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ABSTRACT

We introduce a gauge-theoretic framework for graph neural networks on arbitrary
graphs with local frames. Each directed edge carries a link variable Uij ∈ O(d)
that parallel-transports node features, and the invariant head aggregates a finite,
explicit dictionary of gauge invariants (open strings and Wilson loops). Using the
First Fundamental Theorem for O(d) on mixed tensor spaces, we prove that this
dictionary generates all O(d)-invariant polynomials, yielding a universal approxi-
mation result on compact sets for continuous invariant targets. We further formu-
late learning directly on the orbit space X/(Sn × O(d)) and establish a nonuni-
form learnability guarantee via bounded-Lipschitz slices. We realize the theory in
a lightweight message-passing architecture. On a synthetic gauge diagnostic, the
model attains almost perfect generalization while passing local gauge probes and
maintaining numerical Sn×O(d). On the QM9 dataset, an augmented variant that
includes atomic numbers and interatomic distances improves regression accuracy.
These results show that a finite gauge-invariant dictionary, implemented with stan-
dard message passing, is both theoretically expressive and practically effective for
symmetry-aware learning on graphs.

1 INTRODUCTION

Symmetry is a primary source of inductive bias in modern geometric machine learning. In many
scientific settings, node-wise features should be equivariant to global rotations and reflections, and
the model output should be invariant (or transformed in a prescribed way). Enforcing these proper-
ties improves data efficiency, stability, and generalization. Group-equivariant neural networks make
this principle concrete for compact groups and homogeneous spaces, ranging from the Abelian case
of a circle (Fourier features) to non-Abelian Lie groups underlying three-dimensional (3D) rotations
and translations (Cohen & Welling, 2016; Esteves, 2020; Cohen et al., 2019; Worrall et al., 2017;
Kondor & Trivedi, 2018). For graphs, permutation invariance and equivariance with respect to node
relabeling is fundamental. Maron et al. characterized all linear Sn-invariant and Sn-equivariant lay-
ers via index-equality patterns and used them to build expressive GNNs. Later, they proved the
universality of G-invariant networks (with G ≤ Sn) when higher-order tensors are allowed (Maron
et al., 2019a;b). Subsequent work extended universality to certain equivariant targets and connected
the proofs to Stone–Weierstrass arguments (Keriven & Peyré, 2019).

For protein structure prediction and design, the outputs must be rigid-motion invariant, meaning
that the same structure up under a global SE(3) transformation should be scored identically. Al-
phaFold 2 achieves this via its Invariant Point Attention (IPA) mechanism inside the structure mod-
ule, which computes geometry-aware attention in local residue frames and yields global rigid-motion
invariance and equivariance (Jumper et al., 2021). Recent RosettaFold 2 variants likewise incorpo-
rate 3D equivariant modules inspired by SE(3)-equivariant transformers (Baek et al., 2023). These
successes underscore the value of hardwiring symmetry.Beyond strict, rigid congruence, practi-
tioners often require task-tolerant equivalence. Small displacements along intrinsically flexible di-
rections (e.g., the normal modes of elastic network models) may be acceptable in some regions,
whereas the catalytic sites require near-atomic fidelity. This suggests learning on the orbit space
X/G endowed with a task-weighted pseudometric that downweights deviations along dynamically
soft modes and emphasizes rigid or function-critical substructures. Public resources, such as PDBj
ProMode-Elastic, provide normal-mode directions and fluctuation profiles that can instantiate such
weights (Protein Data Bank Japan (PDBj), 2020; Wako & Endo, 2017). Our gauge-invariant dictio-
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nary (open strings and Wilson loops) in the present paper is compatible with this view: it provides a
finite set of O(d)-invariant coordinates on X/G onto which a task-specific metric can be imposed,
enabling principled tolerances in training and evaluation.

In terms of expressivity, standard message-passing GNNs with local aggregation (sum/mean/max)
and shared updates are no stronger than the 1-Weisfeiler-Leman graph isomorphism test (Xu et al.,
2019; Morris et al., 2019). Consequently, they cannot distinguish many non-isomorphic graphs and
fail to represent large families of permutation-invariant functions. In particular, they do not enjoy
a universal approximation property (UAP) over continuous invariant functions on graphs without
augmentations that go beyond plain message passing (e.g., higher-order tensors, subgraph lifts, or
global features) (Keriven & Peyré, 2019). This gap motivates architectures that (i) enlarge the in-
variant feature algebra and (ii) yield a provable UAP while respecting symmetry.

In 3D spaces, models equivariant to rotations (and often translations) have become standard. Ten-
sor Field Networks encode features in irreducible SO(3) types; SE(3)-Transformers build self-
attention layers that are equivariant to the full Euclidean group; EGNNs deliver a lightweight E(n)-
equivariant message-passing variant; and spectral/SO(3) approaches, such as Spherical CNNs and
Clebsch-Gordan Nets, operate directly in the Fourier/Wigner domain (Thomas et al., 2018; Fuchs
et al., 2020; Satorras et al., 2021; Cohen et al., 2018; Kondor et al., 2018). Beyond global rotations,
many problems exist in bundles with local frames, where the relevant symmetry is gauge rather
than global. Gauge-equivariant CNNs generalize group-equivariance to local gauge transformations
on manifolds and discrete geometries, and in lattice gauge theory (Rothe, 2005), Wilson loops are
canonical gauge invariants. Recent “lattice gauge equivariant CNNs” build such Wilson-loop (Wil-
son, 1974) features and show exact gauge equivariance on grids; relatedly, a Wigner-Eckart pa-
rameterization yields principled kernel families for group-equivariant layers (Weiler & Cesa, 2019;
Favoni et al., 2022; Lang et al., 2021).

We study graphs with node features hi ∈ Rd and link variables Uij ∈ O(d) that transport between
local frames; r ∈ O(d) acts by hi 7−→ r hi, Uij 7−→ r Uij r

−1.Our goals are twofold: (i) Construct
a finite, explicit dictionary ofO(d)-invariant features that enables universal approximation of contin-
uous invariants on compact subsets; and (ii) Place learning on the quotient/orbit space, and translate
standard uniform-convergence tools to this setting. The motivation for a gauge-based formulation is
that local frames arise naturally in physics and geometry; transporting features along edges via Uij

aligns information before aggregation. Gauge invariants are generated by open strings ⟨hi,Whj⟩
(transport and inner product) and closed loops tr(W ) (Wilson loops), where W is a word in the
alphabet {U±1

ij }. This mirrors the lattice-gauge theory, in which Wilson loops generate gauge-
invariant observables and it connects directly to recent gauge-equivariant neural layers (Weiler &
Cesa, 2019; Favoni et al., 2022; Lang et al., 2021).

The contributions of this study are as follows. First, we construct the invariant generator
dictionary, composed of open strings and loops. Building on classical invariant theory, pair-
wise contractions for O(d) and trace identities for matrices, we show that all O(d)-invariant
polynomials in {hi} and {Uij} can be expressed as polynomials in two families: si0...im =〈
hi0 , Ui0i1 · · ·Uim−1im him

〉
, wi0...im−1

= tr
(
Ui0i1 · · ·Uim−1i0

)
, with length-0 case sij =

⟨hi, hj⟩. Our argument follows the First Fundamental Theorem for O(d) on mixed tensor spaces
and the identification V ∗ ⊗ V ≃ End(V ), together with standard matrix-invariant results (Good-
man & Wallach, 2009; Procesi, 2007; Lang et al., 2021). Second, we show the UAP for continuous
O(d)-invariants on compacta. Since O(d) is reductive, the invariant ring is finitely generated, and
the polynomials in our dictionary separate orbits and include constants. According to the Stone–
Weierstrass theorem on the compact orbit space, multilayer perceptrons (MLPs) applied on top of the
dictionary achieve uniform universal approximation of continuous O(d)-invariant targets. For per-
mutation symmetry, the same statement holds after symmetrization, consistent with the Sn univer-
sality line (Maron et al., 2019b;a).) Third, we formalize quotient-space learning and generalization.
Training can be conducted either on X with a G-invariant law or directly on X/G via the pushfor-
ward measure; the risks coincide with those of invariant hypotheses. This viewpoint cleanly justifies
data augmentation by group actions and clarifies why symmetry constraints often reduce effec-
tive complexity, echoing observations from equivariant GNNs and group-CNNs (Cohen & Welling,
2016; Cohen et al., 2019; Esteves, 2020). Finally, we argue the practical realization as message
passing. We demonstrate the realization of open-string and loop features within a message-passing
pipeline, providing an architecture that complements the prior permutation-equivariant bases and
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Gc-equivariant layers (Maron et al., 2019a; Thomas et al., 2018; Fuchs et al., 2020; Satorras et al.,
2021; Cohen et al., 2018; Kondor et al., 2018). Our construction unifies strands from permutation-
equivariant GNN theory (linear bases and universality), 3D SE(3)/SO(3)-equivariant models, and
gauge-equivariant CNNs (Maron et al., 2019b;a; Thomas et al., 2018; Fuchs et al., 2020; Satorras
et al., 2021; Cohen et al., 2018; Kondor et al., 2018; Weiler & Cesa, 2019; Favoni et al., 2022; Lang
et al., 2021). Compared with Maron et al.’s Sn universality, we augment the symmetry with O(d)
and introduce link variables that transform by conjugation, yielding an explicit, finite invariant dic-
tionary on general graphs. Our formulation targets arbitrary graphs and recovers Wilson-loop-style
invariants as a special case (Maron et al., 2019b;a; Weiler & Cesa, 2019; Favoni et al., 2022).

