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Abstract

We develop new algorithms for Riemannian bilevel optimization. We focus in particular
on batch and stochastic gradient-based methods, with the explicit goal of avoiding
second-order information such as Riemannian hyper-gradients. We propose and
analyze RF*SA, a method that leverages first-order gradient information to navigate
the complex geometry of Riemannian manifolds efficiently. Notably, RF?SA is a single-
loop algorithm, and thus easier to implement and use. Under various setups, including
stochastic optimization, we provide explicit convergence rates for reaching e-stationary
points. We also address the challenge of optimizing over Riemannian manifolds with
constraints by adjusting the multiplier in the Lagrangian, ensuring convergence to the
desired solution without requiring access to second-order derivatives.

1 Introduction

We investigate Riemannian bilevel optimization problems described by:

?elﬁ F(x):=f(x,y"(x)) st y"(x) €argmin,\ g(x,y), (P)
where M and N are d,- and d,-dimensional complete Riemannian manifolds, respectively, and
f and g are smooth functions. The function F serves as the outer objective, with ¢ as the inner
objective and y*(x) as the optimal solution for the inner problem.

Bilevel optimization provides a useful model for hierarchical decision-making, and is thus
of great value to various fields such as machine learning, economics, operations research, and
engineering. In machine learning it is directly relevant to applications such as meta-learning
(Rajeswaran et al., 2019; Hospedales et al., 2021; Pham et al., 2020; Ravi and Larochelle, 2016),
hyper-parameter optimization (Franceschi et al., 2018; Bao et al., 2021; Pedregosa, 2016), model
selection (Kunapuli et al., 2008; Giovannelli et al., 2021), architecture search (Liu et al., 2018; Wang
et al., 2022; Zhang et al., 2021), and reinforcement learning (Konda and Tsitsiklis, 1999; Sutton and
Barto, 2018; Hong et al., 2023). Algorithms like the two-timescale stochastic approximation (TTSA)
(Hong et al., 2023) highlight the ongoing development of efficient solutions for these problems.

Riemannian optimization arises in several applications, e.g., policy optimization, where
algorithms utilize the Fisher Information manifold (Ding et al., 2020; Kakade, 2001; Cen et al.,
2022), and matrix factorization, where problems are reformulated over suitable matrix manifolds



(Ahn and Suarez, 2021; Hou et al., 2020; Li et al., 2021). Hyperbolic manifolds have also been
applied in neural network architecture design (Peng et al., 2021) and image segmentation (Ghadimi
and Wang, 2018).

Toward solving (P) we build on recent progress in (Euclidean) bilevel optimization (Kwon et al.,
2023), and develop Riemannian “fully first-order” batch and stochastic methods. Indeed, while
some aspects of the Euclidean analysis translate directly into the Riemannian setting, curvature
causes distortion that poses unique challenges in developing the analysis.

1.1 Related Work

Riemannian optimization

The development of efficient stochastic gradient-based optimization algorithms is crucial across
various domains, with first-order methods preferred for their computational efficiency. Several
first-order stochastic methods have been adapted to the Riemannian setting, such as Riemannian
stochastic gradient descent (RSGD) (Bonnabel, 2013), and AMSGRAD (Bécigneul and Ganea,
2018). Convergence analysis in geodesically convex cases has been proposed (Zhang and Sra,
2016), and nonconvex Riemannian optimization methods have been developed to handle complex
landscapes (Kasai et al., 2018; Hu et al., 2024). Saddle-point problems, including geodesic min-max
formulations, have also been explored (Zhang et al., 2023).

Bilevel optimization

The motivation for bilevel optimization on manifolds arises from addressing lower-level problems
that are non-strongly convex, frequently encountered outside traditional Euclidean spaces. Chen
et al. (2023) highlights the necessity for geometry-aware optimization techniques, particularly
useful in meta-learning and hyperparameter tuning scenarios. Additional research focuses on
constrained bilevel problems in machine learning, where model parameters are defined on
specific manifolds (Lin and Zha, 2008; Franceschi et al., 2018; Tabealhojeh et al., 2023). Many of
these problems involve non-convex constraints, which existing methods often cannot adequately
address. Moreover, even those methods that can handle such constraints may not fully exploit the
computational advantages provided by a geometry-aware approach (Beck et al., 2023).

Riemannian bilevel optimization

Li and Ma (2024) investigated hypergradient calculations for bilevel optimization on Riemannian
manifolds, proposing deterministic and stochastic algorithms (RieBO and RieSBO). Similarly;,
Han et al. (2024) developed a framework for bilevel optimization, offering several hypergradient
estimation strategies and conducting convergence and complexity analyses. Both works emphasize
the importance of hypergradient information. In contrast, our approach is fully first-order,
avoiding second-order information like Riemannian hypergradients, presenting a novel direction
in this field.

Useful Riemannian bilevel problems often involve manifold constraints, such as machine
learning with manifold constraints or robust PCA on the Stiefel manifold (Yao et al., 2024; Hong
et al., 2023; Xu and Zhu, 2023; Khanduri et al., 2023; Podosinnikova et al., 2014). Our paper
contributes tools for manifold-based bilevel optimization, opening avenues in optimal transport



and geometric ODEs where manifold structures are crucial (Figalli et al., 2011; Udriste and Tevy,
2020).

1.2 Main Contributions

The structure of our analysis parallels the fully-first order Euclidean approach (Kwon et al., 2023).
We reformulate the optimization problem (P) into a constrained, single-level problem:
. * ’
cemin Sloy) st gly) —g7(x) <0, (P")
where ¢*(x) = g(x,y*(x)). The associated Lagrangian £,(x,y) = f(x,y) + A(g(x,y) — g"(x))
uses a multiplier A > 0. To optimize £), we employ Riemannian gradient descent, calculating
gradients with first-order derivatives, akin to the Euclidean approach.

The main challenge in addressing (P’) is choosing A. The optimal solution x* = argmin  F(x)
is found as A — co. However, a high A makes £, (x,y) non-smooth, affecting gradient-descent
efficacy.

To address this, we begin with A = Ay > 0 and increment it gradually. Each iteration k sets
Ax = O (k) for b € (0,1], balancing bias removal and nonsmoothness increase rate. This strategy
is vital for converging to an e-stationary point of F without needing second derivatives.

One primary contribution is the derivation of an optimal growth rate for Ay, ensuring non-
asymptotic convergence to an e-stationary point of F without needing second-order derivatives.
Algorithm RF?SA advances Riemannian bilevel optimization by employing a first-order gradient
method that navigates curvature complexities such as varying sectional curvatures, parallel
transport, and the geometry of geodesics. These complexities impact the behavior of gradients
and necessitate specialized techniques to ensure efficient convergence. Our method converges
efficiently to an e-stationary solution, as outlined in Theorem 2.

Theorem 1 (Informal). There exist choices of hyperparameters of Algorithm RF*SA such that the following
stationarity guarantees hold:

1. If noise is present in grad f and grad g, then E [|| grad F(xk)||*] = O(K~2/7);
2. If noise is present only in grad f, then E [|| grad F(xk)||?] = O(K~%/%); and
3. If both grad f and grad g are exact, then E [|| grad F(xk)||*] = O(K~2/3).

Theorem 1 is an informal version of our convergence guarantee; the formal version is Theorem
2.
Below, we summarize the key aspects of our result:

* Stochastic First-Order Algorithm Without Hypergradient Computations: Algorithm RF2SA
uniquely employs only gradient computations, avoiding the complex hypergradient calculations
seen in prior works like (Ghadimi and Wang, 2018). This simplification is especially beneficial
in large-scale machine learning tasks, where data completeness is not guaranteed, reducing the
need for extensive iterations and streamlining the optimization process in stochastic settings.

* Convergence Rate Guarantees in Stochastic Scenarios: The convergence rates for Algorithm
RF%SA in stochastic gradient scenarios are O(e~3°) when both grad f and grad g are noisy,
improving to O(e~%?) when only grad f is noisy, and O (e~ ') under exact gradients. These rates
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are tight and align with those expected in Euclidean optimization, adapted to the complexities
of Riemannian manifolds.

* Achieving e-Stationarity: The algorithm effectively converges to an e-stationary point, where
the norm of the gradient is below €. This capability is critical for assessing the efficacy of
optimization algorithms under various gradient noise conditions.

* Modular Analysis of A: Our analysis reveals how different adjustments in A affect step size,
noise variance, and bias, providing insights that help optimize algorithm performance on
Riemannian manifolds. This modular approach allows for the strategic modification of A,
enhancing both computational efficiency and algorithm robustness, paving the way for future
advancements in manifold-based optimization algorithm design.

