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ABSTRACT

The task of uncovering causal relationships among multivariate time series data
stands as an essential and challenging objective that cuts across a broad array of
disciplines ranging from climate science to healthcare. Such data entails linear or
non-linear relationships, and usually follow multiple a priori unknown regimes.
Existing causal discovery methods can infer summary causal graphs from
heterogeneous data with known regimes, but they fall short in comprehensively
learning both regimes and the corresponding causal graph. In this paper, we
introduce CASTOR, a novel framework designed to learn causal relationships in
multivariate time series data composed of various regimes, each governed by a
distinct causal graph. Through the maximization of a score function via the EM
algorithm, CASTOR infers the number of regimes and learns linear or non-linear
causal relationships in each regime. We demonstrate the robust convergence
properties of CASTOR, specifically highlighting its proficiency in accurately
identifying unique regimes. Empirical evidence, garnered from exhaustive
synthetic experiments and two real-world benchmarks, confirm CASTOR’s
superior performance in causal discovery compared to baseline methods. By
learning a full temporal causal graph for each regime, CASTOR establishes itself
as a distinctly interpretable method for causal discovery from multivariate time
series composed of various regimes.

1 INTRODUCTION

Multivariate Time Series (MTS) is a very common type of data in a wide variety of fields. Uncover-
ing the causal relationships among MTS variables and understanding how they evolve over time is
crucial in numerous fields, such as climate science and health care. Although randomized controlled
trials are widely recognized as the definitive method for determining causal relationships (Hariton &
Locascio, 2018; McCoy, 2017), they often present challenges in terms of cost, ethics, or feasibility.
Consequently, a multitude of causal discovery approaches now focus on extracting causality from
observational data sources (Lowe et al., 2022; Bussmann et al., 2021; Pamfil et al., 2020; Moraffah
et al., 2021; Runge, 2018; Wu et al., 2020).

Yet, the task of temporal causal discovery can be challenging. Firstly, the causal relationships be-
tween variables in the real-world context can manifest in either linear or non-linear forms. Secondly,
certain causal effects may be instantaneous, making the differentiation between cause and effect par-
ticularly challenging. Various research works, such as those introducing models like DYNOTEARS
(Pamfil et al., 2020) and Rhino (Gong et al., 2022), have aimed to address these challenges. Never-
theless, a prevalent assumption in many existing methods is that time series observations originate
from a single “domain/regime” governed by one causal graph. This assumption is often inadequate
in real-world scenarios, such as Electroencephalographic (EEG) time series in epilepsy settings
(Tang et al., 2021; Rahmani et al., 2023). In these cases, recordings exhibit several unknown regimes
(non-seizure, pre-seizure, and seizure), each lasting at least a few seconds, and may reoccur multiple
times during the recording. In such scenarios, the unknown regimes originate from different causal
models on the same set of variables, each one is described by a different temporal causal graph.
Previous works have approached the challenge of learning causal graphs from MTS with different
regimes. In particular, CD-NOD, developed by Huang et al. (2020), tackles time series with various
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regimes by detecting the variables with changing causal modules. While CD-NOD provides a sum-
mary graph capturing behavioral changes across regimes, it falls short in inferring individual causal
graphs. The overall summary graph does not effectively highlight changes between regimes. It’s
crucial to emphasize that assessing the full temporal causal graph per regime yields more accurate
results than relying on the summary graph. Another relevant work dealing with MTS composed
of multiple regimes is RPCMCI (Saggioro et al., 2020). In this approach, Saggioro et al. (2020)
learn a temporal graph for each regime. However, they focus initially on inferring only time-lagged
relationships and require prior knowledge of the number of regimes and transitions between them.
Overall, most of the existing methods make certain assumptions that may limit their applicability,
such as a prior knowledge of the number of regimes, prior information about regime indices, which
are often not readily available.

We introduce CASTOR (Figure 2), a framework designed to learn both linear and nonlinear tem-
poral causal relationships from multivariate time series (MTS) composed of multiple regimes (each
regime corresponds to MTS block), without necessitating prior knowledge of regime indexes or the
total number of regimes involved. Using a predetermined window for index initialization (Figure 3),
CASTOR maximizes a score function via EM algorithm to infer the number of regimes and learns
linear or non-linear causal relationships inherent in each regime. To the best of our awareness, our
framework represents an unprecedented initiative in the time series landscape for the simultaneous
learning of causal graphs, regime numbers, and regime indices. Our key contributions include:

* In this paper, we introduce CASTOR, a score based method for temporal causal structure
learning tailored for multivariate time series composed of various regimes.

* CASTOR employs the EM algorithm in conjunction with the NOTEARS (Zheng et al.,
2020) penalization method to deduce regime partitions and infer causal graphs.

* Building upon the intuition of LIN (Liu & Kuang, 2023), we demonstrate that regime
indices can indeed be recovered and the underlying causal structure is identifiable.

* We conduct extensive synthetic experiments with ablation studies to demonstrate the ad-
vantages of CASTOR and its robustness across different settings. Additionally, we demon-
strate its performance compared to baselines in real-world discovery benchmarks.

2 FRAMEWORK

Consider the multivariate time series (MTS) (X¢)ieT = (X})iev.teT Where |V| = d number
of components of MTS (X¢):c7 and T is time index set. The MTS (X¢)ter is aligned with a
temporal causal graph elucidating its generative process. Each component of the MTS at time t is
represented by a singular node within the graph G, leading us to define G as follows:

Definition 1 (Temporal Causal Graph, Assaad et al. (2022)) G = (V, E) is the temporal causal
graph associated with the MTS (X¢)te7 is a DAG and the set of vertices in that graph consists of
the set of components X', ..., X% at each time t € N. The edges E of the graph are defined as
follows: variables X}_, and X} are connected by a lag-specific directed link X;_. — X} in G
pointing forward in time if and only if X* at time t — T causes X7 at time t with a time lag of T > 0
for i = j and with a time lag of T > 0 for i # j.

In the rest of our paper, we use the same notation introduced by Gong et al. (2022), where
Paé;(< t) refers to the parents of node ¢ in G at previous time (lagged parents) and Paé(t) to
the parents at the current time ¢ (instantaneous parents). This notation emphasizes that CASTOR
learns a complete temporal causal graph for each regime, allowing for differentiation between
time-lagged and instantaneous links. To clarify our notation, if X* at time ¢ — 7 causes X7 at
time ¢ with a time lag of 7 > 0, we have an edge X/ ~ — X7 and X' € Paé(< t) and if
7 =0, we have an edge X; — X/ and X' € Pal,(t).

Structural Equation Models (SEMs). Scholkopf et al. (2021) For a MTS (X¢):c7, the associated
SEM for a given temporal causal graph, denoted as G for additive noise models (ANMs):

X! = gi (Pag(< t),Pag(t)) + €, (1)

where g; is a deterministic function and e are mutually independent noise variables. SEM describes
the causal relationships between MTS components given a causal graph G. For the same MTS and
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by assuming causal Markov property (Definition 4 in the Appendix C), we can further define a
causal graphical model (CGM) by a distribution p as follows:

d

p(X:|G) =]]»(Xi| Pag(< 1), Pag(t)), 2
i=1

with p (X} | G), called observational distribution, capturing the joint probability between X; the
components of X¢, and p (X; | Pag(< t),Pag(t)), refering to the conditional distribution of X7
given parents of X/ in the temporal causal graph G.

A MTS can exhibit a single regime (as assumed in prior works like Rhino (Gong et al., 2022) and
DYNOTEARS (Pamfil et al., 2020)) or multiple regimes, as in our approach. Each regime can be
seen as a MTS block with a minimum duration, denoted as (. Regimes occur sequentially, with the
condition that a second regime can only commence after a duration of at least ¢ from the initiation
of the preceding regime. This modeling is particularly relevant in contexts such as epilepsy, where
EEG recordings may encompass distinct regimes (e.g., non-seizure, pre-seizure, and seizure), each
lasting at least a few seconds.

Definition 2 (MTS with multiple regimes) We say that MTS (X;)teT = (X})iev t<T is composed
of K disjoint regimes if it exists a unique time partition £ = (Ey)yeq1,.... ik}, Such that: Nk, &, =
0, T =UE &, andVu € {1,..., K}, the MTS (X;)icg, is stationary and associated with a unique
temporal causal graph G".