2 RELATED WORK

Permutation-equivariant graph networks. Maron et al. characterized all linear Sn-
invariant/equivariant layers by tying weights according to index-equality patterns, yielding a com-
plete linear basis for tensors on graphs (Maron et al., 2019a). They further proved the universality
of G-invariant networks (with G ≤ Sn) when higher-order tensorization was permitted (Maron
et al., 2019b). These studies clarified that permutation symmetry can be imposed without loss of
expressivity, but universality may require high tensor orders, with attendant memory and computa-
tional costs. Moreover, the theory is purely discrete (Sn) and does not address continuous internal
symmetries such as O(d) acting on vector features, nor gauge variables on edges. We augment the
symmetry from Sn to Sn × O(d) and introduces edge-wise group elements Uij transforming by
conjugation, while retaining a finite, constructive dictionary of invariant features.

Euclidean/SO(3)-equivariant models in 3D. Tensor Field Networks encode features in irre-
ducible SO(3) types and compose them via tensor products (Thomas et al., 2018), and the SE(3)-
Transformer brings equivariant self-attention to point clouds and molecules (Fuchs et al., 2020).
EGNN proposes a lightweight E(n)-equivariant message passing architecture using distances and
coordinate updates (Satorras et al., 2021). Spectral designs such as Spherical CNNs and Clebsch-
Gordan Nets operate directly in the noncommutative Fourier/Wigner domain on SO(3) (Cohen
et al., 2018; Kondor et al., 2018). These models convincingly demonstrate the sample-efficiency
benefits of equivariance in 3D tasks; however, they typically (i) rely on coordinates or global frames
rather than edgewise transports, (ii) do not furnish a finite, explicit generating set for all O(d)-
invariant polynomials on graphs, and (iii) provide limited theory on learnability on the orbit space.
We address (i)-(iii) by working with the gauge link variables and proving the UAP result.

Gauge-equivariant convolutions and Wilson loops. Gauge-equivariant CNNs generalize group
equivariance to local frames on manifolds and discrete geometries (Weiler & Cesa, 2019). In lattice
gauge theory, Wilson loops-traces of parallel transport around closed loops—form canonical gauge-
invariant observables; recent “lattice gauge-equivariant CNNs” build such features and show exact
gauge equivariance on grids (Favoni et al., 2022). However, these constructions are tailored to
regular lattices or specific meshes and do not provide a general finite generating set of invariants for
arbitrary graphs. Our formulation extends the Wilson-loop/open-string picture to arbitrary graphs
with link variables Uij ∈ O(d), and we prove that the resulting dictionary generates fully invariant
polynomial algebra, which, in turn, yields a universal approximation theorem on compact subsets.

Quotient feature spaces and Reynolds networks. Sannai et al. introduce the quotient feature
space (QFS) to analyze generalization of invariant/equivariant DNNs via the geometry of the orbit
space, deriving bounds whose leading term scales with the “volume” of the QFS (Sannai et al.,
2021). For permutation symmetry, their analysis yielded substantial improvements (for exam-
ple, DeepSets gains a

√
n! factor) and provides optimal approximation rates for invariant targets.

Complementarily, Sannai et al. proposed Reynolds Networks (ReyNets), which implement invari-
ant/equivariantization using a reductive Reynolds operator that averages over a carefully chosen
Reynolds design, reducing the cost of averaging over the entire group (Weyl, 1946) (e.g., fromO(n!)
for Sn) to near-quadratic for graphs (Sannai et al., 2024). In addition, Kumagai & Sannai established
a unified universal approximation theorem for equivariant maps using Group CNNs (Kumagai &
Sannai, 2020). Methodologically, our approach differs in that we avoid group integration by con-
structing a finite O(d)-invariant generator dictionary and proving UAP on compacta. Nevertheless,
the QFS viewpoint and Reynolds-based constructions are compatible with our orbit-space learning.
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General theory of group-equivariant CNNs. A unified representation theoretic view has
emerged, with kernels parameterized via irreducibles and Clebsch–Gordan structures (Cohen &
Welling, 2016; Cohen et al., 2019; Kondor & Trivedi, 2018; Lang et al., 2021; Esteves, 2020; Wor-
rall et al., 2017). Conceptually, this rests on Peter–Weyl and harmonic analyses. Our theoretical
ingredients are complementary: we use the First Fundamental Theorem (FFT) (Goodman & Wal-
lach, 2009) for O(d) on mixed tensors together with matrix trace identities (Procesi, 1976; 2007) to
obtain a finite invariant generator set on graphs (open strings ⟨hi,Whj⟩ and Wilson loops tr(W )),
and then apply Stone–Weierstrass theorem on the orbit space to achieve UAP.

Remaining issues and our positioning. Across the above families one encounters (a) universal-
ity that requires high tensor orders or bandwidths, (b) the lack of a finite, explicit generator set
for joint permutation and continuous group invariants on graphs with edge transports, and (c) lim-
ited treatment of learnability on the quotient/orbit space. Our study addresses these issues by: (i)
Constructing a finite, explicit dictionary that generates all O(d)-invariant polynomials in the node
features and link variables, and extends to Sn × O(d) by symmetrization. (ii) Proving the UAP for
continuous invariant targets on compact subsets without resorting to high-order tensorization. (iii)
Formulating the empirical risk minimization (ERM) directly on the orbit space.

Rotation/rigid-motion handling in protein models. AlphaFold 2 introduced Invariant Point At-
tention (IPA), a geometry-aware attention mechanism that operates in local frames to produce out-
puts invariant (or equivariant) to global rigid motions (Jumper et al., 2021; Yang et al., 2023).
RosettaFold 2 adopts related SE(3)-equivariant components to achieve competitive accuracy with
improved scaling (Baek et al., 2023). These designs demonstrate that enforcing SE(3) symmetry
stabilizes the learning of 3D biomolecular data. However, they do not provide a finite, explicit gen-
erating set of invariants for arbitrary graphs with edge transports, nor do they formalize learning
directly on orbit space with task-weighted tolerances. Our work addresses these gaps: we provide a
finite generator dictionary for Sn × O(d)-invariants on general graphs, and propose an orbit-space
viewpoint in which rigidity or flexibility can be encoded via data-driven weights (e.g. normal-mode
profiles from ProMode-Elastic (Protein Data Bank Japan (PDBj), 2020; Wako & Endo, 2017)).

3 NOTATIONS AND FORMULATION

We fix a graph with n vertices (indices i, j, k ∈ {1, . . . , n}) and a finite directed edge set E ⊂
{1, . . . , n}2. Let Gc be a compact Lie group acting linearly on a real d-dimensional representation
space V ≃ Rd (e.g. Gc = O(d) or SO(d)), and let Sn act by permuting the vertex labels. We write
G := Sn ×Gc for the fully symmetric group. In layer ℓ, each vertex carries a feature h(ℓ)i ∈ V , and
each directed edge j→ i carries a link variableU (ℓ)

ij ∈ Gc (discrete parallel transport). We also allow
fixed gauge-invariant edge scalars sij ∈ Rp (distances, weights, etc.), which remain unchanged by
group action. The symbol ⊕ denotes a permutation-invariant aggregator (e.g., sum/mean/max).

For (σ, r) ∈ Sn ×Gc and a state (U, h) =
(
(Uij)(i,j)∈E , (hi)

n
i=1

)
, the action is

(σ, r) · (U, h) =
((
r Uσ−1(i)σ−1(j) r

−1
)
(i,j)∈E

,
(
r hσ−1(i)

)n
i=1

)
. (1)

Each layer F (ℓ) : (U (ℓ), h(ℓ)) 7→ (U (ℓ+1), h(ℓ+1)) is defined by shared maps

ψ(ℓ) : V × V × Rp → V, ϕ(ℓ) : V × V → V, σ(ℓ) : V × V ×Gc × Rp → Gc,

and a permutation-invariant aggregator ⊕, via

m
(ℓ)
ij = ψ(ℓ)

(
U

(ℓ)
ij h

(ℓ)
j , h

(ℓ)
i , sij

)
, M

(ℓ)
i =

⊕
j ̸=i

m
(ℓ)
ij ,

h
(ℓ+1)
i = ϕ(ℓ)

(
h
(ℓ)
i , M

(ℓ)
i

)
, U

(ℓ+1)
ij = σ(ℓ)

(
h
(ℓ)
i , h

(ℓ)
j , U

(ℓ)
ij , sij

)
.

