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ABSTRACT

Machine learning tasks are generally formulated as optimization problems, where
one searches for an optimal function within a certain functional space. In practice,
parameterized functional spaces are considered, in order to be able to perform
gradient descent. Typically, a neural network architecture is chosen and fixed,
and its parameters (connection weights) are optimized, yielding an architecture-
dependent result. This way of proceeding however forces the evolution of the
function during training to lie within the realm of what is expressible with the
chosen architecture, and prevents any optimization across architectures. Costly
architectural hyper-parameter optimization is often performed to compensate for
this. Instead, we propose to adapt the architecture on the fly during training.

We show that the information about desirable architectural changes, due to ex-
pressivity bottlenecks when attempting to follow the functional gradient, can be
extracted from backpropagation. To do this, we propose a mathematical definition
of expressivity bottlenecks, which enables us to detect, quantify and solve them
while training, by adding suitable neurons when and where needed. Thus, while
the standard approach requires large networks, in terms of number of neurons per
layer, for expressivity and optimization reasons, we are able to start with very
small neural networks and let them grow appropriately. As a proof of concept,
we show results on the CIFAR dataset, matching large neural network accuracy,
with competitive training time, while removing the need for standard architectural
hyper-parameter search.

1 INTRODUCTION

Issues with the fixed-architecture paradigm. Universal approximation theorems such as (Hornik
et al., [1989; |Cybenko, [1989) are historically among the first theoretical results obtained on neural
networks, stating the family of neural networks with arbitrary width as a good candidate for a param-
eterized space of functions to be used in machine learning. However the current common practice
in neural network training consists in choosing a fixed architecture, and training it, without any pos-
sible architecture modification meanwhile. This inconveniently prevents the direct application of
these universal approximation theorems, as expressivity bottlenecks that might arise in a given layer
during training will not be able to be fixed. There are two approaches to circumvent this in daily prac-
tice. Either one chooses a (very) large width, to be sure to avoid expressivity and optimization issues
(Hanin & Rolnick, |2019b; Raghu et al., [2017), to the cost of extra computational power consump-
tion for training and applying such big models; to mitigate this cost, model reduction techniques
are often used afterwards, using pruning, tensor factorization, quantization (Louizos et al., 2017)
or distillation (Hinton et al., 2015). Or one tries different architectures and keeps the most suitable
one (in terms of performance-size compromise for instance), which multiplies the computational
burden by the number of trials. This latter approach relates to the Auto-DeepLearning field (Liu
et al, |2020), where different exploration strategies over the space of architecture hyper-parameters
(among other ones) have been tested, including reinforcement learning (Baker et al.| 2017} Zoph &
Le, |2016), Bayesian optimization techniques (Mendoza et al., 2016), and evolutionary approaches
(Miller et al., |1989; |Stanley et al., 2009; Miikkulainen et al.l 2017; Bennet et al., |2021), that all
rely on random tries and consequently take time for exploration. Within that line, Net2Net (Chen
et al.l 2015), AdaptNet (Yang et al., [2018)) and MorphNet (Gordon et al., |2018)) propose different
strategies to explore possible variations of a given architecture, possibly guided by model size con-



Under review as a conference paper at ICLR 2024

straints. Instead, we aim at providing a way to locate precisely expressivity bottlenecks in a trained
network, which might speed up neural architecture search significantly. Moreover, based on such
observations, we aim at modifying the architecture on the fly during training, in a single run (no
re-training), using first-order derivatives only, while avoiding neuron redundancy. Related work on
architecture adaptation while training includes probabilistic edges (Liu et al.l [2019) or sparsifying
priors (Wolinski et al., [2020). Yet the training is done on the largest architecture allowed, which is
resource-consuming. On the opposite we aim at starting from the simplest architecture possible.

Optimization properties. An important reason for common practice to choose wide architectures
is the associated optimization properties: sufficiently larger networks are proved theoretically and
shown empirically to be better optimized than small ones (Jacot et al., 2018)). Typically, small net-
works exhibit issues with spurious local minima, while wide ones find good nearly-global minima.
One of our goals is to train small networks without suffering from such optimization difficulties.

Neural architecture growth. A related line of work consists in growing networks neuron by neu-
ron, by iteratively estimating the best possible neurons to add, according to a certain criterion. For
instance, approaches such as (Wu et al, 2019) or Firefly (Wu et al.| [2020) aim at escaping local
minima by adding neurons that minimize the loss under neighborhood constraints. These neurons
are found by gradient descent or by solving quadratic problems involving second-order derivatives.
Other approaches (Causse et al., 2019} Bashtova et al.}[2022), including GradMax (Evci et al.,|[2022),
seek to minimize the loss as fast as possible and involve another quadratic problem. However the
neurons added by these approaches are possibly redundant with existing neurons, especially if one
does not wait for training convergence to a local minimum (which is time consuming) before adding
neurons, therefore producing larger-than-needed architectures.

Redundancy. To our knowledge, the only approach tackling redundancy in neural architecture
growth adds random neurons that are orthogonal in some sense to the ones already present (Maile
et al., 2022). More precisely, the new neurons are picked within the kernel (preimage of {0}) of an
application describing already existing neurons. Two such applications are proposed, respectively
the matrix of fan-in weights and the pre-activation matrix, yielding two different notions of orthog-
onality. The latter formulation is close to the one of GradMax, in that both study first-order loss
variations and use the same pre-activation matrix, with an important difference though: GradMax
optimally decreases the loss without caring about redundancy, while the other one avoids redun-
dancy but picks random directions instead of optimal ones. In this paper we bridge the gap between
these two approaches, picking optimal directions that avoid redundancy in the pre-activation space.

Notions of expressivity. Several concepts of expressivity or complexity exist in the Machine
Learning literature, ranging from Vapnik-Chervonenkis dimension (Vapnik & Chervonenkis, |1971)
and Rademacher complexity (Koltchinskiil [2001) to the number of pieces in a piecewise affine func-
tion (as networks with ReLU activations are) (Serra et al., 2018} [Hanin & Rolnick, 2019al). Bottle-
necks have been also studied from the point of view of Information Theory, through mutual infor-
mation between the activities of different layers (Tishby & Zaslavsky} [2015; [Dai et al., |2018)); this
quantity is difficult to estimate though. Also relevant and from Information Theory, the Minimum
Description Length paradigm and Kolmogorov complexity (Kolmogorov, 1965} |L1 et al., 2008)) en-
able to define trade-offs between performance and model complexity.

In this article, we aim at measuring lacks of expressivity as the difference between what the back-
propagation asks for and what can be done by a small parameter update (such as a gradient step),
that is, between the desired variation for each activation in each layer (for each sample) and the best
one that can be realized by a parameter update. Intuitively, differences arise when a layer does not
have sufficient expressive power to realize the desired variation. Our main contributions are that we:

* take a functional analysis viewpoint over gradient descent on neural networks, suggesting
to attempt to follow the functional gradient. We optimize not only the weights of the
current architecture, but also the architecture itself on the fly, in order to progressively move
towards more suitable parameterized functional spaces. This removes the optimization
issues (local minima) that are due to thin architectures;

* properly define and quantify the notion of expressivity bottlenecks, globally at the neural
network output as well as at each layer, and this in an easily computable way. This allows
to localize expressivity bottlenecks in a neural network;
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» mathematically define the best possible neurons to add to a given layer to decrease lacks of
expressivity as a quadratic problem; compute them and their associated expressivity gain;

 automatically adapt the architecture to the task at hand by making it grow where needed,
and this in a single run, in competitive computational complexity with respect to classically
training a large model just once. To remove any need for layer width hyper-optimization,
one could define a target accuracy and stop adding neurons when it is reached.

2 MAIN CONCEPTS

2.1 NOTATIONS

Let F be a functional space, e.g. Lo(RP — Rd), and a loss function £ : F — R defined on it, of the
form L(f) = E(zy)~p {E(f(:c), y)} , where / is the per-sample loss, assumed to be differentiable,
and where D is the sample distribution, from which the dataset { (1, y1), ..., (n, yn )} is sampled,
with ¢; € RP and y; € R%.

For the sake of simplicity we consider a feedforward neural network fy : RP? — R? with L hidden
layers, each of which consisting of an affine layer with weights W, followed by a differentiable

activation function o; which satisfies 0;(0) = 0. The network parameters are then 6 := (W;);=1._ L.
The network iteratively computes:

bi— a b
bo(x) = (T) : l
al ~
al(w) = Wl blfl(iL') =
Vie[l,L
€ [ ) ]v bl(ar:) _ <0’l(ai<il?)>> 1 W, 1 %
fo(x) = or(ar(z)) Figure 1: Notations
To any vector-valued function noted ¢(x) and any batch of inputs X := [zq,...,2,], we as-
sociate the concatenated matrix T'(X) := (t(z1) ... t(z,)) € RIEOX"  The matrices of
pre-activation and post-activation activities at layer [ over a minibatch X are thus respectively:
A(X) = (ai(x1) ... ai(zy))and Bi(X) = (bi(z1) ... bi(zy,)).

NB: convolutions can also be considered, with appropriate representations (cf matrix b (x) in .

2.2 APPROACH

Functional gradient descent. We take a functional perspective on the use of neural networks.
Ideally in a machine learning task, one would search for a function f : R? — R¢ that minimizes the
loss £ by gradient descent: % = —V;L(f) for some metric on the functional space F (typically,
Ly(RP — RY)), where V; denotes the functional gradient and ¢ denotes the evolution time of the
gradient descent. The descent direction vyou := —V;L(f) is a function of the same type as f and
whose value at x is easily computable as vy () = — (Vi L(f)) (&) = —Vul(u, y(:c))|u:f(m)
(see Appendix for more details). This direction vy is the best infinitesimal variation in F to
add to f to decrease the loss L.

Parametric gradient descent reminder. However in practice, to represent functions and to
compute gradients, the infinite-dimensioned functional space F has to be replaced with a finite-
dimensioned parametric space of functions, which is usually done by choosing a particular neural
network architecture A with weights § € ©4. The associated parametric search space F4 then
consists of all possible functions fy that can be represented with such a network for any parameter
value 0. Under standard weak assumptions (see Appendix [A.2), the gradient descent is of the form:

9 _ —WVL(fs) =— E [%E(fe(w),y)} ~

ot (@,y)~D
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Using the chain rule, these parameter updates yield a functional evolution :

v i 0o 0fp 00 0fe o %T(w)v (@)
b = ot 00 ot 90 (wyy~D | 00 goal

which significantly differs from the original functional gradient descent. We will aim to augment the
neural network architecture so that parametric gradient descents can get closer to the functional one.

