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ABSTRACT

Equilibrium Propagation (EP) is a learning framework for energy-based models,
i.e. models whose dynamics evolve toward minima (or more generally critical
points) of an energy functional. Because it relies on equilibration dynamics and
local learning rules, EP is well suited to computing platforms based on analog
physics, which may offer substantial energy-efficiency gains. Although stan-
dard Transformers are not usually viewed or framed as energy-based models,
the recently introduced the Energy Transformer (ET) (Hoover et al., 2024) im-
plements transformer-like computations through dynamics minimizing a global
energy function. In its original form, however, the ET is not directly compati-
ble with EP, because it is designed to perform only a small number of energy-
minimization steps rather than to converge to equilibrium. We therefore develop
a convergent variant, the Convergent Energy Transformer (CET), and train it with
EP on a masked image completion task. This work takes a step toward physically
inspired, hardware-friendly training methods for transformer-like models.

1 INTRODUCTION

Recent progress in machine learning has been driven in large part by the Transformer architec-
ture (Vaswani et al., 2017), whose attention mechanism enables to model long-range interactions in
sequences, images, and other structured data. Transformers now underpin many of the most influ-
ential AI systems, with applications to language (Achiam et al., 2023), vision (Kirillov et al., 2023),
speech (Baevski et al., 2020), video (Kondratyuk et al., 2023), as well as biological structure predic-
tion systems (Jumper et al., 2021). As these models have grown in scale, their empirical performance
has improved, but so too have the computational and energy costs of training and deployment (Cot-
tier et al., 2024). State-of-the-art transformer systems therefore require increasingly large accelerator
clusters and data-center infrastructure, which raises both economic and environmental concerns and
motivates the search for more energy-efficient computing and learning paradigms.

Analog neuromorphic hardware accelerators promise to reduce power consumption of computing by
exploiting the physical dynamics and massive parallelism naturally present in many neural-network-
like physical systems - such as optical or analog electrical devices (Marković et al., 2020). Proof-of-
concept analog optical accelerators have been proposed to carry out the bulk of matrix computations
of Transformers in the optical domain during inference (Anderson et al., 2023). To realize more
energy gains, however, training also needs to happen in the analog domain. Yet, traditional back-
propagation relies on precise digital arithmetic, which is not well suited to noisy analog substrates.

In recent years, a number of ”physical learning” algorithms have been developed for training such
physical neural-network-like systems, by harnessing physical dynamics, local measurements and
local update rules (Momeni et al., 2024). One such approach is Equilibrium Propagation (EP) (Scel-
lier & Bengio, 2017), which applies in energy-based systems, i.e. systems driven by energy or Lya-
punov dynamics and converging to equilibrium. EP computes the gradients of a user-chosen cost
function by comparing two equilibrium states of the same dynamical system under different bound-
ary conditions, providing local parameter updates. EP has been successfully applied in a variety of
systems, including continuous Hopfield networks (Scellier & Bengio, 2017), nonlinear resistive net-
works (Kendall et al., 2020) and oscillatory neural networks (Zoppo et al., 2022; Wang et al., 2024;
Rageau & Grollier, 2025). Experimental demonstrations have been conducted in resistor networks
(Dillavou et al., 2022), memristor crossbars (Yi et al., 2023; Oh et al., 2023), and D-wave’s Ising
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machine (Laydevant et al., 2024). Beyond energy-based models, EP has been extended in a number
of directions, including Lagrangian systems (Kendall, 2021; Scellier, 2021; Massar, 2025; Pourcel
et al., 2025), quantum systems (Massar & Mognetti, 2024; Wanjura & Marquardt, 2024; Scellier,
2024), holomorphic models (Laborieux & Zenke, 2022) and bilevel optimization problems (Zucchet
& Sacramento, 2022).

