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Abstract

We study the local and global solutions of the generalized derivative nonlinear Schrodinger equation
ioru + Au = P(u,u, dyu, dyu), where each monomial in P is of degree 3 or higher, in low-regularity
Sobolev spaces without using a gauge transformation. Instead, we use a solution decomposition technique
introduced in [4] during the perturbative argument to deal with the loss on derivative in nonlinearity. It

|
turns out that when each term in P contains only one derivative, the equation is locally well-posed in H 2,

otherwise we have a local well-posedness in H % If each monomial in P is of degree 5 or higher, the
solution can be extended globally. By restricting to equations to the form i d;u + Au = 9y P (u, u) with the
quintic nonlinearity, we were able to obtain the global well-posedness in the critical Sobolev space.
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1. Introduction

In this paper, we study the well-posedness of the Cauchy problem for the generalized deriva-
tive nonlinear Schrodinger equation (gDNLS) on R.
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i0u+ Au= P(u,u, dyu, ;1)

1
u(x,0)=uge H*(R), s > 9. b

Here, u is a complex-valued function and P : C* — C is a polynomial of the form
P(z) = P(21,22,23,24) = Z Coz%, (2)

d<la|<l

and [/ > d > 3. There are several results regarding the well-posedness of this equation. In [19],
Kenig, Ponce and Vega proved that the equation (1) is locally well-posed for a small initial data

. 7 . . . .
in H2 (R). There has been some interest in the special case where P =i\|u 7

i0u + Au=ir|ulFuy
u(x,0)=uo € H (R), s > so,

with k£ € R. Hao ([13]) proved that this equation is locally well-posed in H %(R) for k > 5,
and Ambrose—Simpson ([1]) proved the result in H L(R) for k > 2. Recent studies show that

these results can be improved. See Santos ([25]) for the local-wellposedness in H 5 when k > 2
and Hayashi—Ozawa ([ 14]) for the local well-posedness in H 2 when k > 1 and the global well-
posedness in H'! when k > 2.

Several studies showed that we have better results if P only consists of  and d,u due to
the following heuristic: if u solves the linear Schrédinger equation, then the space—time Fourier
transform of # is supported away from the parabola {(£, )|t + &2 = 0}, leading to strong dis-
persive estimates. Griinrock ([12]) showed that for P = 8x(ud Y or P = (8,u)? where d > 3, the

equation (1) is locally well-posed for any s > % - ﬁ in the former case and s > % dl i

in the latter. Later, Hirayama ([16]) extended Griinrock’s results for P = 0, (ud) to the global
well-posedness for s > % 7 i I

There are also various results for higher dimension analogues of (1)

i0;u+ Au= Pu,u,Vu, Vu) 3)
u(x,0) =ug(x), x eR".
The most general results in R” for n > 2 are due to Kenig, Ponce and Vega in [19]. For a more
specific case, we refer to [2] and [3] where Bejenaru obtained a local well-posedness result for
n =2 and P(z) is quadratic with low regularity initial data. For results 1n Besov spaces, see [30]
for the global well-posedness in B "»(R") where n > 2 and s, = 5 — d 7 which is the critical
exponent.

For another type of derivative nonlinearities, we refer to Chihara ([10]) for nonlinearities of
the form f(u, du), where f :R? x R¥" — R (identifying C with R?) is a smooth function such
that f(u, v) = O(jul® + |v|?) or f(u,v) = O(Ju|® + |v|?) near (u, v) = 0. It turns out that the
corresponding Cauchy problems are locally well-posed in H /214 for any n > 1.

Our first result is the local well-posedness of (1) in Sobolev spaces when the nonlinearity
contains an arbitrary number of derivatives.
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Theorem 1.1. In the equation (1), let s be any number such that

(A) s> % if each term in P(u,u, 0xu, 0xu) has only one derivative,

B) s> % ifatermin P(u,u, dxu, 0xu) has more than one derivative.

Then there exist a Banach space X°* and a constant C = C (s, d) with the following properties:
For any ug € H®(R) such that |\ug||gs < C, the equation (1) has a unique solution:

ueX:={ue C?H;([—l, INxR)NX*: |lullxs <2C}.
Furthermore, the map ug +— u is Lipschitz continuous from B¢ :={ug € H® : |lug|lgs < C}to X.
Remark. The definition of X* will be made precise in Section 4 below.

This shows that, without any restriction to the number of derivatives, we are able to improve
. 7 3 - o .
Kenig et al.’s result ([19]) from H2 to H?2. By restricting to only one derivative per term in the
. . . 1
nonlinearity, we can improve further to H 2. Moreover, part (A) of Theorem 1.1 extends Hao and

1
Santos’s local well-posedness result in H2 to more general class of nonlinearities. It turns out
that the global well-posedness results can be achieved if the nonlinearity is quintic or higher and
the endpoint cases are excluded.

Theorem 1.2. Suppose that d > 5 in (2). Let s be any number such that

(A) s >
(B) s >

if each term in P(u, u, dxu, 0xu) has only one derivative,

110 RO —

ifatermin P(u,u, dyu, 0xu) has more than one derivative.

Then the equation (1) is globally well-posed in the following sense:

There exist a Banach space X* and a constant C = C (s, d) with the following properties: For
any ug € H*(R) such that ||ug||gs < C and any time interval I containing 0, the equation (1)
has a unique solution:

ueX:={ueCOHI xR)NX®: ||ullxs <2C}.
Furthermore, the map ug +— u is Lipschitz continuous from B¢ := {ug € H® : |lug|lgs < C}to X.
Remark. The definition of X* will be made precise in Section 7 below.

Notice that when each term in P (u, u, du, dyu) has only one derivative, (1) is invariance

under the scaling u(x,t) — u; (x,t) := Aﬁu()»x, 221). Thus, the critical space is H*® where
S0 = % — ﬁ in the sense that ||u|| gso = |lux ]l gso. If we follow the heuristic that a dispersive
equation is expected to be locally well-posed in any subcritical Sobolev space H® i.e. s > 50,
then the result in part (A) of Theorem 1.2, which requires s > %, is not optimal in this sense. It
turns out that the global well-posedness at critical Sobolev spaces can be achieved if we assume

a specific type of the gDNLS equation
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i0;u+ Au =0, P(u,u)

s “)
u(x,0) =up € H*(R), s > 50,
where P : C? — C is a polynomial of the form
P@)=PGm)= ) Co2% 5)

d<la|<l

and/ >d > 5.

The following theorem shows that for d > 5 we have the global well-posedness at the scaling
critical Sobolev space.

Theorem 1.3. Suppose that d > 5 in (5). Let so = % - d—il. For any s > sq, the equation (4) is
globally well-posed in H* (R) in the following sense:

There exist a Banach space X* and a constant C = C(s, d) with the following properties: For
any ug € H*(R) such that ||\ug||gs < C and any time interval I containing 0, the equation (4)
has a unique solution:

ueX:={ueCOHSI xR)N X : ||ullxs <2C}.

Furthermore, the map uo +— u is Lipschitz continuous from Bc := {ug € H® : |luollgs < C} to X.

In the case of s = sq, the statement above holds true if we replace H* by H*.

Remark. The definition of X* will be made precise in Section 5 in the case of d > 6 and Section 6
in the case of d = 5 below.

This extends Griinrock and Hirayama’s results to more general class of nonlinearities. The
main ideas behind the proof of Theorem 1.1 and Theorem 1.3 consist of the Duhamel reformu-
lation of the problem, followed by the contraction argument, using the local smoothing estimate
(11) and the maximal function estimate (12) to deal with the loss of derivative in nonlinearity. We
also use a decomposition (35) of the nonlinear Duhamel term, first introduced in [4], to deal with
the truncated time integration. We then finish with the usual perturbative analysis to obtain the
well-posedness results. The proof for Theorem 1.3 in the case d =5 is rather delicate and needs
some modulation-frequency argument, motivated by Tao’s paper on the quartic generalized KdV
equation ([29]), which is sensitive to the conjugates in the nonlinearity. Therefore, the proof of
global well-posedness in this case will be treated separately in section 6.

One motivation of this paper came from the following specific case of (4), which has been
intensively studied in the past:

(6)

i0u + Au=idy(|u|*u)
u(x,0)=uge H*(R),s >

1
3

We name this equation DNLS. It arises from studies of small-amplitude Alfven waves propagat-
ing parallel to a magnetic field [23] and large-amplitude magnetohydrodynamic waves in plasmas
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[24]. There is also recent discovery of rogue waves as solutions for the Darboux transformation
of the DNLS (see [33]). Although one expects the local well-posedness for s > 0, Biagioni and
Linares ([5]) have shown that (6) is ill-posed for s < % in the sense that the solution mapping

uo — u fails to be uniformly continuous. This means that our result from Theorem 1.3 when
1
d =3, which is a local well-posedness in H 2, is sharp in this sense.

