe(441)
=91(v1) — Ge(Te+1) — ha(@e) + hi(e11) + [ge(@e) — Ge(@4)] = [9e(Te41) — G (Te41)]

< < 1 _
2= Fadct i dit i(pg + pn)ldel” + ge(we) = ge(we) = ge(wes1) + Ge(Te41).
Taking the dot product with —d; of the first line of (7), we have
— 2 de + GFde =l de|® + Tedy
> puelldel|? + lic (x0) — ic(@e + dp) — 0F (—dy)]
> e,

(12)

(13)

(14)

where the first inequality uses the second line of (7) and the second inequality comes from the convexity of C and i¢(+).

Applying (14) to (13) leads to

fil@) = fe(@isn) = (ye — ) di + </~Lt + ,Og-i2-ph) del|? + ge(ze) — Ge(ze) — ge(egn) + Gelzer).  (A5)

13
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B.2. Proof of Corollary 4.3

) Since d, is the solution of subproblem (6), we have

Proof. First we prove that ||d;|| < Q(LQN%L“

L 1 o ~
Ge(xy +di) — he(xy) — thTdt + §Mt||dt||2 = M;(dy) < M(0) = ge(ze) — he(a).

Hence we have £ 1||dy||> < Gi(z1) — Ge(ze + di) + 57 di < ||di||(Lg + Ly), which implies ||d;|| < w

Let r, = 2E2tEn) and y(x, §) = G(x, €) — G(x1, &), which is Ly-Lipschitz. By Lemma 3.1,
1 & ,
sup *21/) (iEtJr(Smﬁt’Z) E§~P§,t¢(zt+5m,§)‘ | Fi

Op €[—re,me]? n i=1

C

Eg < 29
g,t — o ?
Ng,t

where Cy = 2,/p(2Lgrs + Lgr¢/+/(1 — 2a)e). Noticed that

n

% Z 1/1 (xt + 513 gt,i) - E§~Pg,t¢($t + 5xa 5)

i=1

19t(t41) — ge(xe) — ge(@e41) + ge(2e)| < sup

00 E[—1e,m¢]?

b

Hence, we finish the proof by substituting r; for its definition. O

B.3. Proof of Lemma 4.5
Proof. By Lemma 4.2, for any y; € Oh:(z¢), ¢ > 0,

_ - + =2 _ _
Je (@) = fo (weg1) > (Yo — yt)T dy + pe + % HdtH + gt(x1) — Ge(t) — ge(@e41) + Ge(Ti41)
Pg + Ph =112 _ _ 1 _
> (e + gT —c) HdtH + ge(wt) — ge(we) — ge(Te41) + Ge(Te41) — Ic lly: — yt||2~

Take y; such that dist(g;, Ohi(x:)) = ||yr — §e||, we have

+ 5112 _ _ ..
fe(@e) = fr (we1) > (e + % —c) ||dt|| + gi(x1) — ge(@e) — ge(@eg1) + Ge(@eg1) — chzst(yt, Ohy(my))?
+ 12 _ _ 1 =
> (pe + % — o) ||de||” + ge(@e) — Ge(r) — ge(egr) + Ge(isr) — ZC]D)2 (Ohi (1), Ohy (1)) -
(16)
By Assumptions 4.1, and the definition of Wasserstein-1 distance, we have
9t(@e41) = Gea1(@e41) = Benr (G141, 8)] = Benre o1 [G(141,8)] = —LeWi(Peiq, Pey),
he(@e41) = hega (we41) = Bear, [H (2141, )] = Benre o [H (@041, §)] < LWV (P, Prot)-
Hence, we have
St (@e1) = fepr (Te41) 2 —LeWi(Peeq1, Pee) — LWV (P, oo (17)
Taking expectation for both sides of (16), (17) under F;, we finish the proof after Corollaries 4.3 and 4.4. O
B.4. Proof of Theorem 4.8
Proof. Fix ¢ = % Taking the expectation with respect to Fy and summing over all ¢ in Lemma 4.5, we derive
n—1 P + on ﬂ n—1 C C
E g — 2 1d, 112 <E — (2 g h
5 (b 2 = YU <l o) = o o) 50+ 3 (St
t=0 t=0 2 ;
- (18)
+ Y (LeWr (Peagrs Pe) + LW (Peagas Poy)) -
t=0
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Fix any € > 0, there exists N > 0 such that for any n > N, W1 (P ,, Pé), Wi(P¢ n, Pe) < e. Similar to (17), we have
|[fr(zn) — flan)| < Wi(Pepn, Pe)Le + Wi(Pen, Pe)Le¢. Since f(x) > f, we have f,,(x,) > €(Le + L¢) + f, which is
lower bounded uniformly over n > N.