Although standard Transformers are not usually formulated as energy-based models, recent work
on modern Hopfield networks has shown how attention-like updates can be derived from an un-
derlying energy function (Ramsauer et al., 2020). Building on this, the Energy Transformer (ET)
(Hoover et al., 2024) reformulates transformer-like computation - including attention, multi-layer
perceptrons (MLPs), layer normalization, and residual connections - as iterative minimization of a
global energy. Because the same energy function is used at every step, the resulting dynamics can be
viewed as a depth-unrolled architecture with shared parameters across steps. In numerical experi-
ments, Hoover et al. (2024) report performance competitive with conventional transformers, despite
having substantially fewer parameters. Originally used for image reconstruction tasks Hoover et al.
(2024), the ET has also been employed in hydrodynamic problems (Zhang et al., 2025) and has
inspired GPT-like energy-based language modeling (Dehmamy et al., 2025). An implementation of
the ET (and other dense associative memories) in analog electrical circuits has also been proposed
(Bacvanski et al., 2025).

In its original formulation, however, the ET is not directly compatible with EP. To obtain accurate
parameter gradients, EP requires the network state to relax to an equilibrium of the energy. By
contrast, the original ET was designed to operate in a transient regime: in practice, performance is
best when the energy minimization is stopped after only a small number of steps, well before con-
vergence. Notably, in their image reconstruction experiments, Hoover et al. (2023) report that the
highest-quality images were obtained using 12 steps of gradient descent on the ET’s energy with a
step-size of 0.1, while Figure 8 and the accompanying video found in their supplemental material1
show that the energy continues to decrease beyond this point. Importantly, further minimization
significantly degrades the quality of images. To resolve this incompatibility, we modify the ET’s
architecture by treating the partially masked input image as a fixed boundary condition throughout
the relaxation dynamics. This modification allows the network to converge to an equilibrium (min-
imum or critical point of the energy), and thereby makes the model amenable to training with EP.
We then train our model, which we call the the Convergent Energy Transformer (CET) using EP to
perform masked image completion on the CELEBA-faces dataset Liu et al. (2015), and demonstrate
comparable performance to the baseline obtained using backpropagation through the equilibration
trajectory.

Our work relates to recent efforts to train modern Hopfield networks with EP (Bal & Sengupta, 2023;
Koulischer, 2023) and demonstrate a more hardware-friendly transformer-like model that could sup-
port both analog inference and training. We note that Gladstone et al. (2025) have recently intro-
duced another type of energy-based transformer which, however, is not readily compatible with
physical dynamics and local learning rules, which is the focus of our work.

2 THE CONVERGENT ENERGY TRANSFORMER

This section presents a convergent version of the ET (Hoover et al., 2024) that we call the CET. We
consider the masked image completion task, where a partially masked image is given and the goal
is to fill the missing regions with plausible content. We use the CELEBA dataset, treating every
image as a 120 × 120 normalized RGB image, using standard data augmentation techniques - See
appendix C for details. Each image is partitioned into 36 non-overlapping patches of size 20x20, 18
of which (50%) are chosen at random to be zeroed out. The objective is to reconstruct the masked
patches from the visible ones.

2.1 CET ARCHITECTURE

The model’s architecture is shown in Figure 1. Denoting x the clean image, and x̄ the partially
masked one, x̄ is viewed as a set of 121 overlapping patches of size 20x20 (with a stride of 10),
which interacts with the tokens (z). Using overlapping patches helps prevent visible seams between

1The figure and video can be found in Hoover et al. (2023), not in Hoover et al. (2024).
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Figure 1: The CET takes a partially masked image as input (red outline) and is trained to reconstruct
it. During inference, we run T1 steps of energy minimization with open switch (meaning β = 0).
During EP training, we close the switch, permitting β-scaled feedback from the cost function: we
run T2 steps with negative β to obtain a negatively-nudges state, and another T2 steps with positive
β to obtain a positively-nudges state. The two states are used to extract the parameter gradients.

patches in the reconstructed images – see Appendix B.2.1 for details. The tokens also interact
with a memory module and an attention module, as well as the output layer (y) representing the
reconstructed image. Dynamics are determined by an energy function defined in section 2.2. During
inference, the tokens and output layer (green outline) are updated iteratively to minimize the energy
function. The memory and attention modules (blue outline) use a modern Hopfield formulation,
which avoids explicitly materializing these layers. As described by Hoover et al. (2024), each step
of inference can be interpreted as a layer, with weights shared across layers. Thus, although the
network consists of only a few modules, its ”depth” comes from the temporal dimension.