Optimal move direction. We name 7:4f9, or just
T4, the tangent space of Fy at fp, that is, the set of
all possible infinitesimal variations around fy under
small parameter variations:

fo ._ 9fo

Ti% = { 20 00
This linear space is a first-order approximation of the
neighborhood of fy within 4. The direction vgp
obtained above by gradient descent is actually not
the best one to consider within T4. Indeed, the best /
move v* would be the orthogonal projection of the
desired direction vy 1= —V ¢, L( f) onto T4. This
projection is what a (generalization of the notion of)
natural gradient would compute (Ollivier, 2017). Figure 2: Expressivity bottleneck

s.t. 60 € @A}

v* = Pr()jTA(vgwl)

Indeed, the parameter variation §0* associated to the functional variation v* = %i; 00* is the gradi-
ent —VZ:“E( fo) of Lo fo w.r.t. parameters @ when considering the Lo metric on functional variations

I % 30|\ ., (T4~ not to be confused with the usual gradient VyL( fp), based on the L metric on pa-
rameter variations ||06|| , rio41). This can be seen in a proximal formulation as:

. . 1
v* = argmin [|v — vgu|* = argmm{Dfll(f)(v) + |'u||2} (1)
vETA 2

vETY
where D is the directional derivative (see details in Appendix [A.3), or equivalently as:

2 2
0fs 0fs } = —VAL(fs).

00" = argmin
59€O,

L0560 — vy L0 56

00 50€04 00

= argmin {Dgﬁ(fg)((W) + % ‘
Lack of expressivity. When v, does not belong to the reachable subspace 74, there is a lack of
expressivity, that is, the parametric space A is not rich enough to follow the ideal functional gradient
descent. This happens frequently with small neural networks (see Appendix for an example).
The expressivity bottleneck is then quantified as the distance || v* — 40| between the functional
gradient v, and the optimal functional move v* given the architecture .A (in the sense of Eq. .

2.3  GENERALIZING TO ALL LAYERS

Ideal updates. The same reasoning can be applied to the pre-activations a; at each layer [/, seen
as functions a; : © € RP + a;(x) € R% defined over the input space of the neural network.
The optimal parameter update for a given layer [ then follows the projection of the desired update
—Va,L(fp) of the pre-activation functions a; onto the linear subspace 7:46” of pre-activation varia-
tions that are possible with the architecture, as we will detail now.

Given an sample (x,y) € D, standard backpropagation already iteratively computes véoul(az) =
= (Va,L(fo)) (®) = = Vul (oL (WL o1 (W1 ...01(0))), Y)|y—q,(z). Whichis the derivative
of the loss £(fo(),y) with respect to the pre-activations u = a;(r) of each layer. This is usually
performed in order to compute the gradients w.r.t. model parameters W, as Vw, £(fo(x),y) =

8:;{/1(/2”) valg(fé' ((I)), y)

ém] (z) == — (Va,L(fo)) (x) indicates the direction in which one would like to change the layer

pre-activations a; () in order to decrease the loss at point «. However, given a minibatch of points
(x;), most of the time no parameter move 46 is able to induce this progression for each x; simulta-
neously, because the §-parameterized family of functions a; is not expressive enough.

v
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Activity update resulting from a parameter change. Given a subset of parameters 6 (such as
the ones specific to a layer: # = W), and an incremental direction 66 to update these parameters
(e.g. the one resulting from a gradient descent: 060 = —1 3", o) cminibaen V5 (fo(2), y) for some

learning rate ), the impact of the parameter update 66 on the pre-activations a; at layer [ at order 1
~ 0
in 60 is vl (0, 00) = 22 55
00

Note: given a learning rate 7, in the sequel we will rather consider ’Um 2(@) ===V e, L(fo)(x).

3 EXPRESSIVITY BOTTLENECKS

We now quantify expressivity bottlenecks at any layer [ as the distance between the desired activity
update v! w0al () and the best realizable one v' L) (et Flgure

Definition 3.1 (Lack of expressivity). For a neural network fy and a minibatch of points
X = {(z;,y:)},, we define the lack of expressivity at layer | as how far the desired
activity update V!, = (v}, (x1),v,,,(x2),...) is from the closest possible activity update

V= (vl(xy),v!(xs), ...) realizable by a parameter change 5:

2 2
W= lng}” nZHv ;) — Vhou (1) || —H;bnEHV] (X,00) = Veeu (X)), 2)

for the Frobenius norm, and V(X ,6) is the activity
update resulting from parameter change 6 as defined in previous section. In the two following parts
we fix the minibatch X and simplify notations accordingly by removing the dependency on X.

3.1 BEST MOVE WITHOUT MODIFYING THE ARCHITECTURE OF THE NETWORK

Let §W;" be the solution of [2| when the parameter variation 06 is restricted to involve only layer
l parameters, i.e. W;. This move is sub-optimal in that it does not result from an update of all
architecture parameters but only of the current layer ones:

1 -
SWi = argming [VIOWI) - Vitall ®

Proposition 3.1. The solution of Problem (|3) is:

1
oW, = V lBl 1(= BllelT71>+

goa
where P denotes the generalized inverse of matrix P.

This update §W;" is not equivalent to the usual gradient descent update, whose form is 5WGD o<
VZ, B, In fact the associated activity variation, W, B;_1, is the projection of le on the
post-activation matrix of layer [ — 1, that is to say onto the span of all possible post-activation
directions, through the projector fBlT 15 Lp,_ 1Bl )T B,_;. To increase expressivity if needed,
we will aim at increasing this span with the most useful directions to close the gap between this best
update and the desired one. Note that the update JW* consists of a standard gradient (V,m]BT D)
and of a (kind of) natural gradient only for the last part (projector), as we consider metrics in the
pre-activation space.

3.2 REDUCING EXPRESSIVITY BOTTLENECK BY MODIFYING THE ARCHITECTURE

To get as close as possible to ‘gf)al and to increase the expressive power of the current neural network,
we modify each layer of its structure. At layer [ —1, we add K neurons ngi,...,nx with input
weights v, ..., o, and output weights w1, ..., wx (cf Figure[3). We have the following expansions

by concatenation: WL, < (WL, a1 .. ax)and W+ (W, wi .. wg).

We note this architecture modification § < 6 @ 0% where @ is the concatenation sign and 6% :=
(ou,wr) i, are the K added neurons.
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. init structure
. . . Figure 4: Sum of functional moves
Figure 3: Adding one neuron at layer [ in cyan
(K = 1), with connections in cyan. Here, a € R®
and w € R3.

The added neurons could be chosen randomly, as in usual neural network initialization, but this
would not yield any guarantee regarding the impact on the system loss. Another possibility would be
to set either input weights (au,)_, or output weights (wy, )1, to 0, so that the function fj(.) would
not be modified, while its gradient w.r.t. # would be enriched from the new parameters. Another
option is to solve a optimization problem as in the previous section with the modified structure
6 < 6 ® 0K and jointly search for both the optimal new parameters #X and the optimal variation
O'W, of the old ones:

arg min HVI((WVI A V;(IJMH; 4)

0K, §W,

As shown in ﬁgureEI, the displacement V' at layer [ is actually a sum of the moves induced by the

neurons already present (YW;) and by the added neurons (X)), our problem rewrites as :

. 2
arg min Vl(ﬁg) + V’(5Wl) — VgoallH 5)

0K, 6W, Tr
with v!(z, 0K) := Zszl wi (b—2(x)T o) (See . We choose § W as the best move of already-
existing parameters as defined in Proposition [3.1{and we note Vgtl)alpmj = Viy — VI(OW"). We

are looking for the solution (K *, 05*) of the optimization problem :
2
: LKy _ v/l

arg min HV (05) ‘/é-:oa]proj o (6)

K, 6K
This quadratic optimization problem can be solved thanks to the low-rank matrix approximation the-
orem (Eckart & Young,|1936), using matrices IN := %Bl_g (Vl )T and S := %Bl_gBﬁz. As

g"alproj

S is semi-positive definite, let its truncated SVD be § = USU7, and define 5~ 2 := U\/i_lUT,
with the convention that the inverse of 0 eigenvalues is 0. Finally, consider the truncated SVD of

matrix S": N = ZkR:1 /\kukv,{, where R is the rank of the matrix S~% N. Then:

Proposition 3.2. The solution of Problem ({6) is:
* optimal number of neurons: K* = R

* their optimal weights: (o, w}) = (Sign()\k)\/|)\k|5’_%uk, |/\k|vk> fork=1,...,R.

Moreover for any number of neurons K < R, and associated weights 5%, the expressivity gain
and the first order in 1 of the loss improvement due to the addition of these K neurons are equal and
can be quantified very simply as a function of the singular values \y:

a;(0)
k

K
, > AL +olllE )

K
\Ille@ei‘;* =0 — Z % and — L(fpagx-) = L(fo) +
k=1 1
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Proposition 3.3. If S is positive definite, then solving (5) is equivalent to taking wi, = N oy, and
finding the K first eigenvectors o, associated to the K largest eigenvalues \ of the generalized
eigenvalue problem :

NNTap = ASay

Corollary 1. For all integers m,m’ such that m + m’' < R, at order one in 1, adding m + m’
neurons simultaneously according to the previous method is equivalent to adding m neurons then
m/ neurons by applying successively the previous method twice.

Note: Problems () and (6] are generally not equivalent, though similar (cf[C.4).
Note 2: Minimizing the distance , ie the distance between V!  and V!, is equivalent to minimiz-

goal

ing the loss £ at order one in V'':

1_4(0
Clfasars) = £ - T (v, vy )

The family {V'+((au,, wi)) HE | of pre-activity variations induced by adding the neurons 0X* is
orthogonal for the trace scalar product. We could say that the added neurons are orthogonal to each
other (and to the already-present ones) in that sense. Interestingly, the GradMax method (Evci et al.,
2022) also aims at minimizing the loss [/} but without avoiding redundancy (see Appendix for
more details).