2 Mathematical Background

2.1 Some Precepts of Riemannian Geometry

The Hessian of a function f at a point p on a manifold M with a metric g is defined using the
Levi-Civita connection V. It is a bilinear form that can be expressed in local coordinates as:

Hess/(X,Y) = X(Y(f)) - (VxY)(f), 1)

where X and Y are vector fields on M, and VxY is the covariant derivative of Y in the direction
of X.

The term Viy can be related to the components of the Hess in local coordinates. Specifically, if
X and Y are coordinate vector fields corresponding to coordinates x and y respectively, then Viy f
would correspond to the (x,y)-component of the Hessian matrix of f, which is:

Hessf(X, Y) = vayf - vayf (2.2)
In local coordinates, this would be written as:
Pf Lk of
HeSSf(ax, ay> = W — rxyﬁ (2.3)

where F’jcy are the Christoffel symbols of the second kind, which encode the manifold’s
connection and hence its curvature.

2.2 Main Definitions and Assumptions

Definition 1 (e-stationary point). A point x € M is called e-stationary if || grad F(x)||2 < e. A
stochastic algorithm is said to achieve an e-stationary point in K iterations if |E [|| grad F (xk) Hach] <
€, where the expectation is over the algorithm’s stochasticity.

Notation: Op(-) denotes the order of constants dependent on instance-specific parameters
(e.g., Lipschitz constants, strong convexity, and smoothness conditions). The notation a; < by
indicates that a; and by decrease or increase at the same rate as k — oo, i.e., limy_, a5 /by = O(1).
The norm || - ||, is induced by the metric at x, reflecting the geometry of M.

To outline the class of problems (P) of interest, we assume the outer-level objective’s optimal
value on M is bounded below by F* := arg min,¢ rq F(x) > —oo.
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Assumption 1 (Objective Functions Properties). The objective functions f and g exhibit the following
properties:

1. f is continuously differentiable on M. Its gradient satisfies lf1- smoothness, meaning that for any
two points x,y on M,

IPTye V(%) = VW) lm < Ipadam(x,y)- (2.4)
2. g is continuously differentiable on N'. Its gradient satisfies 1, 1-smoothness, implying,

IPTyexVg(x) = V(W) llm < lgadm(x, y). (2.5)

3. For every X € M, the magnitude of the gradient ||V f(%,y)|| s is bounded by Lo for all y.
Assumption 2 (Lower-level Objective Properties). For the lower-level objective g on N:
1. For every ¥ € M, the function g(%,y) is pq-strongly convex in y for some yg > 0 on N.

2. g is twice continuously differentiable on N, and its Hessian /g satisfies Lo o-Lipschitz continuity,
HPT;exvzg(yﬂ)TL—y - VZg(x) HN < lg,ZdN<x/ ]/) (2.6)

Assumption 3 (Gradient Access). Access to the gradients of the objective functions f and g is provided
via unbiased estimators grad f(x,y; {) and grad g(x,y; ¢), where:

Elgrad f(x,y;{)] = grad f(x,y),

(2.7)
Elgradg(x,y;¢)] = gradg(x,y),
and the variances of the stochastic gradient estimators are bounded:
E [llgrad f(x,y;¢) — grad f(x,y)|13] < o7, 08

2
E |lgrad g(x,y;¢) — grad g(x,y)|5] < o,
where || - ||x denotes the norm induced by the metric at point x.

Assumption 4 (Gradient Boundedness). The gradients with respect to x for f and g are bounded for
every , with || grad, f(x,7)|| and || grad, g(x, )| bounded by I and I, o, respectively, for all x.

Assumption 5 (Second-order Smoothness of f). f is twice continuously differentiable, with its Hessian
Hessf being ¢ >-Lipschitz continuous in the sense over the product of the manifold’s tangent spaces at

(x,y).

The assumptions 1 through 5 are necessary for guaranteeing the smoothness of y;(x) and
the efficacy of the inner iterations throughout all outer iterations. These assumptions align the
analysis with the inherent curvature and metrics of M and N. They are essential for our proof of
Theorem 2.



2.3 Computing the Hypergradient via Perturbation Analysis

In this section, we utilize first-order perturbations in the variables x and y to derive the hyper-
gradient grad F(x) of F at x. This formulation of the hyper-gradient is crucial for the proofs of the
foundational lemmas and theorems that follow.

Considering an infinitesimal perturbation Jv within the tangent space Ty M, we transition to a
new manifold point x’ = Exp, (6v). Similarly, perturbing the solution y*(x) by du in T, leads to

y' = Exp,(du).
The first-order Taylor expansion of g around the point (x, y*(x)) is expressed as:

grad, g(x',y"(x)) ~ grad, g(x,y"(x)) + grad, (grad, g)(x, y"(x))[dv]. (2.9)

Incorporating the perturbation du in T,\/, we refine our approximation to:
grad,, g(x",y") ~ grad, g(x',y"(x)) + Hessyy g(x, y"(x)) [ou]. (2.10)

To satisfy the optimality condition grad,, g(x,y") = 0 for y' as the new minimizer, we establish
a linkage between du and 4v:

gradx(grady g)(x',y*(x))[6v] + Hessyy g(x,y* (x))[6u] = 0. (2.11)

Solving for du, we invert the Hessian of ¢ with respect to y, obtaining;

[6u] = —(Hessyy g(x', y" (x))) " grad, (grad, g)(x', y" (x))[60]. (2.12)

Finally, the gradient of F at x, influenced by the movements Jv and Ju, is concisely articulated
as:

grad F(x) = grad, f(x,y"(x)) — Hessy, g(x, y" (x)) (Hessyy, g(x,y*(x))) " grad, f(x,y"(x)),
(2.13)
culminating our systematic approach to compute the hyper-gradient via perturbation analysis.

3 Algorithm Design and Step-Size Calculations

3.1 Algorithm

We devise an algorithm to find a stationary point of the bilevel problem, specifically, a point where
F(x) = f(x,y*(x)) is stationary, using gradients of f and g. Considering the formulation (P’) and
aiming to bypass second-order derivatives, we assess the gradient of £:

grad, £, (x,y) = grad, f(x,y) + A (grad, g(x,y) — grad g*(x)),

3.1)
grad, £,(x,y) = grad, f(x,y) + Agrad, g(x,y).

On the manifold, the gradient of ¢g*(x) simplifies to grad g*(x) = grad, g(x,y*(x)) due to g’s
optimality at y*(x). To optimize £,(x,y), we introduce an auxiliary variable z, approximating
y*(x), and consider an alternative bilevel formulation (P) with the outer-level objective £, (x/,z),
where x’ = (x,y) is the outer variable, and z is the inner variable. This modification alters F(x)’s
landscape, introducing a bias that must be managed carefully to not affect the function £,’s
smoothness, which is crucial for step-size and noise variance.
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To manage the bias, we explore the relation between £, and F(x) through an auxiliary function
L3 defined as:
L3 (x) :=min L, (x,y). (3.2)
Y

For A > 21/ pg, £)(x,y) becomes strongly convex in y, ensuring a unique minimizer y} (x):
ya(x) := argmin, £, (x,y). (3.3)

Given F(x) = lim)_,o £}(x) for any x in X, £} (x) effectively approximates F(x) for a sulffi-
ciently large A. This approach is underpinned by a lemma adapted for manifolds.

Algorithm 1 RF?SA- Riemannian First-order Fast Stochastic Approximation

1: Input: step sizes: {ay, 7, }, multiplier difference sequence: {J;}, inner-loop iteration count: T,
2: step-size ratio: ¢, initializations: A, xo, yo, Zo

3: Fork=0to K—1do

4 Zk0 = Zks Yk0 < Yk

5 Fort=0toT—1do

6 Zkt+1 < EXsz,t (_’Ykhg'zt)

7: Vi 4= Bxpy, (—ar(h) + Adigy))

8: EndFor

9: Zk+1 < ZkTr Yi+1 < Yi T
10: Xky1 < Eprk(_CD‘k(h;x + )\k(hgxy - hgxz)))
11: /\k+1 — A+
12: EndFor

Lemma 1. Forany x € X and A > 211/ g, the gradient of L} (x) is

grad, £ (x,y2(x)) = grad, f(x,y,(x)) + A (grad, g(x,y,(x)) —grad, g(x,y(x))).  (34)
Furthermore, the norm of the difference between the gradients of F(x) and L (x) is bounded by
| grad F(x) — grad £} (x)| < % (3.5)

4lgol, 2050l
where C) := 72’%5&'1 (l 1t 7@’?;’2).

The gradient grad £} (x) is computable with first-order derivatives of both f and g. Thus, any
first-order method locating a stationary point of £} (x) approximates the trajectory of x updated
with grad F(x), with a bias of O(1/A).