We assume ψ(ℓ), ϕ(ℓ), σ(ℓ) are Gc-equivariant (with respect to the left action on V and the conju-
gation on Gc), and are shared across edges and vertices. Because the maps are shared and ⊕ is
order-independent, each layer is G-equivariant: F (ℓ)

(
(σ, r) · (U, h)

)
= (σ, r) ·F (ℓ)(U, h) ∀ (σ, r) ∈
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Sn × Gc. Consequently, any “depth-L trunk” TL := F (L−1) ◦ · · · ◦ F (0) is G-equivariant. Let us
write (U (L), h(L)) = TL(U, h). For any word W in the alphabet {U±1

ij : (i, j) ∈ E}, define
si,j;W (U, h) := ⟨hi, W hj⟩ with ⟨·, ·⟩ being the inner product, and wW (U) := tr(W ), including
the length-0 case si,j;id = ⟨hi, hj⟩. We form a dictionary of O(d)-invariant generators:

Φ(L)(U (L), h(L)) =
(
s
(L)
i,j;W = ⟨h(L)

i , W h
(L)
j ⟩, w

(L)
W = tr(W )

)
(i,j),W

,

where W ranges over words in the alphabet {U (L)±1
ab }. Using a permutation-invariant aggregation

SymAgg over indices (e.g., sum/mean), the final prediction is ŷ = ρ
(
SymAgg

(
Φ(L)(U, h)

) )
, with

ρ an MLP which takes its value in an output space Y typically embedded into some Rq . Since
TL is G-equivariant and Φ(L) is O(d)-invariant (and becomes Sn-invariant after SymAgg), the
composition yields an Sn × O(d)-invariant ŷ. For x ∈ Rd, ∥x∥2 =

(∑
k x

2
k

)1/2
. For A ∈ Rm×n,

∥A∥F =
(∑

i,j a
2
ij

)1/2
=

√
tr(A⊤A), and the spectral norm is ∥A∥2→2 = sup∥x∥2=1 ∥Ax∥2.

4 MAIN RESULTS

4.1 UNIVERSAL APPROXIMATION PROPERTY

Although we can formulate our GNN by using any compact Lie groups, we provide the UAP with
its specific case here; Gc = O(d). We fix d, n ∈ N and a finite directed edge set E ⊂ {1, . . . , n}2.
Let X = (Rd)n × O(d)E with elements x = (U, h), where h = (h1, . . . , hn), hi ∈ Rd, and
U = (Uij)(i,j)∈E , Uij ∈ O(d). Let P(X) denote a set of polynomials on X; write P(X)G for the
G-invariant subring. The group Gc = O(d) acts as in (1).
Theorem 4.1. Let A be the R-algebra generated by all si,j;W and wW . Then, A = P(X)O(d). In
particular, P(X)O(d) is finitely generated; hence, a finite tuple Φ(x) = (ϕ1(x), . . . , ϕM (x)) with
ϕm ∈ A (m = 1, 2, . . . ,M) exists, such that every O(d)-invariant polynomial is a polynomial in
ϕ1, . . . , ϕM . Moreover, the generators can be chosen using words whose lengths are bounded by a
constant depending only on d and |E|.
Theorem 4.2. Suppose further that there exist parameters for which F (ℓ) is the identity: ψ(ℓ) ≡ 0,
ϕ(ℓ)(h,M) = h, σ(ℓ)(hi, hj , Uij , sij) = Uij . Let K ⊂ X be compact and O(d)-invariant. Then,
for every f ∈ C(K)O(d) and every ε > 0, there exist an integer L ≥ 0, trunk TL, and a continuous
readout N : RM → R (e.g., an MLP with a nonpolynomial activation) such that

sup
x∈K

∣∣ f(x) − N
(
Φ(TL(x))

) ∣∣ < ε.

In particular, because the identity trunk T0 = id is contained in the class by assumption,

{N ◦ Φ | N ∈ C(RM ) }
∥·∥C(K)

= C(K)O(d).

Therefore, our network can approximate any continuousO(d)-invariant function of the initial (U, h).
The same statement holds for G = Sn ×O(d) after symmetrizing the indices (or aggregating).

4.2 LEARNING ON THE ORBIT SPACE

Let G := Sn × Gc act on X by (1), and let π : X → X/G be the quotient map (Lee, 2012).
For any data distribution µ on X , write µ̄ := π#µ for its pushforward to X/G. Assume labels are
orbit-constant, i.e., there exists ȳ : X/G→ Y with y(x) = ȳ(π(x)). The next lemma enables us to
define the risk on the orbit space.
Lemma 4.3. For any G-invariant predictor f with f̄ such that f̄ ◦ π = f and any Lipschitz loss
l̃ : Y × Y → R, we have E(x,y)∼µ

[
ℓ(f(x), y)

]
= E(x̄,ȳ)∼µ̄

[
ℓ(f̄(x̄), ȳ(x̄))

]
.

Define the induced invariant hypotheses on the orbit space

HL :=
{
f̄ : X/G→ Y

∣∣∣ f̄ = ρ ◦ SymAgg ◦ Φ(L) ◦ TL ◦ s, s any Borel section of π
}
.

Theorem 4.4. Let l̃ : Y × Y → [0, 1] be Ll̃-Lipschitz in its arguments, and define l̄(f̄ ; x̄, ȳ) ≡
l̃(f̄(x̄), ȳ). Then, HL is nonuniformly learnable on µ̄ with respect to l̄.
Remark 4.5. Appendix C defines nonuniform learnability and proves Theorem 4.4.
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5 EXPERIMENTS

We evaluate our gauge-equivariant message-passing architecture on two settings: (i) a proprietary
dataset, which we call synthetic gauge diagnostic hereafter (details omitted for anonymity), and (ii)
molecular property regression on QM9 (Ramakrishnan et al., 2014; Ruddigkeit et al., 2012) with
compact training splits. Preprocessing and splits follow MoleculeNet (Wu et al., 2018). Unless
noted, all models use the same trunk and invariant readout described below.

5.1 SETUP

Model. We employed the same model for two datasets mentioned above. Nodes carry vectors
hi ∈ R3 and directed edges carry link variables Uij ∈ O(3) that parallel-transport features. Each
layer transports neighbor features into the local frame and forms a small invariant message:

aij = Uijhj , bi = hi, invij =
(
∥aij∥2, ∥bi∥2, ⟨aij , bi⟩, 1

)
,

mij = α(invij) aij + β(invij) bi, Mi =
∑
j ̸=i

mij , hnewi = γ(invi)hi + δ(invi)Mi,

di :=
∣∣{ j : (j, i) ∈ E }∣∣, invi :=

(
∥hi∥2,

1

di

∑
j ̸=i

∥aij∥2,
1

di

∑
j ̸=i

⟨aij , hi⟩, 1
)
.

The averages are 0 when di = 0; (α, β) and (γ, δ) are small scalar MLPs on invariants. In the
fast runs we do not update link. The invariant readout aggregates S0 =

∑
i≤j⟨hi, hj⟩, S1 =∑

i,j⟨hi, Uijhj⟩, W3 =
∑

i̸=j ̸=k tr(UijUjkUki), and the holonomy energy E3 =
∑

i̸=j ̸=k

∥∥I −
UijUjkUki

∥∥2
F
, then feeds [S0, S1,W3, E3] to an MLP head. In all experiments we treat E3 as an

invariant feature fed into the readout MLP together with [S0, S1,W3]. Note that E3 does not enlarge
the invariant dictionary used in our UAP: for each triangle Ωijk = UijUjkUki, ∥I − Ωijk∥2F =
2d− 2 tr(Ωijk). We include E3 as an engineered feature that can ease optimization.

Training protocol. We employ the Adam optimizer (Kingma & Ba, 2015) (learning rate 3×10−4),
with a weight decay of 10−5, SiLU (Swish) activation (Elfwing et al., 2018; Ramachandran et al.,
2017), batch size 512; depth L is set per configuration (see tables/figures). For the synthetic gauge
diagnostic (binary) we train with binary cross-entropy (BCE) on logits and report accuracy. For
QM9, we standardize targets; a normalized MSE=1.0 corresponds to predicting the dataset mean.

Graph construction. For QM9, we build a kNN molecular graph in 3D: each atom connects to its
k nearest neighbors (k ∈ {6, 8} in our runs). For the synthetic gauge diagnostic, the graph topology
is fixed (6-node ring with an extra triangle), so k does not apply.

Variants. Gauge-GNN (base) uses only (U, h) and the invariant dictionary [S0, S1,W3, E3]. For
QM9, Gauge-GNN+ augments the scalar inputs with chemistry cues: per-atom atomic numbers Zi

and pairwise distances dij = ∥xi − xj∥2 (from QM9 geometries). For each edge we concatenate
(Zi, Zj , dij) to invij , and the readout can include simple symmetric sums over Z and distances. The
trunk and invariant head are unchanged; depth L and k-NN degree k are chosen per configuration.

Checkpoint selection. We train for T epochs and evaluate the validation MSE after each epoch.
We then select the checkpoint t̂ = argmint∈{1,...,T} MSEval(t) and report all test metrics once at
epoch t̂. The test split is never used for training or tuning. When comparing configurations (depth, k,
and the “Gauge-GNN+” variant), the same protocol is applied independently to each configuration.