We mention here a few of many results regarding this equation. The global well-posedness in
the energy space H'!(R) was proved by Hayashi and Ozawa in [15]. For data below the energy
space, Takaoka has shown in [27] that DNLS is locally well-posed for s > % using (7) with
k = —1. In [11], Colliander, Keel, Staffilani, Takaoka and Tao used the “I-method” to show
the global well-posedness of DNLS for s > %, assuming the smallness condition |ug|;2 < V2.
Later, Miao, Wu and Xu have proved the global well-posedness result for the endpoint case s = %
using the third generation I-method and same smallness condition in [22]. Lastly, Wu ([31] and
[32]) has shown that in the energy-critical case s = 1, the smallness threshold is improved to
luol} <27

We are now shifting focus toward some qualitative aspects of the solutions. Kaup and Newell
have shown that the equation is completely integrable, which implies infinitely many conser-
vation laws. Moreover, the inverse scattering method can be applied to obtain soliton solutions
which are unstable in a sense that a small perturbation could cause the soliton to disperse (see
[17]). Recently, Liu, Perry and Sulem used this method to prove the global well-posedness result
in H 2’2(]R) (see [21]). A study following Wu’s above result ([9]) shows an existence of two kinds
of solitons: bright solitons with mass +/27, and lump soliton with mass 2./7. He showed in [31]
that there is no blow-up near the /27 threshold. On the other hand, the study of Cher, Simpson
and Sulem ([9]) has shown some numerical evidence of a blow-up profile that closely resembles
the lump soliton.

The main difficulty in studying DNLS is the spatial derivative in nonlinearity. Due to this, all
of well-posedness results for DNLS so far involve the Gauge transformation:

X

v(x, ) :=u(x,)exp ik/|u(y,t)|2 dy (7

—00

where k € R. In [27], Takaoka used the transformation with k = —1 to turn (6) into
i8,v+Av:—iv28xﬁ—%|v|4v ®)
v(x,0) = vy € H*(R), s > .

Note that the transformation replaces the term |u|?d,u with v2d,% which can be treated using
the Fourier restriction norm method developed in [6]. In contrast to this type of proofs, we man-
aged to get the local well-posedness of (6) (as a part of Theorem 1.3) without using a gauge
transformation. The advantage is that the idea can be easily generalized to get similar result for
equation (4).

The paper is organized as follows. In the next subsection, we introduce some notations that
are used in this paper. In section 2, we mention several linear and smoothing estimates and prove
the maximal function estimate and bilinear estimate. In section 3, we introduce the solution space
Xy and nonlinear space Yy for functions supported at frequency N and prove the main linear
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and bilinear estimate for functions in these spaces using a solution decomposition technique from
[4]. In section 4, we prove a multilinear estimate. Having all the ingredients that we need, we
finish the proof of Theorem 1.1 in the same section. For Theorem 1.3, we divide the proof into
different sections by the degree d of P(u, u). In section 5, we prove Theorem 1.3 in the case of
d > 6. Since the case d = 5 requires some frequency-modulation analysis, we will introduce the
notion of X*? space along with several well-known estimates in section 6, and use these results
to conclude the proof of Theorem 1.3 in the same section. Finally, we prove another multilinear
estimate and use it to finish the proof of Theorem 1.2 in Section 7.

Notations. The following notations will be used for the rest of the paper. For 1 < p, g < oo,
we use || f||z» to denote the L” norm, and we define the mixed norm

1 zezs = L Dls i | o gy

where I =[—1,1]ifd =3,4 and I =R if d > 5. The norm ”f”Lf’LZ is defined similarly. We
define the Fourier transform and the inverse Fourier transform of f(x) by

f&) = J%_”R e f(x) dx,

fx) = ¥ f(€) de.

7/
— | e
2

R
To simplify the proofs, we will always drop the constant \/% from these transforms. For s € R,

we denote by D* = (—A)*/? the Riesz potential of order —s. The Sobolev space H; is defined
by the norm

el = 111+ %) 3RE) -

The Banach space of bounded H;-valued continuous functions is denoted by
C?H)f(l x J):= {f e CU; Hy())) rsup || f(x, Dllas )y < oo} .
tel
Letu € L%. We define the Schrodinger propagator by

&P u(x, 1) ::/e”‘é*”szﬁ dE.
R

The notation a < b and a ~ b means a < Ch and ca < b < CA, respectively, for some positive
constants ¢ and C, which depend on P (z) but not on the functions involved in these estimates.
We frequently split the frequency space into dyadic intervals, so whenever M and N is men-
tioned, we assume that M, N € 2%. Let ¥ (£) be a smooth cutoff function supported in |£| < 4
and equal 1 on |&| < 2. We define ¥y = ¢ (%) - (%) Denote by Py the Littlewood—Paley

projection at frequency N, that is
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PN f(E) =ynE)FE).

Define P<y and P- y to be the projections of frequency less than and greater than N:

Py @) =v=nf® =Y yu®f @),

M<N
Ponf @ =v-nf® = vu@f@.
M>N

We will sometimes shorten the notation by fy := Py f. For s > 0, we can define the space H*
and the homogeneous Sobolev space H* using the Littlewood—Paley projections

‘ 2
Il = (32 NPl ula)
N[EZZ
1
2
Il = 1Piule + (30 NP1 Pwull}2)
N,-EZN
2. Preliminary results
2.1. Bernstein type inequality
We begin with the Bernstein inequality for the Littlewood—Paley projections. Note that this
is different from the standard result in literatures which is the same estimate but for the space
LILY.
Lemma 2.1. For any pair of 1 < p,q < 0o, we have

18Py fll o S NIPN fllpgo- ©)

Proof. Let Py := Py /2 + Py + Pay be a Littlewood—Paley projection at a wider frequency
interval with corresponding multiplier ¥y. We can rewrite the term on the left-hand side as

0c Py Py f = @x 0 ) % Py f (. 1).
For each x, we have an inequality
10x Pn flla = |05V | * | Py £ (x. Ollga-
After taking the LY norm and apply Young’s inequality, we have

10x Py fllpops < Nox¥ NIt IPN fllppe SNIPN fllprge. O

This lemma helps us quantify derivatives of a function supported in a dyadic frequency inter-
val, which will come in handy in the proofs of multilinear estimates in sections 4—6.
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2.2. Stationary phase lemmas

We mention here stationary phase results from harmonic analysis, which will be used in the
next subsection. See [26, pp. 331-334] for their proofs.

Lemma 2.2. Suppose that ¢ and  are smooth functions and  is compactly supported in (a, b).

If¢'(£) #0 for all € € [a, b], then

b

/ ey (£) de| <

a

[
for all k > 0, where the constant C depends on ¢, ¥ and k.

Lemma 2.3. Suppose that ¥ : R — R is smooth, ¢ is a real-valued C*-function in (a,b) and
¢ (&) Z 1. Then,

b

b
. 1
[ e ST v+ [0 @ as

a

2.3. Strichartz and local smoothing estimates

In our study, the nonlinear effect of the equation (1) with small initial data uo plays a ma-
jor role in the perturbative analysis. As we mentioned in section 1, the main difficulty is a
lost of derivative in the nonlinearity. In this regard, we will need the Strichartz estimate for the
Schrodinger propagator and the smoothing estimate (11) which gives a %—order derivative gain
of the linear solution in a suitable norm. We will also prove a maximal function type estimate

(12) which will be used for the analysis of the nonlinear term.

Proposition 2.4. Let f € L2. Then, we have the following estimates
e Fllga e SUFNL2s (10)

1
where — + — = - and 2 < p < oo, and
g p 2

l .
1D2e"™ fll o2 SN2 (11

Proof. The first inequality is the well-known Strichartz estimate. The proof can be found, for
example, in [8] and [28]. The proof of (11) can be found in Theorem 4.1 of [18]. O

The following maximal function type estimate tells us that for the linear equation with time-
and-frequency localized initial data in H*(R) where s > %, the solution is well-controlled in
LYL®(R x I), where I =[—1,1] when y =2,3 and / = R when y > 4.
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Proposition 2.5. Let u € L2(R).

1. Ify =2 or3, assume that supp(|ii]) C [N, 4N]where N € 2N orsupp(|ii]) € [0, 11, in which
case we consider N = 1, then

, 1
|IX[-1,1](t)E”Au(X)IIL;Lfc SNV ullz2. (12a)

2. If y > 4, assume that supp(|it]) € [N,4N] where N € 2Z e have

2

. y—
e A uCl 7 00 SN flull 2. (12b)

Remark. We see that the estimate (12a) is local in time while (12b) is global. By setting y =
d — 1, this leads to the local and global results in Theorem 1.1 and Theorem 1.3.

Proof. We refer to Theorem 2.5 in [ 18] for a proof of the case y = 4. Let so = so(y) = % fory =
2,3 and so = 2;1/2 for y > 5. We define an operator 7 : L2 — LY L™ by Tu = x[—1.11(t)e'"*u,
yielding T*F = fil e ""AF dt. Using the TT* argument, it follows that (12) is equivalent to

either of the following estimates for F' € L)%Lt1 (R x R) with the same frequency support as u in
the cases of y =2, 3.

1

fe—”AF(x,t) dt| <NO|F|| » (13)
L'
1
Xi—1,11(8) f ¢ "IAF (x,5) ds SN™|F| » . (14)
V- 1
2 L;’LIOO Lx Lt

For y > 5, we have the same estimates but with integrals on R. Thus, it suffices to prove (14).

First, we assume that F € S(R). Since F = P-4y F, the inverse Fourier transform of e/ =%)% °F
is defined by

7 (e“f—s)fzf(s,s)) :c/e"“—”f”ixsf(g,s) de
R

_ ]_-;1 (e—i(t—s)ézll, (%)) * F(x,s).

