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Benign Overfitting Does Not Occur in Diffusion Models
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Abstract

Benign overfitting and double descent have come
to shape our understanding of generalization in
deep learning, painting a consistent picture: over-
fitting is not only compatible with good general-
ization but can actively benefit it. Since diffusion
models share much of the machinery of standard
deep learning, it is natural to assume that they
also exhibit these properties. In this work, we
show that this assumption is largely incorrect. We
first establish fundamental impossibility results,
showing that overfitting and good generalization
cannot occur simultaneously except when the sam-
ple size grows exponentially with data dimension.
We then identify a key difference between regres-
sion and score matching in a simplified setting:
regression benefits from an alignment between
the kernel of the empirical covariance and the tar-
get, whereas no such alignment exists in score
matching, making overfitting irreparably harm-
ful. We further examine mechanisms that prevent
overfitting, identifying implicit regularization aris-
ing from time-smoothness in the score function,
and early stopping in training. We support our
theoretical findings with high-dimensional experi-
ments on U-Net architectures in image generation
settings. Our results reveal that generalization
is governed by mechanisms distinct from those
of classical settings, motivating new theory for
diffusion models.

1. Introduction
Diffusion models form a popular class of generative models
(Ho et al., 2020; Song et al., 2021; Sohl-Dickstein et al.,
2015). Their key insight is to reframe generation as the
reversal of a noising process which is characterized by a
score function, whose estimation turns out to be equivalent
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Preliminary work. Under review by the FoGen Workshop at ICML
2026. Do not distribute.

to a denoising problem that can be solved by training a neu-
ral network on a simple regression-like objective (Song &
Ermon, 2019; Vincent, 2011; Hyvärinen, 2005). Despite
their conceptual simplicity, they are capable of achieving
state-of-the-art performance in a wide range of applications
(Dhariwal & Nichol, 2021; Esser et al., 2024; Rombach
et al., 2022; Saharia et al., 2022; Watson et al., 2023; Zhang
et al., 2024), and appear in many of the most widely de-
ployed generative AI systems (Yang et al., 2023).

The widespread success of diffusion models naturally
raises questions about the mechanisms underpinning their
strengths, motivating a growing body of theoretical work
on diffusion models (Oko et al., 2023; Azangulov et al.,
2024; Benton et al., 2024; Conforti et al., 2025). Of par-
ticular interest is the question of generalization (Li et al.,
2023; Bonnaire et al., 2025): understanding when a score
network trained on finite data faithfully represents the un-
derlying distribution, rather than memorizing the training
set. This question is further sharpened by practical concerns
around data privacy (Carlini et al., 2023), making a prin-
cipled understanding of the generalization-memorization
tradeoff both scientifically and practically important.

Preceding these developments, a rich theory was developed
to understand the generalization properties of overparame-
terized neural networks in supervised learning, which pose
a challenge to classical statistics based on the bias-variance
tradeoff (Shalev-Shwartz & Ben-David, 2014). Indeed, deep
neural networks have demonstrated the ability to generalize
well while achieving zero training loss and even fit random
labels on regression or classification tasks (Zhang et al.,
2017). This is theoretically captured as benign overfitting,
where exact interpolation of noisy data need not harm test
performance (Bartlett et al., 2020). It has been shown in
regression settings that, under certain conditions in the over-
parameterized setting, a form of self-induced regularization
occurs that maintains generalization.

The relationship between model complexity and generaliza-
tion is captured by the double descent phenomenon (Belkin
et al., 2019), where the test error follows a non-monotonic
curve: it decreases, peaks near the interpolation threshold,
and then decreases again as model size grows (see Figure 1,
left). This key behavior has been empirically studied in
high-dimensional problems (Nakkiran et al., 2019) and theo-
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Figure 1. (Left) 2-layer random feature network regression, displaying the classical double descent curve. (Right) 2-layer random feature
network diffusion, showing the absence of benign overfitting. Details on the setup and hyperparameters for these experiments is available
in Section C.1.

retical grounding has been provided through the analysis of
random feature models (Mei & Montanari, 2022). This al-
lows a precise characterization of risk across regimes using
tools from high-dimensional statistics and random matrix
theory (Couillet & Liao, 2022). The takeaway from these
theories is a now widely internalized picture: in highly over-
parameterized models trained on regression-like objectives,
fitting the training data perfectly is not only compatible with
generalization but, in the right regime, actively beneficial.

One of the benefits of the diffusion model framework is
that its construction manages to reuse much of the existing
machinery of deep learning: diffusion models are built from
existing architectures, trained with standard optimization
algorithms (e.g., ADAM (Kingma & Ba, 2015)), and fit
by minimizing a regression-like objective (Vincent, 2011;
Song et al., 2021). As a result, it is tempting to conclude
that the same mechanisms of benign overfitting and double
descent are at work, and that the previously mentioned deep
learning phenomena carry over more or less intact. In this
work, we show that such an assumption is largely wrong.
In several recent works, it has been hinted that diffusion
models may be incapable of benign overfitting (Farghly
et al., 2025; Dupuis et al., 2025; Merger & Goldt, 2025).
Furthermore, the related facts that exactly minimizing the
train error or over-training leads to memorization of the
train set has been explored in previous works (Pidstrigach,
2022; Bonnaire et al., 2025). However, to our knowledge,
the claim that benign overfitting and double descent do not
occur in diffusion models is yet to receive rigorous empirical
or theoretical investigation.

For diffusion models, we show that in most practical set-
tings, it is fundamentally impossible have both the train and
test loss simultaneously small, invalidating benign overfit-
ting. We further show that instead of a double descent curve,
the excess risk forms a U-shaped curve with increasing com-
plexity, akin to the classical bias-variance tradeoff. This
is illustrated in the random feature network experiment in

Figure 1 where instead of a double descent curve, the excess
risk forms a U-shape that tapers off as the width of the net-
work grows large. In Figure 2, we see how this phenomenon
effects high-dimensional image generation problems based
on a U-Net network (Ho et al., 2020; Ronneberger et al.,
2015), showing that as the number of U-Net features are
increased, the overfit diffusion model goes from low quality
generation, to generalization, and then towards exactly mem-
orizing the train set. Through a combination of fundamental
theoretical results, simpified models and experiments we
explore this phenomenon, the mechanisms underpinning it
and how diffusion models generalize in spite of it.

Concretely, we present the following contributions:

• In Section 3, we derive fundamental negative results
showing that the population and empirical score match-
ing loss cannot be simultaneously small in practical
settings, unless the sample size is extremely large, re-
gardless of the score network architecture.

• In Section 4, through the analysis of a linear random
feature model, we provide a precise understanding of
the interplay between overfitting, dimension, sample
size, noise scale, and model complexity. By comparing
with a classical regression setup, we illustrate the key
differences that prevent benign overfitting to occur in
score matching.

• In Section 5, we push further the analysis of Section 4
by identifying key components of the score matching
framework that can act as implicit regularization and
help prevent overfitting in practice. More precisely, we
identify the role of the time-smoothness of the score
estimator and discuss the role of early stopping during
training.

• We validate our theoretical findings by experiments
conducted in high-dimensional settings.
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Benign Overfitting Does Not Occur in Diffusion Models

All proofs are available in the appendix. We will make our
implementation available upon publication.

Notations. For probability measures µ and ν in Rd,
if µ is absolutely continuous with respect to ν, de-
noted by µ ≪ ν, we denote dµ/dν its density. If
µ ≪ ν, the Kullback-Leibler (KL) divergence is
KL (µ||ν) =

∫
log(dµ/dν)dµ, the relative Fisher informa-

tion is J (µ||ν) =
∫
∥∇ log(dµ/dν)∥2dµ, the Fisher infor-

mation is J (ν) =
∫
∥∇ log(dν/dx)∥2dν. For a, b ∈ R,

a ∧ b = min(a, b), a ∨ b = max(a, b), and a+ = a ∨ 0.

2. Background
By learning to reverse a noising process, diffusion models
approximate a distribution ν on Rd from a dataset sampled
from ν. We briefly review this construction and fix the
notation used in the paper.

Noising process. The noising process is given by an SDE
of Ornstein–Uhlenbeck-type in Rd,

dXt = −κXtdt+
√
2dBt , X0 ∼ ν , (1)

with κ ≥ 0 and Bt is a standard d-dimensional Brownian
motion. We assume that EX∼ν [∥X∥2] < ∞ ν. It is well-
known that Xt|X0 ∼ N(αtX0, σ

2
t Id), where the mean and

variance are given by

αt = e−κt, σ2
t = κ−1(1− α2

t ) , (2)

with the convention that σ2
t = 2t when κ = 0. Fixing a

time horizon T > 0 and writing Yt := XT−t, the classical
result of (Haussmann & Pardoux, 1986; Anderson, 1982)
identifies the law of the time-reversed process as the solution
of

dYt = κYtdt+2∇ log pT−t(Yt)dt+
√
2dBt , Y0 ∼ pT ,

where pt denotes the density of Xt. Thus, if we could sim-
ulate Yt starting from Y0 ∼ pT , we would obtain samples
YT ∼ ν. The only unknown quantity is the score function
∇ log pt, which must be learned from data. Once we have
an approximate score function ŝ : Rd × [0, T ] → Rd, we
generate samples by numerically simulating

dŶt = κŶtdt+ 2ŝ(Ŷt, t)dt+
√
2dBt , Y0 ∼ q0 .

For κ > 0, we set q0 = N(0, κ−1Id) as it approximates pT
for large T . For κ = 0, we set q0 = N(0, 2T Id). We denote
by qt the probability density of Ŷt for t ∈ [0, T ].

Score matching. The score function is approximated using
a deep neural network. Ideally, the goal is to minimize the
(population) explicit score matching (ESM) loss,

LESM(s, t) := E
[∥∥s(t,Xt)−∇ log pt(Xt)

∥∥2] ,
LESM(s,ϖ) :=

∫
LESM(s, t)dϖ(t) ,

where ϖ is some non-negative measure on [0, T ]. While
the time-weighting ϖ can be chosen freely, a canonical
choice is the evidence lower bound (ELBO) weighting,
ϖϵ

ELBO(dt) = 1[ϵ,T ](t), for ϵ > 0. This weighting
makes the explicit score matching loss becomes an upper
bound for the sample KL divergence, KL (pϵ||qT−ϵ) ≤
LESM(s,ϖϵ

ELBO) + KL (pT ||q0). While the ESM loss de-
pends on the intractable ∇ log pt, a tractable alternative is
the denoising score matching (DSM) loss,

LDSM(s,ϖ) :=

∫
E[ℓt(s,X0)]dϖ(t) ,

ℓt(s,X0) := E
[∥∥s(t,Xt)−∇ log pt|0(Xt|X0)

∥∥2∣∣X0

]
,

where pt|0(·|·) is the density of Xt given X0. This loss
is equal to the ESM loss up to a constant, while using
∇ log pt|0, which is known and turns the learning task into
a denoising problem (Vincent, 2011; Hyvärinen, 2005). It
is then estimated using a dataset S = {Zi}ni=1 ∼ ν⊗n,
leading to the empirical DSM loss,

L̂DSM(s,ϖ) :=
1

n

n∑
i=1

∫
ℓt(s, Zi)dϖ(t) , n ≥ 1 . (3)

We also define the empirical ESM loss, related to the above
by an additive data-dependent constant

L̂ESM(s, t) := E
[∥∥s(t, X̂t)−∇ log p̂t(X̂t)

∥∥2∣∣S] ,
L̂ESM(s,ϖ) :=

∫
L̂ESM(s, t)dϖ(t) ,

where dX̂t = −κX̂tdt+
√
2dBt with X̂0 ∼ n−1

∑n
i=1 δZi

and for t > 0, p̂t is the density of X̂t.