Addition of new neurons. In practice before adding new neurons (o, w), we multiply them by
an amplitude factor v found by a simple line search (see Appendix , ie. we add (y/7ya, /W)
The addition of each neuron k has an impact on the loss of the order of YA? provided v is small.
This performance gain could be used in a selection criterion realizing a trade-off with computational
complexity. A selection based on statistical significance of singular values can also be performed
(Appendix [D.3). The full algorithm and its complexity are detailed in Appendices[D.5|and[D.6]

4 ABOUT GREEDY GROWTH SUFFICIENCY

One might wonder whether a greedy approach on layer growth might get stuck in a non-optimal
state. We derive the following series of propositions in this regard. Since in this work we add
neurons layer per layer independently, we study here the case of a single hidden layer network, to
spot potential layer growth issues. For the sake of simplicity, we consider the task of least square
regression towards an explicit continuous target f*, defined on a compact set. That is, we aim at

minimizing the loss: . y
inf 3 () - £ @)
€D
where f(z) is the output of the neural network and D is the training set.

Proposition 4.1 (Greedy completion of an existing network). If f is not f* yet, then there exists a
set of neurons to add to the hidden layer such that the new function [’ will have a lower loss than f.

One can even choose the added neurons such that the loss is arbitrarily well minimized. Furthermore:

Proposition 4.2 (Greedy completion by one single neuron). If f is not f* yet, there exists a neuron
to add to the hidden layer such that the new function f' will have a lower loss than f.

As a consequence, there exists no situation where one would need to add many neurons simulta-
neously to decrease the loss: it is always feasible with a single neuron. One can express a lower
bound on how much the loss has improved (for the best such neuron), but it is not a very good
bound without further assumptions on f. Furthermore, finding the optimal neuron to add is actually
NP-hard (Bach, [2017)), so we will not necessarily search for the optimal one.

Proposition 4.3 (Greedy completion by one infinitesimal neuron). The neuron in the previous
proposition can be chosen to have arbitrarily small input weights.

This detail is important in that our approach is based on the tangent space of the function f and thus
manipulates infinitesimal quantities. Our optimization problem indeed relies on the linearization of
the activation function by requiring the added neuron to have infinitely small input weights, to make
the problem easier to solve. This proposition confirms that such neuron exists indeed.
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Correlations and higher orders. Note that, as a matter of fact, our approach exploits linear cor-
relations between inputs of a layer and desired output variations. It might happen that the loss is
not minimized yet but there is no such correlation to exploit anymore. In that case the optimization
problem (6) will not find neurons to add. Yet following Prop. {£.3] there does exist a neuron with
arbitrarily small input weights that can reduce the loss. This paradox can be explained by pushing
further the Taylor expansion of that neuron output in terms of weight amplitude (single factor € on
all of its input weights), for instance o (cac - &) ~ 7(0) + 0’ (0)ec- @ + 30" (0)e?(a - )2 + O(®).
Though the linear term « -  might be uncorrelated over the dataset with desired output variation,
i.e. Ex~pla - ] = 0, the quadratic term (c - )2, or higher-order ones otherwise, might be corre-
lated. Finding neurons with such higher-order correlations can be done by increasing accordingly
the power of (¢ - @) in the optimization problem . Note that one could consider other function
bases than the polynomials from Taylor expansion. In all cases, one does not need to solve such
problems exactly but just to find an approximate solution, i.e. a neuron improving the loss.

Adding random neurons. Another possibility to suggest additional neurons, when expressivity
bottlenecks are detected but no correlation (up to order p) can be exploited anymore, is to add random
neurons. The first p order Taylor expansions will show O correlation with desired output variation,
hence no loss improvement nor worsening, but the correlation of the p+1-th order will be non-0, with
probability 1, in the spirit of random projections. Furthermore, in the spirit of common neural net-
work training practice, one could consider brute force combinatorics by adding many random neu-
rons and hoping some will be close enough to the desired direction (Frankle & Carbinl 2018)). The
difference with usual training is that we would perform such computationally-costly searches only
when and where relevant, exploiting all simple information first (linear correlations in each layer).

5 RESULTS

We evaluate our method, called TINY, on the CIFAR-10 dataset (Krizhevsky et al.,2009). We start
with an architecture of two blocks consisting of 2 convolutions and 1 MaxPooling each, followed
by two fully-connected layers, using the the selu activation function. The training criterion is the
cross-entropy loss. We increase the size of the network on the fly (during training), with a batch size
of 500 for training, see[D.2] More experiments can be found in Appendix

In Figure El, the TINY method is compared to GradMax (GM) (Evci et al., [2022) We imitate this
method by skipping the projection step of the desired update on the current architecture. The Left and
Right plot respectively correspond to the plots of the accuracy accy on validation set after adding all
the neurons, and the accuracy acc, at the end of training. On the z-axis, we measure the complexity
of each model as the number of basic operations performed during test.

At a fixed complexity, before and after the final training, our method out-performs GradMax be-
cause of the redundancy of that procedure. While GradMax neurons align with the gradient when
expressivity bottlenecks can be mostly solved by the current architecture, we add new directions
and decrease the expressivity bottleneck as defined in by projecting the desired update. In the
GradMax paper, to avoid redundancy, neurons can be added only once the gradient of the current
structure vanishes to 0. Our method allows to skip this waiting by projecting the desired update on
the current structure using (3).

In Figure [6| we compare our results with a baseline (FS) where the final TINY architecture is re-
trained from start with a new set of weights, initialized with Xavier Normal distribution and trained
until convergence. The Figure shows the evolution of train/test accuracy for the TINY and from
scratch (FS) methods. No new neurons are added after 4000 steps in TINY. It is possible to achieve
100% accuracy on training dataset, thus overfitting the data, meaning that TINY could effectively
bypass any expressivity bottleneck, and this with fewer parameters than (Zhang et al., [2017)’s theo-
rem. While usual methods have to train until convergence different architectures to find the optimal
one, our method achieves this result in a single run.

6 LIMITATIONS

At a given layer, our method reduces expressivity bottlenecks, unless the required information has
been lost in previous layers. This situation might arise e.g. with very thin, deep neural networks
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with ReLU activations. In such a case, the lack of information flow might prevent any update. This
limitation however disappears once new layers or skip connections can be added to the architecture.
In Appendix [E3 we are thus able to train a ResNet-18 model on CIFAR-100.

7 CONCLUSION

We have properly defined lacks of expressivity, and their minimization has allowed us to optimize
the architecture on the fly, to better follow the functional gradient, enabling architecture growth,
and escaping optimization issues usually associated to layer thinness. Work in progress includes the
extension to layer addition in order to fully automatically develop architectures, a statistical test to
assess the significance of estimated neurons to add, and a strategy for neuron addition based on a
compromise between performance gain and added computational complexity.
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Figure 5: Experiments on CIFAR Dataset: accuracies (Left) accy, (Right) accso on test set against
the complexity for GM and Our method. The starting architecture N;,;; has the structure of 3
neurons per convolutional layers and 5 neurons per linear layer which is of complexity 2 x 10°.

Algorithm 1: Algorithm to plot Figure[3]

for each method [Ours, GradMax] do
Start from a given small neural network NN;
for j in nby,ss do
for each layer | do
Compute the first three neurons to add at layer [ ;
Il with our method the above also yields SW " as a by-product;
Select among them the ones with significant singular value (Appendix
Compute the amplitude factor v for the new neurons (Appendix ;
Add the neurons if v > 0;
Update the architecture with the best update dW,* at [+1 (only for our method)
end
end
Get accuracy accy of NN;
Train NNfor 15 epochs ;
Get final accuracy acco, of NN

b3

end
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Figure 6: Evolution of the train/test accuracy wrt gradient steps for TINY and FS.
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We provide additional details, following the same order as the sections in the paper.

A THEORETICAL DETAILS FOR PART 2

A.1 FUNCTIONAL GRADIENT

The functional loss £ is a functional that takes as input a function f € F and outputs a real score:
L:feF — L(f)= E [E(f(w),y)} €R.
(z,y)~D

The function space JF can typically be chosen to be Lo(R? — R?), which is a Hilbert space. The
directional derivative (or Gateaux derivative, or Fréchet derivative) of functional £ at function f in
direction v is defined as:

L(f 4 ev) — L(f)

DL(f)(v) = lim -

if it exists. Here v denotes any function in the Hilbert space F and stands for the direction in which
we would like to update f, following an infinitesimal step (of size ¢), resulting in a function f + ev.

If this directional derivative exists in all possible directions v € F and moreover is continuous in v,
then the Riesz representation theorem implies that there exists a unique direction v* € F such that:

Yo e F, DL(f)(v) = (v*,v).
This direction v* is named the gradient of the functional £ at function f and is denoted by V;L(f).

Note that while the inner product (, ) considered is usually the Lo one, it is possible to consider other
ones, such as Sobolev ones (e.g., H'). The gradient V;£(F) depends on the chosen inner product

and should consequently rather be denoted by VfL 2L(f) for instance.

Note that continuous functions from R? to R?, as well as C* functions, are dense in Lo (RP — Rd).

Let us now study properties specific to our loss design: L(f) = E(5,)~p [K(f(a:), y)} . Assuming

sufficient /-loss differentiability and integrability, we get, for any function update direction v € F
and infinitesimal step size ¢ € R:

L +en) L) = B [0(@)+eo(@),y) ~ (f(@),y)

= B Vel Wl e0(@) + O @) )|
using the usual gradient of function ¢ at point (v = f(x),y) w.r.t. its first argument u, with the
standard Euclidean dot product - in RP. Then the directional derivative is:

DLW = E [Vallw,9)],_yp 0@ = E_ [ng:) . Vb, 9)],_ )| v@)]

and thus the functional gradient for the inner product (v, v')g := Ezp [v(m) v’ (ac)} is the function:

VEL(f) i@ JE [W(u, y)\u:f(m)}

which simplifies into:
VJI”E’C(f) ST Vuf(u,y(w))‘uzf(m)
if there is no ambiguity in the dataset, i.e. if for each @ there is a unique y ().

Note that by considering the Ly (RP — R9) inner product J v+ instead, one would respectively
get:
Lo .
VL) e pp(@) B[Vl y)], )]
and .
vf Q‘C(f) A pD(w) Vaul(u, y(w))‘u:f(m)

instead, where pp(x) is the density of the dataset distribution at point @. In practice one estimates
such gradients using a minibatch of samples (x, y), obtained by picking uniformly at random within
a finite dataset, and thus the formulas for the two inner products coincide (up to a constant factor).
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A.2 DIFFERENTIATION UNDER THE INTEGRAL SIGN

Let X be an open subset of R, and 2 be a measure space. Suppose f : X x {2 — R satisfies the
following conditions:

* f(z,w) is a Lebesgue-integrable function of w for each x € X.
* For almost all w € 2, the partial derivative f, of f according to x exists for all z € X.