2.2 THE CET’S ENERGY FUNCTION

As an energy-based model, the CET’s dynamics minimize a scalar energy function E, which is the
sum of individual energy terms associated with interactions between the network components. The
energy function has the form

E(x̄, z, y, θ) = Eenc(x̄, z, θenc)+Edec(z, y, θdec)+Epos(z, θpos)+Emem(z, θmem)+Eatt(z, θatt),
(1)

where Eenc and Edec represents the encoder and decoder interactions, Epos represents posi-
tional information, Emem is a Modern Hopfield interaction serving as a memory bank, and Eatt

is a LogSumExp-based modern Hopfield attention energy allowing the network to learn rela-
tionships between tokens associated with distinct image patches. As previously mentioned, x̄,
z, y are the masked input image, the tokens and the reconstructed image, respectively, while
θ = {θenc, θdec, θpos, θmem, θatt} denotes the set of all the learnable parameters. These energy
terms and the parameters of each term are defined in detail in appendix B.

To use the CET for inference, we first clamp x̄, then let z and y minimize the energy function,
and finally we read the equilibrium value of y. The tokens are subject to static layer normalization
constraints (zero mean and unit standard deviation) while the reconstructed image is unconstrained.
The CET’s equilibrium thus reads

(z⋆, y⋆) = argmin
z∈C, y

E(x̄, z, y, θ), (2)

where C denotes the set of tokens with mean 0 and std 1. To reach equilibrium, z and y perform
projected gradient descent (PGD) on the energy function:

z ← ProjC(z − ϵ∇zE(x̄, z, y, θ)), y ← y − ϵ∇yE(x̄, z, y, θ), (3)

where ϵ is the step size, until convergence. In our experiments we use ϵ = 1.

In practice, in our experiments the CET does not seem to always settle to a minimum of E but
sometimes settles to a critical point (saddle point) of E – see Appendix A.
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2.3 DIFFERENCES BETWEEN THE ET AND CET

In the original ET (Hoover et al., 2024), the masked input x̄ serves as an initial condition for energy
minimization, whereas in our CET it acts as a fixed boundary condition. We find that our fixed
boundary condition is necessary to ensure full equilibration (to a minimum or critical point) without
hampering model expressivity.

Compared to the ET, another difference in the CET is that the encoder and decoder have their own
energy terms (Hopfield energy interactions), making them a part of the energy-based model. This
modification significantly simplifies the EP learning rules for the encoder and decoder weights.

3 EQUILIBRIUM PROPAGATION

The objective to optimize is L = C(y⋆, x) where C is a cost function representing the mismatch
between input x and reconstruction (output) y. As in Hoover et al. (2024), we use the MSE.

To extract the parameter gradients ∇θL, Equilibrium Propagation (EP) (Scellier & Bengio, 2017)
introduces a parameter β ∈ R called the nudging strength, and augments the network’s energy func-
tion by βC, an energy term proportional to the cost function. The network’s total energy function is
thus

F (x, z, y, θ, β) = E(x̄, z, y, θ) + βC(x, y). (4)

The training process involves comparing two nudge equilibrium states (minima of F ) associated
with two different values of β. Here we employ the centered variant of EP (Laborieux et al., 2021)
which uses the two equilibrium states

(z±β
⋆ , y±β

⋆ ) = argmin
z∈C, y

F (x, z, y, θ,±β). (5)

The main insight of EP is that the gradients of L can be approximated using the following formula
(Scellier & Bengio, 2017; Laborieux et al., 2021):

∇θL =
d

dβ

∣∣∣∣
β=0

∂F (x, z∗β , y
∗
β , θ)

∂θ
≈ 1

2β

(
∂F (x, z∗+β , y

∗
+β , θ,+β)

∂θ
−

∂F (x, z∗−β , y
∗
−β , θ,−β)

∂θ

)
.