Notably, the regime v (where v = wu + 1) begins at least ¢ samples after the start of regime u
and also persists for a minimum of { samples. Additionally, if regime u reoccurs in the MTS, its
duration in the second appearance is also no less than ¢ samples. All the indices corresponding to
the first and second appearances of this regime are stored in &,.

It is crucial to note that G* are regime-dependent, meaning that graphs vary across different regimes
i.e, G* # G". In the rest of our paper, we note G = (G"),eq1,....x} the set of temporal causal graph
associated with a MTS (X;);c7 composed of K regimes. Within each regime w, the temporal
causal graph G, can be represented by a collection of adjacency matrices, collectively denoted as
G (0. With a fixed maximum lag L < ¢. In simpler terms, if X]_. — X}, then the coefficient
[G4];; # 0; otherwise, it is 0. When 7 = 0, G} signifies instantaneous links within the temporal
causal graph G*“.

We now propose a novel functional form for SEM that incorporates linear or non-linear relations,
instantaneous links and multiple regimes:

Vu e {1,.,K}Vt€ &, : X| = g (Pag.(< t),Pag.(t)) + €, 3)

where g is a general differentiable linear or non-linear function and € ~ A(0, 1), follows to a
normal distribution. By assuming causal Markov property, we can define the associated CGM:

d
Vue{l, . K} Vte &, p(X,|G") =]]p(X] | Pag.(< t),Pag.(t)), )
i=1

As mentioned earlier, in certain real-world scenarios, MTS consist of K unknown regimes and
cannot typically be represented by a single DAG. A new formulation of the distribution p describing
the CGM in such scenarios is as follows:

K

p(X:) =Y Te,(t)-p(X:i | GY), ©)

u=1

where p (X, | G*) is specified in Equation (4), while 1 ¢, (¢) denotes the indicator function, defined
as g, (t) = 1ift € £, and O otherwise.

Previous works assume prior knowledge of time partition £ or report a summary causal graph
(Huang et al., 2020), falling short of elucidating the full temporal causal graph. In the next sec-
tion we will present CASTOR an optimization based method for temporal causal structure learning
tailored for MTS with multiple regimes.
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3 CASTOR: CAUSAL TEMPORAL REGIME STRUCTURE LEARNING

In this section, we present a novel approach designed to learn the set of temporal causal graphs
G = (G")uequ,..., iy associated with MTS (X);c7 composed of multiple regimes, the total number
of regimes K, and the associated regime indexes £ = (gu)ue{l,..., K} Sections 3.1 and 3.2 present
solutions tailored to both linear and nonlinear contexts, respectively.

3.1 CASTOR FOR LINEAR CAUSAL RELATIONSHIPS

We first consider the case where the causal relationships between the components are linear. Based
on Eq (3), the SEM can then be articulated as follows: Vu € {1,...,K},Vt € &, : X = X GY +
Zle X:_+G* + €. From the causal Markov assumption (4) in the Appendix C and using Eq (5)
we have :

IT]
log p (Xo:71) Zlogzng p(Xi]G"), 6)
u=1
Our objective is to learn simultaneously K, E = (Eu)ueq,...xy and G* Te[\O:Ll]’v“’ €

{1,...,K} that maximise the logp (X, 7|) defined in Eq (6). Estimating the aforementioned
parameters (K,€ and G*,Vu € {1,...,K}) is challenging as the regime indices remain un-
known. The presence of the sum within the log terms in Eq (6) renders the log likeli-
hood intractable. The Expectation-Maximization (EM) algorithm (Dempster et al., 1977) is
well-suited to address such problems; it introduces new variables v;, to model regime par-
ticipation thereby transforming the log likelihood to the following form: logp (X0:|T\) =

Zm w1 Ye,ulog (]lg (t)-p(X: ]G ) .The term within the logarithm may equal zero, lead-

ing to divergence in our log-likelihood. To address this issue, we employ the soft-max function

() = Z::fi)‘:‘pu(;ﬂrz:rg)uo) as introduced by Samé et al. (2011). The log-likelihood is then

expressed as follows: log p (Xo. 7)) = 21@0 Zf:l Ve, l0g <7rt1u((y) p (X | GY) ) .Also learning
the temporal causal graphs G = (G u)ue{l“.., K} concurrently entails the estimation of the regime

distribution p (X | G*). In line with the definition of CGM in Equation (2), we model CASTOR’s
joint density of the uth regime by:

d
FU(X) =[] £ (Pag.(< t), Pag. (1)) , (7)

i=1

where f“ is a distribution family. It is important to highlight that while f* can, in theory, be any
distribution, in this particular study, we focus on Gaussian noise, used by many works and for
which they showed the identifiability of causal graphs for one regime (Huang et al., 2020; Peters &
Biihlmann, 2014). As a result, our distribution f* will be a normal distribution.

3.1.1 MAXIMIZATION STEP: GRAPH LEARNING

To learn the regime indexes & = (Eu)ueq1,...,x} and the number of regimes K, CASTOR initially
divides the MTS into N,, > K equal time windows in the initialisation step, where each window
represents one regime. CASTOR uses this initialisation and the formulation (7) to estimate the
temporal causal graphs by maximising the following equation:

Ny |T]
|T| Zz’ytulogﬂ—tu )fu (Xt) _)\‘gu|’ S't" Gg isaDAG’
u=1t=0
3
— maxe ‘—71-| Ziv;“l ZLT‘l Vt,ulog (T u ()
Sy 77 Lot Lree, 108 f* (X1) — A|G¥], s.t, Gi is a DAG,

sup

where § stands for Vu € {1,..., K} : Gify.1 ), |G| is the number of edges in the temporal causal

graph of regime u. The first term is the averaged log-likelihood over data, the second is a penalty
term with positive small coefficient A that controls the sparsity constraint. We impose an acyclicity
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constraint solely on the adjacency matrix Gy of instantaneous links, as the other adjacency matrices
Gﬁl: L)) are inherently acyclic by definition, because these matrices establish links between variables

at time ¢ and their time-lagged parents at time ¢ — 7. From the Eq (8), We can note S, the score
function of CASTOR as follows:

S(G,€) : = SUp o ZZlogf (X;) — A|GY|, s.t G¥ is a DAG, 9)

u=1te&,

To address the optimization challenge that incorporates the acyclicity constraints, we employ an
augmented Lagrangian method Zheng et al. (2018); Pamfil et al. (2020); Brouillard et al. (2020);
Liu & Kuang (2023). Our Eq (9) can be succinctly written as:

L
X, — (XtGg +) XtTGZ>

=1

2
NG|+ Eh (G +ah (GF) . (10)
F

Ny |71

mmmZZ%u

u=1t=1

where «, p characterize the strength of the DAG penalty. The function 2(G) = tr (e¢®F) —
d corresponds to the acyclicity constraints proposed in Zheng et al. (2018) (® is the Hadamard
product).

3.1.2 EXPECTATION STEP: REGIME LEARNING

After this initial step of learning the graphs with N,, equal windows, our method alternates between
updating regime indexes £ = (Ey)ueq1,...,N,, }» during the expectation phase (E-step), and inferring
the temporal causal graphs Gﬁ'o' L] during the maximisation phase (M-step). In the expectation step,
CASTOR updates the probability v, ,,, that refers to the probability of X, belonging to regime u,
using the following equation (derivation details in Appendix B):

o meala) fU(Xy)
m/t.,'u — Nuw

Z 2 g (@) f7(X)

In the E-step, for each time sample ¢, CASTOR assigns a value of 1 to the most probable regime
(with the highest 7; ,,), and O to others. Additionally, CASTOR filters out regimes with insufficient
samples (fewer than (, the minimum regime duration, defined as a hyper-parameter). Discarded
regime samples are then reassigned to the nearest regime in terms of probability in the subsequent
iteration (if X belongs to the discarded regime u, then it will be allocated to regime v with the
highest v; ,,). Figure 3 illustrates the regime learning process.