* There is an integrable function 6 : Q — R such that | f,(2,w)| < §(w) for all z € X and
almost every w € €.

Then, forall x € X,

d
— T,w)dw = (T, w) dw
& | tewde= [ e

See proof and details :Flanders|(1973)).

A.3 GRADIENTS AND PROXIMAL POINT OF VIEW

Gradients with respect to standard variables such as vectors are defined the same way as functional
gradients above: given a sufficiently smooth loss £ : 6 € ©4 — L() = L(fs) € R, and an inner
product - in the space ©4 of parameters 6, the gradient VL£(0) is the unique vector 7 € 4 such
that:

Vo0 € ©4, T-00 = DgL(0)(50)

where DyL(0)(56) is the directional derivative of £ at point 6 in the direction 66, defined as in the
previous section. This gradient depends on the inner product chosen, which can be highlighted by

the following property. The opposite —Vy L (9) of the gradient is the unique solution of the problem:

~ 1
arg min {Dg/l(&)(&?) + = ||59§D}
5004 2

where | || p is the norm associated to the chosen inner product. Changing the inner product ob-
viously changes the way candidate directions d6 are penalized, leading to different gradients. This
proximal formulation can be obtained as follows. For any §6, its distance to the gradient descent
direction is:

H50 — (~VL(®) H2 — |166]% + 2660 - V4 L(6) + vari(e)’f

=2 (; 166> + D(,Z(())(aa)) +K

where K does not depend on d6. For the above to hold, the inner product used has to be the one
from which the norm is derived. By minimizing this expression with respect to §6, one obtains the
desired property.

In our case of study, for the norm over the space ©4 of parameter variations, we consider a norm of
in the space of associated functional variations, i.e.:

ofo 59‘
00

which makes more sense from a physical point of view, as it is more intrinsic to the task to solve and
depends as little as possible on the parameterization (i.e. on the architecture chosen). This results
in a functional move that is the projection of the functional one to the set of possible moves given
the architecture. On the opposite, the standard gradient (using Euclidean parameter norm ||66|| in
parameter space) yields a functional move obtained not only by projecting the functional gradient

but also by multiplying it by a matrix % % which can be seen as a strong architecture bias over

optimization directions.

ool = |

We consider here that the loss £ to be minimized is the real loss that the user wants to optimize,
possibly including regularizers to avoid overfitting, and since the architecture is evolving during
training, possibly to architectures far from usual manual design and never tested before, one cannot
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assume architecture bias to be desirable. We aim at getting rid of it in order to follow the functional
gradient descent as closely as possible.

Searching for
* . 2 . 1 2
v* = argmin ||[v — Veou||© = argmin DrL(f)(v) + =||v|
vETY vETA 2
or equivalently for:
2

0
% 00 — Vgoal

o3

00" = argmin

500,

= argmin{DgE fo)(60) +
5004

} = —VAL(fo)

then appears as a natural goal.

A.4 EXAMPLE OF EXPRESSIVITY BOTTLENECK

Example. Suppose one tries to estimate the function y =
fuue(z) = 2sin(z) + « with a linear model fyredgice(z) = az + b. 6 toroet

—— prediction

Consider (a,b) = (1,0) and the square loss £ . For the dataset 5
of inputs (z¢, z1, 2, 23) = (0, g, , 2”), there exists no param-
eter update (da, 6b) that would improve prediction at xg, x1, T2

and x3 simultaneously, as the space of linear functions {f : x —

ax+b | a,b € R} isnotexpressive enough. To improve the pre- 29

diction at xg, 1, 2 and x3, one should look for another, more ex- 14

pressive functional space such that for ¢ = 0, 1, 2, 3 the functional o

update A f(x;) := f+1(z;) — f(z;) goes into the same direction 5 ; " :

as the functional gradient vy () := —V o) L(f(z:),v:) = *

—2(f(@i) — yi) where y; = furue(2:). Figure 7: Linear interpolation

A.5 PROBLEM FORMULATION AND CHOICE OF PRE-ACTIVITIES
There are several ways to design the problem of adding neurons, which we discuss now, in order to
explain our choice of the pre-activities to express expressivity bottlenecks.

Suppose one wishes to add K neurons 05 := (a,wy)i ;| to layer | — 1, which impacts the
activities a; at the next layer, in order to improve its expressivity. These neurons could be chosen
to have only nul weights, or nul input weights o, and non-nul output weights wy,, or the opposite,
or both non-nul weights. Searching for the best neurons to add for each of these cases will produce
different optimization problems.

Let us remind first that adding such K neurons with weights 0% := (o, wy)i | changes the
activities a; of the (next) layer by

K
> wi o(bi—a(x) o) (8)

Small weights approximation Under the hypothesis of small input weights «y, the activity vari-
ation [§]can be approximated by:

K
) Z wkbl_2($)TOlk
k=1

at first order in ||y ||. We will drop the constant ¢’(0) in the sequel.

15



Under review as a conference paper at ICLR 2024

This quantity is linear both in «a and wy, therefore the first-order parameter-induced activity varia-
tions are easy to compute:

ol (@, ()t = ((8“;(;”)1)(% et = St e
vz, (wp)E)) = _daufz) (W) = zK:w b_o(x)
PR k=1 ( (Wk-)kK:1 )|(wk)kK:1:O S e *

so with a slight abuse of notation we have:

(x,0F) Zwkbl o(x) o,

Note also that technically the quantity above is ﬁrst-order in a;, and in wy, but second-order in the
joint variable 6% = (i, wy,).

Adding neurons with 0 weights (both input and output weights). In that case, one increases

the number of neurons in the layer, but without changing the function (since only nul quantities are

added) and also without changing the gradient with respect to the parameters, thus not improving

expressivity. Indeed, the added quantity (Eq. [8)) involves 0 x 0 multiplications, and consequently the

derivative agé—ﬁ;’”) o w.r.t. these new parameters, that is, bl_g(ac)Tak w.r.t. wy and wy, bl_g(m)T
e =0

w.r.t. a; is 0, as both a; and wy, are 0.

Adding neurons with non-0 input weights and 0 output weights or the opposite. In these cases,
the addition of neurons will not change the function (because of multiplications by 0), but just the
gradient. One of the 2 gradients (w.r.t. aj or w.r.t wy) will be non-0, as the variable that is O has
non-0 derivatives.

The question is then how to pick the best non-0 variable, (aj, or wy) such that the added gradient
will be the most useful. The problem can then be formulated similarly as what is done in the paper.

Adding neurons with small yet non-0 weights. In this case, both the function and its gradient
will change when adding the neurons. Fortunately, Proposition[3.2]states that the best neurons to add
in terms of expressivity (to get the gradient closer to the variation desired by the backpropagation)
are also the best neurons to add to decrease the loss, i.e. the function change they will imply goes
into the right direction.

For each family (wy)f_;, the tangent space in a; restricted to the family (a)r_,, ie T4 =
a‘” M) K J(en)E, € (RP—=2@N 1 varies with the family (wy )X, ie
O(ag) i 1|(cex) K, =0 k=1 k=1 k=1

T = T4 ( (“’k)k:1)~ Optimizing w.r.t. the wy, is equivalent to search for the best tangent space
for the o, while symmetrically optimizing w.r.t. the c is equivalent to find the best projection on
the tangent space defined by the wy,.

Pre-activities vs. post-activities. The space of pre-activities a; is a natural space for this frame-
work, as they are formed with linear operations and we compute first-order variation quantities.
Considering the space of post-activities b; = o(a;) is also possible, though computing variations
will be more complex. Indeed, without first-order approximation, the obtained problem is not man-
ageable, because of the non-linear activation function ¢ added in front of all quantities (while in the
case of pre-activations, quantity [§]is linear in wy, and thus does not require approximation in wy,
which allow considering large wy,), and, with first-order approximation, it would add the derivative
of the activation function, taken at various locations o’ (a;) (while in the previous case the derivatives
of the activation function were always taken at 0).

A.6 ADDING CONVOLUTIONAL NEURONS

To add a convolutional neuron at layer [ — 1, one should add a kernel at layer [ — 1 and expand one
dimension to all the kernels in layer [ to match the new dimension of the post-activity.
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Vgoal

Vgoal

ij‘]j; (Ugoal)

Figure 8: Changing the tangent space with different values of (wy,)%X_;.

T @ by () . ba()

. internal representation @f*ﬂ added neuron
Ea kernels \l added channel

Figure 9: Adding one convolutional neuron at layer one for a input with tree channels.

B THEORETICAL COMPARISON WITH OTHER APPROACHES

B.1 GRADMAX METHOD

Using the notation of the paper Evci et al. (2022) : z;(z) := a;(x) and hy(z) := b;(z). We have
that g—fl(x) := Vgout' (). When adding K neurons at layer /, fan-in weights {c; }¥_, are initialized
to zeros and fan-out weights are initialized as the solution of the following optimization problem :

* * * T
(W, . wi) == QF = arggl;naXH > bia(z)olll ()91 st Q% < ¢
T
= argsgrlax||Bl_2‘éé$l Q% st [|QF < ¢
:= arg max Tr (QTNTNQ) st |QF <c
Q

17
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While our method is equivalent to the following optimisation problem :

(i) = 0 = argmax |3 ba(e s () st IBLaQllf <o
= arggr;laXI\Bz_zV;oali,rTonII% st ||[BiaQ[p <c
= argmax Tr (QTS*%NTNS*%Q) st |Q% <e¢ Q= S0

Q
= arggrlnaXTr (QST'NTNS'Q) st ||QF < é

One can note three differences between those optimization problems:

« First, the matrix IN is not defined using the projection of the desired update ‘/:goali,t;j- As
a consequence, GradMax does not take into account redundancy, and on the opposite will
actually try to add new neurons that are as redundant as possible with the part of the goal

update that is already feasible with already-existing neurons.

 Second, the constraint lies in the weight space for GradMax method while it lies in the pre-
activation space in our case. The difference is that GradMax relies on the Euclidean metric
in the space of parameters, which arguably offers less meaning that the Euclidean metric in
the space of activities. Essentially this is the same difference as between the standard L2
gradient w.r.t. parameters and the natural gradient, which takes care of parameter redun-
dancy and measures all quantities in the output space in order to be independent from the
parameterization. In practice we do observe that the “natural” gradient direction improves
the loss better than the usual L2 gradient.