(6)
Similar to the free equilibrium of equation 2, the ±β states are obtained using projected gradient
descent (PGD) on F with respect to (z, y). In our experiments, for stability and computational
efficiency, both the ±β states are obtained using the free equilibrium state of equation 2 as an initial
state for energy minimization. Thus, to train the CET with EP, we first set β = 0 and run T1 steps
of PGD until the tokens and outputs settle to (z0⋆, y

0
⋆). Next, we set β > 0 and run T2 steps of PGD

until the model reaches (z∗+β , y
∗
+β). And next, starting from the free state, we set β < 0 and run

another T2 steps of PGD until the model reaches (z∗−β , y
∗
−β). Finally, the two ±β states are used to

express the gradient with respect to the weights, based on the EP formula of equation 6.

An important feature of EP is that the nudge states need not be global minima of F , but can be local
minima or even just critical points (saddle points) – see for example Chapter 2 of Scellier (2021)
for a discussion of this point. It seems that invoking this property is necessary to explain why EP
successfully trains the CET in our experiments (Appendix A).

4 MASKED IMAGE COMPLETION EXPERIMENTS

We train the CET to do masked image reconstruction on the CELEBA-faces dataset, with a 50%
masking ratio. The image is divided into NP = 121 overlapping patches, resulting in 121 tokens
as well. The token dimension is DT = 768, the attention module has NH = 12 attention heads of
dimension DH = 64, and the Hopfield memory module has NM = 3072 memories of size DT×NM.

We use EP as a training method, and compare it with the baseline obtained using truncated back-
propagation through the equilibration process (TBPTE). For EP, we run the free phase for T1 = 150
steps and the two nudged phases for T2 = 5 steps. For TBPTE, we run energy minimization for 155
steps and backpropagate through the last 5 steps. For the full list of hyperparameters used in our
experiments, see appendix C.
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Table 1: Pixel-wise mean squared error of the trained CET. EP achieves comparable performance
to the baseline obtained using truncated backpropagation through equilibration (TBPTE). Note that
images are normalized to the range [-1,1].

EP TBPTE

Training dataset 0.01413 0.01371

Testing dataset 0.01422 0.01376

The mean squared pixel errors (Square error normalized by C × hI × wI) for the trained models
are reported in Table 1. We observe that the EP-trained model is competitive with TBPTE-trained
model. Figure 2 shows the reconstructions after 150 gradient steps. While the CET is able to grasp
the global structure of the data and fill in the missing parts we notice that the reconstructions often
appear blurry. This is a common issue with vision transformers in general, which can be remedied
in various ways. The simplest solution is to use smaller patches, but this will significantly increase
the number of patches (and hence the number of tokens), leading to much longer training times.

In Appendix A, we show that for a part of the images from the test set, after T1 = 150 steps
of energy minimization, the CET hasn’t converged to a minimum but rather a saddle point of the
energy function. For these images, performing more steps of energy minimization eventually brings
the CET in a new equilibrium state with significantly lower energy, and the reconstructed image
associated to it is of significantly poorer quality. In practice, these spurious energy minima do not
seem to pose any problem as long as the model is used in the same conditions during inference and
during training, i.e. using T1 = 150 steps of energy minimization during the free phase during both
inference and training.

(a) Clean test images (b) Masked test images (c) EP-CET output (d) TBPTE-CET output

Figure 2: (a) 16 example images from the test datasets. (b) The same mask is applied before the
EP-trained model (c) and the TBPTE-trained model (d) are used to reconstruct the image.

