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ABSTRACT

Routing a query through an appropriate LLM is challenging, particularly when
user preferences are expressed in natural language and model attributes are only
partially observable. We propose a constraint-based interpretation of language-
conditioned LLM routing, formulating it as a weighted MaxSAT/MaxSMT prob-
lem in which natural language feedback induces hard and soft constraints over
model attributes. Under this view, routing corresponds to selecting models that
approximately maximize satisfaction of feedback-conditioned clauses. Empiri-
cal analysis on a 25-model benchmark shows that language feedback produces
near-feasible recommendation sets, while no-feedback scenarios reveal system-
atic priors. Our results suggest that LLM routing can be understood as structured
constraint optimization under language-conditioned preferences.

1 INTRODUCTION

Routing as reasoning under partial observability. LLM routing is the process of dynamically
selecting the most appropriate language model for a given query. Most prior work treats routing
as learning a policy that trades accuracy for cost. FrugalGPT (Chen et al., 2024) learns a cascad-
ing strategy for a two-model scenario, routing strong models only when needed. Hybrid LLM (Ding
et al., 2024) utilizes the predicted difficulty of a query. Other approaches are trained from preference
data (Ong et al., 2025). While effective, these methods predominantly focus on accuracy, and the
router typically outputs a single endpoint. With the proliferation of LLMs into real-world industrial
use cases (Bommasani et al., 2022), LLM routing has now become an operational problem because
a production system must choose among many candidate LLM endpoints with different cost–quality
trade-offs, and the routing policy is rarely stationary (Gama et al., 2014; Lu et al., 2018). In addition
to non-stationarity, a router faces partial observability: endpoints have latent properties (e.g., robust-
ness to long-context errors, instruction adherence, reasoning reliability) that are not fully specified
a priori. Thus, routing needs to be considered as a reasoning problem in which the controller must
interpret user intent and act under uncertainty.

Language feedback as constraints. A method to route is to provide a short natural-language
direction key d (e.g., “select a cheaper model”) from the current model. The router must map d into
a set of constraints over endpoints. Taking a symbolic representation, language feedback (LF) can
be injected as logical constraints (hard or soft), and routing corresponds to selecting an assignment
that satisfies them.

A MaxSAT view of LLM routing. Currently, most prior work provides limited support for (i)
compositional natural-language, and (ii) multi-model scenarios. In contrast, we formulate routing
as a MaxSAT problem (i.e., satisfy as many clauses/constraints as possible) (AnsóTegui et al., 2013;
Hansen & Jaumard, 1990; Biere et al., 2009). We propose a unifying abstraction: the router ap-
proximately solves a weighted satisfiability instance where (i) hard clauses encode safety/feasibility
and specification-level requirements, and (ii) soft clauses encode preferences whose weights are
conditioned on d. Importantly, our hard/soft distinction is not the common “hard/soft resource
bounds” pattern (Chen et al., 2026); rather, hardness is induced by language semantics (cer-
tainty/negotiability), and weights are injected per query by the direction key. Under this view,
absence of feedback corresponds to a vacuous constraint set, which should yield a neutral solution
unless the router carries implicit priors (i.e., default clause weights).
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Contributions.

1. We formalize language-conditioned LLM routing as constrained selection under partial
observability, and represent the router’s behaviors as logical postconditions.

2. We provide a reasoning-centric MaxSAT/MaxSMT interpretation in which direction keys
inject hard/soft constraints and clause weights, yielding a unified abstraction for both lan-
guage feedback and default (no-feedback) routing as weighted satisfiability.

3. We empirically characterize a black-box LLM router on a 25-endpoint benchmark with
34 objective attributes, showing that (i) language feedback produces high-precision, near-
feasible shortlists, and (ii) no-feedback routing frequently yields a consistent “robust core”
explainable by sparse implicit priors w(⊥) rather than unstructured randomness.