* Third, our fan-in weights are not set to 0 but directly to their optimal values (at first order).

B.2 NORTH PREACTIVATION

In paper Maile et al|(2022), fan-out weights are initialized to O while fan-in weights are initialized
as a; = S~ 'B;_1V} r; where r; is a random vector and Vg, € M(|Ker(B{,)|,|bi_1(x)])
is a matrix consisting of the orthogonal vectors of the kernel of pre-activations By, i.e
{z | Bf'z = 0}. In our paper fan-in weights are initialized as a; = S‘lBl_lVéoalgmjvi =
S 1B, VgoalTVZlV%L v;, where the v; are right eigenvectors of the matrix S ~2N.

The main difference is thus that we use the backpropagation to find the best v; or r; directly, while
the NORTH approach tries random directions r; to explore the space of possible neuron additions.

C PROOFS OF PART 3 AND 4

C.1 ProposITION[3.]]

Denoting by dW; " the generalized (pseudo-)inverse of §W;, we have:

1 1 1 1
W = EVgoallBlT—l(ﬁBllezT—l)Jr and Vol = E‘/goallBlT—l(ﬁBllelT—l)+Bl*1

Proof
Consider the function

g(oW,;) = ||‘/goall - 5WlBl—1||'21“r ®)
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then:
(Wi + H) = || Vegu' — PWBLy — HBu

= g(OW,) — 2(Vioa' — W, By_1, HB,_1)1y + o(|| H]|)
= g(6W;) — 2Tt ((Viou" (SWIBZ 1) HB,_;) +o(||HJ|)
= g(W) — 2Tr (Bl 1 (Veoa! = 6WiB1_1) " H) + o(||H]|)

= g(0Wi) = 2((Veou' — Wi B1—1) By, H)m: + 0| H|)
By identification V5w, g(0W;) = 2( gOdl — W, B, _ I)Bz 1> and thus:

Vswig(6W)) =0 = Vyou' B} =W, B,_1 B/ |
Using the definition of the generalized inverse of M T, we get:
SWi' = Vi BL1(BiaBLy)"

as one solution. For convolutional layers, considering 2D images of size p, using index 7 = 1, ...,n

for the samples, and index &k = 1, ..., ch for the out-channels, and considering the convolutional
kernel size to be (2,2), then :

Lk pko ok
1k p2,k 2p,k

o b b (10)
A AR

b11 b21 bp+11 bp+21 b12 b22 bp+12 b§;+2,2 pl3
Bf = b21 b31 bp+21 bp+31 b22 b32 bp+22 pp32 2.3

2 7 7
Then the function to minimize is

9(EW1) = || Viour' — B GW, [,
where B¢ := (Bf ... Bg). O

C.2 PROPOSITION[3.2]

We define the matrices N := L B;_, (ngl;,~oj)T and S := 1 B;_,B{ ,. Let us denote its SVD

by § = USXUT, and note S~ := UVS U7 and consider the SVD of the matrix S~ N —
ZkRzl Apugvl with Ay > ... > Ag > 0, where R is the rank of the matrix N. Then:

Proposition C.1 (3.2). The solution of (5) can be written as:
* optimal number of neurons: K* = R
o their optimal weights: (o, w}) = (sign(Ak)vVARS™ s, Vo) fork =1, .
Moreover for any number of neurons K < R, and associated scaled weights 0X-*, the expressivity

gain and the first order in n of the loss improvement due to the addition of these K neurons are
equal and can be quantified very simply as a function of the eigenvalues \y:

K

l § 2

lIleGBGK * — \:[19 - /\k‘
k=1

/

0) &
L(fogpr~) = £ DA+ olll057]1?)
k=1
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Proof

We first compute the proof for a linear layer.
The optimal neurons ny, ..., nk are defined by n; := (a;, w;) and are the solution of the optimiza-

tion problem :
L
goalpTOj

—_—
argmin || VL, — sWiB,_, ~QAT B |2

6Wl769lk—1<—>l
where Q := (w7 ... wg) and A:= (o1 ... o)
This is equivalent to :
Vl
goalpToj
—_—
. 2
argmin || Vi — 6W,Bi_1 —CBy_s||, (11)
C=QAT

Then C* = STN. Taking K = rank(S*N) and a family (o, wy)1,.. g such that QAT =
>, wrai = STN is a optimal solution. But what if we decide to only add K < R neurons ?

. 1 ' 9 1
ar%gun{g“‘{goal;m;‘ o Vl(eg)H%‘r} = argegnn{ — E<V:é°ali;roj7 Vl(9£)>Tr + g||Vl(9£)H%}

1
= argmin —g(6X)
g N

‘We note

1 2 —
L9(05) = 3" Z Vgoatl oy (@) (L 12 (@) )

K n

+ % kz; 21: (agbzfz(a:i»w,fwj (aijl,g(:ci))
K Lo
=2 Z az (ﬁ Z bl*Q(wi)vgoaléroj (wi)T)wk
% i

K n
+ Z wiw;al (% Z bz—2($i)bl—2(wi)T> @;

k.j
K K
= —QZawak + Zw,{wjaZSaj
k k,j
: 1 l T 1 T
with N := %Bl,Q (‘/goalproj) and S = %Bl,QBl_Q.

Consider the SVD of § = USU™. Define S} —U/SUand S~ % :=UVS UT.
Consider also the SVD of S"s N = 1\ w,e

T
Note also v := S oy, Then:
K
1
—Za{ka = —ngS_Eka
k=1 k

=—-Tr (z}; 27; A ('ygvre?j)wk)
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Using the linearity of the Trace and that Tr(AB) = Tr(BA), we have :
K
— Z agka =-—-Tr (Z Z )\ka'ykTvreZ)
k=1 kT
=—-Tr (Z Wik Z /\Tvre?:)
k r
T T . T
= — )\’I"I‘ th A,B r:rI‘rAB
<;%w2:v@%yl< )1 = Tr(A”B)

For the second sum :

K
Y wiwjafSa; =3 (w,fwj) (’Yf’m)
k,j k,j

2]

1 (3 (twon? )

k.j

=Tr(( Y el win] )
7
=l wak 3 with [|A]|7y = /Tr(AT A)
=| Z’kak: ||Tr
Then we have :

1 .
argmin —g(a,w) =  argmin

K
SN — E yrwi
K,0. n K,a:S*l/zTV,w

k=1

Tr
The solution of such problems is given by the paper Eckart & Young| (1936), by choosing K =
rank(S~1/2N') and ZkK 1 'ykwk =y 1) Arv.el. Choosing K = R is thus the best option.
Thus we have that Zk wraf = 871/2 Z )\k'ykwk =S-IN.
We now consider the matrix S~/2N. The minimization also yields the following properties at the
optimum:

for k 7é ja <7kw£77jwf>Tr =0

1S~ 2N - Z’kakHTr— Z )\2
r=K-+1
K

= [[STANE = 11w [
k=1

Furthermore :

| |Veou,

proj

* 1 l -1 _1
—V(OE)Ih = ﬁ”‘/goalprojn%‘r +[[STEN = i P~ |87 N7,
k
R
>+ ||Vgoa1pmj\|rr—||5_§N||gn

r=K+1

K
= YN Vit
=1
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We note Vgoalémj(éwl*) = go,ﬂ;m] Suppose that B;_; and B;_5 are orthogonal for the trace
scalar product, then when adding the new neurons, the impact on the global loss is :

71 *
fg@gx = Z L f9 mz yz (O)<Vl(91<—(>’ )7 ‘/:‘%Oal‘ijroj>Tr + 0(1)
We also have the following property :
arg min { | |‘/g0alpr0j Vo5 ‘%‘r}
0%
= arg min arg min { H‘/gOdIPTOJ - Vl((?ﬁ)ll%y}

H20 0K, IVIOE)|Im=H

. . 2 ! 141K 1 Kyp12
_ 2 Vedh (VY0 > V(8 }
g {20l (V05 v

mi mi 2 l I+1gK 1.
= arg min arg min {**<Voa1 LV > L lH }
H20 05 VI (05l L 7\ £ 05)) ., + 5

1
= arg min arg min { — H<‘/goa];roju Vl+1(91{>) * > + §H2}
H20 0K [[VI8[S,)* || re=1 o

with V(6K )* the solution of the second arg min (ie for H = 1).
Then the norm minimizing the first argmin is given by :

= (Vi V05"

Tr
Furthermore
K
mln{ ||‘/g021]p7~gj — Vl+1(9l<—>l HTr} Z ‘|‘/éoalpr0J||Tr
91<—>l =1
. 1 2
rgflin{ ||V:goalproj Z(GII;Z)HQTr} = _EH* HV:%"a'pmJHTT

K
= H*= <Vg°aljwoj’vl(9£)*>ﬁ =D A xvn
r=1

Vl(eK,*) — H*Vl(eg)*
lpK,* l _ * l LK \* _ *2
(VIOE") Vaotprg ) = H* % (Vo VIOE)) = H

goalyyrg oal 0

where the last equality is given by the optimisation of ||~z N — Zszl upw'|[3,. So minimiz-
ing the scalar product 7<‘/goalijro_] (W), V(6K )*> for fixed norm of V(X)) is equivalent to
Tr

minimizing the norm || Vo' (W) — VI(0K)||3,.

proj

f9@9K = Z‘CfG wz y1 Z)\k+0

For convolutional layers, the same reasoning can be applied. Consider one adds one convolution
layer, ie K = 1. Use By defined in the first proof and T} the linear application selecting the
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activities for the j—pixel , then one has to minimize the expression :

out channels examples preactivity size

9(0L) = Z Z Z (wn T B e = Voo ,)?