Y

3.2 CASTOR FOR NON-LINEAR CAUSAL RELATION

‘We now describe our approach to discerning non-linear causal relationships from MTS, starting with
the case K = 1 for ease of description. Subsequently, we will outline how this methodology extends
to address MTS with multiple regimes. In this setting, the SEM is the same as the one expressed in
Eq (1): X; = g; (Pag(< t),Pag(t)) + €}, where g; represents a differentiable function that carries
the non linearity property for the causal relationships and €; ~ A(0,1). The associated CGM is
defined similarly to Eq (2).

Our objective is to recover the temporal causal graph G = G'jo.|, which is equivalent to estimate
the true distribution defined in Eq (2): p (X | G) = H‘;:l p (X} | Pag(< t),Pag(t)). We employ
Neural Networks (NN) to accommodate the non-linearity introduced in our problem formulation,
similarly to what is done in Brouillard et al. (2020); Liu & Kuang (2023), while utilizing NOTEARS
(Zheng et al., 2018) constraints to enforce acyclicity for the graph modeling instantaneous links. The
NN is used to estimate the parameters of our distribution, defined as':

d

F(X0) =[] £ (Pag.(< t), Pag.(1)) (12)

i=1

'Our work builds upon the foundational ideas presented in Zheng’s work (Zheng et al. (2020)) on causal
discovery in non-linear iid data.
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with f a normal distribution family. The parameters of the distribution, are determined by a neu-
ral networks NN based on variables’ parents’ value. For each time step ¢, we aggregate all time-

lagged variables to form a single time lag vector, denoted as X;*® = [X;_1|---|X,_.], which

encompasses the lagged data. We employ X and Xt " as inputs for different neural networks
NN;,Vi € {1,...,d}, with the objective of estimating the parameters of the distributions f;. Math-

ematically, our Neural Networks are formulated as follows: Vi € {1,...,d} : NN;(X;, X}'8) =
by (@(X 1), (X idg))) , where 1); are neural networks composed of locally connected layers in-

troduced by Zheng et al. (2020) and activation functions ¢;, ¢liag (1 € {1,...,d}) composed of linear
layers and sigmoid activation functions. The locally connected layers help to encode the variable

dependencies in the first layer. Let ©; and ©"*® represent the parameters of the first layer for ¢;, ¢

respectively. For a given node i, the 1nstantaneous and time-lagged interactions with another node

7 can be succinctly captured by examining the norms of the corresponding columns j in the weight

matrices of the initial layers such that: [Gol;; = ||©;(columnj)|,,[G/]i; = H@lfg(columnj)H :

2

As we know the matrix @1 ¢ ¢ R4¥4L | recovering lag matrices by the above equation requires a

reshape formulation, we keep the notation above for simplicity. The objective is thus to learn ©; and
@ldg that will encode the causal relationships by maximizing the following score function:

171
S(G) = sup o 72 Zf (X}) — A|G|, s.t Gg is a DAG, (13)

Given a loss function £ such as least squares, maximising Eq (13) is equivalent to:
7] d

> L0 v (91X, 01X ) + NG|+ SR (Go)* +ah (Go)  (14)

t=1 i=1

1
mln
g [Tl

where 6 are the neural networks parameters and § is a notation of G ¢ [jo.1|)- For the acyclicity con-

straint, we add the augmented Lagrangian term £ (Go)? + ah (Gy) to our optimization problem.
Similarly to the linear case, CASTOR for non linear case uses the EM algorithm that alternates
between distribution parameters learning (these parameters include the causal graphs) and regime
learning. The sole change between the linear and non-linear scenarios resides in the methodology
employed for estimating the distribution parameters. In the linear instance, we have demonstrated
that the parameters are directly linked to the temporal causal graphs through the adjacency matrices.
Conversely, in the non-linear scenario, we leverage Neural Networks (NNs) to estimate the distri-
bution parameters. Hence, the Maximisation step of the EM algorithm, specifically tailored for the
non-linear case, is as follows:

Ny [T d

1 % u U u,la; a u P U U
B 77 DD X (0F(X0), 61 (X)) + MG | + SR (G)* + ah (G)
=1t=1 i=1
(15)
where 6 summarises all the network parameters and G = (gu)ue{o,_“, k}- The formulations of

the E-step and regime adjustment remains the same as in the linear case. Algorithm (1) outlines
our CASTOR model for both linear and nonlinear causal relationships. It details the process for
updating parameters at each iteration and employs a minimum regime duration ( to eliminate
unnecessary regimes, thereby determining the optimal number of regimes.

Algorithm 1 CASTOR algorithm

procedure CASTOR(X, W, L, Nier, ¢) > X € RT*4 W window size
while iter < N, do
o (0) f(X0)
u =N .
Tt T SN (@) (X)

>E step 11

. K T
¢ argmin,, Y ouet Z‘tzll Ve u log (T o () >M step, 8
G < argmin of Eq 10 or 15 >M step
if 2171, , < ¢ then
Yty <0 > Cancel the regime u
return v, G
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4 THEORETICAL GUARANTEES

In this section, we present the theoretical underpinnings that ensure the robustness of CAS-
TOR as a causal discovery method for time series data encompassing multiple regimes. Specif-
ically, we provide guarantees on two fronts: the unambiguous identification of regime indices,
and the accurate inference of causal relationships. Together, these guarantees confirm the abil-
ity of CASTOR to uniquely discern causal relations across time series with varying regimes.
CASTOR learns the temporal causal graphs by optimizing a score function (Eq (9): S(G,€&) =
Supy ﬁ Ziv;l > ice, log f* (Xt) — AlG"|) during the M-step. However, the score function also
depends on a time index partition £, which CASTOR learns in the expectation step. Consequently,
the convergence of CASTOR and its capability to accurately discern the true regime partition, as
well as construct appropriate temporal causal graphs, are contingent upon effectively optimizing
the score function until it attains its optimal value. Let G* be the set of ground truth causal graphs
ie G = (G )ueqr,...k} = (Ga’olfL”)u and £* the correct partition based on regime index. The

following theorem summarizes our main theoretical contribution.

Theorem 1 We assume that each regime has enough data and the penalty coefficients in Equa-
tion (15) are sufficiently small, and all the assumption 1, 2,3,4,5,6,7 hold (Appendix C for

precise statements)), we have for any estimation (G,€) : S(G*,£*) > S(G,&), if Fu €
{1,..., K} 5.t G¥ disagrees with G*" on instantaneous or/and time lagged link, or any regime
&y € E is close to none of the true regimes in the sense of Kullback—Leibler divergence.

Proof. Details of the proof in the Appendix C.1.

The theorem indicates that inaccuracies in identifying causal structures or real regimes yield a sub-
optimal estimation score. By optimizing according to Equation (9) we will asymptotically identify
the actual regimes and recover true causal graphs, leading to the subsequent corollary.

Corollary 1.1 Given the conditions stated in Theorem 1, if the score proposed in Equation (9) is
optimized, then samples in each regime would approach one of the true regimes asymptotically in
the sense of Kullback-Leibler divergence and the causal structure of each regime is identifiable.

5 EXPERIMENTS

5.1 SYNTHETIC DATA

d Method Type SHD Fl SHD Fl1 SHD Fl1
Inst 26 182435 39 11.0464 59 9.7041.8

0 VARLINGAM 120 16 104375 28 5.0li14 33 51045,
RPCMCI Elas; _38 ;12.3i11.1 ;‘1 _18.812_5 : :
CASTOR Do 100 0 1005 5 ese

L VARLINGAM [ PoR TS VDD s L
RPCMCI ffgt 155 421445 321 184.. - -
CASTOR Inst. 2 983,17 9 982412 7 98.340.4

Lag 0 100i0_0 1 99.85:0_2 2 98.9:&0.9

Table 1: F1 and SHD Scores by Models and Settings: d indicates number of nodes, K refers to the
number of regimes, and "Type’ refers to the causal links as either instantaneous or time-lagged.

We perform extensive experiments to evaluate the performance of our method, CASTOR, in
both linear and non-linear causal relationships. For groundtruth graph generation, we employ the
Barabasi-Albert (Barabdsi & Albert, 1999) model with a degree of 4 to establish instantaneous links,
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while we utilize the Erd6s—Rényi (Newman, 2018) random graph model with degrees ranging from
1 to 2 for time-lagged relationships. We focus on scenarios with a single time lag L. = 1, although
additional experiments involving multiple lags are detailed in the Appendix. The duration of each
regime is chosen randomly from the set {300, 400, 500, 600}. Each experiment (combination
choice of K and d) was repeated three times under multiple settings, all combinations yield to more
than 60 different datasets.