2 METHODOLOGY

2.1 PROBLEM SETUP

Endpoints and partial observability. We are given a finite set ofM endpoints, A = {a(m)}Mm=1.
Each endpoint a(m) has (i) observable attributes o(m) ∈ RK (e.g., output price, cached-input price,
context window, max output tokens), and (ii) latent attributes z(m) (e.g., instruction-following reli-
ability, reasoning stability, failure modes), which are not directly available to the router at decision
time. A routing interaction provides:

(p,A, a0, d),
where p is the user prompt, a0 ∈ A is the current endpoint and d ∈ Σ⋆∪{⊥} is a direction key, with
Σ⋆ denoting the set of all finite strings over an alphabet Σ. We define d = ⊥ as either not having a
language feedback or a direction key that shows no additional preferences (e.g. NONE, I don’t have
any feedback, etc.)

2.2 CLAUSE INJECTION

We consider the router as a single LLM agent, details in Appendix B.1. The agent receives
(p,A, a0, d) and outputs a binary output mask C. We model the semantics of a direction key d
as a set of constraints over endpoint attributes. Let Φ(d) denote a multiset of formulas (constraints)
derived from d. In the simplest instantiation, each formula is a predicate over observable attributes,

φ(o(m),o(0)) ∈ {0, 1},

comparing candidate endpoint m to the current endpoint 0 (e.g., “cheaper output price”).

Since natural language is ambiguous, we introduce:

1. Hard constraints ΦH(d): must-hold requirements (precise keys).
2. Soft constraints ΦS(d): preferences with uncertain scope (vague keys).

We now compile routing into a weighted satisfiability instance. Introduce decision variables
{xm}Mm=1, where xm = 1 indicates recommending endpoint a(m).

For each constraint φj ∈ Φ(d) and each endpoint m, define a satisfaction literal:

ℓm,j := φj(o
(m),o(0)) ∈ {0, 1}.

For each soft constraint φj ∈ ΦS(d) we associate a nonnegative weight wj(d) ∈ R≥0, which
captures how strongly the direction key d expresses preference j. To model routing as selecting a
non-trivial shortlist, we impose a recommendation-budget constraint L(d) ≤

∑M
m=1 xm ≤ U(d)

(e.g., L(d) = 1 under LF). Moreover, soft constraints should contribute only when an endpoint is
selected. We introduce auxiliary variables ym,j ≡ (xm ∧ ℓm,j) and maximize,

max
x,y

M∑
m=1

∑
j∈ΦS(d)

wj(d) ym,j − λ(d)

M∑
m=1

xm,
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subject to (i) hard constraints xm → ℓm,j for all j ∈ ΦH(d) and (ii) definitional constraints ym,j ↔
(xm∧ℓm,j). This yields a weighted MaxSMT instance in which language feedback injects weighted
clauses, while λ(d) captures a preference for smaller (more robust) recommendation sets. In our
experiments, we do not execute an external solver; instead, we treat the LLM router as a black-box
policy and analyze its outputs through this MaxSMT lens by testing whether observed selections are
consistent with clause satisfaction and implicit weights.

Regime-specific constraints. We distinguish two evaluation modes. (i) User-facing recommen-
dation (LF): we impose a shortlist budget L(d) ≤

∑
m xm ≤ U(d) and use λ(d) > 0 to encourage

concise sets. (ii) Completeness evaluation (LF-PD): to measure whether the router captures a precise
constraint, we disable shortlist regularization by setting λ(d) = 0 and drop the budget constraint,
requiring xm ↔

∧
j∈ΦH(d) ℓm,j so that all satisfying endpoints are included.

2.3 POSTCONDITIONS

From the binary output mask C, we extract output set C ⊆ A with C = {a ∈ A | C(a) = 1}. We
consider six possible postconditions from the output set:

1. Zero(C) := (|C| = 0)
2. One(C) := (|C| = 1)
3. Some(C) := (1 < |C| < M , and C exhibits a structured preference pattern)
4. All(C) := (C = A)
5. Random(C) := (1 < |C| < M , and C is unstructured)
6. Fail(C) := C violates the required mask format prior to parsing/normalization

Neutrality as a hard clause. When d = ⊥, the intended postconditions are Zero(C) or All(C).
Under no-feedback, neutrality means the distribution over outputs should not systematically privi-
lege particular endpoints beyond an explicitly defined tie-break rule. Any non-trivial subset choice
must be explained by implicit priors, i.e., default non-uniform weights wj(⊥) that the LLM router
carries even without feedback, forming the postcondition Some(C). This yields a testable predic-
tion: no-feedback routing will preferentially select endpoints that satisfy a stable conjunction of
“robustness” predicates (e.g., high capability, low price).