_ Z Z Z w!'T; Béa)? — 2w§;TjB§aV;0alj.m +C

m 7 ] 1

= ZZZTF(“-’;ZTJBZ-C )? — 2w T, Bf ano,ﬂj e
m i j=1

- Z Z Z Tr(TjBiCawg;y - 2w7?11}Bfa‘{goa1; m +C
m i j=1

for some constant C.  We have the property that (T, Biaw! )3, = Tr(T;Bfaw,)® =

|| T; Bfaw? | |3, Ignoring the constant C:

— ZTr(wma (ZBCT ZTTT BC) ow ) — QwT ZT By Vgo&]

i,J

*Za (ZBCTZTTTBC)aw wmewTZTB Vfgoal

]

T ( Y BTy Tj:roBg) awlew — 23 wh S T L, Vi 1 m Bl e
i J m %]
=a’Swlw -2 Z wh Z F"Bio

=aTSwTw - 2wNa

i=1+1i/(p—1)]

—
0.0 1 0
J=14+1i/(p—1)]
0 0 0 1
with T; = j—1+Lj./(p—1)j a1 for a kernel size equal to (2, 2). O

— —
0.0 0.010
j=1+Li/(p—1)] 31

—
0.0 0.00 10

C.3 PROPOSITION AND REMARK [3.3]

Suppose S is semi definite, we note S = S 187, Solving (7) is equivalent to find the K first
eigenvectors oy associated to the K largest eigenvalues A of the generalized eigenvalue problem :

NNTa, = ASay,

Proof

This is equivalent to maximizing the following generalized Rayleigh quotient (which is solvable by
the LOBPCG technique):

N a’NNTa
a* = max —————
z aTSa
. pTS :NNTS :p
p* = max -
p=81/2cx b'p

"= max INTS~2p]]

o = S_5p
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Considering the SVD of S72N = Y% e f7, then ST:NNTS~2 = S8 22f, f7

because j #i = ele; =0and fI f; = 0. Hence maximizing the first quantity is equivalent

to p;. = fx, then o, = S’%ek. The same reasoning is used to find wy.

We prove second corollaryby induction. Form =m/ =1

a(x)* = aiz )t + V(05" )y + o(y)
'Ugoall’tJrl( ) =7 oal ( ) + val(w)ﬁ(fQ( ) )T’U(G(l_’;k, m)ﬁy + 0(7)

Adding the second neuron we obtain the minimization problem:

arg min H‘/goa]l’t — Vg, ws)||me + o(1)

Q2,WwW2

C.4 ABOUT EQUIVALENCE OF QUADRATIC PROBLEMS

Problems|[6|and 5 are generally not equivalent, but might be very close, depending on layer sizes and
number of samples. The difference between the two problems is that in one case one minimizes the
quadratic quantity:
. 2
[vies) + viewn) - Vi

w.r.t. 6W; and 0K jointly, while in the other case the problem is first minimized w.r.t. §W; and
then w.r.t. X . The latter process, being greedy, might thus provide a solution that is not as optimal
as the joint optimization.

We chose this two-step process as it intuitively relates to the spirit of improving upon a standard
gradient descent: we aim at adding neurons that complement what the other ones have already done.
This choice is debatable and one could solve the joint problem instead, with the same techniques.

The topic of this section is to check how close the two problems are. To study this further, note that
VY(6W,) = W, B;_; while V(6E) = Ele wi B .. The rank of B;_1 is min(ng,n;_1)
where ng is the number of samples and n;_; the number of neurons (post-activities) in layer [ — 1,
while the rank of B;_» is min(ng, n;_3) where n;_o is the number of neurons (post-activities) in
layer [ — 2. Note also that the number of degrees of freedom in the optimization variables 6 W; and
0K = (wg, ay) is much larger than these ranks.

Small sample case. If the number ng of samples is lower than the number of neurons n;_; and
nj—2 (which is potentially problematic, see Sect10n@ then it is possible to find suitable variables
W, and X to form any desired V!(§W;) and V'(6F). In particular, if ng < n;_; < n;_o, one
can choose Vl (6%) to be Vgoa1 — Vl (6W;) and thus cancel any effect due to the greedy process in
two steps. The two problems are then equivalent.

Large sample case. On the opposite, if the number of samples is very large (compared to the
number of neurons n;_1 and n;_s), then the lines of matrices B;_; and B;_» become asymptotically
uncorrelated, under the assumption of their independence (which is debatable, depending on the
type of layers and activation functions). Thus the optimization directions available to V!(§W;) and
V(0K become orthogonal, and proceeding greedily does not affect the result, the two problems
are asymptotically equivalent.

In the general case, matrices B;_; and B;_, are not independent, though not fully correlated, and
the number of samples (in the minibatch) is typically larger than the number of neurons; the prob-
lems are then different.

Note that technically the ranks could be lower, in the improbable case where some neurons are
perfectly redundant, or, e.g., if some samples yield exactly the same activities.
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C.5 SECTION Theory behind Greedy Growth WITH PROOFS

One might wonder whether a greedy approach on layer growth might get stuck in a non-optimal
state. We derive the following series of propositions in this regard. Since in this work we add
neurons layer per layer independently, we study here the case of a single hidden layer network, to
spot potential layer growth issues. For the sake of simplicity, we consider the task of least square
regression towards an explicit continuous target f*, defined on a compact set. That is, we aim at
minimizing the loss:

inf D @) = @)
z€D
where f(z) is the output of the neural network and D is the training set.

Proposition C.2 (Greedy completion of an existing network). If f is not f* yet, there exists a set of
neurons to add to the hidden layer such that the new function f' will have a lower loss than f.

One can even choose the added neurons such that the loss is arbitrarily well minimized.

Proof. The classic universal approximation theorem about neural networks with one hidden layer
Pinkus| (1999) states that for any continuous function ¢ defined on a compact set w, for any desired
precision v, and for any activation function o provided it is not a polynomial, then there exists a
neural network g with one hidden layer (possibly quite large when ~ is small) and with this activation
function o, such that

vz, llg(z) — g* (@) <~

We apply this theorem to the case where g* = f* — f, which is continuous as f* is continuous, and
f is a shallow neural network and as such is a composition of linear functions and of the function o,
that we will suppose to be continuous for the sake of simplicity. We will suppose that f is real-valued
for the sake of simplicity as well, but the result is trivially extendable to vector-valued functions (just
concatenate the networks obtained for each output independently). We choose v = %0 £ = fllres

where (a| b),, = ﬁ Jyeo, a(2) b(x) dz. This way we obtain a one-hidden-layer neural network g
with activation function o such that:

Vo ew, —y<g(r)—g(z) <y

Vzew, g(z)=[f"(z) - f(z) +a(z)
withVz € w, |a(z)] < 7.
Then:
Vo ew, f(@)—(f(x)+g(z) = —alx)

Ve ew, (f*(z)—h(z)® =a?(z) (12)
with h being the function corresponding to a neural network consisting in concatenating the hidden
layer neurons of f and g, and consequently summing their outputs.

2
1F* = hllLe = llallZs

1

* 2 2 * 2

1f" =l <77 = ﬁ“f = fllz2

and consequently the loss is reduced indeed (by a factor of 100 in this construction).

The same holds in expectation or sum over a training set, by choosing v =
1—10\/% > eep If (@) — f*(2)||2, as Equation (12) then yields:

S (@)~ b)) = Y @) < g5 3 (F () — F@)?

z€D zeD xzeD

which proves the proposition as stated.

For more general losses, one can consider order-1 (linear) developpment of the loss and ask for a
network g that is close to (the opposite of) the gradient of the loss.

O
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Proof of the additional remark. The proof in|Pinkus| (1999) relies on the existence of real values ¢,
such that the n-th order derivatives o(™)(c,,) are not 0. Then, by considering appropriate values
arbitrarily close to ¢,,, one can approximate the n-th derivative of o at ¢,, and consequently the poly-
nomial ¢ of order n. This standard proof then concludes by density of polynomials in continuous
functions.

Provided the activation function ¢ is not a polynomial, these values c¢,, can actually be chosen ar-
bitrarily, in particular arbitrarily close to 0. This corresponds to choosing neuron input weights
arbitrarily close to 0. O

Proposition C.3 (Greedy completion by one single neuron). If f is not f* yet, there exists a neuron
to add to the hidden layer such that the new function f' will have a lower loss than f.

Proof. From the previous proposition, there exists a finite set of neurons to add such that the loss will
be decreased. In this particular setting of L2 regression, or for more general losses if considering
small function moves, this means that the function represented by this set of neurons has a strictly
negative component over the gradient g of the loss (g = 2(f* — f) in the case of the L2 regression).
That is, denoting by a;o(W; - ) these N neurons:

N
<Zaia(wi -x) | 9),,=K<0
i=1
ie.

N
> laio(w; - x)| g), =K <0
i=1

Now, by contradiction, if there existed no neuron ¢ among these ones such that

(wio(wi )| 0)pp < 1K
then we would have:
Vi e [1,N], (a0(w;-x)| g);, > %K
N
Z (aio(w;-x)| g)py > K
hence a contradiction. Then necessairilly at least one of the /V neurons satisfies

1
(aio(w; - x)| g) o < NK <0

and thus decreases the loss when added to the hidden layer of the neural network representing f.
Moreover this decrease is at least % of the loss decrease resulting from the addition of all neurons.

O

As a consequence, our greedy approach will not get stuck in a situation where one would need to
add many neurons simultaneously to decrease the loss: it is always feasible by a single neuron. On
can express a lower bound on how much the loss has improved (for the best such neuron), but it not
a very good one without further assumptions on f.

Proposition C.4 (Greedy completion by one infinitesimal neuron). The neuron in the previous
proposition can be chosen to have arbitrarily small input weights.

Proof. This is straightforward, as, following a previous remark, the neurons found to collectively
decrease the loss can be supposed to all have arbitrarily small input weights. O

This detail is important in that our approach is based on the tangent space of the function f and con-
sequently manipulates infinitesimal quantities. Though we perform line search in a second step and
consequently add non-infinitesimal neurons, our first optimization problem relies on the lineariza-
tion of the activation function by requiring the added neuron to have infinitely small input weights,
without which it would be much harder to solve. This proposition confirms that such neuron does
exist indeed.
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D TECHNICAL DETAILS

D.1 VARIANCE OF THE ESTIMATOR AND BATCHSIZE FOR ESTIMATION

In this section we study the variance of the matrices W;*and S ~'/2N computed using a minibatch
of n samples, seeing the samples as random variables, and the matrices computed as estimators of the
true matrices one would obtain by considering the full distribution of samples. Those two matrices
are the solutions of the multiple linear regression problems defined in (9) and in (II), as we are
trying to regress the desired update noted Y onto the span of the activities noted X . We suppose we
have the following setting :

Y ~ AX +¢, e ~N(0,0%), E[g|X]=0

where the (X;,Y;) are i.i.d. and A is the oracle for ’W;* or matrix S “12N_1f Y is multidimen-
sional, the the total variance of our estimator can be seen as the sum of the variances of the estimator
on each dimension of Y.