Sanity checks. After each run, a random global rotation R ∈ O(3) is applied; features are rotated
and links conjugated (U, h) 7→ (RUR−1, Rh), and the resulting prediction differences are recorded.

5.2 SYNTHETIC GAUGE DIAGNOSTIC

Task. We perform binary classification on graphs endowed with node vectors and gauge links.
The two classes are: (NEGATIVE) globally flat connection, and (POSITIVE) connection with a small
localized holonomy injected on a few triangles.
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Label θ (rad) k△ σ Depth Params Task

Strong 0.4 1 0.0 2 9673 binary
Medium 0.4 1 0.2 2 9673 binary
Weak 0.4 1 0.4 2 9673 binary

Table 1: Difficulty tiers in the synthetic diagnostic and models. Higher σ is harder.

Run (dir) Epoch Val BCE ↓ Test BCE ↓ Test Acc ↑ Inv. sanity ↓ (|z(r·)− z(·)|)

Strong 40 0.000 0.006 0.999 1.91× 10−6

Medium 53 0.001 0.007 0.999 9.54× 10−7

Weak 80 0.038 0.038 1.000 1.83× 10−5

Table 2: Original synthetic (binary). Trained with BCE; we report accuracy and a global O(3)
invariance drift ∆glob := medianr∈SO(3) |z(r·)− z(·)| on the validation set, where z(·) is the scalar
logit. Lower is better. Local (node-wise) gauge drift is reported separately.

State space. We fix n = 6 nodes and dimension d=3. Each node carries a vector hi ∈ Rd and each
directed edge j→ i carries an orthogonal link Uij ∈ O(d) (one per direction).

How we generate a sample. Given (θ, k△, σ), we vary:

(i) Flat background. Concretely, we control difficulty via (θ, k△, σ) where θ is the injected
holonomy angle, k△ the number of perturbed triangles, and σ the node-feature noise scale.
Unless otherwise stated we fix θ = 0.4 rad and k△ = 1 and vary only σ: Strong (σ = 0.0),
Medium (σ = 0.2), Weak (σ = 0.4). Larger θ or k△ increases signal (easier), while larger σ
reduces SNR (harder). We give the details of the original data in Table 1. Draw random local
frames Qi ∈ SO(d) and set a flat connection Uij ← QiQ

⊤
j (so Uji = U⊤

ij ).

(ii) Node features. Sample hi ∼ N (0, σ2Id) independently.
(iii) Positive examples (holonomy injection). Choose k△ distinct triangles (i, j, k). On each, pick

one edge and left-multiply by a small rotationR(θ) = exp(θK) with a random skew generator
K of unit Frobenius norm: Uab ← R(θ)Uab, and keep Uba = U⊤

ab.

We label NEGATIVE when no injection is applied, and POSITIVE otherwise. All datasets are bal-
anced (50% positives, 50% negatives).

Difficulty tiers. We vary only the feature noise σ while fixing θ=0.4 rad and k△=1: Strong
(σ=0.0), Medium (σ=0.2), Weak (σ=0.4). Higher σ⇒ lower SNR⇒ harder.

Model/training. The trunk transports neighbor features aij = Uijhj and forms invariant scalars
invij = (∥aij∥2, ∥hi∥2, ⟨aij , hi⟩, 1) to gate vector messages; links are kept fixed in the fast
runs. The invariant head aggregates S0 =

∑
i≤j⟨hi, hj⟩, S1 =

∑
i,j⟨hi, Uijhj⟩, W3 =∑

i̸=j ̸=k tr(UijUjkUki), and E3 =
∑

i̸=j ̸=k ∥I − UijUjkUki∥2F , then feeds [S0, S1,W3, E3] to
a small MLP. We train with BCE on logits and report accuracy (train/val/test where logged).

Sanity probes. (i) Global O(3) invariance: sample r ∈ O(3) and measure
∣∣logit(U, h) −

logit(rUr−1, rh)
∣∣ (reported for the synthetic binary task in Table 2); (ii) Local gauge invariance:

sample independent {Qi} ⊂ O(3) and measure ∆g = |ŷ(U, h)− ŷ(QUQ−1, Qh)| (summary statis-
tics in Table 4; for binary we compute drift on the logit, for QM9 on the normalized scalar output);
(iii) Orthogonality drift: monitor ∥U⊤

ijUij−I∥F during training. We do not tabulate (iii), but across
finished runs violations remained ≲ 10−7.

We follow the above protocol (validation-based checkpoint selection; invariant readout). Figures 1
and 2 show accuracy and loss curves. We observe stable optimization and near-perfect generalization
under all three difficulty levels. Table 2 summarizes the best validation-epoch metrics.

Takeaways. (i) The compact invariant dictionary enables fast, stable learning across settings. (ii)
The invariance probe confirms numerical O(3) equivariance without group averaging. (iii) Task
difficulty can be dialed via the generation parameters (used here as weak/medium/strong).
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(a) Weak (σ=0.4) (b) Medium (σ=0.2) (c) Strong (σ=0.0)

Figure 1: Original-data synthetic diagnostic: accuracy vs epoch. Three noise levels with θ=0.4
rad, k△=1 fixed.

(a) Weak (σ=0.4) (b) Medium (σ=0.2) (c) Strong (σ=0.0)

Figure 2: Synthetic gauge diagnostic: BCE loss vs epoch. Train/val/test where logged; difficulty
controlled by feature noise σ.

5.3 RESULTS ON QM9

We use a compact QM9 split of 3000/300/300 molecules for train/val/test. We evaluate two stan-
dard QM9 properties: (i) the molecular dipole moment magnitude µ (units: Debye), and (ii) the
electronic internal energy at 0K, U0 (units: Hartree Eh), both computed at B3LYP/6-31G(2df,p)
for the equilibrium geometry (Ramakrishnan et al., 2014; Wu et al., 2018). Targets are standardized
using train-split statistics, ỹ = (y−µtrain)/σtrain. Unless noted, all regression metrics are reported
on this normalized scale. For the dipole µ we additionally report a physical RMSE by rescaling:
RMSEphys = σtrain · RMSEnorm (in Debye; 1 D = 3.33564× 10−30 C ·m ≈ 0.20819 e·Å).

Quantitative results. Table 3 reports best-by-validation results per target. Gauge-GNN+ con-
sistently improves regression quality. For dipole moment µ, test MSE drops from 0.984 to 0.484
(normalized RMSE 0.696, physical RMSE ≈ 1.046). For U0, test MSE drops from 1.257 to 0.225

(a) Normalized test RMSE (best-by-val). (b) µ: normalized vs physical RMSE.

Figure 3: QM9 regression. Left: normalized test RMSE comparing Gauge–GNN vs Gauge–GNN+
(Z, distances) for µ and U0 (selection by validation MSE). Right: dipole µ—normalized vs physical
RMSE (physical = normalized ×σy , σy≈1.5035 Debye).
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Target Model Depth k Epoch Val MSE Test MSE Test RMSE

µ (dipole) Gauge-GNN (base) 1 6 best 0.787 0.984 0.992 / 1.492
µ (dipole) Gauge-GNN+ (Z, dist) 2 8 30 0.543 0.484 0.696 / 1.046
U0 Gauge-GNN (base) 1 6 best 0.961 1.257 1.121
U0 Gauge-GNN+ (Z, dist) 2 8 23 0.222 0.225 0.475

Table 3: QM9 regression (small split, best by validation). Test RMSE is reported on the nor-
malized scale; for µ we also show physical RMSE after rescaling by σy ≈ 1.5035. Gauge-GNN+
augments inputs with atomic number Z and interatomic distances.

Setting Mean drift Std Max

Binary (weak, depth 2) 4.42×10−5 2.06×10−3 1.74×10−1

QM9 base (µ, depth 0, k=6) 2.97×10−3 2.30×10−3 6.62×10−3

QM9 base (U0, depth 0, k=6) 1.16×10−2 8.99×10−3 3.31×10−2

QM9 + (µ, depth 1, k=6) 1.53×10−5 1.39×10−5 4.73×10−5

QM9 + (U0, depth 2, k=8) 3.73×10−9 5.27×10−9 1.49×10−8

Table 4: Local gauge probe. Absolute output drift ∆g = |ŷ(U, h) − ŷ(U ′, h′)| under node-wise
Qi ∈ O(3) with h′i = Qihi and U ′

ij = QiUijQ
−1
j . For the binary task we measure drift on the

logit z; for QM9, we measure drift in the normalized target units. We sample 20 random gauges per
example on the synthetic diagnostic and 10 on QM9; we report mean, std., and max across examples
and trials.

(normalized RMSE 0.475). Figure 3a visualizes normalized RMSE for µ and U0, and Figure 3b
compares normalized vs. physical RMSE for µ.