Linear Relationships. We examine varying numbers of nodes, specifically {5, 10, 20,40}, and
generated time series with different regime counts {2, 3,4, 5}. Our model’s performance is bench-
marked against multiple baselines, namely RPCMCI (Saggioro et al., 2020) and VARLINGAM
(Hyviérinen et al., 2010) and the results are presented in Table 1. RPCMCI represents the sole
baseline tailored to address a similar setting. RPCMCI necessitates specific parameters, including
the number of regimes and the maximum number of transitions, and with this input, it only
infers time-lagged relations. Even with this detailed information, RPCMCI struggles to achieve
convergence, particularly in settings with more than 3 different regimes. In contrast, CASTOR does
not only surpass RPCMCI in performance but also converges consistently, correctly identifying
the number of regimes and recovering both the regime indices and the underlying causal graphs
of each regime. We can notice that CASTOR successively infers the regime indexes and learns
as well the instantaneous links (more than 95% F1 score in different settings) as well as time
lagged relations (more than 97% in almost all the settings). When we compare CASTOR with
VARLINGAM (which performs causal discovery method for MTS data which can model both
lagged and instantaneous links), the former also demonstrates markedly superior performance. To
provide context, we manually partition our generated data into discrete regimes to facilitate the
evaluation of VARLINGAM. We then executed VARLINGAM on each segmented regime, syn-
thesized the graphs, and compared these composite structures against their true counterparts. Even
when executing VARLINGAM separately on each regime, CASTOR still surpasses VARLINGAM,
all without access to any prior information, such as the number of regimes or the indices of the
regimes. Additional results that confirm the above results are in the Appendix D.

Non-linear Relationships.  For non-linear relationships, the functions g;* defined in Eq (3)
include random weights generated from a uniform distribution over the interval ]0,2], coupled
with activation functions selected randomly from the set {Tanh, LeakyReLU, ReLU}. In
this case, we compare our model against various baseline models, namely DYNOTEARS (Pamfil
et al., 2020) and VARLINGAM (Hyvirinen et al., 2010) and conducted experiments with different
numbers of regimes {2, 3, 4} and nodes{10, 20}. We can see from Figure (1) that both CASTOR
and DYNOTEARS exhibit superior performance to VARLINGAM. It is important to outline that
DYNOTEARS and VARLINGAM are each applied to individual regimes separately; neither is
designed to learn or infer the number or indices of regimes. CASTOR demonstrates comparable
performance to DYNOTEARS in modeling time-lagged relations for non-linear scenarios while
learning also the regime indexes. It also succeeds in identifying instantaneous links. DYNOTEARS
achieves inferior results in identifying instantaneous links due to his formulation that takes into
consideration only linear relationships. This is much clearer in high dimensions due to the
increasing complexity of the problem. Additional experiments are available in Appendix D, and
show the same trends as explained above.

100 K=2 K=4
= 751 =
é é ?% =/
S 504 —_ o
& 23
o 254
i
04 . . fvé 04 i i ?ill
CASTOR  DYNOTEARS VARLINGAM CASTOR  DYNOTEARS VARLINGAM
100 ===} —_— 75 EEE———— =
A
g == 5o/ ===
501 =
& 2
P 251
< —— o —_—
CASTOR  DYNOTEARS VARLINGAM CASTOR  DYNOTEARS VARLINGAM

I Instantaneous links [ Time lagged links

Figure 1: F1 by Models and Settings, Inst means instantaneous links and lag time-lagged ones.
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5.2 WEB ACTIVITY DATASET

We now evaluate’> CASTOR on two stacked
IT monitoring time series, each comprising

1106 timestamps and 7 nodes, sourced from Model F1Regl FIReg2 RegAcc
EasyVista . These series capture activity PWGC 53.8 20.0 -
metrics from a web server. We compared VARLINGAM 66.7 0 -

our method with PWGC (Granger Causal- CASTOR 18.2 28.5 100

ity (Granger, 1969)) and VARLINGAM
(Hyvérinen et al., 2010). As it is evident
from Table 2, CASTOR proficiently identifies
the exact number of regimes and regime
indices. It is pertinent to note that PWGC and
VARLINGAM are not inherently designed to
infer regime indices, we evaluate both models separately on each regime. On regime 2, CASTOR
outperforms PWGC and VARLINGAM in learning causal relationships. While VARLINGAM
exhibits superior results compared to CASTOR in regime 1, it is not designed to learn the causal
graph and the indices. Also, given that our data pertains to IT monitoring, the likelihood of the
presence of instantaneous links is relatively low, which could account for the good performance of
VARLINGAM and PWGC that models only time-lagged links.

Table 2: F1 Scores across Two IT Datasets: "Reg’
indicates regime and 'Reg Acc’ refers to regime
identification accuracy.

6 RELATED WORKS

Causal structure learning from time series.  Assaad et al. (2022) offer an extensive survey
of methods for learning temporal causal relationships. Most notably, Granger causality is the
primary approach used for causal discovery from time series (Amornbunchornvej et al., 2019; Wu
et al., 2020; Lowe et al., 2022; Bussmann et al., 2021; Xu et al., 2019). However, it is unable
to accommodate instantaneous effects. DYNOTEARS (Pamfil et al., 2020), on the other hand,
leverages the acyclicity constraint established by Zheng et al. (2018) to continuously relax the
DAG and differentiably learn instantaneous and time lagged structures. However, DYNOTEARS is
still limited to linear functional forms. TiMINo (Peters et al., 2013) provides a general theoretical
framework for temporal causal discovery with functional causal models and also a practical
algorithm that learns casual relationships that can be non linear. However, the aforementioned
methods assume that MTS are composed of a single regime.

Causal structure learning from heterogeneous data. Several studies have sought to tackle the
challenge of causal discovery in heterogeneous data (Huang et al., 2020; Saeed et al., 2020; Zhou
et al., 2022; Giinther et al., 2023; Saggioro et al., 2020). Remarkably, Huang et al. (2020) address
heterogeneous time series by modulating causal relationships through a regime index. While
it provides a summary graph highlighting behavioral changes across regimes, they cannot infer
individual causal graphs neither the exact number of regime. Meanwhile, LIN (Liu & Kuang, 2023)
investigates the problem of causal structure learning from MTS with interventional data but in the
absence of domain (observational or interventional) data. LIN cannot learn different graphs: it
learns the indices of different domains and one causal graph (represents the instantaneous links) per
MTS. Finally, Saggioro et al. (2020) assume knowledge of the number of regimes and propose the
inference of only time-lagged links. Furthermore, they evaluate their algorithm on graphs with a
limited number of nodes.

7 CONCLUSION

The task of inferring temporal causal graphs from observational time series is essential in numerous
fields. It involves modeling linear and non-linear relationships and identifying multiple regimes,
often without prior knowledge of regime indices. We introduce CASTOR, a new score-based with
proven convergence properties, preventing the need for prior knowledge of regimes. Our method
demonstrates superior performance in handling both linear and non-linear relationships across mul-
tiple regimes in synthetic and real datasets.

2Qur evaluation methodology aligns with the approach outlined in Assaad et al. (2022)
3https ://github.com/ckassaad/causal_discovery_for_time_series
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A  TLLUSTRATIVE FIGURES OF CASTOR FRAMEWORK

CASTOR represents a causal discovery framework tailored for Multivariate Time Series (MTS),
characterized by diverse regimes. In essence, CASTOR operates under the assumption that each
MTS may be intricately composed of various unidentified regimes. Each regimes can be treated as
an independent MTS. Additionally, it is crucial to note that the number of lags always remains below
the minimum length of the regimes.

Figure (2) illustrates a MTS on its left side comprising three variables and two unknown distinct
regimes. Each regime possesses its temporal DAG, with one lag attributed to each in this demon-
strative scenario.