Since —1 <t,s <1 implies —2 <t — s < 2, the term on the right of (14) can be replaced by

~1 _gyeit-gty (5
/}_X (X[—z,z] (t —s)e 4 <4N>> * F(x,s)ds
R
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=7 (X[—z,z]me”fzw (%)) *Fln

=ClK1*F

where x denotes the space—time convolution and

Ki(x,1) =/e*”52+"x€x[_z,z](t)w (%) d§. (15)
R

Similarly, for y > 5 we have

/ei([_s)AF(x, s)ds =Ky x F
R

where

_ —itE4ixg i
Kz(x,t)—/e v <4N> dé&. (16)
R

To finish the proof, we need the following lemma.
Lemma 2.6. Let K1 (x,t) and Ky(x,t) be as in (15) and (16). Then, fori =1,2

IKill SN, (17)
L2 00

x =t

We continue the proof of Proposition 2.5. By applying Young’s inequality and Lemma 2.6,
we obtain

IKi* e <Kl 5 VP ey
2 t X

X L,

as desired. We then finish the proof by the usual density argument. O

Proof of Lemma 2.6. Let I =[—1, 1] when y =2,3 and / =R when y > 4. We divide R x [
into three regions

1

Qi ={x,H)eRx1I < —

1:={(x, 1) X IIxI_N}
1
Qz:={(x,t)€R><1|IXI264NIII,IXI>N}
1
Qy:={(x,t) eRx1I]|x| <64N|t|, |x| > N}’

and we will estimate K;(x, f) in each region. For a fixed x e R and 1 <i <3, we define Q, ; :=
{tel| (x,t) e 2;}. We consider the following two cases of values of y.
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Case 1: y =2, 3. Note that in this case we always assume that N > 1. By a change of variable

n= %, we obtain

Ki(x,t)= N/X[—z,z]e_il6tN2n2+i4XN’71lf(77) dn
R

A simple estimate on €21 shows that

Y

2

/|K1<x 015 dx < %/wm)dn ~N'T <N. (18)

Ix|<&

Next we consider the norm on €2,. Note that the integrand in K vanishes if |n| > 4.
Factoring out —i 16t N%n? + idx Ny = —idx N (n — X n?) := —ixN¢y () yields

11
>1-32. — =,

tN tN
ml=11-8—n|=1-32
(Ml =1 = ' e =3

for any t € Qy ». Therefore, ¢ has no critical point in this region. By Lemma 2.2, the
integral in K is bounded by |Nx|~¥ for all k > 0. In particular, by choosing k = 2, we

i
obtain |K(x, )| < N(N|x|)~2 = N~!|x|~2. We finish by computing the L} Lf° norm
on 2:

-2
f sup |Ki(x,0)|Z dx <NOD-T = N"T < N. (19)
l‘EQxyz
Now we consider the norm on Q3. Factoring out the exponential term —i 16t N2n? +
i4xNn = —idtN2(4n* — —) = i4tN%¢p(n) yields ¢5() > 1, so we can apply
Lemma 2.3 to K.

Ky(e, )] = N / eIV, ()
R
1

Nlr|z

<N (20)

64N>
<

|x|2

Y
Now we compute the Ly L norm of K. Observe that the finite time restriction yields
|x] < N|t| < 2N on Q3. Therefore,

v v.oo._r y_y—4
/sup |Ki(x,0)|2 dx < / Nijx| " fdx <Ni~% =N. (1)
1eQy 3
|x|<64N|t|
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Combining (18), (19) and (21), we have that

R[]

IKill v SN
LZL>®

X t

Case 2: y > 5. Since the estimates in (18) and (19) do not require any time restriction, we get
the same results for K>.

4 r=2
/ |K2|Z dx SN2 . 22)

Q1UQ,

On 23, we have the same estimate as in (20) for K. From the fact that |x| > % in this
region, we have

—4 -2
/ sup |Ko(x,1)|7 dx < / Nijx| 5dx <Nt T =N'T. (23)
e 3
x|> %

Note that we did not use the finite time restriction in this case. Combining (22) and (23),
we have that

y=2
K2l v SN v . O
L2 L

o

t

To estimate a product of functions as seen in the nonlinearity of DNLS, one usually employs
the bilinear estimate which splits the product into estimating individual functions (see [7] where
Bourgain proved the estimate in two dimensions).

Theorem 2.7 (Bilinear Strichartz estimate). For any u, v € LJZC, we have
. _ 1
| P ueBo) 2 < a7 ul 2 vl 2. (24)

In addition, if i and  have disjoint supports and « := inf|supp(it) — supp(0)| is strictly positive,
then we have

le ™ ue™®vl2 Sa 3 full 2 vl 2. (25)
Proof. We follow the proof in [20, Theorem 2.9]. By duality, this is equivalent to showing that
for any F € C2°,

| f F(E =182 = )a (€ = Ma©)dGn dsdn| SAT2NFl 2 Nl 2190 2.

For each fixed o and B, let (§48, nop) be a solution to o = g2 —p? and B =& — 1. We see that
the change of variables (¢, n) — («, B) gives the Jacobian J = 2(n — &). This together with
Cauchy—Schwarz yields
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| [ P& =08 =Py - miae)ion dedn)

= 1
= f F (@ BYos (Bit(ap) S (nap) 7 dtdf

1 4
< ||F||L§I(/wf»(ﬂ)|2|ﬁ(sa,s)|2|ﬁ<naﬁ)|2ﬁ dadp)’

2] ?
=IFlz </|¢>x(§' = nPa@ PR dsdn)

1
SATZ|Fl;2 Nl 2000 2.
<A HIFI a9

This concludes the proof of (24). The proof for (25) is essentially the same, but & — 7 is replaced
by & + 1, £2 — n? is replaced by £2 + n? and there is no /- . The conclusion follows from the
observation that
1 1
1 2ln—§|

pe O

1
.

We will need a variant of this estimate adapted to the X* space (51) for our trilinear estimate
(65). The details will be explained in the next section.

3. The main linear estimate
In this section, we consider a nonlinear Schrodinger equation

iy +Au=F 26)
u(x,0) =ug.

LetI =[-1,1]ifd=3,4and I =R if d > 5. A solution u(x, t) € R x I can be represented by
the Duhamel formula

t
u(x, 1) =ei’Au0—ifei(’_S)AF(s) ds. (27)
0

In the proof of Theorem 1.1 and Theorem 1.3, the spaces that we use are based on the following
norms which take a function u supported at dyadic frequency interval ~ N.

. _1
lullyy =inf{N"2{lurll g1 2 + lluall g1z | ur +uz =uj
1
— —50 3
lullxy = llullpgorz + N7 Null a1 700 + N2 flull oo 2 (28)
NI
+N72|[(@0 + Mullyy,

where L®L2 = L®L2(I x R) and LY LY = LYL!(R x I). These norms satisfy the following
linear estimate, which makes them suitable for the contraction argument.
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Theorem 3.1. Let u be a solution to equation (26). Then,

I Pyvullxy S lluollzz + 1 Py Fllyy- (29)
This immediately follows from the Duhamel formula and the following three propositions.

Proposition 3.2. For any ug € L)% R), we have

le'™® Pyuollxy < luoll 2 (30)

Proof. This follows from the Strichartz estimate (10), the smoothing estimate (11) and (12a) if
d=3,4o0r(12b)ifd>5. O

Proposition 3.3. For any function F(x,t) such that PyF € L )1{ le, we have

t
/ SN PyE(s) ds| <Py Flyy. a1

0 Xy
Proof. It follows from Minkowski inequality and (30) that

t
/ei(’_s)APNF(s) ds 5/||€i(t_s)APNF(S)”XN ds
0 xy R

< f IPNF@)l,2 ds
R

= ||PNF||L[1L§'
Therefore, it suffices to prove that
t
i(t—s)A < N3
e PyF(s)ds <N 2||PNF||L;L$~ (32)
0 Xy

Let Ko be the fundamental solution of Schrédinger equation i.e.

2 1 2
Ko(x,n) =F e ") = ——=e"/%.
VAarit

Thus,
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t t
/ei(tfs)APNF(x’S) ds://pN [Ko(x —y,t —s)F(y,s)] dyds
0 0 R

t
= / / Py [Ko(x — y,1 —5)F(y,s)] dsdy (33)
R O

= / wy dy.

R

In order to proceed, we will make use of the following lemma.
Lemma 3.4. For any N € 27, the function wy defined in (33) satisfies the following estimate:

_1
lwyllxy SN 2IFW 2 (34)

Continuing the proof of Proposition 3.3, we see that the estimate (32) follows immediately
from (34). O

Proof of Lemma 3.4. By translation invariance, it suffices to assume that y = 0. Denote Fy(¢) :=
F (0, ). To proceed, we use the following decomposition which was first introduced in [4] to deal
with Schrodinger maps.

wo(x, 1) = —e'"* Lo (x) = (P_y o0 Li=0)e" v (x) + h(x, 1), (35)
where L : L% R) —» L% (R) is an operator and
_ _1
I£vollz2 + lvollzz + N7 ANz + el 2 ) S N2 Foll 2. (36)

To prove the claim, first we rewrite the definition of wq as

wo(x, 1) = / X[0,00)(t — 8)PN[Ko(x,t —8)]Fo(s) ds

R
0
- €ilA / Pn[Ko(x, —s)]Fo(s) ds 37)
-0
0
= (X[0.00) PN K0) % Fo — "% / Py Ko(x, —s) Fo(s) ds,
—00

where *; is the time convolution. The space—time Fourier transform of the first term is equal to

VN ()

sy UL (38)
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where I?o is the time Fourier transform of Fj. We define

B0(§) := YN (&) Fo(—£2). (39)

We see that vy is supported at frequency ~ N. By changing variables we obtain the following
estimate,

1
lvollzz S N™2 1 Foll 2 (40)

We apply the spatial Fourier transform to the second term

0 0
f Py Ro(x. —)Fo(s) ds = ¥y (&) / ¢ Fo(s) ds
—o0 —oo (1)
= YN () F1 (X(0.00) Fo) (—&7)
i= Luo(&).