5.4 LOCAL GAUGE PROBE

To verify invariance beyond globalO(d), we apply independent node-wise frame changesQi∈O(3)
and transform inputs by h′i = Qihi, U ′

ij = QiUijQ
−1
j , and recompute the prediction and record

the absolute drift ∆g = |ŷ(U, h) − ŷ(U ′, h′)|. Across runs (Table 4), the Gauge-GNN+ exhibits
drifts at the 10−5–10−9 level, effectively invariant; the base QM9 model shows small but nonzero
drift (∼ 10−3–10−2), and the synthetic binary task is invariant on average with rare outliers (max
≈ 1.7×10−1 in logit units), which occur near the decision boundary and are mitigated by using
double precision or reorthogonalizing Uij . These measurements corroborate that our invariant head
(open strings + loops) cancels local frame choices, i.e., learning effectively occurs on the orbit space.

6 CONCLUDING REMARKS

We proposed a gauge-theoretic GNN with a finite invariant dictionary (open strings, Wilson loops)
that, by the FFT forO(d) on mixed tensors plus trace identities, generates allO(d)-invariant polyno-
mials, yielding UAP on compact sets. We also cast ERM on the orbit space and proved nonuniform
learnability under bounded-Lipschitz assumptions. A lightweight instantiation performs strongly
on a synthetic gauge diagnostic and improves QM9 regression while passing global/local gauge
probes. Limitations include compact domains and small, O(d)-only experiments. Next steps: (i)
extend to a wider range of Lie groups (e.g., SO(3)) and conduct larger-scale experiments; (ii) learn-
able, re-orthogonalized links (with holonomy regularization); (iii) scalable invariant estimation via
subgraph/word-length sampling; and (iv) sharper orbit-space generalization rates. Overall, a finite
dictionary plus standard message passing is both expressive and practical for symmetry-aware graph
learning.

9



486
487
488
489
490
491
492
493
494
495
496
497
498
499
500
501
502
503
504
505
506
507
508
509
510
511
512
513
514
515
516
517
518
519
520
521
522
523
524
525
526
527
528
529
530
531
532
533
534
535
536
537
538
539

Reproducibility. Code, configs, and scripts are provided in the anonymous artifact
iclr2026-artifact-fixed.zip (supplementary). All runs use Python 3.10/PyTorch 2.1 on
a single A100 (40GB), seeds {1,2,3}. Splits: synthetic as in Sec. 5.2; QM9 3000/300/300 (Molecu-
leNet preprocessing).
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Nicolas Keriven and Gabriel Peyré. Universal invariant and equivariant graph
neural networks. In Advances in Neural Information Processing Systems
(NeurIPS), volume 32, 2019. URL https://papers.nips.cc/paper/
8931-universal-invariant-and-equivariant-graph-neural-networks.

10

https://www.biorxiv.org/content/10.1101/2023.05.24.542179v1
https://www.biorxiv.org/content/10.1101/2023.05.24.542179v1
https://arxiv.org/abs/1811.02017
https://arxiv.org/abs/1602.07576
https://arxiv.org/abs/1602.07576
https://openreview.net/forum?id=Hkbd5xZRb
https://openreview.net/forum?id=Hkbd5xZRb
https://arxiv.org/abs/2004.05154
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.128.032003
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.128.032003
https://proceedings.neurips.cc/paper/2020/hash/15231a7ce4ba789d13b722cc5c955834-Abstract.html
https://proceedings.neurips.cc/paper/2020/hash/15231a7ce4ba789d13b722cc5c955834-Abstract.html
https://books.google.com/books?id=tbSX5VPE4PIC
https://www.nature.com/articles/s41586-021-03819-2
https://www.nature.com/articles/s41586-021-03819-2
https://papers.nips.cc/paper/8931-universal-invariant-and-equivariant-graph-neural-networks
https://papers.nips.cc/paper/8931-universal-invariant-and-equivariant-graph-neural-networks


540
541
542
543
544
545
546
547
548
549
550
551
552
553
554
555
556
557
558
559
560
561
562
563
564
565
566
567
568
569
570
571
572
573
574
575
576
577
578
579
580
581
582
583
584
585
586
587
588
589
590
591
592
593

Diederik P. Kingma and Jimmy Ba. Adam: A method for stochastic optimization. In International
Conference on Learning Representations (ICLR), 2015. arXiv:1412.6980.

Risi Kondor and Shubhendu Trivedi. On the generalization of equivariance and convolution in neural
networks to the action of compact groups. In Proceedings of the 35th International Conference
on Machine Learning, volume 80 of Proceedings of Machine Learning Research, pp. 2747–2755.
PMLR, 2018. URL https://proceedings.mlr.press/v80/kondor18a.html.

Risi Kondor, Zhen Lin, and Shubhendu Trivedi. Clebsch–Gordan Nets: a fully fourier space spher-
ical convolutional neural network. In Advances in Neural Information Processing Systems, 2018.
URL https://arxiv.org/abs/1806.09231.

Wataru Kumagai and Akiyoshi Sannai. Universal approximation theorem for equivariant maps by
group CNNs. arXiv preprint arXiv:2012.13882, 2020. URL https://arxiv.org/abs/
2012.13882.

Leon Lang, Maurice Weiler, and Taco S. Cohen. A Wigner–Eckart theorem for group-equivariant
convolution kernels. In International Conference on Learning Representations, 2021. URL
https://arxiv.org/abs/2010.10952.

John M. Lee. Introduction to Smooth Manifolds. Springer New York, New York, 2012.

Haggai Maron, Heli Ben-Hamu, Nadav Shamir, and Yaron Lipman. Invariant and equivariant graph
networks. In International Conference on Learning Representations, 2019a. URL https://
openreview.net/forum?id=Syx72jC9tm.

Haggai Maron, Ethan Fetaya, Nimrod Segol, and Yaron Lipman. On the universality of invariant
networks. In Proceedings of the 36th International Conference on Machine Learning, volume 97
of Proceedings of Machine Learning Research, pp. 4363–4371. PMLR, 2019b. URL https:
//proceedings.mlr.press/v97/maron19a.html.

Christopher Morris, Martin Ritzert, Matthias Fey, William L. Hamilton, Jan Eric Lenssen, Gaurav
Rattan, and Martin Grohe. Weisfeiler and Leman go neural: Higher-order graph neural networks.
In Proceedings of the AAAI Conference on Artificial Intelligence, volume 33, pp. 4602–4609,
2019. doi: 10.1609/aaai.v33i01.33014602. URL https://aaai.org/ojs/index.php/
AAAI/article/view/4384.

Claudio Procesi. The invariant theory of n×n matrices. Advances in Mathematics, 19(3):306–381,
1976. doi: 10.1016/0001-8708(76)90027-X. URL https://www.sciencedirect.com/
science/article/pii/000187087690027X.

Claudio Procesi. Lie Groups: An Approach through Invariants and Representations. Universitext.
Springer, 2007. ISBN 978-0387260402.

Protein Data Bank Japan (PDBj). ProMode-Elastic: Normal mode analysis of PDB data. https:
//pdbj.org/promode-elastic, 2020. Accessed: 2025-08-29.

Prajit Ramachandran, Barret Zoph, and Quoc V. Le. Searching for activation functions. In NeurIPS
Workshop on AutoML, 2017. arXiv:1710.05941.

Raghunathan Ramakrishnan, Pavlo O. Dral, Matthias Rupp, and O. Anatole von Lilienfeld. Quan-
tum chemistry structures and properties of 134 kilo molecules. Scientific Data, 1(1):140022,
2014. doi: 10.1038/sdata.2014.22.

Heinz J. Rothe. Lattice Gauge Theories: An Introduction, volume 74 of World Scientific Lecture
Notes in Physics. World Scientific, Singapore, 3rd edition, 2005. ISBN 978-981-256-168-8. doi:
10.1142/5674.

Lars Ruddigkeit, Ruud van Deursen, Lorenz C. Blum, and Jean-Louis Reymond. Enumeration of
166 billion organic small molecules in the Chemical Universe Database GDB-17. Journal of
Chemical Information and Modeling, 52(11):2864–2875, 2012. doi: 10.1021/ci300415d.

11

https://proceedings.mlr.press/v80/kondor18a.html
https://arxiv.org/abs/1806.09231
https://arxiv.org/abs/2012.13882
https://arxiv.org/abs/2012.13882
https://arxiv.org/abs/2010.10952
https://openreview.net/forum?id=Syx72jC9tm
https://openreview.net/forum?id=Syx72jC9tm
https://proceedings.mlr.press/v97/maron19a.html
https://proceedings.mlr.press/v97/maron19a.html
https://aaai.org/ojs/index.php/AAAI/article/view/4384
https://aaai.org/ojs/index.php/AAAI/article/view/4384
https://www.sciencedirect.com/science/article/pii/000187087690027X
https://www.sciencedirect.com/science/article/pii/000187087690027X
https://pdbj.org/promode-elastic
https://pdbj.org/promode-elastic


594
595
596
597
598
599
600
601
602
603
604
605
606
607
608
609
610
611
612
613
614
615
616
617
618
619
620
621
622
623
624
625
626
627
628
629
630
631
632
633
634
635
636
637
638
639
640
641
642
643
644
645
646
647

Akiyoshi Sannai, Masaaki Imaizumi, and Makoto Kawano. Improved generalization bounds
of group invariant / equivariant deep networks via quotient feature spaces. In Proceedings
of the Thirty-Seventh Conference on Uncertainty in Artificial Intelligence (UAI), volume 161
of Proceedings of Machine Learning Research, pp. 771–780. PMLR, 2021. URL https:
//proceedings.mlr.press/v161/sannai21a.html.