Case S. An output set cannot be determined as Some(C) or Random(C) when (1 ≤ |C| ≤ M )
until we analyze the results. We define this as Case S and our desired result as Case S∗ ⊆ Case S.

Case S = Some(C) ∨ Random(C)

Failure handling. To ensure robustness to variations in the LLM agent’s behavior, we require that
the output set remain well-defined regardless of the agent’s execution status. In particular, we treat
Fail(C) as a special case of other cases (|C| = 0 → Fail(C) = Zero(C)) ∧ (|C| = 1 → Fail(C)
= One(C)) ∧ (1 < |C| < M → Fail(C) = Case S). The processing rules for C are detailed in
Appendix B.2.

3 EXPERIMENTS

Setup. We evaluate an LLM router over OpenAI models with M = 25 endpoints and K = 34
objective attributes (Appendix B.3). We remove the model names when feeding the model zoo to the
agent to prevent possible external knowledge leakage (Dodge et al., 2021; Lee et al., 2022; Carlini
et al., 2023).

Direction keys. We categorize direction keys into: (i) LF (language feedback) and (ii) NF (no
feedback; d ∈ {NONE,NONE.}). Within LF, we further distinguish:

• LF-PD (precise description): e.g., “I want a model with cheaper cached input”; “I want a
model with cheaper output prices.”
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• LF-GD (general direction): e.g., “I want a cheaper model.”

We use output price as the baseline attribute for comparison.

Metrics. Let T (d) indicate the ground-truth target set induced by an interpreted constraint (e.g.,
models with strictly cheaper output price than a0). We evaluate δ(C;T ) = |C∩T |

|T | and P(C;T ) =
|C∩T |
|C| , with δ(C;T ) denoting the coverage percentage and P(C;T ) denoting the precision of the

output set.

3.1 LF ANALYSIS

Precise Description General Direction
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Figure 1: Coverage Percentage and Recommendation Precision of
both LF groups

In Figure 1, the agent
achieves P = 100% for both
scenarios, therefore form-
ing Case S∗ = Some(C).
However, even when asked
to follow a specific direc-
tion, the agent still ignores
some models (δ = 93.1%
for LF-PD and 80.0% for
LF-GD). This suggests that
under uncertainty, the agent
tries to offer a smaller set for
robustness.

3.2 NF ANALYSIS

When d = ⊥ (NF), the in-
tended semantics is a vacu-
ous constraint set Φ(d) =
∅; thus the neutral postcondi-
tions are Zero(C) or All(C).
However, in around 50% of
cases (Table 1), its postcon-
dition presents Case S.

NF behavior is best explained not as arbitrary randomness, but as implicit weighted satisfiability: the
router preferentially selects endpoints satisfying a stable conjunction of high-weight “robustness”
predicates even when the user provides no constraints. We further make the implicit-prior hypothesis
falsifiable in Appendix B.5. This also suggests Case S = Some(C).

Algorithmic interpretation. The fitted ŵ(⊥) induces a per-endpoint prior score sm(⊥) =∑
j ŵj(⊥)ψj(a

(m)). Selecting endpoints with large sm(⊥) yields an explicit baseline predictor
for Some(C) and makes the MaxSMT abstraction operational: even with Φ(⊥) = ∅ at the interface
level, the router behaves as if it injects a small set of high-weight robustness clauses by default.

4 FUTURE DIRECTIONS.

In this paper, we showed that language-conditioned LLM routing can be usefully interpreted as
structured constraint optimization. While our LF experiments demonstrate high-precision, near-
feasible recommendation sets, our analysis primarily focuses on the no-feedback (NF) regime, where
the intended semantics is a vacuous constraint set. The router frequently violates neutrality by
returning a consistent, structured subset rather than All(C) or Zero(C). We view this reproducible
structure as evidence of implicit clause weights w(⊥) – a form of stable, language-free default
reasoning that can be probed through logical postconditions and explained via a small predicate
library, directly connecting routing behavior to LLM logical reasoning and consistency.