We see that Lvg is supported at frequency ~ N. It follows from a change of variables that

_1
1£voll2 S N2 Foll 2

Applying the Fourier transform to e/’ vy,

F(e'"2v0) = Yy () Fo(—E) Fy(e™"€) = Y (6) Fo(—E2)8, 1 2.

Assume that § > 0 and consider the distribution §, ;2. For any ¢ € S(R x R), by a change of
variables

0

2 _
O/qxé,—s ) de = /N_qw_z o) dr.

Thus, 1¢-06, 182 = 1:20 2\%85_ J=T Therefore, the following computation holds.

F{(P_y 00 1=0)e P00} (€. 7)

- Y _n50(8)
= (UNE) Fo(—ED)8,,2) % %

Un(E) = V250 (8)
- (e vm) S
_ YN (V=) Fo(r) ¥y o0 (§ — v/=T)
B 2J/—1 £E—J—T+i0

= UN (VDY _y o0 (€ — V=T Fo(7)

E+/—1 1
2/—1 &2+t +i0
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With this and (38), the space—time Fourier transform of the remainder term is given by

£+ \/——r) Fo(r)
2=t ) —€2—1t—i0
= A, 1) Fo(1). (42)

h )= (Iﬂzv(if) — YN V=DV _y 50§ —V=T)

The term in the bracket is bounded, supported in {0 < & ~ N} and vanishes when & = /—1,
canceling out the singularity. Since the same result holds for £ < 0, this implies that

~ 1~
IARIz, + 1302, ~ 1G>+ TDhl 2 S N2 IR, (43)
The estimate (36) then follows from (40) and (43).

Remark. It is important to note that vy, Lvg and & are supported at frequency ~ N, since we
will need this fact in any proof that employ the decomposition (35).

We are now ready to prove (34). By Bernstein’s inequality and direct L? integration on

A(g, 1),
1Al a1 0 < Wil gy S IRl e

d—3

< NAED | Fhll 1

N2 |

= I ”L%Lg
_d-3 ~

= NZEDJAG Ol 2 1 Fo()ll 2.

where A(&, 7) is defined as in (42) when & > 0. We split the integral in ||A (&, t)||i2 as
T

1AG. DI = / |A(, T)I” dédT
l6~v/=7I< 55

+ f A 1) dedr
16 —v/=71= 310
=A| 4+ Aj.

Note that ¥y (§) = YN (v=T) + (€ — V/=T)O() as € > v=7. If | — /=7| < Fiy, then
Yoy (¢ —+/=7) =1 and it follows that
+ —
YN E) — Y (VO 506 — \/_—w%
e ) 1
S ()
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Since A(&, t) is supported in the region £ ~ N, we have that

1
N

<
/2 / —21($+v—f)2 Nz(é-i-«/—f)2 ~
T~—N2E~N

On the other hand, under the assumptions that, & ~ N and |§ — /—7| > 2100, we have |£2 47| =

|(E+V/—T)E—V/—T)| 2 21\,/00 Thus, by a change of variables (&, T) — (£, ) where 1) := T +£2,
we have

dedr

3 /O [ e Y (VIO o€ = V)

@12 ke 4 o)
~® V=TI 50

/ / _d”d“/ /—4r(§+J_)2

SNN > N2 T~—N2
1125100

1 1
< dE4 —
s [ qrde+y
E~N

1

<
~N

’

and a similar result holds when & < 0. From this, we can conclude that

d—3 ~ d=3 _ 1
1]l a1 00 S N DA, T)lngsllFo(f)lng SNZED2FO)] 2. (44)

Similarly, we have the following,

Il S NF O 2. (45)

X0 ™~

In particular, for d =3 and N > 1, we have that
N2kl 20 < Il 200 S NTEIFO)] 2. (46)
Similarly, by Sobolev’s embedding,
N2l g2 S N2 RN 2 S NTHIART2 S NTEIFO)2, 47)
where we used (36) in the last step. Lastly, it follows from (44) that
Il < Il S NTEIFO)] . (48)

Putting together (44), (47) and (48), we are done with estimating 4. Similar estimate for the term
1,-0e'"®vg follows easily from Strichartz-type estimates (10), (11) and (12). O
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In the proof of Theorem 1.1 in the next section, we will incorporate the low frequency pro-
jection P<ju into the spaces X® and Y*, which are restricted to the time interval 7 = [—1, 1], in
order to obtain the local well-posedness. Therefore, we need an estimate analogous to (29) for
functions supported at low frequencies, which can be obtained from the two following proposi-
tions:

Proposition 3.5. Let T = [—1, 1]. For any function ug € LZ(R), we have

IP<1e"®uollx, ®x1) S | P<1uoll 2 (49)

Proof. In view of Strichartz’s estimate (10) with p =2 and ¢ = oo and (12a), it suffices to prove
that

itA
”Pgle” MOHLch,Z(RxT) ,S ||P§1u0||L§~
Using the fact that @O(S, t) is compactly supported in & and Plancherel theorem, we have

itA itA ~
| P<1e MOHL;thZ(RxT) <|P<1e ”0”L$L§§°(T><R) = “I//(E)MOHL,ZLé(Tx]R)

= ”w(é)ﬁ()”LfoLg(TxR) = ||P51M0||L§- U

Proposition 3.6. Let T = [—1, 1]. For any function F (x,t) such that P<1F € Y}, we have

t

| [ par sy as| S NPt Flly @t (50)
X1 (RXT)
0

Proof. As in the proof of Proposition 3.3, it follows from Minkowski inequality that

1
fe"(f—”APgF(s) ds SIP<tFll 12 cm)-
0 X1 (RxT)

Thus, it suffices to prove that

t
fei([_S)APle(s) ds N ||P§1F||L;L[2(er)~
0 X1(RxT)
Note that for ¢ € [0, 1], we can rewrite

t
/‘ei(t_s)APle(x,s) dSZ/.X[O’l)(t—S)X[O’l)(s)ei(t_S)ApilF(x,S) ds
0 R

=K, 1) x x10,1) (1) P<1 F(x,1)
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where * is the space—time convolution and
R &
K(x,1) =/e HEHEE v 0 (DY (ﬁ) ds,
R

which obeys the estimate (17) with N = 1. Hence, by Young’s inequality

[0 ® [K @, 0% 0.0 0 P Fx, )] |

<
L2r ™ X (@) P<t Flip2p1-

‘We use the finite time restriction and apply Bernstein’s and Minkowski’s inequality.

X P<tFll2pn S X1 P<i Fll 2,
Sx-1n@P<i Fli2p

< x—1n@®P<1Fllpiz2-

Since similar proof applies for the time interval [—1, 0], we obtain

S ”PSIF”L}L?(RXT)'

t
” /ei(l_S)AP<1F(s) ds’
- LZL®(RxT)
0

This estimate has the following two consequences. Firstly, from Minkowski’s inequality, we have

t
H /ei(’_s)APle(s) ds‘
0

L®L2(T xR)

t
< H /ei(’_s)APqF(s) ds
= L2L®(RXT)
0

5 ”PSIF”L}(L[Z(RXT)'

Secondly, it follows from Minkowski’s inequality, Bernstein’s inequality and the finite time re-
striction that

t

t
” /ei(t_s)APqF(s) ds‘ < /ei(’_s)APqF(s) ds
= LPL(RXT) = L2L(T xR)
0 0
t
< /ei([_s)APqF(s) ds
- L2, (RxT)
0
t
< &I Pp_ F(s) ds
~ / <1F() L2L®(RXT)

0

S ”PSlF”L_{,LIZ(RxT)'

This concludes the proof of (50). O
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The essential part of the contraction argument is a multilinear estimate: an estimate of the
form ||0,u ]_[?:2 uillys < ]_[fl:l lu; || xs. One of the main tools that we will use to prove this is
the following Bilinear Strichartz estimate for the X* space.

Theorem 3.7. Let N > M and suppose that u and v are supported at frequency N and M,
respectively. Then, we have

vl 2, S N2 ullxy vl (51)
Proof. Let Fi(x,t) = (id; + A)u(x,t) and Fy(x,t) = (id; + A)v(x, t). We will prove that
vtz S N2 (@l + 1. ) (l©@lz + 15202 ) (52)
vl 2, SN2 (1@l + N2 F ) (10O + M2 IRl 2)  (53)
luvllz, SN2 (U@l + N2 R 2) (10O 2 + 1 F2lly2) (54)
luvllz, S N2 (1@l + 1 ) (I0©lz + M2l ) (55)

To achieve (52), we consider the expansion of uv after using the Duhamel formula on « and v.

t
u(x, ) =e"u(0) —i / e CTIAF (s) ds

0
t

v(x, 1) =€) —i / & IAE (5) ds.
0

It follows from the bilinear estimate for free solutions (25) that
itA itA < N—3
le"Zu@e™ vl 2, SN2 u @) 2 Ol 2-
By the Minkowski inequality, we have that

t
. . 1
I / IR ()" B u(0) dsll 2 SN f IF1 )22 10O ds
0 R

_1
= N2l 2 10O) 2

Similarly,

t
] i(1— 1
[ / Ru()e I (s) dsll iz SNT2uO 2 I P2l -
0
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With the same proof, we can estimate the last term in the product.

t t
l f f & IIAE () I (5) dsds|| 2
0 0

_1
SN F 2 Pl s

and (52) follows.
To prove (53), we recall (35) which allows us to decompose u# and v as follows

u(x, 1) =e"u(0) —/eimﬁuy + (Pyjpsoles0)e buy — hy y(x, 1) dy (56)
R

v(x, 1) =e"v(0) — / "2 Loy + (Pyy g0 1is0)e Yoy — ha y (x, 1) dy, (57)
R

where L : L% — L% is a bounded operator and uy, Luy and k1, are defined similarly to (42), (41)
and (42), respectively. From the remark following (43), we see that these functions are supported
at frequency ~ N. Similar vy, Lv,, hy v Moreover, we have

1 1
12z + sl 7 Ny Lz, + 10yl ) S IR (0l (58)

Similar conclusions hold for v/, Lv,s and h; v at frequency ~ M with corresponding nonlin-
earity F»(y’,t). Consider each term in the product uv. Let ¥y /250 be the function defined by

Py jp50 f ==Yy jps0 * f. Observe that for any G € L?, we have that

1Py /g0 Le=0)e 2uy G0l 2,
= W50 * Les0)e" uy Gl 2
< [ Mo, Gz oy o 21 dz
< [ 12, Gz, 1y 2
Sle™uyGllyz .