We now suppose that Y € R . The estimator A := (XX7)~'XY7 has variance var(A) =
o?(XXT)~L If n is large, and if matrix 1 XX” — @, with Q non singular, then, asymptotically,

we have A ~ N(A, aQQTﬂ), which is equivalent to (A — A),/ZQ'/? ~ N(0,). Then [|(A —
A)\/ZQ'Y?||?> ~ x?(k) where k is the dimension of X It follows that |E [||(/1 — A)Ql/QHQ} =to

T. .. . A
and as Ql/ 2Q1/ 27 s positive definite, we conclude that var(A4) < n}\k%

In practice and to keep the variance of our estimators stable during architecture growth, for the
estimation of the best neuron to add we use batch size

(SW)?
P b
with the notations defined in Figure [I0] since the matrices we estimate have side size SW and that
each input sample contains P values, i.e. P quantities that each play the role of X here.

D.2 BATCH SIZE FOR LEARNING

Batchsize, learning rate and number of neurons are known to be related. As our architecture grows
with time, we need to adapt the training batchsize as well.

The batch size is set to b,—9 = 500 at the beginning of each experiment, and it is scheduled to
increase as the square root of the complexity of the model (ie number of additions in a test). If at
time ¢ the network has complexity C; parameters, then at time ¢ + 1 the training batch size is equal

C
tObH_l =b; X \/%.

D.3 SIGNIFICANCE OF THE EIGENVALUES.

Using the SVD on matrix B = UDQT, we have: S72 N = UI;"*P) QT V,,,. Thus the \;
are the square roots of the eigenvalues of the matrix IV TS-1IN = ng]TQIdi (D )QTVgoa], which
is similar to the covariance matrix of the desired update. To avoid adding neurons that are non
significant, we evaluate which amplitude those eigenvalues would have under the hypothesis (Hg)
that Vgou ~ N (0, X) is uncorrelated with the projection matrix QIJMD )QT (i.e. what values are
obtained when estimating eigenvalues that are actually 0).

Remark that under the hypothesis H, the eigenvalues of covariance matrix VgoalTVgoal follow the
Marchenko-Pastur distribution, which is known in closed form. This enables to set a threshold on
eigenvalues based on statistical significance.

Unfortunately regarding the distribution of the eigenvalues of VgoalTQIdi(D )QTVgoal, getting
closed-form expression is trickier, so we numerically estimate a threshold A2 by generating

Vgauss(X) ~ N(0,%) and considering A2 = Aax (VgEUSSQIdi(D)QT‘@auSS). Conversely, if
the sample size required for reasonably estimating an eigenvalue Ay exceeds the dataset size, as-

sociated neurons necessarily overfit, and could be chosen not to be added. The overfit risk in this
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addition step is thus controlled. However, standard gradient descent performed afterwards cancels
such guarantees.

D.4 AMPLITUDE FACTOR

Once the neurons defined in Proposition 3.2 have been computed, they are added with an amplitude
factor to the current architecture, i.e. @ + 1 and w + esw, with ¢; real factors. Those factors
have to be chosen such that the optimization process stays smooth, in the sense that the gradient of
each parameter keeps being smooth. Otherwise the current learning rates defined by the optimizer
are no longer correct and the system can get unstable. In the work of [Maile et al.|(2022)); Evci et al.
(2022) the amplitude of the new neurons are set to an arbitrary constant 10=%. In our paper we
normalize o, w, such that ||v!(y/Ea, v/ew, X)|| = ¢||a!(X)|| then a line search is performed in ¢.
We processed with this pseudo code :

Algorithm 2: AmplitudeFactor

Data: (o, wi)ir
Result: amplitude factor € to be applied to o and w
Take a minibatch X of size 500;

€' =argmin._y—« ey erx é(fe@(ﬁa;,ﬁw;)k(m)vy(m))

Note that it is also possible to perform line searches to estimate the best amplitude factors at each
neuron addition. This improves the loss much faster, however it also yields later training instabilities
(due to the need of different learning rates), that yet have to be solved, which is why we do not
present this approach variation here. Interestingly this allows training a neural network without
gradient descent (i.e. no parameter update, using just backpropagation).

D.5 FULL ALGORITHM

In this section we decribe in detail the pseudo code of the main paper (Algorithm [I). In its copy
below (Algorithm[3), we have replaced the references by the name of the functions used to compute
each non-trivial step.

The function NewNeurons(/, Sp), in Algorithm 4] computes the new neurons defined at Propo-

sition [3.2] for layer I. The argument Sp = True, for Spurious, changes the desired up-
date into a random variable (useful to estimate statistical relevance). The function call
NewNeurons(l,Sp = True) computes a sample of neurons and eigenvalues ({\}};) that

one would have obtained if neuron were not to add. The maximum eigenvalues max()\{cv )
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is the threshold on the eigenvalues from the function call NewNeurons(l, Sp

False).

Algorithm 3: Algorithm to plot Figure[5]

for each method [Ours, GradMax] do

for j in nby,ss do
for each layer | do

A_ = maz(diag(AN));
if len(A) > 0 then

if v > 0 then
A, Q— A Y

end
end
if method == Owr then

end
end

end
Get accuracy accy of NN

Get final accuracy acco, of NN
end

~ =AmplitudeFactor(A4, Q);

Add the neurons A, §2;

Start from a given small neural network NN ;

A, A, Q) = NewNeurons(layer, method = method);
I with our method the above also yields SW* as a by-product;

LAV = NewNeurons(layer, method = method, Sp = True );

AN Q — AL AL AL A ], QA=)

| Update the architecture with the best update §W* at [4-1

Train NNfor 15 epochs with Adam(Ir = 1le-4) ;

Algorithm 4: NewNeurons

Algorithm 5: MatrixSN

Data: [, method = Our, Sp = False
Result: Best neurons at [
if method = Our then
| OW; = BestUpdate(l + 1);
else
| OW; = None
end
S, N = MatrixSN(l — 1,{ + 1,6W, =
dW,, Sp = Sp);
Compute the SVD of § := UXU7;
Compute the SVD of
UVS UN = AAQ;
Use the columns of A, the ligns of €2
and the diagonal of A to construct the

new neurons of Prop.

Data: p,, po (layer indexes), YW, =
None, Sp = False

Result: Construct matrices .S and N

if not(Sp) then

Take a minibatch X of size oc &

Propagate and backpropagate X;

LtOt

)
Compute V 44 at po, ie — 9Ap,

if YW, = None then
‘ Vgoal— = 6Wpr1
end

else

‘ Vgoal = Ea ENN(()?I)
end
S,N_2 = B;melTv By, ‘@OalT;

w)?,
P

>

Algorithm 6: BestUpdate

Data: [, index of a layer
Result: Best update at [
(SW)? .

Take a minibatch X of size oc *=5—;

Compute (S, N) with the function
SN(, );

oW, = NTS_l;
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D.6 COMPUTATIONAL COMPLEXITY

We estimate here the computational complexity of the above algorithm for architecture growth.

Theoretical estimate. We use the following notations:

* number of layers: L

* layer width, or number of kernels if convolutions: W (assuming for simplicity that all
layers have same width or kernels)

* number of pixels in the image: P (P = 1 for fully-connected)

* kernel filter size: S (S = 1 if fully-connected)

* minibatch size used for standard gradient descent: M

* minibatch size used for new neuron estimation: M’

* minibatch size used in the line-search to estimate amplitude factor: M"

» number of classical gradients steps performed between 2 addition tentatives: T’

1T e
e

Figure 10: Notation and size for convolutional and linear layers

Complexity, estimated as the number of basic operations, cumulated over all calls of the functions:

* of the standard training part: TM LW?2SP

« of the computation of matrices of interest (function MatrixSN): LM’ (SW)2P
* of SVD computations (function NewNeurons): L(SW)3

» of line-searches (function AmplitudeFactor): L2M"W?2SP

* of weight updates (function BestUpdate): LSW

The relative added complexity w.r.t. the standard training part is thus:

M'S/TM + S*W/TMP + M"L/TM + 1/WTMP.

SVD cost is negligible. The relative cost of the SVD w.rt. the standard training part is
S2W /TMP. In the fully-connected network case, S = 1, P = 1, and the relative cost of the
SVD is then W/T M. It is then negligible, as layer width W is usually much smaller than 7'M,
which is typically 10 x 100 for instance. In the convolutional case, S = 9 for 3 x 3 kernels, and
P =~ 1000 for CIFAR, P ~ 100000 for ImageNet, so the SVD cost is negligible as long as layer
width W << 10000 or 1 000 000 respectively. So one needs no worrying about SVD cost.

Likewise, the update of existing weights using the “optimal move” (already computed as a by-
product) is computationally negligible, and the relative cost of the line searches is limited as long as
the network is not extremely deep (L < TM/M?).

On the opposite, the estimation of the matrices (to which SVD is applied) can be more ressource
demanding. The factor M'S/TM can be large if the minibatch size M’ needs to be large for
statistical significance reasons. One can show that an upper bound to the value required for M’ to
ensure estimator precision (see Appendix is (SW)?2/P. In that case, if W > \/TMP/S3,
these matrix estimations will get costly. In the fully-connected network case, this means W >
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VTM = 30 for T'= 10 and M = 100. In the convolutional case, this means W > /T M P/S3 =
30 for CIFAR and =~ 300 for ImageNet. We are working on finer variance estimation and on other
types of estimators to decrease M’ and consequently this cost. Actually (SW)?2/P is just an upper
bound on the value required for M’, which might be much lower, depending on the rank of computed
matrices.

In practice. In practice the cost of a full training with our architecture growth approach is similar
(sometimes a bit faster, sometimes a bit slower) than a standard gradient descent training using
the final architecture from scratch. This is great as the right comparison should take into account
the number of different architectures to try in the classical neural architecture search approach.
Therefore we get layer width hyper-optimization for free.

E ADDITIONAL EXPERIMENTAL RESULTS AND REMARKS

E.1 MNIST

In this section we work with feed forward networks with two hidden layers. We note by [a, b] such
network with a neurons on the first hidden layer and b neurons on the second one. The experiments
of this section are performed on 7 CPU. We use the optimizer SGD(Ir = le — 4) and a constant
batch of size 100 (we do not apply method in[D.2). The training criterion is the cross-entropy loss.