We use grad £ (x) as a proxy for grad F(x) to produce a sequence of iterates {x;}. Concur-
rently, we generate sequences {y;} and {z;} to approximate the solutions y; (xx) and y*(xx),
respectively, incrementing Ay with k to ensure the bias in {x;} diminishes to zero.

Our Fully First-order Stochastic Approximation (F?SA) method, adapted for the manifold,
employs stochastic gradients as unbiased estimators:

W2 = grad, g(xe s gt"), I o grad, Flru v ),
h'g;yt = gradyg(xk,yk,t; (,b’y"t), h’g,xy := grad, g(xx, yk+1;¢§y), (3.6)
hﬁx = gradx f(xk/ yk+1;g];)/ hgxz = gradx g(xk/ Zk+1f'¢§z)'
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Figure 1: yx should move faster than y; (i), remaining within an O(1/Ay)-ball around y; (xk).

With T = 1 and an appropriate choice of ¢, Algorithm RF?SA enables a fully single-loop update
of all variables, tailored to the manifold’s geometry. The step-size design for RF*SA, as outlined
in Algorithm 1, adapts to this setup.

3.2 Step-Size Design Principle

We tailor the step-sizes for Algorithm 1 to ensure convergence to an e-stationary point of F. This
involves meeting several geometric conditions, considering the curvature. For instance, if £,, is
(Akpig/2)-strongly convex along y’s geodesics, then updating yy ; resembles a geodesic contraction
towards y3 ;, with a rate of 1 — O(pgpr).

Here, By = axAy is the effective step-size for yx. We simplify notation by denoting y3 , =
Exp;k1 (v, (x)) and y; = Exp;k1 (y*(xx)), where Exp;kl(-) represents the unique inverse of the
exponential map at x;, mapping points in the manifold back to the tangent space at x.

For updating xy, the step-size {ay should decay no slower than Q)(1/k). The step-size By is
limited to O(1/1,1), implying a polynomial growth in A; with k.

The manifold distance d(-, ) between x;,1 and x; depends on several factors. Ideally, A;’s
growth rate ensures d(yx, y; ;) is roughly A, 2, suggesting Ay grows inversely to ,Bll(/ :,

Efficiency in Algorithm 1 relies on how quickly y; and zj can track their targets as x; and A
evolve. We will explore how v (x) adapts to changes in A and x.

Lemma 2. For any points x1,x; on a manifold X and multipliers Ay > Ay > 21f,1/],1g, the distance
between optimal solutions for these multipliers is bounded by

* % 2()\2—)\1) lf,o
< - ‘7= .
d(yi, (x1),y3,(x2)) < Az g + Iy od(x2,x1), (3.7)

with some constant 1o < 3lg 1/ ps.



In the algorithmic setting, it’s crucial that y;’s update moves it sufficiently close to the current
target y , each iteration, surpassing the target’s movement due to updates in x; and Ay. Ideally,
in expect/ation,

A1 Yax) < AWk Yax 1) (3.8)

Considering the geometry, the squared distance d(yk+1,yj\[k)2 contracts with T-steps of 1 —
O(pgPBi), starting from y, leading to the requirement

(1= O(TugBi))d (e vix)? < Ay vix1)> (3.9)

Utilizing Lemma 2 and the geometry, the minimal condition is

l ) %
d(Yak-1,Yak) < <Pfl';> (X;) + Dod(xk, k1) < TugBrd(Yr Yax—1)- (3.10)
k

The rate at which d(yx41,¥} ) decreases must surpass Al maintaining controlled bias in x;
updates. Additionally, d(xy, xx_1) should align with ¢B,d (v, y}*\,k_l).
Two key conditions emerge:

— <O0p(1)-Br, = <Op(1), (3.11)

where Op(1) denotes constants dependent on the problem instance. If Ay increases polynomially,
then & /Ay = O(1/k), satisfying the first condition if By = Q(1/k). The second condition concerns
the inner iterations T needed per outer iteration, allowing for a single-loop algorithm with T =1
and an adequately small ¢, or setting { = 1 and adjusting T > 1 for specific instance parameters.

4 Non-Asymptotic Convergence Analysis

We discussed a number of assumptions on the regularity of the optimization objective and the
underlying manifold in Section 2.2. We now present our main convergence result in Theorem 2.
Corollary 3 provides explicit iteration complexity bounds for each setting, further elucidating the
efficiency and applicability of our results in various contexts.

Convergence Analysis Results

Theorem 2 (Alexandrov Space Version). Given that the assumptions from Section 2.2 hold within an
Alexandrov space with curvature bounded by «, analogous to manifolds M, N, and assuming appropriate
selection of parameters and step-sizes such that Ao > 211/ pg and

1 1 1 1
Br < vk < min (41g1’ 4T;4g> , 0 < min <’, > , (4.1a)

-1 6 < TugpPr

¢ < cglg - Max (lg,llf,o, l*,lvM) (4.1b)
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for all k > 0, with cg being a suitably chosen constant. Then, over K > 1 iterations within the
Alexandrov space—a generalization allowing curvature bounds without necessitating smoothness—the
outcomes for Algorithm 1 adhere to

K-1
Y G [[|grad F (xi) |13, | < Op(1) - Yo émidi 2 +0p (0F) Yot + O (2)- Y i+ Orl1
k=0 k

(4.2)
where grad F(x) symbolizes a generalized notion of gradient in Alexandrov spaces, and || - ||x, signifies the
distance measure at point xy, aligning with the space’s metric structure.

The proof of Theorem 2 is deferred to Appendix B. Therein we also explain why the effect of
the curvature « is negligible on the final inequality 4.2.
Our analysis examines the expected decrease of the potential function Vj, defined as

Al
kzg'l d (zo, v ()2, (4.3)

2
Vi = (P (xk) —F")+ lg,l)\kd (yk,yf\k (xk)> +

where F* is the minimum value of F, and y} and y* correspond to solutions. Monitoring the
distance between yy and y} (xx) is essential for computing the true gradient of F at xj using only
gradients. The proof will also show that the correct scaling factor for these errors is proportional
to Ag.

For step-size design, we maintain conditions similar to 4.1a for gradient-based methods. The
conditions 4.1b address the double-loop nature of the problem. Aligning with the step-size design
rule (3), we propose:

T = max (32, (céyg)fl max (Zg,lli,of \/Ml*ll)> ,
Ca c (4.4)
g =1, a= = —r =

and for the Lagrange multiplier increase sequence {J;},

(Sk min ﬂ k/\z ﬁ - )‘k (45)
16
Rate constants a, ¢ € [0,1] with a > ¢, the initial value of the Lagrange multiplier Ay, and constants
for the context are established as:

21
koZi (612“ Tlglrlf1> iy

Hg g
. . (4.6)

Coyp = mmmr, Oy = e,
! peky € ! 2 opgky ™"

These specifications streamline convergence rate analysis, with the framework accommodating
various other choices that comply with conditions 4.1a and 4.1b, facilitating the delineation of the
convergence rate across different stochastic noise regimes.

In the following corollary, we present a more interpretable version of Theorem 2, in terms
of the iteration complexity guarantees under different settings. This interpretation allows for a
clearer understanding of how our theoretical findings translate into practical implications for
convergence rates in various scenarios.
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Corollary 3. Assume the stipulations of Theorem 2 are upheld, with step-sizes delineated as in equations
4.4, 4.5, and 4.6. Let R signify a random variable uniformly distributed over {0, ..., K — 1}. Under these
premises, after K iterations, the ensuing convergence outcomes are derived:

(a) In the presence of stochastic noise in both objectives f and g (02, (ng > 0), setting a = 5/7 and

¢ = 4/7, we achieve a convergence rate of E [|| grad F(xg)|?] = ll‘zzg/lf.

(b) If stochastic noise is solely in f ((7% > 0, 0§ = 0), setting a = 3/5 and ¢ = 2/5, we attain
E (|| grad F(xx)|] = -

(c) In scenarios with exact gradients (07 = o}

¢ = 0), appointing a = 1/3 and ¢ = 0, it follows that
| grad F(xx) |2 < 5.

These findings illustrate that convergence rates improve when stochastic noise affects fewer components
of the problem. Specifically, the rate improves from O(k=%/7) to O(k=2/%) with noise only in f, and
to O(k=2/3) in fully deterministic contexts. This compares to the O(k~1) rates that can be obtained by
second-order methods as in Li and Ma (2024); Han et al. (2024).

5 Limitations and Future Work

In general, fully first-order stochastic algorithms, although competitive with their second-order
counterparts exhibit certain limitations like higher iteration complexity (Kwon et al., 2023). This
gap highlights the need for further investigation into the theoretical limits of first-order methods
with respect to second-order methods for Riemannian bilevel optimization. Additionally, RF%SA’s
application is predominantly restricted to well-conditioned lower-level problems. It remains open
to study RF?SA’s potential in a broader range of problem classes.