With this, we can take care of all the terms involving Py /»s01x~¢ in the expansion of uv. For any
A, B € L%, we have

itA it A it A it A
[Py jpsoLm0)e " uye ™ Bll 2 S e uye™ Bl 2,

itA itA
||(PN/250 1x>0)el uyh2,y’||L)2” 5 ”el uth,y’ ”L%»,'
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Similarly,

it A itA itA 5 JitA
lle' A(PN/2501x>0)el v}””L?, S et Ae! vy/”LvZ”

itA itA
11,y (Py jpso lis0)e Cvyll 2 S M ye Coyllp2

and lastly,

H I:(PN/2501x>0)€itAuy] I:(PN/25O 1x>0)€itAUy/i| ‘

2
Lx.t

<]

eimuy [(PN/250 1x>o)eimvyr] ‘

2
Ly,

itA it A
S e uyel Uy’”L%’-

Therefore, we only have to worry about the terms of the forms e"AATAB, A Ah,, V'
hy ye' AB and hy, yhs . Note that any choice of A, that is not #(0), is an integral with respect
to y. The same holds for B. By the bilinear Strichartz estimate (25), one obtains

. . -1
||€ZIAA€”AB“L§J S N2 ||A||L§||B”L% (59)

We get the desired bound by observing that either we have ||A]| 2= [l 0) ]| 12 or Al L2 <

fR [leey ”LE dy < N’% N F1ll, L2 from (58). It remains to estimate the terms that involve A1 y and
hy,y. By Holder and Bernstein inequalities, (11) and (46), we have that

itA it A
”e” AhZ,y’”LI%J N ”e” A”Lf;oLrZ”hZ,y’”LfL?"
[ R , (60)
SNTMT2 Al 2 [ FaO0) 2

By taking [ - dy’ when A =u(0) and [} [ - dydy’ when A = Lu, or A =u, on both sides
of the inequality and applying (36), we get the desired bound. On the other hand, we get the
estimate for ||h1,ye”AB||Lz . by observing that from (36), we have [|Ahy y ||th < N_% | F1 ||er.
Hence, B '

Ih1ye ™ Bl < lhyligz e Bllg,
SNTIME|Fi 20 Bl sz (©1)
< N“IM 2] Bll g2
Lastly, we use (46) and (47) to estimate the remaining term

||hl,yh2,y’||[‘)2m = "hl,y”L)O(oL%”hZ,y’”L%L;’o
g / (62)
SNTMTE G2 IR00] .
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Taking fR fR -dydy’, we obtain (53). We are now left to proving (54) and (55). The proof is a mix
of the ideas we used to prove (52) and (53). For (54), we write u using the decomposition (56)
and v using the Duhamel formula. On the product expansion of [luv]| L2, we apply the triangle

inequality and Minkowski inequality. We then apply the bilinear estlmate (25) to any term of
the form ||e’® A2 B]| L2, to get the desired bound. This leaves us with the terms of the form

et AAl12 vl L2,»0n Wthh we can apply (60). In the same manner, we can prove (55) using the

Duhamel formula for u and the decomposition (57) for v. We finish the proof by observing that
the terms of the form ||h1’}e”AB||L2 , can be bounded using (61). O

4. Proof of Theorem 1.1

Let s be the exponent which satisfies the condition in Theorem 1.1. To obtain the local well-
posedness, we redefine the spaces X* and Y* from (28) in a way that the projections on the
low frequencies are combined together. Since we assume a finite time restriction, so any spaces
mentioned below are defined on the product space R x [—1, 1].

_1 L
lullzy = ||“||L§>0L)2CanLgomL§’, TN 2ull 2. + N2 ||u”L§°Lzz

. _1
lullyy =inf{N "2 il 2 + llualip) gz [ ur +uz = u}

lullxy = llullzy 4 1163 + Aullyy

1 (63)
s = Pl + (30 NI Pvul, )’

Ne2N

2
lullys =11 Pty + (D2 N2 IPwuli, ).

Ne2N

The previous section prepares us all the estimates we need in order to obtain the linear estimate
for the X® and Y* spaces; It follows from (29), (49) and (50) that for any s > %

lullxs < lluollms + N1 Fllys. (64)

We are now ready to prove the multilinear estimate.

Theorem 4.1. Let d > 3. For any uy,uy, ..., uq € X* where s > % we have the following esti-
mate.
d d
| [Tu],, < Tt (65)
=2 i=1
Proof. It suffices to prove that
d d
H(axul)]'!ui o St [Tl . (66)
1= 1=
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which implies (65) since X* C X > due to the absence of low frequency projections. In view
of (49) and (50), we can treat P<; as Pp, so it suffices to estimate the summation over high
frequencies:

> v

N,Ny,...,Ng

Py (P, 0x

) (67)
YS

where N > 1 and N; > 1 for all i in the summation. We can assume that Ny > N, > ... > Ny
and N < Nj. This is because u is the only term in (67) that has a derivative, and so any
other frequency distribution would lead to a better estimate. We define cy,,1 = Ny || Py u1l x N

1

and cy,; = Ni2 ||PN;”i||XNi for 2 <i <d. Thus, we see that ||CN1,1||12(N1) = |lu1llxs and
lenillzvy = ||u,-||X% for 2 <i < d. In order to obtain the /> summation of cn;i» we will
repeatedly be using the following application of the Cauchy—Schwarz inequality:

Z Na]‘[cN,_ Z H cN,sHZ

Ji=j  Nj,.., Ngi= j i= /N>1
d
SH"”f"x%’
i=j

for any a > 0. To prove (66), we split the summation over three different kinds of frequency
interactions.

(68)

Py (Pp, 0y

2. N
N,

(Z+Z+Z)NY

111

Py (P, 0

Each of the summations contains certain ranges of N, Ny, ..., Ng described by the following
cases:

I). N> Ny and N ~ Nj.
By Holder inequality, (12) with y =2 and (68),

> |evcwa 0
t
1o Ng
d
S D N Pxydxur Pryua 2 1 Psuslip2pee [ I Pauillos,
N; i=4

SZ i1 HCNt
1

1T 1
Ni Ny °Nj i=1
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A

Ly e

TN N; N2 i=1

< s o [Thw "

o
N°72 NN i=2

Therefore,

ZNS cwy, 1]'[||ul Iy

t Ni~N

Taking the 12 summation with respect to N > 1, we obtain (66).

II). Ny~Ny>» N3>...>Ngand N < N.
In this case, we use the bilinear estimate for the product Py, du1 Pyyu3 and put Py,us in
the Strichartz space L#L:

H Py (P, 0xuy l_[PN u;)

‘L,‘Lg

Tyeens Nd
SED DR IO S
L2
Ni,..., Ny X
d
S Y Pw s Pgusll 2 1 Prual oo | | Pl o
N; i=4
§ HCN i
N; N 2N N32 i=1
d
1 1
(X grevaema)( Y [Tew)
Ni~N, Na,..., Ng N3 =3
d
1 5
(X grewa) [Tt 1.
< o) [Tl g
N]ZN i=2

where we used (68) in the second to last step. Therefore,

> N Py (P, dcus HPN u)llyy a2 S s 1‘[||uz ¥

11 i=2 i=2

Il). Ny~Ny~N3>...>Ngand N < N;.
We divide the proof into two cases depending on the degree d.
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A). d =3.
Even though we cannot use the bilinear estimate in this case, the fact that Ny ~ Ny ~
N3 allows us to cancel the derivative loss in Py, dyu; by the % regularity from Py,u;
and Py,u3 via the Holder inequality:

| P LPN But) Pz P,
N1~N~N3

L
S ) HPN[(PNlaxul)PNzl/lZPNgMS]‘
N1~N>~N3

S Y IPndulls IPvulls | Pruslys
N1~N2~Nj3 Y Y

2
Lt,x

- Nl—v
~ Z TCN1,1CN;,,2CN3,3
Ni{~Ny~Nj3 N2 N3

1 2
<
S gyrema) sl bl g

leN

where the last step follows from the Cauchy—Schwarz inequality on cy,,1¢n,,2CN;,3-
B). d > 4.

We again take advantage of the finite time restriction and put Py,u; for 1 <i <4 in

suitable Strichartz spaces, namely L°L2 and L# L.