3. Fundamental limitations of overfitting in
diffusion models

Benign overfitting occurs when good generalization perfor-
mance is achieved despite interpolating training data. In
this section, we derive impossibility results that show that
this cannot happen in diffusion models without an exceed-
ingly large sample size. Unlike Sections 4 and 5, the results
presented here hold regardless of the score network archi-
tecture. In this sense, they identify fundamental limitations
of the score matching framework itself, rather than of any
particular class of models.

3.1. Warm-up: A Fisher information lower bound

We begin with the following simple lemma, which is a
generic lower bound on the sum of the population and em-
pirical ESM losses. The proof can be found in Section B.1.1.
Lemma 3.1. Let t ∈ (0, T ], for any measurable score
function s : Rd × [0, T ] → Rd, we have

E[L̂ESM(s, t) + LESM(s, t)] ≥ 1

2
E [J (p̂t||pt)] . (4)

3



165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192
193
194
195
196
197
198
199
200
201
202
203
204
205
206
207
208
209
210
211
212
213
214
215
216
217
218
219

Benign Overfitting Does Not Occur in Diffusion Models

2 4 8 16 32 64 128
Number of U-Net features

0.00

0.08

0.16

0.24

0.32

De
no

isi
ng

 sc
or

e 
m

at
ch

in
g 

lo
ss Train loss

Test loss

2 4 8 16 32 64 128
Number of U-Net features

8000

10000

12000

14000

16000

Ne
ga

tiv
e 

lo
g-

lik
el

ih
oo

d

2 4 8 16 32 64 128 Nearest
train dataNumber of features

Figure 2. We train a DDPM U-Net model on a subset of CIFAR10 to convergence. We observe train and error for different configurations
of the model, varying the number of features (NF) in the U-Net. (Left) Test and train error at convergence varying NF and thus, varying
the number of parameters in the model. (Center) The same setting but for the population negative log-likelihood. (Right) Generated
samples for different NF values along side the closest train image for NF = 8. Details of the experiment are given in Appendix C.2.

In particular, if J (ν) < +∞, we have that
infs E[L̂ESM(s, t) + LESM(s, t)] → +∞ as t→ 0+.

This shows that for both the empirical and population score
matching losses to be small, we must have the empirical and
population measures p̂t and pt close also. The measure of
closeness here is the relative Fisher information, which un-
der additional concentration assumptions, can be shown to
upper bound the KL divergence and, hence, the total varia-
tion distance (see Section B.1.2). Under different conditions
on ν, lower bounds on a variant of the Fisher information
were derived in (Ye et al., 2026); see Section 6 for details.

Lemma 3.1 shows that for both the empirical and popu-
lation ESM losses to be small, and therefore for benign
overfitting to occur, we require p̂t to be close to pt. As p̂t is
initialized at the empirical distribution n−1

∑n
i=1 δZi

where
(Z1, . . . , Zn) ∼ ν⊗n, this suggests that benign overfitting
only happens when the sample size is large enough. We
make this argument precise in the next subsection.

3.2. A quantitative lower bound under time-integration

We now refine the previous result by obtaining lower bounds
on the amount of data required for the empirical and popula-
tion losses to be simultaneously small. The lower bound is
a function of the effective dimension of the data distribution
ν which we capture through the lower Rényi dimension, d′,
which we formally define in Section A.1. In cases where ν is
supported on a compact manifold and under mild conditions
(see Section A.1), d′ is exactly the manifold dimension.

In the next result, Lemma 3.1 is also extended by consider-
ing the full time-integrated loss as opposed to an individual
time-slice, requiring only that the weighting ϖ has positive
non-decreasing density on an interval. The bound is generic
and holds for any random score function ŝ, that can be taken
as a function of training data as well as additional sources
of randomness.

Theorem 3.1. Suppose that ϖ is a positive measure sup-
ported in [ϵ, T ] with ϵ > 0, with non-decreasing density

w : [ϵ, T ] → R+, that ν has finite second moments, and
both T and d are sufficiently large. Suppose that the random
score function ŝ, satisfies

ES [L̂ESM(ŝ, ϖ)] ≤ ε ,

for some ε ≤ supt w(t)/32. Then, if either of the following
conditions hold:

ES [LESM(ŝ, ϖ)] ≤ ε, or ES [LESM(ŝ, ϖϵ
ELBO)] ≤ 1

32 ,

or KL (pδ||qT−δ) ≤ 1
32 , (5)

and with δ := w−1(32ε) sufficiently small, it must follow
that,

n ≥ (8
√
dσδ)

− d′
2 ,

where we define w−1(r) = inf{t ∈ supp(ϖ) : w(t) ≥ r}
and d′ is the lower Rényi dimension of ν.

The assumption on the measure ϖ, encompasses several
standard choices of time-weighting within the continuous
training framework (Song et al., 2021). In the following
remark, we consider several of these, obtaining closed-form
bounds.
Remark 3.1. Under the ELBO weighting ϖ = ϖϵ

ELBO,
the sample size lower bound becomes n ≥ (8σϵ

√
d)−d

′/2

for ϵ sufficiently small. Under the variance weighting
w(t) = σ2

t , commonly used for training (Ho et al., 2020),
the analogous bound is n ≥ (2(32ε ∨ σϵ)

√
d)−d

′/2 for
ε, ϵ sufficiently small. Most strikingly, when ϵ = 0 and
ε ≤ 1

32 lim supt→0+ w(t), there is no sample size at which
benign overfitting can occur: E[L̂ESM(ŝ, ϖ)] ≤ ε necessar-
ily implies E[LESM(ŝ, ϖ)] > ε, E[LESM(ŝ, ϖ0

ELBO)] >
1/32, and KL (pδ||qT−δ) > 1/32.

We highlight that the lower bound is increasing exponen-
tially in the intrinsic dimension and depends on the mini-
mum support of ϵ, supporting both the idea that manifold
distributed data is beneficial to diffusion models and that

4
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early stopping in the reverse process can benefit generaliza-
tion (Azangulov et al., 2024; Farghly et al., 2026; Bortoli,
2022; Farghly et al., 2025). Since many popular imple-
mentations of diffusion models take ϵ ∈

{
10−3, 10−5

}
, the

expectation that the amount of data scales with ϵ−d
′/2 is un-

reasonably strong. Thus, in most practical settings, diffusion
models will not exhibit the property of benign overfitting.

The proof, presented in Section B.1.3, uses a similar ap-
proach as Lemma 3.1, showing that for empirical and popu-
lation losses to be small, p̂t and pt must be close. Instead
of the Fisher information, we derive a connection to the
total variation via an argument based on Girsanov’s theorem
(Øksendal, 2003).

4. Fine-grained analysis on linear RFNNs
Section 3 establishes, at a general level, that benign over-
fitting cannot occur in diffusion models in any reasonable
setting. However, it does not reveal how overfitting mani-
fests, nor how it depends on the interplay between model
size, data dimension, and noise scale. To get a finer under-
standing, we now analyze a concrete and tractable model
class: two-layer linear random feature networks (Rahimi &
Recht, 2007), which is similar with the models of (George
& Macris, 2026; George et al., 2025; Bonnaire et al., 2025)
with linear activation. Despite the simplicity of the linear
setting, benign overfitting and double descent have been
studied in it (Belkin et al., 2019; Hastie et al., 2022), sug-
gesting that it is rich enough to apprehend overfitting in
diffusion models.

Setup. We study 2-layer linear score networks of the form
sW,A : x 7→ AWx, where W ∈ Rp×d is fixed and A ∈
Rd×p is a trainable parameter. We fix a time t ∈ (0, T ] and
consider the minimization of the empirical risk defined by
A 7→ σ2

t L̂DSM(sW,A, t). We denote by Σ the covariance
matrix of the data distribution ν and define the empirical
covariance matrix Σ̂ := n−1

∑n
i=1 ZiZ

T
i along with Σt :=

α2
tΣ+ σ2

t Id and Σ̂t := α2
t Σ̂+ σ2

t Id.

In the following lemma, we characterize the DSM and ESM
loss associated with the empirical risk minimization prob-
lem. The proof can be found in Section B.2.

Lemma 4.1. Assume that W has full rank. Let Â ∈
argmin L̂DSM(sW,A, t). Let Ωt := Σ̂−1

t if p ≥ d and
Ωt := WT (W Σ̂tW

T )−1W if p < d. Then ÂW = −Ωt
and

σ2
t L̂DSM(sW,Â, t) = d− σ2

tTr(Ωt) ,

LESM(sW,Â, t) = ∥(Ωt −Σ−1
t )Σ

1/2
t ∥2F .

For p ≥ d, the ESM and DSM loss at Â are independent of
p. By the proof of Lemma 4.1, this is because the empiri-

cal risk minimization (ERM) problem becomes equivalent
to the ERM associated with a d-dimensional linear model
(independent of p), similar to (Merger & Goldt, 2025). See
Section B.2 for details. We specify our setup further in the
next assumption.
Assumption 4.1. W ∈ Rp×d has N(0, 1) i.i.d. entries,
A ∈ Rd×p and ν = N(0, βId), with β > 0.

The next proposition is a precise characterization of overfit-
ting in a proportional asymptotic regime.
Proposition 4.1 (Overfitting in linear networks). Under
Assumption 4.1, we consider the limit d, n, p → ∞ such
that p/n→ ψp and d/n→ ψd. When ψd, ψp > 1, we have,
almost-surely,
1
dLESM(sW,Â,t) → (6)

1
α2

tβ+σ
2
t

(ψp∧ψd−1
ψd

α4
tβ

2

σ4
t

+
(
1− ψp

ψd

)
+

)
+O

(
1
ψd

)
,

where Â ∈ argmin L̂DSM(sW,A, t). For the empirical risk,
we have
σ2
t

d L̂DSM(sW,Â, t) → 1
ψd

+
(
1− ψp

ψd

)
+
+O

(
1

ψd(ψp∧ψd)

)
.

In this result, we report the empirical DSM loss scaled by σ2
t

as it is the quantity minimized in practice. The population
ESM loss is also given in Equation (6), as it is the quan-
tity that is directly related to the ELBO. When ψp > ψd,
we observe that the limit of the empirical risk is of order
O
(
ψ−1
d

)
and can, therefore, become arbitrarily small and

interpolate training data when the data dimension is large.
In the same regime, we observe that the population score
matching loss is of order σ−4

t and therefore explodes as
t → 0+. This can also be observed clearly in Figure 3,
displaying the exact asymptotics of the risks, obtained in
the proofs in Section B.2. It demonstrates that interpola-
tion and generalization are mutually incompatible. We also
study the dependence on t in Figure 3, showing that the rate
of explosion of the excess risk as t → 0+ depends on the
model complexity.

Comparison with regression. To understand how these
results differ from traditional regression, we consider a
multi-output regression problem with the same data and
architecture. Given a target B⋆ ∈ Rd×d and noiseless la-
bels Yi := B⋆Zi, we minimize the empirical risk A 7→
n−1

∑n
i=1 ∥sW,A(Zi)− Yi∥2 + λ ∥AW∥2F. We focus on

the overparameterized regime p > d > n and λ = 0, where
minimizers A satisfy (AW − B⋆)Σ̂ = 0. Since Σ̂ has
rank n < d a.s., this gives a d(d − n)-dimensional affine
subspace of solutions for AW , contrasting sharply with
Lemma 4.1, where score matching produces a unique value
of AW = −Σ̂−1

t even without regularization.