Upon receiving the MTS as input, CASTOR engages in the process of discerning the number of
regimes, determining the indexes associated with each regime (indicating their commencement and
conclusion), and inferring the temporal DAGs. The resultant DAGs facilitate the straightforward
reconstruction of summary graphs encapsulating the entire MTS (CD-NOD output).

|

X,
—O

-1
0 1 2 3 4 5 6
CASTOR ‘

0 1 2 3 4 5 6 t—1
t

Figure 2: Overview of CASTOR. The dashed edges refer to the time lagged links, the normal arrows
represent the instantaneous links.

To elucidate the intricacies of the regime learning process, Figure (3) delineates the step-by-step
procedure followed by CASTOR in determining the number of regimes and their corresponding
indexes. The process commences with CASTOR partitioning the Multivariate Time Series (MTS)
into equal windows. In the initial iteration, the length of each regime equals the window size, a
user-specified hyperparameter.

Subsequently, CASTOR embarks on learning a temporal DAG for each regime. This involves solv-
ing an optimization problem, as outlined in Eq(10) for the linear case and Eq(15) for the non-linear
scenario. Following graph acquisition, CASTOR updates the regime indexes utilizing Eq(11). No-
tably, CASTOR employs a filtering mechanism to eliminate regimes characterized by an insufficient
number of samples. In practical terms, any regime with fewer samples than a defined hyperparame-
ter, denoted as ( (representing the minimum regime duration), is discarded.

In the event of regime elimination, samples from the discarded regimes are reallocated to the nearest
regime in terms of probability. Specifically, if the discarded regime is denoted as u, the sample X'¢
will be assigned to regime v in the subsequent iteration, where v is the regime with the highest v ,,.

81 82 ce gNw 81* g;
2 2
.1 .1 . 1
0 —_ = 0 — < 0
-1 -1 -1
0 2 4 6 0 2 4 6 0 2 4 6
t t t

Figure 3: CASTOR’s regime learning procedure
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B EXPECTATION-MAXIMIZATION DERIVATION

In this section, we shall elucidate the computational details surrounding the resolution of our op-
timization problem. Specifically, we will provide clarity on the various equations introduced in
Section 3, namely, Eq (8, 10, 11, 15).

E-step. We model regime participation through a binary latent variable z, € R ; X, belongs to
regime u = 2, = 1.

Ytu = P (Zt,u =1 | Xt,G?():L})

_ p(zt u = l)p (Xt | Rty = 17G?0~L})

- 16
S p (2, =1)p (Xt|zta 1G{OL}) (10

_ (@) f" (X)
E;-V:“E mj (@) f7 (Xt)

M-step. Having estimated probabilities 7; ,, in the E-step, we can now maximise the expected
posterior distribution given the MTS (X );c7 and we have:

Ny |T]
sup 7] Z Z% wlogm () f* (Xy) — A|GY, st G§ is a DAG,
u=1 t=0 - (17)
maXq W Zu:wl Zt:1 Ve In (0 ()
— 1 N u u u 3
SUPy 77 Dous1 Dotee, log f*(X) — AlGY|, s.t G is a DAG,

We know f* (X)) =N (Xt vt X, GY, I), hence:

— sup 7] Z Z log f* (X:) — A|GY], s.t G§ is a DAG,
u=1teg,
L 2
= mlnmz Z (XtGg—i-ZXtTGﬁ) + AGY|, s.t G is a DAG
u=1te&, =1 F
7| L 2
= mmmZZ%u (XtGngZX”Gz) + A|GY], s.t G is a DAG
u=1t=1 T=1 F
Nu |T] L 2
— mlanZ%u (XtGg‘f'ZXt—rGlrL) + MG + gh(G8)2+ah (Gg)
u=1t=1 T=1 F

(18)
The only difference between the linear and the non linear cases is how we estimate the mean of
the normal distribution f* for every regime u. As we mentioned in section 3.2, we estimate these

means using NNs and we have [ (X;) = N (1/1“ (qﬁ“(Xt) oy 1“‘g(Xiag)> , 1), Hence, our M-step
for non-linear CASTOR:

Ny |T] d
min 3030 £OG i (610, 61 (XL ) 4 NG+ S (GE)* + b (GF)
u=1t=1 i=1

19)
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C REGIME AND CAUSAL GRAPHS IDENTIFIABILITY

In this section, we concentrate on establishing the identifiability of regimes and causal graphs
within the CASTOR framework. Before diving into the details, let us set and clarify the required
assumptions.

Definition 3 (Causal Stationarity Runge (2018)). The time series (that has one regime) process
(X¢)teT witha graph G is called causally stationary over a time index set T if and only if for all

links X} __ — X} in the graph
X{ W X) | X \{X]_.} holdsforallt € T

This elucidates the inherent characteristics of the time-series data generation mechanism, thereby
validating the choice of the auto-regressive model. In our setting, we generalize Causal Stationarity
as follows:

Assumption 1 (Causal Stationarity for time series with multiple regimes). The time series process
(X1)ieT comprise multiple regimes K, where K is the number of regime, we note &, = {t|v, =
1} the set of time indexes where the regime u is active, and T = U,E,. (Xi)ieT with a graph
{G"}uequ,... k3 is called causally stationary over a time index set T if and only if for all u €
{1,..., K}, (X¢)tee, is causal stationary with graph G* for time index set E,,.

Definition 4 (Causal Markov Property, Peters et al. (2017)). Given a DAG G and a joint distribution
p, this distribution is said to satisfy causal Markov property w.r.t. the DAG G if each variable is
independent of its non-descendants given its parents.

This is a common assumptions for the distribution induced by an SEM. With this assumption, one
can deduce conditional independence between variables from the graph.

Assumption 2 (Causal Markov Property for multiple regimes). Given a set of DAGs (G")ueq1,....k}
and a set of joint distribution (p(:|G"))ucq1,... Kk}, we say that this set of distributions satisfies causal
Markov property w.r.t. the set of DAGs (G")ucq,... iy if for every u: p(-|G*) satisfy causal Markov
property w.r.t the DAG G".

Definition 5 (Causal Minimality, Gong et al. (2022)). Consider a distribution p and a DAG G, we
say this distribution satisfies causal minimality w.r.t. G if it is Markovian w.r.t. G but not to any
proper subgraph of G.

Assumption 3 (Causal Minimality for multiple regimes). Given a set of DAGs (G")yeq1,...,xy and
a set of joint distribution (p(-|G"))uequ,... k), We say that this set of distributions satisfies causal
minimality w.r.t. the set of DAGs (G")yequ,... k3 if for every u: p(-|G") satisfy causal minimality
w.r.t the DAG G*.

Assumption 4 (Causal Sufficiency). A set of observed variables V' is causally sufficient for a pro-
cess X if and only if in the process every common cause of any two or more variablesin V isin V.
or has the same value for all units in the population.

This assumption implies there are no latent confounders present in the time-series data.

Assumption 5 (Well-defined Density). We assume the joint likelihood induced by the CASTOR
SEM (Eq. (3)) is absolutely continuous w.rt. a Lebesgue or counting measure and Yu
[log p (Xiee,;G")| < oo for all possible G

This presumption ensures that the resulting distribution possesses a well-defined probability density
function. It is also necessary for Markov factorization property.

Assumption 6 (CASTOR in DAG space). We assume the CASTOR framework can only return the
solutions from DAG space.
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Definition 6 (Source model Gong et al. (2022)) For any MTS defined as follows:
X} = fir (Pag(< t),Paj(t)) + € (20)
A source model characterizes the initial conditions:
Xi = fis (Pag) +el 1)

for s € [0, 8], where S is the length for the initial conditions and Pag contains the parents for node
i. We define ps (Xo.s) as the induced joint distribution for the initial conditions.

Assumption 7 (CASTOR initial condition). We assume that the initial conditions are known and
source model is identifiable.

C.1 PROOF OF THEOREM 1

Assuming the aforementioned assumptions we want to prove the theorem 1.

We consider G = (G")ueq1,... N, € = Uivglé'u where N,, is the number of window, G* =
(G*")ueq1,...x}y» K is the exact number of true regimes and £* = UL_,E%. We denote £.E; the
set of time indexes that is shared between regime ¢ of our model estimation and the true regime ¢

N & £ EE
and qp ‘= %7(](! = %l%e = | TU
2 if Ju € {1,..., K} s.t. G disagree with G** on instantaneous or/and time lagged link, or any
regime £, € & is close to none of the true regimes in the sense of Kullback—Leibler divergence:
S(G*,&*) > S8(G,¢).
We have by Eq (9)

. Our objective is to prove that for any estimation (Q , £ )

N,
L M ) .
8(G,€) = seuéafz D log f*(Xy) = AlG“).