5 CONCLUSION

We have developed a convergent version of the Energy Transformer compatible with EP, and trained
it to do image reconstruction on the CELABA dataset. The CET treats the partially masked input
image as a fixed boundary condition (rather than an initial condition for energy minimization as is
done in the ET), and includes explicit energy terms for the encoder and decoder. These modifications
allow to perform full equilibration (a requirement of EP) and simplify the analytical expressions of
the EP learning rule for the encoder and decoder weights, making them more amenable to hardware
implementation. In this respect, our work is complementary of Bacvanski et al. (2025), showing how
the ET can be implemented in analog electrical circuits not just for inference, but also for learning.
Our CELEBA experiments demonstrate that EP achieves comparable performance with the baseline
obtained via truncated backpropagation through the equilibration process (TBPTE). An interesting
aspect of the CET is that, in the regime where we trained it (using 150 steps of energy minimization
in the free phase), it seems to occasionally converge to saddle points of the energy function, rather
than minima. This does not pose any problem for EP training, and does not pose any issue during
inference either as long as the CET is used in the same conditions where it was trained (using 150
steps of energy minimization).
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A EQUILIBRIUM STATES OF THE CET: ENERGY MINIMA OR CRITICAL
POINTS?

In this appendix, we take a closer look at the CET’s energy minimization dynamics and the equilib-
rium states that it reaches, showing that these equilibria are more likely critical points than minima
of the energy function.

Taking a trained CET (with EP) and images from the test dataset, we plot the energy minimization
curves, that is, the energy as a function of the number of minimization steps (T ) - see Figure 3. For
most of the images, the energy seems to have converged after 150 steps, but for 5 of the 16 images
- those with indices 1, 4, 8, 12 and 16 - a significant drop in energy occurs hundreds of steps later.
image 5 also undergoes a small but visible drop in energy. This hints that, for part of the masked
input images, the equilibrium state reached after T = 150 steps of energy minimization is not a
minimum of the energy function, but more likely a critical point. This does not pose any problem
for EP training as EP only requires critical points, not necessarily energy minima.

We then take a look at the CET’s reconstructed images after T steps of energy minimization, for
different values of T ranging from 2 to 100,000 - see Figure 4. From the image indices, we see
that the images experiencing a drop in energy are also accompanied by a significant degradation
of the quality of reconstructed images. This shows the existence of spurious minima in the energy
landscape. In practice these spurious minima do not seem to pose any issue as long as the number
of energy minimization steps used at test time matches the one used during training (T = 150).

Figure 3: Energy as a function of the number of gradient steps (T ) for 16 different images from the
test sets, using step size ϵ = 1.0. The image numbers correspond to the image numbers in Figure 4.
The vertical dashed line denotes step 150 (the number of gradient steps used during training).
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Figure 4: Reconstructed images produced by the EP-trained CET, shown for different number of
gradient steps, using step size ϵ = 1.0.

A.1 CHANGING THE STEP SIZE OF PROJECTED GRADIENT DESCENT

In our experiments, we minimize the CET’s energy using projected gradient descent with a step
size of 1. While we empirically observe that the energy steadily goes down after each PGD step,
it is important to emphasize that we do not have a proof for this property: GD or PGD with fixed
(non-infinitesimal) step size is not guaranteed to decrease the energy function. The continuous-time
version of the PGD dynamics (gradient flow), however, steadily goes down the energy. Here we
speculate that the (discrete-time) PGD dynamics approximates well the continuous-time gradient
flow.

To test this hypothesis, we repeat the inference experiments of Figure 3 and Figure 4 with a 10x
smaller step size (ϵ = 0.1). The result, plotted in Figure 5), is very similar (converging to roughly
the same energies and with the same images collapsing) as the experiments with step size 1.0, albeit
at an increased computational cost.

(a) Energy as a function of gradient steps (T ) for 16
images.

(b) Reconstructed images produced by the
EP-trained CET for different gradient steps.

Figure 5: Energy curves and reconstructions when running with a reduced step size ϵ = 0.1.
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B DEFINITION OF THE CET’S ENERGY FUNCTION

In this appendix, we define the terms of the CET’s energy function, as well as the dimensions of the
tensors involved in these energy terms.

B.1 CET HYPERPARAMETERS AND TENSOR DIMENSIONS

Table 2 defines the CET’s hyperparameters, including the symbols used to represent them and the
values used in the CELEBA experiments. Table 3 defines the dimensionality of the state and weight
tensors in terms of the CET hyperparameters.