The next steps would be to generalize and strengthen our finding by further experimenting on a
larger range of agents and prompts. Moreover, we look forward to developing mitigation methods.
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APPENDIX

A EXPERIMENTAL RESULTS

A.1 DATA AND FIGURES

Table 1: Count and Percentage of each outcome for different keys. Without specifying how many
models, the Agent will always recommend some models (|C| > 1) to the user.

Direction Key Zero (%) One (%) Case S (%) All (%) Count

I want a model with cheaper cached input. 0 0 12 (100%) 0 12
I want a cheaper model. 0 0 5 (100%) 0 5
I want a model with cheaper output prices. 0 0 1 (100%) 0 1
NONE 0 0 101 (51.01%) 97 (48.99%) 198
NONE. 0 0 10 (50%) 10 (50%) 20
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Figure 2: Percentile and Mean of NF set and model zoo on key objectives.

A.2 NF RESULTS

As seen in Figure 3, there are eight endpoints with clearly superior recommendation rates: o4-mini,
GPT 5, GPT 5.1, o3, GPT 5 mini, and GPT 5.2, o3-mini, and GPT 5 nano. This set of choice has:

• The only model with the maximum intelligence score: o3.
• A set of intelligence = 4 with lowest price, and the only model with intelligence = 4 and

speed > 3.
• One endpoint with intelligence = 3 and one with intelligence = 2, both of which have the

lowest cost in their respective intelligence groups.
• All of them support cached input, meaning the potential lower cost at deployment.

Case S. The set of recommended endpoints provides a group of robust choices for the user to choose
from. The router never recommends endpoints with intelligence = 1, and the price means are lower
than that of the model zoo. Relative to the full model zoo, the sets also exhibit lower mean prices
and substantially higher medians of context window and max output. Furthermore, the majority of
recommended endpoints have reasoning enabled and cached input available.

This suggests that the router behaves as if it optimizes a non-uniform default preference structure,
i.e., an implicit clause-weight vector w(⊥).
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(a)

b)

c)

(c)

Figure 3: Direction key without language feedback set results for Case S. (a) per-endpoint selection
frequency, b) reasoning/cached-input prevalence, (c) set-size statistics.

B EXPERIMENT SETUP

B.1 LLM AGENT CHOICE

We use Grok 4.1 Fast (xAI, 2025), a model with moderate capabilities in instruction following
but fair long context reasoning, achieving 52.7% and 68.0%, respectively, from Artificial Analysis
benchmarks (Artificial Analysis).

B.2 OUTPUT SET EXTRACT RULES

• Extract all standalone binary tokens 0, 1

• If |C| < M , append zeros until |C| =M

• If |C| > M , truncate |C| to its first M elements

B.3 THE ”MODEL ZOO” DATASET

The 25 OpenAI (OpenAI) LLM and all the objective-level metadata are detailed in Table 2. When
evaluating, we drop model and model-id.
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B.4 PROMPTS

IMPORTANT: Your role is to choose which language models align with the user’s prefer-
ences and DIRECTION.

You will receive:
- A free-form prompt that may contain a line ’DIRECTION: ...’ describing the user’s current
preference direction (e.g. wanting a cheaper model).
- Metadata for the last chosen model, so you can compare (e.g. find models that are cheaper,
faster, etc.).
- A CSV table of all available models.

There are [N] models (rows) in the CSV, in fixed order.

Your only task:
1) For each model (each row), decide if it matches the user’s preferences and DIRECTION,
possibly relative to the last chosen model.
2) Output exactly [N] integers (space-separated), one per row in the CSV, in the same order.
Use ’1’ if the model is acceptable, ’0’ if it is not.
3) Output no other words.

Last chosen model (CSV; may be ’(none yet’): [Last Model Metadata]
CSV of ALL models: [Full Model Zoo CSV]

B.5 NF IMPLICIT-PRIOR BASELINE

Data. We analyze NF runs (d = ⊥) with M = 25 endpoints. We condition the explanatory
model on Case S runs and exclude All(C) runs, since All(C) contains no information about relative
endpoint preferences. In our data, out of 218 NF runs we observe 111 Case S runs and 107 All(C)
runs.