’ u=1te&,

where ) is the sparsity penalty coefficient and f* (X;) := H;l:l f (Paigu,(< t), Pagu (t)) with

i (Paigu (<), Paéu (t)) the function used to describe the distribution family in Eq (7).
We will structure the proof as follows:

* Prove that if the score is optimized, then all the estimated regimes will be pure (have only
elements of the same true regime).

* Prove that, when the regimes are pure and N,, = K, we have S (G*,&*) > S(Q,é)

for any estimation G where Ju € {1,..., K} st Gu disagrees with G** on instantaneous
or/and time lagged link.
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C.1.1 OPTIMIZING THE SCORE WILL LEAD TO PURE REGIMES

Ignoring penalty terms, we have:

Nu K
1
~S(G, &) =—sup Y > qer T > llog fo(X0)]
e é|te£esg
Nuo K
%—SHPZZMX]E [log f€]
? c=10=1 ©p
Ny K d ) )
_Supzzqula {Z log f¢ (Page (< t),Palgc(t)):|
0 == P =
w K d
. Y
¥ =1e=1i=1

. l_ logp(xz | (Paj,. (< 0),Pag. (1)) o (x| (Pa (< o)

Xy~p f£ (Pab. (< t),Pag. (1))
w K d
a3
c=1/4=11i=1
B[ D (p (X1 (Pag. (<) Pag () 7 (Page(< 1), Page (1))
1 (p (i | (Paj..(< ), Pai. . 0))) ]
- —sgpigéqcexﬁp [=Dict. (p (X7 | (Pa. (< ), Paj...(0) ) 1 (Page (< 1), Paje (1) )]
) S%pgé K d e E [_H (p (X;' | (Paig*,@(< t),Pa"g*,e(t)))>]
c=1/4=11i=1
N
- iI;fZizd:qce E (e (p (0| (Pabe..(< ), Paj. () 175 (Paje(< 1) Paje (1) )]
c=1¢=1j=1

2
g

=
[
~

+

B [H(p (X1 (Pag (< 0).Pag..(0)))]

Mz 1=
M7 T
M&

Il
=
=8

aee B [Dxe (p (X0 | (Pag. (< 0. Pag. () ) I15f (Page (< 1), Page(1) )|

o
Il
—
~
Il
-
<
1
by

J’_
M -
YauY
M7 -
R
o~
N—
X
5 &
]

[ (p (Xi 1 (Pag..c(< 0. Pag...0)))]

M7 i1

=1 c=1
=int> 3> aee B [Prcw (p (X1 (Pajes(< 0. Paj (1)) 17 (Pabe(< 1), Paje(n))]
c=1/4=11i=1 .

+
N
M&
ISH

K [ (e (X1 (Paf (< 0. Paf 1) ))]

o~
Il
-
<
Il
—

(22)
Note that 6 could be the parameters of the neural networks used in Eq (15) for non linear causal
relationship or 6 = (G")yeq1,..,v,,} for linear case Eq 10.

For the score of ground truth (ignoring penalty terms):

_S(G5,E%) = 0+ i zd: % E [H (p (X;‘ \ (Pagw (<t),Pal., (t))))] (by Assumption 55)  (23)
(=1 1i=1
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Combining Equation (22) and Equation (23) , we have (considering penalty terms):

Ny K d
S(G7.€) ~8(G.&)=inf Y > > qu

c=1/¢=1i=1

KB [Pr (p (X0 | (Pages(< 0. Paj o)) 17 (Page(< ). Page())] @4

Ny K
A (Z 61-3 |g*"|>

c=1 =1
The first term in Equation (24) is the score term, others are penalty term.
In the following lines, our goal is to demonstrate that optimizing the score term ensures that all
identified regimes will accurately match the real regimes. In other words, each estimated regime
will be a true representation of an actual one. Additionally, by shifting samples from less significant
regimes (regimes with few samples) to the most similar significant regimes, our variable N,, will
eventually stabilize at the value of K. To do this, we will proceed by contradiction:
Suppose the score term in Eq (24) is optimized and there exists a regime e that is not pure, i.e.,
there exist a,b € [K| with a # b but g, > 0 and g., > 0. Since they are different distributions
for two different regimes with two different causal graphs, there exists ¢ € {1, ...,d} such that
p (X{ | (Pag-.(<t),Pag..(t))) # p(X}| (Pag..,(< t),Pag.,(t))). Then the score term in
Equation (24) has the following lower bound:

K d
inf> > B [Dice (p (X0 | (Paje.i(< 0. Pag. (1) ) 15 (Pabe (< 1). Paje (1) )]
£=11i=1
> inf {qe(lx% [Dkr, (p (Xi | (Pabu.a(< 1), Pag..a (1)) |Iff (Pabe (< t), Pabe (t)))] (25)

e B (Dt (p (X | (Pag. (< ). Paj. () ) 175 (Page (< 1), Page(1))] |

As we assumed that the score term in Eq (24) is optimized, it means that:

0- irglf%ffqug«:wp [Dict (p (X | (Page.c(< 0. Pag. (1)) /¢ (Paje(< 1), Page(1))]

c=1/¢=11i=1

K d
ML OIS [P (v (X7 1 (Pag. o(< 0, Pag. . (1) ) 15 (Pa. (< 0), Pag. (1)) )] o6
. Dk (p (X7 | (Paj.,a(< t),Pab..a(t)) Iff (Page(<t),Pab.(t))) =0
Dkr (p (Xg’ | (Pa;*wb(< t),Paﬁj*yb(t)>> Ife (Paj. (< t),Pa"ge(t))> =0

= Vi€ {l,.,d}:p(Xi| (Pabe.(<t),Pab..(t) =p (X;’ \ (Pa;*)b(< t),Paf;*yh(t))>

and the last line, Eq (26), is a contradiction because the two distributions represent two different
regimes with two different graphs. Hence, if the score term of Eq (24) is optimized all the estimated
regimes will be pure.
First case: If we matched the samples of less significant regimes to the wrong regimes, the regime
is not pure and then the score term is not optimized (contradiction).
Second case: If we eliminate a lot of regimes such that N,, < K — 1, at least one of our estimated
regimes will not be pure and this contradicts the assumption of optimized score term (same
reasoning).
Based on this reasoning, optimizing the score term of Equation 24 will ensure convergence to the
true number of regimes and also every regime will be pure.

C.1.2 IN CASE OF EDGE DISAGREEMENT S (G*,£*) > S(G, €)

Now we will show that Eq (24 )is positive, if Ju € {1,..., K} s.t Gu disagrees with G** on instan-
taneous or/and time lagged link.
To simplify the notation, we denote by p(*) the distribution p(.|G*) the optimal distribution that de-

scribes the cgm of regime u. We assume that each estimated regime &, (ce{l,...,Ny},N, > K)
contains samples from same true regime. Then Equation (24) has lower bound:

infy 2,2 07 B_Dic. (p]1f)

(27)
> (minyg g} ) infy Zle DkL (p(é) ||fé)
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Equation (27) is positive if and only if 7(G) is positive.
K
n(G) := inf ; DxL (p“) ||f£) (28)

Let assume that 3r €€ {1,..., K} s.t Gr disagrees with G*” on instantaneous or/and time lagged
link. We follow the same intuition as Gong et al. (2022); Peters et al. (2013; 2017):

Dkr, (p(r) ||fr)
1€ 29)
=DxkL [pgr)”fﬂ + Z Epe (Xo.e-1) [DKL [pm (Xt | Xow—1) [/ (X | Xo;t71)H
t=5+1
Based on Assumption 7, we know that the source model is known, which leads to the following
result:
|£7 ]

B 29) <= Dt (17157) = 3 By, [Pt [P0 (X | Xouo) 157 (X | Koo
t=S+1
(30)
We will show that Dk, (p( || f7) is positive in two cases:

* Disagreement on lagged parents only. This means that for all t € [S + 1,T], the
instantaneous connections at ¢ for G™ and g *" are the same, and 3t € [S + 1,T] and i €

{1, ...,d} such that Pagf,r(< t) # ?agt(< t). We can use a similar argument as the

the_orem 1 in Peters et al. (2013). Without loss of generality, we assume under Gr, we have
X/ . — X} and there is no connections between them under G*". Thus, from Markov

conditions, we have
XIZL AL th—T ‘ Xo:p—1 U ND%XT\ {XZ7th—T}

under G*", where NDtX " are the non-descendants of node X,f at some time ¢t. However,
from the causal minimality and Proposition 6.16 in Peters et al. (2017), we have

X{ 4 X, | Xoes UNDI LG X7, )

under G”, and we have Dgr, P (X¢ | Xow—1) [If7 (X¢ | Xou—1)] # 0. Hence,
Dxr (pf7) #0

* Disagreement on instantaneous parents. In this Section we will use two different results
one for the linear and the other one for the non linear case.