The excess risk for the regression problem is given directly
by ∥(AW −B⋆)Σ1/2∥2F. The expression has a similar form

5
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Figure 3. Linear random features under Assumption 4.1. (Left) time is fixed at t = 10−1 and ψp varies. (Center) ψd is fixed at 102 and t
varies. (Right) time integrated losses (as in Section 5.1) with π the uniform distribution on [0, T ]. Train error denotes the empirical
DSM loss with the weighting used in training in practice. Test error is the population ESM loss with ELBO weighting.

as the score matching ESM loss in Lemma 4.1 once replac-
ing B⋆ with −Σ−1

t , and Σ with Σt in the weighting. To
resolve the under-determination, we consider the ridgeless
limit λ→ 0+, recovering the minimum-norm interpolator.
This projects AW on the orthogonal of ker(Σ̂), leading to
the excess risk ∥B⋆Πker(Σ̂)Σ

1/2∥2F, where Πker(Σ̂) is the

column-wise projection onto the kernel of Σ̂. Thus, gener-
alization can occur in the overparameterized regime due to
two factors: (i) the minimum-norm bias projects AW on
the orthogonal of ker(Σ̂); (ii) the residual is small when
B⋆ aligns with Σ̂1/2 within the kernel of Σ̂. This is made
precise in the benign overfitting literature that identify a
form of self-induced regularization resulting from align-
ment (Bartlett et al., 2020; Hastie et al., 2022).

The picture is fundamentally different for score matching.
First, since the empirical problem exactly determines the
solution AW = −Σ̂−1

t , there can be no minimum-norm
bias that projects AW orthogonally to ker(Σ̂). Moreover,
whereas B⋆ could reasonably align with Σ1/2 on the null
space in such a way that makes their product small, it is less
likely that −Σ−1

t aligns in the same way with Σ
1/2
t . Indeed,

if Σ is not full rank, we have ∥Σ−1
t Πker(Σ̂)Σ

1/2
t ∥2F ≥ (d−

n)σ−2
t which explodes as t → 0. This is made precise in

the proof of Proposition 4.1, leading to the first term of
Equation (6), corresponding to the contribution of the null
space of Σ̂ to the ESM loss.

5. Preventing overfitting in diffusion models
The absence of benign overfitting in diffusion models might
be seen as a discouraging result. However, in this section,
we extend the analysis of Section 4 and show that the score
matching framework contains key components that act as
implicit regularization mechanisms and help prevent overfit-
ting.

5.1. Implicit regularization due to time smoothness

The analysis of Section 4 is done at a fixed noise scale
t > 0. Here, we integrate in this analysis the time integral
defining the ESM losses. Critically, we study the impact of
the time-smoothness of the score estimator, considering the
extreme case where it is time-independent to simplify the
derivations.

Setup. We parameterize the score network as in Section 4
with p > d and we consider a time weighting ϖ which
is a probability distribution on [0, T ] such that we can de-
fine the probability measure π(dt) ∝ σ−2

t ϖ(dt). For any
distribution ω ∈ {π,ϖ} on [0, T ], we write

α2
ω :=

∫
α2
tdω(t) , σ2

ω :=

∫
σ2
t dω(t) ,

Σω :=

∫
Σtdω(t) , Σ̂ω :=

∫
Σ̂tdω(t) .

In the next lemma, we characterize the empirical risk mini-
mization in this setting.

Lemma 5.1. Assume that p > d and W is full-rank.
Then, any Â ∈ argminA L̂DSM(sA,W , ϖ) satisfies ÂW =

−Σ̂−1
ϖ and we have

LESM(sÂ,W , π) = ∥(Σ̂−1
ϖ −Σ−1

π )Σ1/2
π ∥2F +Cπ ,

L̂DSM(sÂ,W , ϖ) = dσ−2
π − Tr(Σ̂−1

ϖ ) ,

where Cπ ≥ 0 is given in the proof in Equation (11). Cπ is
0 only when π is a Dirac distribution.

Remark 5.1 (Equivalence with ridge). By Lemma 5.1, we
have ÂW = −(α2

ϖΣ̂ + σϖId)
−1. As ϖ is a probability

distribution, there exists tϖ > 0 such that α2
tϖ = α2

ϖ. Thus,
for any t < tϖ, we have

Σ̂ϖ = η−1
t,ϖ(Σ̂t + 2λt,ϖId) ,

2λt,ϖ := ηt,ϖ(σ
2
ϖ − σ2

t ) > 0 , ηt,ϖ := α2
t /α

2
ϖ .

Therefore, up to a time reparameterization by changing κ ≥
0 in Equation (1) to κ̃ := κσ2

ϖµ
2
t/(σ

2
t µ

2
ϖ), we see that Â ∈

6
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argminA(L̂DSM(sA,W , t) + λt,ϖ∥AW∥2). Therefore, in
this case, considering the time-integrated loss is formally
similar to adding ridge regularization for small times t < tϖ,
which by Proposition 4.1 are responsible for most of the
(not benign) overfitting.

Next, we make this observation more precise by character-
izing the asymptotic score matching losses.

Proposition 5.1. Under Assumption 4.1 and in the limit
n, d, p→ ∞ with lim(n/d) = ψd and lim(p/n) = ψp. Let
Â ∈ argminA L̂DSM(sW,A, ϖ). When ψp > ψd > 1, we
have, almost-surely,

1
dL̂DSM(sW,Â, ϖ) → 1

σ2
π

− 1

σ2
ϖ

+O(ψ−1
d ),

1
dLESM(sW,Â, π) → Lπ +O(ψ−1

d ),

where Lπ ≥ 0 is a constant whose expression is given in
Equation (14), and σ−2

π − σ−2
ϖ ≥ 0.

Proposition 5.1 shows that the time-smoothness and the
time-integrated loss effectively prevent the explosion of the
population loss observed in Proposition 4.1. It also shows
that the limiting empirical risk cannot be arbitrarily small as
soon asϖ is not a Dirac distribution (by similar calculations,
we reach the same conclusion for L̂ESM(sW,Â, ϖ)). This
contrasts with the fixed noise scale case of Proposition 4.1,
even when ψd is large, suggesting that the time-smoothness
prevents overfitting. Moreover, while in Proposition 4.1 the
asymptotic ESM loss could explode as t → 0+. In above
proposition, this explosion is prevented, and the ESM loss
stays bounded, showing that the time-smoothness acts as a
form of implicit regularization, as hinted in Remark 5.1.

In the proof of Proposition 5.1 (see Section B.3), we derive
exact asymptotics for the population and empirical losses,
which we report in the right figure in Figure 3 (green curves).
Using the asymptotics of the previous section, we compare it
against an overfit linear score network that has independent
weights at each time, corresponding to the completely non-
time-smooth case (purple curves). We observe that the time
smoothness increases the empirical risk while decreasing
the population loss, showing that it is indeed acting as an
implicit regularization mechanism.

We verify this in a practical image generation setting similar
to Figure 2, but considering a time-independent DDPM U-
Net model trained across a range [t, t + r] for varying r.
We evaluate train and test error at t to see how changing r
affects the error. We present the results in Figure 4 where
we find that increasing r increases the train error at t and
therefore is, indeed, preventing overfitting. Interestingly,
the test error first decreases and then increases for large r,
suggesting a tradeoff on r.

5.2. Implicit regularization via early stopping

In this part, we study the impact of early stopping, i.e.,
stopping the training of the score network before reaching
overfitting. To formalize this, we fix a time t ∈ [0, T ] and
study the dynamics of the parameter A under gradient flow,

d

dτ
A(τ) = −p−1∇A(σ

2
t L̂DSM(sW,A(τ), t)) , (7)

where τ ≥ 0, A ∈ Rd×p and W ∈ Rp×d as in Section 4,
and the p−1 factor is ensuring a finite limit as p → ∞
(Bonnaire et al., 2025). Without loss of generality, we as-
sume that A(0) = 0. We show in Section B.4 that in the
limit p → ∞ with (n, d) fixed, the matrix A(τ)W con-
verges to a finite limit following the gradient flow of a linear
model (as shown in Section B.4). Moreover, when τ → ∞,
A(τ)W → −Σ̂−1

t , which leads to the same score match-
ing bounds as in Proposition 4.1 for p > d. In the next
proposition, we show that small enough values of τ avoid
the explosion of the test loss.

Proposition 5.2. Suppose that Assumption 4.1 holds
and define Et(τ, n, d, p) := LESM(sW,A(τ), t). Then,
Et(τ, n, d, p) has an almost-sure limit Et(τ, n, d) :=
limp→∞ LESM(sW,A(τ), t). Moreover, in the limit n, d →
∞ with lim(d/n) = ψd > 1, we have, almost-surely

1

d
Et(τ, n, d) →(

1− 1
ψd

) (
(α2

tβ+σ
2
t )σ

−2
t (1−e−2τσ4

t )−1
)2

α2
tβ+σ

2
t

+O
(

1
ψd

)
,

In particular, if τ = Ω(σ−2
t ), then the limit above is

bounded as t→ 0+.

This result shows that early stopping prevents the explosion
of the test loss as t → 0 for a fixed τ . As a corollary of
Section 3, it also prevents overfitting. More precisely, we
observe that if the early stopping τ is of order σ−2

t , then the
population loss does not diverge as t → 0. This suggests
that, despite not being benign, overfitting and memorization
appear later in training, allowing early stopping to effec-
tively prevent it, which aligns with recent results (Bonnaire
et al., 2025; Merger & Goldt, 2025). The advantages of
early stopping can also be observed in high-dimensional
experiments: in Figure 5, we report the evolution of the test
and train errors for a U-Net across iterations, observing that
there is a unique optimal stopping time where the ESM loss
is controlled as the number of parameters grow

6. Related works & Conclusion
Random features analysis & linear models. While we
focus on quantifying overfitting, we also derive exact asymp-
totics of the losses in the proof of Proposition 4.1, comple-
menting prior analyses (George & Macris, 2026; George
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Figure 4. Time-independent DDPM model evaluated at t = 0.1.
We train it on the range [t, t + r] and observe how increasing r
can benefit generalization at time t. See Appendix C.2 for details.
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Figure 5. The same setting as Figure 2 but we observe how the
test error curve changes with training steps. We find that early
stopping produces a test error that does not grow with NF.

et al., 2025; Merger & Goldt, 2025). As discussed in Sec-
tion 4, the two-layer linear RFNNs analysis recovers linear
diffusion models as a particular case, extending the regu-
larized linear model analysis of (Merger & Goldt, 2025).
In particular, we recover the conclusion that overfitting is
driven by the null space. Recent work also studied the
learning dynamics of diffusion models (Biroli et al., 2024;
Merger & Goldt, 2025), including RFNN settings (Bon-
naire et al., 2025; Li et al., 2023). Section 5.2 supplements
these approaches by quantifying the role of early stopping
in mitigating overfitting in linear networks. Overall, we pro-
vide a fine-grained characterization of overfitting in linear
RFNNs and, crucially, incorporate the time-smoothness of
the models with time-integrated losses (Section 5.1), which
is beyond the scope of prior work.