Akiyoshi Sannai, Makoto Kawano, and Wataru Kumagai. Invariant and equivariant Reynolds net-
works. Journal of Machine Learning Research, 25:1–36, 2024. URL https://jmlr.org/
papers/volume25/22-0891/22-0891.pdf.

Vı́ctor Garcia Satorras, Emiel Hoogeboom, and Max Welling. E(n) equivariant graph neural
networks. In Proceedings of the 38th International Conference on Machine Learning, vol-
ume 139 of Proceedings of Machine Learning Research, pp. 9323–9332. PMLR, 2021. URL
https://proceedings.mlr.press/v139/satorras21a.html.

Shai Shalev-Shwartz and Shai Ben-David. Understanding Machine Learning. Cambridge University
Press, Padstow Cornwall, 2014. ISBN 9781107298019.

Nathaniel Thomas, Tess Smidt, Steven Kearnes, Lusann Yang, Li Li, Kai Kohlhoff, and Patrick
Riley. Tensor field networks: Rotation- and translation-equivariant neural networks for 3d point
clouds. In arXiv preprint, 2018. URL https://arxiv.org/abs/1802.08219.

Vladimir N. Vapnik. The Nature of Statistical Learning Theory. Information Science and Statis-
tics. Springer, New York, NY, 2 edition, 2000. ISBN 978-0-387-98780-4. doi: 10.1007/
978-1-4757-3264-1. URL https://doi.org/10.1007/978-1-4757-3264-1.

Hiroshi Wako and Shigeru Endo. Normal mode analysis as a method to derive protein dynamics
information from the protein data bank. Biophysical Reviews, 9(6):877–893, 2017. doi: 10.
1007/s12551-017-0330-2. URL https://link.springer.com/article/10.1007/
s12551-017-0330-2.

Maurice Weiler and Gabriele Cesa. General E(2)-equivariant steerable CNNs and a gauge equivari-
ant CNN on the icosahedron. In Proceedings of the 36th International Conference on Machine
Learning, volume 97 of Proceedings of Machine Learning Research, pp. 1321–1330. PMLR,
2019. URL https://proceedings.mlr.press/v97/weiler19a.html.

Hermann Weyl. The Classical Groups: Their Invariants and Representations, volume 1 of Princeton
Mathematical Series. Princeton University Press, Princeton, NJ, 2 edition, 1946.

Kenneth G. Wilson. Confinement of quarks. Physical Review D, 10(8):2445–2459, Oct
1974. doi: 10.1103/PhysRevD.10.2445. URL https://link.aps.org/doi/10.1103/
PhysRevD.10.2445.

Daniel E. Worrall, Stephan J. Garbin, Daniyar Turmukhambetov, and Gabriel J. Brostow.
Harmonic networks: Deep translation and rotation equivariance. In 2017 IEEE Confer-
ence on Computer Vision and Pattern Recognition (CVPR), 2017. doi: 10.1109/CVPR.
2017.77. URL https://openaccess.thecvf.com/content_cvpr_2017/html/
Worrall_Harmonic_Networks_Deep_CVPR_2017_paper.html.

Zhenqin Wu, Bharath Ramsundar, Evan N. Feinberg, Joseph Gomes, Caleb Geniesse, Aneesh S.
Pappu, Karl Leswing, and Vijay Pande. MoleculeNet: A benchmark for molecular machine
learning. Chemical Science, 9(2):513–530, 2018. doi: 10.1039/C7SC02664A.

Keyulu Xu, Weihua Hu, Jure Leskovec, and Stefanie Jegelka. How powerful are graph neu-
ral networks? In International Conference on Learning Representations (ICLR), 2019. URL
https://openreview.net/forum?id=ryGs6iA5Km.

Zhenyu Yang, Xiaoxi Zeng, Yi Zhao, and Runsheng Chen. AlphaFold2 and its applications
in the fields of biology and medicine. Signal Transduction and Targeted Therapy, 8(115),
2023. doi: 10.1038/s41392-023-01381-z. URL https://www.nature.com/articles/
s41392-023-01381-z.

12

https://proceedings.mlr.press/v161/sannai21a.html
https://proceedings.mlr.press/v161/sannai21a.html
https://jmlr.org/papers/volume25/22-0891/22-0891.pdf
https://jmlr.org/papers/volume25/22-0891/22-0891.pdf
https://proceedings.mlr.press/v139/satorras21a.html
https://arxiv.org/abs/1802.08219
https://doi.org/10.1007/978-1-4757-3264-1
https://link.springer.com/article/10.1007/s12551-017-0330-2
https://link.springer.com/article/10.1007/s12551-017-0330-2
https://proceedings.mlr.press/v97/weiler19a.html
https://link.aps.org/doi/10.1103/PhysRevD.10.2445
https://link.aps.org/doi/10.1103/PhysRevD.10.2445
https://openaccess.thecvf.com/content_cvpr_2017/html/Worrall_Harmonic_Networks_Deep_CVPR_2017_paper.html
https://openaccess.thecvf.com/content_cvpr_2017/html/Worrall_Harmonic_Networks_Deep_CVPR_2017_paper.html
https://openreview.net/forum?id=ryGs6iA5Km
https://www.nature.com/articles/s41392-023-01381-z
https://www.nature.com/articles/s41392-023-01381-z


648
649
650
651
652
653
654
655
656
657
658
659
660
661
662
663
664
665
666
667
668
669
670
671
672
673
674
675
676
677
678
679
680
681
682
683
684
685
686
687
688
689
690
691
692
693
694
695
696
697
698
699
700
701

A USE OF LARGE LANGUAGE MODELS (LLMS)

We used ChatGPT for language polishing of author-written text and for drafting small helper scripts
(e.g., data plotting, gauge-probe harness). All code and results were reviewed, run, and validated by
the authors. All scientific ideas, model designs, proofs, and claims are the authors’ work; the LLM
is not an author.

B PROOF OF THEOREMS 4.1 AND 4.2

B.1 PROOF OF THEOREM 4.1

We consider, the ring Tk,h,t ofGL(n)-invariants of k n×nmatrices, h n-vectors, and t n-covectors.

Definition B.1 (Procesi’s bracket (polarized determinant)). Let V ≃ Rn be a finite-dimensional real
vector space with a fixed basis.

(i) Bracket of vectors. For v1, . . . , vn ∈ V , define

[v1, . . . , vn] := det
(
[ v1 · · · vn ]

)
,

i.e., the determinant of the n× n matrix whose columns are the coordinates of the vi. Equivalently,
for a fixed nonzero volume form ω ∈ ∧nV ∗,

[v1, . . . , vn] = ω(v1 ∧ · · · ∧ vn).

(ii) Bracket of covectors. For ϕ1, . . . , ϕn ∈ V ∗, define

[ϕ1, . . . , ϕn] := det

ϕ⊤1...
ϕ⊤n

 ,

the determinant of the n× n matrix whose rows are the coordinate rows of the ϕi. Equivalently, for
Ω ∈ ∧nV with ⟨ω,Ω⟩ = 1,

[ϕ1, . . . , ϕn] = (ϕ1 ∧ · · · ∧ ϕn)(Ω).

Remark B.2 (Transformation law and invariance). For g ∈ GL(V ),

[gv1, . . . , gvn] = det(g) [v1, . . . , vn], [g−⊤ϕ1, . . . , g
−⊤ϕn] = det(g)−1 [ϕ1, . . . , ϕn].

Hence the vector bracket is SL(V )-invariant (a GL(V ) semi-invariant of weight +1), and the cov-
ector bracket has weight −1. In particular, for g ∈ O(n) we have det(g) = ±1, so the bracket
is invariant under SO(n) but flips sign under reflections; it is therefore not O(n)-invariant unless
squared or otherwise combined to kill the sign.

Definition B.3. Let X1, . . . , Xk ∈ End(V ) be matrix variables, vi ∈ V vectors, and ϕj ∈ V ∗

covectors. For a word (monomial) M in the Xℓ, define

⟨ϕj , Mvi⟩,
[
M1vi1 , . . . , Mnvin

]
,

[
M⊤

1 ϕi1 , . . . , M
⊤
n ϕin

]
.

Procesi’s theorem (Procesi, 1976, Thm. 12.1) states that, together with the matrix-only invariants
(traces of words trW (X)), these generate the GL(V )-invariant ring on the space of k matrices, h
vectors, and t covectors:

Theorem B.4. Tk,h,t is generated by the following elements:

(i) Invariants of k matrices alone;

(ii) Scalar products ⟨ϕj ,Mvi⟩, where M is a monomial in the given matrices, ϕj a covector, vi a
vector;

(iii) Brackets [M1vi1 ,M2vi2 , . . .Mnvin ] , where Mi’s are monomials in the matrices and the vj’s
are vectors.
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(iv) Brackets [M⊤
1 ϕi1 ,M

⊤
2 ϕi2 , . . .M

⊤
n ϕin ], where Mi’s are monomials in the matrices and the

ϕj’s are covectors.