Future research directions include utilizing our framework to address a wide array of real-
world applications, where the natural settings of problems involve varying geometric structures at
different decision levels. An exciting future direction is to explore applications of our algorithm
in hyperparameter optimization, meta-learning, and reinforcement learning, where manifold
optimization ideas have provided significant advantages. (Jaquier and Rozo, 2020; Tabealhojeh
et al., 2023; Xu et al., 2016; Jaquier et al., 2020)

Investigating two-player games with states represented as matrices or other manifold-valued
objects could further enrich the bilevel optimization landscape, offering novel insights into
game theory and decision-making processes on complex geometries. Moreover, the integration
of operator-valued optimization tasks and the development of algorithms that consider the
manifold’s curvature effects more explicitly would refine our understanding and application of
Riemannian optimization techniques. (Domingo-Enrich et al., 2020; Cai et al., 2023)

Moreover, in general, the concept of “bilevel” formulations is becoming increasingly significant
in the context of Riemannian problems, where many issues seem to naturally incorporate a two-tier
optimization process. One pertinent example is the k-sparse barycenter problem (e.g., in Do et al.
(2023)), where the goal is to approximate a covariance matrix X (represented as an ellipsoid) using
a sparse combination of given covariance matrices Ay, ..., Ay. Specifically, one aims to find a
k-sparse weight vector g(X) that minimizes the distance between X and the Wasserstein barycen-
ter of the selected matrices. Formally, q(X) := argmingco distz(X, BaryCenter(q, A1,..., AN)),
where @ = {g € RN | g > 0,90 < k,XN,q; = 1}. The barycenter is computed as

11



BaryCenter(q, A1,..., AN) = arg minyc Zfil qidistz(Y, A;), where M is the manifold of sym-
metric positive definite matrices. Consequently, X ~ BaryCenter(q(X), A1,..., An), with X
approximated using at most k of the covariance matrices Ay, ..., An.

6 Conclusion

We have presented a novel and fully first-order approach to Riemannian bilevel optimization. This
opens new avenues for addressing non-strongly convex lower-level problems and provides a geo-
metrically aware framework for complex optimization challenges involving manifold constraints.
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Appendix / Supplemental Material

Symbol Meaning Less than

lro  Bound of [[Vif],[|Vyfll
leq Smoothness of f
le0 Bound of ||V.¢||

le1 Smoothness of g
I Strong-convexity of g
len Hessian-continuity of g .
My Second-order moment of V f(x,y; () ZJ%,O + UJ%
Mg  Second-order moment of Vg(x,y; ) 130 +0g
lfo Hessian-continuity of f .
2

Irq Smoothness of F(x) Lo (lf1 + il + W)

’ ’ / Hg Mg
Iro Lipschitzness of y; (x) (for all A > 21¢1/ug) ?%’1

s p

Ir1 Smoothness of y3 (x) (for A > 211/ pg) 32(lgo + AT lf,z)%
l*,o =1+ max/\zzlf/l/},g ZA,O
Lin = maxy>oi,, /u, I

Table 1: Meaning of Constants

In Table 1, we list the main symbols used in the following proofs, their interpretations, and the
inequalities that they satisfy (where applicable).
To simplify the representation of variable movements, we define g, q]k/’t, and g3, as follows:

Gk == grad, f(xg, Yk+1) + Ar(grad, g(xe, Yiv1) — grad, g (X 2k+1)),
Gy ¢ -= grad, f(xx, Ys) + Ak grady g (X, Vi),

qi/t = gradyg(xk,zklt).

These quantities represent the expected movements of x;, y,((t), and z]({t) in the absence of stochastic

noise in the gradient oracles.

A Detailed Proofs of Lemmas 1 and 2

A1l Lemma A.l1

This lemma establishes a bound on the difference between the gradient of a function at two points
x7 and xj, taking into account the effects of parallel transport.
F(x) = f(x,y*(x)) is Ig1-smooth where

2. 20l
Irg < Lo | Ipa + A M '
Hg Hg
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Proof. We recall from equation (2.13) that the gradient grad F(x) of the function F, defined in (P),
is given by the expression:

grad F(x) = grad, f(x,y" (x)) — Hessxy g(x,y" (x)) (Hessyy g(x,y"(x))) " grad, f(x,y" (x)),

where y*(x) denotes the solution to the inner-level optimization problem associated with x.
The bound for the difference between the parallel transported gradient at x, to x; and the
gradient at xq is given by:

|PTarss, grad F (x2) — grad F (x1)]
1 0 I 1 . .
< (Zm T ;jglg,z+;glg,1) (a2l + ldar(y (11) 5 (x2))1)
2 * -1 2 * —1
+ lg,llf,U HPTXZ%M (vyyg (ley (x2)) ) PTy—x, — vyyg (xlly (x1)) H .

To simplify this inequality, we employ the assumptions on the smoothness and strong convexity
of the functions f and g, alongside the triangle inequality. From our assumptions in Section 2.2,
we require in particular:

1. Smoothness of f: f is I;;--smooth, which provides a bound on the gradient differences of
f at two points.

2. Smoothness of g: ¢ is I, 1-smooth, enabling us to bound the gradient differences of g.

3. Strong Convexity of ¢: The pg-strong convexity of ¢ facilitates relating the Hessian of g to
its inverse, critical for bounding the differences in Hessian inverses.

4. Lipschitz Continuity of the Hessian of g: The I, >-Lipschitz continuity of the Hessian of g
aids in bounding the differences in Hessians at two points.
|PTy,—x, gradF(x,) — gradF (x7)||
< [[PTa, v, gradf (x2,y"(x2)) — gradf (x1,y" (x1))]]

+[|PTr, v, gradg (x2,y" (x2)) — gradg(x1,y" (x1))]

-max | |[Hessyyg(x,y*(x)) || - max||grad, f (x, y*(x)) ]
(x5 (1))
-max |[Hessyg(x, y* (x)) "] - max ||grad, f (x, y* (x))]
+ max ||Hessxyg (%, y* (x))|] - max||grad, f (x, y" (x))|

+ [|PT, -, (Hessyyg (x2, ¥ (x2) )PTx, x, — Hessyyg

’ HPsz—HClHeSSyiyl (x2/ y*(xZ))PTxl—mz - Hess;yl(xlly* (xl))H
Z l * *
< (I + P{;lgz + f;lfn(m(xl,xz) +dy (v (x1), 5" (x2)))

I, 1
o 72) 4 (), (1)
8

where to upper bound ||PTX2H,(1I—Iessy_y1(xz,y*(yq))PTxlﬁx2 - Hessy_yl(xl,y*(xl))H we used the

following result on bounding the norm of the difference of the inverses of two matrices, A and
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B, leveraging the Neumann series to express the inverse of a matrix in terms of its perturbation.
Specifically, we have:
lA™t=B7H < AA] - A - (B,

where AA = A — B, which is instrumental in establishing the final bound on the gradient
difference.
The lemma concludes with:

leolep +12,  1rglyql
Ir1 <lip (lf,1 + f0%8 g1 + fotg1 g,2>

Mg 7/%

2. 20 oloql
Sl*,0<lf,1+;’l+f'0;2'1g'2 ’
8 g

where the last inequality utilizes the condition that Io1/pe > 1. O

A.2 Lemma A.2

This lemma establishes a bound on the difference between the gradient of a function F(x) and the
gradient of a Lagrangian £, (x, y) with respect to x, adjusted for the effects of parallel transport.
For any x,y, A, the following holds:
ngadF(x) —grad £, (x,y) + PT,_,~Hessy,g(x,y*) (Hessy‘,/g(x,y*))f1 PTyygrad, £(x,y) H
! . . *
<2 (%) dua(y,y*) (L +A-min 2y, Lada(y, 1))

Proof. Given the Lagrangian £, (x,y), we consider the gradients with respect to variables x and y,
expressed as:

grad, £a(x,y) = grad, f(x,y) + A (gradx §(x,y) = PTy(z) -y grad, g(x, y*(X))) ,
grad, £,(x,y) = grad, f(x,y) + Agrad, g(x,y).

Here, PT . (,)_,, denotes the parallel transport operation that moves vectors along geodesics from
the tangent space at y*(x) to the tangent space at y, ensuring that the comparison of vectors is
meaningful.