Combining Assumptions 4.6 and 4.7, the right hand side of (18) is upper bounded and the left hand side of (18) is greater
than £ |37, Ak |]-'0} the first part of the theorem is proved by letting n — co.

We proceed by contradiction for the second part of the theorem. Suppose there exists € > 0 and a > 0 such that
P <limsup|dt| > e ]—"0> > a. (19)
t—o0

By Chebyshev’s inequality, we have P (||d;|| > € | Fo) < w

T > 0such that ;2 7 P ([|de]| > € | Fo) < 302 w

62

. Since E [[|d¢||?|Fo] is finitely summable, there exists

< a. Therefore,

P (limsup|Jt| > e ]-'0> =P ( limsup ||de| > €| ]-'0) < P (|ldil| > € | Fo) < a. (20)
t—o0 t—o0:t>T =T
This is a contradiction against (19). Hence, we could obtain that lim;_, o, ||Jt || = 0 with probability 1. O
B.5. Proof of Lemma 4.9

Proof. We prove this by contradiction. Let ®(z, ) = G(,&) —G(%,§), ¢t(z) = g¢(z) — g:(2), and bi(7) = ge(z) — ge ().
Suppose there exist constants € > 0 and a > 0 such that P (1im SUD; oo ’(;St (z) — ¢y (x)| >e| ]—'0) > a.

. . _ E[] ¢ (2)—6:(2) || Fo]
By Chebyshev’s inequality, we have P (| (z) — ¢¢(z)| > € | Fo) < — . Note that E¢p, ,[®(x,£)] =

¢1(x), and since ®(x, &) < Ly R, its variance is bounded by L2 R?. Thus, we have E Ugbt(x) Gu( )’ \ ]-'t} < %, and

— 2 p2
taking expectation with respect to Fy, we get E “qﬁt(m) — ¢t(x)|2 \ ]—'0} < Lj\in .

Summing over ¢, we obtain

ZE [|6:(@) = de()|* | R < f% 0,

g,t
since Y72 N, /"¢ < 400 holds for ay < 5. Therefore, there exists 7' > 0 such that
]P’(limsup|¢t(x)q_5t(x)| 26]:0> P(limsup |¢f(z)7éf(m)| 2€|]:0> ZP ’gbt | >e|fo)
t—o00 t—o00,t>T

This contradicts our assumption, and thus we conclude that lim;_, o, ’qbt(m) — q@t(a:)‘ = 0 with probability 1. The proof for

oo LIR?

the second part is similar, since the condition ) ,” 7, < 0o also holds. 0

B.6. Proof of Theorem 4.10

Proof. Let x be an accumulation point of {z;}. From the optimality condition (7), there exist Z;1; € 9g:(x++1) and
Ut € Oic(xey1) for each ¢, such that B
Ztv1 — Y + pedy + 0, = 0. (21)

We can assume lim;_, o, ,,, = 2 where « € C'. Further, ; and z; are bounded due to the Lipschitz continuity of G(z, &)
and H(x, (). Thus, 7; is also bounded, and there exist accumulation points for {y;} and {z; }. Without loss of generality,
with the same subsequence, we assume 4,, — ¢ and Z,,+1 — Z. Therefore ,,, — ¥ and z,,, 1 — Z. By (21), we have

0= znt +1 — gnt + M, CZnt + ,E’fbg . (22)

By Theorem 4.8 and Assumption 4.7, lim;_, utJt = ( with probability 1. Thus, lim;_,~ ¥, = ¥ — Z with probability 1.
Given that 0, € Jic(zp,+1), the outer semicontinuity of dic(+) leads to lim;—, o0 Ty, € dic(x).