Remark B.5 (Link to this paper (O(d)-invariants: open strings and loops)). In our setting the sym-
metry group is O(d), and the metric identifies V ≃ V ∗. On the orthogonal locus U⊤U = I we have
U⊤ = U−1. Then Procesi’s items (a)(b) specialize to

tr W (U,U−1)︸ ︷︷ ︸
closed loops / Wilson loops

, ⟨hi, W (U,U−1)hj⟩︸ ︷︷ ︸
open strings / transported pairings

,

which generate the O(d)-invariant polynomial algebra we use. By contrast, the bracket generators
in (iii)(iv) are SO(d)-invariant but change sign under reflections, so they are not O(d)-invariant and
can be omitted from our minimal generating set. For background on the FFT and contractions for
O(V ), see Goodman & Wallach (2009, Cor. 5.2.3 and §5.3).

We also have the first fundamental theorem for O(d) Procesi (1976, Thm. 7.1) :

Theorem B.6. Every orthogonal invariant of i matrices (A1, . . . , Ai) is a polynomial in the ele-
ments tr(Ui1 , Ui2 , . . . , Uik), where Uj = Aj , or Uj = A⊤

j .

Now, set X = (Rd)n ×O(d)E and Gc = O(d) which acts on X by

r · (U, h) =
(
(rUijr

−1)(i,j)∈E , rh
)
.

Let us define the invariant open strings and loops:

si,j;W (U, h) = ⟨hi,Whj⟩, wW (U) = tr(W ) (r ∈ O(d)),

for words W in the ”alphabet” U±1
ij , and let A be the R-algebra they generate; A ⊂ P(X)O(d).

In fact, since U−1
ij = U⊤

ij for Uij ∈ O(d), si,j;W ’s and wW (U)’s are polynomials in the entries of
(h, U), and

si,j;W (rUr−1, rh) = ⟨rhi, rWr−1 rhj⟩ = ⟨hi,Whj⟩, wW (rUr−1) = tr(rWr−1) = tr(W ),

so they areO(d)-invariant. SinceO(d) preserves ⟨·, ·⟩, we identify V ≃ V ∗ and V ∗⊗V ≃ End(V ).
By the first fundamental theorem for O(d) (Goodman & Wallach, 2009; Procesi, 1976; 2007), ev-
ery O(d)-invariant polynomial in (U, h) is a polynomial in open strings ⟨hi, Whj⟩ and Wilson
loop traces tr(W ) with W a word in {Uij , U

⊤
ij }. Hence, the invariant ring P(X)O(d) is gener-

ated by {si,j;W , wW }, i.e. A = P(X)O(d). Since O(d) is reductive, Hilbert’s finiteness theo-
rem implies that P(X)O(d) is finitely generated. This means that there exist invariant polynomials
Φ = (ϕ1, ϕ2, . . . , ϕM ), where each ϕi is a polynomial in si,j;W and wW , such that every O(d)-
invariant polynomial is a polynomial in ϕ1, ϕ2, . . . , ϕM . Moreover, by Cayley-Hamilton and the
Razmyslov-Procesi trace identities (Procesi, 2007), any word W in {Uij , U

⊤
ij } reduces to a linear

combination of words of length ≤ C(d) (in particular, Uk
ij is a polynomial in I, Uij , . . . , U

d−1
ij ).

Thus the generators may be chosen with uniformly bounded word length depending only on d.

B.2 PROOF OF THEOREM 4.2

Before proving Theorem 4.2, we first prepare the Stone–Weierstrass theorem. Here, C(X,R) de-
notes a set of functions on a space X .

Theorem B.7. Suppose X is a compact Hausdorff space and A is a subalgebra of C(X,R), which
contains a non-zero constant function. Then,A is dense inC(X,R) if and only if it separates points.

Now, let π : K → K/G be the quotient map ,and define Φ : K → RM . For compact linear
actions, invariant polynomials separate orbits. That is, Φ is constant on each G-orbit and induces a
continuous embedding ι : K/G→ Φ(K) ⊂ RM by ι([x]) = Φ(x) (see, Figure 4).

By noting that K/G is compact and Φ(K) is Hausdorff, ι(·) is a homeomorphism from K/G to
Φ(K); thus, we can take its inverse ι−1.
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K Φ(K)

K/G

Φ

π ι

Figure 4: A path diagram.

R

K Φ(K)

K/G

f∈C(K)G

Φ

π ι

f̄

(a) Orbit-space factorization via Φ = ι ◦ π and f =
f̄ ◦ π.

R

K Φ(K)

K/G

f∈C(K)G

Φ

π

g

ι

f̄

(b) Introducing g so that f = g ◦ Φ.

Figure 5: Two equivalent path diagrams. Left: factorization through the orbit space. Right:
factorization through the invariant coordinate map Φ.

Let us take a G-invariant continuous function f ∈ C(K)G, which induces f̄ : K/G → R (see,
Figure 5(a)). Then, take g ≡ f̄ ◦ ι−1 : Φ(K) → R. There exists a unique continuous function on
Φ(K), g ∈ C(Φ(K)), such that f = g ◦ Φ (see, Figure 5(b)).

Because g satisfies the assumptions of Theorem B.7, there exists a polynomial p on Φ(K) satisfying

sup
z∈Φ(K)

|g(z)− p(z)| < ε.

By representing z = Φ(x) with x ∈ K, we have that

sup
x∈K
|g(Φ(x))− p(Φ(x))| < ε.

Remark B.8. To enforce Sn-invariance we symmetrize indices (sum/mean). Since Sn is finite, this
coincides with the Reynolds projection onto Sn-invariants.
Remark B.9 (Relation to equivariant UAP by Group CNNs.). Kumagai & Sannai (2020) provided
a unified UAP for equivariant maps realized by Group CNNs across broad group settings, including
non-compact cases. Our result is complementary: we target graphs endowed with edge transports
Uij ∈ O(d) and produce an explicit finite generator dictionary (open strings and loops) that separates
orbits; UAP then follows from Stone–Weierstrass on the compact orbit space. Thus, our proof
technique and model class differ, but both works support the broader thesis that symmetry constraints
are compatible with expressivity.

C LEARNABILITY:PROOF OF Theorem 4.4

Here, we define the terms of learnability. Let X and Y be input and output spaces, respectively.
Given a hypothesis set H and a loss function l(·; ·, ·) : H × X × Y → R which is defined by
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l(h;x, y) = l̃(h(x), y) with a function l̃ : Y × Y → R, we introduce a set l ◦H ≡
{
l̃(h(·), ·)

∣∣h ∈
H

}
. Let us define riskLD(h) with a loss function l(·), hypothesis h ∈H , and a general hypothesis

set H by

LD(h) = Ez∼D

[
l(h; z)

]
, (2)

where D is an unknown data-generating distribution, defined on Z ≡ X × Y . The notation z ∼ D
indicates that a random variable z = (x, y) ∈ Z is drawn from D (i.e., x ∈ X and y ∈ Y). We also
use the notation S ∼ Dm to denote that a dataset S of sample size m is i.i.d drawn fromD. The loss
function l(·) depends on both z ∈ Z and h ∈ H . A Bayes optimal hypothesis is any minimizer
of (2) over H . However, we do not typically know the actual distribution D. For this reason, we
minimize a surrogate quantity, namely the “empirical risk”:

LS(h) ≡
1

m

m∑
i=1

l(h;xi, yi),

where S = {(xi, yi)}mi=1 ∼ Dm. This framework is called empirical risk minimization (ERM) (Vap-
nik, 2000). The law of large numbers indicates that LS(h) converges in probability to LD(h) as
m → +∞ for each h. To evaluate the “goodness” of the training data, we define the following
concept (Shalev-Shwartz & Ben-David, 2014). In the following, we use the notation H to denote
the general hypothesis set.
Definition C.1. Let ε be a positive, real number. A training set S is called ε-representative with
respect to the domain Z ≡ X ×Y , the hypothesis set H , the loss function l(·), and the distribution
D if the following holds. ∣∣LS(h)− LD(h)

∣∣ ≤ ε ∀h ∈H .

To determine the conditions under which the ERM scheme works well, we require the following
definitions (refer to (Shalev-Shwartz & Ben-David, 2014), Definition 4.3).
Definition C.2. A hypothesis set H is said to possess the uniform convergence property with re-
spect to domain Z and loss function l(·) if there exists a function mUC

H : (0, 1)2 → N, called the
sample complexity, such that for every ε, δ ∈ (0, 1) and every probability distribution D over Z , if
S is a sample of m ≥ mUC

H (ε, δ) elements that are drawn i.i.d. from D, then with a probability of
at least 1− δ, S is ε-representative.
Definition C.3. A hypothesis set H is said to be nonuniformly learnable if there exists a learning
algorithm A that maps dataset S to a hypothesis A(S) ∈ H , and a function mNUL

H : (0, 1)2 ×
H → N, such that for every ε, δ ∈ (0, 1) and every h ∈ H , if m ≥ mH (ε, δ, h), then for every
distribution D over Z , with a probability of at least 1 − δ over the choice of S ∼ Dm, we ensure
that

LD(A(S)) ≤ LD(h) + ε.