The number of tokens is equal to the number of patches (NP ), which, letting ⌊·⌋ denote the floor
function, is calculated as

NP = ⌊hI−hP
sP

+ 1⌋ × ⌊wI−wP
sP

+ 1⌋ = ( 120−20
10 + 1)× (120−20

10 + 1) = 11× 11 = 121. (7)

In the second step, we plugged in the values from Table 2. This expression is just the product of
the width and height of the output of a convolutional layer with no padding and dilation 1 (see for
example section 2.3 in Dumoulin & Visin (2016)).

B.2 ENERGY FUNCTION DEFINITION

The energy function is of the form

E(x̄, z, y, θ) = Eenc(x̄, z,W enc, benc) + Edec(z, y,W dec, bdec) + Epos(z, bpos) (8)

+ Emem(z,Wmem) + Eatt(z,WK ,WQ), (9)

where θ denotes the set of all learnable parameters: θ = {W enc, benc,W dec . . . }. Next, we define
each of these energy terms.

B.2.1 ENCODER

The encoder is modeled as a Hopfield interaction between patches and tokens. Because the same
encoder weights are used for all patches of the image, it is convenient to model it as a convolutional
Hopfield interaction between masked images (x̄) and tokens (z), where the patchification and linear
projection from patches to tokens is performed using a single convolutional operation. The encoder’s
energy is

Eenc(x̄, z,W enc, benc) = 1
2

∑
ij

z2ij −
∑
ij

[F (x̄,W enc)]ijzij −
∑
i,j

zijb
enc
i , (10)

where F (u, V ) denotes the convolution between an input tensor u and a kernel V , composed with
flattening over the spatial dimensions:

F (u, V ) = flatten(conv2d(V, u)). (11)

The padding and stride, omitted in equation 11, determine the number of patches (NP) via equation 7.
The convolutional operation makes it straightforward to use overlapping patches, by changing the
stride.

In equation 10, F (x̄,W enc) is a matrix of shape (DT , NP ), the same shape as the tokens (z), and
[F (x̄,W enc)]ij denotes an element of this matrix.

B.2.2 POSITIONAL BIAS

A learnable ‘positional bias’ is responsible for encoding the patches’ spatial location. To this end,
the tokens interact with these biases via a positional interaction whose energy is

Epos (z, bpos) = −
∑
ij

zijb
pos
ij . (12)

Unlike the bias from the encoder, the positional bias is not shared between tokens, allowing the
network to learn to encode spatial information.
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Table 2: CET Hyperparameters. The number of patches NP is calculated as in equation 7. By
construction, the number of tokens is equal to the number of patches, and the memory dimension is
equal to the token dimension.

Category Hyperparameter Symbol Value (CELEBA Experiment)

Image Channels C 3
Height hI 120
Width wI 120

Patch Height hP 20
Width wP 20
Stride sP 10
Number of patches NP 121

Tokens Number of tokens NP (121)
Token dimension DT 768

Attention Number of heads NH 12
Head dimension DH 64
Inverse temperature γ 1/4

Memory Number of memories NM 3072
Memory dimension DT (768)

Table 3: Dimensions of state and weight tensors.

Description Symbol Dimensionality
State tensors (non-learnable)

Image x C × hI × wI
Masked image x̄ C × hI × wI
Tokens z DT ×NP
Reconstructed image y C × hI × wI

Weight tensors (learnable parameters)

Encoder weights W enc DT × C × hP × wp
Encoder bias benc DT
Positional bias bpos DT ×NP
Decoder weights W dec DT × C × hP × wp
Decoder bias bdec C
Key weights WK NH ×DH ×DT
Query weights WQ NH ×DH ×DT
Memory weights Wmem DT ×NM

B.2.3 ATTENTION MODULE

The attention module is responsible for exchanging information between the tokens. Similar to
the attention mechanism of a standard transformer, the attention module comprises key and query
tensors of shape NH×DH×DT (number of attention heads× head dimension× token dimension).
Each token is mapped NH times into an internal space, generating the key and query tensors Q and
K. The Attention tensor A is computed from Q and K as follows:

Qijl =
∑
k

WQ
ijkzkl, Kijl =

∑
k

WK
ijkzkl, Almn =

∑
j

QmjlKnjl. (13)

The energy associated with the attention module is

Eatt(z,WQ,WK) = − 1
γ

∑
lm

log

(∑
n

exp(γAlmn)

)
, (14)
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where γ > 0 is a scalar, referred to as the inverse temperature - usually denoted as β, but here we
use γ to avoid confusion with the nudging parameter β of EP.