Diffusion model generalization. In addition to the afore-
mentioned works, there has a lot of recent interest in the
generalization properties of diffusion models (Kadkhodaie
et al., 2024; Li et al., 2023; Chakraborty et al., 2026). In par-
ticular, minimax statistical rates have been obtained (Oko
et al., 2023; Zhang et al., 2024; Azangulov et al., 2024), the
relationship with data geometry has been explored (Farghly
et al., 2026; Pidstrigach, 2022; He et al., 2026) and, more
recently, algorithm-dependent generalization bounds were
proposed for diffusion models (Dupuis et al., 2025; Farghly
et al., 2025). Our work offers a new but complementary
perspective, by suggesting that the mechanisms causing gen-
eralization in diffusion models are fundamentally different
from those in classical settings.

Statistical lower bounds. Recent work analyzed mem-
orization (Buchanan et al., 2025) from a lower bounds
perspective. In particular Lemma 3.1 can be compared
with (Ye et al., 2026), who have shown that J (p̂t||pt) =
L̂DSM(∇ log pt, t) − L̂DSM(∇ log p̂t, t). This is of a dif-
ferent nature than the left-hand side of Equation (4), which
is the sum of the empirical and population ESM losses
for a generic score. That being said, the lower bounds

on J (p̂t||pt) derived in (Ye et al., 2026) for mixture data
could easily be combined with Lemma 3.1. Our results
in Section 3.2 differ in that they consider a very generic
setting and exploit the intrinsic dimension of the data in
statistical guarantees. Note that (4) does not require any
restricting assumption on ν, such as log-Sobolev inequality
as in (Koehler et al., 2023).

Conclusion. In this work, we showed that benign over-
fitting does not occur in diffusion models and precisely
quantified how harmful it is through generic theoretical and
empirical results. We provided a fine-grained analysis of this
behavior in a 2-layer linear random feature model, showing
its relation with model complexity, dimension, and sample
size. Finally, by incorporating the time-integrated losses and
gradient dynamics into our experiments and linear network
analysis, we demonstrated that these key components of
score matching can help prevent overfitting.

Limitations & future works. Our analysis of the mecha-
nisms preventing overfitting in Section 5 is limited to linear
networks. Extending this perspective to non-linear networks
is an important direction for future research. The results of
Propositions 4.1, 5.1 and 5.2 are also limited to simple data
distributions, and extending these results to more complex
settings is an interesting direction. More generally, while
our work shows that benign overfitting cannot happen in
diffusion models, the question remains partially open to un-
derstand how the data distribution can be well-approximated
by practically relevant architectures, which we leave for fu-
ture work.
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Appliquées, 80(7):697–700, 2001.

Pesin, Y. B. Dimension Theory in Dynamical Systems -
Contemporary Views and Applications. Chicago Lectures
in Mathematics. The University of Chicago Press, 1997.

Pesin, Ya. B. On rigorous mathematical definitions of cor-
relation dimension and generalized spectrum for dimen-
sions. Journal of Statistical Physics, 71(3):529–547, May
1993. ISSN 1572-9613. doi: 10.1007/BF01058436.

Pidstrigach, J. Score-based generative models detect mani-
folds. In Koyejo, S., Mohamed, S., Agarwal, A., Belgrave,
D., Cho, K., and Oh, A. (eds.), Advances in Neural Infor-
mation Processing Systems, volume 35, pp. 35852–35865.
Curran Associates, Inc., 2022.

Procaccia, I., Grassberger, P., and Hentschel, H. G. E. On the
characterization of chaotic motions. In Dynamical Sys-
tems and Chaos, volume 179 of Lecture Notes in Physics,
pp. 212–222, Berlin, 1983. Springer. Proceedings of the
conference held in Sitges/Barcelona, 1982.

Rahimi, A. and Recht, B. Random features for large-scale
kernel machines. In Advances in Neural Information
Processing Systems, volume 20, 2007.

Rombach, R., Blattmann, A., Lorenz, D., Esser, P., and
Ommer, B. High-resolution image synthesis with la-
tent diffusion models. In Proceedings of the IEEE/CVF
Conference on Computer Vision and Pattern Recognition
(CVPR), pp. 10684–10695, June 2022.

Ronneberger, O., Fischer, P., and Brox, T. U-net: Convolu-
tional networks for biomedical image segmentation. In
International Conference on Medical image computing
and computer-assisted intervention, pp. 234–241, 2015.

Saharia, C., Chan, W., Saxena, S., Li, L., Whang, J., Denton,
E. L., Ghasemipour, K., Gontijo Lopes, R., Karagol Ayan,

10

http://arxiv.org/abs/1412.6980
http://arxiv.org/abs/1412.6980


550
551
552
553
554
555
556
557
558
559
560
561
562
563
564
565
566
567
568
569
570
571
572
573
574
575
576
577
578
579
580
581
582
583
584
585
586
587
588
589
590
591
592
593
594
595
596
597
598
599
600
601
602
603
604

Benign Overfitting Does Not Occur in Diffusion Models

B., Salimans, T., Ho, J., Fleet, D., and Norouzi, M. Pho-
torealistic text-to-image diffusion models with deep lan-
guage understanding. In Advances in Neural Information
Processing Systems, volume 35, 2022.

Shalev-Shwartz, S. and Ben-David, S. Understanding Ma-
chine Learning: From Theory to Algorithms. Cambridge
University Press, 2014.

Sohl-Dickstein, J., Weiss, E., Maheswaranathan, N., and
Ganguli, S. Deep unsupervised learning using nonequi-
librium thermodynamics. In Proceedings of the 32nd
International Conference on Machine Learning, pp. 2256–
2265, 2015.

Song, Y. and Ermon, S. Generative modeling by estimating
gradients of the data distribution. In Advances in Neural
Information Processing Systems, volume 32, 2019.

Song, Y., Sohl-Dickstein, J., Kingma, D. P., Kumar, A., Er-
mon, S., and Poole, B. Score-based generative modeling
through stochastic differential equations. In International
Conference on Learning Representations, 2021.

Vincent, P. A Connection Between Score Matching and
Denoising Autoencoders. Neural Computation, 23(7):
1661–1674, July 2011. ISSN 0899-7667, 1530-888X.
doi: 10.1162/NECO a 00142.

Watson, J. L., Juergens, D., Bennett, N. R., Trippe, B. L.,
Yim, J., Eisenach, H. E., Ahern, W., Borst, A. J., Ragotte,
R. J., Milles, L. F., Wicky, B. I. M., Hanikel, N., Pellock,
S. J., Courbet, A., Sheffler, W., Wang, J., Venkatesh,
P., Sappington, I., Torres, S. V., Lauko, A., De Bortoli,
V., Mathieu, E., Ovchinnikov, S., Barzilay, R., Jaakkola,
T. S., DiMaio, F., Baek, M., and Baker, D. De novo
design of protein structure and function with RFdiffusion.
Nature, 620(7976):1089–1100, August 2023. ISSN 1476-
4687. doi: 10.1038/s41586-023-06415-8.

Yang, L., Zhang, Z., Song, Y., Hong, S., Xu, R., Zhao, Y.,
Zhang, W., Cui, B., and Yang, M.-H. Diffusion models:
A comprehensive survey of methods and applications.
ACM Comput. Surv., 56(4), 2023.

Ye, Z., Zhu, Q., Tao, M., and Chen, M. Provable separations
between memorization and generalization in diffusion
models. In The Fourteenth International Conference on
Learning Representations, 2026.

Zhang, C., Bengio, S., Hardt, M., Recht, B., and Vinyals,
O. Understanding deep learning requires rethinking gen-
eralization. In International Conference on Learning
Representations (ICLR), 2017.

Zhang, K., Yin, H., Liang, F., and Liu, J. Minimax op-
timality of score-based diffusion models: Beyond the
density lower bound assumptions. In Salakhutdinov, R.,

Kolter, Z., Heller, K., Weller, A., Oliver, N., Scarlett,
J., and Berkenkamp, F. (eds.), Proceedings of the 41st
International Conference on Machine Learning, volume
235 of Proceedings of Machine Learning Research, pp.
60134–60178. PMLR, 21–27 Jul 2024.

11



605
606
607
608
609
610
611
612
613
614
615
616
617
618
619
620
621
622
623
624
625
626
627
628
629
630
631
632
633
634
635
636
637
638
639
640
641
642
643
644
645
646
647
648
649
650
651
652
653
654
655
656
657
658
659

Benign Overfitting Does Not Occur in Diffusion Models

A. Additional Technical Background
A.1. Intrinsic dimensions

Our main results in Section 3 are expressed in terms of the Rényi dimension of a Borel measure µ on Rd. This notion was
first developed by (Procaccia et al., 1983) and then rigorously treated in (Pesin, 1997; 1993). It is a standard notion in the
theory of chaotic dynamical systems. We provide below the definition.

Definition A.1 (Rényi dimension of a measure). Let µ be a Borel probability measure on Rd. The upper Rényi dimension
of µ is defined by

γ(µ) := lim sup
δ→0

(
1

log δ
log

(∫
µ(B(x, δ))dµ(x)

))
.

Similarly, the lower Rényi dimension of µ is defined by

γ(µ) := lim inf
δ→0

(
1

log δ
log

(∫
µ(B(x, δ))dµ(x)

))
.

Remark A.1. The definition above is actually a particular case of the larger family of Rényi dimension, where it actually
corresponds to to the Rényi dimension of order 2. Note that Definition A.1 is also sometimes called the correlation dimension
in the literature (Pesin, 1993).
Remark A.2. In particular, any measure that is supported on a smooth manifold and is Ahlfors regular (see (Mattila et al.,
2000; Falconer, 2014)) on this manifold, then the Rényi dimension of Definition A.1 is equal to the manifold dimension.

A.2. Random covariance matrices

We recall here some basic random matrix theory results related to random covariance matrices and the Marchenko-Pastur
theorem. We invite the reader to consult (Couillet & Liao, 2022) for additional details.

Given a symmetric matrix Σ ∈ Rd×d, we denote its spectrum by Spec(Σ) (where the eigenvalues are counted with their
multiplicity). The spectral measure of Σ is defined by

µ̂Σ :=
1

d

∑
λ∈Spec(Σ)

δλ . (8)

We recall below the celebrated Marchenko-Pastur theorem (Marchenko & Pastur, 1967). To this end, we first define the
Marchenko-Pastur distribution below.

Definition A.2 (Marchenko-Pastur distribution). Let ψ > 0. The Marchenko-Pastur distribution with shape parameter ψ,
denoted here µ(ψ)

MP, is the probability distribution on R+ defined by

µ
(ψ)
MP(dx) :=

(
1− 1

ψ

)
+

δ0 +

√
(ψ+ − x)(x− ψ−)

2πψx
1[ψ−,ψ+](x)dx ,

where y+ := max(0, y), ψ− = |1−√
ψ|2, and ψ+ := (1 +

√
ψ)2.

The Marchenko-Pastur’s theorem is given below.

Theorem A.1 (Marchenko-Pastur’s theorem). Let X be random vector Rd with i.i.d. components with zero mean, unit
variance, and uniformly bounded moments1 of order 4 + ϵ for some ϵ > 0. Define the empirical covariance matrix,

Σ̂ :=
1

n

n∑
i=1

XiX
T
i ,

with X1, . . . , Xn i.i.d. copies of X . Consider that d = dn with limn→∞(dn/n) = ψ > 0. Then, with probability one, the
empirical measure µ̂Σ̂ converges weakly to the Marchenko-Pastur distribution with shape parameter ψ.

1We refer to Theorem 2.4 of (Couillet & Liao, 2022) for a discussion on the different conditions required by the Marchenko-Pastur
theorem.
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B. Omitted Proofs
In this section we present all the omitted proofs of our main results of Sections 3 to 5.

B.1. Omitted proofs of Section 3

B.1.1. PROOF OF LEMMA 3.1.