H Py (P, 0x -
L2
Ny,....Ng

d

s Y | evevoan [Tevun| o |
. L’ L
=2 t

Ni,...,Ng
4 d
Sy IPw e llpgope [ 1PN uillapoe [ LI PN w20
N; i=2 i=5
— d
- Nl s
S Iew
N; N2N N4 i=1
1
(X O 20N 3)( z ncN, )
N1,N2, N3 Ny N4 i=4

1 d

1 2
(X rema) Tty

MmN ] i=2
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In either case, it follows that

d d
2
2 2
Py (Py Dty ]‘EPN,.ui)HL St [Tty
1= 1=

1y2 ~~
TLX

N2s

and this concludes the proof. O

In view of this theorem, if every term in P (u, u, d,u, dyu) has only one derivative, then we

expect to close the contraction argument in a subspace of X 2. On the other hand, if we replace
uj by d,u; for some j > 2, then it follows from (9) that ||0yu; | xs < ||lu;|l ys+1 for any s > 0, and
so (66) yields

d d
. . < . .
| @ @up [Tus| 3 Sl gl o [Tl y
i=2 i=2
i#] i#]

d
< 1_[ .
S llulllxg IIMZIIX%,
i=2

and for any s > 5, we have

d d
[CRTaICRTY | Y e T §

i=2 i=2

i#]

Consequently, in the case that a term in P (u, u, d,u, dyi) has more than one derivative, we can

. . 3
employ the contraction argument in X 2.

Proof of Theorem 1.1. We define F(u) := P(u, i, 0yu, oyu). Let u and v be functions in X°.
We use the main linear estimate (64) and simple algebra to obtain

t
H /ei(’_‘?)a-%[F(u(x, $)) — F(v(x,s))]ds fo
0 (69)
<cilF@) — F()llys

d—1 d—1
=ciea(llullys” +llvllys Dllu —vllxs,

where we used the multilinear estimate (65) in the last step.

1 1
Let C :=min {(8c1cz)_dj, (4cz)_dTl} where ¢ and c; are constants in (69). Define a Ba-

nach space as stated in the theorem:

X={ueClH([—1,1] x R) N X* : Ju|lxs <2C}.
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Let up € X such that ||ug||gs < C. Then, for u € X, we define an operator

t
Lu ="y —i/ei(t_S)AF(u(x,s)) ds.
0

Again, by the main linear estimate, we have

[ Lullxs < lluollzs + 11 Flys

d
=< lluollzs + c2llull’s

3C
<— <2C.
=5 =<

Thus, L maps X to X. Moreover, from (69),

1
d—1 d—1
1Lu = Lofxs = crealllullys ™ + [vllys Dllu = vilxs = Zllu = vilxs.

Thus, L is a contraction and the local well-posedness in X immediately follows. O
5. Proof of Theorem 1.3 whend > 6

In the previous sections, we used the time restriction to avoid dealing with low frequencies
at £ < 1. However, such argument cannot be used to obtain the global well-posedness for the
gDNLS with nonlinearity of order d > 5. Therefore, the function spaces that we use will take

these low frequencies into account. Let so(d) = % — ﬁ = % for d > 5. The spaces X* and

Y* in (28) are replaced by those defined by the quasi-norms X* and Y* which in turn are defined
by the norms X and Yy,

_1 1
luallxy = el o2 + N7 *lull oo+ N2l oo 2

1
+ NGO+ Al 12

1

2
e = (D2 N¥lIPyul, )

Ne2Z
lullxs = lull go + Null %s (70)

_1
lullyy = N"2lull ;2

1
2
g = (32 Nl Pyul,)

Ne2Z
lullys = llullyo + llullys.

Thus we have embeddings X* < H* and X* < X* < X% for any s > s. In view of (29), we
obtain the linear estimate
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lullxs < lluolles + N1 Fllys. (71)
With these choices of spaces, we can establish the multilinear estimate for d > 6. The proof for
the case d =5 is significantly more involved and requires some frequency-modulation analysis,

so we will postpone it to the next section.

Theorem 5.1. Let d > 6. We have the following estimates.

1). Foranyui,us,...,ug € X%,
d d
o [T, < TT il o (72)
i=1 i=1
2). Lets > sg. Forany ui,us, ..., uqg € X5,
d
[ Tui],, < H re (73)
i=1
Proof. Our goal is to obtain the estimate
d
ZNZ“‘ 1Py Hu 17,2 5 Z ot s T i1 (74)
i=l1 j= i#]

which implies (72) by choosing s = so. We get (73) by combining two different versions of this
estimate with a fixed s > sg and with s = 0. We will focus on each term on the left-hand side
of (73)

Nz H Py, l_[ul

LILZ_NH_IHPN8 Z 1_[ Nu"

wNgi=I1

Lir?

< NZH'I H Py ]_[ Py ui

,,,,,

L! 2’
th

and study different kinds of frequency interactions. As before, we assume that Ny > Ny > ... >
Ng. We define cy,,1 = Nf||PNi”1||XN1 and cy,,; = NliY°||PN[.u,~ lxy for2<i <d. We will use
the following two estimates for a product of terms with higher and lower frequencies.

l. For NN ~Ny~ ...~ j—1 where j > 3, it follows from the Cauchy—Schwarz inequal-
ity that

1 -1

Jj—1 1
eni S ) [T 1uillgoo- (75)
SITewi=(( X2

N; i=1 Ni>N i=2
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2. For Nj > Njy1 > ... > Ny and any o > 0, Young’s inequality and trivial estimate cy, ; <
llui |l 550 imply

N\ d—1 N\
> <V) [Teni= [T Muilgo D <F> CN;,jCNg.d
Njz.2Ng N7 =) i=j+1 Njz.>Ng ~

(76)
d
S [ [ il 0
i=j

These estimates will be used in each case after appropriate uses of Holder inequality, Bernstein
inequality and bilinear estimate (51).
By Holder and Bernstein inequalities,

d
T
i=1

Lir?
5 d
Sy IPwull o2 [ TPwuilla gz [ T Pxuilles,
Ni i=2 i=6
5 d
Sy NPv el ooz [T 0Pvuillagee [T N2 I Pwuill e
N; i=2 i=6

1 d I d

1
S0—7
i Ny =2 N, *i i=1

-1 1 .
Since so = § — 71, the sums of the exponents in [[;_, N;" * and [T*_¢ N> are equal. With
the assumption that N» > N3 > ... > Ny, the right-hand side is bounded by

N
1 N\ 3@-D
2o <yd) [ Tewii- (77)
Ny Ny ° 2 i=1

To estimate this term, we consider the following two frequency interactions.

I. N~Ni>»Ny>...>Ny.
Using (76) on ¢y, 2¢N3,3 - - - CNy,d» WE can bound (77) by

1 5
c | | uill 5
Z s+% N1,1i22” t”xso,

Ni~N N,

for each fixed N. We have that
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5 5 5

2 2 2

(Y ch O Tt ~ D2 o TT il
i=2 N i=2

N Ni~N N
5
= lr s [ i 10
i=2
which implies (74) as desired.

2. NSNi ~Ny>...>Ny.
Using (75) on ¢y, 1¢n,,2 and (76) on ¢y, 3¢N, 4 - - - CN,,.d, WE can bound (77) by

15
(X sz ) Tl il
Nq ZN i=2

Therefore, by switching the order of summations,

2
Yy NM] . H il ZcM | H It 3
N N1> N
which again implies (74). This concludes the proof ford > 6. O
Using the linear estimate (71) and the multilinear estimates (72) and (73), the proof for The-

orem 1.3 follows in the same manner as in Theorem 1.1. Note that we did not use any finite time
restriction in any parts of the proof.

6. Proof of Theorem 1.3 when d =5

The difficulty in this case arises from the fact that there is no room left to put the lowest
frequency term in L. Thus, we will take this case with extra care by adding the X004 spaces.

For each N € 2Z, let A ~ be a set defined by

Ay ={(E, 1) M <|t + £} <2M). (78)

Recall that (&, 7) is the space—time Fourier transform of u(x, ). The Xx0.b.q space is the closure
of the test functions under the following norm:

1
el gona = (32 WPl ay)?)"

Me2Z

Previously, the nonlinear space Y* is based on the space Zy defined by the following norm on
each frequency N.

_1
lullzy = N2l 2.
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We modify this by adding the X021 space.
Yn:=Zn+ XO’_%’I.
The solution space is defined by

lullxy = lu(O)liz2 + 110 + Mullyy

1

2
lull e = (30 N=11Pwul},)

Ne2Z

llell s = Nluell 5o + Naell s »
and the nonlinear space is defined by

1
2
g = ( 32 N1 Pvul,)

Ne2Z
llullys = llullyo + llullys.

(79)

(80)

The following proposition shows that any estimates of free solutions that we proved in Section 2
can be extended to functions in X using the Schrodinger equation version of Lemma 4.1 from

Tao ([29]).

Proposition 6.1 (/29]). Let S be any space—time Banach space that satisfies the following in-

equality,

Ie@F&x.0ls < lgllrellFx,0)ls,

81)

forany F € S and g € L°(R). Let T : L2R) x ... x L2(R) > S be a spatial multilinear

operator satisfying

k
1T urp, ..., ¢ uro)lls ST luiollz2
i=1
foranyuyo, ..., uxo€ L% (R). Then the following estimate
k
IT @i, up)lls S H(IIMi(O)IILg + 1G9 + A)uillXo.,%.l) (82)
i=1
holds true for any uy,...,ux € Pt provided that u; is supported at frequency ~ N; for

1<i<k.

With this proposition, we can obtain several Strichartz-type estimates for X that will be

useful later on.
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Corollary 6.2. For any u € Xy, we have the following estimates:

il e 2ns. S el (83)
1
il ooz S N2 Nl (84)
1
lull s gge S Nl (85)

Proof. We apply Proposition 6.1 to linear estimates (10), (11) and (12), and bilinear estimates
(24)and (25). O

We also have the bilinear estimate adapted to the space Xy.