The discrepancy between the gradient of F and the gradient of the Lagrangian with respect to
x is detailed as follows:

grad F(x) — grad, £1(x,) = grad, f(x,y") — T, grad, £(x,y)
— Hess,yg(x,y") (Hessyyg(x,y*)’1 gradyf(x,y)>
— A (grad, g(x,y) — PTy-y grad, g(x,y")) -
We can rearrange terms for grad, g(x,y) — PT,,, grad, g(x,y*) as the following:
grad, g(x,y) — PTy-, grad, g(x,y") =grad, g(x,y) — PTy-, grad, g(x,y")
— PTyyHessxyg(x, y*)PTy—-Expy Ly
+PT,, Hessy,g(x, y* ) PTy Expy_1 (y").
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Note that from the optimality condition for y*, we have grad, g(x,y*) = 0. From the gradient
of the Lagrangian L, we have .gradyﬁ(x,y) = grady flx,y) + Agradyg(x,y). We can express the
equivalent of ¥ — y* using the inverse exponential map and the Hessian as follows:

- * #\) —1 *
Exp, ' (y") = — (Hessyyg(x,y")) (gradyg<x,y) — PTy-—y grad, g(x,y")
—PT,,,Hess,,g(x,y" )PTy%y»«Expy_1 (y* ))
1 |
3 (Hessyyg(x,y*)) (gradyﬁ(x,y) — grad, f(x,y)) :

This approximation is based on the Taylor expansion in the setting, where grad, g(x,y*) =0
because y* is an optimal point (assuming g is minimized at y* with respect to y).

+

grad,g(x,y) — PTy-ygrad, g(x,y*) ~ PTy—, Hessyyg(x,y*)PTyy-Exp, (y)

gradF(x) — grad, £, (x,y)
= (grad,f(x,y") — grad,f(x,y))
— Hessyyg(x,y*) (Hessy,g(x,y*)) ! <gradyf(x,y*) —PT,-grad, f(x, y))
— Hessy,g(x,y*) (Hess,yg(x,y)) ! PTyy-grad, L(x,y)
—A (gradxg(x,y) —PT, grad g(x,y*) — PTy*%yHessxyg(x,y*)Expy’l(y*))
+ AHessy,g(x, y*) (Hessy,g(x, y*))_1 (gradyg(x,y) — PTyygrad, g(x, y")
—PT,, Hess,,g(x,y*)PT, - Expy’l(y*)> .

To simplify this, we will require the following facts:

ngadyg(x,y) —PTyygrad,g(x,y") — PTy-yHessy,g (x, ¥ )PTy—y Exp, (1) H < Iga|[Expy (v)|?

ngadyg(x,y) — PTy*ﬁygradyg(x,y*) - PTy*_WHessyyg(x,y*)PTy_W*ijpy_*1 (y) H <2 1dpm (v, y*)
|8rad,g(x,y) = PTyygrad, g (x, y") — PTy sy Hessyg (x,y* )Py Expy (v)

< min (lgod (v, )% 2le1d (v, y)) -
grad f(x,y") = PTysygrad, f(x, )| < Ipada (0,y"),

|rad, f(x,y") = PTysygrad, f(x,y)|| < Lpada(y,y").

With this, our final result is:

ngadF(x) —grad, L) (x,y) + PT,_,Hessy,g(x,y*) (Hess,yg(x,y*)) ! PT,-—ygrad, L(x,y) H
<lf, <1 + l;;) Ay (y,y7) +A (1 + l;;) dy(y,y*) min (Ig2d (v, y7)? 2lg1) -

We know that I 1 /pg > 1 and thus, we have:

ngadF(x) —grad, L) (x,y) + PT,_,,-Hessy,g(x,y*) (Hess,yg(x,y*)) - PTy-—ygrad, L(x,y) H
<2(5 ) dnyy?) (lra+A-min (g, Lpdn(y,5)))
]
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A3 Lemma A.3

Under Assumptions 1, 2 and 3, and A > 2Is;/p,, a function yj(x) is [)1-smooth: for any
x1,%2 € X, we have

I grad y (x1) — grad y; (x2)|| < Iy1daq(x1, x2)
where ) 1 <32(lg2 + /\fllflz)l;l/yg.

Proof. The Lipschitz continuity of y; (x) directly follows from Lemma 2, considering the manifold’s
intrinsic geometry. By the optimality condition for Vy3; (x) in the manifold setting, we obtain

VyLa (x93 (%)) = Vyf (x,y3(x)) + AVy8 (x,y3(x)) = 0,

where V, denotes the gradient with respect to y. Differentiating with respect to x along the
manifold yields

(Hessyy f (x,5 (x)) + AHessyyg (x,y3(x))) Vo (x) = — (Hessuyf (x4 (x) + AHesswyg (.5 (x)))

where Hessy, and Hess,, represent the Hessians with respect to y and the mixed partial
derivative along the manifold, respectively. Given A > 2I¢1/p,, the left-hand side exhibits a
positive definiteness with a minimum eigenvalue greater than A, /2. Thus,

. 1 . o) (] . .
V() = — ( Hessyf (5,3 (1)) + Hessyg (1,3 (6)) ) Hess (3,3 + Hessuyg (53 () ).

To derive the smoothness property, we compare the expression at two points x; and x; on the
manifold:

A?”HWK(M) = Vi)l < (2 + Alga) (da(x1, x2) + dur(y3 (x1), yi (x2))) max [ Vy; (x)
+ (Lra + Mgp) (dpa(x1,x2) + du (v (x1), ¥4 (x2)))
< (Ira + Alga) (1+120)* daq(x1, x2).
Rearranging, we obtain

2

* * lf,2 lg,l
Yalx1) = VY x2)|l = = Tig2 | Tz amlXx1, X2).
Vi) = Vi)l <32 (57 +ls2 ) Sdun, )
g

A4 LemmaAd4d

For any fixed A > 2l 1/ ¢, at every k iteration conditioned on F;, we have

Ellldy (v° (vi1) * ())* 17 < Eg (aF g5 P17 + o + B3 ).

Proof. The result directly follows from the Lipschitz continuity established in Lemma 2, taking the
limit as A1 = A, approaches infinity on a manifold.

Given the structure of a manifold, we assess the changes in the optimal solution y* between
consecutive points x;.1 and x; through the geodesic distance, conditioned on the filtration Fj.
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This approach quantifies the modifications in y* as we traverse from one location to another on
the manifold. Specifically, we express the expectation of the squared geodesic distance between
y*(xx41) and y*(xx) as follows:

E [dy (" (xei1) v (30)° | Fi] < BoE [du (o, x0)* | A

The inequality captures the bounded change in y* in response to movements in x across the
manifold, leveraging the Lipschitz property of y* relative to x.

Further, by incorporating the step-sizes and the stochastic gradients” variances, we refine this
inequality to:

< 2oz} (E [|g71 | ] + oo + Bio?)

where §2, A, OF, and g encapsulate the effect of the algorithm’s parameters and the in-
herent randomness of the optimization problem within the manifold setting. The expression

E [qu HZ | ]-"k] reflects the expected squared norm of the search direction on the tangent space. [

A5 Lemma A.5

At every k" jteration, conditioned on Fj, let vy be a random vector decided before updating xy.
Then for any 7, > 0, we have

E[(vk, v* (xks1) — v* (xi)) | ] < (Govgrpic + MELZ 1 ) [ [|og||*| Fi]

Sully 3%l X2 &% 20 o
‘1‘( P, T E[[|gx]] ’fk]+z(“k‘7f+5k‘7g)/

where M := max (lj%,o + 02, léo + (7;).
Proof. Utilizing the smoothness property of y*(x) as discussed in Chen et al. (2021), which is
essential for controlling the noise variance induced by updating x, we proceed as follows on a
manifold:

Consider the inner product on the tangent space of the manifold at point x;, which respects
the manifold’s geometry. For two vectors u, v in the tangent space at xy, their inner product is
denoted by (u,v)y,. We can then express the expectation involving this inner product as follows:

(o, Expy! (V1) — Expy, (i) we =(0k Vi (i) (Bxpy (¥k41))) v,
+ (ok, Bxp | (v (vi41)) — Bxpy ! (v* (00) — V™ (o) (Bxpy, ! (3641))) -

For the first term, applying the expectation and the Cauchy-Schwarz inequality on the manifold,
we get:

E[(0, Vy* (xi) (Bxpy (k1)) | Fil = —CalE[(vr, Vy* (xi0) ), | Fi]

u * X
< emanlJocl, | 7 + SEENIVY (afl, | 7
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Sol? .
< SB[ oell3, | Fil + 477k'OIE[||CIkH;2ck | Fi]

For the second term, leveraging the smoothness of y*(x) on the manifold, we have:

E[(or, Expy! (v (xi1)) — Exp! (v (xk)) — Vi () (Bxpy | (vk1))) v, | Fil

l*l

< T’E[dM(ka,xk)z | Fx]

A.6 Lemma A.6

Under Assumptions 1-5, at every k'™ iteration, conditioned on Fj, let vy be a random vector
decided before updating x;. Then for any 7, > 0, we have

E[(vr, ¥4, (Xkr1) — Y, () [ Fi] < 6/ Ak + G + MEPI3, 1 B7) B[ [|og] | Fi)

Ca 0 flexk 2 CZ 5 ZJZ‘O
Z_EVE[|g7 |4 F =,
+<4W—%4 IalPI) + e + o) +

where M := max (ZJ%O + 02, l§0 + aé).
Proof. We start with the following decomposition:

(v, EXP;kl W, (Xk1)) — Exp;kl (3, () =
(ok, Bxpy (W, (1)) — Bxpy ! (W3, (%601)))
+ (vk, V3, () (Bxpy! (x1))
+ (v Expy (3, (1)) — Bxp (03, () — Vi, () (Bxpy ! (k1))
For the second and third terms, the smoothness of y,(x) is applied similarly to the proof in
A5, considering the manifold’s intrinsic geometry.