We present below the proof of Lemma 3.1.

Proof. Let S := (Z1, . . . , Zn) ∼ ν⊗n be a dataset sampled from the data distribution. Let (X̂t)t≥0 the Ornstein-Uhlenbeck
process dX̂t = −κX̂tdt +

√
2dBt initialized at the empirical data distribution X̂0 ∼ 1

n

∑n
i=1 δXi

. We denote by p̂t the
probability density of X̂t, conditioned on S := (Z1, . . . , Zn). Let s : [0, T ]× Rd → Rd be an arbitrary measurable score
function. By definition of the Fisher information and the triangle inequality (note that the expectation is over both the noise
and the dataset), we have, for any t > 0,

E [J (p̂t||pt)] = E
[∥∥∥∇ log p̂t(X̂t)−∇ log pt(X̂t)

∥∥∥2]
≤ 2E

[∥∥∥∇ log p̂t(X̂t)− s(t, X̂t)
∥∥∥2]+ 2E

[∥∥∥s(t, X̂t)−∇ log pt(X̂t)
∥∥∥2]

= 2E
[∥∥∥∇ log p̂t(X̂t)− s(t, X̂t)

∥∥∥2]+ 2E
[
∥s(t,Xt)−∇ log pt(Xt)∥2

]
,

where the last equality follows as law(Xt) is the marginal distribution of X̂t under S ∼ ν⊗n. We immediately deduce that
for any t > 0, we have

E [J (p̂t||pt)] ≤ 2E
[
LESM(s, t) + L̂ESM(s, t)

]
.

For the second part of the statement, by the triangle inequality, we have that

E [J (p̂t||pt)] =
∫
Rd

E

[∥∥∥∥∇ log
p̂t
pt
(x)

∥∥∥∥2 p̂t(x)
]
dx ≥ 1

2
E [J (p̂t)]− J (pt) .

Note that J (pt) ≤ J (ν) < +∞ under our assumptions. Then, the fact that E [J (p̂t)] → +∞ as t→ 0+ follows from
standard arguments. For the sake of completeness, let us provide a short proof in the case κ = 0 (without loss of generality,
the other cases follow by the same computation by using the invariant distribution of the forward process instead of the
Lebesgue measure as a reference measure). Let h(f) := −

∫
f(x) log f(x)dx denote the entropy functional, as soon as it is

well-defined. As a consequence of the De-Bruijn’s identity and the fact that the Fisher information is non-increasing along
the semigroup (Bakry et al., 2014), we have, for t > s > 0, that

h(p̂t)− h(p̂s) =

∫ t

s

J (p̂u)du ≤ (t− s)J (p̂s) .

Given (Z1, . . . , Zn) ∼ ν⊗n, we easily see that

−h(p̂s) ≥ − 1

n

n∑
i=1

h(fZi,σt)− log(n) = −d
2
log(2πe) +

d

2
log(σ−2

t )− log(n) ,

where fµ,σ is the density of N(µ, σId). Thus E [J (p̂s)] → +∞ as s→ 0+.

This concludes the proof.

Remark B.1. As an immediate consequence, for any positive Borel measure ϖ on [0, T ], we have

E
[
LESM(s,ϖ) + L̂ESM(s,ϖ)

]
≥ 1

2

∫
[0,T ]

E [J (p̂t||pt)] dϖ(t) .

13
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B.1.2. LOWER BOUND UNDER LOG-SOBOLEV INEQUALITIES

In this subsection, we present some additional results to complement Lemma 3.1. Our goal is to show that, under the
assumption that the data distribution satisfies a logarithmic Sobolev inequality, we can obtain a similar lower bound than
Lemma 3.1, where the relative Fisher information term can be replaced by other divergences, such as the total variation
distance.

Conventions for probabilistic inequalities. We define the total variation distance as

TV(µ, ν) := sup
A

|µ(A)− ν(A)| .

We say that a Borel probability distribution ν satisfies the log-Sobolev inequality with constant if for all differentiable
f ∈ L1(ν), we have

Entν(f) ≤
ρ

2

∫ ∥∇f∥2
f

dν .

Equipped with these definitions, we have the following proposition.

Proposition B.1. Assume that the data distribution satisfies the log-Sobolev inequality with constant ρ0. Let ϖ be a positive
Borel measure on [0, T ], we have

E
[
LESM(θ,ϖ) + L̂ESM(θ,ϖ)

]
≥
∫
[0,T ]

2

µ2
tρ0 + σ2

t

TV(pt, p̂t)
2dϖ(t) .

Proof. By stability of the log-Sobolev inequality under Lipschitz mappings and convolution (Chafai, 2004), we have that pt
satisfies the log-Sobolev inequality with constant ρt := µ2

tρ0 + σ2
t . Therefore, for any t > 0, we have

1

2
J (p̂t||pt) ≥

1

µ2
tρ0 + σ2

t

KL (p̂t||pt) (log-Sobolev inequality)

≥ 2

µ2
tρ0 + σ2

t

TV(p̂t, pt)
2 (Pinsker’s inequality) .

The result immediately follows by integrating over ϖ and applying Lemma 3.1.

Remark B.2. We immediately see that, if α > 0, we have,

E
[
LESM(θ,ϖ) + L̂ESM(θ,ϖ)

]
≥ 2

max(α−1, ρ0)

∫
[0,T ]

TV(pt, p̂t)
2dϖ(t) .

B.1.3. PROOF OF THEOREM 3.1

Before giving the proof of Theorem 3.1, we provide some technical lemmas below. Recall that we denote by pt|0(·|x) the
conditional density of Xt given X0 = x, defined by Equation (2).

Lemma B.1. Given any x ∈ Rd and Y ∼ pϵ|0(·|x), we have that for any ∆ ≥ 0,

P(∥Y − µϵx∥ ≥ σϵm+∆) ≤ exp

(
− ∆2

2σ2
ϵ

)
,

P(∥Y − µϵx∥ ≤ σϵm−∆) ≤ exp

(
− ∆2

2σ2
ϵ

)
,

where m = EZ∼N(0,Id)[∥Z∥].

Proof. By definition, we have that the random variable Z = σ−1
ϵ (Y − µϵX) is a standard multivariate Gaussian. Thus, by

Gaussian concentration of measure (see e.g., Section 5.4.2 of (Bakry et al., 2014)), we have that for any 1-Lipschitz function
f ,

P(f(Z)− E[f(Z)] ≥ t) ≤ exp(−t2/2) .
Choosing f(z) = ∥z∥ and f(z) = −∥z∥ along with t = ∆/σϵ.
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The proof of Theorem 3.1 is based on the following proposition, providing a lower bound on the sample size, provided that
two KL divergences associated to the population and empirical forward processes are both smaller than an absolute constant.
Below, we use the following convention and notation for the total variation distance:

∥µ− ν∥TV := sup
A

|µ(A)− ν(A)| , (9)

for probability measure µ and ν. We also recall that we denote by pt the probability density of Xt following Equation (1)
and by p̂t the probability density of the process dX̂t = −κX̂tdt +

√
2dBt initialized at X̂0 ∼ 1

n

∑n
i=1 δZi

, for t > 0,
where S := (Z1, . . . , Zn) ∼ ν⊗n is the dataset.
Proposition B.2. Let ϵ > 0. For any distribution ν̂ on Rd, which might depend on the dataset S, if E [KL (p̂ϵ||ν̂)] ≤ 1/16
and E [KL (pϵ||ν̂)] ≤ 1/16, then we have n ≥ nmin(ϵ), with, for ϵ small enough

log nmin(ϵ) ≥ −1

2
log
(
8
√
d ∨ log(64)σϵ

)
γ(ν) ,

where γ(ν) is the lower correlation dimension defined in Definition A.1.

Proof of Proposition B.2. We begin with Pinsker’s inequality and the reverse triangle inequality for the total variation
distance, which are used to obtain

E [KL (pϵ||ν̂)] ≥ 2E[∥pϵ − ν̂∥2TV]

≥ 2E
[
(∥pϵ − p̂ϵ∥TV − ∥p̂ϵ − ν̂∥TV)

2
]

≥ 2

(√
E [∥pϵ − p̂ϵ∥2TV]−

√
E [∥p̂ϵ − ν̂∥2TV]

)2

,

where the final inequality follows from the triangle inequality in weighted L2-norm. Since, we have 2E[∥p̂ϵ − ν̂∥2TV] ≤
E [KL (p̂ϵ||ν̂)] ≤ 1/16, we conclude from this that if E [KL (pϵ||ν̂)] ≤ 1/16 then E[∥pϵ − p̂ϵ∥2TV] ≤ 1

8 .

We now identify a test set to lower bound the total variation using that for any Borel set A,

∥pϵ − p̂ϵ∥TV ≥ |pϵ(A)− p̂ϵ(A)| .
As in Lemma B.1, we define m = EZ∼N(0,Id)[∥Z∥]. We define the set AR := {y ∈ Rd : y /∈ Bσϵm+R(µϵZi), ∀i =
1, . . . , n} so that the empirical density is upper bounded by

p̂ϵ(AR) ≤
1

N

N∑
i=1

pϵ|0(Bmσϵ+R(µϵZi)
∁|Zi) = 1− pϵ,R ,

where pϵ,R := pϵ|0(Bmσϵ+R(0)|0). Define the set

ÃR := {y ∈ Rd : ∥y − Zi∥ ≥ 2(R+mσϵ)/µϵ, ∀i = 1, . . . , n} .
The population density is lower bounded using that for any x ∈ ÃR, we have Bmσϵ+R(µϵx) ⊂ AR and hence,

pϵ(AR) ≥
∫
ÃR

pϵ|0(AR|x)ν(dx)

≥
∫
ÃR

pϵ|0(Bmσϵ+R(µϵx)|x)ν(dx)

= ν(ÃR)pϵ,R .

We further bound this using the union bound,

ES [ν(ÃR)] = 1− ES

[
PX∼ν

(
n⋃
i=1

{∥X − xi∥ < 2(R+mσϵ)/µϵ}
)]

≥
(
1−

n∑
i=1

E[PX∼ν(∥X − xi∥ < 2(R+mσϵ)/µϵ)]

)
+

= (1− nδ(2(R+mσϵ)/µϵ))+ ,

15



825
826
827
828
829
830
831
832
833
834
835
836
837
838
839
840
841
842
843
844
845
846
847
848
849
850
851
852
853
854
855
856
857
858
859
860
861
862
863
864
865
866
867
868
869
870
871
872
873
874
875
876
877
878
879

Benign Overfitting Does Not Occur in Diffusion Models

where we define δ(r) = EX∼ν [ν(Br(X))]. The total variation is then lower bounded using AR as a test set: Correct
equation:

E[∥pϵ − p̂ϵ∥TV] ≥ E[pϵ(AR)− p̂ϵ(AR)] ≥
((

1− nδ

(
2(R+mσϵ)

µϵ

))
+

pϵ,R − (1− pϵ,R)

)
+

.

To guarantee that this bound is non-trivial, we now choose R using Lemma B.1. Setting R2 = 2 log(8)σ2
ϵ , leads to the

bound,

pϵ,R ≥ 1− exp

(
− R2

2σ2
ϵ

)
≥ 3

4
.

We also choose ϵ such that µϵ ≥ 1/2 so that 2(R+mσϵ)/µϵ ≤ 8
√
d ∨ log(64)σϵ and 8

√
d ∨ log(64)σϵ < 1.