Proposition 6.3. Let N, M and X be dyadic numbers such that M < N and A < N. For any
functions u and v supported at frequency ~ N and ~ M, respectively, we have

_ _1
1P @Ol 2 S A2 llullxy vllxy- (86)
In addition, if i and ¥ have disjoint supports and o = inf|supp (&) — supp(0)|, then we have
_1
luvliz S 2 lullxylvllxy,- 87
Proof. As before, the bilinear estimate for homogeneous solutions (24) and (25) is the keys to
proving these estimates. It suffices to prove (86), since (87) will follow in a similar manner.

Denote F| := (i9; + A)u and F> := (id; + A)v. Using Proposition 6.1 with T (u1, u3) = ujus to
extend the bilinear estimate (24), we obtain

. _1
1P @Oz S A2 WOl L2 +1F o - DUV L2 +1E20 o -10)-

Therefore, it suffices to prove that for any u € Xy and v € Xy,

_ 1

1P @D)ll2 S22 Oz + 1Fillzy) (O 2 + 1 F2llz,) (88)
_ 1

13 @Dz SAT2 U@Lz W F Iz ) WOl L2 + 1E2H o110 (89)
_ 1

1P @)z S 272 (uOllzz + 1F o -3 DUVO L2 + 11 F2]1Zy ) (90)

We use the decomposition from (35) for u. However, in this case, the frequency localization at
2% is replaced by 2)}—0:

u(x, 1) =e"u(0) — /e"’ALuy + (P psoles0)e My — hy(x, 1) dy,
R

where £ : L2 — L2 is a bounded operator and uy, Luy and h are defined similarly to (39),
(41) and (42), respectively. From the remark following (43), we see that these functions are
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supported at frequency ~ N. Moreover, the following estimate still holds even with the frequency
replacement.

1 1
2y i+ sz + 5 U8R gz + 13y 112 ) S — IRl 1)
’ - 2

We consider all the possible terms in P-; (uv). First, we consider all the terms that involve
P, jp501x>0. Forany G € L?c, we have that

1)>A[(PA /2501x>0)€imuyG:| = P>A|:(PA /2501x>o)P<<;L(e”AuyG)i|
+ P>A[(Pmso1X>O)PZk(e”AuyG)]
= I I:(PA/250 1x>0)PZ)L (ei[AuyG):I_

Let ¥y /50 be the function defined by Py 550 f := ¥y /550 * f. Consequently,

H P, I:(PA/250 1x>o)eitAuyG] ‘

2
Ly,

=|r., [(PA /2501x>o)PZA(eitAuyG)] ’

2
Lx,l

S| (Pyjas015-0) Py (e, G)

2
Ly,

= | (Y 250 * Le=0) P> (€21, G)

]

it A
SIP2 @2, Gl

2
Lx.t

1x—z>0P2A [ei’Auy(x)G(x)] ‘

2 0@l dz

In other words, to estimate such terms, we can take out the P, /250 1~0 factor just like what we
did in the proof of Theorem 3.7. Following the same line of proof as for (53) but using a different
bilinear estimate (24) instead of (25), we obtain (88). To prove (89) and (90), we will show that
for any vy € L% supported at frequency ~ M,

— _1
[1P>x(ue™vo)ll 2 S A7 2O z2 + I Fillzy)llvoll 2. 92)

which, in view of Proposition 6.1 with T (v) = P~ (uv), leads to (89). From (24) and (91), we
obtain

N v -
1P (" u(@e ™ o)l ;2 S A2 [u(O) 2 [lvoll 22,
1A A 4
[ P> (e Luye™bvo)ll 2 S A7 2 Luyll 2 [lvoll 12

_1
S N2 F (. Dl 2 llvoll 2.
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itA A -1
P>y (e Cuyel vl 2 S A7 2 lluyll 2 llvoll 22
1
SN2 F1(y, Ol 2 llvoll 22

We use the last inequality to estimate the term in P ; (uei’2v) that involves P, /250 |

H P [(Pk/zso 1x>o)eimuyeimvo] ‘ 5

itA i
, SIPs; A uye™Sug) | 2
X, :

_1
S AN)T2F1(y, Ol 2 llvoll 2.

For the remaining term, we use the Holder inequality, (91) and the fact that A < N.

1 itA
| P Gyl 2 S Mihylly2 lle™ ol ies

1

M2
S —IF1(.Dll2llvoll 22 93)
N2
_1
S AN FL (L Ol 2llvoll 2 -

Recalling that [|(id; + Aullz, = N~2 |Gid; + A)M”LIL,Z’ these estimates yield (92) via the
Minkowski inequality. The proof for (90) is similar, except at (93) where we have the follow-
ing modification:

itA . 7 itA
||P>)\(€” uOhy/)”L)Z“ 5 ”e” u()”LgoLlZ”hy/”L%L?C
< -3 !
S (NM) 2 luoll 2 [1F2(ys Dl 2
< -3 ’
S M) 2 luoll 2 1 F2(ys Ol 2

For the second to last inequality, we used the smoothing estimate (11) and (44) with d = 3. This
concludes the proof of (86). O

We will also use the following estimate which was taken from Tao ([29]) and modified to be
suitable to our spaces.

Proposition 6.4. Suppose that u is supported at frequency ~ N. Then we have

el 0.3 00 S Nutllx- (94)

Proof. Consider the Duhamel’s formula of u.

t t
u(x,t):ei’Auo—i/ei(’_s)AFl (s) ds —i/ei(’_s)AFg(s) ds, (95)
0 0



3828 D. Pornnopparath / J. Differential Equations 265 (2018) 3792-3840

where Fj1 € Zy and F; € XO’_%J. Fori =1, 2, we split the term

t t

0
/ei(’_s)AFi (s)ds = / I (5) ds — &'D / e SAFi(s) ds.
—00

0 —00

Since the X% 2+ seminorm vanishes on any free solution, it suffices to estimate the first term.
For F1, we recall the computation (33) from the proof of Lemma 3.4 that the first term is equal
to

_W® g

%_2 F](y,‘l:)

/wy dy where Ey—

With a direct integration, we see that

1
Iauliz, = 17 ([ | R of dar)”

E~N

/S 1 1||F1(yat)||L?-
N2M2

From the definition of X 0,%,00’ it follows that

ot SIFIZ.

H /tei(’_s)AFl(s) ds

On the other hand, we consider the space—time Fourier transform

]—'[ X(0.00) (F — $)el TIAE (5) ds = %
It follows from the Plancherel’s theorem that
t
| [ e mads] oy SiElL,
—o0

and the conclusion immediately follows. O

We are ready to prove the multilinear estimate. Note that the position of complex conjugates
will be significant in the analysis below.

Theorem 6.5. For 1 <i <5, let u; represent u or u. Then we have the following estimates.
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1). Foranyu € X}T,

Hu,| L Sl (96)
4 X4
2). Lets > Forany ue X,
5
O _]"[ui oo Sl 97)
1=
Proof. As before, our goal is to obtain the estimate
2
ZNMHPN]"[M, < lal3, el - (98)
N X4

First, we split each term in the left-hand side as the sum of all possible frequency interactions:

"

1
Assume that Ny > N > ... > Ns. Define cy,,1 = Nf||PN1u||XN1 and cy; ; = N,'Z”PNI'””XN,-
for 2 <i < 5. We make a slight abuse of notation by using ) w; for the summation over all
possible N1, N3, ..., N5 when the restrictions on these numbers are clear. We also will be using
the Cauchy—Schwarz inequality (75) and Young’s inequality (76).

< NZS+2 H Py ]_[ Py, uj

.....

5
2
2542
N HPNa [Tw
x. 1 1 YN
i=

We split the left-hand side of (98) over four different kinds of frequency interactions:

Y N Pn(Py, s
N,Ni,...,Ns
(Z+Z+Z+Z)NS Py (P, xus l_[PN,
111
Each of the summations contains certain ranges of N, Ny, ..., N5 described by the following

cases:

I). NSNy~Ny~N3~Ngy~N
By Holder and Cauchy—Schwarz inequalities, we have

L 2NZ||PN1u1||LmLz1'[||PN,ul||L4Loo
i=2

5
| T
i=
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5
1
= 1 HCN,'J
S+§

N; N1 i=l1

1 3
(X areha)

NN
Summing over N € ZZ, we see that

2s5+1
2 8
C u
LILZNE: 3 ( ) Vbl s

Ni N<N;

2 8
S Nl llull®
X4

ZNZH—l H Py l—[ul
I

II). N~ Ni>» Ny>N3>Ny>Ns.
By the bilinear estimate (86) or (87) on Py, u1Pn,u> (depending on the complex conju-
gates) and Bernstein inequality on Py us, we have that for each fixed N,

o1

L}
4
SO NPvui Pryuall e T TIPNuill groell Prsies o,
N; i=3
4
S Z ||PN.M1 xn, 1PN, u2llxy, 1_[ 1PN uill L4 poe | PNsuslipoo 2
i=3

S
1 CNZ
+2 i=1

N;j N :
By Young’s inequality (76), this term is bounded by

1
<S> o —remalel?

Ni~N N

Therefore,

2 N \*t2 2
s (X () ema) lul®
L™ (Nl) : X

2 8
~ Nl laell”, 5
X4
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. NSNy~Ny~Nj_1>»N;>Nswhere j =3or j =4.
This is similar to case II), but instead we use the bilinear estimate on Py, u Py U

Lir?