Theorem C.4. Let H be a hypothesis set that can be written as a countable union of individual
hypothesis sets.

H =
⋃
j∈N

Hj ,

where each Hj exhibits a uniform convergence property. Then, H is nonuniformly learnable.

It is known that if a hypothesis set H satisfies nonuniform learnability, we can find a hypothesis that
attains a small difference between the true and empirical risks using the structural risk minimiza-
tion (SRM) principle (Shalev-Shwartz & Ben-David, 2014; Vapnik, 2000). We cite the following
lemma (Dudley, 1999). Here, Id = [0, 1]d, where d ∈ N.

Lemma C.5. Let d ∈ N, K̄ > 0, and H 1,K̄(Id) be as follows:

H 1,K̄(Id) =

{
f ∈ C(Id)

∣∣∣ sup
x∈Id

|f(x)|+ sup
x̸=x′

|f(x)− f(x′)|
∥x− x′∥Rd

≤ K̄

}
.

Then, H 1,K̄(Id) is a Glivenko–Cantelli class for any probability measure D on Id.
Remark C.6. Regarding the definition of Glivenko–Cantelli class , see Dudley (1999).
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Nonuniform learnability via bounded-Lipschitz slices (real outputs) Note that the output space
Y is embedded in Rq . For K̄,B > 0 define the bounded-Lipschitz slice

HK̄,B :=
{
f = (f1, . . . , fq) = ρ ◦ SymmAgg ◦ ΦL

∣∣ max
1≤i≤q

∥fi∥∞ ≤ B, max
1≤i≤q

Lip(fi) ≤ K̄
}
,

where ∥fi∥∞ and Lip(fi) denote the supremum norm and the Lipschitz coefficient of fi, respec-
tively.

We have the following lemma.
Lemma C.7 (Trunk Lipschitz). Let K ⊂ (Rd)n × O(d)E be compact. Suppose each layer F (ℓ) is
Lℓ-Lipschitz on K (with respect to a fixed product norm), i.e., ∥F (ℓ)(x)− F (ℓ)(x′)∥ ≤ Lℓ∥x− x′∥
for all x, x′ ∈ K. Then, the depth-L trunk TL := F (L−1) ◦· · ·◦F (0) is

(∏L−1
ℓ=0 Lℓ

)
-Lipschitz onK.

If links are not updated in the fast runs (i.e., σ(ℓ)(hi, hj , Uij , sij) = Uij), the corresponding factors
from σ(ℓ) can be omitted from the product.

Proof. Lipschitz constants multiply under composition: ∥TL(x) − TL(x′)∥ ≤
∏L−1

ℓ=0 Lℓ ∥x − x′∥.
If a component is the identity (no link update), its factor is 1.

Lemma C.8 (Invariant head Lipschitz). Fix compact K ⊂ (Rd)n ×O(d)E . The map

(U (L), h(L)) 7−→ (S0, S1,W3, E3)

with

S0 =
∑
i≤j

⟨hi, hj⟩, S1 =
∑
i,j

⟨hi, Uijhj⟩, W3 =
∑

i̸=j ̸=k

tr(UijUjkUki),

E3 =
∑

i̸=j ̸=k

∥I − UijUjkUki∥2F

is Lipschitz continuous on K. Consequently, SymAgg ◦ Φ(L) is Lipschitz continuous; for the mean
aggregator the Lipschitz constant is 1, and for the sum aggregator it is ≤ C(n, |E|), the number of
summed terms (a graph-dependent constant).

Proof. OnK, vectors and orthogonal matrices are uniformly bounded (∥Uij∥2 = 1, ∥Uij∥F =
√
d).

Each term is a polynomial (or multilinear) expression in (U, h) composed with inner product, trace,
and matrix multiplication, all of which are smooth and hence Lipschitz on compact sets. Finite
sums preserve Lipschitzness, with the constant growing at most linearly in the number of terms
(C(n, |E|)). The mean aggregator is 1-Lipschitz; the sum has operator norm equal to the count of
terms.

Regarding the learnability on the orbit space, we also have:
Lemma C.9 (Lipschitzness of our predictors). Let us equipX/G with any compatible quotient met-
ric, or with the pseudo-metric induced by the invariant dictionary. Then, each f̄ = (f̄1, . . . , f̄q) ∈
HL is bounded and Lipschitz continuous.

Proof. It can be shown by the estimation of the form:

Lip(f̄i) ≤ Lip(ρi)︸ ︷︷ ︸
readout

· Lip(SymAgg)︸ ︷︷ ︸
=1 (mean) or ≤C(n) (sum)

·Lip(Φ(L))︸ ︷︷ ︸
polynomial

·
L−1∏
ℓ=0

Lip
(
F (ℓ) ◦ π−1

)︸ ︷︷ ︸
trunk

.

Based on Lemmas C.5–C.9, we have the nonuniform learnability of our model.

Theorem C.10. Let ℓ̃ : Y × Y → [0, 1] be Lℓ̃-Lipschitz in its arguments. For budgets Bj ,Kj ↑ ∞,
define the bounded-Lipschitz slices

HBj ,Kj :=
{
f̄ ∈HL : max

1≤i≤q
∥f̄i∥∞ ≤ Bj , max

1≤i≤q
Lip(f̄i) ≤ Kj

}
.

Then, each loss slice l̄ ◦HBj ,Kj
forms a Glivenko–Cantelli class.
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Now, we are in a position to prove Theorem 4.4. Note that HL =
⋃

j≥1 HKj ,Bj
with nondecreasing

budgets Kj , Bj ↑ ∞. Apply Lemma C.9 to obtain that each l̄ ◦HKj ,Bj
forms a Glivenko–Cantelli

class. So, HKj ,Bj
possesses the uniform convergence property with respect to the loss function l̄.

But HL =
⋃

K∈N HKj ,Bj
, and thus, HL is nonuniformly learnable with respect to the loss function

l̄.

D OPTIONAL CURVATURE REGULARIZATION

For an oriented triangle i→ j→ k→ i, the discrete holonomy is Ωijk = UijUjkUki ∈ O(d). A
Yang–Mills–style penalty that promotes local flatness is

Lflat = λ
∑

(i,j,k)∈C3

∥∥ I − Ωijk

∥∥2
F
,

with a chosen set of oriented 3-cycles C3 and weight λ ≥ 0. This penalty is gauge-invariant and
vanishes iff the connection is flat on the sampled cycles. Using ∥I −Ω∥2F = 2d− 2 tr(Ω), one sees
Lflat is an affine function of Wilson-loop traces and thus compatible with our invariant dictionary.

Usage in this paper. We did not use Lflat in the main runs (λ = 0 ). The holonomy energy
E3 =

∑
i̸=j ̸=k ∥I − UijUjkUki∥2F appearing in the readout is an invariant feature, not a training

penalty.

Implementation note. On sparse triangle lists, Lflat is cheap to compute and differentiable. It
can be used as a regularizer when learning Uij or when one wishes to bias toward (nearly) flat
connections.

E REMARK:REYNOLDS PROJECTION VS. FINITE INVARIANT DICTIONARY.

A classical route to enforce invariance/equivariance is the Reynolds operator (group averag-
ing) (Goodman & Wallach, 2009): for a representation space F and a compact group G, the projec-
tion Pinvf :=

∫
G
g ·f dν(g) maps any f ∈ F to the invariant subspace, where ν(·) is an invariant

measure. However, naı̈vely this entails averaging over the whole group (e.g. O(n!) for Sn), which
is prohibitive on large graphs. Reynolds Networks (ReyNets) (Sannai et al., 2024) mitigate the
cost by averaging over a carefully designed finite set (a Reynolds design), achieving exact invari-
ance/equivariance with near-quadratic complexity in n for permutation symmetry. In contrast, our
approach circumvents group integration for the continuous symmetry O(d) by constructing an ex-
plicit, finite generator dictionary of invariant coordinates on X: open strings ⟨hi,Whj⟩ and Wilson
loops tr(W ) (with words W in {U±1

ij }). By the First Fundamental Theorem and trace identities,
these finitely many generators (with word lengths bounded via Cayley–Hamilton) generate the full
algebra P(X)O(d), enabling invariant heads. The two viewpoints are complementary: for the dis-
crete factor (Sn), design-based averaging via ReyNet provides an efficient exact symmetrization;
for the continuous factor (O(d)), polynomial generators obviate expensive integration while still
yielding UAP on compacta via Stone–Weierstrass.

Optional. We considered a Yang-Mills-style flatness penalty on triangle holonomies (see App. D),
but set λ = 0 in all reported experiments. Note: the holonomy energy E3 used in the invariant head
is a feature, not a loss term.
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