Thus, by Jensen’s inequality, we have the lower bound,

E[∥pϵ − p̂ϵ∥2TV]
1/2 ≥ 1

4

(
3(1− nδ(8

√
d ∨ log(64)σϵ))+ − 1

)
+
.

From this bound we we deduce that,

E
[
∥pϵ − p̂ϵ∥2TV

]
≤ 1

8
=⇒ (3(1− nδ(8

√
d ∨ log(64)σϵ))+ ≤ 1 +

√
2

=⇒ n ≥ 2−
√
2

3 δ(8
√
d ∨ log(64)σϵ)

=: nmin(ϵ) .

By the definition of the lower Rényi dimension in Definition A.1, we have that

γ(ν) = lim inf
ϵ→0+

log δ(8
√
d ∨ log(64)σϵ)

log(8
√
d ∨ log(64)σϵ)

.

Let η > 0 be fixed, by definition, we have that there exists ϵ0 such that, for all ϵ < ϵ0, we have

log nmin(ϵ) ≥ − log

(
2−

√
2

3

)
− log

(
8
√
d ∨ log(64)σϵ

)
(γ(ν)− η) .

In particular, if γ(ν) > 0, for ϵ small enough, we have that

log nmin(ϵ) ≥ −1

2
log
(
8
√
d ∨ log(64)σϵ

)
γ(ν) .

Moreover, if γ(ν) = 0, then the above inequality is always verified. This concludes the proof.

We can now present the proof of Theorem 3.1.

Proof of Theorem 3.1. Suppose that EX∼ν [∥X∥2] = σ2 < ∞, T ≥ 1 + 1
2κ log(32(σ

2 + κ−1d)), and d ≥ 5. We begin
by expressing the weighted ESM loss in terms of the standard ESM loss by using the fact that the density w of ϖ is
non-decreasing on its support. We have, for δ ≥ ϵ,

L̂ESM(ŝ, ϖ) =

∫ T

ϵ

L̂ESM(ŝ, t)w(t)dt ≥ w(δ)L̂ESM(ŝ, ϖδ
ELBO) ,

where we recall δ = w−1(32ε). By the assumption that ε ≤ sup(w)/32, we have,

E[L̂ESM(ŝ, ϖδ
ELBO)] ≤

ε

w(δ)
≤ 1

32
.

Via the same argument, we also obtain that E[LESM(ŝ, ϖ)] ≤ ε implies that E[LESM(ŝ, ϖδ
ELBO)] ≤ 1/32. Therefore it is

sufficient to show that E[L̂ESM(ŝ, ϖδ
ELBO)] ≤ 1/32, E[LESM(ŝ, ϖδ

ELBO)] ≤ 1/32 leads to the lower bound on n.
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It follows from standard bounds based on Girsanov’s theorem that

KL (pδ||qT−δ) ≤ LESM(ŝ, ϖδ
ELBO) + KL (pT ||q0) ,

KL (p̂δ||qT−δ) ≤ L̂ESM(ŝ, ϖδ
ELBO) + KL (p̂T ||q0) .

Using that q0 satisfies a logarithmic Sobolev inequality with constant 2κ, in combination with Corollary 2 of (Otto & Villani,
2001), we obtain the upper bound,

KL (pT ||q0) ≤ exp(−2κ(T − s))KL (ps||q0)

≤ exp(−2κ(T − s))

4s
W2(p0, q0)

2 ,

any s ∈ (0, T ]. Setting s = 1, we obtain,

KL (pT ||q0) ≤
exp(−2κ(T − 1))

2
(κ−1σ2 + d) .

By the lower bound assumption on T , we have that KL (pT ||q0) ≤ 1/32 and, via a similar argument, E[KL (p̂T ||q0)] ≤ 1/32
also. Thus, it follows that

E [KL (pδ||qT−δ)] , E [KL (p̂δ||qT−δ)] ≤ 1/16 .

The result then follows immediately from Proposition B.2.

B.2. Omitted proofs of Section 4

In this section, we present the proofs of Lemma 4.1 and Proposition 4.1.

B.2.1. PROOF OF LEMMA 4.1

We present below the proof of Lemma 4.1.

Proof. Let (Z1, . . . , Zn) ∈ (Rd)N be a dataset and W ∈ Rp×d be fixed. By assumption, W has full rank. Let Ξ ∼ N(0, Id).
We can write the empirical risk as

A 7→ 1

n

n∑
i=1

E
[
∥σtAW (αtZi + σtΞ) + Ξ∥2

]
.

As E [Ξ] = 0, we have

σ2
t L̂DSM(sW,A, t) = d+ σ2

t

1

n

n∑
i=1

E
[
Tr
(
WTATAW (αtZi + σtΞ)(αtZi + σtΞ)

T
)]

+ 2σ2
tE
[
Tr
(
AWΞΞT

)]
= d+ σ2

tTr
(
ATAW (α2

t Σ̂+ σ2
t Id)W

T
)
+ 2σ2

tTr(AW )

= d+ σ2
tTr

(
ATAW Σ̂tW

T
)
+ 2σ2

tTr(AW ) .

Let A ∈ argmin R̂W,t(Â), by taking the gradient above, we have

AW Σ̂tW
T +WT = 0 . (10)

Case 1 (p < d). By our assumptions, the matrix W has full rank, so its rank is p in this case. The matrix Σ̂t is always
invertible, as soon as t > 0; we also know that rank(W ) = rank(W Σ̂

1/2
t ), therefore, we conclude that rank(W Σ̂tW

T ) =

p, so the matrix W Σ̂tW
T ∈ Rp×p is invertible.
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Therefore, the empirical risk minimizer is given by

Â := −WT (W Σ̂tW
T )−1 .

Using Equation (10), we have that

σ2
t L̂DSM(sW,Â, t) = d− σ2

tTr
(
WT (W Σ̂tW

T )−1W
)
.

To compute the score matching loss, we note that when
−→
X 0 ∼ ν = N(0,Σ), then Xt ∼ N(0, α2

tΣ + σ2
t Id) = N(0,Σt).

Therefore, the score can be expressed as

∇ log pt(x) = −Σ−1
t x .

The score mathcing loss is then equal to

LESM(sW,Â, t) = E
[∥∥∥ÂW (αtZ + σtΞ) +Σ−1

t (αtZ + σtΞ)
∥∥∥2] ,

with (Z,Ξ) ∼ ν ⊗N(0, Id). By symmetry of ÂW , we obtain that

LESM(sW,Â, t) = E
[∥∥∥ÂW (αtZ + σtΞ) +Σ−1

t (αtZ + σtΞ)
∥∥∥2]

= Tr
(
WT ÂT ÂWΣt + 2ÂW +Σ−1

t

)
=
∥∥∥(WT (W Σ̂tW

T )−1W −Σ−1
t

)
Σ

1/2
t

∥∥∥2
F
.

Case 2. (p ≥ d) In this case, by similar argument as in the first case, we note that the matrix W ∈ Rp×d has full rank by
assumption. Consider the linear map ΦW : Rd×p → Rd×d defined by ΦW (A) = AW . Then, we easily show that this map
is almost-surely surjective, because the matrix W admits a left inverse W+ such that W+W = Id (which can be obtained
from the singular value decomposition of W ).

As both the empirical risk and the score matching loss depend only on A through the product AW , we have that all the
empirical risk minimizers Â satisfy ÂW = Ĥ ∈ Rd×d, with Ĥ the empirical minimizer of the following linear model:

Ĥ ∈ argmin
H

{
1

n

n∑
i=1

E
[
∥σtH(αtZi + σtΞ) + Ξ∥2

]}
, (Z,Ξ) ∼ ν ⊗N(0, Id) .

By similar computations as before, we easily show that Ĥ = −Σ̂−1
t . Therefore, the minimum empirical risk is

σ2
t L̂DSM(sW,Â, t) = d− σ2

tTr
(
Σ̂−1
t

)
.

Finally, the score matching loss can be expressed as

LESM(sW,Â, t) = Tr
(
(ÂW +Σ−1

t )2Σt

)
=
∥∥∥(Σ̂−1

t −Σ−1
t

)
Σ

1/2
t

∥∥∥2
F
.

This concludes the proof.

B.2.2. PROOF OF PROPOSITION 4.1

We prove Proposition 4.1 as a corollary of the following more general result, which gives the exact asymptotic behavior of
the score matching loss and the empirical risk.

Proposition B.3. Consider the same setup as in Proposition 4.1. Let Â ∈ argminA R̂W,t(A). If ψp > ψd, we have

lim
n→∞

1

d
inf
A

(
σ2
t L̂DSM(sW,A, t)

)
= 1− σ2

t

∫
dµ

(ψd)
MP (λ)

α2
tβλ+ σ2

t

,
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and

lim
n→∞

LESM(sW,Â, t) = (α2
tβ + σ2

t )

∫ (
1

α2
tβλ+ σ2

t

− 1

α2
tβ + σ2

t

)2

dµ
(ψd)
MP (λ) .

If ψp < ψd, we have

1

d
σ2
t L̂DSM(sW,Â, t) −→

n→∞
1− σ2

t

ψp
ψd

∫
1

α2
tβλ+ σ2

t

dµ
(ψp)
MP (λ) ,

and

1

d
LESM(sW,Â, t) −→

n→∞
(α2
tβ + σ2

t )
ψp
ψd

∫ (
1

α2
tβλ+ σ2

t

− 1

α2
tβ + σ2

t

)2

dµ
(ψp)
MP (λ) +

1− ψp

ψd

α2
tβ + σ2

t

.

Proof. First, we note that in that case we have Σt = (α2
tβ + σ2

t )Id. Moreover, we observe that, as the matrix W ∈ Rp×d
has i.i.d. standard Gaussian entries, it has almost-surely full rank.

We can therefore apply Lemma 4.1, we distinguish two cases.

Case 1. (ψp > ψd) For n large enough, we have p > d. In this case, by Lemma 4.1, the normalized empirical risk can be
written as

1

d
inf
A

(
σ2
t L̂DSM(sW,A, t)

)
= 1− σ2

t

∫ dµβ−1/2Σ̂(λ)

α2
tβλ+ σ2

t

,

where, for a positive definite matrix M , µ̂M denotes the empirical spectral measure of M , see Section A.2.

By the Marchenko-Pastur theorem (e.g. Theorem 2.4 of (Couillet & Liao, 2022)), we know that, almost-surely, the measure
µβ−1/2Σ̂ converges weakly to the Marchenko-Pastur distribution with shape parameter ψd, denoted µ(ψd)

MP , see Section A.2.
The map λ 7→ (α2

tβλ+ σ2
t ) is bounded and continuous, therefore, we have

lim
n→∞

1

d
inf
A

(
σ2
t L̂DSM(sW,A, t)

)
= 1− σ2

t

∫
dµ

(ψd)
MP (λ)

α2
tβλ+ σ2

t

.

Similarly, we have, with Â ∈ argminA R̂W,t(A),

LESM(sW,Â, t) =
1

d
(α2
tβ + σ2

t )
∥∥∥(Σ̂−1

t −Σ−1
t

)
Σ

1/2
t

∥∥∥2
F

−→
n→∞

(α2
tβ + σ2

t )

∫ (
1

α2
tβλ+ σ2

t

− 1

α2
tβ + σ2

t

)2

dµ
(ψd)
MP (λ) .

Case 2. (ψp < ψd) For n large enough, we have d > p In this case, we note (see the proof of Lemma 4.1) that the matrix W
is almost surely of rank p. Therefore, we can write the singular value decomposition of W in the form W = UΛV T , where
U ∈ Rp×p is orthonormal, Λ ∈ Rp×p is a diagonal matrix with positive diagonal coefficients, and V ∈ Rd×p is column
orthonormal (V TV = Ip).