Regarding the first term, taking expectation and using the inequality (a,b) < c[|a*> + £ ||b]?
adapted for the tangent space, we get:

E[(or, Expy., (yikﬂ(xkﬂ)) = Bxpl (3, (ves))) | Fi]
< cE[[|ve1® I+ IE[|| Exp (i, (k1)) = Bxpl (w3, (o)) |7

1 2 1o
CAZAZ

< cB[[luel*] +
+1 Mg

where the expectation and norms are understood within the context of the manifold’s geometry.
(5k

By selecting c = £, we derive:
2
_ % _ * (Sk l ,()5k
El{oe Bxpy (4., (veer)) = Bpi, (0, () | 5] < Elonl] 5%
Combining this with bounds on the other two terms, we conclude the lemma. O
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Proof of Lemma 1
Let y; (x) := argmin, £, (x,v). Note that gradyﬁ/\(x, y;(x)) =0, and thus
grad ] (x) = grad, Ly (x, ¥ (x)) + grad,y; (x) "grad, £; (x, y3 (x)) = grad, La (x, y3 (x)).
To compare this to gradF(x), we can invoke Lemma A.2 which gives

|lgradF(x) — grad, £, (x, y3(x))]
<2 (Iga/g) dn (Y3 (x),y"(x)) (Ipp + A - min (2lgs, Lody (y* (x), y3(x)))) -

From a version of Lemma 2 (A.6), we use dx (v} (x), y*(x)) < ZA%’, and get

I <3 20 (i 4 202,

|lgradF (x) — grad L1 (%, y; (x))
Here, grad vy (x)T represents the transpose of the gradient of y}(x) with respect to x.

Proof of Lemma 2

Note that on a manifold, the function £, (x,y) is at least % strongly-convex in y with respect to
the metric once A > 2l p,. To see this,

La(x,y) = f(x,y) +A(g(xy) — g (x))

which is at least —[¢1 + Apg-strongly convex in y with respect to the metric. If A > 211/, this
implies at least Ayy/2 strong-convexity of £, (x,y) iny.
By the optimality condition at Vi, (x1) with xq, A1, we have

grad, f(x1,y}, (x1)) + Agrad, g (x1, 3, (x1)) =0,
which also implies that dp(g(x1,y3, (x1)),0) < Ir0/A1. Observe that
grad, f(x2, v}, (x1)) + Aagrad, g(x2, v}, (x1))
= (grad, f(x2, 3, (x1)) = PTaymy (grad, £ (31,43, (1)) ) + PTr oy (grad, f (x1, 3, (1))
+ A2 (grad,g(x2, 3, (¥1)) = PTay oy (grad, g (x1, 3, (x1))) ) + A2P Ty (rad, (1,3, (1))
= (Brad, f(x2,y3, (1)) = PTayomy (grad, f(x1, 3, (x1))))

+ A2 (grad, & (x2, 3, (%1)) = PTxy oz (grad, 2 (x1, v, (1)) )
+ (A2 = A1)PTy o, (grad, g (x1, vy, (x1))),

where in the last equality, we applied the optimality condition for y3 (x1). Then applying the
Lipschitzness of grad, f and grad, g in x, we have

l
dp(grad, f(x2, vy, (x1)) + Azgrad, g (x2, ¥y, (x1)),0) < Lpadag(x1, x2) +lgaAad g (x2, x1) + (A2 — A1) /{*10
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Since L), (x2,y) is Az /2-strongly convex in y with respect to the metric, from the coercivity
property of strongly-convex functions, along with the optimality condition with y; (x2), we have

A
L duays, (1), 93, (32)
< NIV, (02,33, (11)) = VyLag (32,93, (32) |

Ay —A
< (Ipa + Aalg1)dpa (x1, x2) + 2)\1 1lf,0.

Ay — A

/\z‘ug l
M .0

2

Dividing both sides by Ape/2 concludes the first part of the proof. Note that y*(x) =
lim)_, y; (x). Thus, for any x and finite A > 2151/ pg,

= v (ya, (x1), 3, (22)) < [IVy Lo, (2,3, ()| < (Lpa + Aalgr)dm (21, %2) +

21
* " f.0
d_/\[ X), x)) < —==. 0O

Remarks.
The Cauchy-Schwarz inequality in the context of manifolds states that for any two tangent
vectors u, v at a point, the following holds:

(w,0) < Jull -],

where (-, -) denotes the metric and || - || is the norm induced by this metric.
Applying this to the inequality for strong convexity:

(grad, f — PTyx(grad, f), Exp, ' (v)) > ull Exp, ' ()|,

we get:

Igrad, f — PTyx(grad, f)|| - [ Exp; ' (y) ]| > (grad, f — PTy«(grad, f), Exp, ' (v))-

Since the right-hand side of this inequality is the same as the left-hand side of the strong
convexity inequality, we can substitute it in, yielding:

lgrad, f — PTyx(grad, f)|l - | Exp ()| > pll Expc ()|

This form of the inequality highlights the relationship between the difference in gradients
(after parallel transport) and the geodesic distance between points x and y.

B Proofs of Theorem 2 and Corollary 3

In this section, we prove our central result in Theorem 2. The crux of this analysis revolves around
determining the upper boundary of Vi, — Vi concerning the potential function V4, as elucidated
in equation 4.3, tailored to our specific setting.

About x; and vy, as characterized in RF?SA within the manifold framework, we introduce the
following notations:

Ie:=dn (e yi®  Jk=dn(zu i) (B.1)

24



where v}, = y; (), y; == y*(x), and x* = argmin_ F(x), all situated. Here, dy/ (-, -) signifies
the distance metric on manifold V.
Leveraging these notations, we redefine the potential function Vj as:

Vie:= (F(xx) — F(x7)) + Ailga Iy + ey (B.2)

for each k € IN. In the ensuing subsections, our aim is to delineate the upper limit of Vi1 — Vj vis-
a-vis I and Jj, giving due consideration to the manifold’s geometry and curvature characteristics.
The proof for the Theorem 2, aptly adapted to this scenario, will be explicated in Section B.4.

B.1 Estimation of F(x;.1) — F(xy)
The selection of the step size aj is carefully chosen to fit the context of the manifold:

1
2¢0p1”

(step-size rule): ay < (B.3)

where IF 1 is appropriately adjusted to match the manifold’s geometric properties. This adjustment
is crucial for including the negative term —% |gradF (xi)||3 in our analysis. This term is key in
the demonstration of Theorem 2, as discussed in Section B.4.

Moreover, we also stipulate:

(step-size rule): g < P

s B.4
T = 96y, B4

The metrics di/(ykﬂ,yj,k) and d3/(zx+1,y;), will be integral to deriving our upper bound
estimates, as detailed in Propositions 3 and 5, respectively.

Proposition 1. Under the step-size rules given in equations B.3 and B.4, and Ay > 2l 1/ g, it
holds that for each k € N

E [F (xeer) — F () | il <~ 525 (2 VE () |2 + 1gf]1?)