E.1.1 RANDOM VS OPTIMIZATION

When performing the quadratic optimization @, we obtain the optimal direction for (a},w;)f .
It is also possible to generate randomly the new neurons and compute the amplitude factors. This
second option have the benefit of being less time consuming, but it would project the desired di-

rection on those random vectors and would affect the accuracy score compared to optimal solution
defined in[3.1]

————— 0.94
0.8 0.92
3 43 0.90
Bos 8
U I
3 g 0.88
© ©
04 0.86
0.2 0.84
0 100 200 300 400 500 600 700 25 50 7.5 100 125 15.0 17.5 20.0
minibatch time (sec)
8000 8000 &
g 6000 aﬁJ 6000 —— our method
o o —— init model
8 4000 8 4000 —— alea neurons
2000 \‘\——M 2000 \\“Q
0 100 200 300 400 500 600 700 0 5 10 15 20
minibatch time (sec)

Figure 11: Experiment performed 5 times on the MNIST dataset : a starting model in black [1, 1]
is initialized according to normal Kaiming, then is duplicated to give the red and the green model.
The structure of the red model is modified by our method to reach the structure [110, 51] while the
green model is extended with random neurons. Then all models are trained for 30 seconds. The
white space for the red model corresponds to the quadratic optimisation and the computation of the
amplitude factor while for the green model it corresponds only to the computation of the amplitude
factor.
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E.1.2 COMPARISON WITH BIG MODEL

On figure[T2] we plot mean and standard deviation for the same experiement repeated 5 times. We
start with a network of size [1, 1] and we increase its architecture by applying our method six times.
Each increase of architecture is followed by a training period of 0.5 seconds. Once the network has
reached its final structure of [110, 51] it is trained for a limited time of 25 seconds. We compared
our performance with a huge network of size [1000, 1000] which is trained with all its neurons
from scratch. Compared to the big model our TINY network converge faster in time because its
architecture is smaller, converge slower in epochs because it is less expressive.

1.0 1.0
0.8 0.8 0.8
@
Lo6 0.6 0.61
>
3
e
5
3 0.4 0.4 0.4
®
0.2 0.2 0.2
I our method : [91, 44]
B alea : [1000, 1000]
0 50 100 150 200 250 0 10 20 30 0 5 10 15 20
time(sec) epoch time(sec)

Figure 12: All graphics represent the values for accuracy on test of the same experiment but from a
different perspective. Left : after partitioning computational time on intervals of size 0.1 seconds, we
compute a linear interpolation for the accuracy value. Middle : the accuracy value against number of
epochs, where the time needed to compute the optimal neurons is not noticeable. Right : accuracy
against computational time, where durations due to Cholesky decompositions and their happening
instants are averaged over experiments, for better visualisation purposes.

E.1.3 COMPARISON WITH THE SAME STRUCTURE RETRAINED FROM SCRATCH

In figure [I3] we compare our method with a neural network retrained from scratch with the same
architecture. The protocol is the same as defined in section

0.970 1.0 —
0.968] v M\ g e |G g 08 (
1 0.966{ | J\%‘ v m W"M
I} Lo 0.6
o 0.6
> ¢
3
g 0.964
3 0.4 0.4 | e our method, [490, 98]
© mE@ our method, [321, 80]
0.962 ’ our method, [135, 53]
0.2 0.2 W alea, [490, 98]
0.9601 ! f 58 alea, [321, 80]
alea, [135, 53]
470 480 490 500 0 20 40 60 80 0 5 10 15 20
time(sec) epoch time(sec)

Figure 13: Same description as |12| but for different architecture and that the architecture of the
classical training matches the architecture of our method.

E.2 CIFAR-10

In this section we work with convolutional network forward networks with an architecture of two
blocks consisting of 2 convolutions and 1 MaxPooling each, followed by two fully-connected layers,
using the selu activation function. The training criterion is the cross-entropy loss. We increase the
size of the network on the fly (during training), with a batch size of 500 for training using[D.2]on 1
GPU.
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E.2.1 ABOUT NUMBER OF NEURONS AND OVERFITTING

In Figure [T4] 100% accuracy is achieved on training dataset, thus fully overfitting the data, which
proves that TINY can effectively bypass any expressivity bottleneck. Interestingly, this is done
with fewer parameters than the theorem in|Zhang et al.[|(2017), which mentions 2n + d parameters
to overfit a classification problem with n samples of dimension d. This TINY architecture has
about twice fewer parameters, due to generalization across samples, the labels in the CIFAR-10
classification task being not random. It should also be noted that the TINY architecture tends to
overfit less than the same final model retrained with all neurons from the beginning (FS), or at
least, never more, which suggests that optimization and generalization abilities are not necessarily
functions of neural network width anymore if one leaves the standard fixed-architecture training
paradigm.

DFs/Our/FIXE_ALPHA/DFs_13_automatique

35000

30000

25000
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accuracy test
br of parameters

15000
<

10000

5000

13 5000 10000 15000 20000 25000 30000
gradient step

Figure 14: Experiment on CIFAR-10 dataset : Evolution of the train/test accuracy wrt gradient steps
for TINY and FS

E.3 RESNETI18 oN CIFAR-100

In this section we compare TINY to GradMax, on CIFAR-100 with the ResNet-18 architecure. For
this particular architecture, the size of a convolutional layer [ may be increase if no skip connection
feeds the output of the layer [ + 1, see Figure[T7}

For both methods we start with the architecture shown in Table[I} initialized with Kaiming Normal.
Every 0.1 epoch of standard training with Adam(batchsize = 100,1lr = le — 3), we add neurons
where it is the most needed by:

1. computing the 5 best new neurons (v, w)?_, and their amplitude factor + for each layer
2. evaluating the gain of loss associated to each potential addition

3. adding the neurons where the decrease of loss is the largest.

The performances of the models are registered at each gradient step during standard training and
after each attempt of architecture increase, while the complexity of the model (as number of basic
operation performed at test time) is only evaluated after each addition trial. Figure [I3]plots the per-
formance of both methods and the computational cost of models at step ¢, averaged over three runs.
After 2300 steps the performance of TINY is higher than GradMax’ one (+2%) but its complexity
is much lower (a third less). This dramatic difference can be explained by the fact that TINY avoids
redundancy when adding neurons, while GradMax does not.

The accuracies reached in this experiment are far from the state of the art on this dataset, but one
has to keep in mind that we performed no optimization hyper-parameter tuning and that we did
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Figure 15: Accuracy and time complexity of ResNet-18 model for TINY and GradMax methods.
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Figure 16: Accuracy and time complexity of ResNet-18 model for one run with TINY method.

not use techniques such as batch-norm, drop-out or data augmentation, which are necessary for
convolutional models to go beyond 30-40% accuracy. Additional Figure[T6|with twice more training
steps shows that with our approach the network keeps learning afterwards (reaching 32% accuracy
on test). Note that the number of parameters is very low compared to traditional architectures, for
example the model of Figure [T6 has 119 866 parameters at step = 4025. The final architecture
obtained is shown in Table[T] We see that neurons were mostly added to first layers.
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> o000

‘ | Skip Connection .ﬁ added neuron

‘ Convolutional block

Figure 17: ResNet blocks: in green, the convolutions of the current structure; in cyan, the added
convolutions.

35



Under review as a conference paper at ICLR 2024

Table 1: Initial architecture in the experiments of Figure[15)and[16] and final architecture at the end
of training in Figure[I6] Numbers in color indicate where TINY was allowed to add neurons (middle
of ResNet blocks).

ResNet18

Layer name | Output size Initial layers (kernel=(3,3), padd.=1) | Final layers (end of Fig|16
Conv 1 32 x32x8 3x3,8 3x3,8

(3% 3,8] [3x3,1 [3x3,8] [3x3,01]
Conv 2 32 x 32

13 x3,1] [3x3,8 13x3,91] [ 3x3,8]

(3% 3,8] [3x3,1 [3x3,8] [3x3,76]
Conv 3 16 x 16 x 8

13x3,1] [3x3,8 3% 3,76] | 3x3,8
Conv 4 16 x16 x8 | [3x3,16 3% 3,16

[3x3,16] [3x3,1] (3 % 3,16] [3 x 3,41]
Conv 5 16 x 16 x 16

| 3x3,1] [3x3,16] 13 % 3,41] |3 x3,16]

[3x3,16] [3x3,1] [3x3,16 ] [3x3,11
Conv 6 8 x 8 x 16

|3x3,1] [3x3,16) 3% 3,11 [3x3,16
Conv 7 8 x 8 x 32 3% 3,32 3 x 3,32

[3x3,32] [3x3,1] [3x3,32] [3x3,6]
Conv 8 8 x 8 x 32

|3x3,1] [3x3,32) | 33,6 [3x3,32)

[3x3,32] [3x3,1] [3%x3,32] [3x3,3]
Conv 9 4x4x32

|3x3,1] |3x3,32] |3x3,3] |3x3,32]
Conv 10 4 x4 x64 3 x 3,64 3 x 3,64

[3x3,64] [3x3,1] (3 x3,64] [3x3,1]
Conv 11 4x4x64

|3x 3,1 [3x3,64 | 3x 3,1 [3x 3,64

[3x3,64] [3x3,1] (3% 3,64] [3x3,1]
Conv 12 2 x 2 x 64

| 3%3,1] |3x3,64] | 3%3,1] |3x3,64]
FC 1 100 256 x 100 256 x 100
FC2 100 100 x 100 256 x 100
FC 3 100 100 x 100 100 x 100
SoftMax 100

36



	Introduction
	Main concepts
	Notations
	Approach
	Generalizing to all layers

	Expressivity bottlenecks
	Best move without modifying the architecture of the network
	Reducing expressivity bottleneck by modifying the architecture

	About greedy growth sufficiency
	Results
	Limitations
	Conclusion
	Theoretical details for part 2
	Functional gradient
	Differentiation under the integral sign
	Gradients and proximal point of view
	Example of expressivity bottleneck
	Problem formulation and choice of pre-activities
	Adding convolutional neurons

	Theoretical comparison with other approaches
	GradMax method
	NORTH Preactivation

	Proofs of Part 3 and 4
	Proposition 3.1
	Proposition 3.2
	Proposition and remark 3.3
	About equivalence of quadratic problems
	Section Theory behind Greedy Growth with proofs

	Technical details
	Variance of the estimator and batchsize for estimation
	Batch size for learning
	Significance of the eigenvalues.
	Amplitude factor
	Full algorithm
	Computational complexity

	Additional experimental results and remarks
	MNIST
	Random VS Optimization
	Comparison with big model
	Comparison with the same structure retrained from scratch

	CIFAR-10
	About number of neurons and overfitting

	ResNet18 on CIFAR-100