— Linear case. For this case, we will use Theorem 1 in Peters & Biihimann (2014). In
this theorem, the author confirms that the graph is identifiable for linear models with
Gaussian additive noise, if for each j € {1,...,d}, the weights of the causal relations
Bjr # 0forall k € PAY . For our instantaneous links, we have all the weights of
the parents are non null. Hence, the instantaneous links are identifiable. Otherwise if

Dy, (pf7) #0
— Non linear case. Using Theorem 2 from Peters et al. (2012), we can notice that

our instantaneous links are Identifiable Functional Model Class, (B, F)-IFMOC, they
belongs exactly to the 3rd class of Lemma 3 in Peters et al. (2012): nonlinear ANMs:

Fs={f(X,n) = ¢(X)+n} Bs = {(¢, X, N) not lin., Gauss, Gauss }\ Bs. Hence
our instantaneous links are identifiable, otherwise, Dk1, (p(r) I f’”) #£0.

Based on the above reasoning, we can show that if Ir €€ {1,..., K} s.t,, C;T disagree with G*" on

instantaneous or/and time lagged links, Dk, (p(T) If T) # 0.

Thus, (G) > 0. Then as we assume in Theorem 1 that ) is sufficient small would implies Equation

(26) is positive.

If |Gr| > |G*"| then clearly Eq 26 is positive. Let Gt := {QT € G||gT| < |G+ |} To make

sure that we have S (G*,&*) — 8(G,€) > 0 forall G € G, we need to pick A sufficiently small.
(D)

Choosing 0 < A < min (g
g GeGt (zi\f:uyl 1Ge| - K 16+

) is sufficient.
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D FURTHER EXPERIMENTAL RESULTS

D.1 SYNTHETIC DATA

We employ the Erdos—Rényi (ER) (Newman, 2018) model with mean degrees of 1 or 2 to generate
lagged graphs, and the Barabasi—Albert (BA) (Barabési & Albert, 1999) model with mean degrees
4 for instantaneous graphs. The maximum number of lags, L, is set at 1 or 2. We experiment
with varying numbers of nodes {5, 10, 20,40} and different numbers of regimes {2, 3, 4,5}, each
representing diverse causal graphs. The length of each regime is randomly sampled from the set
{300, 400, 500, 600}.

* Linear case. Data is generated as follows:

L
Vuef{l,. ., K} Vte&: Xy = XGy + Y X ,G¥ + e,

=1

with G is adjacency matrix of the generated graph by BA model, Vr € {1,..,L} : G
are the adjacency of the time lagged graphs generated by ER and ¢; ~ N (0, I), follows to
a normal distribution.

* Non-linear case. The formulation used to generated the data is:
Vue {1,...,K}Vt€ &, : X| = g (Pagu.(< t),Pag.(t)) + €,

where g¥ is a general differentiable linear/non-linear function and € ~ A/(0, 1), follows a
normal distribution. The function g;* is a random combination between a linear transfor-
mation and a randomly chosen function from the set: {Tanh, LeakyReLU, ReLU}.

D.2 BASELINES

All used benchmarks for the synthetic experiments are run by using publicly available libraries:
VARLINGAM (Hyvirinen et al., 2010) is implemenented in the 1ingam* python package.
RPCMCI (Saggioro et al., 2020) is implemented in Tigramite’ and DYNOTEARS (Pamfil et al.,
2020) on causalnex® package. We fine tuned the parameters to achieve the optimal graph for
each model.

For CASTOR, an edge threshold of 0.4 is selected. In the linear scenario, we establish ( = 100
as the minimum regime duration, while in the non-linear context, ( is set at 200. To demonstrate
the model’s robustness to the choice of the window size, we train CASTOR using diverse window
sizes, specifically w = 200 or w = 300. For the sparsity coefficient, we use A = 0.05. In order to
optimise our M-step, we use L-BFGS-B algorithm (Zhu et al., 1997).

D.3 NESTIM BRAIN CONNECTIVITY

Model F1 FMRI Reg Acc
PWGC 66.7 -
VARLINGAM 47.6 -
CASTOR 66.5 80

Table 3: F1 Scores for FMRI data, ’Reg’ indicates regime and 'Reg Acc’ refers to regime identifi-
cation accuracy.

Finally we test the efficacy of CASTOR on FMRI imaging dataset Nestim (Smith et al., 2011), a
resource commonly utilized as a benchmark in the field of temporal causal discovery (Lowe et al.
(2022); Khanna & Tan (2019); Assaad et al. (2022)). Each time series in the dataset simulates the
neural signals for an individual human subject, encompassing d = 5 distinct nodes. Notably, the
majority of time series in the Nestim dataset have the same summary causal graph. In order to create

*https://lingam.readthedocs.io/en/latest/
Shttps://jakobrunge.github.io/tigramite/
*https://causalnex.readthedocs.io/en/latest/
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MTS with multiple regimes, we generated additional synthetic data using the generative process
outlined in the previous section 5.1. Our choice of baseline models aligns with those utilized in the
IT monitoring data evaluation, as detailed in Section 6.2. Table 3 shows that CASTOR successfully
infers exact number of regimes and it succeeds to detect 80% of the real FMRI data. Even if
the regime accuracy is 80%, CASTOR shows robustness and versatility in identifying complex
temporal relationships within this type of data by achieving similar results to the baselines that have
access to the true regime indices.

D.4 FURTHER EXPERIMENTS: LINEAR CASE

d  Method Type SHD FI SHD FI SHD Fl
Inst. 7 229156 13 184136 14 241465
; VARLINGAM ae 9 801nn, 14 1595 14 820465
RPCMCI st . S
Lag - - - - - -
Inst. 0 10000 0 1000, 2 97.3:1.9
CASTOR Lag 0 10050 0 0 100 1 972159
Inst 62 883417 90  103+24 121 14.0+24
by RLINGAM pae 48 296402 61 166+124 93 230407
Inst - - - - N B
RPCMCI Lag 67  46.6+9.14 178 l4ling - -
Inst 3 97.045 7 28 88.1.¢ 4 98.311.4
CASTOR Lag 0 100, 9 899,51 1 99.7.4

Table 4: F1 and SHD Scores by Models and Settings: d indicates number of nodes, K refers to the
number of regimes, and *Type’ refers to the causal links as either instantaneous or time-lagged.

K=5
d  Method Type SHD Fl
Inst. 59 117i23

. VARLINGAM " 5 6o
RPCMCI Inst. - ]
Lag - -

Inst. 4 98.441 4

CASTOR Lag 1 971414

Table 5: F1 and SHD Scores by Models and Settings: d indicates number of nodes, K refers to the
number of regimes, and "Type’ refers to the causal links as either instantaneous or time-lagged.

In this section, we present additional results using linear synthetic data with varying numbers of
nodes, specifically {5, 20}, and diverse numbers of regimes {2, 3,4,5}. Our model’s performance
is compared against RPCMCI (Saggioro et al., 2020) and VARLINGAM (Hyvirinen et al., 2010),
and the results are displayed in Table 4, 5. CASTOR not only outperforms RPCMCI but con-
sistently converges, accurately identifying the number of regimes and recovering both the regime
indices and their respective underlying causal graphs. In scenarios with 5 different regimes, where
RPCMCT fails to converge, CASTOR infers the true number of regimes, their partitions, and effi-
ciently learns the causal graphs, achieving more than a 98% F1 score. Furthermore, in comparison
to VARLINGAM (a method capable of modeling both lagged and instantaneous links in MTS data),
CASTOR demonstrates markedly superior performance.