T a2 . )
* % (23 (Vi1 Vie) + 43 (a1, V1))

&lr, Cka
+2 (o} + BRo?) + 55 -3¢

. . . . 4lcl 21l
where g7 is given in equation 1, and C, := % (lf,1 + %)
g &

Proof. From the smoothness of F,

Irq

7dzM (Xk41, Xk)

E[F (xp1) — F () | Fi] <E [<w (x0) %11 —30) + fk]

As gi satisfies E [x11 — x¢ | Fi| = gy,

E [F (vi1) — F () | ] = o (V. (x1), 8) + "BV [ (e, ) |

o . l
= 2 (IVF () P+ 1§12~ I VF (xe) — 1) + 1B [ (xn, ) |
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Note that
E [d3 (31, %0)] < EafE [[1g8])° + & (aof + Bio?)

and thus with B.3 we have

E [F (vi) — F (1) | il < — 28 [ 9F ()12 — 5% g P

;, (a0 + ﬁiag) |

Next, we bound || VF (x) — ¢{|| using the triangle inequality:

u X
+E25 |V () — g P

IVE (x) = gicll < [|Vf (v yirn) = Vaf (0 Y30 | + M | Vg (¥ yir1) — Vg (3 vi ) |
]| Vg (3 2k11) = Vg (v vl + || VL3, (x6) = VE (x0)|

From Lemma 1, the term HVﬁj‘\k (xx) — VF (x%) H is bounded by C, /Ax. Combining with the
regularity of f and g yields the following;:

IVF (x¢) — qi || < 2lg 1 Akdn (Y, Ya i) + LeaAkdn (zisa, Yi) + Ca/ Axe

Finally, from the Cauchy-Schwartz inequality (a + b+ ¢)? < 3 (a® + b* + ¢?), we get

E [F (tir) — F () | il < — 28 [ 0F ()12 — 25 g 2

% N 2]
gzk 3CA)\ + 3606]{1 1)\de(2](+1, yk) + 6§ucklg,1)»%d/\/(yk+1, ]/A/k)z + (? 21:'1 (06%0’% + ,B%O’;)
The step-size condition B.4 concludes our claim. O

B.2 Descent Lemma for y; towards v .

In this section, we provide the upper bounds of 7y, and dy(yk11,Y; ;) in the context of a
manifold. The following step-size rule is adapted for the manifold’s geometry:

T
(step-size rule): fj{ < '[;kzy ¢ and 2§2Mlzl ﬁk '8ng (B.5)

Proposition 2. Given the step-size rule B.7, for each k € IN, we have

VKl AN (Y 1 Vi k)
tanh(v/Teldn (3 i1 Vip))

v 0 (EE) g g, o +0 &2
gT,B Xk qk A3 ‘u
+0 (&12,) - (afo? + po?)

Here, Z) is adapted to consider the geodesic distance, and g; is calculated in the tangent space of
the manifold.

+ 20/ M+ TBipg /8 + 2M€213,1/3%> E [d% (Vi1 Vi e)]

1E[Ik+1|~7:k]§<

26



Proof. We start from the version of the distance and the inner product, considering the curvature
K
2 2 2
Ay (Y1 Yarer) = A (ke Yak) + v (Va ke Yar)

(i) (i)
= 2N (Vi1 Y2 AN (W) k1 Yak) COS(L(Yier, Vi o Yo k1))
(i)
Incorporating the curvature x, we apply the Alexandrov space cosine law (Zhang and Sra,
2016):

d?\/(ykﬂz yj\,kﬂ)
VIKIAN W3 g1 Vi)
- tanh(\/md/\/(y}i,kﬂfyi,k))
(@)
3 (W3 1 Vi k) = 200 (Wi, YN (W3 k1 Vi) COS(L(Wrin, Vi g Vi ksn))
> (i)

(df\/(ykﬂr yj\,k))

The upper bound of (i) is given in Proposition 3 below. To bound (ii), we invoke Lemma 2,
yielding

.. . . 467 12,0
(ii) E [d3 (Vaxi1 Vax) | Fi] < }\%\5 % + I20E [d3 (xks1, x¢) | Fi]
Vi1 Pg
46215,
< A{;‘% + 22 (o [, (a)|?) + oo} + Bo?)

where Ty, (g5) denotes the parallel transport of the search direction g at the point x; along the
manifold.

For (iii), considering the smoothness property of i (x) as per a generalized version of Lemma
A.3, and thus Lemma A.6, we set v = EXP;;,( (Vkt1) and 1, = TugAy/(16¢), we obtain

(iii) < (20%/ M + TPBrpig /8 + 2ME 121 %) E [dir (vir1, i) | Fi]

2 8n2]? 2 25, 13
2 [ % k"x,0 2] L 6 (2.2 22 k" f0
e (2 * M/ﬁ) E I @DIF] + 5 (afof + Biog) + 55 2

We sum up the (i), (ii), (iii) to conclude

\/md/\/(yf\,kﬂfy}i,k)
tanh (/|x|dn (Y3 11/ Vi k)

+0 21500‘% E [H ( x)H2] +0 ‘Sk ZJ%,O
/ T Yk TV
HeTBr Wk A 2

+0(882,) - (a0} + Bic?)

E [Zi1 | Fi] < ([

+ 20/ A+ TBipig /8 + 2M¢213,1ﬁi> E [d3 (i1, Vi i)

Lastly, the step-size rule B.5 yields our conclusion. O
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Next, we note that a; and By are chosen to satisfy

1 1
(step size rules): ap < — and By < (B.6)
8lr1 81g 1
Note that B < o is given from the step-size condition (3a), and a; < 8T At ?»k < Slf since

Ax > lea/ g

Proposition 3. Under the given step-size rules, it holds that for each k € IN

H1) | (t
Ik (1 0”)
h d (t+1) (1)
tanh(y/[xdn (v~ Yy
Proof. Since the expected value of the difference between successive iterations in a manifold can

be expressed as [E [Exp (41) (yk )| Fk} = —akqu,(() = —(kayEAk(xk,y,((t)), we have

E [ N (yi((tﬂ /%\k) | fk]

ST (5 50
= tanh(\j?j\;< E t+1yljy2 ) (d%\f (%E”fﬁ,k)) + diy (yz(ctﬂ),yl(f))

—2dy (v i) dn () cos (2 i)

Given that Ao > 27/ g, and all Ly is strongly convex in y, the following inequality holds

E [dy (i1, vig) | Fi] < (( ))) 3T.“g5k/4) L+ T (oc 0% + Bio, )

Mg o (1 (1) o 1 2 " Exp ) (v
max (zd/\/ (yk 'y’\'k)’lf,lJr/\kl”quk 17 ) < {Vyai 'EXpySJ (Vak))

Using the Alexandrov space result to approximate the expected squared distance, we have

Ay (YD
E {di/ (y(m),yA k) | fk} < (tank\l/(%ffyzyﬁzfyzﬂ)) B 3.Mi5k) 2 (yl({>,y“) +afo} + BioZ,

where ay (Ig1 4+ Mlg1) = axlpr + Blgy < 1/4 under condition B.6. Repeating this process
T times as per the algorithm leads to the conclusion in Proposition 3, where yx,1 = y,(cT) and

Yk = y;(co)- O

B.3 Descent Lemma for z; towards y;
Similar to the previous section, we provide the upper bound of Jj; first and then estimate

dar(zi41,y5) that appears in the upper bound. We work with the following step-size condition:

(step-size rule): 2MI? 15216% < Tugvi/16 (B.7)

~1
This condition holds since Bx < vy, and Bi < W and 5 <3 K (Ml2 )
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Proposition 4. Under the step-size rule B.7, at each k! iteration, the following holds:

VIkldn (i v;) 3T vkt
tanh(+/[x|dr Vi1, ¥5)) 8

2“213
+O< : ’°> a2 + O (&2120) (o0 + Bio2)

E [T | Fie] < ( ) E [di (251, 95) | Fi]

Tpgvi

Proof. We estimate each term in the following decomposition.

« 12 VIKldn (Vi1 v8)
W B0 bd)” S (Tl (vt 0)
(i)
+dy (Vi1 ¥7)” = 24w Zosn, U0) v (Y, i) €08(Z (21, Ui Vi)
(i) (i)
Lemma 2 (A.6) implies that

(v G yi)?)

.. * *[|2
(i8) B [y — wil* | Fe] < 202 (o} | Vxqell” + oo + Bo?)
For (iii), we recall Lemma A.5 with vy = z11 — y; and 1x = Tugvi/ (88ay), we have
(iid) (Expy:! (zxs1), Bxpy (1)) < (Tvepg/8 -+ MELE 1 B7) B [d3 (zes0, ) | Fi

n 52“f+2§2“1%lf,0
4 Tpgyk

62
) Vgl + & (o2 + )

The above bounds and Proposition 5 imply that

xldn (Vi1 Vi T )
E [Jis1 | Fi] < ( \/> ( il yk) + Yil's +2M§215,1.5% -E [d/\/ (zk41 _yk)z | ]:k]

tanh(\/md/\/ (]/Lyﬁ)) 4

412 1 1
22 2 +0 X2 4 &2 2 22 g2 2
+ & - <l*,o+ Trgmr + 2) g lI” + &= - <2 +l*,o> (“k0f+ﬁk‘7g)

Using B.7, we conclude. ]

Next, v, is chosen to satisfy the following step-size rules:

(step-size rule): o177, < 1/4, Tugy < 1/4 (B.8)

which directly comes from 4.1a.