Clause library. We construct an interpretable predicate library {ψj}Jj=1 with J = 19
boolean predicates over endpoint metadata. The full list is: cached input available,
reasoning enabled, cached and reasoning, int ge 4, int is max, speed gt 3,
speed ge 4, cheap output global q0.25, cheap input global q0.25,
cheap output in int tier q0.25, ctx ge median, ctx ge p75,
maxout ge median, maxout ge p75, cheap cached price global q0.25,
int ge 4 and cached, cached and cheap output in tier,
int ge 4 and cheap output in tier, ctx p75 and cached. Quantiles are com-
puted over the full model zoo.

Model and hyperparameter selection. We fit ℓ1-regularized logistic regression over run–
endpoint inclusion pairs. To avoid leakage across endpoints within the same run, we select
the regularization strength R via group cross-validation where groups are runs. We scan R ∈
{0.01, 0.02, 0.05, 0.1, 0.2, 0.5, 1, 2, 5, 10} and compute CV-AUC. We choose the sparsest model
whose CV-AUC is within 0.02 of the best CV-AUC, yielding R = 0.02.

Permutation test. To test whether the fitted model exceeds chance while preserving set-size ef-
fects, we permute endpoint identities independently within each run (thus preserving |C| per run),
refit the model, and recompute metrics. p-values are computed as the fraction of permuted trials
achieving metrics at least as large as the observed metrics.

Explanatory baseline. We instantiate this hypothesis by fitting a sparse explanatory model for
NF endpoint inclusion conditioned on Case S. Let x(r)m ∈ {0, 1} denote whether endpoint m is
selected in NF run r. We construct a library of J = 19 interpretable boolean predicates {ψj}Jj=1
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over endpoint metadata and fit an ℓ1-regularized logistic model:

Pr(x(r)m = 1 | d = ⊥, Case S) = σ

b+ J∑
j=1

wj(⊥)ψj(a
(m))

 ,

where σ(·) is the logistic sigmoid, b is an intercept, and w(⊥) ∈ RJ are clause weights. We
condition on Case S runs because All(C) provides no information about relative endpoint preference.
Hyperparameters are selected by group cross-validation over runs; we choose the sparsest model
within 0.02 AUC of the best cross-validated AUC.

Results. Training on the 111 Case S runs, the selected sparse model achieves strong predictive
power: pair-level AUC = 0.8839 (chance ≈ 0.5), Spearman correlation between predicted proba-
bilities and empirical per-endpoint selection rates = 0.8810, and top-8 recovery = 8/8. A permuta-
tion test that preserves set sizes by permuting endpoint identities within each run confirms statistical
significance: AUC under the null has mean 0.5031 while the observed AUC is 0.8839 (p = 0.005);
top-8 overlap under the null has mean 2.81 while the observed overlap is 8 (p = 0.005); Spearman
correlation is also significant (p = 0.020). Therefore, Case S exhibits Some(C) behavior, highly
structured and can be captured by a small number of metadata predicates.

Recovered implicit clauses. At the selected regularization level, the learned w(⊥) is sparse:

b̂ = −1.8043, ŵ(⊥) ̸= 0 on 6/19 clauses.

Table 3 lists the nonzero weights. The largest positive weights correspond to reasoning enabled,
large max output (maxout ≥ 75th percentile), and long context (context ≥ median), as well as
conjunctions involving cached input and reasoning. This provides an explicit explanation for the
recurring NF robust core: when neutrality is violated (Case S), the router behaves as if it injects a
small set of high-weight robustness clauses by default rather than selecting endpoints uniformly at
random.

Clause ψj Weight ŵj(⊥)
maxout ge p75 0.9317
reasoning enabled 0.9272
ctx ge median 0.8011
cached and reasoning 0.7762
ctx p75 and cached 0.2243
cached and cheap output in tier 0.0306

Table 3: Sparse estimate of implicit NF clause weights ŵ(⊥) fitted on Case S runs (111 runs,
M = 25 endpoints, J = 19 candidate predicates).
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