As in the original ET architecture (Hoover et al., 2024) there is no separate value tensor.

B.2.4 MEMORY MODULE

The memory module plays a role analogous to the MLP in a standard transformer. It is respon-
sible for learning general information about images from the dataset, ensuring that the tokens are
consistent with what one expects to see in realistic images. Its energy function is

Emem(z,Wmem) = −
∑
jk

(ReLU(
∑
i

Wmem
ik zij))

2. (15)

Importantly, each token is subject to the same linear transformation. In the memory module, tokens
only interact with stored memories, not with each other ; inter-token communication takes place in
the attention module.

The columns of the memory matrix Wmem can be interpreted as a set of memories learned from the
training data. During energy minimization at test time, the tokens tend to align with these memories
to find similar patterns as in the training data.

B.2.5 DECODER

Similar as the encoder, the decoder’s energy between tokens (z) and reconstructed image (y) is

Edec(z, y,W dec, bdec) = 1
2

∑
ij

y2ij −
∑
ij

[F (y,W dec)]ijzij −
∑
ijk

yijkb
dec
i . (16)

B.2.6 TOKEN NORMALIZATION

To ensure that the tokens are normalized, a constraint is imposed on the mean and std of the free- and
nudge-equilibrium tokens, represented by the feasible set C in equation 2 and equation 5. Energy
minimization then amounts to projected gradient descent, with projection onto the set of tokens with
zero mean and unit standard deviation.

We note that normalization is formulated differently in Hoover et al. (2024), using an energy-based
layer-norm operation with learnable mean and std.
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C CELEBA EXPERIMENT DETAILS

Hyperparameters related to the model architecture are listed in Table 2. Hyperparameters related to
inference and training are listed in Table 4. Our simulations were implemented in PyTorch (Ansel
et al., 2024). We used the AdamW optimizer (Loshchilov & Hutter, 2017) with a cosine decay
learning rate schedule. The hyperparameter T2 denotes both the number of equilibration steps in the
nudged phase of EP, and the number of equilibration steps through which we backpropagate when
employing TBPTE.

We note that what we call ‘backpropagation through equilibration’ (BPTE) has been referred to as
backpropagation through time (BPTT) in previous works (Ernoult et al., 2019). We choose this ter-
minology to avoid confusion, because BPTT is traditionally employed in models with time-varying
inputs such as LSTMs, whereas in the CET and other energy-based models, the input provided to
the model is static throughout equilibration.

All images were normalized to the [−1, 1] range. The 178x218 CELEBA images were center
cropped to square images of size 178x178, before getting resized to size 120x120. During training
a stochastic resizing scheme was implemented via PyTorch’s RandomResizedCrop augmentation,
using a scale parameter of (0.9, 1.0).

Table 4: Hyperparameters

Parameter Value

Weight decay 3× 10−5

Initial learning rate 4× 10−4

Final learning rate 1× 10−6

Free gradient steps (T1) 150
Nudged gradient steps (T2) 5
Nudging strength (β) 0.01
Step size (ϵ) 0.1

14


	Introduction
	The Convergent Energy Transformer
	CET Architecture
	The CET's Energy Function
	Differences Between the ET and CET

	Equilibrium Propagation
	Masked Image Completion Experiments
	Conclusion
	Equilibrium States of the CET: Energy Minima or Critical Points?
	Changing the step size of projected gradient descent

	Definition of the CET's Energy Function
	CET Hyperparameters and tensor dimensions
	Energy Function Definition
	Encoder
	Positional Bias
	Attention Module
	Memory Module
	Decoder
	Token Normalization


	CELEBA Experiment Details