With these notations and noting that V TV = Ip, we have, almost-surely, that

1

d
σ2
t L̂DSM(sW,Â, t) = 1− σ2

tTr
(
V ΛUT (UΛV T Σ̂tV ΛUT )−1UΛV T

)
= 1− σ2

tTr
(
V (V T Σ̂tV )−1V T

)
= 1− σ2

tTr
(
(V T Σ̂tV )−1

)
.

Now we observe that

V T Σ̂tV = α2
tV

T Σ̂V + σ2
t Ip =

α2
t

n

n∑
i=1

V TZi(V
TZi)

T + σ2
t Ip .
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Recall that (Z1, . . . , Zn) ∼ N(0, βId)
⊗n and that V is column orthonormal (actually, it is even uniformly distributed) and

independent of (Z1, . . . , Zn). By independence and invariance by rotation of N(0, βId), we have that V TZi ∼ N(0, βIp).
Moreover, we have that (V TZ1, . . . , V

TZn) ∼ N(0, βIp)
⊗n. Thus, we can apply the p-dimensional version of the

Marchenko-Pastur theorem, which gives that

1

d
σ2
t L̂DSM(sW,Â, t) −→

n→∞
1− σ2

t

ψp
ψd

∫
1

α2
tβλ+ σ2

t

dµ
(ψp)
MP (λ) .

By Lemma 4.1, we have

1

d
LESM(sW,Â, t) =

1

d

∥∥∥(WT (W Σ̂tW
T )−1W −Σ−1

t

)
Σ

1/2
t

∥∥∥2
F

=
α2
tβ + σ2

t

d

∥∥∥(V (V T Σ̂tV )−1V T −Σ−1
t

)∥∥∥2
F
.

Recall that Σt = (α2
tβ + σ2

t )Id. By the Pythagoeran theorem, we have

1

d
LESM(sW,Â, t) =

α2
tβ + σ2

t

d

(∥∥∥∥V (V T Σ̂tV )−1V T − V V T

α2
tβ + σ2

t

∥∥∥∥2
F

+

∥∥Id − V V T
∥∥2
F

(α2
tβ + σ2

t )
2

)

=
α2
tβ + σ2

t

d

(∥∥∥∥(V T Σ̂tV )−1 − Ip
α2
tβ + σ2

t

∥∥∥∥2
F

+
Tr
(
Id − V V T

)
(α2
tβ + σ2

t )
2

)

=
α2
tβ + σ2

t

d

(∥∥∥∥(V T Σ̂tV )−1 − Ip
α2
tβ + σ2

t

∥∥∥∥2
F

+
d− p

(α2
tβ + σ2

t )
2

)
.

By the arguments above (for the empirical risk), we observe that we can apply the p dimensional version of the Marchenko-
Pastur theorem to the first term, this gives, almost-surely,

1

d
LESM(sW,Â, t) −→

n→∞
(α2
tβ + σ2

t )
ψp
ψd

∫ (
1

α2
tβλ+ σ2

t

− 1

α2
tβ + σ2

t

)2

dµ
(ψp)
MP (λ) +

1− ψp

ψd

α2
tβ + σ2

t

.

This concludes the proof.

We present below the proof of Proposition 4.1.

Proof. (of Proposition 4.1) We apply Proposition B.3 and focus on the case where ψp ∧ ψd > 1. Then, in both cases
below, the Marchenko-Pastur distributions appearing in Proposition B.3 have a mass at zero, which we exploit to obtain our
estimates. Let f (ψ)MP denote the bulk density of the Marchenko-Pastur distribution with shape parameter ψ > 0. Note that this
is only a probability density when ψ ≤ 1, see Section A.2.

Case 1. (ψp > ψd). Then, we have, almost-surely,

lim
n→∞

1

d
inf
A

(
σ2
t L̂DSM(sW,A, t)

)
= 1− σ2

t

(
1− 1

ψd

)
1

σ2
t

− σ2
t

∫
f
(ψd)
MP (λ)

α2
tβλ+ σ2

t

dλ .

The bulk density f (ψd)
MP is supported on [(

√
ψd − 1)2, (

√
ψd + 1)2] and we have

∫
f
(ψd)
MP (λ)dλ = ψ−1

d . Therefore, we have,
almost-surely

lim
n→∞

1

d
inf
A

(
σ2
t L̂DSM(sW,A, t)

)
=

1

ψd
+O

(
1

ψ2
d

)
.

For the score matching loss, we have similarly that, almost-surely,

lim
n→∞

(
1

d
LESM(sW,Â, t)

)
=

(
1− 1

ψd

)
α4
tβ

2

σ4
t (α

2
tβ + σ2

t )

+ (α2
tβ + σ2

t )

∫ (
1

α2
tβλ+ σ2

t

− 1

α2
tβ + σ2

t

)2

f
(ψd)
MP (λ)dλ

=

(
1− 1

ψd

)
α4
tβ

2

σ4
t (α

2
tβ + σ2

t )
+O

(
1

ψd

)
.
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Case 2. (ψp < ψd) In that case, by very similar computations, we obtain

lim
n→∞

1

d
inf
A

(
σ2
t L̂DSM(sW,A, t)

)
= 1− ψp

ψd

(
1− 1

ψp

)
− σ2

t

ψp
ψd

∫
f
(ψp)
MP (λ)

α2
tβλ+ σ2

t

dλ

= 1 +
1

ψd
− ψp
ψd

+Ot

(
1

ψpψd

)
.

Finally, for the score matching loss, we obtain

lim
n→∞

(
1

d
LESM(sW,Â, t)

)
=
ψp
ψd

(
1− 1

ψp

)
α4
tβ

2

σ4
t (α

2
tβ + σ2

t )
+

1− ψp

ψd

α2
tβ + σ2

t

+ (α2
tβ + σ2

t )
ψp
ψd

∫ (
1

α2
tβλ+ σ2

t

− 1

α2
tβ + σ2

t

)2

f
(ψp)
MP (λ)dλ

=
ψp
ψd

(
1− 1

ψp

)
α4
tβ

2

σ4
t (α

2
tβ + σ2

t )
+

1− ψp

ψd

α2
tβ + σ2

t

+O
(

1

ψd

)
.

The result follows by rearranging the terms.

B.3. Omitted proofs of Section 5.1

In this section, we present the proofs of Section 5.1, related to the impact of the time integration in the score matching loss.

B.3.1. PROOF OF LEMMA 5.1

Proof. (of Lemma 5.1) By calculations similar to the proof of Lemma 4.1, we can write the denoising score matching loss as

L̂DSM(sA,W , ϖ) = σ−2
π

∫
[0,T ]

(
d+ σ2

tTr(A
TAW Σ̂tW

T ) + 2σ2
tTr(AW )

)
dπ(t)

=
d

σ2
π

+Tr(WTATAW Σ̂ϖ) + 2Tr(AW ) .

By reasoning as in the proof Lemma 4.1, we observe that (because p > d) the empirical risk minimization is equivalent to a
linear model with variable all the empirical risk minimizers Â satisfy

ÂW = −Σ̂−1
ϖ .

Therefore, the minimum empirical risk is equal to

inf
A

L̂DSM(sA,W , ϖ) =
d

σ2
π

− Tr
(
Σ̂−1
ϖ

)
.

Again, by similar calculations as in the proof of Lemma 4.1, we can express the population score matching loss as

LESM(sÂ,W , π) =

∫
[0,T ]

E
[∥∥∥ÂW (αtZ + σtΞ) +Σ−1

t (αtZ + σtΞ)
∥∥∥2] dπ(t) .

with (Z,Ξ) ∼ ν ⊗N(0,Σ). Therefore, we have

LESM(sÂ,W , π) =

∫
[0,T ]

Tr
(
Σ̂−2
ϖ Σt − 2Σ̂−1

ϖ +Σ−1
t

)
dπ(t)

= Tr

(
Σ̂−2
ϖ Σπ − 2Σ̂−1

ϖ +

∫
[0,T ]

Σ−1
t dπ(t)

)

=
∥∥∥(Σ̂−1

ϖ −Σ−1
π

)
Σ1/2
π

∥∥∥2
F
+Cπ ,
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with

Cπ := Tr

(∫
[0,T ]

Σ−1
t dπ(t)−Σ−1

π

)
. (11)

By diagonalizing Σt and using Jensen’s inequality, we see that Cπ ≥ 0.

Remark B.3 (Case where p ≤ d.). By proceeding like in the proof of Lemma 4.1, we have that

inf
A

L̂DSM(sA,W , ϖ) =
d

σ2
π

− Tr
(
WT (W Σ̂ϖW

T )−1W
)
.

Similarly, for the explicit score matching loss, we have

LESM(sÂ,W , π)
∥∥∥(WT (W Σ̂ϖW

T )−1W −Σ−1
π

)
Σ1/2
π

∥∥∥2
F
+Cπ ,

where Â = −(W Σ̂ϖW
T )−1 is the empirical risk minimizer. These formulas are used to obtain the exact asymptotics

presented in Figure 3, using very similar computations as in the proofs of Section 4.
Remark B.4 (Case where π is the uniform distribution and κ = 1.). In that case, we have

1

d
Cπ =

1

T

∫ T

0

dt

α2
tβ + σ2

t

− 1

α2
πβ + σ2

π

.

We easily see that

α2
π =

1

T

∫ T

0

e−2tdt =
1− e−2T

2T
, σ2

π = 1− 1− e−2T

2T
.

Therefore, we have

1

d
Cπ =

1

T

∫ T

0

dt

e−2tβ + 1− e−2t
− 2T

β(1− e−2T ) + 2T − 1 + e−2T

=
1

2T
log

(
e2T + β − 1

β

)
− 2T

β(1− e−2T ) + 2T − 1 + e−2T
.

Therefore, we have

1

d
Cπ =

1

2T
log

(
1 + e−2T (β − 1)

β

)
+

β(1− e−2T )− 1 + e−2T

β(1− e−2T ) + 2T − 1 + e−2T
= O

(
1

T

)
. (12)

B.3.2. PROOF OF PROPOSITION 5.1

We provide below the proof of Proposition 5.1. We first provide, in the next proposition, the exact asymptotics of the score
matching losses in the case of time-integrated losses.

Proposition B.4. Consider the same setup as in Proposition 5.1, we have

lim
n→∞

(
1

d
inf
A

L̂DSM(sA,W , ϖ)

)
=

1

σ2
π

−
∫

dµ
(ψd)
MP (λ)

α2
ϖβλ+ σ2

ϖ

,

and

lim
n→∞

(
1

d
LESM(sÂ,W , π)

)
= (α2

πβ + σ2
π)

∫ (
1

α2
ϖβλ+ σ2

ϖ

− 1

α2
πβ + σ2

π

)2

dµ
(ψd)
MP (λ) + Cπ ,

where, as before, µ(ψd)
MP is the Marchenko-Pastur distribution with shape parameter ψd, and

Cπ :=

∫
[0,T ]

π(dt)

α2
tβ + σ2

t

− 1

α2
πβ + σ2

π

≥ 0 . (13)
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Proof. Assume that ψp > ψd. Then, by Lemma 4.1 (using the same notations), we have

1

d
inf
A

L̂DSM(sA,W , ϖ) =
1

σ2
π

−
∫ dµβ−1/2Σ̂(λ)

α2
ϖβλ+ σ2

ϖ

.