Proposition 5. If B.8 holds, then for each k € N, the following holds:

E [dy (z1,90)% | | < (C = 3Tpgye/4) T+ Toko?
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Proof. We analyze one step iteration of the inner loop: for eacht =0,---,T — 1.
Using the Alexandrov space cosine law:

: Vislay (5, v;
v (5 5i) < tanh <\/7d/<\f k(zli”k,?/ié

— 2y (W) d (2, ; ) cos(£(hEt, 2, i),

i () e (o)

Here, z,.1 = z,((T) and z; = z,((o). Note that E [hgzt] = Vg (xk, z,((t)) = V& (z,((t)) where

8k (z,((t)) =g <xk,z,((t)>. Taking expectation,

d (f)’ *
E |:dN (Zl(cHl)’yZ)Z | ]-"k] < tanh\/(i\;?jvdf\/z’((z;]ij)ﬁ)) dn (Z,Eﬂ,yi)z

+ 302 =1 = avdda (Ve (=) ) dn (277

The strong convexity and smoothness of gx imply the coercivity and co-coercivity (Nesterov
et al., 2018), that is,

max (ygdi/(zl({t), yZ),;d%\/ (Vi (2), Vs (y;;))> <dy (Ve (), Ve )2 vi)

2
Note that y; minimizes g (y). Use this to cancel out y2d (V Sk (z,(f) )) , yielding

VIl (2", vp)
tanh (\/]K]dN(z,(f),yz)
+9t0g — (1= Lgav)dy (ng< ()) Ver (W), Z£),yz)

t) . x
< ( VIkdx(z) ve) 3P‘g7k) Az

* 2 2
v YE) Yoy
tanh (x/]K]dN(z,((t),yZ)) 4

For this to hold we need step-size condition B.8. We can repeat this T times and get the result.

Z)

E [, y0) | A < )di/( &)

(8) |
Here we're using LLNC ) < C for some C > 0 for all values of t. O

et (T 7))

B.4 Proof of Theorem 2
Let us revisit the potential function Vi within the Riemannian context:

Vier = Vi = Fxiy1) — F(xx) + Aiyalgn T — Midg1 i

/\k+11g1j+ Mg 1‘7k,
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Utilizing an adaptation of Proposition 1 and reorganizing terms, we obtain:

Gy Sy

14 _
E[Vig1 — Vi | Fi] < — %H grad F(x;)[|* — TIE[H‘?ZHZ | Fx] + 5 3CIAL2
lEg, 2 0 w2
+ > (aiof + Brog)
AT
+ I 1 E[A 1Tk + Iﬁ%d/v(ykﬂzyi,k)z — My | Fi
(i)
l 1 A T’)’ «
+ g? E[Aey1 Tes1 + ka‘ung(zk—o—l/yk)z — MeJk | Fil,

(if)
From proposition 2 and Ay 1 = Ay + J, we get:

VIKIAN (W e Vi) 5TBrtte O
. o + S+ 5 E By vige) | Fe) — AT
=k (Lanh(\/mdN(y;,kH,y;k)) 16 Ak [ 7 (W1, v ) | Fi] — M

)\kuc%
g TP

12

0
£(q5,0) + 0 (220) Ae(alo? + Bo?) +O (;;)
8

%
AZ

+0 (813)

(iii)

Given the step-size rules B.7, we obtain:

\ |K|d/\/(y§\ k+1f]/j\k) TBxu
(i) < M <[ ; - + ) E [dg\/(ykﬂr.‘/*,k) | Fie] — MLy + (ii).
tanh(y/TKdn (Y} 41 Vi 4)) 2 *

Leveraging Proposition 3 within the framework to estimate di/(ykﬂ, v ), we derive:

. /\kT.u ,Bk [14%
(i) < —ngk +0 (8°2) 1T + (i)
AT 170\ o
_ MTusbir o (@120) -+ O(T+82,) M(ado? + Bo?) +0 | L2 ) %,
4 .”gT .ug Ak

Given the inequality (1+a/2)(1 —3a/4) <1—a/4 for a > 0, we estimate the term (ii) using
Proposition 4:

+5+
tanh(v/[xldn (Vi v5)) A 8 32

Akt 0‘%
Tpevi

. VIR () 5. 3Ty AT .
<zz>sAk< MO V) D STvdts | MTPule ) g [ oy i | ] —

+0(§%1)) 1a5 117 + O (2Aka ) (e + Bio2)

(iv)

Assuming B < v, and thus 6 /Ar < Tug7x/32, we have:
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(if) < A ( vV \K\d/\/(ykt,yk)* n Tykpg
tanh(\/md/\/(yk+1'yk)) 2

Following the argument for (i), Proposition 5 provides:

) E [d (210, 95)” | 7] = M+ ().

AkT.”g'Yk

14
T+ 0 (E24) B g2 1.0 (20,2,) (w302 + Bi02) + O (1) T

i) < —
(i) < Tpevi

Upon combining the bounds for (i) and (ii) and rearranging terms, we obtain:

E [Vig1 — Vi | Fi] <

Cﬂék Cﬁék o &g,
IVE ()P + 555 - 332+ 524 (oo + o)

_ % _ Clgrll*,OlBk N Clg,lli,o X112
ol e o vl Il s ol D R Y

Mg Tg B Alg 1 Tpgvi
B 7 7 - ks
4 k o

+O(T+EEy) - Iga (“kgf + (B + %) o ) +0 (

l g,1 l]%,O %
we ) A

A key requirement is that terms driven by E [d?(g7,0)] remain negative. To ensure this, we
impose:

(Step-size rules): glglllio,@k < c1pg Ty, (B.9)

Clgalsy < copgT,

for some absolute constants c1,c; > 0, which are achievable given B < 7, and condition (3b)
with sufficiently small cz > 0. Upon satisfying these conditions, we derive that:

" AT o MT .
B [Veor — Ve | 72l < 528 grad? F(m) — ST (o gy~ BTEPER (4 1)

120\ 6
~0(ech) 540 (X922 % 0 @) e + i)

+0O (T+7LEy) - IgaAi(azo? + (Br + 17)03)-

Summing over k = 0 to K — 1, and focusing on the dominant terms, given that Y, 6 /A7 = O(1)
(due to 0/ Ax = O(1/k) and Ay = poly(k)), leads us to the theorem conclusion.

Note: The effect of the sectional curvature x here is negligible because we’re implicitly

Jrc|d (wi,wt1) ~ 14+

tanh(/[xc|d (wy,wg1))
|xc|d?(wy, wi41)/3 + O(+) appear in the Alexandrov space cosine law. Summing from k = 0 to
K —1 and focusing on dominant terms, the curvature x’s effect on the final result is negligible, since
negative terms like —grad®F(xy), -d3(zk, y}), and -d3, (yi, Y3 ) do not affect the final inequality.

using the approximation x/ tanh(x) ~ 1+ x2/3 + O(x*). Terms like

32



B.5 Proof of Corollary 3

We begin by establishing that the step-size design within the theorem ensures Ay = i/ (2ay) for
all k. This follows from the initial condition Ay = 0/ (2a¢) and, by mathematical induction, we

derive:

Tpg T cy —2c+a
16 WM = 355, (Kt ko)

and

L ((k+ko+1)"¢ = (k+kp)* ™) < M(k + ko) ~1ete,

E 2C,
Given that c < 1 and T > 32, it holds that
c - Yk+1
Ajs1 = s -(k+ko+1)"¢ = .
k-+1 2%( +ko+1) 201

By applying the step-size designs to a manifold, we obtain:

— IIgradF(X)II]
Z k+ko)k ;(k+k03“ 2

The choices of rates a, ¢ € [0,1] depend on the specific stochasticity of the gradients. Letting
= a — ¢, and with the step-size design, Ay = 7/ (2a;) = O(k?). Considering a random variable
R uniformly distributed over {0, 1, ..., K}, the inequality is reframed as:

__K
(K + ko)“

We examine three scenarios based on the stochasticity in the upper and lower-level objectives:

E[|| grad F(xg)[|*] > K'~" - E[|| grad F(x)]|?]

1. Stochastic in both objectives (07,07 > 0): Setting a = 5/7,c = 4/7 leads to A = O(k'7).
The dominating term becomes O(log K), resulting in:

log K
Bl grad F(x)lF) = O (57 ).

2. Stochastic only in the upper-level (O'J% > 0, (T§ = 0): Here, a = 3/5,c = 2/5 is chosen,
simplifying to:

logK
Ell grad F(xu) 2] =0 (255 ).
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3. Deterministic case ((TJ% =0, (7; =0): Witha =1/3,c =0, we find:

log K
Jgrad Fx)lP =0 (5 ).

This proof adaptation ensures that the step-size and Ay designs are tailored for the geometric
complexities of Riemannian manifolds, thereby facilitating convergence under various stochastic
settings.
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