[P

SO NPvur Pruglya [T 1Pwuill el Pasusiogs
N;j 2<i<4
i#]

1

2

5
Z—IHPNIulule IPNujlixg, [T 1PNl s ool Pysusl oo
Ni Ny 2<i<4

i#]

15

1

< 1 & l‘[c

~ S-‘rl N N,,l
Ni Nl 2 J i=1

Applying the Cauchy—Schwarz inequality (75) on ]—[j | ¢n;.i and Young’s inequality (76)
on ni:]’ cn;,i» we see that

1 2 i 8
Z s+ < ) HCN 1N< Z WCNM) ||u”XJ¢

N; N1 i=1 Ni>N

Therefore,

s Tull, < (5 5 (),

177, N NZ>N

2 8
~ el lull”, o
Xa

IV). N <Ny~ Ny~ N3~ N4> Ns.
In this case, we will take the number of complex conjugates in uupu3u4 into consideration.
Note that the positions of conjugates does not matter here.
1). uy =u3=u and uy = uqg = u. We divide into further subcases by comparing the sizes
between N and Ns.
1.1). N~ Ns.
In this case, we first use Holder inequality and then apply the bilinear estimate
(87) on || Pyt Psusl .2,

5
H PNl_[uz
i=1

LiL}

3

S D I Pwu Pysusll2 [ 1Pl a ool Prgueall e,
N; i=2
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i 3

N2
4
S =Py llxy, 1 Pysuslixy, [ ] 11Pwill s oo Il Prgieall oo 2

N; le i=2
i 5
N
4
52 sl lHCNi*i
Ni N; *Ng i=1
~Y HCN:
N; N1 7 =1
1 3
2
S(X =g eha) gy
NN N, N2

where we used Cauchy—Schwarz, the fact that Ny ~ N1, N ~ N5 and the trivial
inequality ¢y 5 < |lu ”Xl in the last step. Consequently,

2s+%
2 ) 8
C u
LILZN(E » ( ) 9 LELO

NiZN

NNNS

2 8
~ Nl el
X X‘l_l

1.2). N> Ns.
We split ]_[f=1 Py, u; into four terms using low and high frequency projections.
Pyjut Pryuy = Py (Pnyuy Pyyuz) + P>y (Pyyut Pyyuz),
Pyyuz Pyyug = Py (Pnyu3 Pyyug) + P>y (Pyyus Pyug).
Since N > Ns, so ]_[?:l Py, u; must be at frequency > N. Thus, we can assume

that each of the resulting terms after the splits contains at least one high frequency
projection. Thus, it suffices to estimate the term:

5
PzN(PNlulezuz)n Py, u;.

i=3

We start by applying the bilinear estimate (86) on P>y (Py,u1 Py,u2),

1
P> N (Pt Pryun)ll2 S FIIPNlullle PNy ullxy, - 99)
' 2

Then, by applying the estimate (75) on ¢y, 1¢n;,3¢N,,4 and (76) on ¢y, 2¢Ns,5,
we obtain
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5
T
i=1

L}
4
S 2PN (Prur Pryun)ll 2, [ TP uill s el Pasus s,
N; i=3
4
< Z ||PN] ull xy, 1| Paytellxy, [ TP il oo Il Prstas o 2
i=3
15
1 N5\ 4
St () Tews
NN N2Nj 2/ =
15
1 N5\ 4
3 (3) Tews
NN NZN 3/ =
1 ST
<
S( X Fameion) Il (100)

NiZN

where we used Cauchy—Schwarz on > N ——c N1.1CN,,2 and Young’s inequality
NN

1
1

N5\ 4
on ) . (N—3) CN3,3CN,,4CN5,5- Therefore,

1.3). N < Ns.
This is similar to case 1.2), but we split I—[f= 1 Pn;u; at Ns instead of N.

Pyt Pnyus = Pens (Pt Phyuz) + P> g (Phyuy Pryu),
Pynyu3 Pynyug = Pgns (Phyus Pyyug) + P2N5(PN3M3 Py,ug).
Since the output is supported at frequency N < N5, we can see that ]_[?=1 Py,u;

must be supported at frequency ~ Ns. Thus, we can assume that each term in the
product expansion contains at least one high frequency projection. To estimate

the product, we can use (99) and (100) that we just obtained and replace N2
_1
by N5 *.

i S ( ) e

N; N N1 i=1

HPNl—[ul
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<<%:N NS< ) ECN’

1 ST
S(X Fameion) Il

NiZN

which leads to the same result as in the previous case.
2). u1 =ur =u3 =u, us and us can be either u or u.
This is the hardest case and requires some frequency-modulation analysis. Suppose that
for some 1 < j <5 the space-time Fourier transform of Py, u is supported in the set

1
(G, D) |t + N > 3—2N,2}, (101a)

or that of Py, u (for 4 < j <5) is supported in the set

1
{¢G.0):lt =N} > 3—2N12}. (101b)

Then, (94) yields
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Without loss of generality, assume that j = 1. Then by Holder and Bernstein inequali-

ties,
5
v T P, Sy, 1"[||PNu ||L4Loo1"[||PNu s,
i=1 Lk =2 i=4
is
1 N4Ns
5 x+l < HCN!Z
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On the other hand, if the space—time Fourier transform of Py,us is supported in the set
(101a) in the case u5 = u or (101b) in the case us5 = i, then we have

” Py l_[ Py u;
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We then get the desired result by observing that

( ) HCNW( > )]nun ,

i=1 N]ZN 1
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Thus, we can assume that the space-time Fourier transform of Py;u is supported in the
set

{5,t:|r+N1|§3—2N1} (102a)

and that of Py, i is supported in

(&, 7]t — N} N3} (102b)

|_32

Here, we introduce Riesz transforms Py and P_ defined by

Pf(E)=1les0f, P_f(€)=1ls<0f

Then, denoting Py Py, := N; ¥ and P_ Py, := P ,for 1 <i <4, we decompose Py, u;
into

+ —
Pyu; = PN[_MI‘ + PN’_M,',

and consider all the terms that we get from ]_[l 1 Pn;u;. For any term that contains
P uP U P uP+u or Py uP U, where 1 < j <k <4, we can apply the bilinear
estlmates (86) and (87) then proceed with the Holder’s and Bernstein inequality on
LXL? as in the previous cases. For example, if j = 1 and k = 2, then we have
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Therefore, it suffices to consider the following four terms.

i. (T2 P u) Py, uPysus
ii. ([T}=; Py, u) Py,uPysus
iii. ([T;=, Py u) Py, i Pysus
iv. (7=, Py,u) Py, it Psus.
In either case, simple algebra shows that the space—time Fourier transform of the prod-

uct is supported at least > N 12 away from the parabola T = —&2. The worst case is (iii)
with us = u where the output’s modulation is

(3N| — N1 + Ns5)? —4N? + N} ~ N%.
Thus, we can put these products in the X031 space and get a good bound. For exam-
ple, focusing on (iii), we use Holder inequality, Bernstein inequality and the bounded-
ness of Riesz transforms.
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Hence, by summing over N and N;’s, we have
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as desired.

3). uy =ur =us3z =u, uy and us can be either u or u.
The proof is the same as in the previous case. Note that we get a better result in the sense
that the space—time Fourier support of ]_[f:l Py, u; when Fy ;u; is supported in (102a)
for all u; = u and (102b) for all u; = it is 2 le away from the parabola T = —&2
without relying on the Riesz transforms. This concludes the proof of the multilinear
estimate. 0O

7. Proof of Theorem 1.2

The proof is similar to what we did in Section 5 with the same function spaces:

_1 1
luallxy = el o2 + N3 llull s oo+ N2l oo 2

1
+ N72|(i o +A)MHL)]CL,2

1

2
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_1
lullyy = N~ lull ;2

2
g = (32 N1 Pyul,)

Ne2Z

lullys = llullyo + llullys.

Now we state a multilinear estimate. The proof is shortened as it is similar to that of Theorem 5.1
for the most part.

Theorem 7.1. Suppose that d > 5. Let s,r > % and u; € X°® for 1 <i <d. Then we have the
following estimate:

d
| @ [T
i=2

d
oy Sl [T il (104)
i=2

Proof. Again, we study the frequency interactions with N being the output frequency and
N1 > Ny > ... > Ny being the input frequencies. For s > %, we define cy, 1 = ||PN1u1||XN]
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and cy,,; = ||PNiu,-||le_ for 2 <i < d. We consider the usual High x Low — High and
High x High — Low interactions:

I. N~Ni>»Ny>...>2 Ny.
With some abuse of notations, we define ]_[ltsl A; =1 if d = 5. By Holder inequality,
Young’s inequality and the continuous embedding of function spaces X* — X xv
for any s’ > 5 > %,

-
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Take the /2 summation and (104) follows.

2. NSNi~Ny>...>Ny.
This is similar to the previous case, but we apply Cauchy—Schwarz to ), cn, 1¢n,,2 after
applying Holder inequality.

N'"2

2
LiL;
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Take the I2 summation to obtain (104). O
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The proof of Theorem 1.2 part (A) now follows the same contraction argument as before. To
prove part (B) of the theorem, we replace u; by d,u ; for some j > 2, and it follows from (9) that
loxuillxs < lluill gs+1 for any s > % Hence, (104) implies that for any s > %,

d d
@)@ [T, S el N oo T il
i=2 =2
i#] i#]
d
ST Tl
i=1

Consequently, in the case that a term in P (u, i, d,u, dyu) has more than one derivative, we can
employ the contraction argument in X°.
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