Figure 4 displays a comparison between the graphs estimated by CASTOR and the ground truth
graphs. CASTOR effectively learns the causal graphs and the distinct regime partitions. In figure 5
we test CASTOR on data with L = 2 lags, hence CASTOR needs to estimate 3 adjacency matrices
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in every regimes (the matrix for instantaneous links, first time lagged links and second time lagged
links). We can notice that CASTOR estimates well the graphs and infers the regime partitions.
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Figure 4: The estimated temporal causal graphs for five regimes (Linear case), with one matrix
representing instantaneous links and another delineating time-lagged relations. The second column
showecases the actual causal graphs, while the final column highlights the discrepancies between the

estimated and true graphs.
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Figure 5: The estimated temporal causal graphs For MTS with 2 lags and 10 nodes and 2 regimes

for the linear case
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D.5 FURTHER EXPERIMENTS: COMPARISON WITH CD-NOD AND RHINO

We conducted a comparative analysis with CD-NOD, a causal discovery model specifically designed
for heterogeneous data and non-stationary time series (Huang et al., 2020). In the context of MTS
with multiple regimes, CD-NOD learns a summary causal graph encapsulating the entire MTS.

It’s worth noting that in the work by Huang et al. (2020), CD-NOD demonstrates the capability to
learn both the regime partition and the summary causal graph. However, in our specific scenario,
we utilized the publicly available version of CD-NOD within the causal-learn’. In this pack-
age, CD-NOD focuses on learning the summary causal graph while necessitating the availability of
regime indexes.

Our experimental setup involves linear causal relations and diverse configurations, including 2, 3,
and 4 regimes, each with varying numbers of nodes (10, 20, 40). For independence test of CD-
NOD, we chose Fisher’s Z conditional independence test for faster runs; note that we tested KCI
CD-NOD, the model takes over 2000 seconds for 2 regimes, with F1 scores in a similar range.
We systematically compared the performance of CD-NOD against CASTOR, with the evaluation
centered on the summary causal graphs as the basis for comparison.

Definition 7 (Summary causal graph, (Assaad et al., 2022)) Let (X¢)ieT be a MTS and G =
(V, E) the associated summary causal graph. The set of vertices in that graph consists of the set
of components X', ... X% at each time t € N. The edges E of the graph are defined as follows:
variables XP and X9 are connected if and only if there exists some time t and some time lag T such
that XY __ causes X{ at time t with a time lag of 0 < T for p # q and with a time lag of 0 < T for

pb=gq

d  Method K=2 K=3 K=4

CD-NOD 20.2 11.4 38.8
CASTOR 100 100 97.9

CD-NOD 25.2 23.7 12.7
CASTOR 100 97.2 93.4

CD-NOD 0 11.3 5.57
CASTOR 100 99.8 99.2

10

20

40

Table 6: F1 Scores by Models and Settings: d indicates number of nodes and K refers to the number
of regimes. The comparison is made for linear relations

From Table 6, it is evident that despite having access to regime indexes, CD-NOD does not manage
to outperform CASTOR in various settings (with an F1 score that does not exceed 26%). Addition-
ally, a clear trend emerges where CD-NOD’s performance declines when the number of nodes is 40.
On the contrary, CASTOR exhibits consistent performance across different settings, achieving a F1
score of over 93% in all scenarios.

We conducted a thorough comparison between CASTOR and Rhino, a cutting-edge model in causal
discovery. Rhino is specifically designed to infer causal graphs from time series data, particularly
Multivariate Time Series (MTS) characterized by history-dependent noise. This means that Rhino
considers the possibility of non-stationary noise, where its distribution is influenced by past obser-
vations. The work by Gong et al. (2022) involves optimizing a variational model to discern the
inherent graph structure within the data.

It’s worth noting that Rhino’s training involves at least 50 MTS, all sharing the same causal graph, to
learn the target Directed Acyclic Graph (DAG). In our comparison with Rhino, we generated diverse
MTS compositions with distinct regimes. We ensured that each regime contained a minimum of
10,000 data points (calculated as 50 x 200, where 50 is the number of MTS, and 200 is the length of
each MTS). This approach aimed to replicate a scenario similar to the one presented in the referenced

paper.

"nttps://causal-learn.readthedocs.io/
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To facilitate the comparison, we manually partitioned the MTS for Rhino.

d  Method Type SHD Fl SHD Fl1 SHD Fl1
Inst. 36 364 48 37.8 64 39.1
Lag 38 369 60 336 85 34.7

Inst. 0 100 1 973 1 99.3
Lag O 100 0 100 2 98.4

Rhino
10
CASTOR

Table 7: F1 and SHD Scores by Models and Settings: d indicates number of nodes, K refers to the
number of regimes, and "Type’ refers to the causal links as either instantaneous or time-lagged.

In comparison to other baselines, Rhino surpasses VARLINGAM in terms of F1 score, underscoring
its competitive performance in causal discovery.

Examining Table 7, it becomes evident that CASTOR consistently outperforms Rhino across various
settings. Notably, CASTOR achieves this superior performance without relying on access to regime
indexes, a noteworthy distinction. Moreover, Rhino necessitates a training phase that demands a
larger amount of data to effectively learn the temporal causal graph.

D.6 MODELS RUNNING TIME

We compute the running time of every model in different settings, that includes 10 nodes and 2,3 or
4 different regimes, Figure 6 summarizes the results.

[ VARLINGAM
I CDNOD I
20007 /= Rhino —
N RPCMCI
I CASTOR
,, 15001 .
£
Q
€
F 1000+ — I
5001
0 | | |
K=2 K=3 K=4

Figure 6: Running time per model, the y axis represents the running time in s and the x axis the
number of regime

VARLINGAM and CD-NOD (employing Fisher’s Z conditional independence test for faster runs;
note that KCI CD-NOD takes over 2000 seconds for 2 regimes, with F1 scores in a similar range)
exhibit remarkable speed compared to other methods. However, in terms of scores, both models en-
counter challenges in effectively learning causal graphs. Notably, CASTOR runs faster than Rhino,
even though CASTOR learns both temporal causal graphs and regime indexes.

A fair comparison arises when comparing RPCMCI and CASTOR, as both models learn regime in-
dexes and temporal causal graphs. It’s essential to mention that RPCMCI necessitates specifying the
number of regimes and the maximum number of transitions, producing only time-lagged relations.
From Figure 6, it is apparent that CASTOR converges more rapidly than RPCMCI. This difference
in convergence time becomes more pronounced as the settings become more complex.
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D.7 FURTHER EXPERIMENTS: NONLINEAR CASE

In this section, we present additional results using non-linear synthetic data with varying numbers
of nodes, specifically {10,20}, and diverse numbers of regimes {3,5}. In this case, we compare
our model against various baseline models, namely DYNOTEARS (Pamfil et al., 2020) and VAR-
LINGAM (Hyvirinen et al., 2010). CASTOR showcases performance similar to DYNOTEARS in
modeling non-linear time-lagged relations while simultaneously learning the regime indexes. Addi-
tionally, it effectively identifies instantaneous links. As depicted in figures 8 and 9, the performance
of CASTOR diminishes with an increase in the number of regimes in non-linear scenarios. This out-
come is understandable since non-linearity poses a more challenging causal discovery problem, and
an increase in the number of regimes augments the number of parameters, consequently affecting
our model’s performance.

10 nodes 20 nodes
80
801 @é = m— T
60 A
o gl
. . ——
20 201
===

CASTOR  DYNOTEARS VARLINGAM CASTOR  DYNOTEARS VARLINGAM
I Instantaneous links [ Time lagged links

Figure 7: F1 by Models for K=3 Setting, Inst means instantaneous links and lag time-lagged ones.
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Figure 9: The estimated temporal causal graphs for 5 regimes (non Linear case), with one matrix
representing instantaneous links and another delineating time-lagged relations. The second column
showcases the actual causal graphs, while the final column highlights the discrepancies between the
estimated and true graphs.
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