15
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Finally, we prove that § € Oh(z) and Z € G(Z). As ¥y, € Ohi(w,,), we have

g,{t (x — zn,) < he(x) — he(xn,), forall z € B(z, R). (23)

Notice that

|]_1t(93nt) - h(j)| < |hf(g_j) - h(f)| + Lh ”znt - «f” 5

and for all z € B(z, R), B )
|ht<.’17) — h(a:)‘ S ’ht(a?) - ht(x)‘ + L4W1(PC’,5, Pc)

Hence for all z € B(Z, R), we have

|he(@) = he(wn,) = (W(@) = W(@))| <Lp llzn, = 2] + LW (Pe, F).

Combine with Lemma 4.9 and the fact that z,,, — Z and Wy (P, P;) — 0, we conclude that h,(x) — hy(z,,) —
h(z) — h(Z) for all z € B(z, R) with probability 1. Hence, by letting t — oo in (23), one obtains 47 (z — ) < h(z) — h(Z)
for all x € B(z, R). This inequality yields § € Oh (Z). The proof of Z € 9g(Z) is analogous. Therefore, we prove that Z is
a DC critical point of f with probability 1. O

C. An Adaptive Sampling Algorithm
C.1. Proof of Theorem 5.3

Proof. Let T be the set of ¢ when Summable Condition is satisfied; 72 be the set of ¢ when Stepsize Norm Condition is
satisfied. Supposed that whent > T, t € T; U T5. If t € T3, we derive from Lemma 4.5 (the proof of Lemma 4.5 does not
rely on Assumption 4.7.(b)) that

ELfy (o) = firn (@) [F] > (o + 22522 — )R [|| ] 1]

+ —
- ((Mt1 + %) —Cu— Ct) I de—11|* = LeWh (Peeq1, Pe) — LeWa (P, Pey).

Taking expectation under F, from both side, we have

E [ft (xt) — ft+1 (I’t+1) |.F()] Z (,LLt + pg —;ph — Ct)E |:cht||2 |f0:| - ((,Uft—l + pg _;_ph) — C# — Ct> E [HJt—lH?LFO}

— LW (Pe i1, Pet) — LW (P, Pee)-

Ift € 7; U{0,1,--- ,T — 1}, take expectation under Fy, we have

+ 112
E[fi (20) = fern (@esa) [Fol = (e + 2222 — ) [||d|* 7o
Cy  Ch
/,LtN;j‘Z 4CtN}?2

= LW (P11, Pet) — LW (Petr, Peot)-

Taking sum for each ¢, we have

n—1
_l’_ —
E lz (Nt + % - Ct) ||| Fo

Qg Qp
Ny i ANy

SIE[fo(l“o)_f”(x”)'}—O]—FZ( N ’ 5 )

t=0 =0
n—1 C C n—1 p +p
+ > ( =t e ) tE D ((ut—l F Py - C#) s P10 (24)
t=TtTh pelNg i ANy t=T tcTs 2
n—1
+ ) (LeWi(Peir, Pe) + LeWi(Pe g, Pey))-
t=0

16
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Hence, we could obtain that

n—1
E [ > culldil*1Fo

t=T-1

< E[fo (o) = fn (20) [ Fo]

1

T-1 n—1 .
C Ch C Ch
+ Zor + 7l Iy e S| D (LeWi(Peprr, Pee) + LWi(Peevn, Pet)) -
. (e e )+ 2 (i ey +