By the Marchenko-Pastur’s theorem, we have

lim
n→∞

(
1

d
inf
A

L̂DSM(sA,W , ϖ)

)
=

1

σ2
π

−
∫

dµ
(ψd)
MP (λ)

α2
ϖβλ+ σ2

ϖ

.

Similarly, the score matching loss can be expressed as

1

d
LESM(sÂ,W , π) =

α2
πβ + σ2

π

d

∥∥∥∥Σ̂−1
ϖ − Id

α2
πβ + σ2

π

∥∥∥∥2
F

+
Cπ
d
,

where Cπ is defined in the proof of Lemma 5.1. Under Assumption 4.1, we observe that Cπ/d is independent of d, and
therefore we can define

Cπ :=
Cπ
d

=

∫
[0,T ]

π(dt)

α2
tβ + σ2

t

− 1

α2
πβ + σ2

π

≥ 0 ,

where the inequality follows from Jensen’s inequality. By applying the Marchenko-Pastur theorem, we obtain

lim
n→∞

(
1

d
LESM(sÂ,W , π)

)
= (α2

πβ + σ2
π)

∫ (
1

α2
ϖβλ+ σ2

ϖ

− 1

α2
πβ + σ2

π

)2

dµ
(ψd)
MP (λ) + Cπ .

This concludes the proof.

Remark B.5. Based on Remark B.3, we can easily extend these derivations to the case ψp < ψd.

We present below the proof of Proposition 5.1.

Proof. (of Proposition 5.1) Assume that ψp > ψd > 1, then the Marchenko-Pastur has a mass at zero in all the cases below.
By Proposition B.4, we immediately have

lim
n→∞

(
1

d
inf
A

L̂DSM(sA,W , ϖ)

)
=

1

σ2
π

− 1

σ2
ϖ

(
1− 1

ψd

)
+

∫
f
(ψd)
MP (λ)

α2
ϖβλ+ σ2

ϖ

dλ

=
1

σ2
π

− 1

σ2
ϖ

+
1

ψdσ2
ϖ

+O
(

1

ψ2
d

)
.

Note that, by the Cauchy-Schwarz inequality, we always have σ−2
π ≥ σ−2

ϖ . Similarly, the asymptotic score matching loss
satisfies

lim
n→∞

(
1

d
LESM(sÂ,W , π)

)
=

(
1− 1

ψd

)
(α2
πβ + σ2

π − σ2
ϖ)

2

σ4
ϖ(α

2
πβ + σ2

π)
+ Cπ +O

(
1

ψd

)
.

The proof follows by defining

Lπ :=
(α2
πβ + σ2

π − σ2
ϖ)

2

σ4
ϖ(α

2
πβ + σ2

π)
+ Cπ (14)

This concludes the proof.
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B.4. Proof of Section 5.2

We present below the proof of Proposition 5.2.

Proof. (of Proposition 5.2) Step 1. We start by soving the dradient flow dynamics of Equation (7).

We can expand the gradient flow dynamics as

d

dτ
A(τ) = −2p−1σ2

tA(τ)W Σ̂tW
T − 2p−1σ2

tW
T .

We can assume, without loss of generality, that p > d. Then, by reasoning as in the proof of Proposition 4.1, we observe
that the matrix WTW ∈ Rd×d is almost-surely invertible. Therefore, we can define Ã := (WTW )−1AW and we have
almost-surely that

d

dτ
Ã(τ) = −2p−1σ2

t Ã(τ)Σ̂tW
TW − 2p−1σ2

t Id .

Taking into account that the initialization satisfies A(0) = 0, we deduce that

Ã(τ) = −(Σ̂tW
TW )−1

(
Id − e−2τp−1σ2

t Σ̂tW
TW
)
.

Therefore, we have

A(τ)W = −Σ̂−1
t

(
Id − e−2τp−1σ2

t Σ̂tW
TW
)
∈ Rd×d .

By the strong law of large numbers, we have, almost-surely (for fixed n, d, and τ ), that p−1WTW → Id as p→ ∞. Thus,
almost-surely, we have

lim
p→∞

(A(τ)W ) = −Σ̂−1
t

(
Id − e−2τσ2

t Σ̂t

)
∈ Rd×d . (15)

Step 2. By computations similar to the proof of Lemma 4.1 and Proposition 4.1, we have (for fixed (p, d, n))

Et(τ, n, d, p) := LESM(sW,A(τ), t) =
∥∥∥(Σ̂−1

t

(
Id − e−2τp−1σ2

t Σ̂tW
TW
)
−Σ−1

t

)
Σ

1/2
t

∥∥∥2
F
.

Therefore, by the law of large numbers, we have almost surely that

lim
p→∞

E(τ, n, d, p) =
∥∥∥(Σ̂−1

t

(
Id − e−2τσ2

t Σ̂t

)
−Σ−1

t

)
Σ

1/2
t

∥∥∥2
F

= (α2
tβ + σ2

t )
∥∥∥Σ̂−1

t

(
Id − e−2τσ2

t Σ̂t

)
−Σ−1

t

∥∥∥2
F
=: Et(τ, n, d) .

Recall that we take n, d → ∞ with ψd := lim(d/n) > 1. Therefore, we can apply the Marchenko-Pastur theorem and
obtain, through similar computations as in the proof of Proposition 4.1, that

lim
n→∞

1

d
Et(τ, n, d) = (α2

tβ + σ2
t )

∫ (
1− e−2τσ2

t (α
2
tβλ+σ

2
t )

α2
tβλ+ σ2

t

− 1

α2
tβ + σ2

t

)2

dµ
(ψd)
MP (λ)

=

(
1− 1

ψd

) ((α2
tβ + σ2

t )
(
1− e−2τσ4

t

)
− σ2

t

)2
σ4
t (α

2
tβ + σ2

t )
+O

(
1

ψd

)
.

This concludes the proof.

C. Experimental details
In this section, we provide some additional details on the experiments presented in the main text.
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C.1. Random features experiments

In this short subsection, we quickly describe the empirical setup for the diffusion random feature experiment presented in
Figure 1.

Regression experiments. In the regression experiment presented in Figure 1, we use a classical random feature regression
setting. We consider a data distribution of the form

yi = ⟨β⋆, xi⟩+ σϵi , xi ∼ N(0, Id) , ϵ ∼ N(0, 1) ,

where ϵi and xi are independent and we sample n i.i.d. pairs (xi, yi) for i ∈ {1, . . . , n}. We consider a score network of the
form

fA,W (x) =
A√
p
ϱ

(
W√
d
x

)
,

where A ∈ Rd×p, W ∈ Rp×d is a random matrix with i.i.d. standard Gaussian entries, and ϱ(x) := max(x, 0) is the ReLU
activation.

We consider the minimization of the empirical risk

Â ∈ argmin
A

{
1

n

n∑
i=1

(yi − fA,W (xi))
2 +

λ√
p
∥A∥2F

}
,

with Ξ ∼ N(0, Id) and λ a ridge regularization parameter.

Then, we evaluate the test (using a validation set) and train risk evaluated at the empirical risk minimizer Â and report it in
Figure 1.

Hyperparameters details. In Figure 1, we use n = 102, d = 20, Ng = 10, λ = 10−4, and p ∈ [5, 4 · 102].

Diffusion experiments. We consider the following family of random features score networks, which is similar to existing
works (Bonnaire et al., 2025; George & Macris, 2026), for x ∈ Rd

fA,W (x) =
A√
p
ϱ

(
W√
d
x

)
,

where A ∈ Rd×p, W ∈ Rp×d is a random matrix with i.i.d. standard Gaussian entries, and ϱ(x) := max(x, 0) is the ReLU
activation. For the data distribution, we take the data distribution to by ν = N(0, d−1Id).

Given a fixed t > 0, a random W and a dataset S(n) := (Z1, . . . , Zn) ∼ ν⊗n, we consider the minimization of the
regularized empirical risk, defined by

A 7→ 1

n

n∑
i=1

EΞ

[
∥σtfA,W (αtZi + σtΞ) + Ξ∥2

]
+

λ√
p
∥A∥2F ,

with Ξ ∼ N(0, Id) and λ a ridge regularization parameter. An important difference with the regression case above is that,
in order to make the empirical risk minimization tractable, we use a Monte Carlo approximation of the expectation over
Ξ ∼ N(0, Id). Given an integer Ng ∈ N⋆ and (ξij)1≤i≤n, 1≤j≤Ng ∼ N(0, Id)

⊗(nNg), we therefore compute

Â ∈ argmin
A

 1

n

n∑
i=1

Ng∑
j=1

∥σtfA,W (αtZi + σtξij) + ξij∥2 +
λ√
p
∥A∥2F


by noting that it can be written as the solution of a linear regression problem. This procedure is similar to (George et al.,
2025).

After estimating A, we compute the empirical and population denoising score matching loss, where the latter is estimated
using a validation set. The hyperparameters details are provided below.

Hyperparameters details. In Figure 1, we use κ = 1, n = 2 · 104, t = 10−1, d = 3, Ng = 10, λ = 10−4, and p ∈ [2, 104].
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C.2. High-dimensional experiments

Our experiments are performed using an implementation of the DDPM model from (Song et al., 2021). We use the
configuration titledvp.ddpm.cifar10 continuous which implements the DDPM model of (Ho et al., 2020) but for
the continuous-time variance preserving setting. The architecture is a U-Net (Ronneberger et al., 2015) with the encoder
and decoder each consisting of four resolution levels (32× 32, 16× 16, 8× 8, 4× 4), with two residual blocks per level
and utilizes self-attention at a resolution of 16× 16. The model is conditioned on time, with the timestep encoded via a
sinusoidal embedding and injected into each residual block.

For figures 2 and 5 we modify the number of features (NF) parameter (denoted nf in the configuration file and taking
a default value of 128). This parameter defines the base channel width used throughout model which is multiplied by
m = 1, 2, 2, 2 to produce the actual channel widths for each of the four resolution levels. The number of parameters in
the model scales quadratically with channel width. We consider NF∈ {2, 4, 8, 16, 32, 64, 128} to see how the number of
parameters affects overparameterization. Some technical modifications to the code were required to support smaller values
of NF.

For all high-dimensional experiments we use CIFAR-10 but restrict to the first 1, 000 examples to make overfitting easier to
achieve. Evaluation is performed on the full 10, 000 held-out examples. We train the model with the default setup in the
codebase (ADAM with 10% dropout and EMA decay 0.9999) and we train for 1, 000, 000 iterations, which is larger than
typical to better guarantee overfitting. In the experiments of Figure 2 we choose the checkpoint with smallest train loss. The
samples generated on the right-hand side of Figure 2 uses the DDIM implementation in the codebase to generate samples
with a fixed seed across NF values. We perform log-likelihood calculations using the bpd implementation in the codebase.

For the experiment in Figure 4, we consider the DDPM network but we restrict the access of the neural network to the time
input. However, we do still scale the network properly according to the time input. We then train the model as usual but
restrict the time variable to the range [t, t + r] for t = 0.1 and r ∈ [0.0001, 0.00032, 0.001, 0.0032, 0.01, 0.032, 0.1, 0.5].
We then evaluate the train and test error at t to obtain the plot.

C.3. Compute resources

Our experiments were ran on an Amazon EC2 G6e (g6e.xlarge) instance which has a single NVIDIA L40S Tensor Core
GPU.

C.4. Licenses

Codebases:

• Score-Based Generative Modeling through Stochastic Differential Equations (Song et al., 2021): Apache License 2.0.

Datasets:

• CIFAR-10 (Krizhevsky, 2009): MIT license.
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