(25)

As we derived in Theorem 4.8, f,, is lower bounded when n is sufficiently large. Therefore, E [fo (zo) — fn (zn) |Fo] is
bounded above. By the definition of Summable Condition and Assumption 4.7, we have

n—1 n—1
C C C C
) It — )< D —i_ 2.
mNgi  AaNy; ANgi 4o Ny

t=T,teT1 t=T,teT1

Moreover, as we derived in Corollary 4.3, ||d;| < 2(L~‘;::Lh) < Q(Lg;L"), which is bounded. It follows that

E ZtT:_OQ lld:|? |]-"o} < oo. Take n — oo, since the right-hand side of (25) is bounded, we have

lim E | || 170 | < . (26)

t—o0
t>0

Supposed that when ¢t > T, t € T; U T5. If t € T1, we have

Nyt = Ny and Ny > Ny, where S (Kot + N, ) < oc. @7)
>0
If t € 75, we have
AC%‘Q + ~ P +gh ap < Cgay + P +§: ap
[iNgi — 4(f+ Sy = CM)Nh,t 1eNg i A + B Cu)Nh,t
< N T
Ht g,t Ct h,t (28)
Jr —
< <ut_1 R, - ct_1> -
. + -
< (M + % —Cu— Ct—l) 117,

where the first and last inequality is due to Assumption 4.7. The second and third inequality is due to the definition of
Stepsize Norm Condition (11). (28) implies that

C'g Ch <A Pg"‘/)h) 7 2
—I— + — — <o+ de-all" (29)
,uN;;’ 4(M+pg+Tph)Nh,}tI' 2

By (27), (29) and (26), it follows that

C, Ch — /[ c Ch
Z ON e + Pgtpn ap < OIN e T Pg+pPh Qh
>0 \FHVg,t A+ =5 )Nh,t i—o \AVgi A+ 55 )Nm

N + ph -
+ D <#+ pg2p> [di—1]? < o0.

t>T teT>

N———

c, Ch
+ —— + =
Z ([LNgoig 4(ﬂ + PgtPn )Noéh

t>TteTy 2 h,t

Hence, we derive from the above that 4.7 (b) holds. ]
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C.2. Adaptive ospDCA: A Full Version

Algorithm 3 Adaptive ospDCA

Require: Initial point x, initial parameter pg, co, Ny 0 and Ny, o, error estimation parameter o, € (0,1/2), ap, € (0,1)
with corresponding Cy, C}, defined in Corollaries 4.3 and 4.4, stepsize norm condition parameter c,,, ¢; > 0, sample

size upper bound sequence {Ng?t} and { N, ;} which satisfy >0 (N}:f‘h + ]\7;?9) < 00, stepsize upper bound i
and lower bound i that satisfy g > fi.
fort=0,1,2,--- do
Generate iid samples {ft’i}fvjf and {Ct’i}fv:hl’t from the distribution of £ and ¢, which are independent of the past.
Set gy (x) = ﬁ SNt G (2, 687), hy(2) = ﬁ SO H (2,¢), and select §; € Ohy ().

Solve the convex subproblem to obtain d;:

b A

. _ - i 1
minimize Ge(@y +d) — he(2y) — 5 d + §NtHd”2
subjectto x;+d € C.

5:  Take the step 441 = x4 + dy.

6:  Update fi < pig41 < fI, ¢i41, Ng e1 and Ny, ;1 such that one of the followings stands:
PgtpPn o 7112 > Cy Ch < PgtPr
L (et 252 — o) P 2 o fpm b, and vy S puga + 252 —
% ; + v
2. Ngit1 > Ngig1, Nue > Npgprand ¢ < cppq < puggr + 2522 — ¢
7: end for

18
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D. More Experimental Results
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Figure 3. Algorithm behavior for online sparse robust regression.
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Figure 4. Sample size per iteration.
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